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Abstract. Following an approach presented by Frantzikinakis [Multiple correlation
sequences and nilsequences. Invent. Math. 202(2) (2015), 875-892], we prove that any
multiple correlation sequence defined by invertible measure preserving actions of
commuting transformations with integer part polynomial iterates is the sum of a
nilsequence and an error term, which is small in uniform density. As an intermediate result,
we show that multiple ergodic averages with iterates given by the integer part of real-valued
polynomials converge in the mean. Also, we show that under certain assumptions the limit
is zero. A transference principle, communicated to us by M. Wierdl, plays an important
role in our arguments by allowing us to deduce results for Z-actions from results for flows.

1. Introduction and main results
In this paper we study the structure of sequences of the form

which we call integer part polynomial correlation sequences, where N is the set
of positive integers, [-] denotes the integer part function, T7,...,7Tp: X — X are
invertible commuting measure preserving transformations on a probability space
(X, X, ), fo, fi,..., fm € L°(n) are bounded functions and p; ; € R[] are real-
valued polynomials for all 1 <i <¢, 1< j<m. For a measurable function g and
transformations Si, ..., S¢: X — X, we denote by Sg the composition g o S and by
]_[le S; the composition Sj o - - - o Sy.
Throughout the article, we assume that the functions f; are bounded: || fi|lco < 1.

Definition. For £ € N, we call the tuple (X, X, u, T1, ..., Ty) a system, where (X, X, )
is a probability space and T1,...,7T;: X — X are invertible commuting measure
preserving transformations of X.
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Any sequence of the form (1) is a special case of a multiple correlation sequence, i.e., a
sequence of the form

/ Jo- T fie--- T fe du, (2)

with ny, ..., ng € Z. The structure and the limiting behaviour of averages of multiple
correlation sequences is a central topic in ergodic (Ramsey) theory. Although determining
the precise structure of such sequences is an important open problem in the area, much
partial progress has been made in recent years.

In order to state some relevant results, we recall the notion of an £-step nilsequence.

Definition. [2] For £ € N, an £-step nilsequence is a sequence of the form (F(g"T")),
where F € C(X), X = G/T, G is an £-step nilpotent Lie group, I' is a discrete cocompact
subgroup and g € G. A 0-step nilsequence is a constant sequence.

In the special case of a single ergodic transformation (i.e., all the invariant sets under
the transformation have measure either O or 1) where T; = T i=1,...,4, Bergelson
et al showed the following result.

THEOREM. [2, Theorem 1.9] For £ € N, let (X, X, u, T) be an ergodic system and
o, f1, -, fo € L*®(u). Then we have the decomposition

/IWYWﬁ ----- T frdu=N(n) +e(m), neN,

where:
(i) N () is a uniform limit of £-step nilsequences with||N || s < 1;
(i) Hmy_poo (1/(N = M) 050 le(m)]> =0.

The polynomial iterates version of this result is due to Leibman [11]. Also, the result of
Bergelson et al is proved in [12] without the ergodicity assumption.

All these results depend on the theory of characteristic factors, a tool that in a
more general setting, say for correlation sequences involving actions of commuting
transformations, proved to be extremely complex. Quite recently, Frantzikinakis
(in [7]) showed, avoiding the use of the theory of characteristic factors, that modulo
error terms, which are small in uniform density, correlation sequences of actions of
commuting transformations are nilsequences [7, Theorem 1.3]. More specifically, using
the convergence result of Walsh from [14] and tools from [9] and [10], he proved the
following result.

THEOREM. [7, Theorem 1.2] Let £, m €N and p; j €Z[t], 1 <i<{, 1< j<m, be
polynomials. Then there exists k € N, k =k(€, m, max deg(p;,;)), such that for every
system (X, X, u, T1, . .., Typ), functions fy, fi, ..., fm € L) and ¢ > 0, we have

4 4
/ fo- (1‘[ T,.”'*'(”)) Fioeen. <]‘[ Til’m(")) Fudu=N@) +e(m), neN, @3
i=1

i=1
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where:
i) N(n)) is a k-step nilsequence with | N ||cc < 1;
(i) limy_poo (1/(N = M) 0250 lem)? <e.

Our main result in this article is the following theorem.

THEOREM 1.1. Let £, meN and p; j €R[t], 1<i<{,1=<j=<m, be polynomials.
Then there exists k € N, k = k(£, m, max deg(p;, ;)), such that for every system (X, X, u,

Ti, ..., Ty), functions fo, f1, ..., fm € L°(n) and € > 0, we have
‘ [pi,1(m)] ‘ [ 1
/fO' (H T, >f1 ~~~~~ (H 77 )fm du=N@m) +e@m). neN, @
i=1 i=1
where:

i) N(n)) is a k-step nilsequence with |N||leo < 1;
(i) Timy—p—oo (1/(N = M) TN lem)P <e.

In the special case where p; ; are linear, so p; j(n) =a; jn, a; j € R, we can choose
k=m.

For an application of Theorem 1.1, we consider the following subsets of ¢*°(N) for
keN:
Ai :={(¥(n)): ¥ is a k-step nilsequence};

k
B = {/fo . l_[ T“"‘EH')”f,- du: (X, X, u, T)is asystem,

i=1

k+1)!
fi e Lo and 6 = &2 )};
i
k [ : k
o[ o (FT e ({7
i=1 i=1
fredu: (X, X, u, Th, ..., Ty) is a system,
a1,1,...,ak,1,a1,2,...,alyk,...,ak,keRandfieLoo(,u)}.

It is proven in [7] that the sets 4y and By are linear subspaces of £°°(N). By the
same reasoning, we have that Cy is a linear subspace of £°°(N) as well. Also, from
[7, Theorem 1.4], we have that, modulo sequences small in uniform density, the two
subspaces Ay and By coincide. Namely, we have that

A =B,
where the closure is taken in the topology of the seminorm || - || defined on £*°(N) by
| N-1
lal|3 := lim sup la(n)|*. (5)
2 N-M—oo N—M n;;

For bounded sequences (b(n)), we denote by lim supy_ 37, o |(1/(N — M)) Zfl\:/d] b(n)|
the limit limpy — oo SUPpyen [(1/N) Zf:/lz -i/—éV—l b(n)|; this limit exists by subadditivity.

Using the linear case of Theorem 1.1, we will prove the following result.
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THEOREM 1.2. Forevery k € N, we have
Ag = By = Cr.

As an intermediate step in the proof of Theorem 1.1, we also prove the following result.

THEOREM 1.3. For £,m €N, let (X, X, u, Th, ..., Tp) be a system, p; ;€ R[t] be
polynomials, 1 <i <, 1<j<m,and fi, ..., fm € L°®(u). Then the averages
1 & (1 o) D]
pin Pim(n
SO ) o
n=M ‘i=1 i=1

converge in LZ(M) as N — M — oo.

In some special cases (see Theorems 6.2 and 6.3), we show convergence of (6) to O.

The proof of Theorems 1.1 and 1.3 relies on the analogous results for flows. The
technique employed below was first used in [5] and [13] in order to prove that when
a sequence of real positive numbers is good for the single-term pointwise (ergodic)
convergence, then the respective sequence of its integer parts is also good. In these two
surveys almost identical results were achieved independently and simultaneously. This
method was later adapted by Wierdl (in [15]) to deal with multiple-term averages (see
Theorem 3.2).

Theorems 1.1 and 1.3 are results in a more general scheme and can be considered as the
first step towards the understanding of the structure of correlation sequences with iterates
given by generalized polynomials.

Definition. [4] We denote by G the smallest family of N — 7Z functions containing Z[n]
that forms an algebra under addition and multiplication and having the property that for
every fi,..., fr€Gandcy, ..., cr €R, [Zf:1 ¢i fi] € G. The members of G are called
generalized polynomials.

CONIJECTURE. Theorems 1.1 and 1.3 hold if p; ; are generalized polynomials.

Note that for Theorem 1.1, the conjecture in its generality is completely open. As for
Theorem 1.3, only the one-term case is known and is due to Bergelson and Leibman [3].
Even the case where all the transformations are equal is not known.

2. Definitions and main ideas
2.1. Anti-uniformity and regularity. For the convenience of the reader, in this
subsection, we repeat the necessary material from [7, §2].

First we recall the notion of uniformity seminorms (a slight variant of the uniformity
seminorms defined by Host and Kra in [10]).

Definition. [7] Letk € N and a: N — C be a bounded sequence.
(i) Given a sequence of intervals I = (/) with lengths tending to infinity, we say that
the sequence (a(n)) is distributed regularly along I if the limit

lim —— 3 @A) ea o+ by
im —— ai(n DEEREE a,(n

N—oo |In]| nelu 4 4
exists for every r e Nand hy, ..., h, € N, where q; is either a or a.
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(i) Iflisasin (i) and (a(n)) is distributed regularly along I, we define inductively

1
= 1li —
lalfyy = lim ] >~ a(n)

and, for k > 2 (one can show as in [10, Proposition 4.3] that the next limit exists),
k 1 A k—1
2k, : — 12k
lalifx = Jim — > llona-allf;
h=1
where o7, is the shift transformation defined by (o,a)(n) :=a(n + h).
(iii) If (a(n)) is a bounded sequence, we let

lallu, @y = sup llallLk,
I

where the supremum is taken over all sequences of intervals I with lengths tending
to infinity along which the sequence (a(n)) is distributed regularly.

Definition. [7] Let k € N. We say that the bounded sequence a: N — C is:
(1)  k-anti-uniform if there exists C := C(k, a) such that

lim sup
N—M—o0

N-1
' = Clblly.av

1
~ Z a(n)b(n)

n=M

for every b € £°(N);
(1) k-regular if the limit
N—-1

> amyn)

n=M

lim
N-M—-oco N — M
exists for every (k — 1)-step nilsequence (y(n)).

It turns out that k-anti-uniformity and k-regularity give a sufficient condition on the
required decomposition of sequences of the form (3) [7, Theorem 1.3]. Our goal is to
prove that sequences of the form (1) are k-regular for all £ and k-weak-anti-uniform for
some k (see Theorem 2.1—we attribute its proof in [7] and we present here a sketch of it
as it has the same arguments with [7, Theorem 1.3]).

Definition. Let k € N. We say that the bounded sequence a :N — C is k-weak-anti-
uniform if for every 0 < § < 1 there exist a positive constant Cs := Cs(k, a) and a term
¢s, with ¢ — 0 as 8§ — 0T, such that for every b € £°(N),

N-1
1
lim sup ‘ a(n)b(n)| < Cs||bllu, v + cs-
N-M—oo |[N =M n=ZM «

THEOREM 2.1. [7, Theorem 1.3] Letk e Nand a: N — C be a sequence with ||a|s <1
that is k-weak-anti-uniform and k-regular.  Then, for every & >0, we have the
decomposition

an) =Nm)+emn), neN,
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where:
i)  WN®)isa (k— 1)-step nilsequence with |N oo < 1;
(i) limy—poo (1/(N = M) 02 lem)? <.

Proof. [7, Theorem 1.3] We first remark that the limit

N-1
li 2
v T 2 )
n=

exists. Let Y :={(¥(n)): v is a (k — 1)-step nilsequence} and X := span{Y, a}.
On X x X, we define the bilinear form

N—-1
(fg)i= lim ——— % QHOE

Since the limit exists for f, g € X, this bilinear form induces the seminorm | f||> :=
/(> f) (note that this is the restriction, on the space X, of the seminorm defined in (5)).
Let ¢ >0. There exists 89 > 0 such that for any sequence (b(n)) € £*°(N), we
have lim supy _, o, |(1/[In]) ZneIN a(n)b(n)| < CsylIblly, vy + £/4. We can assume that
Cs, > 1.
Ford :=inf{lla — y|l>: ye Y}and § := (8(8C50)’1)2k, there exists yp € Y such that

la — yoll3 < d* + 82 7)

We can also assume that || yg|loc < 1. Using (7), we can prove that

sup |{@ — yo, y)| =24. (®)
yevY:llylla=l
Since theset{y € Y : ||y||2 < 1} contains all the (k — 1)-step nilsequences that are bounded
by 1, we have that

—k
la — yolluayy < (28)% . )

Let N :=ypand e :=a — yo. Thena =N + e, and (N'(n)) is a (k — 1)-step nilsequence
with || V|« < 1. Using the fact that (a(n)) is k-weak-anti-uniform and relation (9), we get

l{a, e)| = Csyllelluyay) +&/4 = Cgylla — yolluyay +€/4 < &/2.

Furthermore, from (8), we have

(N, e)| <e/2.

Combining the last two estimates, we deduce that ||e||% ={e,e) <|{a, e)| + (N, e)| <e.

O

Theorem 2.1 allows us to prove Theorem 1.1 by showing that a sequence of the form
(1) is k-weak-anti-uniform and k-regular for some k; this is accomplished in §§3 and 4.

2.2. The seminorms || - |lx. We follow [9] and [6] for the inductive definition of the

seminorms || - ||x. More specifically, the definition that we use here follows from [9] (in the
ergodic case), [6] (in the general case) and the use of von Neumann’s ergodic theorem.
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Let (X, X, u, T) be a system and f € L*(u). We define inductively the seminorms
Il £k, 0,7 as follows:

WM == HECFID 20y

where 7 is the o-algebra of T-invariant sets and E( f|Z) is the conditional expectation of
f with respect to Z, satisfying [ E(f|Z) du = [ f di and TE(f|Z) = E(Tf|D).

For k > 1, we let

1 N k

li FT FII7, .

ydim 2;4 0T I r
n=
All of these limits exist and define seminorms (see [9]). By using von Neumann’s ergodic
theorem, we get |||f|||%,M’T =limy_py—oo (1/(N — M)) Z,]:];AII f-T"f du and, more
generally, for every k > 1, we have that
N-1 N—1

2k+1 .
WM 7 =

ok : 1 : 1 || pé-ni

WA g = dim e D0 lim e fﬁ]‘[ CIT £ du,

ni=M =M "  €e{0,1}k

(10)

where €= (€1, ..., €), i=1,...,n), |€|l=e1+---+e, €-n=en +---+
exny and, for z € C, k € NU {0}, we let

Kk, _ |z ifkiseven,

¢ (Z)_{z if k is odd.

We also remark that || f ® f|||k,MXM,TxT < |||f|||l%+1,u,T for all k£ € N, which follows
from (10) and the ergodic theorem, || fllx,..,7 < Il fllk+1,.,7 for all k € N (by using
[9, Lemma 3.9]) and || f ll, 0,7 = Wl f g, ., 7—1 for all k € N, which follows from (10).

It is a deep fact, shown in [9], that for ergodic systems we have || f||x+1 = 0 if and only
if f is orthogonal to the largest k-step ‘nil-factor’ of the system. We will not use this fact
here though.

In order to recall a convergence result from [6], we need the following notion.

Definition.  [6] Let £, m e N. Given (p; j)i<i<e,1<j<m S Z[t] (respectively R[¢]),

we define the ordered family of m polynomial (C-tuples:  (Pi, ..., Pom =
((p1.1s--->Pe1)s - (PLms - - Pe.m)). This family is nice in Z[t] (respectively R[¢])
if:

(i)  deg(pi1) = deg(py;) forl < j <m;

(ii) deg(p1,1) > deg(p;,j)for2<i<¢,1<j<m;and

(iii) deg(p1,1 — p1,j) > deg(pin — pij)for2 <i <{,2<j<m.

A nice family of polynomials with maximum degree 1 has only one non-zero term.

Using the theory of characteristic factors, Chu et al showed the following result.

THEOREM 2.2. [6, Theorem 1.2] For £ €N, let (X, X, u, T1, ..., Ty) be a system,
Pls ..., pe €Z[t] be non-constant polynomials with distinct degrees and maximum
degree d and fi,..., fi € L®(u). There exists k=k(,d)eN such that if
Il fillk, e, 7; = O for some 1 <i < £, then
: 1 = pi(n) pe(n)
N_liflooHN—M 2 T T L, =Y
n=M M
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Also, under a stronger hypothesis, the same authors proved the following result.

PROPOSITION 2.3. [6, Proposition 5.1] For £, m €N, let (X, X, u, T1, ..., Ty) be a
system, (P1, ..., Pe)m be a nice family of £-tuples in Z[t] with maximum degree d and
Fis ooy fn € L(w). There exists k = k(d, £, m) € N such that if || fillk. .7, = O, then
| N-1 ,¢ . ¢ o
li T_pi,l L T.pi.m n : — O
N_zbniooHN—M Z( i h l_[ i Jm L
n=M ‘i=1 i=1 (n)

Remark. In these two last results from [6], k can be chosen arbitrarily large.
3. Regularity
In this section we will prove that a sequence of the form in (1) is k-regular for all £ € N.

ProPOSITION 3.1.  [7, Proposition 2.4] For k€N, let (Y (n)) be a (k— 1)-step
nilsequence. For every ¢ > 0, there exist a system (X, X, v, S) and functions f1, ..., fi €
L (v) such that the sequence (b(n)) defined by

b(n) := / SO S%" g dv, neN, (11)
where £; :=k!/i fori =1, ..., k, satisfies

[ —bllo < &.

In order to obtain the k-regularity for any k € N of a sequence (a(n)) as in (1), we
have to check that the limit limy_j/— 00 (1/(N — M)) Z,IIV:_]&, a(n)y (n) exists for every
(k — 1)-step nilsequence (v (n)). By Proposition 3.1, it suffices to check that the limit

N-1
li 12
i e ™
n=M
exists for every sequence (b(n)) of the form [ Shng ... Stng dv, where
£y, ..., Ly eN, (Y, Y, v,8) is a system and gi, ..., gk € L>(v). To verify that this

limit exists, we will adapt a trick of Wierdl—originally for R?> measure preserving flows
(see definition below) and Cesaro averages—in our setting.

Definition. Let S € N. We define the upper Banach density of S, d*(S), to be the number

SN[M,...,N
d*(S) = lim sup | [ )|.
N—M—o0 N-M

Definition. Let r € N and (X, X, 1) be a probability space. We call a family (7;);crr of
measure preserving transformations 7; : X — X a measure preserving flow if it satisfies

Tr+t =Ts0T;
forall s, eR".

The following result contains the central idea of passing from results for flows to results
for Z-actions. Essential for this is the (¢m)-dimensional variant of the special flow above
a system under the constant ceiling function 1 first defined (for £ = m = 1) in [5] and [13].
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THEOREM 3.2. [15] Let £, m € N. Suppose that the sequences of real numbers (a; j(n)),
1 <i<{,1<j<m, satisfy the following two properties:

() for any RY measure preserving flow I—[f:1 Tia, " Hle Ta, Where the
T;.. are flows on the probability space (X, X, u) and fi, ..., fin € L®(w), the
averages

1 m £ m
[Iy] (H 1_[ Ti,SjpaiV'(n)>fl """ <1_[ 1_[ Tiﬁjm-ai.m(n)>fm
N nely “j=1i=1 j=1i=1

converge in L2(u) as N — oo (|[Iy]| — oo as N — 00), where §;; is the Kronecker
delta function with 8;; = 1 if i = j and 0 elsewhere and T; o the identity for all i;
(i) limg_or d*({n: {a; j(m)} e[l =68, D) =0forall1 <i <, 1< j<m, where {-}
denotes the fractional part.
Then the averages

4 V4
1 lai,1 ()] g, m ()]
m (1_[ T, ' fl """ 1_[ Tl fm
i=1

nely ‘i=1

also converge in Lz(u), as N — oo, for any system (X, X, u, T1, . .., Ty) and functions
frs ooy fm € L% ().

Proof. (We use the notation and arguments of Wierdl from [15].) For the given
transformations on X, we define the R*"-action ]_[f:1 Tigiy -+ ]_[f:1 Ti q;,, on the
probability space ¥ = X x [0, 1)¥", with the measure v = x A" (A is the Lebesgue
measure on [0, 1)), by

m

TTT] e, b oo benbio, o ben o bim. - bem)
j=li=1

m /L
[ai,j+bi ]
=< T,»a’ Px ar+biads o {aes Fbead, -

j=1i=1

{al,m + bl,m}a ey {al,m + bﬁ,m})-

Since Tp,..., Ty are commuting measure preserving transformations, and since
[x + {y}1+ [y] =[x + y], it is easy to check that the above action defines a measure
preserving flow on the product probability space Y. Note that this is nothing but the (¢m)-
dimensional variant of the ‘suspension’ flow above a system under the constant ceiling
function 1.

For a bounded function f on X, we define its extension f onY by

f(x, bl,h ey bgﬁl, b1’2, P bg,z, P bl,m, ey bg’m) :f(x).

Note thatif @; j, for 1 <i < ¢, 1 < j <m, are real numbers, then

14 14
I1 Ti,gjk.a[.‘k>fk(x, 0,....0)= (]—[ Ti[ai’l]>f1 (X)-ee- (1‘[ Ti[“'%m]>fm(x).

li=1 i=1

I1(

k=1"j

m m
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We want to show that the averages

1 m o m )
1Inl Z l_[(l_[ l—[ Ti>8jk'ai,k(n)>fk(x7 0,...,0)

nely k=1 \j=1i=1

converge in L2(X, 0,...,0)as N — oo. Let

m m

1 ~
An(x, b1, ..o bom) = Tl Z H( 1_[ ﬂ,ajk.a,-,k(n)>fk()€, bii,....bem),

nely k=1 “j=1i=1

and assume to the contrary that (Ay (x, O, ..., 0)) is not Cauchy in L2(X, 0,...,0). This
means that we can find a sequence (Ny) going to infinity, with

/ AN, (6, 0,00, 0) — AN (x, 0, ..., 0P dp>c, k=1,2,..., (13)

(X,0,...,0)
for some positive number c. By the hypothesis, (Ay(x, b1,1, ..., bgm)) is Cauchy in
L%(Y). By Fubini’s theorem, for any given positive &, we can find (by1, ..., bym)
arbitrarily close to (0, . .., 0) and k € N so that
/ |ANk+1(-x’ bl,lv LR bZ,m) - ANk(-x’ bl,lv L) b@,m)|2 dl‘l’ <Eé€.
(X,b1,1,-sbe.m)

We will show that for any given & > 0, there exists § > O sothatif 0 <b; ; <dforl <i <
£, 1 < j <m, then, for every x € X and large enough N, we have

[AN(x, D11y -y bem) — An(x,0,...,0)] <e. (14)

This will yield the desired contradiction with (13).
Let 0 <6 < 1 (we will choose it later), and assume that 0 < b; ; <§ forall 1 <i <,
1 < j <m.In (14), we have to compare terms of the form

¢
l_[ Ti85-aim) (X, b1 1S oo ey bZ,m))

14
l_[ Ti,&jku,-,k(n)(xa O’ CICE) 0))

So, by the definition of the flow and the fj, we need to compare

l_[ f <1_[ Tj[ai,j(n)%—bi.ﬂ;g) with 1_[ fi <1_[ Ti[ai,j (n)]x>.
. Jj=1 i=1

j=1 i=1

[ai,j(n)+b; ;] _ T.[ai,j(")].

Since b; j <4, if n is such that all {a; j(n)} <1 — 4, then T; ;
Therefore, it suffices to deal with those n for which some {a; j(n)}>1-34.
By condition (ii), we have that the upper Banach density of these n is as small as we
want by taking § small. All f; are bounded, so the combined density of these terms
in the averages Ay(x, b11,...,bem) and An(x,0,...,0) is as small as we want
independently of x. Hence, if § is chosen sufficiently small, we get (14). O
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Now, by using the previous result, we will prove Theorem 1.3.

Proof of Theorem 1.3. 1Tt suffices to show that for a; j = p; ;, real-valued polynomials,
the conditions of Theorem 3.2 are satisfied. Using Walsh’s convergence result for
commuting measure preserving transformations from [14], we have condition (i). For

example, if p(t) =b,t" 4 - - - 4 b1t + by € R[¢], we write Tp(,) = (Tbr)”r ''''' (Tp)" -
Ty, and we use Walsh’s result for the commuting measure preserving transformations
S1 =T, ..., S =Tp,. Real-valued polynomials also satisfy condition (ii). Indeed,

let p(t) =byt" +-- -+ b1t + by € R[¢t]. If b; ¢ Q for some 1 <i <r, then we have the
condition from Weyl’s equidistribution criterion, since (p(n)) is uniformly distributed
(mod 1). If b; € Q for all 1 <i <r, then the sequence (p(n)) is periodic (mod 1) and
condition (ii) is immediate. O

In order to show k-regularity, it is sufficient to show that the limit (12) exists for
every sequence (b(n)) of the form | Shing, ... Stng. dv, where r € N is arbitrary,
£,..., ¢, €N, (Y,Y,v,8) is a system and g1, ..., g € L>®(v). To show that the
averages of

£ 14
/fo~ (1—[ Ti[p,-,l(m])f1 ..... (l—[ Ti[p"""(”)])fm dyi- / Sting, ... Stig, dv
i=1 i=1

converge, it suffices to show convergence in L2 (1) of the averages of

4 4
(1—[ Ti[pi,l(nﬂ) Froeon <1—[ Ti[p,-,m(n)]> £ / Shng ... .. Stig, dv,
i=1

i=1
By Theorem 1.3, for the £ + r commuting measure preserving transformations 7; x id,
idx S, 1<i<t, 1< j <r, acting on X x Y with the measure i := u X v, and the
functions f; ® 1, 1 ® g;, 1 <i < ¢, 1 < j <r, we have that the averages of

m 14 r
11 ((]‘[(n « idﬂm("”)(f,- ® 1)) Jcdx sy @ g

j=1 > \Ni=1 j=I1

converge in L?(i x v). Integrating by dv, we get the required convergence.

4. Weak-anti-uniformity
In this section we show that a sequence of the form in (1) is k-weak-anti-uniform for
some k.

THEOREM 4.1. Let £, m € N. Suppose that the sequences of real numbers (a; j(n)) satisfy

the following two properties:

(i) for any R measure preserving flow ]_[le Tigp - Hle T; 4;,,» where the
T;. are flows on the probability space (X, X, u) and fi, ..., fm € L), the
sequence

m L m L
a(n) =/ Jo- ( 1_[ l_[ Ti,aj.-ai,](n)>f1 ----- (H l_[ ﬂ,ajm-a,-,m(n)>fm dup

j=li=1 j=li=1

is k-anti-uniform for some k depending only on £, m and a; j;
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(i) limg_o+ d*({n: {a; j(m)}ell =8, D) =0foralll1 <i<{,1<j<m.
Then the sequence

¢ ¢
a(n) = f fo- (l—[ Ti[a,gl(n)]> Fioeen <l—[ Ti[“’*"’("”) o di
i=1 i
is k-weak-anti-uniform for every system (X, X, u, T1, ..., Tp) and fo, f1, ..., fm €
L= ().

Proof. Let 0 <8 < 1. We define the same action R on Y =X x [0, 1)[’” as we
did in the proof of Theorem 3.2. If fy, fi,..., fin are bounded functions on X,
for every (b1,1,...,be 1,012, ..., bp2, ..., bim, ..., bem) €0, 1), we define the
Y -extensions
f’f]’(-xs bl,ls L) b[,lv b1,27 L) b£,2s LI ) bl,mv L) be,m) :fj(-x)s 1 S] va

and

fote, bit, .. bet, bias .y bem) = fo(x) - Lio.50m (b11s oo Doty D12y oo D).
Then we have

m 14
|82ma(n) — &(I’l)| = ‘ / / fo(x) - (1_[ fj <l_[ Tl_[”i~j(")]x>
[0,81¢m Jx =1 i
m J4 ,
_ 1_[ ff(l_[ Ti[ai,j(n)—i- i.j]x>> du dabm
j=1 i=1

Since all b; ; < § in the integrand, as in Theorem 3.2, we need only to consider the case
when some {a; j(n)} > 1 — §. For any (b(n)) € £>°(N) and N > M, we have

| N—1 | N-1
’N —7 D amb)| < o 3 ab(m)| +cs,
n=M n=M
where cs — 0 as § — 07, If C is the constant we get from the k-anti-uniformity of @, then
N—1
lim sup ‘ ! Z an)b(n)| < i bl ) + s
N-M—oo [N =M —4 - atm ‘ ’
yielding the result. O

Remark. As we showed in the proof of Theorem 1.3, if every a;; is a polynomial
pi,j € R[t], then condition (ii) of Theorem 4.1 is satisfied. In order to get condition (i), as
described by [7, Theorem 1.2] for the corresponding sequences, we have to successively
make use of Lemma 6.1 (using the van der Corput operation, choosing every time
appropriate polynomials in order to have reduction in complexity), stated in §6 below.
In this case, k can be chosen to be equal to d + 1, where d is the number of steps we need
to reduce the polynomials to constant ones by using PET induction, introduced in [1]. This
d, and so k as well, depends only on ¢, m and the maximum degree of the polynomials
pi,j- For more information and details on the van der Corput operation and the scheme of
PET induction we are using here, we refer the reader to [6].

This remark combined with Theorem 4.1 gives that every sequence (a(n)) of the form
(1) is k-weak-anti-uniform for some positive integer k = k(£, m, max deg(p;,;)).
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5. Convergence and seminorm estimates
In this section we prove Theorem 5.1 and an implication of it (Proposition 5.4).

THEOREM 5.1. Let £, m € N. Suppose that the sequences of real numbers (a; j(n)) for

1 <i<{,1<j<m, satisfy the following two properties:

(i)  for any RY™ measure preserving flow ]_[f: 1 Tiaiy - ]_[f:1 Ti g, ,,» where the T; .
are flows on the probability space (X, X, ) and f1, ..., fm € L* (1), we have

1 m L
NI}/]HLOO” N-—-M Z (1_[ l_[ Tis5j1<ai.1(n)>fl
m £
..... (1_[ l_[ Ti,éjm‘ai,m(n)>fm

() limg_ o+ d*({n: {a; j(n)} e[l =6, D) =0forall1 <i<{,1<j<m.
Then, for any system (X, X, u, Ty, . . ., Ty) and functions f1, . .., fm € L (1), we have

) I,LHLOOH 1 Z (1—[ T[“' 1(")]) _____ <l—[ T a,m(n)]>fm

=1

L2 (1)

=0.
L2(p)

Proof. Let 0 <& < 1. We define the same R _action on ¥ = X x [0, 1)5’" and the Y-
extensions f; of f;, 0 < j <m, as in the proof of Theorems 3.2 and 4.1. Let

m L m L
an) = fo- (l_[ l_[ i.8)1-a; 1(n))f1 """ (H I1 Ti,a,-m.a,-,m(n))fm;
j=1i=1

j=li=1

for every x € X, we define
a'(n)(x) 2/ ) a(m)(x, bi1, ..., be1, bia, ..., bem) dr",
[0, 1)m

where the integration is with respect to the variables b; ;.
Letting

a(n) := (]_[ Tl ‘“’”) ..... (1—[ Tl '"(")]>fm,

i=1 i=1

for every x € X, we have that
18" a(n)(x) — d'(n)(x)]

m J4 m 14
[ai,j ()] [ai, j(n)+b; ;] ¢
z‘/wm(nfjm@ j x)_nf,.(nn j fx))dkm.
; j=1 ' j=1 i=1

i=1

Once more, we study the case where some {a; j(n)} >1—6. For1<i<¢,1<j<m,
let E T ={neN:{a;j(n)} €[1 -3, 1)}. Since 1 l,(n) = 1j1-s,1)({a;, j(n)}), we have

1
30

1 N-1
~ a7 2 ("at) —d' ) <2
n=M

L2 el elx(1,m]

5 |Ey) N M, N)|
N-—-M ’
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The right-hand-side term of this relation is as small as we want, for sufficiently small §,
by condition (ii). Since

= =
stm > am) < 8" a(n) — a'(n))
N-M =M Lz(ﬂ) N-—-M M Lz(,u)
=,
+ H doam| .
N - M =M LZ(V)
we have that
= =
> am) <cs+8" doam| .
” N-M = L2(u) N-M = 12(v)
where c; — 0as § — 01, We first take lim supy _,_, o and then § — 0T to get the result.
O
In the elementary estimate that follows, we use the notation U-lim sup,,,  , En; _n;
instead of
N—1 | N—1
lim sup ... limsup .
N—-M—oo -M an::M N-M—oco N —M nkZ::M
LEMMA 5.2. Letk € Nand s € (0, +00). For any sequence (a(n1, ..., ny)) of real non-

negative numbers, we have

1 k

U-limsup E,, . na([nis], ..., [ngs]) < sk<|:—i| + 1) U-limsup E,,, . pa(ny, ..., «ng).
N Ny, Nk

Proof. For k =1, we have

1= 1
w3 L alnss (H n 1)

n

% [(N —1)s] —[Ms] 1 [(N=1)s]

N_—M [(N — )s] — [Ms] 2 am.

n=[Ms]

Since limy—p—oo ([((N — 1)s] = [Ms]/(N — M)) = s, taking lim supy_;_, o, Will give
us the desired inequality.

The general £ > 1 case follows analogously with induction. O
For ¢, meN, (X, X, u, T, ..., Ty) asystem and fi, ..., fi, € L>(u), recall the
action [/_; Trg, -+ - [Ti_i Tiai,, and the Y-extensions f; of f;, where ¥ = X x

[0, 1) was endowed with the probability measure v = x A" defined in the proofs
of Theorems 3.2, 4.1 and 5.1. By the definition of the action, the first coordinate of
Tiya;,,,, evaluated at the point (x, b1, ..., be,1, b12, ... bem) €Y is Tiiaio~jo+bio-j()]x’
the ((jo — )€ +ip + 1)-coordinate is equal to {aj,, j, + biy,j,}, while in all the other
coordinates we have the identity map mapping b; ; to itself. So, without loss of generality,

to study the transformations 7; s, s € R, essential to the implications in §6, we restrict
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our study to the £ =m =1 case: § =T, where s € (0, +00) (in the case where s < 0,
we set S = T_}l). Hence, we study the transformation S(x, b) = (TTs+0lx, {s +b}), for
which we have $"(x, b) = (T'"*?lx {ns + b}), and so §" f (x, b) = T"*P] £ (x), since
[s +{s'N+[s'T=[s +s']and {s + {s'}} = {s + s’} for all s.

LEMMA 5.3. For any k € N, there exists a constant ¢ = c(k, s) such that
M lk,v,s < cll f kst eT-

Proof. Let ¢ = (k + D, cxy=cx-s*(1/s]+1)%, F=f® f and R=T x T. By
Lemma 5.2 and the Cauchy—Schwarz inequality, we have

A2k . .
IAUE, 5 = U lim B, / [ cesfav

..... " €c{0, 1}k
<U-limsupE,, 1_[ C\€|T[(2~fi)x+b]f dv
Motk 2e{0,1}

<cx max U-limsupE, .
ez€{0,....k} ni,..., ny

l_[ C‘dTZ;{:][fi”is]'i‘eEf dﬂ'

€ef0,1}*
<crs max U-limsupE,, ., / 1_[ Clelpente: ¢ dM’
ez€{0,....k} Ny,..., Nk Zel0 l}k
. 2\ 1/2
<ck,s max (U-limsupEnlwnk/ l_[ clelpéitee £ gy )
st Mtk €€f0,1}

. 1/2
=y max <U-limsupEn1W,nk/ l_[ CelRG'””ng(uxu)) :

ez€{0,....k} Ny, Nk 0.1}k

using relation (10) from [9] and condition (1) of [9, Lemma 3.9], this last term is bounded
by

1/2
ez 2k 1/2 2k
Ch.s maxk( I1 |||R‘€F|||k,MXM,R) =cks(NFIF oxpr) |~ < sl Fliss oz
€e{0,1}k
where we have used the fact that | Fllk juxj.& = I1f ® Fllkuxpu.rxr < WFW2py 07 O

Let (X, X, u) be a probability space. If (T}):;cr is a measure preserving flow and
p(t) =byt" + - -+ byt + by € R[t], we write

Tpiy=Ty T} Ty, (15)

We assign to the polynomial p(f) an (r + 1)-tuple of polynomials p =
(p" (), ..., p°(t)), where we put p'(t) =t if b; # 0 and p'(¢) = 0 otherwise.

Definition. Let £, m, d € N. The family of m polynomial ¢-tuples of polynomials with

maximum degree  in R[z], (P1, ..., Po)m = (P11, -+ -5 peD)s -« o (PLms -+ -5 Pem))
is called a d-nice family in R[¢] if the respective family of m polynomial (d + 1)£-tuples

Pry o PO = (P11 ooy Pet)s oo s (Plums - -+ s Pem))s
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where we complete the coordinates with zeros from the right so that every vector p; ; has
d + 1 coordinates, is a nice family in Z[¢] (recall the definition from §2.2).

PROPOSITION 54. Let £, m,d e N, (X, X, u, Ty, ..., Ty) be a system, (P, ..., Po)m
be a d-nice family of L-tuples of polynomials in R[t] with maximum degree d and
fio ooy fm € L®(). There exists k = k(d, £, m) € N such that if | fillk,., 7, =0, then
. [171 ()] [pim(n)]
lim ‘ (]‘[ T; ) ----- (]‘[ T, ) Fn =0.
N—M—o0 i1 L2(w)
Proof. Let the action ]—[f=1 Tigiy - ML, Tia;,» Where a;;j=p;;, and the

Y-extensions f ; of f;j be as in the proof of Theorem 3.2. It suffices to show only
that condition (i) of Theorem 5.1 holds since condition (ii) holds automatically for real
polynomials. According to the hypothesis, there exists k = k(d, £, m) € N such that
Il fillk, .., 7y, = 0. Using Lemma 5.3, we have that |||f1 llk=1,0,5, =0, where, if brl’l is

the leading coefficient of p; 1, S; can be chosen to be equal to T, Lt Writing each

Ti,p;; as in (15) and using the fact that (Py, ..., Pe)m is a d-nice family in R[z],
we get the respective nice family (731, e, 73()% in Z[t]. The result now follows from
Proposition 2.3. O

6. Proof of main results and implications

In this last section we prove Theorems 1.1 and 1.2 and give some applications. To prove
the special linear case of Theorem 1.1, we will make use of the following Hilbert-space
variant of van der Corput’s estimate.

LEMMA 6.1. [7] Let (v,) be a bounded sequence of vectors in an inner product space and
(In) be a sequence of intervals in N with lengths tending to infinity. Then

|11V| Z Un Z(vn—&-hv Upn)|.

nely nely

2

lim sup
N—o00

<4 hm sup — lim sup ‘

Proof of Theorem 1.1. General case: since any sequence (a(n)) of the form (1) is k-weak-
anti-uniform and k-regular for some k = k(¢, m, max deg(p; ;)) as we showed at the end
of Sections 3 and 4, we can apply Theorem 2.1 to get the conclusion.
Linear case: according to Theorem 2.1, we have to show (m + 1)-regularity (m + 1)-
weak-anti-uniformity of the sequence [ fo - ([T_; Y"i[ai’ln]) flooee- T, ﬂ[ai””n]) fmdp.
The (m + 1)-regularity follows from §3, using Proposition 3.1 and Theorem 1.3.
Real-valued polynomials satisfy condition (ii) of Theorem 4.1, so if §; j =Ti;
for every i, j, it suffices to prove that the sequence a(n) := f fo- (]_[l 1 S DS

(]_[i 1 Sl”m) fm du is (m + 1)-anti-uniform. This follows from [7, §2.3.1] with induction
by successively applying Lemma 6.1 and using the van der Corput operation (at most) m

times to reduce the linear polynomial iterates that appear in a(n) to constant ones. O

Proof of Theorem 1.2. From the definitions, we have B_k - a and the linear case of
Theorem 1.1 gives us that Cr € A;. The result follows since Ay = By [7, Theorem
1.4]. O
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THEOREM 6.2. For £ €N, let (X, X, u, T1, ..., Ty) be a system, by, ..., by € R\{0},
r1, ..., re € N be distinct positive integers and f1, ..., fr € L®°(w). There exists k =
k(¢, max r;) € N such that if | fillk,u,7; =0 for some 1 <i <, then

N—1
. 1 byn'1] [ben"t]
lim ”— E Tl[ R T,°" fy =0.
N-M—oco| N —M Py’ L2(w)
Proof. Analogously to Proposition 5.4, for the action T7 5,71 -« - - Ty pynre (we have

set a;; = b;n"" and a; ; =0 for all i # j) and the Y-extensions of fj of fj, 1<j=<¢,
all defined in the proof of Theorem 3.2, we have only to show that condition (i) of
Theorem 5.1 holds. According to the hypothesis, there exists k = k(d, max r;) € N such
that || fi, ll, e, 7, = O for some 1 < ip < £. Using Lemma 5.3, we have that |||f,~0 Me=1,,5, =
0, where §;, can be chosen to be equal to Tio,\bfol- Since T; p;pri = Tl”;’l and all r; are
distinct, condition (i) of Theorem 5.1 follows from Theorem 2.2. O

Assuming slightly more than in Theorem 6.2, we have the following result that applies
to a larger class of polynomial iterates.

THEOREM 6.3. For £ €N, let (X, X, u, Ty, ..., Ty) be a system, pi, ..., pe € R[t]
be non-constant polynomials with distinct degrees and highest degree d = deg(p1) and
fi, ..., foe L°(u). There exists k = k(£, d) € N such that if | fillk,.., 7, =0, then
N-1
lim H Tl[Pl ()] f] ..... T[[pl(")]fe =0.
N—M—o0 N_M =M Lz(ﬂ)

Proof. Let Pty s P)m=Up1,0,...,0), 0, p2,...,0),...,(0,...,0, pp)).
Since this is a d-nice family in R[#], we can apply Proposition 5.4. O

Definition. [8] Let (X, X, u, T) be a system. T is called a weakly mixing transformation
and (X, X, u, T) a weakly mixing system if for any two functions f, g € L?(u), we have

that
1N
lim — T'edu— [ fd du|=o.
NgnooN;/f gdu ff u/g u‘

It is an immediate consequence of the definition of the seminorms || - [|x that for weakly
mixing systems (X, X, u, T), we have || fllc,u,7 = Iff du| for every k € N.

COROLLARY 6.4. For L e N, let (X, X, u, T;), 1 <i < ¥, be commuting weakly mixing

systems, pi, ..., pe € R[t] be non-constant polynomials with distinct degrees and
f1, .-+, fe € L®(w). Then
1 N-1 12
. [p1(m)] [pe(n)]
lim TN o T _ - d =0.
N—I{/I—moHN—M Z ! h ¢ fe H/fl # 12
n=M i=l1 (n)

Proof. We can assume that some | fj du =0 by using the elementary identity from
i—1

(8]: Hf:l ai — I'If:] bi = Zﬁ':l(]_[{:l ai)(aj — bj)(l—[f';j-i-l bi), where 1_[?:1 ai =

Hf'(:k 41 bi == 1. Without loss of generality, we may assume that [ fio diw =0, where
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deg(pi,) = max deg(p;). This means that || fi; llx,..7;, = 0 for all k. The result now follows
from Theorem 6.3. O

Remark. Tt is an open problem to determine if the conclusion of Corollary 6.4 still holds
in the case that the non-constant polynomials p; are essentially distinct (i.e., p; — p; is
non-constant for i # j).
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