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On the basic sequence structure of variable
exponent Lebesgue spaces

José L. Ansorena® and Glenier Bello

Abstract. We study the subsymmetric basic sequence structure of variable exponent Lebesgue spaces
Lp built from index functions P: Q — (0, oo] on o-finite measure spaces (Q, =, 4). Specifically, we
prove that if P is bounded away from infinity, then any complemented subsymmetric basic sequence
of Lp is equivalent to the canonical basis of ¢, for some r > 1 in the essential range of P.

1 Introduction

The theory of variable exponent Lebesgue spaces has matured from a topic of abstract
interest into an indispensable tool in partial differential equations, fluid dynamics, and
harmonic analysis. Unlike their classical counterparts, these spaces allow the exponent
to vary with the spatial variable, providing a natural and powerful framework for
modeling phenomena with localized behavior, such as electrorheological fluids or
materials with inhomogeneous properties. The rich structure of these spaces is deeply
intertwined with the properties of the exponent function. In this article, we regard
these spaces from a functional analysis perspective.

Within the study of the geometry of Banach spaces, the structure of basic sequences
is a fundamental topic already present in Banach’s book [5]. In these early years,
specialists were confident of achieving structural results valid for all Banach spaces. In
particular, they sought to prove that every Banach space contains an isomorphic copy
of ¢y or £, for some1 < p < co. Since the canonical bases of these spaces are symmetric,
the study naturally evolved to determining the structure of symmetric basic sequences
of Banach spaces. Any symmetric basis is subsymmetric, that is, unconditional and
equivalent to all its subsequences. As a matter of fact, the only feature of symmetric
sequences that one needs in many situations is their subsymmetry. Partly because of
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this, and partly because spreading models of null sequences are subsymmetric, the
researchers went on to seek subsymmetric basic sequences.

The study of the basic sequence structure of Banach spaces is part of the study
of their subspace structure or, following Banach [5], that of the “linear dimension”
of Banach spaces. We point out that the mere existence of an isomorphic copy of a
Banach space X within another Banach space Y does not entitle us to claim that X is
in a block from which Y is constructed. To fairly assert this, we must assume that X
can be placed into Y in a complementary manner, so that Y is isomorphic to the direct
sum of X and a third Banach space. So, the study of the complemented basic sequence
structure of Banach spaces is of special interest.

We refer the reader to [2] for a summary of advances in understanding the structure
of subsymmetric basic sequences of Banach spaces. Regarding Lebesgue spaces L,,
the first milestone within this topic is [23], where Paley solved some problems posed
in [5]. Namely, he proved that given p, g € [1, c0), £, does not embed in L, unless q = 2
or p < q < 2. The fact that £, embeds into L, is a ready consequence of Khintchine’s
inequalities [16]. Kadets [12] completed the study by showing that if p < g < 2, then £,
do embeds into L,.

By duality, ¢, is not a complemented subspace of L, unless p=1 or g € {2,p}.
Clearly, £, is a complemented subspace of L, for any 1< p < oco. Pelczynski [25]
proved that ¢, is a complemented subspace of L, for any 1 < p < co. Lindenstrauss
and Pelczynski [17] completed the picture by proving that any unconditional basic
sequence complemented in L, is equivalent to the ¢;-basis.

Kadets and Pelczynski [13] carried out a systematic study of basic sequences in
Lebesgue spaces. Among other results, they proved that, if 2 < p < co, the canonical
bases of £, and ¢, are the only subsymmetric basic sequences of L. In contrast, if
1< p <2, there exist symmetric basic sequences in L, other than the canonical /-
basis for p < g < 2. Indeed, Bretagnolle and Dacunha-Castelle [8] proved the following
result (also see [18, 27]).

Theorem 1.1 (See [8]) Let1< p < 2. A Banach space S with a symmetric basis isomor-
phically embeds into L, if and only if S = £r for some Orlicz function F with

/4
tF(t) <2, 0<t<l

(1.1) p< )~

The article that initiated the study of variable exponent Lebesgue spaces by basic
sequence techniques was [11] (see also [10]). In it, the authors characterized in terms
of the essential range of the variable exponent P the indices q € [1, 00) such that ¢,
isomorphically embeds into a variable exponent Lebesgue Lp over the unit interval.
Hernandez and Ruiz also proved that £; complementably embeds into Lp provided
that g belongs to the essential range of P.

In this article, we complement the study carried out in [11] by proving that, if g # 2,
being g in the essential range of P is a necessary condition for £, to be a complemented
subspace of Lp. Besides, we widen the scope of the study by considering not only /-
spaces but also subsymmetric basic sequences. Specifically, we characterize both the
subsymmetric basic sequence structure and the complemented subsymmetric basic
sequence structure of Lebesgue spaces with variable exponent essentially bounded.
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Oddly enough, we find out that, while symmetric basic sequences other than £,-bases
are contained in these spaces, they fail to be complemented unless they are £,-bases.
Also, we go forward with the study of variable exponent atomic spaces, that is, Nakano
spaces, initiated in [24].

To conclude this introductory section, we outline the structure of the article. In
Section 2, we establish the notation about variable Lebesgue spaces that will be used
throughout the article. We see these spaces from the perspective of Musielak-Orlicz
spaces, including nonconvex spaces. Without intending to tackle an exhaustive study
of these spaces, we sketch the more relevant ideas to our purposes. We revisit some
well-known results from our perspective and also prove new ones. In Section 3, we
study certain Orlicz functions (those that arise as convex combinations of power
functions) that naturally appear when studying the geometry of variable Lebesgue
spaces. The study of subsymmetric basic sequences in these spaces is addressed in
Sections 4 and 5, which contain the main results of the article. While in Section 5,
we study complemented basic sequences, in Section 4, we give the results achieved
without imposing complementability.

2 Musielak-Orlicz function spaces

Given a measure space (Q, %, i), we denote by 2(u) the set of all measurable sets
with finite measure. Let L(p) be the vector space of all measurable functions with
values in the real or complex field F. As it is customary, we identify functions and sets
that differ on a null set. We say that y is separable if the metric space (Z(u),d,) is
separable, where d,, is the distance given by

d,(A,B) = u(AAB), A, Bex(u).

We endow L(u) with the topology associated with the convergence in measure on
finite-measure sets, so L() becomes a complete topological vector space. We denote
by 8(u) the vector space of all simple integrable functions, that is, the linear span of

{xgEeX(u)}.

A function space over (Q, Z, i) will be a quasi-Banach lattice (X, ||| ) such that

o X ¢ L(u) continuously,

o 8(p) X, and

o there is a constant C € [0, o0) such that if a sequence (f,,) 22, in X converges to f u-
a.e.and S :=limsup, [fu |y < oo, then f € X and ||f|y < CS.

Let L* (u) be the cone of all measurable functions with values in [0, oo ]. Following [1],
a function quasi-norm will be a homogeneous map

p:L*(u) = [0, 00]
such that

(F1) Iff < gu-a.e, then p(f) < p(g).
(E2) Thereis k € [1,00), such that, for all f; g € L* (u),

p(f+8) <k(p(f) +p(g))-
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(E3) p(xg) <ooforallEeZ(u).

(F4) For every E € () and € > 0 there is § > 0 such that y(A) < ¢ whenever A € =
satisfies A C E and p(ya) < 6.

(E5) There is C € [1, 00) such that p(lim, f,) < Clim, p(f,) for all non-decreasing
sequences (f )noy in Lt (p).

Let 0 < r < 1. If the function quasi-norm p satisfies

(E6) p(f+g) <p"(f) +p"(g) forall f,g € L" (u)
we call it a function r-nom (function norm if r = 1). Note that (F.6) implies (F.2) with
k=21

Given a function quasi-norm p the set

Ly = {f € L): 1], = p (1) < o0}

endowed with the quasi-norm |-|, is a function space. The other way around, if
(X, |-]x) is a function space, then X = L,, where p is defined by p(f) = |f|x if f € X
and p(f) = oo otherwise.

Given 0 < r < oo, a function quasi-norm p, and a family F = (f;)jey in L*(u), we
set

1/r 1/r

S (g e o
JjeJ JjeJ
We say that X = L, is lattice r-convex (resp. r-concave) if there is a constant C such
that N, (F57) < CM,(F;7) (resp. M,(F;1) < CN,(F;7)) for all families I in L* (u).
We say that X is L-convex if there is & > 0 such that sup; p(f;) > ¢ provided that (f; ) ey
is a finite family in L™ () for which there is f € L™ (¢) such that p(f) =1, f; < f for all
jeJ,and

Lsesa-of.
|]|je]

Since any quasi-Banach is locally p-convex for some p € (0,1] by the Aoki-Rolewicz
theorem (see [4, 26]), the function space X is L-convex if and only if it is r-convex for

some r € (0, 00) (see [14, Theorem 2.2]). If X is r-concave for some r € (0, 00 ), we say
that X is L-concave. We say that X is absolutely continuous if

(E7) lim, p(f,) =0 for all non-increasing sequences (fy)jo, in L*(y) with
p(fi) < oo and lim, f, = 0.

Let X, be the closure of 8(y) in X. We say that X is minimal if X, = X. If X is
L-concave, then X is absolutely continuous. In turn, if X is absolutely continuous,
then X is minimal (see, e.g., [2]).

Given a function quasi-norm p on L* (u), we consider the gauge p* defined by

p*(g)=sup{/0fgdu=f6L*(u), p(f)sl}, geLl (p).
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If
(E8) for every E € Z(u), there is Cg € (0, c0) such that

fEfd# <Cep(f), feLl'(w),

then p* is a function norm. Note that (E8) implies (F4) and that p* always satisfies
(E8) as well. We say that p* is the dual function norm of p. The function space built
from p* is called the conjugate space of X = L, and denoted by X'. If X is locally
convex, then X" =X (see [6]). We can regard X’ as a closed subspace of the dual
space X*. If X is absolutely continuous, then X’ = X* (see [6]).

Forj = 1,2,let X be a function space over a o-finite measure space (€, Z;, y4;). Let

K:Ql X Qz d [0,00)
be a measurable function. Suppose there is a bounded linear operator T:X; — X,
given by
T(f)(wy) = /Q K(wy, wy)f (w1) dpr(w1), feXy, wpeQy.

Then, there is a bounded linear operator T': X}, — X] given by

T'(g)(w;) = /QZK(wl,wz)g(wz)dyz(wz), g€X,, w € Q.

We say that T is a kernel operator and that T” is the adjoint operator of T.
Given a measurable function f: Q) — G, where G is a topological commutative
monoid (for instance, G = [0, oo ] or G a vector space), we set

supp(f) = Q\f(0).

Given a function space X over a o-finite measure space (2, 2, u), and a pairwise
disjointly supported sequence X = (x,)52; in X\ {0}, we set

S[X,X] = {(a,,);"ilz ian Xy € X},

n=1

and we endow S[X, X] with the topology it inherits from X.
An Orlicz function will be a non-decreasing left-continuous function

F:[0,00) — [0, 0]

such that lim,_ ¢+ F(¢) = 0 and F(o0) := lim;_ ., F(¢) > 0. Note that we allow Orlicz
functions to take the value oo. If it is the case for the Orlicz function F, then there is
0 < ¢ < oo such that F!(o0) = (¢, 00).

Given a o-finite measure space (Q, 2, 4), a function

M:Q x[0,00) = [0, 00],
and t € [0, 00 ), we denote by vp(-, ) the measure on (Q, X) given by
vm(A,t) = fM(w,t) du(w), AeX.
A

We say that M is a Musielak-Orlicz function (cf. [21, Chapter 7]) if
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o M(w,-) is an Orlicz function for all w € Q, and
o foreveryE € (), there exists tg € (0, o) such that vy (E, tg) < co and M(w, tg) >
0forall w € E.

If f e L*(p) and M is a Musielak-Orlicz function, then M(-,f(-)) is a measurable
function. Hence, associated with M, there is a gauge, usually called a modular,

pruiL ()~ [0.00), frr [ M(af(@) di(w).
Consider the sets

Ly ={feL"(u): pm(tf) < oo for some t € (0,00)},
Ly ={f e L(u):|fl € Ly},

Hy ={feL"(u):pm(tf) < oo forall t € (0,00)},
Hy = {f € L(p):|fl € Hy}»

and, given € > 0,

Bu(e) = {f e L(w):pm(lf]) <&}

The modular p = py satisfies properties (E1), (E4), (E5), and (E7), property (F.9)
below instead of (E2), and property (E10) below instead of (E.3).

(F9) There are k and r in (0, 00) such that, for all f, g € L* (u),
p(f +8) <k(p(rf) +p(rg)).

(F10) For every E € £(u), there is ug € (0, o0) such that p(ugyg) < oo.
In fact, we can choose C =1in (E5), k=1and r =2 in (E9), and ug = ty in (F10).
Consequently,

uBy(e), u, e€(0,00),

is a neighborhood basis at the origin for a complete vector topology on L. Besides,
the F-space Ly continuously embeds into L(u). We say that Ly is the Musielak-
Orlicz space over (Q, X, ) built from M. We denote by LY, the closed subspace of
Ly generated by simple integrable functions.

By property (E.7), the dominated convergence theorem holds in Ly, for sequences
dominated by a function in Hy;. We infer that Hy is the closed linear span of

{xe:E€ Z(u), xe € Hy} -

Hence, Hy € LY, € Ly, and LY, = Hy if and only if y € Hy; for all E € £(u). Conse-
quently, Hy = L3, provided that

(F11) there are C, D € (1, o) such that
M(w,Dt) < CM(w,t), (w,t)eQx[0,00).

If
(F12) there are ¢, d € (0,1) such that

M(w,dt) < cM(w,t), (w,t)eQx[0,00),
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then Ly is a function space. Indeed, the Luxemburg map

[ py(f) =inf {t e (0,00): par (f/t) <1}, feL* (),
besides being homogeneous, inherits from py; the properties (E1), (E4), (E5), (E9),
and (E10). Hence, pk, is a function quasi-norm such that Ly = L.
Let 0 < r < co and M be a Musielak-Orlicz function. If M is r-convex, that is, the
mapping
teM(w,t'7), tel0,00),

defines a convex function for all w € Q, then (E12) holds, and the function space Ly,
is lattice r-convex. Let 0 < s < oo. If M is s-concave, that is, the mapping

teM(w, t/%), te[0,00),

defines a concave function for all w € Q, then it satisfies (F11). Therefore, if M is
s-concave and satisfies (E12), then Ly is a lattice s-concave absolutely continuous
function space, and Hys = Ly.

We will use the following two results, whose straightforward proofs we omit.

Lemma 2.1 Let M be a Musielak-Orlicz function satisfying (F12). Let f € Ly \{0} and
a =1/ |f| - Then, either

(@) pm(alf]) =1lor

(b) pm(alf]) <land pp(t|f]) = oo forallt € (a, o0).

In particular, (a) holds for all f € Hy.

Theorem 2.2 (See [3]) Let M and N be Musielak-Orlicz functions on a o-finite
measure space (Q, Z, p). Suppose that there is ¢ € (0, o) such that

o max {vy(Q,c),vn(Q,c)} < oo,
o min {M(w,c),N(w,c)} >0 forall w e Q, and
e M(w,t) <N(w,t)forallwe Qandt e [c,o0).

Then Ly(p) € Ly (p) continuously.

Next, we detail three types of Musielak—Orlicz spaces we will deal with.
2.1 Musielak-Orlicz sequence spaces

We regard Musielak-Orlicz functions over N, which we call Musielak-Orlicz
sequences, as sequences of Orlicz functions. Given a Musielak-Orlicz sequence F =
(Fp):2,, we denote by ¢p the Musielak-Orlicz sequence space built from F. These
Musielak-Orlicz atomic spaces naturally appear when studying the unconditional
basic sequence structure of Musielak-Orlicz function spaces. Indeed, if M is a
Musielak-Orlicz function over a o-finite measure space (Q, 2, ¢), and X = (x,)52,;
is a pairwise disjointly supported sequence in Ly\{0}, then S[Ly;, X] = £p, where
F = (F,):2, is given by

F,,(t):fQM(w,t|x,,(w)|) du(w), neN.

We bring up a result in Musielak’s memoir [21] that we will use.
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Theorem 2.3 [21, Theorem 8.11]  Consider two Musielak-Orlicz sequences F = (F,) 52,
and G = (Gy)s2y. Then, Up € Lg continuously if and only if there exist a = (a,)52, € &
and 8,b, and C in (0, c0) such that

G (t) < a, + CF,(bt)
foralln e Nandall t € (0,00) with F,(t) < 0.

2.2 Orlicz sequence spaces

Given an Orlicz function F and a measure space (Q, X, y), the Orlicz space Lp(y) is
the Musielak-Orlicz space built from the Musielak-Orlicz function M over (Q, %, u)
given by M(w,t) = F(t) for all w € Q and t € [0, 00). If y is the counting measure
on N, we set {p = Lp(u), and we call ¢¢ the Orlicz sequence space built from F.
Orlicz sequence spaces are Musielak-Orlicz sequence spaces built from constant
Musielak-Orlicz sequences. Applying Theorem 2.3 in this particular situation yields
the following well-known result.

Corollary 2.4  Given two Orlicz functions F and G, then U C (g if and only if there are
b, ¢, and Cin (0, 00) such that

G(t) <CF(bt), 0<t<c.

Given a convex Orlicz function F, we define its conjugate function F*:[0, c0) —
[0, co] as the optimal function G such that

uv < F(u) + G(v), u,ve[0,00].

F* is a convex Orlicz function, and the conjugate space of Lr(¢) is Ly~ (¢t). We record
some properties of the mapping F — F* that we will need.
Given p € (0, o], we consider the power Orlicz functions

p
D), ¥ [0,00) = [0, 00), (I)P(t) =t ‘I’p(t) _ %’

with the convention that 1°° = 0. If p > 1, so that ®, and ¥,, are convex, we denote by
p' its conjugate exponent defined by 1/p +1/p" = 1. Note that @, = oo = 00 y(1,00)-

We record a couple of lemmas about Orlicz functions. The first of them is clear and
well-known.

Lemma 2.5 (¥,)" =¥y forallp e[l oo].
Lemma 2.6 Let F be a convex Orlicz function. Let ¢, C, A, and v in (0, o) be such that
uw<CF(u)+A, 0<u<c

Then, F*(w) < A/C, where
w = min {é, F(C)}

c

Proof On the one hand, if u € [0, c],

A
uwsﬂ/sF(u)+—.
C C
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On the other hand, if u € ¢, c0), by convexity,

uwgu@ SF(u)gF(u)Jr%. -

2.3 Variable exponent Lebesgue spaces
A variable exponent on a measure space (Q, £, 4) will be a measurable function

P:Q - (0,00].

The variable exponent Lebesgue space Lp associated with P will be the F-space over
Q built from the Musielak-Orlicz function

(w,t) = Mp(w,1) = @p(o) (1), (w,t) € Qx [0, 00),

that is, Lp = Ly,. We denote by pp := ppr, the modular constructed from Mp. If the
implicit measure y over ((2,X) we are considering could be in doubt, we put Lp =
Lp(p). Setalso Hp = Hyy,.

Recall that the support of a Borel measure v on a Lindelof space X, denoted
by supp(v), is the smallest closed set K such that v(X\K) = 0. Let u o P™' be the
pushforward of y by P. Let

R(P) :=supp (poP™") € [0, 00]
be the essential range of P, that is, the set of all p € [0, oo ] such that
u(P(v))>o0
for all measurable neighborhoods V of p. Set
P~ :=min(R(P)), P =max(R(P)).

Suppose that P~ > 0. Then, Mp is P~ -convex, whence Lp is a lattice P~ -convex function
space over (Q, 2, u). We denote by p5 the function quasi-norm constructed from pp.
We will also consider the Musielak-Orlicz function over (Q, Z, y) given by

(w,t) = Mp(w,t) = ¥p(u)(t).

Let p% be the modular associated with M%. In turn, let pj* be the function quasi-norm
constructed from p%. Since p'/? is bounded away from zero at infinity as long as p is
bounded away from zero, the function quasi-norms p5 and pj* are equivalent. In fact,

P pp® < pp <sup {p'/P:P” <p<oofpp.

Thus, there are two natural quasi-norms Lp can be equipped with, namely, those
constructed from p5 and pf*. We denote by ||, the one constructed from the former
function quasi-norm, that is, |f] , = pp (|f|) for all f € Lp.
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Both p} and p}* satisfy (E6) with
r=P°:=min{l,P"}.

In other words, pk and p}* are function P°-norms.
When dealing with variable exponent Lebesgue spaces, we must be aware that the
identity

Wy (st) = @y (s)¥p (1)
breaks down when p = co and 0 < s <1< t < c0. So, we must pay attention to the set
0F =P (o).

In fact, for any f € L* (u), if ||, denotes the norm of Lo (| gz ),

P(w)
P () = max{uﬂ al. ,mf{t so [ O ) < 1}}

o\Qf,

If P* < oo, then Lp is P*-concave. Consequently, if P~ > 0 and P* < oo, then Lp is
lattice P*-concave, whence Hp = Lp and Lp is absolutely continuous.

If y is a finite measure and P and Q are variable exponents over (Q, %, ) with
P < Q, then Ly S Lp continuously by Theorem 2.2.

Given a measurable function h: Q — (0, 00), the pointwise multiplier

frfh
defines an isomorphism from Lp(v) onto Lp(y), where
dv=hpdy, hp= hPXQ\QI;) +hyae .

Since we can choose h so that [, hpdy =1, any variable exponent Lebesgue space
is isomorphic to a variable exponent Lebesgue space over a probability space. If this
probability space is nonatomic and separable, then, by [9], the corresponding variable
exponent Lebesgue space is isomorphic to a variable exponent Lebesgue space over
[0,1].

To understand the structure of a variable exponent Lebesgue space we must take
into account that if (Q; )]42:1 is a partition of the measure space (Q, Z, ) then, for any
variable exponent P: ) — (0, co], setting P; = P| o, and p; = p| q, forj =1, 2,

(2.1) Lp~ Lpl ® Lpz.

If ] is a countable set and Q:J — (0, co] is a function, we denote by £q the variable
exponent Lebesgue space over the counting measure on J associated with the variable
exponent Q. These variable exponent Lebesgue atomic spaces were introduced by
Nakano [22] in the case when Q™ > 1, and by Bourgin [7] in the case when Q" < L
In general, as is customary, we will call them Nakano sequence spaces.

Splitting o-finite measures into their purely atomic part and their nonatomic part,
we infer that any variable exponent Lebesgue space is isomorphic to

Lpa/{qg
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for some nonatomic probability measure space (Q, X, y), some countable set J and
some variable exponents P: ) — (0, co] and Q:] — (0, oo ]. Summing up, any variable
exponent Lebesgue space over any separable o-finite measure space is isomorphic to
Lp & {q for some countable set J and some variable exponents P:[0,1] - (0, o0 ] and

QJ—~> (0, OO]
The dual space of Lp only depends on the behavior of P on

Q7 = P([1, 00)).
Indeed, we have the following.

Proposition 2.7 Let P:Q — (0,1) be a variable exponent on a nonatomic o-finite
measure space (Q, 2, p). Then, the dual space of Lp is null.

Proof Set(, =P '((0,p])nAforeachpe (0,1)and A e (p). Since
U {feLpisupp(f) € Qpa}

0<p<1
Aez(u)

is dense in Lp, it suffices to prove the result in the case when y is finite and P(Q) ¢
(0, p] for some 0 < p < 1.1In this case, since L, () € Lp continuously and 8(y) is dense
in Lp, the result follows from the fact that (L,(#))* = {0}. ]

We say that a variable exponent P over a o-finite measure space (Q, 2, i) is convex
if P(Q) € [1, oo ]. The conjugate variable exponent of P is the convex variable exponent
Qover (Q, %, u) defined by

P(w)

= (P(w)) = ——2—.

Q) = (P0))' = 5

The well-known duality relation between Lp and L relies on the following lemma.

Lemma 2.8 Let Q be the conjugate variable exponent of a variable exponent P
over a o-finite measure space (Q, %, u). Let g € L (u) with p(g) =1 and supp(g) <

P ([p, 00]) for some p > 1. Set f = gL, with the convention that 0° = 0. Then,

fofgd# =pp(f) = palg) =1

Proof Our conditions on g yields g € Hf,, whence pq(g) =1 by Lemma 2.1. Since
fe :fP = gQ, we are done. ]

With the information we have gathered, proving that the conjugate space of Lp is
L takes little effort. On the one hand, by Lemma 2.5,

fﬂfgd# <2, f,geL*(u), max{pp®(f),pg°(g)} <1

Therefore, the dual function norm p* of pé satisfies p* < prz’“. On the other hand,
by Lemma 2.8 and homogeneity, p*(g) > pg(g) for all g e L*(u) with supp(g) <
P'([p, 00]) for some p > 1. By the Fatou property, this inequality extends to any g €
L*(u) with supp(g) € P7'((1, 0]). Since the conjugate space of L; (Q2 ) is Lo, (QQ),
the inequality extends to any g € L* ().
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We close this section with a result that connects variable exponent Lebesgue spaces
to classical Lebesgue spaces. Given 0 < p <2 and t € (0, c0), we say that a random
variable is p-stablewith parameter t if its characteristic function is

_ 4
vis e e R,

Note that if s € (0, 00) and X is a p-stable random variable with parameter ¢, then
sX is a p-stable random variable with parameter s’f. We say that a continuous-
time stochastic process (X;)efo,1] is p-stable if X = 0 a.e., it has stationary and
independent increments, and, forall 0 < s < ¢ < 1, X; — X; is a p-stable random variable
with parameter ¢ - s.

Proposition 2.9  Let P be a variable exponent on a nonatomic o-finite measure space
(Q, Z, u). Suppose that P~ < 2. Then, L, is almost isometrically isomorphic to a subspace
of Lp forallp e (P~,2].

Proof For each 0 <s< oo, let C, s € (0,00] be the s-norm of a p-stable random
variable with parameter one. Pick  := P~ < g < p. By (2.1), we can assume that P(w) €
[P, q] for all w € Q). We can also assume that u is a probability measure and that there
is a p-stable continuous-time stochastic process on (Q, Z, ) (see, e.g., [15, Section
4]). Then, there is a linear map T:L, - L(u) such that, for all f € L,, T(f) is a p-
stable random variable with parameter WHI; (see, e.g., [15, Section 5]). Therefore,
IT(F)s = Cpos If [, for all 0 <s < p and f € L. Since Ly € Lp € Ly and Gy s < oo for
all 0 < s < p (see, e.g., [15, Section 5]),

1
o ITAle <1, <
P9

— TPl felp
Py

Consequently, L, is (Cp,q/Cy,r)-isomorphic to a subspace of Lp. Since
thﬁ Cp.a = Cprs
we are done. |
3 Orlicz functions generated near zero by power functions
Given a signed measure y on (0, oo |, we define
vel0l =Rt | ¥, (0)du(p).
Let &), be the Dirac measure on p € (0, co]. We have

v, =5, = Yol

We will use the elementary inequality

(3.1 , 0<r<s<oo,0<u<sv<l,

several times.
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Lemma3.1 'The mappingp — H(p) := v, defines a nonincreasing continuous function
from (0, co] into the Banach lattice C([0,1]).

Proof Applying (3.1) with u = 0 gives that H is nonincreasing. This inequality also

gives

|H(r) - H(s)| .o = 9,(1) - 9,(1) “ 0<r<s< oo =

Definition 3.2 Given R C (0, co] nonempty, we denote by K(R) the the closed
convex hull in €([0,1]) of {y,:p € R}. We denote by O(R) the set of all Orlicz
functions F for which there are 0 < ¢ < 1and ¢ € K(R) such that

F(t)~o(t), 0<t<c

Put

0((0, 00]) = J O([p, 0°]).

p>0

Given r € (0, 00|, we set

O(R,r") = O(RNr,s]).

Finally, we put O(r) = O({r}) and O(+*) = O([r, 00 ], r*).

Note that O(c0) = O(oo*) consists of all Orlicz functions that are null in a
neighborhood of the origin.

Lemma 3.3 Let R ¢ (0, oo] be closed, nonempty, and bounded away from zero. Then,
any function in X(R) extends to a function in O(R).

Proof Just notice that any function F € X(R) is nondecreasing, continuous, and
satisfies F(0) = 0. ]

Given f:[0,1] - R and p € (0, oo ], we consider the function
mp(f):[0,1] > R, mp (/) (1) = f () .
Definition 3.4 Let 0 < r <s < oo. We denote by K, s the set consisting of all non-

decreasing functions ¢: [0,1] — [0, o) such that 7,(¢) is convex, 7,(¢) is concave,

rf—u vy
“<p(n-gw) <, o<u<tsl,

s
and

o(bt) <b°e(t), 1<b<oo,0<t< %

Lemma 3.5 Let R (0, 00] be closed, nonempty, and bounded away from zero. Set
r = min(R) and s = max(R). Then X(R) ¢ K, ;.

Proof We infer from inequality (3.1) that v, € XK, forall p € R. Since K, ; is convex
and closed, we are done. [ ]

https://doi.org/10.4153/50008414X26102272 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X26102272

14 J. L. Ansorena and G. Bello
Lemma 3.6 Forj=1,2,letR;c (0, 00] be closed, nonempty, and bounded away from

zero. Set 11 := max(Ry) and r, := min(R;).

(1) IfT'l =1, then O(R]) N O(Rz) = O(T]).
(11) IfT'l < 1, then O(R]) N O(Rz) = .

Proof Pick Fe O(R;)nO(R;) and r; <7 <s<r,. There are 0 < c <1, ¢j € O(R)),
and Cj € (0, 00), j = 1, 2, such that
t
(PIT() <F(t) < Cea(t), O0<t<e.
1

By Lemma 3.5,
v, (1)
G

Consequently, r > s. ]

<F(t)<Guy(t), 0<t<ec.

Lemma3.7 Let0<q<r<oo. Then, O(q*)nO(r") = @.

Proof Choose g<s3 <r<s;. Since O(qg")nO(r*) cO([g,s1]) nO([r,s2]), the
result follows from Lemma 3.6. ]

Proposition 3.8 Let R € (0, o] be closed, nonempty, and bounded away from zero.

(i) ¢ € K(R) if and only if there is a probability measure y over R such that ¢ = Y,
(i) K(R) is a compact set.

Proof Let us identify the space M(R) of all signed measures over R with the dual
space of C(R). The set P(R) of all probability measures over R is a convex subspace of
M(R). Besides, P(R) is closed relative to the weak* topology, and

{8,:p € R}

is the set of extreme points of P(R).
By (3.1), the map

G:10.1] > €(R),  G()(p) = ¥, (1)
is continuous. Consequently, the map
DO M), () > [ v, (D du(p)
is continuous. We infer that the map
EM(R) — €([0,1]),  u~D(-u) = v,
besides linear, is continuous. Note that E(6,) = y, for all p € R and that
E(P(R)) = £(R) = {w, e P(R)}.

Therefore, £(R) is compact by the Banach-Alaoglu theorem, and the convex hull of
{w,:p € R} is dense in £L(R) by the Krein-Milman theorem. Consequently, £(R) =
K(R). |
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Example 3.9 Let0<r < coand a € R. Define F, ;:[0,00) — [0, c0) by

0 ift=0,
Fra(t) =1t (-log(t))® if0<t<1/e,
t otherwise.

Suppose that a > 0. Aiming to prove that F, , € O(r*), we fix s > r and consider the
probability measure y, , s on (0, c0) given by

hors®) = L (D) .

By definition, yq,y,s is supported on [r,s]. Set ¢q,r,s =y, . We have

orstt) = [ I dp - (o (-log(0)’

forall 0 < t <1, where
(r-s)/log(t)  a-le=v
ct)=—2 f e
(s—=r)* Jo r—vlog(t)
Fix 0 < ¢ < 1. Since C(t) is bounded away from zero and infinity when  runs over
[0,¢], @a,r.s ® Fr.o on [0, c]. Therefore, F, , € O([r,s]).

Lemma3.10 LetR c (0, o] be closed, nonempty, and bounded away from zero. Let i €
P(R) and F be an Orlicz function with F ~ y . If r = min(supp(u)), then F € O(R, 1™).

Proof Fixs > r. We have

A=u([r,s]) > 0.

Let v be the probability measure obtained by restricting u/A to [r,s]. Let 0 < t < 1. By
Lemma 3.1,

1
Since v € P(RN[r,s]), we are done. ]

Corollary 3.11 Let R < (0, 00] be closed, nonempty, and bounded away from zero.
Let Fe O(R) and b e (0,00). Then, there is c € (0,00) such that F(bt) ~ F(t) for
0<t<e

Proof If F e O(o0), the result is clear. Otherwise, there are 0 < r < s < co such that
F e O([r,s]). Applying Lemma 3.5 puts an end to the proof. ]

Lemma 3.12  Suppose that a decreasing sequence (r,) e, in (0, 00) converges to r > 0.
Set R={r}u{rp:neN}. Let (b,)52, be a positive sequence with Y., b, = 1. Define
F:[0,00) = [0, 00] by
F(t) =Y t"b,.
n=1

Then, F € O(R, r*)\O(r).
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Proof ByLemma 3.10, F € O(R,r"). By the dominated convergence theorem,
F(t

lim (t) =
t—0+ T

Hence, F ¢ O(r). [

0.

Recall that r€[0,00] is an accumulation point of a set RS [0,00] if RN
(V\{r}) # @ for every neighborhood V of r. If Rn (r,s) # @ for all s > r, we say that
r is a right-sided accumulation point of R.

Proposition 3.13  Let R < (0, 00| be closed, nonempty, and bounded away from zero.
Given r € R, O(R, r*)\O(r) is nonempty if and only if r is a right-sided accumulation
point of R.

Proof Let F ¢ O(r) be such that F e O(Rn [r,s]) for all s > r. Then, {r} € RN [r,s]
foralls > r.

Suppose that r is a right-sided accumulation point of R. Let (r,)52; in R be
decreasing to r. Pick (b,)se, with Y72, b, =1 If F is as in Lemma 3.12, F € O(Rn
[r,s]) foralls > r. ]

Corollary3.14 Let R ¢ (0, o] be closed, nonempty, and bounded away from zero. The
following are equivalent:

o O(R) = UerO(r).
* R has no right-sided accumulation point.

Proof Just combine Proposition 3.13 with Lemma 3.7. ]

Proposition 3.15 Let R < (0, 00| be closed, nonempty, and bounded away from zero.
Then,

O(R, "), reR,
is a partition of O(R).
Proof Just combine Lemma 3.7, Proposition 3.8, and Lemma 3.10. ]
Corollary 3.16  O(r™) := N, O([s,7]) = O(r) for all r € (0, oo].

Proof Let Fe O(r ). By Lemma 3.15, for each s < r, there is p(s) € [s, 7] such that
FeO(p(s)"). By Lemma 3.7, p(s) = rfor all s < r. Applying Lemma 3.6(i) puts an end
to the proof. [ ]

Corollary3.17 Letq € (0,00]. Let R € (0, oo] be closed, nonempty, and bounded away
from zero. Then ¥4 € O(R) if and only if g € R.

Proof Suppose that ¥, € O(R). By Proposition 3.15, there is r € R such that ¥, €
O(r*).ByLemma3.7,q = r. |

Example 3.18 Let 0 < p < oo and the functions F, , of Example 3.9 with a < 0. Then,
Fy,q does not belong to O(R) for any set R ¢ (0, co]. Otherwise, by Proposition 3.15
and Lemma 3.5, there would be r € (0, 00) and (C;)», in (0, 00) such that

DS Fu) <Cu (0, se (ool te[01]
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The right-hand inequality would yield p > r. Then, applying the left-hand inequality
with 7 < s < p, we would reach an absurdity.

Theorem 3.19 Let R c (0, oo] be closed, nonempty, and bounded away from zero. Let
F be a convex Orlicz function such that F € O(R) and F* € O((0, 0o]). Then, there is
r € RN [1, 00] such that F € O(r).

Proof By Proposition 3.15, there are r € R and g € (0, oo] such that F e O(r*) and
F* € O(q"). Since F and F* are convex, there are 0 < ¢ <1 and 0 < C < oo such that
max{F(t),F*(t)} < Ctforall ¢ € [0, c]. By Lemma 3.5, 1, g € [1, 00 ].

By Lemma 3.5, there are 0 < ¢; <1and 0 < C; < oo such that F*(t) < C¥,(¢) for
all 0 < t < ¢;. Hence,

uv < F(u) + F*(v) <F(u) + C¥q(v), 0<v<a.

By Lemmas 2.5 and 2.6 and Corollary 3.11, there are 0 < ¢; <1 and 0 < C; < oo such
that W, (t) < C,F(t) forall t € [0,¢,]. By Lemma 3.5, < ¢'.

Pick s > g. By Lemma 3.5, there are 0 < ¢; <1 and 0 < Cs < oo such that ¥ (t) <
C3F*(¢t) forall 0 < £ < ¢3. By Lemma 2.5,

w <Wo(u) + ¥s(v) <Wo(u) + GGF*(v), 0<v<cs.

By Lemma 2.6 and Corollary 3.11, there are 0 < ¢4 <1and 0 < C4 < oo such that F(¢) <
Cy¥y(t) forallt € [0,cq]. By Lemma 3.5, < 5 for all s; > r. Consequently, g’ < r.
We have proved that g’ =r and that W¥,(¢) < CoF(t) for all t€[0,c;]. By
Lemma 3.5, a reverse inequality holds, that is, there are 0 < ¢5 < 1and 0 < Cs < oo such
that F(t) < CsW¥,(¢) forall t € [0, c5]. ]

4 Subsymmetric sequences in variable exponent Lebesgue spaces

A sequence space, say (S, |-|s), will be a function space over N endowed with the
counting measure. Let (e,)52; denote the unit vectors of F™. If |le, | ~ 1 for n € N, we
say that S is semi-normalized. If the mapping T given by

(“n);:o:l = (arr(n) ):il

defines an isometry of S for any permutation 7 of N, we say that S is a symmetric
sequence space. In turn, if T,; defines an isometry from

{f € Stsupp(f) € 7(N)}

onto S for every increasing map m: N — N, we say that S is a subsymmetric sequence

space. Any symmetric sequence space is subsymmetric.

We say that a sequence space S embeds into a function space X if there is an
isomorphic embedding T:S — X. If (T(e,) )2, are pairwise disjointly supported, we
say that S disjointly embeds into X. Note that the following are equivalent:

« S disjointly embeds into X.

« There is an isomorphic embedding Ty: Sy — X such that (T(e,));., is disjointly
supported, that is, the unit vector system of S is equivalent to a disjointly supported
sequence in Xj.

o Thereis a pairwise disjointly supported sequence X in X\{0} such thatS = S[X, X].

https://doi.org/10.4153/50008414X26102272 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X26102272

18 J. L. Ansorena and G. Bello

Proposition 4.1 Let P be a variable exponent on a o-finite measure space (Q, %, ).
Assume that P~ >0. Let X = (x,)po, be a disjointly supported semi-normalized
sequence in Lp. Then, X has a subsequence Y such that S[Lp,Y] = £r for some Orlicz
function F € O(R(P)).

Proof We have Lp[X] = ¢f, where F = (F,):2, is given by
Fu(0) = [ W) (than(@)]) du(@),  te[0.00).

We have b = sup, p%; (Jxa|) < o0. For each n € N, we define

@) (e, ()]}
Gel0) > o) Go(0)= [ Lo (PO e,

Since || Xn| Qp. Hw <bforallneN, F,(t) = G,(tb) for all t € [0,1/b]. Besides,

P(w)
Cn = fg\g» (|xn(bw)|) du(w) <1, neN.

Consider the following dichotomy:
e limsup, ¢, > 0.
e limsup, ¢, = 0.

In the former case, passing to a subsequence, we can assume that inf, ¢, > 0. By
Proposition 3.8 and Lemma 3.3, passing to a further subsequence, we can assume that
there exists an Orlicz function F € O(R(P)) such that

By Theorem 2.3, we deduce that {p = (.
In the latter case, passing to a subsequence, we can assume that 3,7, ¢, < co. Since

Gn(t)S%, 0<t<l,neN,

lp = £ by Theorem 2.3. It remains to be shown that co € R(P). Assume by contradic-
tion that it is not the case. Then, P* < oo and QF_ isanull set. If 0 < a < inf,, p%; (|x,|),

1< fQ (|xniw)|)P(w) du(w) < (i)P+ ¢y neN.

We reach an absurdity, and the proof is over. [ ]

The following result generalizes [11, Proposition 4.5].

Lemma 4.2 Let P be a variable exponent over a o-finite nonatomic measure space
(Q, 2, u). Foreachn € N, let A, be a finite subset of R(P). Set

N={(np):(n.p) e Nx(0,00], pe An}.
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Foreach (n,p) € N, let Uy, , be aneighborhood of p. Then, there s a family (Qpp) (n,p)en
of pairwise disjoint measurable sets such that u(Q,,) >0 and P(Qy,p) € U, for all
(n,p) eN.

Proof Assume without loss of generality that (A, )5, is nondecreasing. Set A = &,
A=U2 Ay,

B={peA:P(u)({p}) =0}, M={(np)eN:peB}.

Let ng be the smallest # € N such that B, := A, N B # @. We recursively construct for
each n € N a pairwise disjoint family

(Vn,p)peB,,
such that V,, , € U, , is a measurable neighborhood of p for all p € B, and the set
Dy, = Upes, Va,p satisfies

P(u) (D) < 5 min P(w) (Vi-iy)

aslongasn > ng + 1. Set E, = U2 Dy forall n € N. Since P(y4) (Dpi1) < P(p) (Dy) /2
forall neN, n>ng, poP(E,) <2uo P (D,) forall n e N, n > ny. Consequently,
poP  (Ep)<poP! (Vn,P) forall n e Nand p € B,,. Set

Whp = Vn,p\EnH; (n)p) e M.

The family (Wyp)(np)enc is pairwise disjoint, and poP™'(W,,) >0 for all
(n,p) € M. Consider the set

L={(np) e M:W,,n(A\B)} = 2.

Let m: N\L — A\B be such that 7(n, p) = p for all (n,p) e N\M, and 7(n,p) € W,
forall (n,p) € M\ /L. Since p is nonatomic, for each q € A\B, there is a pairwise disjoint
family

(Qnp) (np)en(q)
of nonnull measurable subsets of P~*(p). If for each (1, p) € £, we choose

Qup =P (Wyp),
the family (Q,5) (n,p)en satisfies the desired conditions. ]

Proposition 4.3  Let P be a variable exponent on a nonatomic o-finite measure space
(Q, 2, u). Assume that P~ > 0. Let S be a subsymmetric sequence space. The following
are equivalent:

« S disjointly embeds into Lp.
o S = {g for some F € O(R(P)).

Proof Bearing in mind Proposition 4.1, it suffices to prove that for any Orlicz
function F such that F| o1 € KX(R(P)), there exists a disjointly supported sequence
X in LY with Lp[X] = £r. Choose a positive sequence (&,)52; with 357, ¢, < co. Let
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(Fy)i2; be such that, for all n € N, F,, belongs to convex hull of {‘I’p:p € R(P)}, and
max |F(t) — F,(¢)| € n.

Let (An)5, be a sequence of finite subsets of R(P) such that for each n € N, there is
(an,p)pea, in (0, 00) such that

F, = Z anp¥p, Z anp =1
PEA, peA,

By Lemma 3.1, for each n € N and p € A, there is a neighborhood Uy, , of p such that
Hlllp - t//qH < ey, forall g€ Uy p. Let (Qup)(n,p)en be the family of sets provided by
Lemma 4.2. Choose, for each (1, p) € N, f, ,: Q — [0, c0) with supp(f,.,,) = Qn,p and
Jofupdu =1 Set

Ggi [0,00) = [0,00), £ [ Wy (1)fp (@) ().

Note that, if 0 < £ <1,
Gup() = [y Fr (D (©) du(0).

Since

max
0<t<1

Gup() = ¥, (1) < ems
the Musielak-Orlicz sequence G = (G, )2, given by

Gn = Z an,pGn,p
peA,

satisfies maxo<<1 |G, (t) — F(t)| < 2¢, for all n € N. By Theorem 2.3, £ = {g. If we set

/P
Xn = Z (“wfn,p)l >

peAn

then for every n € Nand 0 < t <1, we have

JoMe (@) @)= 32 [ ot (anafp (@) du() = Ga)
Consequently, X = (x,)52, is a pairwise disjointly supported sequence with Lp[X] =
EG = gp ]

Corollary 4.4 (See [11, Theorem 3.5]) Let q € (0, 00] and P be a variable exponent
over a nonatomic o-finite measure space. Assume that P~ > 0. Then, Lp has a disjointly
supported sequence equivalent to the unit vector system of £, if and only if q € R(P).

Proof Just combine Proposition 4.3 with Corollary 3.17. |

Given a function space X, the following are equivalent:

« X fails to be absolutely continuous;
e /o, embeds into X;
(o disjointly embeds into X
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(see [20, Proposition 1.a.7]). Since any separable Banach space linearly embeds into
¢+ by the Hahn-Banach theorem, the subsymmetric embedding problem for locally
convex function spaces splits into two issues. Namely,

o determining which nonseparable subsymmetric sequence spaces embed into a
given non absolutely continuous function space, and

o determining which separable subsymmetric sequence spaces embed into a given
absolutely continuous function space.

We give now a result for variable exponent Lebesgue spaces framed in the latter
problem.

Theorem 4.5 Let P be a variable exponent over a -finite nonatomic measure space .
Suppose that P~ > 2 and q := P* < oo. Let S be a subsymmetric sequence space. Then, S
embeds into Lp(y) if and only if S = {5 or S = {f for some F € O(R(P)).

Proof Assume without loss of generality that y is finite. Suppose that a symmetric
sequence space S other than ¢, embeds into Lp(y). By [2, Theorem 4.2], Lp(y)
contains a disjointly supported sequence equivalent to the canonical basis of S, and,
by Proposition 4.3, S = ¢f for some F € O(R(P)).

Proposition 4.3 also gives that {r embeds into Lp(y) for any Fe O(R(P)).
We close the proof by noticing that, since Ly(4) € Lp(p) € L2(#), any Rademacher
sequence over () is equivalent to the canonical /;-basis by Khintchine’s inequali-
ties. |

The behavior of variable exponent Lebesgue spaces Lp in the case where P~ <2
dramatically opposes that described in Theorem 4.5.

Proposition 4.6  Let P be a variable exponent over a o-finite nonatomic measure space
u. Suppose that P~ < 2. Let F be an Orlicz function satisfying (1.1) for somep € (P~, 00) N
[1,2]. Then £ isomorphically embeds into Lp.

Proof Just combine Proposition 2.9 with Theorem L.1. ]

We now pass to the discrete case. To compare the behavior of non-atomic variable
exponent Lebesgue spaces with that of atomic ones, we adapt Peirats—Ruiz’s results
from [24] on the latter spaces to our language. Given a sequence P:N — (0, o0, we
set Py, = (Pnim-1) ooy for all m € N. Consider the set of Orlicz functions

K(P) = [ K(R(Pp)).
m=1
We denote by O(P) the set of all Orlicz functions for which there is ¢ € K(P) and

0 < c<1suchthat F(t) ~ ¢(t) forall0 <t <c.
Denote by A(P) the set of all limit points of P, that is,

A(P) = f’le(pm).

Note that any accumulation point of R(P) is a limit point of P, but the converse does
not hold.
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Theorem 4.7 (cf. [24, Proposition 2.3]) Let P = (pn )y be a variable exponent with
P~ >0 and P* < 0. Let S be a subsymmetric sequence space. Then, S isomorphically
embeds into Lp if and only if S = Lg for some Orlicz function F € O(P). Further, for each
F e O(P), thereisr € A(P) such that F € O(r").

Proof Applying [24, Proposition 2.3] to the case where the Musielak-Orlicz
sequence consists of power Orlicz functions yields the wished-for characterization of
isomorphic embeddability. Assume that F € O(P). By Proposition 3.15, foreach m € N,
there is 7, € R(P,,) such that F € O(R(P,,), ;). By Lemma 3.7, there is r € (0, 0]
such that r = r,,, for all m € N. [ |

Theorem 4.7 implies that if a subsymmetric sequence space S isomorphically
embeds into the Nakano space £p, then there are r € A(P) and F € O(R(P), r") such
that S = £g. The following example shows that this condition does not characterize
isomorphic embeddability.

Example 4.8 Let P = (p,);2, be a variable exponent for which there exists lim,, p,, =
p€(0,00). Lemma 3.12 implies that, despite A(P) = {p}, O(R(P)) contains Orlicz
functions that are not equivalent to the potential Orlicz function ¥, near the origin.
However, £, is the unique subsymmetric space that embeds into /p. Indeed, if ¢ ¢
XK(P), then, by Lemma 3.5,

th tp

—<p(t)<—, 0<t<L,meN.

Pm p

Letting m tend to infinity, we get ¢(t) = ¥, (t) forall0 <t < 1.

To close this section, we provide a Nakano space that exhibits a behavior opposed
to that of the Nakano space in Example 4.8.

Example 4.9 Let Q = (q;)7; be a sequence in (0, 00) decreasing to g € (0, 00). We
have

R:=R(Q) = {g;:j e N} U {g}.
Let 0:N? - N be a bijection. Let f:N — N be the second component of the inverse
of 0. Consider the variable exponent P = (p, ) 5o, given by
Pn=4p(n)-
We have X (P) = K(R). Hence, ¢p contains an isomorphic copy of {5 for every F ¢
O(R). Further, A(P) = R.

5 Complemented sequences in variable exponent Lebesgue spaces

Let X be a function space over a o-finite measure space (Q, %, y). We say that a
sequence space S complementably embeds into X if there are bounded linear maps
T:S - X and P:X — S such that Po T = Ids. If, S complementably embeds into X,
then there are X = (x,, )52, in X and X* = (x} )22, in X¥, called projecting functionals
for X, such that the unit vector system of S is equivalent to X, (X, X*) is a biorthogonal
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system, and the mapping
fr Z %, (f)xn
n=1

defines a bounded operator from X into X. Besides, if S is absolutely continuous or X
is disjointly supported, then the converse also holds. If X is disjointly supported and
X* is a disjointly supported sequence in X', we say that S disjointly complementably
embeds into X.

Lemma 5.1 Let X be a function space and S be a sequence space. Suppose that X
is L-convex. Suppose that there is a disjointly supported sequence X = (x,)50, in X
with projecting functionals XX* in X' such that S = S[X, X]. Then, S complementably
disjointly embeds into X.

Proof Let P be the endomorphism of X given by
fe Z x: (f)xn.
n=1

By [14, Theorem 3.3], there is a constant C such that

(3]

for every family (fj) ey in X. Pick a partition (A, )52, of (Q, Z, u) so that supp(x,) €
A, foralln e N. Sety; = x;, ya, forall n € N. Given f € X, applying the above estimate
to (fxa,),.,» We obtain

<C

12
(£rur)

<C|fl-

iyw)xn

Consequently, (y;; )52, are projecting functionals for X. ]

Proposition 5.2 Let P be a variable exponent over a o-finite measure space (Q, %, ).
Suppose that 1< P~ < P* < oo and that a subsymmetric sequence space S comple-
mentably disjointly embeds into Lp. Then, S = {4 for some q € R(P).

Proof There are pairwise disjointly supported sequences X = (x,)52; in Lp and
X' = (x),)2, in Lpr such that X is equivalent to the unit vector system of S and
X' is equivalent to the unit vector system of S'. By Proposition 4.1, there are
FeO(R(P)) and Ge O(R(P')) such that S =/ and S’ = {5. We have (g = (g,
whence, by Corollary 3.11, F* ~ G near the origin. Consequently, F* € O(R(P")). By
Theorem 3.19, F € O(q) for some g € R(P). Hence, F =~ t1. ]

Lemma 5.3 Let P be a variable exponent over a nonatomic o-finite measure space
(Q, 2, u). Suppose that P~ > 0. Let S be a subsymmetric sequence space. Set P. = P| .
Then, S complementably embeds into Lp if and only if it complementably embeds
into Lp,.
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Proof Let T:S — Lp and P:Lp — S be such that Po T = Idg. Let J be the canonical
embedding of Lp, into Lp, and Q be the canonical projection from Lp into Lp,. By
Proposition 2.7, P = P o ] o Q. Consequently, S complementably embeds into Lp,. =

Theorem 5.4 Let P be a variable exponent over a nonatomic o-finite measure space
(Q, 2, u). Suppose that P~ > 0 and q := P* < oo and that P~ ((1, 00)) is not null. Let S
be a subsymmetric sequence space. Set P, = P| qr. The following are equivalent:

(a) S complementably embeds into Lp.

(b) S =¥, or S complementably disjointly embeds into Lp.

(c) S =4, for somere {2} UR(P,).

Proof There is p > 1 such that Qg := P! ([p, q]) is not null. We can, without loss of
generality, assume that g is finite and p(Q) =1.

Let (r,);2, be a Rademacher sequence over Q. Let S be the associated embedding
of £ into Ly(€)), and Q the associated projection from L, (€)g) onto /,. Let J be the
canonical map from L, () into Lp, and P be the canonical map from Lp into L, ().
The maps J o S and Q o P witness that £, complementably embeds into Lp.

Suppose a subsymmetric space S other than ¢, complementably embeds into X :=
Lp.Set Q; = P'([1,2)) and Q, = P7'([2,00)) and P; = P| g, j = 1, 2. By Lemma 5.3
and [2, Theorem 5.2], thereis a € {1, 2} such that Q, is nonnull and S complementably
disjointly embeds into Lp,. By Proposition 5.2, F € O(r) for some r € R(P,,).

In [11, Proposition 4.4] it is proved that ¢, complementably embeds into Lp for
every r € R(P.). For the sake of completeness and clarity, we use our approach to
variable exponent Lebesgue spaces to reprove this result. Choose (&, )ne; in (0, 00)
with 377, €, < co. By Lemma 3.1, there is a sequence (V,)52, of neighborhoods of r
such that

<&y

H"’P“”r o SEm ”"’P’_"’f’ oo

for all n e N and p € V,,. Use Lemma 4.2 to choose pairwise disjoint measurable sets
(Qn)52, suchthat 0 < u(Q,) < o and P(Q,) € V,,n[1, 00] forall n € N. Use Lemma
2.8 to pick sequences (f,)ne; and (g,);2; of nonnegative measurable functions such
that supp(f,,) = supp(gn) € Q, and

[ fugndn = ph(h) = () =1
for all n € N. By Proposition 4.3, there are bounded linear maps
T:4, - Lp, Sly—Lp
given by

oo oo
(@n)uis Z“nfn) (an)uis = Zangn’
n=1 n=1

respectively. The map S is a kernel operator whose conjugate map S': Lp — ¢, is given
by

S = [ gilw)g(w)du(w)

for n € N. Since §' o T = Idy,, we are done. [ ]
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Theorem 5.5 Let P be a variable exponent over a nonatomic o-finite measure space
(Q, %, u). Suppose 0 < P~ < P* < 1. Given a semi-normalized subsymmetric sequence
space S, the following are equivalent:

o S complementably embeds into Lp.
« S complementably disjointly embeds into Lp.
o S=4 and Q := P7Y(1) is not null.

Proof Sety; = y|q, and P; = P|q,. If Q; is nonnull, then Lp, = Ly (y41).

Suppose that S complementably embeds into Lp. By Lemma 5.3, ), is nonnull and
S complementably embeds into Ly (g;). By [17], S = 4;.

Conversely, if Q; is not null, it is well-known that ¢; complementably disjointly
embeds into L; (). ]

Lemma 5.6 Suppose a subsymmetric sequence space S complementably embeds into
an absolutely continuous sequence space X over N. Then, S complementably disjointly
embeds into X.

Proof Let X = (x,);2, in X with projecting functionals X* = (x}; )52, be equivalent
to the unit vector system of S. By the Cantor diagonal technique, passing to a
subsequence, we can assume that X converges pointwise. Since (x2,-1) 5o, is equivalent
to (x24 )52, the mapping

[ 25 (Fxana = 3 x5, 1 () xan
n=1 n=1
defines an endomorphism of X. Consequently, we can replace X by

(-xZn—l — X2n ) Zil

and X* by

(x;n—l)zl :

In this way, we can assume that X converges to zero pointwise. By the gliding-hump
technique (see [19, Proposition 1.a.9] or [2, Lemma 3.5]), passing to a subsequence, we
can assume that X is finitely disjointly supported. We conclude the proof by applying
Lemma 5.1. ]

Our latest result improves upon a Peirats-Ruiz’s achievement from [24].

Theorem 5.7 (cf. [24, Theorem 2.9]) Let P:N — (0,00) be a variable exponent
with P~ > 0 and P* < co. Let S be a subsymmetric sequence space. The following are
equivalent:

(i) S complementably embeds into {p.
(i) S = ¢, for somer e A(P).
(iii) There is a subsequence Q of P such that S = (.

Proof (i) implies (ii) by Lemma 5.6 and Proposition 5.2. In turn, (ii) implies (iii) by
Corollary 4.4 and Lemma 3.1. Since it is obvious that (iii) implies (i), we are done. m
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