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On the basic sequence structure of variable
exponent Lebesgue spaces
José L. Ansorena and Glenier Bello
Abstract. We study the subsymmetric basic sequence structure of variable exponent Lebesgue spaces
LP built from index functions P∶Ω → (0,∞] on σ-finite measure spaces (Ω, Σ, μ). Specifically, we
prove that if P is bounded away from infinity, then any complemented subsymmetric basic sequence
of LP is equivalent to the canonical basis of �r for some r ≥ 1 in the essential range of P.

1 Introduction

The theory of variable exponent Lebesgue spaces has matured from a topic of abstract
interest into an indispensable tool in partial differential equations, fluid dynamics, and
harmonic analysis. Unlike their classical counterparts, these spaces allow the exponent
to vary with the spatial variable, providing a natural and powerful framework for
modeling phenomena with localized behavior, such as electrorheological fluids or
materials with inhomogeneous properties. The rich structure of these spaces is deeply
intertwined with the properties of the exponent function. In this article, we regard
these spaces from a functional analysis perspective.

Within the study of the geometry of Banach spaces, the structure of basic sequences
is a fundamental topic already present in Banach’s book [5]. In these early years,
specialists were confident of achieving structural results valid for all Banach spaces. In
particular, they sought to prove that every Banach space contains an isomorphic copy
of c0 or �p for some 1 ≤ p < ∞. Since the canonical bases of these spaces are symmetric,
the study naturally evolved to determining the structure of symmetric basic sequences
of Banach spaces. Any symmetric basis is subsymmetric, that is, unconditional and
equivalent to all its subsequences. As a matter of fact, the only feature of symmetric
sequences that one needs in many situations is their subsymmetry. Partly because of
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2 J. L. Ansorena and G. Bello

this, and partly because spreading models of null sequences are subsymmetric, the
researchers went on to seek subsymmetric basic sequences.

The study of the basic sequence structure of Banach spaces is part of the study
of their subspace structure or, following Banach [5], that of the “linear dimension”
of Banach spaces. We point out that the mere existence of an isomorphic copy of a
Banach space X within another Banach space Y does not entitle us to claim that X is
in a block from which Y is constructed. To fairly assert this, we must assume that X
can be placed intoY in a complementary manner, so thatY is isomorphic to the direct
sum of X and a third Banach space. So, the study of the complemented basic sequence
structure of Banach spaces is of special interest.

We refer the reader to [2] for a summary of advances in understanding the structure
of subsymmetric basic sequences of Banach spaces. Regarding Lebesgue spaces Lp,
the first milestone within this topic is [23], where Paley solved some problems posed
in [5]. Namely, he proved that given p, q ∈ [1,∞), �q does not embed in Lp unless q = 2
or p ≤ q ≤ 2. The fact that �2 embeds into Lp is a ready consequence of Khintchine’s
inequalities [16]. Kadets [12] completed the study by showing that if p < q < 2, then �q
do embeds into Lp.

By duality, �q is not a complemented subspace of Lp unless p = 1 or q ∈ {2, p}.
Clearly, �p is a complemented subspace of Lp for any 1 ≤ p < ∞. Pełczyński [25]
proved that �2 is a complemented subspace of Lp for any 1 < p < ∞. Lindenstrauss
and Pełczyński [17] completed the picture by proving that any unconditional basic
sequence complemented in L1 is equivalent to the �1-basis.

Kadets and Pełczyński [13] carried out a systematic study of basic sequences in
Lebesgue spaces. Among other results, they proved that, if 2 < p < ∞, the canonical
bases of �2 and �p are the only subsymmetric basic sequences of Lp. In contrast, if
1 ≤ p < 2, there exist symmetric basic sequences in Lp other than the canonical �q-
basis for p ≤ q ≤ 2. Indeed, Bretagnolle and Dacunha-Castelle [8] proved the following
result (also see [18, 27]).

Theorem 1.1 (See [8]) Let 1 ≤ p ≤ 2. A Banach space S with a symmetric basis isomor-
phically embeds into Lp if and only if S = �F for some Orlicz function F with

p ≤ tF′(t)
F(t) ≤ 2, 0 < t ≤ 1.(1.1)

The article that initiated the study of variable exponent Lebesgue spaces by basic
sequence techniques was [11] (see also [10]). In it, the authors characterized in terms
of the essential range of the variable exponent P the indices q ∈ [1,∞) such that �q
isomorphically embeds into a variable exponent Lebesgue LP over the unit interval.
Hernández and Ruiz also proved that �q complementably embeds into LP provided
that q belongs to the essential range of P.

In this article, we complement the study carried out in [11] by proving that, if q /= 2,
being q in the essential range of P is a necessary condition for �q to be a complemented
subspace of LP. Besides, we widen the scope of the study by considering not only �q-
spaces but also subsymmetric basic sequences. Specifically, we characterize both the
subsymmetric basic sequence structure and the complemented subsymmetric basic
sequence structure of Lebesgue spaces with variable exponent essentially bounded.
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Basic squences in variable exponent lebesgue spaces 3

Oddly enough, we find out that, while symmetric basic sequences other than �q-bases
are contained in these spaces, they fail to be complemented unless they are �q-bases.
Also, we go forward with the study of variable exponent atomic spaces, that is, Nakano
spaces, initiated in [24].

To conclude this introductory section, we outline the structure of the article. In
Section 2, we establish the notation about variable Lebesgue spaces that will be used
throughout the article. We see these spaces from the perspective of Musielak–Orlicz
spaces, including nonconvex spaces. Without intending to tackle an exhaustive study
of these spaces, we sketch the more relevant ideas to our purposes. We revisit some
well-known results from our perspective and also prove new ones. In Section 3, we
study certain Orlicz functions (those that arise as convex combinations of power
functions) that naturally appear when studying the geometry of variable Lebesgue
spaces. The study of subsymmetric basic sequences in these spaces is addressed in
Sections 4 and 5, which contain the main results of the article. While in Section 5,
we study complemented basic sequences, in Section 4, we give the results achieved
without imposing complementability.

2 Musielak–Orlicz function spaces

Given a measure space (Ω, Σ, μ), we denote by Σ(μ) the set of all measurable sets
with finite measure. Let L(μ) be the vector space of all measurable functions with
values in the real or complex field F. As it is customary, we identify functions and sets
that differ on a null set. We say that μ is separable if the metric space (Σ(μ), dμ) is
separable, where dμ is the distance given by

dμ(A, B) = μ(A△ B), A, B ∈ Σ(μ).

We endow L(μ) with the topology associated with the convergence in measure on
finite-measure sets, so L(μ) becomes a complete topological vector space. We denote
by S(μ) the vector space of all simple integrable functions, that is, the linear span of

{χE∶E ∈ Σ(μ)} .

A function space over (Ω, Σ, μ) will be a quasi-Banach lattice (X, ∥⋅∥
X
) such that

• X ⊆ L(μ) continuously,
• S(μ) ⊆ X, and
• there is a constant C ∈ [0,∞) such that if a sequence (fn)∞n=1 in X converges to f μ-

a.e. and S ∶= lim supn ∥fn∥X < ∞, then f ∈ X and ∥f ∥
X
≤ CS.

Let L+(μ) be the cone of all measurable functions with values in [0,∞]. Following [1],
a function quasi-norm will be a homogeneous map

ρ∶L+(μ) → [0,∞]

such that
(F.1) If f ≤ g μ-a.e., then ρ(f ) ≤ ρ(g).
(F.2) There is k ∈ [1,∞), such that, for all f, g ∈ L+(μ),

ρ(f + g) ≤ k (ρ(f ) + ρ(g)) .
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(F.3) ρ(χE) < ∞ for all E ∈ Σ(μ).
(F.4) For every E ∈ Σ(μ) and ε > 0 there is δ > 0 such that μ(A) ≤ ε whenever A ∈ Σ

satisfies A ⊆ E and ρ(χA) ≤ δ.
(F.5) There is C ∈ [1,∞) such that ρ(limn fn) ≤ C limn ρ(fn) for all non-decreasing

sequences (fn)∞n=1 in L+(μ).
Let 0 < r ≤ 1. If the function quasi-norm ρ satisfies

(F.6) ρr(f + g) ≤ ρr(f ) + ρr(g) for all f, g ∈ L+(μ)
we call it a function r-nom (function norm if r = 1). Note that (F.6) implies (F.2) with
k = 21/r−1.

Given a function quasi-norm ρ the set

Lρ ∶= {f ∈ L(μ)∶ ∥f ∥ρ ∶= ρ (∣f ∣) < ∞}

endowed with the quasi-norm ∥⋅∥ρ is a function space. The other way around, if
(X, ∥⋅∥

X
) is a function space, then X = Lρ , where ρ is defined by ρ(f ) = ∥f ∥

X
if f ∈ X

and ρ(f ) = ∞ otherwise.
Given 0 < r < ∞, a function quasi-norm ρ, and a family F = (fj)j∈J in L+(μ), we

set

Nρ(F; r) = ρ
⎛
⎜
⎝
⎛
⎝∑j∈J

f r
j
⎞
⎠

1/r⎞
⎟
⎠

, Mρ(F; r) =
⎛
⎝∑j∈J

ρr(fj)
⎞
⎠

1/r

.

We say that X = Lρ is lattice r-convex (resp. r-concave) if there is a constant C such
that Nρ(F; r) ≤ CMρ(F; r) (resp. Mρ(F; r) ≤ CNρ(F; r)) for all families F in L+(μ).
We say that X is L-convex if there is ε > 0 such that supj ρ(fj) ≥ ε provided that (fj)j∈J
is a finite family in L+(μ) for which there is f ∈ L+(μ) such that ρ(f ) = 1, fj ≤ f for all
j ∈ J, and

1
∣J∣ ∑j∈J

fj ≥ (1 − ε)f .

Since any quasi-Banach is locally p-convex for some p ∈ (0, 1] by the Aoki–Rolewicz
theorem (see [4, 26]), the function space X is L-convex if and only if it is r-convex for
some r ∈ (0,∞) (see [14, Theorem 2.2]). If X is r-concave for some r ∈ (0,∞), we say
that X is L-concave. We say that X is absolutely continuous if

(F.7) limn ρ(fn) = 0 for all non-increasing sequences (fn)∞n=1 in L+(μ) with
ρ(f1) < ∞ and limn fn = 0.

Let X0 be the closure of S(μ) in X. We say that X is minimal if X0 = X. If X is
L-concave, then X is absolutely continuous. In turn, if X is absolutely continuous,
then X is minimal (see, e.g., [2]).

Given a function quasi-norm ρ on L+(μ), we consider the gauge ρ∗ defined by

ρ∗(g) = sup{∫
Ω

fg dμ∶ f ∈ L+(μ), ρ(f ) ≤ 1} , g ∈ L+(μ).
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If
(F.8) for every E ∈ Σ(μ), there is CE ∈ (0,∞) such that

∫
E

f dμ ≤ CEρ(f ), f ∈ L+(μ),

then ρ∗ is a function norm. Note that (F.8) implies (F.4) and that ρ∗ always satisfies
(F.8) as well. We say that ρ∗ is the dual function norm of ρ. The function space built
from ρ∗ is called the conjugate space of X = Lρ and denoted by X

′. If X is locally
convex, then X

′′ = X (see [6]). We can regard X
′ as a closed subspace of the dual

space X∗. If X is absolutely continuous, then X
′ = X

∗ (see [6]).
For j = 1, 2, let Xj be a function space over a σ-finite measure space (Ωj , Σj , μj). Let

K∶Ω1 ×Ω2 → [0,∞)
be a measurable function. Suppose there is a bounded linear operator T∶X1 → X2
given by

T(f )(ω2) = ∫
Ω1

K(ω1 , ω2)f (ω1)dμ1(ω1), f ∈ X1 , ω2 ∈ Ω2 .

Then, there is a bounded linear operator T′∶X′2 → X
′
1 given by

T′(g)(ω1) = ∫
Ω2

K(ω1 , ω2)g(ω2)dμ2(ω2), g ∈ X2 , ω1 ∈ Ω1 .

We say that T is a kernel operator and that T′ is the adjoint operator of T.
Given a measurable function f ∶Ω → G, where G is a topological commutative

monoid (for instance, G = [0,∞] or G a vector space), we set

supp(f ) = Ω/f −1(0).

Given a function space X over a σ-finite measure space (Ω, Σ, μ), and a pairwise
disjointly supported sequence X = (xn)∞n=1 in X/{0}, we set

S[X,X] = {(an)∞n=1∶
∞

∑
n=1

an xn ∈ X} ,

and we endow S[X,X] with the topology it inherits from X.
An Orlicz function will be a non-decreasing left-continuous function

F∶ [0,∞) → [0,∞]
such that limt→0+ F(t) = 0 and F(∞) ∶= limt→∞ F(t) > 0. Note that we allow Orlicz
functions to take the value ∞. If it is the case for the Orlicz function F, then there is
0 < c < ∞ such that F−1(∞) = (c,∞).

Given a σ-finite measure space (Ω, Σ, μ), a function

M∶Ω × [0,∞) → [0,∞],
and t ∈ [0,∞), we denote by νM(⋅, t) the measure on (Ω, Σ) given by

νM(A, t) = ∫
A

M(ω, t)dμ(ω), A ∈ Σ.

We say that M is a Musielak–Orlicz function (cf. [21, Chapter 7]) if
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6 J. L. Ansorena and G. Bello

• M(ω, ⋅) is an Orlicz function for all ω ∈ Ω, and
• for every E ∈ Σ(μ), there exists tE ∈ (0,∞) such that νM(E, tE) < ∞ and M(ω, tE) >

0 for all ω ∈ E.
If f ∈ L+(μ) and M is a Musielak–Orlicz function, then M(⋅, f (⋅)) is a measurable
function. Hence, associated with M, there is a gauge, usually called a modular,

ρM ∶L+(μ) → [0,∞], f ↦ ∫
Ω

M(ω, f (ω))dμ(ω).

Consider the sets

L+M = {f ∈ L+(μ)∶ ρM(tf ) < ∞ for some t ∈ (0,∞)} ,
LM = {f ∈ L(μ)∶ ∣f ∣ ∈ L+M} ,
H+M = {f ∈ L+(μ)∶ ρM(tf ) < ∞ for all t ∈ (0,∞)} ,
HM = {f ∈ L(μ)∶ ∣f ∣ ∈ H+M} ,

and, given ε > 0,

BM(ε) = {f ∈ L(μ)∶ ρM(∣f ∣) < ε} .

The modular ρ = ρM satisfies properties (F.1), (F.4), (F.5), and (F.7), property (F.9)
below instead of (F.2), and property (F.10) below instead of (F.3).
(F.9) There are k and r in (0,∞) such that, for all f, g ∈ L+(μ),

ρ(f + g) ≤ k (ρ(rf ) + ρ(rg)) .

(F.10) For every E ∈ Σ(μ), there is uE ∈ (0,∞) such that ρ(uE χE) < ∞.
In fact, we can choose C = 1 in (F.5), k = 1 and r = 2 in (F.9), and uE = tE in (F.10).
Consequently,

uBM(ε), u, ε ∈ (0,∞),

is a neighborhood basis at the origin for a complete vector topology on LM . Besides,
the F-space LM continuously embeds into L(μ). We say that LM is the Musielak–
Orlicz space over (Ω, Σ, μ) built from M. We denote by L0

M the closed subspace of
LM generated by simple integrable functions.

By property (F.7), the dominated convergence theorem holds in LM for sequences
dominated by a function in H+M . We infer that HM is the closed linear span of

{χE∶E ∈ Σ(μ), χE ∈ H+M} .

Hence, HM ⊆ L0
M ⊆ LM , and L0

M = HM if and only if χE ∈ H+M for all E ∈ Σ(μ). Conse-
quently, HM = L0

M provided that
(F.11) there are C, D ∈ (1,∞) such that

M(ω, Dt) ≤ CM(ω, t), (ω, t) ∈ Ω × [0,∞).

If
(F.12) there are c, d ∈ (0, 1) such that

M(ω, dt) ≤ cM(ω, t), (ω, t) ∈ Ω × [0,∞),
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then LM is a function space. Indeed, the Luxemburg map

f ↦ ρL
M(f ) ∶= inf {t ∈ (0,∞)∶ ρM (f /t) ≤ 1} , f ∈ L+(μ),

besides being homogeneous, inherits from ρM the properties (F.1), (F.4), (F.5), (F.9),
and (F.10). Hence, ρL

M is a function quasi-norm such that LM = LρL
M

.
Let 0 < r < ∞ and M be a Musielak–Orlicz function. If M is r-convex, that is, the

mapping

t ↦ M (ω, t1/r) , t ∈ [0,∞),

defines a convex function for all ω ∈ Ω, then (F.12) holds, and the function space LM
is lattice r-convex. Let 0 < s < ∞. If M is s-concave, that is, the mapping

t ↦ M (ω, t1/s) , t ∈ [0,∞),

defines a concave function for all ω ∈ Ω, then it satisfies (F.11). Therefore, if M is
s-concave and satisfies (F.12), then LM is a lattice s-concave absolutely continuous
function space, and HM = LM .

We will use the following two results, whose straightforward proofs we omit.

Lemma 2.1 Let M be a Musielak–Orlicz function satisfying (F.12). Let f ∈ LM/{0} and
a = 1/ ∥f ∥M . Then, either
(a) ρM(a ∣f ∣) = 1 or
(b) ρM(a ∣f ∣) < 1 and ρM(t ∣f ∣) = ∞ for all t ∈ (a,∞).
In particular, (a) holds for all f ∈ HM .

Theorem 2.2 (See [3]) Let M and N be Musielak–Orlicz functions on a σ-finite
measure space (Ω, Σ, μ). Suppose that there is c ∈ (0,∞) such that
• max{νM(Ω, c), νN(Ω, c)} < ∞,
• min{M(ω, c), N(ω, c)} > 0 for all ω ∈ Ω, and
• M(ω, t) ≤ N(ω, t) for all ω ∈ Ω and t ∈ [c,∞).
Then LN(μ) ⊆ LM(μ) continuously.

Next, we detail three types of Musielak–Orlicz spaces we will deal with.

2.1 Musielak–Orlicz sequence spaces

We regard Musielak–Orlicz functions over N, which we call Musielak–Orlicz
sequences, as sequences of Orlicz functions. Given a Musielak–Orlicz sequence F =
(Fn)∞n=1, we denote by �F the Musielak–Orlicz sequence space built from F. These
Musielak–Orlicz atomic spaces naturally appear when studying the unconditional
basic sequence structure of Musielak–Orlicz function spaces. Indeed, if M is a
Musielak–Orlicz function over a σ-finite measure space (Ω, Σ, μ), and X = (xn)∞n=1
is a pairwise disjointly supported sequence in LM/{0}, then S[LM ,X] = �F , where
F = (Fn)∞n=1 is given by

Fn(t) = ∫
Ω

M (ω, t ∣xn(ω)∣) dμ(ω), n ∈ N.

We bring up a result in Musielak’s memoir [21] that we will use.
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Theorem 2.3 [21, Theorem 8.11] Consider two Musielak–Orlicz sequences F = (Fn)∞n=1
and G = (Gn)∞n=1. Then, �F ⊆ �G continuously if and only if there exist a = (an)∞n=1 ∈ �1
and δ, b, and C in (0,∞) such that

Gn(t) ≤ an + CFn(bt)
for all n ∈ N and all t ∈ (0,∞) with Fn(t) < δ.

2.2 Orlicz sequence spaces

Given an Orlicz function F and a measure space (Ω, Σ, μ), the Orlicz space LF(μ) is
the Musielak–Orlicz space built from the Musielak–Orlicz function M over (Ω, Σ, μ)
given by M(ω, t) = F(t) for all ω ∈ Ω and t ∈ [0,∞). If μ is the counting measure
on N, we set �F = LF(μ), and we call �F the Orlicz sequence space built from F.
Orlicz sequence spaces are Musielak–Orlicz sequence spaces built from constant
Musielak–Orlicz sequences. Applying Theorem 2.3 in this particular situation yields
the following well-known result.

Corollary 2.4 Given two Orlicz functions F and G, then �F ⊆ �G if and only if there are
b, c, and C in (0,∞) such that

G(t) ≤ CF(bt), 0 ≤ t ≤ c.

Given a convex Orlicz function F, we define its conjugate function F∗∶ [0,∞) →
[0,∞] as the optimal function G such that

uv ≤ F(u) +G(v), u, v ∈ [0,∞].
F∗ is a convex Orlicz function, and the conjugate space of LF(μ) is LF∗(μ). We record
some properties of the mapping F ↦ F∗ that we will need.

Given p ∈ (0,∞], we consider the power Orlicz functions

Φp , Ψp∶ [0,∞) → [0,∞), Φp(t) = tp , Ψp(t) =
tp

p
,

with the convention that 1∞ = 0. If p ≥ 1, so that Φp and Ψp are convex, we denote by
p′ its conjugate exponent defined by 1/p + 1/p′ = 1. Note that Φ∞ = Ψ∞ = ∞χ(1,∞).

We record a couple of lemmas about Orlicz functions. The first of them is clear and
well-known.

Lemma 2.5 (Ψp)∗ = Ψp′ for all p ∈ [1,∞].
Lemma 2.6 Let F be a convex Orlicz function. Let c, C, A, and v in (0,∞) be such that

uv ≤ CF(u) +A, 0 ≤ u ≤ c.

Then, F∗(w) ≤ A/C, where

w = min{ v
C

, F(c)
c
}.

Proof On the one hand, if u ∈ [0, c],

uw ≤ uv
C
≤ F(u) + A

C
.
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On the other hand, if u ∈ [c,∞), by convexity,

uw ≤ u F(c)
c

≤ F(u) ≤ F(u) + A
C

. ∎

2.3 Variable exponent Lebesgue spaces

A variable exponent on a measure space (Ω, Σ, μ) will be a measurable function

P∶Ω → (0,∞].

The variable exponent Lebesgue space LP associated with P will be the F-space over
Ω built from the Musielak–Orlicz function

(ω, t) ↦ MP(ω, t) = ΦP(ω)(t), (ω, t) ∈ Ω × [0,∞),

that is, LP = LMP . We denote by ρP ∶= ρMP the modular constructed from MP. If the
implicit measure μ over (Ω, Σ) we are considering could be in doubt, we put LP =
LP(μ). Set also HP = HMP .

Recall that the support of a Borel measure ν on a Lindelöf space X, denoted
by supp(ν), is the smallest closed set K such that ν(X/K) = 0. Let μ ○ P−1 be the
pushforward of μ by P. Let

R(P) ∶= supp (μ ○ P−1) ⊆ [0,∞]

be the essential range of P, that is, the set of all p ∈ [0,∞] such that

μ (P−1(V)) > 0

for all measurable neighborhoods V of p. Set

P− ∶= min (R(P)) , P+ = max (R(P)) .

Suppose that P− > 0. Then, MP is P−-convex, whence LP is a lattice P−-convex function
space over (Ω, Σ, μ). We denote by ρL

P the function quasi-norm constructed from ρP.
We will also consider the Musielak–Orlicz function over (Ω, Σ, μ) given by

(ω, t) ↦ Ma
P(ω, t) ∶= ΨP(ω)(t).

Let ρa
P be the modular associated with Ma

P. In turn, let ρL,a
P be the function quasi-norm

constructed from ρa
P. Since p1/p is bounded away from zero at infinity as long as p is

bounded away from zero, the function quasi-norms ρL
P and ρL,a

P are equivalent. In fact,

P−ρL,a
P ≤ ρL

P ≤ sup{p1/p∶P− ≤ p < ∞} ρL,a
P .

Thus, there are two natural quasi-norms LP can be equipped with, namely, those
constructed from ρL

P and ρL,a
P . We denote by ∥⋅∥P the one constructed from the former

function quasi-norm, that is, ∥f ∥P = ρL
P (∣f ∣) for all f ∈ LP.
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Both ρL
P and ρL,a

P satisfy (F.6) with

r = Pc ∶= min{1, P−}.

In other words, ρL
P and ρL,a

P are function Pc-norms.
When dealing with variable exponent Lebesgue spaces, we must be aware that the

identity

Ψp(st) = Φp(s)Ψp(t)

breaks down when p = ∞ and 0 ≤ s < 1 < t < ∞. So, we must pay attention to the set

ΩP
∞ ∶= P−1(∞).

In fact, for any f ∈ L+(μ), if ∥⋅∥∞ denotes the norm of L∞( μ∣ ΩP
∞

),

ρL
P(f ) = max

⎧⎪⎪⎨⎪⎪⎩
∥ f ∣ ΩP

∞

∥
∞

, inf
⎧⎪⎪⎨⎪⎪⎩

t > 0∶ ∫
Ω/ΩP

∞

f (ω)P(ω)

tP(ω) dμ(ω) ≤ 1
⎫⎪⎪⎬⎪⎪⎭

⎫⎪⎪⎬⎪⎪⎭
.

If P+ < ∞, then LP is P+-concave. Consequently, if P− > 0 and P+ < ∞, then LP is
lattice P+-concave, whence HP = LP and LP is absolutely continuous.

If μ is a finite measure and P and Q are variable exponents over (Ω, Σ, μ) with
P ≤ Q, then LQ ⊆ LP continuously by Theorem 2.2.

Given a measurable function h∶Ω → (0,∞), the pointwise multiplier

f ↦ fh

defines an isomorphism from LP(ν) onto LP(μ), where

dν = hP dμ, hP = hP χΩ/ΩP
∞

+ hχΩP
∞

.

Since we can choose h so that ∫Ω hP dμ = 1, any variable exponent Lebesgue space
is isomorphic to a variable exponent Lebesgue space over a probability space. If this
probability space is nonatomic and separable, then, by [9], the corresponding variable
exponent Lebesgue space is isomorphic to a variable exponent Lebesgue space over
[0, 1].

To understand the structure of a variable exponent Lebesgue space we must take
into account that if (Ωj)2

j=1 is a partition of the measure space (Ω, Σ, μ) then, for any
variable exponent P∶Ω → (0,∞], setting Pj = P∣ Ωj and μj = μ∣ Ωj for j = 1, 2,

LP ≃ LP1 ⊕ LP2 .(2.1)

If J is a countable set and Q∶ J → (0,∞] is a function, we denote by �Q the variable
exponent Lebesgue space over the counting measure on J associated with the variable
exponent Q. These variable exponent Lebesgue atomic spaces were introduced by
Nakano [22] in the case when Q− ≥ 1, and by Bourgin [7] in the case when Q+ ≤ 1.
In general, as is customary, we will call them Nakano sequence spaces.

Splitting σ-finite measures into their purely atomic part and their nonatomic part,
we infer that any variable exponent Lebesgue space is isomorphic to

LP ⊕ �Q
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for some nonatomic probability measure space (Ω, Σ, μ), some countable set J and
some variable exponents P∶Ω → (0,∞] and Q∶ J → (0,∞]. Summing up, any variable
exponent Lebesgue space over any separable σ-finite measure space is isomorphic to
LP ⊕ �Q for some countable set J and some variable exponents P∶ [0, 1] → (0,∞] and
Q∶ J → (0,∞].

The dual space of LP only depends on the behavior of P on

ΩP
c = P−1([1,∞]).

Indeed, we have the following.

Proposition 2.7 Let P∶Ω → (0, 1) be a variable exponent on a nonatomic σ-finite
measure space (Ω, Σ, μ). Then, the dual space of LP is null.

Proof Set Ωp,A = P−1((0, p]) ∩A for each p ∈ (0, 1) and A ∈ Σ(μ). Since

⋃
0<p<1

A∈Σ(μ)

{f ∈ LP∶ supp(f ) ⊆ Ωp,A}

is dense in LP, it suffices to prove the result in the case when μ is finite and P(Ω) ⊆
(0, p] for some 0 < p < 1. In this case, since Lp(μ) ⊆ LP continuously and S(μ) is dense
in LP, the result follows from the fact that (Lp(μ))∗ = {0}. ∎

We say that a variable exponent P over a σ-finite measure space (Ω, Σ, μ) is convex
if P(Ω) ⊆ [1,∞]. The conjugate variable exponent of P is the convex variable exponent
Q over (Ω, Σ, μ) defined by

Q(ω) = (P(ω))′ = P(ω)
P(ω) − 1

.

The well-known duality relation between LP and LQ relies on the following lemma.

Lemma 2.8 Let Q be the conjugate variable exponent of a variable exponent P
over a σ-finite measure space (Ω, Σ, μ). Let g ∈ L+(μ) with ρL

Q(g) = 1 and supp(g) ⊆
P−1([p,∞]) for some p > 1. Set f = gQ−1, with the convention that 00 = 0. Then,

∫
Ω

fg dμ = ρP(f ) = ρQ(g) = 1.

Proof Our conditions on g yields g ∈ H+Q, whence ρQ(g) = 1 by Lemma 2.1. Since
fg = f P = gQ, we are done. ∎

With the information we have gathered, proving that the conjugate space of LP is
LQ takes little effort. On the one hand, by Lemma 2.5,

∫
Ω

fg dμ ≤ 2, f , g ∈ L+(μ), max{ρL,a
P (f ), ρL,a

Q (g)} ≤ 1.

Therefore, the dual function norm ρ∗ of ρL
Q satisfies ρ∗ ≤ 2ρL,a

Q . On the other hand,
by Lemma 2.8 and homogeneity, ρ∗(g) ≥ ρL

Q(g) for all g ∈ L+(μ) with supp(g) ⊆
P−1([p,∞]) for some p > 1. By the Fatou property, this inequality extends to any g ∈
L+(μ)with supp(g) ⊆ P−1((1,∞]). Since the conjugate space of L1(ΩQ

∞) is L∞(ΩQ
∞),

the inequality extends to any g ∈ L+(μ).
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We close this section with a result that connects variable exponent Lebesgue spaces
to classical Lebesgue spaces. Given 0 < p ≤ 2 and t ∈ (0,∞), we say that a random
variable is p-stablewith parameter t if its characteristic function is

v ↦ e−t∣v∣p , v ∈ R.

Note that if s ∈ (0,∞) and X is a p-stable random variable with parameter t, then
sX is a p-stable random variable with parameter spt. We say that a continuous-
time stochastic process (Xt)t∈[0,1] is p-stable if X0 = 0 a.e., it has stationary and
independent increments, and, for all 0 ≤ s < t ≤ 1, Xt − Xs is a p-stable random variable
with parameter t − s.

Proposition 2.9 Let P be a variable exponent on a nonatomic σ-finite measure space
(Ω, Σ, μ). Suppose that P− < 2. Then, Lp is almost isometrically isomorphic to a subspace
of LP for all p ∈ (P−, 2].

Proof For each 0 < s < ∞, let Cp,s ∈ (0,∞] be the s-norm of a p-stable random
variable with parameter one. Pick r ∶= P− < q < p. By (2.1), we can assume that P(ω) ∈
[P−, q] for all ω ∈ Ω. We can also assume that μ is a probability measure and that there
is a p-stable continuous-time stochastic process on (Ω, Σ, μ) (see, e.g., [15, Section
4]). Then, there is a linear map T∶Lp → L(μ) such that, for all f ∈ Lp, T(f ) is a p-
stable random variable with parameter ∥f ∥p

p (see, e.g., [15, Section 5]). Therefore,
∥T(f )∥s = Cp,s ∥f ∥p for all 0 < s < p and f ∈ Lp. Since Lq ⊆ LP ⊆ Lr and Cp,s < ∞ for
all 0 < s < p (see, e.g., [15, Section 5]),

1
Cp,q

∥T(f )∥P ≤ ∥f ∥p ≤
1

Cp,r
∥T(f )∥P , f ∈ Lp .

Consequently, Lp is (Cp,q/Cp,r)-isomorphic to a subspace of LP. Since

lim
q→r+

Cp,q = Cp,r ,

we are done. ∎

3 Orlicz functions generated near zero by power functions

Given a signed measure μ on (0,∞], we define

ψμ ∶ [0, 1] → R, t ↦ ∫
(0,∞]

Ψp(t)dμ(p).

Let δp be the Dirac measure on p ∈ (0,∞]. We have

ψp ∶= ψδp
= Ψp∣ [0,1] .

We will use the elementary inequality

vs − us

s
≤ vr − ur

r
, 0 < r ≤ s ≤ ∞, 0 ≤ u ≤ v ≤ 1,(3.1)

several times.
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Lemma 3.1 The mapping p ↦ H(p) ∶= ψp defines a nonincreasing continuous function
from (0,∞] into the Banach lattice C([0, 1]).
Proof Applying (3.1) with u = 0 gives that H is nonincreasing. This inequality also
gives

∥H(r) −H(s)∥∞ = ψr(1) − ψs(1) = 1
r
− 1

s
, 0 < r ≤ s ≤ ∞. ∎

Definition 3.2 Given R ⊆ (0,∞] nonempty, we denote by K(R) the the closed
convex hull in C([0, 1]) of {ψp∶ p ∈ R}. We denote by O(R) the set of all Orlicz
functions F for which there are 0 < c ≤ 1 and φ ∈K(R) such that

F(t) ≈ φ(t), 0 ≤ t ≤ c.

Put

O((0,∞]) = ⋃
p>0

O([p,∞]).

Given r ∈ (0,∞], we set

O(R, r+) = ⋂
s>r

O(R ∩ [r, s]).

Finally, we put O(r) = O({r}) and O(r+) = O([r,∞], r+).

Note that O(∞) = O(∞+) consists of all Orlicz functions that are null in a
neighborhood of the origin.

Lemma 3.3 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero. Then,
any function in K(R) extends to a function in O(R).
Proof Just notice that any function F ∈K(R) is nondecreasing, continuous, and
satisfies F(0) = 0. ∎

Given f ∶ [0, 1] → R and p ∈ (0,∞], we consider the function

πp(f )∶ [0, 1] → R, πp(f )(t) = f (tp) .

Definition 3.4 Let 0 < r ≤ s ≤ ∞. We denote by Kr,s the set consisting of all non-
decreasing functions φ∶ [0, 1] → [0,∞) such that πr(φ) is convex, πs(φ) is concave,

ts − us

s
≤ φ(t) − φ(u) ≤ tr − ur

r
, 0 ≤ u < t ≤ 1,

and

φ(bt) ≤ bsφ(t), 1 < b < ∞, 0 ≤ t ≤ 1
b

.

Lemma 3.5 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero. Set
r = min(R) and s = max(R). Then K(R) ⊆Kr,s.

Proof We infer from inequality (3.1) that ψp ∈Kr,s for all p ∈ R. Since Kr,s is convex
and closed, we are done. ∎
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Lemma 3.6 For j = 1, 2, let Rj ⊆ (0,∞] be closed, nonempty, and bounded away from
zero. Set r1 ∶= max(R1) and r2 ∶= min(R2).
(i) If r1 = r2, then O(R1) ∩O(R2) = O(r1).

(ii) If r1 < r2, then O(R1) ∩O(R2) = ∅.

Proof Pick F ∈ O(R1) ∩O(R2) and r1 ≤ r ≤ s ≤ r2. There are 0 < c ≤ 1, φj ∈ O(Rj),
and Cj ∈ (0,∞), j = 1, 2, such that

φ1(t)
C1

≤ F(t) ≤ C2φ2(t), 0 ≤ t ≤ c.

By Lemma 3.5,

ψr(t)
C1

≤ F(t) ≤ C2ψs(t), 0 ≤ t ≤ c.

Consequently, r ≥ s. ∎

Lemma 3.7 Let 0 < q < r ≤ ∞. Then, O(q+) ∩O(r+) = ∅.

Proof Choose q < s1 < r < s2. Since O(q+) ∩O(r+) ⊆ O([q, s1]) ∩O([r, s2]), the
result follows from Lemma 3.6. ∎

Proposition 3.8 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero.
(i) φ ∈K(R) if and only if there is a probability measure μ over R such that φ = ψμ .

(ii) K(R) is a compact set.

Proof Let us identify the space M(R) of all signed measures over R with the dual
space of C(R). The set P(R) of all probability measures over R is a convex subspace of
M(R). Besides, P(R) is closed relative to the weak* topology, and

{δp∶ p ∈ R}

is the set of extreme points of P(R).
By (3.1), the map

G∶ [0, 1] → C(R), G(t)(p) = ψp(t)

is continuous. Consequently, the map

D∶ [0, 1] ×M(R), (t, μ) ↦ ∫
R

ψp(t)dμ(p)

is continuous. We infer that the map

E∶M(R) → C([0, 1]), μ ↦ D(⋅, μ) = ψμ ,

besides linear, is continuous. Note that E(δp) = ψp for all p ∈ R and that

E(P(R)) = L(R) ∶= {ψμ ∶ μ ∈ P(R)} .

Therefore, L(R) is compact by the Banach–Alaoglu theorem, and the convex hull of
{ψp∶ p ∈ R} is dense in L(R) by the Krein–Milman theorem. Consequently, L(R) =
K(R). ∎
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Example 3.9 Let 0 < r < ∞ and a ∈ R. Define Fr,a∶ [0,∞) → [0,∞) by

Fr,a(t) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 if t = 0,
tr(− log(t))a if 0 < t ≤ 1/e,
tr otherwise.

Suppose that a > 0. Aiming to prove that Fr,a ∈ O(r+), we fix s > r and consider the
probability measure μa,r,s on (0,∞) given by

dμa,r,s(p) =
a (p − r)a−1

(s − r)a χ[r,s](p)dp.

By definition, μa,r,s is supported on [r, s]. Set φa,r,s = ψμa,r,s
. We have

φa,r,s(t) = ∫
s

r

tp

p
a (p − r)a−1

(s − r)a dp = C(t)tr (− log(t))a

for all 0 ≤ t < 1, where

C(t) = a
(s − r)a ∫

(r−s)/ log(t)

0

va−1e−v

r − v log(t)dv.

Fix 0 ≤ c < 1. Since C(t) is bounded away from zero and infinity when t runs over
[0, c], φa,r,s ≈ Fr,a on [0, c]. Therefore, Fr,a ∈ O([r, s]).
Lemma 3.10 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero. Let μ ∈
P(R) and F be an Orlicz function with F ≈ ψμ . If r = min(supp(μ)), then F ∈ O(R, r+).
Proof Fix s > r. We have

λ = μ([r, s]) > 0.

Let ν be the probability measure obtained by restricting μ/λ to [r, s]. Let 0 < t ≤ 1. By
Lemma 3.1,

ψμ(t) ≤ ψν(t) ≤
1
λ

ψμ(t).

Since ν ∈ P(R ∩ [r, s]), we are done. ∎
Corollary 3.11 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero.
Let F ∈ O(R) and b ∈ (0,∞). Then, there is c ∈ (0,∞) such that F(bt) ≈ F(t) for
0 ≤ t ≤ c.
Proof If F ∈ O(∞), the result is clear. Otherwise, there are 0 < r < s < ∞ such that
F ∈ O([r, s]). Applying Lemma 3.5 puts an end to the proof. ∎
Lemma 3.12 Suppose that a decreasing sequence (rn)∞n=1 in (0,∞) converges to r > 0.
Set R = {r} ∪ {rn∶n ∈ N}. Let (bn)∞n=1 be a positive sequence with ∑∞n=1 bn = 1. Define
F∶ [0,∞) → [0,∞] by

F(t) =
∞

∑
n=1

trn bn .

Then, F ∈ O(R, r+)/O(r).
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Proof By Lemma 3.10, F ∈ O(R, r+). By the dominated convergence theorem,

lim
t→0+

F(t)
tr = 0.

Hence, F ∉ O(r). ∎
Recall that r ∈ [0,∞] is an accumulation point of a set R ⊆ [0,∞] if R ∩

(V/{r}) /= ∅ for every neighborhood V of r. If R ∩ (r, s) /= ∅ for all s > r, we say that
r is a right-sided accumulation point of R.

Proposition 3.13 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero.
Given r ∈ R, O(R, r+)/O(r) is nonempty if and only if r is a right-sided accumulation
point of R.

Proof Let F ∉ O(r) be such that F ∈ O(R ∩ [r, s]) for all s > r. Then, {r} ⊊ R ∩ [r, s]
for all s > r.

Suppose that r is a right-sided accumulation point of R. Let (rn)∞n=1 in R be
decreasing to r. Pick (bn)∞n=1 with ∑∞n=1 bn = 1. If F is as in Lemma 3.12, F ∈ O(R ∩
[r, s]) for all s > r. ∎
Corollary 3.14 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero. The
following are equivalent:
• O(R) = ∪r∈RO(r).
• R has no right-sided accumulation point.

Proof Just combine Proposition 3.13 with Lemma 3.7. ∎
Proposition 3.15 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero.
Then,

O(R, r+), r ∈ R,

is a partition of O(R).
Proof Just combine Lemma 3.7, Proposition 3.8, and Lemma 3.10. ∎
Corollary 3.16 O(r−) ∶= ∩s<rO([s, r]) = O(r) for all r ∈ (0,∞].
Proof Let F ∈ O(r−). By Lemma 3.15, for each s < r, there is p(s) ∈ [s, r] such that
F ∈ O(p(s)+). By Lemma 3.7, p(s) = r for all s < r. Applying Lemma 3.6(i) puts an end
to the proof. ∎
Corollary 3.17 Let q ∈ (0,∞]. Let R ⊆ (0,∞] be closed, nonempty, and bounded away
from zero. Then Ψq ∈ O(R) if and only if q ∈ R.

Proof Suppose that Ψq ∈ O(R). By Proposition 3.15, there is r ∈ R such that Ψq ∈
O(r+). By Lemma 3.7, q = r. ∎
Example 3.18 Let 0 < p < ∞ and the functions Fp,a of Example 3.9 with a < 0. Then,
Fp,a does not belong to O(R) for any set R ⊆ (0,∞]. Otherwise, by Proposition 3.15
and Lemma 3.5, there would be r ∈ (0,∞) and (Cs)s≥r in (0,∞) such that

1
Cs

ψs(t) ≤ Fp,a(t) ≤ Crψr(t), s ∈ (r,∞], t ∈ [0, 1].
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The right-hand inequality would yield p > r. Then, applying the left-hand inequality
with r < s < p, we would reach an absurdity.

Theorem 3.19 Let R ⊆ (0,∞] be closed, nonempty, and bounded away from zero. Let
F be a convex Orlicz function such that F ∈ O(R) and F∗ ∈ O((0,∞]). Then, there is
r ∈ R ∩ [1,∞] such that F ∈ O(r).
Proof By Proposition 3.15, there are r ∈ R and q ∈ (0,∞] such that F ∈ O(r+) and
F∗ ∈ O(q+). Since F and F∗ are convex, there are 0 < c < 1 and 0 < C < ∞ such that
max{F(t), F∗(t)} ≤ Ct for all t ∈ [0, c]. By Lemma 3.5, r, q ∈ [1,∞].

By Lemma 3.5, there are 0 < c1 < 1 and 0 < C1 < ∞ such that F∗(t) ≤ C1Ψq(t) for
all 0 ≤ t ≤ c1. Hence,

uv ≤ F(u) + F∗(v) ≤ F(u) + C1Ψq(v), 0 ≤ v ≤ c1 .

By Lemmas 2.5 and 2.6 and Corollary 3.11, there are 0 < c2 < 1 and 0 < C2 < ∞ such
that Ψq′(t) ≤ C2F(t) for all t ∈ [0, c2]. By Lemma 3.5, r ≤ q′.

Pick s > q. By Lemma 3.5, there are 0 < c3 < 1 and 0 < C3 < ∞ such that Ψs(t) ≤
C3F∗(t) for all 0 ≤ t ≤ c3. By Lemma 2.5,

uv ≤ Ψs′(u) + Ψs(v) ≤ Ψs′(u) + C3F∗(v), 0 ≤ v ≤ c3 .

By Lemma 2.6 and Corollary 3.11, there are 0 < c4 < 1 and 0 < C4 < ∞ such that F(t) ≤
C4Ψs′(t) for all t ∈ [0, c4]. By Lemma 3.5, s′ ≤ s1 for all s1 > r. Consequently, q′ ≤ r.

We have proved that q′ = r and that Ψr(t) ≤ C2F(t) for all t ∈ [0, c2]. By
Lemma 3.5, a reverse inequality holds, that is, there are 0 < c5 < 1 and 0 < C5 < ∞ such
that F(t) ≤ C5Ψr(t) for all t ∈ [0, c5]. ∎

4 Subsymmetric sequences in variable exponent Lebesgue spaces

A sequence space, say (S, ∥⋅∥
S
), will be a function space over N endowed with the

counting measure. Let (en)∞n=1 denote the unit vectors of FN. If ∥en∥S ≈ 1 for n ∈ N, we
say that S is semi-normalized. If the mapping Tπ given by

(an)∞n=1 ↦ (aπ(n))∞n=1

defines an isometry of S for any permutation π of N, we say that S is a symmetric
sequence space. In turn, if Tπ defines an isometry from

{f ∈ S∶ supp(f ) ⊆ π(N)}
onto S for every increasing map π∶N→ N, we say that S is a subsymmetric sequence
space. Any symmetric sequence space is subsymmetric.

We say that a sequence space S embeds into a function space X if there is an
isomorphic embedding T∶S→ X. If (T(en))∞n=1 are pairwise disjointly supported, we
say that S disjointly embeds into X. Note that the following are equivalent:
• S disjointly embeds into X.
• There is an isomorphic embedding T0∶S0 → X such that (T(en))∞n=1 is disjointly

supported, that is, the unit vector system of S is equivalent to a disjointly supported
sequence in X0.

• There is a pairwise disjointly supported sequenceX inX/{0} such thatS = S[X,X].
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Proposition 4.1 Let P be a variable exponent on a σ-finite measure space (Ω, Σ, μ).
Assume that P− > 0. Let X = (xn)∞n=1 be a disjointly supported semi-normalized
sequence in LP. Then, X has a subsequence Y such that S[LP ,Y] = �F for some Orlicz
function F ∈ O(R(P)).

Proof We have LP[X] = �F , where F = (Fn)∞n=1 is given by

Fn(t) = ∫
Ω

ΨP(ω) (t ∣xn(ω)∣) dμ(ω), t ∈ [0,∞).

We have b = supn ρL
M (∣xn∣) < ∞. For each n ∈ N, we define

Gn∶ [0,∞) → [0,∞], Gn(t) = ∫
Ω/ΩP

∞

tP(ω)

P(ω) (
∣xn(ω)∣

b
)

P(ω)

dμ(ω).

Since ∥xn∣ ΩP
∞

∥
∞
≤ b for all n ∈ N, Fn(t) = Gn(tb) for all t ∈ [0, 1/b]. Besides,

cn ∶= ∫
Ω/ΩP

∞

( ∣xn(ω)∣
b

)
P(ω)

dμ(ω) ≤ 1, n ∈ N.

Consider the following dichotomy:

• lim supn cn > 0.
• lim supn cn = 0.
In the former case, passing to a subsequence, we can assume that inf n cn > 0. By
Proposition 3.8 and Lemma 3.3, passing to a further subsequence, we can assume that
there exists an Orlicz function F ∈ O(R(P)) such that

∞

∑
n=1

sup
0≤t≤1

∣Gn(t)
cn

− F(t)∣ < ∞.

By Theorem 2.3, we deduce that �F = �F .
In the latter case, passing to a subsequence, we can assume that∑∞n=1 cn < ∞. Since

Gn(t) ≤
cn

P−
, 0 ≤ t ≤ 1, n ∈ N,

�F = �∞ by Theorem 2.3. It remains to be shown that∞ ∈ R(P). Assume by contradic-
tion that it is not the case. Then, P+ < ∞ and ΩP

∞ is a null set. If 0 < a < inf n ρL
M (∣xn∣),

1 ≤ ∫
Ω
( ∣xn(ω)∣

a
)

P(ω)

dμ(ω) ≤ (b
a
)

P+

cn , n ∈ N.

We reach an absurdity, and the proof is over. ∎

The following result generalizes [11, Proposition 4.5].

Lemma 4.2 Let P be a variable exponent over a σ-finite nonatomic measure space
(Ω, Σ, μ). For each n ∈ N, let An be a finite subset of R(P). Set

N = {(n, p)∶ (n, p) ∈ N × (0,∞], p ∈ An} .
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For each (n, p) ∈ N, let Un,p be a neighborhood of p. Then, there is a family (Ωn,p)(n,p)∈N
of pairwise disjoint measurable sets such that μ(Ωn,p) > 0 and P(Ωn,p) ⊆ Un,p for all
(n, p) ∈ N.

Proof Assume without loss of generality that (An)∞n=1 is nondecreasing. Set A0 = ∅,
A = ∪∞n=1An,

B = {p ∈ A∶P(μ) ({p}) = 0} , M = {(n, p) ∈ N∶ p ∈ B} .

Let n0 be the smallest n ∈ N such that Bn ∶= An ∩ B /= ∅. We recursively construct for
each n ∈ N a pairwise disjoint family

(Vn,p)p∈Bn

such that Vn,p ⊆ Un,p is a measurable neighborhood of p for all p ∈ Bn, and the set
Dn ∶= ⋃p∈Bn Vn,p satisfies

P(μ) (Dn) <
1
2

min
p∈Bn−1

P(μ) (Vn−1,p)

as long as n ≥ n0 + 1. Set En = ∪∞k=nDk for all n ∈ N. Since P(μ) (Dn+1) ≤ P(μ) (Dn) /2
for all n ∈ N, n ≥ n0, μ ○ P−1(En) ≤ 2μ ○ P−1(Dn) for all n ∈ N, n ≥ n0. Consequently,
μ ○ P−1(En+1) < μ ○ P−1 (Vn,p) for all n ∈ N and p ∈ Bn. Set

Wn,p = Vn,p/En+1 , (n, p) ∈M.

The family (Wn,p)(n,p)∈M is pairwise disjoint, and μ ○ P−1(Wn,p) > 0 for all
(n, p) ∈M. Consider the set

L = {(n, p) ∈M∶Wn,p ∩ (A/B)} = ∅.

Let π∶N/L→ A/B be such that π(n, p) = p for all (n, p) ∈ N/M, and π(n, p) ∈ Wn,p
for all (n, p) ∈M/L. Since μ is nonatomic, for each q ∈ A/B, there is a pairwise disjoint
family

(Ωn,p)(n,p)∈π−1(q)

of nonnull measurable subsets of P−1(p). If for each (n, p) ∈ L, we choose

Ωn,p = P−1(Wn,p),

the family (Ωn,p)(n,p)∈N satisfies the desired conditions. ∎

Proposition 4.3 Let P be a variable exponent on a nonatomic σ-finite measure space
(Ω, Σ, μ). Assume that P− > 0. Let S be a subsymmetric sequence space. The following
are equivalent:
• S disjointly embeds into LP.
• S = �F for some F ∈ O(R(P)).

Proof Bearing in mind Proposition 4.1, it suffices to prove that for any Orlicz
function F such that F∣ [0,1] ∈K(R(P)), there exists a disjointly supported sequence
X in L0

P with LP[X] = �F . Choose a positive sequence (εn)∞n=1 with ∑∞n=1 εn < ∞. Let
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(Fn)∞n=1 be such that, for all n ∈ N, Fn belongs to convex hull of {Ψp∶ p ∈ R(P)}, and

max
0≤t≤1

∣F(t) − Fn(t)∣ ≤ εn .

Let (An)∞n=1 be a sequence of finite subsets of R(P) such that for each n ∈ N, there is
(an,p)p∈An in (0,∞) such that

Fn = ∑
p∈An

an,pΨp , ∑
p∈An

an,p = 1.

By Lemma 3.1, for each n ∈ N and p ∈ An, there is a neighborhood Un,p of p such that
∥ψp − ψq∥ ≤ εn for all q ∈ Un,p. Let (Ωn,p)(n,p)∈N be the family of sets provided by
Lemma 4.2. Choose, for each (n, p) ∈ N, fn,p∶Ω → [0,∞) with supp(fn,p) = Ωn,p and
∫Ω fn,p dμ = 1. Set

Gn,p∶ [0,∞) → [0,∞), t ↦ ∫
Ω

ΨP(ω)(t)fn,p(ω)dμ(ω).

Note that, if 0 ≤ t ≤ 1,

Gn,p(t) = ∫
Ω/ΩP

∞

ΨP(ω)(t)fn,p(ω)dμ(ω).

Since

max
0≤t≤1

∣Gn,p(t) − ψp(t)∣ ≤ εn ,

the Musielak–Orlicz sequence G = (Gn)∞n=1 given by

Gn = ∑
p∈An

an,pGn,p

satisfies max0≤t≤1 ∣Gn(t) − F(t)∣ ≤ 2εn for all n ∈ N. By Theorem 2.3, �F = �G. If we set

xn = ∑
p∈An

(an,pfn,p)
1/P ,

then for every n ∈ N and 0 ≤ t ≤ 1, we have

∫
Ω

MP (txn(ω))dμ(ω) = ∑
p∈An

∫
Ω/ΩP

∞

ΨP(ω)(t)an,pfn,p(ω)dμ(ω) = Gn(t).

Consequently, X = (xn)∞n=1 is a pairwise disjointly supported sequence with LP[X] =
�G = �F . ∎

Corollary 4.4 (See [11, Theorem 3.5]) Let q ∈ (0,∞] and P be a variable exponent
over a nonatomic σ-finite measure space. Assume that P− > 0. Then, LP has a disjointly
supported sequence equivalent to the unit vector system of �q if and only if q ∈ R(P).

Proof Just combine Proposition 4.3 with Corollary 3.17. ∎

Given a function space X, the following are equivalent:
• X fails to be absolutely continuous;
• �∞ embeds into X;
• �∞ disjointly embeds into X
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(see [20, Proposition 1.a.7]). Since any separable Banach space linearly embeds into
�∞ by the Hahn–Banach theorem, the subsymmetric embedding problem for locally
convex function spaces splits into two issues. Namely,
• determining which nonseparable subsymmetric sequence spaces embed into a

given non absolutely continuous function space, and
• determining which separable subsymmetric sequence spaces embed into a given

absolutely continuous function space.
We give now a result for variable exponent Lebesgue spaces framed in the latter
problem.

Theorem 4.5 Let P be a variable exponent over a σ-finite nonatomic measure space μ.
Suppose that P− ≥ 2 and q ∶= P+ < ∞. Let S be a subsymmetric sequence space. Then, S
embeds into LP(μ) if and only if S = �2 or S = �F for some F ∈ O(R(P)).

Proof Assume without loss of generality that μ is finite. Suppose that a symmetric
sequence space S other than �2 embeds into LP(μ). By [2, Theorem 4.2], LP(μ)
contains a disjointly supported sequence equivalent to the canonical basis of S, and,
by Proposition 4.3, S = �F for some F ∈ O(R(P)).

Proposition 4.3 also gives that �F embeds into LP(μ) for any F ∈ O(R(P)).
We close the proof by noticing that, since Lq(μ) ⊆ LP(μ) ⊆ L2(μ), any Rademacher
sequence over Ω is equivalent to the canonical �2-basis by Khintchine’s inequali-
ties. ∎

The behavior of variable exponent Lebesgue spaces LP in the case where P− < 2
dramatically opposes that described in Theorem 4.5.

Proposition 4.6 Let P be a variable exponent over a σ-finite nonatomic measure space
μ. Suppose that P− < 2. Let F be an Orlicz function satisfying (1.1) for some p ∈ (P−,∞) ∩
[1, 2]. Then �F isomorphically embeds into LP.

Proof Just combine Proposition 2.9 with Theorem 1.1. ∎

We now pass to the discrete case. To compare the behavior of non-atomic variable
exponent Lebesgue spaces with that of atomic ones, we adapt Peirats–Ruiz’s results
from [24] on the latter spaces to our language. Given a sequence P∶N→ (0,∞], we
set Pm = (pn+m−1)∞n=1 for all m ∈ N. Consider the set of Orlicz functions

K(P) =
∞

⋂
m=1

K(R(Pm)).

We denote by O(P) the set of all Orlicz functions for which there is φ ∈K(P) and
0 ≤ c ≤ 1 such that F(t) ≈ φ(t) for all 0 ≤ t ≤ c.

Denote by A(P) the set of all limit points of P, that is,

A(P) =
∞

⋂
m=1

R(Pm).

Note that any accumulation point of R(P) is a limit point of P, but the converse does
not hold.
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Theorem 4.7 (cf. [24, Proposition 2.3]) Let P = (pn)∞n=1 be a variable exponent with
P− > 0 and P+ < ∞. Let S be a subsymmetric sequence space. Then, S isomorphically
embeds into �P if and only if S = �F for some Orlicz function F ∈ O(P). Further, for each
F ∈ O(P), there is r ∈ A(P) such that F ∈ O(r+).

Proof Applying [24, Proposition 2.3] to the case where the Musielak–Orlicz
sequence consists of power Orlicz functions yields the wished-for characterization of
isomorphic embeddability. Assume that F ∈ O(P). By Proposition 3.15, for each m ∈ N,
there is rm ∈ R(Pm) such that F ∈ O(R(Pm), r+m). By Lemma 3.7, there is r ∈ (0,∞]
such that r = rm for all m ∈ N. ∎

Theorem 4.7 implies that if a subsymmetric sequence space S isomorphically
embeds into the Nakano space �P, then there are r ∈ A(P) and F ∈ O(R(P), r+) such
that S = �F . The following example shows that this condition does not characterize
isomorphic embeddability.

Example 4.8 Let P = (pn)∞n=1 be a variable exponent for which there exists limn pn =
p ∈ (0,∞). Lemma 3.12 implies that, despite A(P) = {p}, O(R(P)) contains Orlicz
functions that are not equivalent to the potential Orlicz function Ψp near the origin.
However, �p is the unique subsymmetric space that embeds into �P. Indeed, if φ ∈
K(P), then, by Lemma 3.5,

tpm

pm
≤ φ(t) ≤ tp

p
, 0 ≤ t ≤ 1, m ∈ N.

Letting m tend to infinity, we get φ(t) = Ψp(t) for all 0 ≤ t ≤ 1.

To close this section, we provide a Nakano space that exhibits a behavior opposed
to that of the Nakano space in Example 4.8.

Example 4.9 Let Q = (qj)∞j=1 be a sequence in (0,∞) decreasing to q ∈ (0,∞). We
have

R ∶= R(Q) = {qj∶ j ∈ N} ∪ {q}.

Let σ ∶N2 → N be a bijection. Let β∶N→ N be the second component of the inverse
of σ . Consider the variable exponent P = (pn)∞n=1 given by

pn = qβ(n) .

We have K(P) =K(R). Hence, �P contains an isomorphic copy of �F for every F ∈
O(R). Further, A(P) = R.

5 Complemented sequences in variable exponent Lebesgue spaces

Let X be a function space over a σ-finite measure space (Ω, Σ, μ). We say that a
sequence space S complementably embeds into X if there are bounded linear maps
T∶S→ X and P∶X→ S such that P ○ T = IdS. If, S complementably embeds into X,
then there are X = (xn)∞n=1 in X and X∗ = (x∗n)∞n=1 in X

∗, called projecting functionals
forX, such that the unit vector system ofS is equivalent toX, (X,X∗) is a biorthogonal
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system, and the mapping

f ↦
∞

∑
n=1

x∗n(f )xn

defines a bounded operator from X into X. Besides, if S is absolutely continuous or X
is disjointly supported, then the converse also holds. If X is disjointly supported and
X∗ is a disjointly supported sequence in X

′, we say that S disjointly complementably
embeds into X.

Lemma 5.1 Let X be a function space and S be a sequence space. Suppose that X
is L-convex. Suppose that there is a disjointly supported sequence X = (xn)∞n=1 in X

with projecting functionals X∗ in X
′ such that S = S[X,X]. Then, S complementably

disjointly embeds into X.

Proof Let P be the endomorphism of X given by

f ↦
∞

∑
n=1

x∗n(f )xn .

By [14, Theorem 3.3], there is a constant C such that

GGGGGGGGGGGGG

⎛
⎝∑j∈J

∣P(fj)∣
2⎞
⎠

1/2GGGGGGGGGGGGG
≤ C

GGGGGGGGGGGGG

⎛
⎝∑j∈J

∣fj∣
2⎞
⎠

1/2GGGGGGGGGGGGG
for every family (fj)j∈J in X. Pick a partition (An)∞n=1 of (Ω, Σ, μ) so that supp(xn) ⊆
An for all n ∈ N. Set y∗n = x∗n χAn for all n ∈ N. Given f ∈ X, applying the above estimate
to (f χAn)

∞
n=1, we obtain

∥
∞

∑
n=1

y∗n(f )xn∥ ≤ C ∥f ∥ .

Consequently, (y∗n)∞n=1 are projecting functionals for X. ∎

Proposition 5.2 Let P be a variable exponent over a σ-finite measure space (Ω, Σ, μ).
Suppose that 1 ≤ P− ≤ P+ < ∞ and that a subsymmetric sequence space S comple-
mentably disjointly embeds into LP. Then, S = �q for some q ∈ R(P).

Proof There are pairwise disjointly supported sequences X = (xn)∞n=1 in LP and
X′ = (x′n)∞n=1 in LP′ such that X is equivalent to the unit vector system of S and
X′ is equivalent to the unit vector system of S

′. By Proposition 4.1, there are
F ∈ O(R(P)) and G ∈ O(R(P′)) such that S = �F and S

′ = �G. We have �F∗ = �G,
whence, by Corollary 3.11, F∗ ≈ G near the origin. Consequently, F∗ ∈ O(R(P′)). By
Theorem 3.19, F ∈ O(q) for some q ∈ R(P). Hence, F ≈ tq. ∎

Lemma 5.3 Let P be a variable exponent over a nonatomic σ-finite measure space
(Ω, Σ, μ). Suppose that P− > 0. Let S be a subsymmetric sequence space. Set Pc = P∣ ΩP

c
.

Then, S complementably embeds into LP if and only if it complementably embeds
into LPc .
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Proof Let T∶S→ LP and P∶LP → S be such that P ○ T = IdS. Let J be the canonical
embedding of LPc into LP, and Q be the canonical projection from LP into LPc . By
Proposition 2.7, P = P ○ J ○Q. Consequently, S complementably embeds into LPc . ∎
Theorem 5.4 Let P be a variable exponent over a nonatomic σ-finite measure space
(Ω, Σ, μ). Suppose that P− > 0 and q ∶= P+ < ∞ and that P−1((1,∞)) is not null. Let S
be a subsymmetric sequence space. Set Pc = P∣ ΩP

c
. The following are equivalent:

(a) S complementably embeds into LP.
(b) S = �2 or S complementably disjointly embeds into LP.
(c) S = �r for some r ∈ {2} ∪ R(Pc).
Proof There is p > 1 such that Ω0 ∶= P−1([p, q]) is not null. We can, without loss of
generality, assume that μ is finite and μ(Ω0) = 1.

Let (rn)∞n=1 be a Rademacher sequence over Ω0. Let S be the associated embedding
of �2 into Lq(Ω0), and Q the associated projection from Lp(Ω0) onto �2. Let J be the
canonical map from Lq(Ω0) into LP, and P be the canonical map from LP into Lp(Ω0).
The maps J ○ S and Q ○ P witness that �2 complementably embeds into LP.

Suppose a subsymmetric space S other than �2 complementably embeds into X ∶=
LP. Set Ω1 = P−1([1, 2)) and Ω2 = P−1([2,∞)) and Pj = P∣ Ωj , j = 1, 2. By Lemma 5.3
and [2, Theorem 5.2], there is a ∈ {1, 2} such that Ωa is nonnull and S complementably
disjointly embeds into LPa . By Proposition 5.2, F ∈ O(r) for some r ∈ R(Pa).

In [11, Proposition 4.4] it is proved that �r complementably embeds into LP for
every r ∈ R(Pc). For the sake of completeness and clarity, we use our approach to
variable exponent Lebesgue spaces to reprove this result. Choose (εn)∞n=1 in (0,∞)
with ∑∞n=1 εn < ∞. By Lemma 3.1, there is a sequence (Vn)∞n=1 of neighborhoods of r
such that

∥ψp − ψr∥∞ ≤ εn , ∥ψp′ − ψr′∥∞ ≤ εn

for all n ∈ N and p ∈ Vn. Use Lemma 4.2 to choose pairwise disjoint measurable sets
(Ωn)∞n=1 such that 0 < μ(Ωn) < ∞ and P(Ωn) ⊆ Vn ∩ [1,∞] for all n ∈ N. Use Lemma
2.8 to pick sequences (fn)∞n=1 and (gn)∞n=1 of nonnegative measurable functions such
that supp(fn) = supp(gn) ⊆ Ωn and

∫
Ω

fngn dμ = ρL
P(fn) = ρL

Q(gn) = 1

for all n ∈ N. By Proposition 4.3, there are bounded linear maps

T∶ �r → LP , S∶ �r′ → LP′

given by

(an)∞n=1 ↦
∞

∑
n=1

an fn , (an)∞n=1 ↦
∞

∑
n=1

an gn ,

respectively. The map S is a kernel operator whose conjugate map S′∶LP → �r is given
by

S′(g)(n) = ∫
Ω

gn(ω)g(ω)dμ(ω)

for n ∈ N. Since S′ ○ T = Id�r , we are done. ∎
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Theorem 5.5 Let P be a variable exponent over a nonatomic σ-finite measure space
(Ω, Σ, μ). Suppose 0 < P− ≤ P+ ≤ 1. Given a semi-normalized subsymmetric sequence
space S, the following are equivalent:

• S complementably embeds into LP.
• S complementably disjointly embeds into LP.
• S = �1 and Ω1 ∶= P−1(1) is not null.

Proof Set μ1 = μ∣ Ω1 and P1 = P∣ Ω1 . If Ω1 is nonnull, then LP1 = L1(μ1).
Suppose that S complementably embeds into LP. By Lemma 5.3, Ω1 is nonnull and

S complementably embeds into L1(μ1). By [17], S = �1.
Conversely, if Ω1 is not null, it is well-known that �1 complementably disjointly

embeds into L1(μ1). ∎

Lemma 5.6 Suppose a subsymmetric sequence space S complementably embeds into
an absolutely continuous sequence space X over N. Then, S complementably disjointly
embeds into X.

Proof Let X = (xn)∞n=1 in X with projecting functionals X∗ = (x∗n)∞n=1 be equivalent
to the unit vector system of S. By the Cantor diagonal technique, passing to a
subsequence, we can assume thatX converges pointwise. Since (x2n−1)∞n=1 is equivalent
to (x2n)∞n=1, the mapping

f ↦
∞

∑
n=1

x∗2n−1(f )x2n−1 −
∞

∑
n=1

x∗2n−1(f )x2n

defines an endomorphism of X. Consequently, we can replace X by

(x2n−1 − x2n)∞n=1

and X∗ by

(x∗2n−1)
∞
n=1 .

In this way, we can assume that X converges to zero pointwise. By the gliding-hump
technique (see [19, Proposition 1.a.9] or [2, Lemma 3.5]), passing to a subsequence, we
can assume that X is finitely disjointly supported. We conclude the proof by applying
Lemma 5.1. ∎

Our latest result improves upon a Peirats–Ruiz’s achievement from [24].

Theorem 5.7 (cf. [24, Theorem 2.9]) Let P∶N→ (0,∞) be a variable exponent
with P− > 0 and P+ < ∞. Let S be a subsymmetric sequence space. The following are
equivalent:

(i) S complementably embeds into �P.
(ii) S = �r for some r ∈ A(P).

(iii) There is a subsequence Q of P such that S = �Q.

Proof (i) implies (ii) by Lemma 5.6 and Proposition 5.2. In turn, (ii) implies (iii) by
Corollary 4.4 and Lemma 3.1. Since it is obvious that (iii) implies (i), we are done. ∎
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[17] J. Lindenstrauss and A. Pełczyński, Absolutely summing operators in Lp-spaces and their

applications. Stud. Math. 29(1968), 275–326. MR0231188.
[18] J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces. III. Israel J. Math. 14(1973), 368–389.

MR322476.
[19] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. I—Sequence spaces, Ergebnisse der

Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas],
Springer-Verlag, Berlin, 1977. MR0500056.

[20] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. II—Function spaces, Ergebnisse der
Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas], 97,
Springer-Verlag, Berlin, 1979. MR540367.

[21] J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Mathematics, 1034,
Springer-Verlag, Berlin, 1983. MR724434.

[22] H. Nakano, Modulared semi-ordered linear spaces, Maruzen Co., Ltd, Tokyo, 1950. MR0038565.
[23] R. E. A. C. Paley, Some theorems on abstract spaces. Bull. Amer. Math. Soc. 42(1936), no. 4,

235–240. MR1563277.
[24] V. Peirats and C. Ruiz, On lp-copies in Musielak-Orlicz sequence spaces. Arch. Math. 58(1992),

no. 2, 164–173. MR1143166.
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