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This paper proposes two simple and new specification tests based on the use of an
orthogonal series for a considerable class of bivariate nonlinearly cointegrated time
series models with endogeneity and nonstationarity. The first test is proposed for the
case where the regression function is integrable, which fills a gap in the literature,
and the second test, which nests the first one, deals with regression functions in a
quite large function space that is sufficient for both theoretical and practical use. As a
starting point of our asymptotic theory, the first test is studied initially and then the
theory is extended to the second test. Endogeneity in two general forms is allowed
in the models to be tested. The finite sample performance of the tests is examined
through several simulated examples. Our experience generally shows that the pro-
posed tests are easily implementable and also have stable sizes and good power
properties even when the ‘distance’ between the null hypothesis and a sequence of
local alternatives is asymptotically negligible.

1. INTRODUCTION

Econometric model estimation for nonlinear and nonstationary cointegrating
models has become an increasingly active area in recent years. Contributions
to the literature include Karlsen and Tjgstheim (2001) for a nonparametric ker-
nel estimation for a class of null-recurrent time series; Karlsen, Mykelbust,
and Tjgstheim (2007) for nonparametric kernel estimation in a null-recurrent
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cointegration model; Cai, Li, and Park (2009) for a class of functional coefficient
time series models; Wang and Phillips (2009a) for estimation in a nonparamet-
ric cointegration model; Wang and Phillips (2009b) for estimation in a structural
nonparametric cointegrating model under endogeneity; Gao and Phillips (2013a)
for estimation in a class of non- and semi-parametric cointegration models; and
Gao and Phillips (2013b) for semiparametric estimation in triangular system
equations of nonstationary time series. To avoid possible model misspecification
issues, such nonparametric or semiparametric estimation is normally used as the
first step to suggest a possible parametric approximation when there is no prior
information about which particular model should be used for a given set of data.
Then, a rigorous specification procedure should be used to test whether the sug-
gested parametric model may be accepted statistically. These contributions have
led to the recent literature on nonparametric specification testing of nonlinear and
nonstationary time series.

Related to the specification testing problem considered in this paper, there
are some existing papers which study specification testing issues in regression
models with nonstationary regressors (mainly integrated processes). Examples
include Gao, King, Lu, and Tjgstheim (2009a, 2009b), Hong and Phillips (2010),
and Wang and Phillips (2012). Gao et al. (2009a) propose a nonparametric kernel-
based test for the parametric specification of nonstationary nonlinear models
where the regressor, that is an integrated time series, is independent of the equa-
tion error term that is a martingale difference sequence. Gao et al. (2009b) con-
sider a testing issue for a nonstationary nonlinear autoregression model where
strict conditions are imposed on the density of the error term; Hong and Phillips
(2010) test linearity of cointegrating relations with an application; and Wang and
Phillips (2012) investigate parametric specification of nonstationary nonlinear
regression models where the regression function is imposed to have a certain
growth rate.

Indeed, there is a gap in the literature about specification testing for integrable
regression functions (Wang and Phillips, 2012, p. 731). Also existing tests men-
tioned above are not applicable to the case where there is a type of endogeneity.
From a practical point of view, there is need for a test that accommodates endo-
geneity of the type that it is inherited in the United States aggregate consumers’
consumption expenditure and disposable income over the period of 1960-2009.
This paper therefore proposes a test for the specification of integrable nonstation-
ary regression models, in which two forms of endogeneity are allowed. Usually,
an instrumental variable approach is needed to deal with such an endogeneity
issue, although it is often difficult to find appropriate instruments in the non-
linear and nonstationary setting. As discussed in Section 3, without introducing
instrumental variables, it is shown that each of the proposed tests has a simple
and known limiting distribution under the null hypothesis, and is also consistent
under a sequence of local alternatives.

Recently, Wang and Phillips (2016) extend a kernel based test originally pro-
posed in Dong, Gao, Tjgstheim, and Yin (2014) to the case where there is
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endogeneity, although their paper mainly focuses on nonparmetric kernel esti-
mation. As discussed in Dong et al. (2014); however, the performance of such a
kernel based test highly depends on the choice of an arbitrary weight function.
By contrast, the tests proposed in the current paper are simple and easily imple-
mentable. Due to the integrability and orthogonality of the series employed, there
is no need to involve an arbitrary weight function in the proposed tests. Moreover,
our tests do not require smoothness of the regression function under considera-
tion, and we only focus on the case where a class of local departure functions are
integrable on the real line, which implies that any ‘tiny’ departure from the null is
detectable by our tests.
Consider a nonparametric cointegration model of the form

e =m(x;) +e,
x; = D7%{u I (¢t > 0)}, (1.1)
Elu;] = E[e;] =0,

fort =1,...,n, where m(-) is an unknown function, x; is a truncated fractional
integrated nonstationary process, D is the difference operator, ag € (1/2,3/2),
and (u;, ;) is endogenous as defined in Assumption A.

We are interested in testing the following hypotheses

Ho: m(x)=g(x;60p) versus Hj: m(x)=g(x;0;)+ L, (x), 1.2)

where g(x;-) is a known integrable function on R, 6p,0; € ® c R? is a com-
pact parameter space, and {A, (x)} is a sequence of unknown functions satisfying
lim, 5 A, (x) =0 for every x € R. Here, we study a type of local alternative H1,
like Wang and Phillips (2012, p. 732), since a fixed alternative is of less interest
(see, for example, Horowitz and Spokoiny 2001).

To broaden our research, the models in the form of (1.1) are allowed to accom-
modate endogeneity in two possible forms: Type (i), both u; = Zfio Wi€—j

and ¢; = Zfio ¢j€,—; are linear processes driven by the same innovations {¢; :

—00 < i < oo}; and Type (ii), u; = Z;O:o wj€—j is a linear process, while ¢; =
(€. s €—mo+15Nis- > Ni—m;+1) i a functional of some innovations drawn
from (¢;, 77;). There are considerable possibilities of e; and u, within these set-
tings, depending on the choice of the coefficients in the linear processes and func-
tional forms. Two extreme cases are (a) e¢; = u; and (b) e¢; and u, are independent.
Observe that by the definition of x; in (1.1), the proposed tests of this paper break
new ground in the nonparametric specification testing literature by being able to
take both endogeneity and nonstationarity into account. These settings facilitate
the application of our specification testing method and theory in practice.

Note that under the null of (1.2) we have m(x) € L>(R). The proposed test
statistic below basically measures the total difference of y;, — g(x;; /9\), weighted
by orthonormal basis functions in L?(R), at each observation point, where fisa
consistent estimator of fy under Hy. Then, the approach is extended to the func-

. 2 . . . .
tion space L2(R,e™*"). The main idea of the second test is to exploit a simple
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transformation of the form M (x) = m(x)exp(—x2/2) such that M(x) is inte-
grable on R even though m(x) itself may not be integrable. As a result, a large
class of functions, such as bounded functions, polynomials, and power functions,
can be allowed for in m(x). These tests clearly cover existing ones, such as those
of Gao et al. (2009a) and Wang and Phillips (2012), and fill a gap in the literature.

Our experience shows that while each of the test statistics is of a simple
quadratic form, it is not necessarily easy to establish and then prove its asymptotic
distribution. This is mainly because existing central limit theorems available for
standardised versions of quadratic forms (see, e.g., Theorem A.1 of Gao, 2007)
are not applicable in our case where there is no martingale structure involved in
model (1.1). For our test statistics, as shown in Section 3, asymptotic distributions
are established without imposing any martingale structure and without the use of
an instrumental variable approach. In equations (3.4)—(3.7) in Section 3, we shall
discuss this key feature and the relationship between the stationary case and the
cointegrated time series case considered in this paper.

The main contributions of the paper are summarised as follows.

e This paper proposes a new test driven by an orthogonal series for specifi-
cation testing of integrable functions of fractional integrated nonstationary
time series. This test is then extended to the nonintegrable function case.

e The proposed tests are applicable to models that embrace endogeneity. The
endogeneity dealt with in the paper is of a quite general form.

The rest of the paper is organised as follows. Section 2 gives some prelimi-
naries about Hermite orthogonal polynomials as well as assumptions for model
(1.1). Our specification test for the case where m (x) is integrable in R is proposed
and then studied in Section 3.1. Section 3.2 discusses the nonintegrable case.
Section 4 investigates the finite-sample performance of the proposed tests.
Section 5 concludes the paper. Appendix A gives some useful technical lemmas.
Appendix B outlines the proof of all theorems as well as Lemma 3.1 except that
Theorem 3.2 is proved in detail. Detailed proofs are available from Appendices
C and D in the supplemental material to this article, available at Cambridge Jour-
nals Online (journals.cambridge.org/ect), and additional simulations are shown in
Appendix E to justify some implications of our theoretical results.

Throughout the paper the following notation is used, unless otherwise stated.
I - || stands for Euclidean norm for vector and element-wise norm for matrix. For

example, ||A] = (27:1 ;":1 aizj)l/2 if A = (ajj)nm. [a] is the maximum integer
not exceeding a. R is the real line and R is the set of all positive real numbers.
Integral | means integration on the entire real line.

2. ASSUMPTIONS

The following assumptions are made for the subsequent theoretical develop-
ment. Let L be the usual lag operator and D = 1 — L be the usual differ-
ence operator. Fractional difference operator D~¢ = (1 — L)™¢ is given by
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D_( = 27204 (().Lj, where a;j () = %, with T'(-) being the conven-
tional Gamma function.

Let {¢;, j =0,£1,%2,...} be a sequence of independent and identically dis-
tributed (i.i.d.) continuous random variables satisfying E[eg] = 0, E [eg] =1,
and E [66‘] < 00. Suppose further that the characteristic function of € satisfies
[luEe™|du < oo.

Assumption A.

A.l. For t > 1, let x;, = D™*{u,I(t > 0)} with xo = Op(l) and ag €
(1/2,3/2).

A.2. Suppose that {u;} is a linear process defined by u; = Y (L; po)e; =
Zf.io wi(po)e;—j, where pp € Z is a p-dimensional vector of
unknown parameters and = is compact, ¥(s; p) = Z;O:o Vi (p)s/, in
which wo(p) = 1, ¥(s; p) is continuous in s, and y = Y (1; pg) =
2720 wj(po) # 0. Also, ¥ (s; p) satisfies

A.2(1) forall p #popand p e EC R, onaset S C{s:|s|=1}of

positive Lebesgue measure, we have |V (s; p)| # [V (s; po)l.

A.2(ii) for all p, ¥(e'; p) is differentiable in v € R with deriva-
tive in Lip(¢) for ¢ > 1/2, that is, |U(vi; p) — U (va; p)| <
c(p)lvi — v2|¢ for any vi,v2 € R where U(v;p) =
oW (e!V; p)/ov.

A.2(iii) forallv € R, W (e'’; p) is continuous in p.

A.2(iv) forall p € E, |¥(s; p)| #0, |s| < 1.

A.3. The error process {e;} is generated by

A3(3) ¢ = Z}’ioflﬁjft—j’ where ¢o = 1, limj_ 00 j70 exists with
70> 3/2,and ¢ := 372 ¢ #0, or

A3(1) e =9 (€. €mmo+15 Nis - - s Hr—m +1) Where min(mo,m1) > 1,
{n:} is a sequence of iid(0,1) continuous variables independent
of {¢;}, and the function g (- --) is a measurable mapping from
R™0+M1 5 R such that E[e,] = 0 and E[e!] < oo for all
t > max(mg,m); we define ¢, = 0 for t < max(mg,my).

Remark 2.1. This assumption exhibits the structure of regressor and equilib-
rium error processes in model (1.1) from building blocks involving ¢; and #;.

Here, x; is fractionally integrated by u,, while both u; and ¢; are generated
by the iid(0, ¢2) sequence {€;j}. This setup provides a suitable framework for
accommodating both endogeneity and exogeneity in our model, depending on the
choice of the coefficients in the linear processes and/or the form of g function.
For instance, if ¢; = y; for each j, e; = u, implying strong endogeneity; when
the functional g does not include any ¢;, e; is independent of u; and therefore of
Xy, giving the exogenous case.
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In the definition of x;, the infinite series is truncated, x; = Z};g ae(oo)ur—e¢,
where a¢(aog) = I'(€ + ao)/[I'(ap)T' (€ + 1)]. Without truncation, the second
moment of x; would not exist. If ap = 1, x; is a unit root process.

The conditions in A.2 are used to recover the unknown parameter po in
the linear process u; and hence the proposed test statistics can be used
directly in practice. The procedure for estimating po is introduced in the next
section.

By Lemma A.1 below, as n — oo, d,% = E[x,zl] ~ 2T 2 (ag)n?*~ (1 +0(1)).
In addition, it follows from Marinucci and Robinson (2000) that for r € [0, 1],

p
Xnlnr] 1= di,,x[nr] —p W(r;ap) ::/0 (r —s)*~'dB(s) 2.1
in the space D[0, 1], where [-] is the integer part of the argument, W (r; ag) is
a Type II fractional Brownian motion, defined via a standard Brownian motion
B(s). See Marinucci and Robinson (2000) for details about W (r; ag). Moreover,
the process W (r; ap) possesses a continuous local time process Ly (¢,a) which
measures the sojourning time of W (r;ag) at the point @ over the time interval
[0, 7].

For unknown functions in L*(R) = { f (x) : Ir 2(x)dx < oo}, we introduce an
orthonormal basis in the space. Let {H;(x),i =0,1,2,...} be the Hermite poly-
nomial system orthogonal with respect to exp(—x2). As a classical polynomial
orthogonal system, { H;(x)} is a complete orthogonal system in the Hilbert space
L2(R,exp(—x2)) = {f(x) : [ f2(x)e™ dx < oo}. In addition, the orthogonality
of the system is defined by the equation: [ H;(x)H;(x) exp(—x2)dx = /72 10ij,
where d;; is the Kronecker delta. Denote ¢ (x) = exp(— %xz) and define

Hi(x) = Hi(x)p(x), i=0. (2.2)

1

Note that .7 (x) are the so-called Hermite functions in the literature. Moreover,
{24 (x)} is uniformly bounded in both i and x. Consequently, Zf:_(; %’jz(x) <
O (1)k uniformly in x. In addition, the system is a complete orthonormal basis in
L*(R) in which the inner product is defined as (f, g) = J f(x)g(x)dx. There-
fore, any function g(x) € L?>(R) admits an orthogonal expansion of the form
g(x) = X2 BiAi(x) with i = [ g(x).7 (x)dx. Throughout, let k be a pos-
itive integer and define gi(x) = Zi‘:—& i 7 (x) to be the truncated series with
truncation parameter k. It is known that g (x) — g(x) in L? sense as k — oo
even if g(x) is not continuous. More detailed discussion on the Hermite system
and orthogonal expansion can be found in Chen and Shen (1998), Dong, Gao, and
Peng (2015), and Dong, Gao, and Tjgstheim (2016).

Assumption B.

B.1. Letk = [c-n*] for some x : max(0,2(1 —ag)) <k < % — ag and constant
c> 0.
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B.2. Under Hjp, there exists a consistent estimator 0 of 6y such that
P10 —60|| > M) < e forany g9 > 0 and M = M (&), where &, =
O(1). This, moreover, holds as well under H; with 6, replaced by 6.

B.3. Suppose that g(x; ) is twice differentiable with respect to 8 and g(x;6) €
L%(R) for every fixed 6 € ©. Let [1(x,0) := %g(x;@) and lr(x,0) :=
L ¢(x;0). Suppose further that [I1; (x, ), 12 (x, )| € L'(R) N L2(R),
and that there exists a positive function /(x) € L' (R) N L?(R) such that
12 Cx, ) < 1(x).

Remark 2.2. For the truncation parameter k£ we need to impose Condition B.1
on k such that k — oo as n — oo but with a slow rate x. In addition, x is also
restricted by the fractional difference order o such thatn/(kd,) — oo asn — oo,
where the restriction max(0,2(1 —ag)) <k < % — ap is mainly due to the balance
between the convergence rate d,, in (2.1) and the bias introduced by the truncation
of infinite series. Particularly, in the unit root case of ap = 1, we have 0 <x < 1/2
and d,, ~ /n.

Condition B.2 stipulates a certain rate of convergence for 8 — p 6, where the
rate of convergence of ¢;, — 0 can be as slow as O(/kd,, /n). Note that a general
asymptotic theory for 0— 6o under the current setting is not available in the liter-
ature. It is worth pointing out that in several special cases the rate of convergence
of @ — 6y to zero can be as fast as Op (v/d,,/n), which include: (i) e; is indepen-
dent of u,; (ii) (e, ;) is a martingale difference sequence for a given information
flow F; such that x; is adapted with respect to F;_1, since there already exist
such results in Park and Phillips (1999, 2001); and (iii) we provide one example
to verify the fast rate of convergence of Op (+/dy,/n) achievable with the presence
of endogeneity and the unit root for the regressor in Appendix C of the online
supplemental material of this paper.

Meanwhile, Wang and Phillips (2016) show different rates of convergence of
& — 0y to zero under different conditions where x; is nonstationary possessing
either short memory or long memory (Theorem 4.2, p. 14). In view of this result,
they impose the rate of convergence of & — 6 to be Op («/dy,/nh) in their testing
using a kernel based test, where 4 is the bandwidth. This is comparable with our
assumption in the case where [1/h] is regarded as k. Taking into account the
discussion, we impose Condition B.2 on the rate of convergence of 8 — 06y to zero
under Hy.

Notice that Chen, Gao, and Li (2011) study the estimation of ; under Hy : y, =
g(Vy;01)+ Ay (Vi) +e;, where V; = H (t /n) +u; and {u,} is an iid sequence. They
propose the estimator of 0] to be the minimizer of > _, (yr —g(Vs; 6))? and show
that the estimator is unbiased with square root n convergence rate, the same as the
case without the presence of A,(V;). See Corollary 2.4 of Chen et al. (2011).
Wang and Phillips (2016) impose 8; = 6y for which there exist estimators that
possess the same convergence rate under both Hy and Hj. It is clear that the class
of our alternatives is larger than that in Wang and Phillips (2016).
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Condition B.3 is a set of standard requirements used in similar situations (see,
for example, Assumption 2.4 of Gao, Wang, and Yin (2011) and Assumption 4
of Wang and Phillips (2012)). It is also easily seen that the following class
of functions for g(x;#) satisfies these conditions: (1) g(x;6) = 0g(x), where
g1(x) is integrable and # € R (so called linear-in-parameter regression function in
Park and Phillips 2001); (2) g(x;0) = ﬁ, where 6 > ¢ > 0; 3) g(x; a, f) =

aexp(—px?) where @ = (a, f) € ® c R x R* and O is compact.

Assumption C. Let A, (x) = d, A (x) satisfy the following conditions:

C.1. A(x) is a nonzero function and fAz(x)dx < 00.

C.2. Let 6, — 0 and 5,2,n/(dnk) — 00 as n — 00, where k satisfies Assump-
tion B.1.

Remark 2.3. Exclusion of a zero function A(x) is trivial and implies
Ik A%(x)dx # 0. This assumption on the one hand guarantees our test statistic
consistent, and on the other hand keeps the local departures as small as possi-
ble. Indeed, the attenuation of ¢, — 0 and the integrability of A%(x) force the
departures A\, (x) to shrink as the sample size increases, whereas 621/ (d,k) — 0o
is the requirement that enables all the test statistics introduced later to possess
power to detect whether there exists a departure from the null. To illustrate this
idea, in the finite sample simulation below we choose J, to decay so fast that
92n/(dnk) = % In(n).

3. SPECIFICATION TESTING

In this section, we consider first the case where m(x) is integrable and then the
case where m (x) may be nonintegrable.

3.1. Integrable Case

Suppose m(-) € L?(R). Then, m(x) admits an orthogonal expansion m(x) =
> 20 BiH(x). Let k be a positive integer and then define a truncated series
mi(x) = Zf-:(; Bi#(x) and residue yi(x) = D72, i (x) for any real x.
Denote Z(x) = (4 (x), ..., G—1(x)) and = (Po, ..., Br—1)’, giving my (x) =
Z(x)'p. Then, model (1.1) under Hy can be written as y; = Z(x;)'f + yx (x;) +es,
for t =1,...,n. Denote Y = (y1,...,v), Z = (Z(x1),...,Z(x,)) an n x k

matrix, e = (eq,...,ey) and y = (yr(x1),...,yx(x,))". The equations are for-
mulated into the following matrix form:
Y=Z+y +e. 3.1

Accordingly, we have the ordinary least squares (OLS) estimator of f given by
B=(2'Z)"1Z'Y. Thereby, mi(x) = Z(x)'B is an estimator for m(x) at Vx € R.

Since the inverse of Z’Z is a large dimensional matrix of nonlinear and nonsta-
tionary time series, it is very difficult to deal with it both theoretically and com-
putationally. In order to avoid involving it in B\ weuse f=2'Z B\ in the construct
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of the first test statistic below. Correspondingly, the estimator mx)=2 (x)’,[? can
be replaced by m(x) = Z(x)'p for testing purposes and, invoking the expression
of j,

n

mi(x) = D [Z(x)) Z(¥)]y. (3.2)

t=1

As discussed in (3.8) below, a similar treatment has been performed in the
test proposed in Dong et al. (2014) and studied in Wang and Phillips (2016). Our
experience suggests that the removal of either the inverse of Z’Z in the series case
or the random denominator in the kernel case not only simplifies the theoretical
discussion, but also improves the finite sample performance of the respective test
in each case.

Analogously, we may also have a similar version, g(x;#), for g(x;#) of the
form:

706:0) = > 1Z () Z(0)]1g (k13 0). (33)

t=1

Let § be a consistent estimator of 6o under Hy : y; = g(xs;6p) + ¢;. Instead of
comparing 711 (x) with g(x, ), we measure the distance between 71 (x) and g(x; 0)
and then propose a test statistic of the form:

o

n 2
an/ (ﬁ(X)—E(X;g))zdxz/ ( [Z(xt)’Z(x)](yz—g(xt;g))) dx,
t=1

—00 —00
34
which, by virtue of the orthogonality of the basis, simplifies to
n n
Ly=)">"Z(x)) Z(x,)ere;, (3.5)

t=1s=1

where ¢; := y; — g(x;; 0).

Clearly, L, can be interpreted as the distance in the space L?(R) between the
proxies of m(x) and g(x,</9\) based on the observation (y;,x;). Moreover, under
the null e; = e; + [g(x;; 0p) — g (xs; @\)] consists of two errors such that, as shown
in Theorem 3.1, a suitably normalised version of L, converges to a local-time
random variable, while under a class of local alternatives, L, with the same nor-
malization diverges to oo, because of the existence of the local departure.

Meanwhile, we have

n n t—1
Ly =D 1ZC) 1?6 42D Z(xt) Z(xs)eies = Lan + Lin. (3.6)
t=1 t=2s=1

https://doi.org/10.1017/50266466617000238 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000238

SPECIFICATION TESTING DRIVEN BY ORTHOGONAL SERIES 763

In the case where x; is stationary, as shown in Gao, Tong, and Wolff (2002),
a suitably standardised version of L, converges in probability to a non-stochastic
quantity. Thus, one has to use a standardised version of the form

Loy = pI Zélll?sz(xr)’z(xs)a
o
I S e (2 2(x,)) 20

to derive a consistent test. As shown in the proof of Theorem 3.1 in Appendix B
below for the nonstationary case, by comparison, L,, is the leading term that
already converges in distribution to a local-time random variable, while Ly,
becomes asymptotically negligible compared with L,,. Therefore, there is no
need to standardise L, as in the stationary case. As a consequence, both the
size and power properties of L, become stable and robust. These, along with the
large and small-sample properties discussed in Sections 3—4 below, are the key
features of L,,.

Another test, proposed in Dong, Gao, Tjostheim and Yin (2014) and studied in
Wang and Phillips (2016), is a nonparametric kernel test of the form

3.7

L= / (G0 —7 (x:0)) w (0)dx, (3.8)

—00

where §(x) = - 3L K (M55 yi, 103 0) = i 3L Ko (57 g (ki3 0) and
7 (+) is a probability weight function. One disadvantage of L, is that it involves

an arbitrary weight function 7z (-). By contrast, a normalised version of L, of
dl‘l
nkc?2
tion nor a random denominator of a quadratic form of nonstationary time series.
As a consequence, the simple form of L, of (3.5) makes it possible to establish

Theorems 3.1-3.3 under two types of endogeneity.

the form

L, (as defined in Theorem 3.3) involves neither a weight func-

THEOREM 3.1. Suppose that Assumptions A and B hold. Under Hy, we have
asn— oo

d,
L, —p Ly(1,0), (3.9
nk o

where o2 E[e%], dy, =/ E(x,%) and Lw (1,0) is the local-time random variable

Pl

associated with W (r; ag) given in (2.1).

For the definition and properties of the local-time processes, Geman and
Horowitz (1980) and Revuz and Yor (2005) are standard references.

THEOREM 3.2. Suppose that Assumptions A—C hold. Under Hi, we have as
n— oo

dn
nk o

Ly — p 00. (3.10)
e
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Remark 3.1. Theorem 3.1 gives the limit distribution of the proposed test
statistic. Theorem 3.2 shows that the test statistic has nontrivial power against
a sequence of local alternatives whose distance from the null approaches zero at
a rate slower than (kd,, /n)!/?, as required in Assumption C for d,,. This is similar
to the stationary case discussed in Gao (Chap. 3, 2007). As can be seen from the
proof, under the alternative nf—;g L, diverges with order Op (5,2,11 /dnk). The results

in Theorems 3.1 and 3.2 ensure rejection of Hy in favour of H; if (d,,/ (nkaez))Ln
is large enough.

Under Hy, ¢, = e; + [g(x;;01) — g(xs; @\)] + Ay (x7), where 0 is the consistent
estimator of 8;. The divergence of the normalisation of L, is due to the inclu-
sion of the local departure A, (x;), although the function A, (x) attenuates to zero
uniformly in x when the sample size increases.

Note that there are nuisance parameters involved in the large sample theory
of the proposed test, namely, v, ag in d;, and aez, which should be replaced by
consistent estimates. The following assumption is necessary to obtain such esti-
mators.

The set of conditions A.2(i)-A.2(iv) in Assumption A is sufficient for us to
estimate the unknown parameters involved in the linear process u,. See Hualde
and Robinson (2011, p. 3155). More importantly, by A.2(ii) the derivative of
W (e'; p) has Fourier coefficient Jyi(p) =0(j~¢)as j = oo, forall p, so that,
by the compactness of Z and continuity of y;(p) in p for all j,

sup |y (p)| = 0 (i), j— oo @3.11)

peB

Write w; = Y ~1(L; po)u; = ¥~ 1(L; po)A%x; for t > 1. For any admissible
T =(p’,a), define

wi (1) =Y~ L; p)2“x;. (3.12)
Also, define
l n
7 = argmin— Z w?(7) (3.13)
reg N
=1

as an estimator of 7o = (p(’), ap)’.

LEMMA 3.1. Define &/\ =y = ij:)() Wj(ﬁ)y jn — |’¢7|r—l(a~)na—1/2’

G2 = %Z?:]gzz withe, = y; — g(x;,0), and Ly (1,0) = % S HH(xs). Then,
under Assumption A and Hy, as n — oo

~ d, R _
v —py, d—"—>p1, 62 —>pa?, and Lw(1,0)—Lw(1,0)—p0. (3.14)
n

The proofs of Lemma 3.1 and Theorem 3.3 are given in Appendix B.
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THEOREM 3.3. When v and 062 are both unknown, under Hy and Assump-
tions A and B, we have

o~

d
Ly —p Lw(1,0), (3.15)
nko;

where Zj\n 362 are defined in Lemma 3.1. Under Hi and Assumptions A—C, as
n— 0o,

o~

dn
nkc?

L, — p . (3.16)

Remark 3.2. Note that the quantity M, = %Ln not only has nice large sam-
ple properties as stated in Theorem 3.3, but also M, is now completely com-
putable in practice. It follows from Theorem 3.3 that, at the significance level v,
we may reject Ho if M,, > [1—, with /1, satisfying P(Lw (1,0) > [1—,) =v.

3.2. Beyond Integrability

We are about to relax the restriction on m(x) from L?(R) to L*(R, exp(—x2)).
Our motivation is as follows. If m(x) satisfies [ mz(x)e_xzdx < o0, then
m(x)exp(—x2/2) € L*(R). As a result, after a simple transformation we may
borrow L, to test models that have nonintegrable regression functions.

Given observations {(x;, y;),t =1,2,...,n} frommodel (1.1), we are interested
in testing
Hig: m(x)=g(x;6p) versus Hii: m(x)=g(x;01)+ Ln(x), 3.17)

where for any fixed @ € ® c R?, g(x;0) € L*(R, exp(—x?)) is a known function,
and A, (x) is the same as in Assumption C.

In order to make use of L,, multiplying both sides by ¢ (x;) := exp(—%xtz)
will give us an integrable model. Specifically, by denoting Y; = y;0(x;), M (x;) =
o (x;)m(x;) and &; = @ (x;)e;, we have

YtZM(Xt)‘I-EI;, t=1,...,i’l. (3.18)

Moreover, Ho is completely equivalent to Hj,: M(x) = G(x;6) in which
G(x;0) = g(x;0)p(x) and Hyy is completely equivalent to H{, : M(x) =
G(x;01) + Ap(x)p(x). Therefore, M(x) is an unknown integrable function,
while G(x;0) is a known integrable function. Roughly speaking, we have trans-
formed the dataset from ‘non-integrable’ (y;,x;) to ‘integrable’ (¥;,x;). Notice
that the deviation function A, (x)¢ (x) in H{, has the same rate in testing as A, (x)
in Hii, so is nonzero and integrability. After transformation, we are dealing with
the same specification issue as in the last subsection.
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Therefore, we propose the following test statistic for testing (3.17):

My =D > Z(x) Z(x,)ezs, (3.19)

t=1 s=1

where 3 :=2;0(x;) = (yr — g(x1:0))p (x;) = ¥; — G(x;;0) and 8 is a consistent
estimator of 6.

It is clear that, though always TT, = >/ 70| Z(x)'Z(x)g (x0) (xs)eres,
under Hjg, e; =y - g(xs;0) = e + g()g,\; 6o) — g(x;;0), whereas under Hij,
e =y —g(x;;0) =e; + g(x;; 00) — g(xs;0) + Ay (x;). Comparing with L,,, only
factors ¢ (x;)p(xy) are adhered in each term. This is just a consequence of the
transformation from m (x;) to M (x;).

Remark 3.3. As pointed out by one referee, the above rationale could be used
in a more general weighted function space. Specifically, if g(x; 0) € L>(R, w(x)),
where w(x) is a nonnegative function, we could use w(x;)!/? to replace ¢ (x;).
As a result, a similar version of II,, is obtained, for which the following results
could still hold. Since the function space L*(R, exp(—x2)) is big enough for our
econometric testing, we focus on it throughout the rest of this paper.

Before stating the limit theory for II,,, we need to give the following assump-
tion which is the counterpart of Assumption B for the case where m belongs to
L%(R, exp(—x?)).

Assumption B*.

B*.1 Let k satisfy Assumption B.1.

B*.2 Under the null in (3.17), there exists a consistent estimator, 6, of
6o such that for any ¢y > 0 and some 0 < M = M(gy) < oo,
P (||§— Ol > M(,,) < &o, where (n\/%: O(1). This, moreover, holds
under the alternative as well with 6y replaced by 6.

B*.3 Suppose that g(x;8) is twicely differentiable with respect to 6. Let
l(x,0) = %g(x;@) and [r(x,0) := %ge,g(x;(?). Suppose further that
I e )L e, ) € AR, e™), while [12(x,0)] < I(x) uniformly
over # with positive function /(x) € L*(R, e"‘z).

Remark 3.4. There are two differences between Assumptions B* and B. First,
the estimation of 6y is under Hjq in (3.17). However, a fast rate of convergence
is not required in B*.2 and B*.3, although in the existing literature, the conver-
gence rate for the non-integrable regression function is much faster than /d, /n.
This is an advantage of the proposed method, because a non-integrable m(x)
has been transformed to an integrable function M (x), so that I, works in the
same way as L, does, as can be seen, the only difference between II, and L,
is that Z(x;)'Z (xs) e (x;)p (xs) is replaced by Z(x;)'Z(xs). Thus, all the regres-
sion functions studied in the literature easily satisfy this assumption. For exam-
ple, for functions like polynomials, power functions, 8 log|x|, fe* /(1 + ¢*), and
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x(14+6x)""1(x > 0), the rates of convergence are faster than those for integrable
functions. A detailed discussion can be found in Theorems 5.2 and 5.3 of Park
and Phillips (2001, p. 135).

Another difference is the function space. As the regression function m(x) is

now in the class of L2(R,e™*"), we basically stipulate that its derivatives with

. 2
respect to the parameter vector are also in L2(R,e™ ). Clearly, the examples
given above satisfy this condition.

THEOREM 3.4. Suppose Assumptions A and B* hold. Under Hg of (3.17),
we have as n — 00

dy
1 —>D/§(x)go2(x)dx-LW(1,0), (3.20)

where O'ez = E[e%] and 7 (x) = %v4—x2 on x € [—2,2] and O elsewhere,
px) = exp(— %xz), and d, and Lw(1,0) are the same as in the previous
theorem. When d,, and 062 are replaced by c/Z\,, and Eez, respectively, defined simi-
larly as that in Lemma 3.1, we have a feasible version of (3.20).

Let Assumptions A, B*, and C hold. Under Hyy, we have as n — 0o

d
—=11, — p . 3.21)
nk o}

Similarly, when d,, and 062 are replaced by their consistent estimators d, and b\ez,
respectively, we obtain a feasible version of (3.21).

The proof of Theorem 3.4 is given in Appendix B.

Remark 3.5. Notice that the result of (3.20) is comparable with that of (3.9),
knowing that due to f 7 (x)dx = 1, the constant before Ly (1,0) in (3.9) is one.
Due to the involvement of ¢ (+), the proof of Theorem 3.4 is much similar to that
of Theorems 3.1 and 3.2.

Notice also that Assumption C is used in this case too, in addition to being used
in the integrable case. Because usually an integrable function is much smaller than
a nonintegrable function, especially in the region far from the origin, if our test is
workable for the integrable departure functions, it should also be workable when
the departure function becomes larger. It is also fairly clear that the test IT,, is
consistent as long as Az(x)e_x2 is integrable, implying that A(x) can be any
polynomial, power function, or bounded function, let alone integrable function.
For this reason, we keep Assumption C. However, this does not attenuate the
power of I1,, at all and we actually still have nlf—ZZH” =O0p ((5,2111 /dyk) under the

alternative, the same as Theorem 3.2 as can be seen from the proof.

Remark 3.6. From a function space point of view, L2(R) ¢ L?(R, exp(—x?)).
Accordingly, the test statistic I, is applicable even if we are testing m(x) =
g(x,60) where g(x,6p) € L*>(R). To illustrate the point, Example E.1 is given in
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Appendix E. The results show that II, still has stable size and good power in
testing Hy: m(x) = g(x,0), where g(x,6p) is integrable.

However, the establishment of the asymptotic theory for L,, is fundamental, and
the asymptotic theory for I, relies on it. We could not develop the theory for I,
directly without using L, because we do not have a counterpart of Lemma A.5 in
the nonintegrable case. Therefore, if there is no clear information about whether
g(x,60) € L?(R), we suggest I1,, for the practitioner.

The performance of both the proposed tests as well as the related theory will
be evaluated using simulated data in Section 4.

4. FINITE SAMPLE EXPERIMENT

Monte Carlo simulations are conducted in this section to investigate the perfor-
mance of the proposed statistics L, and I1,, in the finite-sample situations. To be in
concert with Assumption A, two circumstances of generating data are considered:

I) Suppose {¢;, j € Z} is a sequence of iid N (0, o?). Lete; = Poer—1 + €, with
ol <1, us =aou;—1+¢€ with lag| < 1 and x; = x,—1+u; withxg = Op(1).

IT) Suppose {(€;,#;), j € Z} is a sequence of iid N(0,0%1). Lete;, = ae, +bny,
uy = aous—1 + € with |ag| < 1 and x; = x;—1 +u; with xg = Op(1).

All the constants in the above will be specified in the following tables. Note
that in the first case if ap = o, e; = uy, this setting reflects the highest possible
dependence; in the second case when a =0, e; = bz, which is independent of any
¢; and hence of u,, there is independence between ¢, and x;.

4.1. Bootstrap Simulation Procedure

A bootstrap schedule is proposed below to generate critical values [} for tests with
0. = 1% and 10%. The number of replications is M = 5, 000 and, for the bootstrap
procedure, M) = 250. Since Case I) involves an AR(1) model, we propose using
a block bootstrap method. A regression bootstrap method is used for Case II).

Step 1. Lete; = y; — g(xy, (’9\), where @ is a consistent estimator of 6y based on the
original sample (x;, y;) under the null hypothesis. Generate e; as follows.

e For Case I) above, generate e by the conventional block bootstrap
method (see, for example, Hall, Horowitz, and Jing (1995)) given
as follows: Estimate Sy by Sy based on ¢; = foe;—1 + €, and then

estimate 62 by 2 = 13" | (& — ﬁo?,_])z.

Let [ = Ln%j and choose integer A such that 1/ = n. Generate
e () =11, ..e (D), ..., ey () = [eo-ni1()s -, e ()]
in step j for N =n —1+ 1. Replicate the resample J = 250 times
and obtain J bootstrap resamples {e};(j): 1 <s <N;1 < j < J}and
then take the average e}, = } jlzl e;;(j) to obtain a block bootstrap
version of e; of the form: (ei‘, . e;‘l) = (ei‘l, e, e;“w).
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e For Case II) above, generate e/ by a regression bootstrap method
(see, for example, Li and Wang (1998)) of the form e} ='¢; 7, with
7, being iid sequence possessing a two-point distribution of the form

P(ti=F(5F1)/2) = (V5£1)/2V5.

Step 2. Generate y; by y;" = g(x;, (/9\) +e/. Use the dateset (x;, y;) to re-estimate
6p and denote by 0* the resulting estimate. Compute L that is a corre-
sponding version of L, with 8 and {(xt,y1), 1 <t < n} being replaced by
9* and {(xs,y]),1 <t < n} in the expression of L,.

Step 3. Repeat the above steps M), times and thereby produce M, versions of L,
signified by L, for £ =1, ..., Mp. Use the M}, values of L, to construct
their empirical bootstrap distribution function. The bootstrap distribution
of &% given W, = {(x1, 1), 1 <1 < n} is defined by P*(2 L% < x) =
P(i—zL;‘l < x|Wh). Let ; be the quantile such that P*(i—zL; >l)=a
and then [} is used to approximate /.

Step 4. Define the size and power functions by

d, . d, i
a=P(-—Ly>l;|Ho) and f=P(—Ln>I51H1 ).

Sample sizes used in the experiments are n = 200,500, and 1,200, respec-
tively. In addition, the truncation parameter is selected by k = [c - n”*] with
k=1/5,1/4.5,1/4, and ¢ = 2.2, respectively. We choose A, (x) = 5nrlxz’ in

which ¢, = %,/klog(n) /+/n. It is clear that we are about to keep both 6, and
A(x) very ‘small’ by choosing an integrable function A(x) = Tlxz and the fast
decaying ¢, such that 5,2,ﬁ /k = Llog(n) diverges slowly. Note that the diver-
gence of 5,2,ﬁ /k is a necessary condition for the proposed test statistics to be
consistent, but we keep it very slow. We shall examine the finite-sample per-
formance of L, and II,, with unknown y and 2. That is, 52 is used in each
experiment in the place of 03, but because y is only involved in x; and we use
the proposed bootstrap procedure to simulate the critical value, i/\ does not show

up in the experiments.

Example 4.1
This example examines L, using two integrable regression functions. The model
for simulation is y; = m(x;) + ¢;.

In situation I), the null hypothesis is Hy: P(m(x;) = IOexp(—Hoxtz)) =1 with
6o = 1; and the alternative is Hy: P(m(x;) = 106xp(—<91xt2) + Ap(xy)) = 1 with
0 =1.

In situation IT), the null hypothesis is Hy: P (m(x;) = (1 +x,2) exp(—@oxtz)) =1
with 6y = 1; and the alternative is Hi: P(m(x;) = (1 + x,z) exp(—@lxtz) +
Ap(xr)) =1 with 6 = 1.

The sizes and power values are reported in Tables 1-4. Tables 1 and 3 contain
all the sizes. It is readily seen that almost all the sizes fluctuate reasonably around
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TABLE 1. Size: m(x) = 10exp(—6px?), 6p = 1

Nominal size 1%

Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4
op=—0.01, po=-0.01
200 0.0160 0.0126 0.0110 0.1222 0.1162 0.1090
500 0.0112 0.0140 0.0120 0.1162 0.1156 0.1046
1,200 0.0110 0.0120 0.0106 0.1006 0.1002 0.0918
ag=0.01, fo=0.05
200 0.0162 0.0130 0.0140 0.1236 0.1176 0.1172
500 0.0136 0.0130 0.0130 0.1122 0.1052 0.1080
1,200 0.0110 0.0098 0.0094 0.1030 0.1050 0.1010

ur =agu_1 +€, e = Poe,—1 +€ and o =0.7.

the given significance levels, although not uniformly so. In Table 3, slightly less
than half of the experiments are undersized, while most in Table 1 are oversized.
Note also that in Table 3, in spite of the independence between e; and x; due
to a = 0, the sizes in the test perform similarly to that of the test with a = 0.2.
Overall, the sizes become stable when the sample size increases.

Tables 2 and 4 cover some important cases. Although the local departure func-
tion A,(x) = 6, A(x) is asymptotically negligible as J, approaches zero, the
power values are very strong. It is clear that in most cases the power increases
as either the sample size or x involved in the truncation parameter increases.

TABLE 2. Power: m(x) = 10exp(—61x2) 4+ A, (x), 6; = 1

Nominal size 1%

Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4
ag=—0.01, po=-0.01
200 0.7810 0.7906 0.8016 0.9040 0.9070 0.9126
500 0.8196 0.8300 0.8410 0.9156 0.9176 0.9210
1,200 0.8544 0.8580 0.8660 0.9328 0.9320 0.9344
09=0.01, pp=0.05
200 0.7840 0.7956 0.8070 0.9030 0.9047 0.9092
500 0.8112 0.8252 0.8326 0.9150 0.9170 0.9220
1,200 0.8528 0.8588 0.8694 0.9318 0.9330 0.9380

ur =agu—1 +€, e = Poe,—1 +€ and o =0.7.
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TABLE 3. Size: m(x) = (1 4+ x%)exp(=6ox?), Oy =1

Nominal size 1% Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4

ag = 0.05, a=0.2, b=0.9

200 0.0146 0.0136 0.0130 0.1092 0.1052 0.1052
500 0.0124 0.0116 0.0118 0.0958 0.0956 0.0958
1,200 0.0110 0.0104 0.0104 0.1022 0.1004 0.1008

09=0.2, a=0, b=1

200 0.0094 0.0090 0.0080 0.1040 0.1058 0.1024
500 0.0114 0.0102 0.0082 0.0950 0.1012 0.0980
1,200 0.0102 0.0098 0.0114 0.0988 0.0992 0.0984

ur = agus—1 +€r, e =aer+bne, (€, 1) ~iiN(0,0212) and o =0.5.

This is because the increase of the sample size or x should bring more terms
of the orthogonal basis into L, and, as can be seen in the proof of Theorem 3.2,
each extra term may make a contribution to the power performance. Meanwhile,
comparing the independent and dependent cases in Table 4, the endogeity does
not attenuate the powers and power is strong and robust throughout.

Example 4.2
This example examines the test I, using two nonintegrable regression functions.
The model for this simulation is y; = m(x;) + e;.

TABLE 4. Power: m(x) = (1 +x2)exp(—01x2) + An(x), 6) =1

Nominal size 1% Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4

ag=0.1, a=0.02, b=-03

200 0.9968 0.9974 0.9978 0.9980 0.9988 0.9990
500 0.9972 0.9972 0.9974 0.9984 0.9992 0.9994
1,200 0.9978 0.9976 0.9986 0.9990 0.9990 0.9996

ap=02, a=0, b=05

200 0.9846 0.9856 0.9858 0.9954 0.9964 0.9958
500 0.9860 0.9868 0.9870 0.9956 0.9958 0.9962
1,200 0.9864 0.9860 0.9872 0.9986 0.9968 0.9968

ur = agui—1 +€r, e =aer+bne, (€, 1) ~iiN(0,azlz) and o =0.5.
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In situation I), the null hypothesis is Hio: P(m(x;) = x> (x; +sin(x;))) = 1
with 0y = 1; and the alternative is Hyy: P(m(x;) = 91x,2(xt +sin(x;)) + Ap(x)) =1
with 0; = 1.

In situation IT), the null hypothesis is Hio: P (m(x;) = 6ox*(2 4 x; +sin(x;))) = 1
with 8y = 1; and the alternative is Hii: P(m(x;) = 61x,2(2 + x; + sin(x;)) +
Ap(xr)) =1 with 6 = 1.

Tables 5 and 7 record the sizes of the test according to the two scenarios of
the data generation, respectively. As can be seen, undersized experiments account
for a larger percentage, especially in Table 7. Note also in Table 7 that, at the 1%

TABLE 5. Size: m(x) = x> (x +sin(x)), 0y = 1

Nominal size 1% Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4

ag=—0.05, py=—0.05

200 0.0068 0.0074 0.0070 0.0824 0.0868 0.0854
500 0.0104 0.0100 0.0094 0.0908 0.0994 0.0920
1,200 0.0100 0.0104 0.0102 0.0994 0.0990 0.0988

ag=—0.01, py=0.04

200 0.0040 0.0044 0.0044 0.0814 0.0818 0.0844
500 0.0084 0.0080 0.0094 0.0898 0.0918 0.0954
1,200 0.0098 0.0106 0.0112 0.1060 0.1046 0.0984

ur =aogu_1 +€, e = Poe,—1 +€,0 =0.6.

TABLE 6. Power: m(x) = fpx?(x 4 sin(x)) + A, (x), 6p = 1

Nominal size 1% Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4

ag=—0.05, py=—0.05

200 0.9174 0.9294 0.9386 0.9562 0.9632 0.9686
500 0.9270 0.9350 0.9496 0.9590 0.9660 0.9730
1,200 0.9474 0.9520 0.9638 0.9756 0.9776 0.9824

ag=—0.01, poy=0.04

200 0.9050 0.9184 0.9324 0.9496 0.9564 0.9626
500 0.9280 0.9388 0.9536 0.9630 0.9694 0.9736
1,200 0.9526 0.9582 0.9650 0.9758 0.9788 0.9840

ur = agus—1 +é€r, e = Poes—1 +é€r, 0 =0.6.
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TABLE 7. Size: m(x) = 6px*(2 4 x +sin(x)), fy = 1
Nominal size 1% Nominal size 10%
n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4
oo =0.01, a =-0.05, b =-0.1
200 0.0058 0.0054 0.0050 0.0968 0.0900 0.0920
500 0.0068 0.0070 0.0060 0.0944 0.0924 0.0972
1,200 0.0104 0.0082 0.0104 0.0980 0.0926 0.0986
ap=0.05, a=0.2, b=09

200 0.0060 0.0052 0.0054 0.0920 0.0872 0.0868
500 0.0070 0.0074 0.0076 0.1062 0.0950 0.0940
1,200 0.0086 0.0078 0.0096 0.1004 0.0970 0.0990

ur =aogu_| +€, e =aer+bn and o =0.8.

level, when x = 1/4.5 the sizes are not close to the significant level even when
n = 1,200. However, almost all the sizes approach the significant level stably as
the sample size increases. Overall, the size performance is satisfactory.

Tables 6 and 8 give all the power values of the experiments. Power values are
still quite strong and robust in this example, in the sense that they are increasing
with the increase of the sample size and x. The reason is the same as in Exam-
ple 4.1. Also, it is noteworthy that in Table 8 there is a clear difference in power
between two experiments, possibly due to the choice of the parameters ag,a
and b, or some other reason.

TABLE 8. Power: m(x) = 0px2(2 + x 4 sin(x)) + A, (x), o = 1

Nominal size 1%

Nominal size 10%

n K= 1/5 1/4.5 1/4 1/5 1/4.5 1/4
ag=0.01, a =-0.05, b=-0.1
200 0.9978 0.9984 0.9988 0.9982 0.9988 0.9990
500 0.9988 0.9990 0.9992 0.9992 0.9990 0.9996
1,200 0.9990 0.9988 0.9990 0.9992 0.9992 0.9996
ap=0.05, a=0.2, b=0.9
200 0.7478 0.7934 0.8172 0.8234 0.8960 0.9014
500 0.8174 0.8260 0.8474 0.8778 0.9052 0.9182
1,200 0.8632 0.8844 0.8928 09114 0.9418 0.9416

ur =aogu_1 + €, e =aer+bn and o =0.8.
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5. CONCLUSIONS

We have proposed two concise and computationally simple tests for parametric
specification of structural time series models with endogeneity and nonstationar-
ity in both cases of integrable and nonintegrable regression functions. Asymptotic
theory for each of the proposed test statistics has been established. Several Monte
Carlo simulation experiments have been used to evaluate the finite-sample perfor-
mance of the proposed tests. Overall, the size and power values are found to be
satisfactory.

There are some possible extensions. One of them is whether the proposed test
is extendable to accommodate the case where x; is a vector of multivariate regres-
sors in a nonparametric multivariate time series case. Our experience suggests that
it may be possible to construct a multivariate series expansion and then a multi-
variate version of the proposed test with corresponding limit theory. Another issue
is how to develop a data-driven method for the choice of the truncated parameter
k such that it is optimal for testing purposes. In the stationary time series case,
Chapter 3 of Gao (2007) shows that one may choose a suitable truncated parame-
ter such that the power function of the test under consideration is maximized while
size is controlled by a significance level. Since such extensions require developing
new techniques, we leave that for future research.
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APPENDIX A: Lemmas

Appendix A presents a few technical lemmas which are crucial for the proofs of the
theorems. Their proofs can be found in Appendix C of the supplemental material.

We shall consider several versions of decomposition for x;. Without loss of generality,
in what follows let xg = 0 almost surely. Observe that, suppressing dy from a; (),

t—1 t t i
Xt = Zaiut—i = ar—juj = Zat—i Z Vi—j€j
i=0 i=1 i=1 j=—00
t t t
= Z Z Wi—jai—j | € 1= Z by, j€j,
Jj=—00 \i=max(1,)) j=—00

t . .
where b; ; = Zi:max(l,j) wi—ja;—; with j <t.
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Let j <t be fixed. Thus we always have
t
xi=byjej+xy5,  withx = > by e, (A1)
{=—00,#]
where obviously x;,; and €; are mutually independent.
Additionally, letting 1 <s < j <t,

t s
XI_XSZE at—i“i_§ ag—jUj = E la;—i —as—ilu; + E ar—jUj

i=s+1
—Z[at i —ag—ilu; + Z ar—j Z Vi—jé€j
i=s+1 j=—00

s t t
:Z[at—i_as—i]“i+ Z € Z ar—iYi—j =+ Z szaz—i'//i—j

i=1 j=—00 i=s+1 j=s+1 =)
= Xy + X5, (A.2)

where Xy = >3 [ai—j —as—iJu; + D3 __ € Z§=s+1 wi—ja;—;. For convenience,

denote x; = x; + Xy which contains all information available up to s. Clearly, x; and
X are mutually independent.
Meanwhile, forany j : s < j <, x;y can be written as

t t

Xts = by j€j +x15)j, with x5/ = Z 652%‘—(- (A3)
(=s+1,#£] i=(

Evidently, x;/;, x; and ¢; are independent of each other whenever s < j <. Moreover,
when ¢ —s is large, d;;' %5 = op(1).

LEMMA A.l. Let d; = (Ex,z)l/z. When t is large, d,2 ~ y? (lao)tzao L for
ag € (1/2,3/2). Let dys = [E(x})1'/2. When t —s is large, d ~

l//2 r2(a ) (t _S)Za() 1

We say that a function £ (x) satisfies a uniform Lipschitz condition if sup, |2 (x 4+ y) —
h(x)| < Cly| for any y and some constant C > 0. It is easily seen that if 4 (x) has a uni-
formly bounded derivative, then it satisfies the uniform Lipschitz condition. In practical
use, we are interested in small |y|, although the inequality still holds.

LEMMA A.2. Suppose that Assumption A holds. Let t and t — s be large.

) dt_lx,, where d; is given by Lemma A.l, has a uniformly bounded density f;(x)
over all t and x satisfying a uniform Lipschitz condition with some constant C > 0
independent of t.

(2) Let j <t. d,_lx,/j, with x;;; given by (A.1), has a uniformly bounded density
ft/j(x) over all t, j and x satisfying a uniform Lipschitz condition with some con-
stant C > 0 independent of t and j.

3) dtzlxts, with xis and dis given by (A.2) and Lemma A.l, respectively, has a uni-
formly bounded density fis(x) over all t,s and x satisfying a uniform Lipschitz
condition with some constant C > 0 independent of t and s.
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4) Letl<s<j<t. d,_slxm/j, where x;5; given by (A.3), has a uniformly bounded
density fi/j(x) over all t, j and s, x satisfying a uniform Lipschitz condition with
some constant C > 0 independent of t,s and j.

LEMMA A.3. Suppose that Assumption A holds. Let j be a fixed positive integer such
that j <t where t is large and let C be a generic constant. For any functions U and
f R R such that flU(w)ldw < oo and Ele; f(€j)] < 00, we have

(1) ELU @) f(ej)] = ELU (x;/))1ELf (€5)] +c,,jd,_2, where ¢; j is such that |c; ;| <
Clb; ;1 J1U(w)|dw. In particular, if Ef(€j) =0, then E[U(x;) f(€j)] = c,,jdt_z;
also, E|U(x,)f(ej)| < Cdt_lElf(ej)lflU(w)|dw, which remains true for
FC) =1, that is, E\U(x,)| < Cd! [ U (w)ldw.

(2) Forany(: j#¢€<t, E[U(x1) f(€j)lec] = E[U(x,/j)lq]E[f(ej)]+dt_211jg, where
nj¢ is a random variable depending on €; such that |nj¢| < C|by j| almost surely.
If ELf(e)] = 0, then ELUxr) f (¢)lec] = i 2nj¢. Also, ENU () £ (€))lle] <
Cdt_1 J1U (w)|dw almost surely.

(3) For1<s <j<tandt—slarge, E{U(x;) f(€j)|Fs]= E[f(e)IELU (x;/)|Fs]+
dtzzfs’j, where |& il < Clby jl JIUx)ldx almost  surely. In addition,
ENU (xr) f ()1 Fs] < Cdt;1 J1U(w)ldw almost surely.

(4) Similarly, letting 1 < s < j # € <t, where t —s is large and let g(x)
be a function such that Elegg(er)| < oo, we have E[U(x1)f(€j)g(ep)|Fs] =
E[f(ej)g(en)IELU (x;/j )1 Fs] +d;?25s,j€’ where x; /¢ is defined as before and
&, je satisfies that |&g jel < C(1by 1+ 1by.¢]) [1U(x)|dx almost surely. Moreover,
we have E|U (x;) f(¢))g(er)l < Cd;™! [ |U (w)ldw.

(5) For t large and e; defined by a linear process in A.3(i) of Assump-
tion A, E[U(x;)es] = q,dt_2 with |q;| < Cf|U(w)|du) and |E[U(x,)etz]| <
cd! [1U(w)ldw.

Corresponding to e; defined by A.3(ii) in Assumption A, the following decomposition

develops a similar version of the preceding lemma in Lemma A.4 below. Observe that, if
t > mg, by (A.2) we have

Xt = X[y + Xt—mo, 15 (A4)
where x; . = z;‘:t—moﬂ by, j€j. Then, by Lemma A.1, E[xt*_mo]2 = O(I)dtz_mo for

large ¢, and it follows similarly from Lemma A.2 that dt__lm Oxt*_m 0

uniformly bounded and satisfying a uniform Lipschitz condition.

has a density f;—m,(w)

Ift—s > myg,
Xt :x: +x;+1’t_m0 +x,_m0,;, (A.5)
. .. . . , .
where xg is defined as before containing all information up to s, x Hlr—mg 18 defined

similarly containing all information on [s + 1,7 —mg], and x;—pm. is the same as before.
. / -1 / .

By virtue of the structure of X5t t—mg? df—S—moxs-l—l,t—mg has a density fy11,/—m,(w)

uniformly bounded and satisfying uniform Lipschitz condition, as ¢ — s is large.
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LEMMA A4. Let ¢; be defined by A.3(ii) in Assumption A. Let U(-) be an
integrable function on R, ie, [|[U(w)ldw < oo, f(-) be a function such that
Elb(ess .. €—moy1) fer)] < oo, where b(et, ..., € _mg41) = Xt—mg,t- Denote by C a
generic constant.

(I) Forlarget, E[U(x;) f(e;)] = E[U(xt*_mo)]E[f(e;)] +dt_—2m0CU’ where xt"‘_m0 is
given by (A4) and cy satisfies |cy| < C [|U(w)ldw almost surely. In particu-
lar, if E[f(e;)] =0, E[U(x;) f(er)] = dt__szCU; meanwhile, |E[U (x;) f (er)]] <

Cd,_ m0E|f(et)| J1U(w)ldw, where C is an absolute constant.
@) For large t —s, EIUG)f(e)Fs] = EUGS + ), IFSIELf (e)] +
75 s with

(651 < CEIb(er . ép—mys 1) f(e0)] / U (1) ldw

almost surely, where x} and )cs+1 t—mg 4T€ defined by (A.5). If E[f(e;)] =0,

E[U(x) fen)|Fsl = d22_,, & otherwise, we have |E[U(x;)f(en)|Fsll <

t—s—my

Cd= o JIU)dwE| f (er)].

t—s—myg

3) For 0 <t —s < mqg where s is large, |E[U(xs)f(er)g(es)ll <

cd! JIU)|dxE| f(er)g(es)| for any function g(-) that satisfies the

s—my
same condition as that for f(-).

Let function sequence {7} (x)} and function .7 (x) be defined as follows:

e L a=x2, if <2,
0

1
T () 1= 212 = Z%Z(") and 7 (x) = if x| > 2
l 0 ’ '

LEMMA A.5. (1) The sequence . (x) converges to 7 (x) for any x € R as k — oo.
Moreover, as k — 0o

/oo | (x) — T (x)|dx — 0. (A.6)

(2) Furthermore, Z'(x)Z(y) = Z %”(x)%ﬂ(y) — d(x —y) as k > oo, where (u)
is the Deric delta function, i.e., 5(u) 0ifu+#0and [S(u)du = 1.

APPENDIX B: Proofs of the Main Results

This appendix gives the full proof of Theorem 3.2, the outlines of the proofs of
Lemma 3.1, Theorems 3.1 and 3.3-3.5. The full proofs of Lemma 3.1 and Theorems 3.1
and 3.3-3.5 are available from Appendix D of the supplemental material.

Outline of the Proof of Theorem 3.1. This proof is mainly for the case where ¢;
is a linear process stipulated by A.3(i) in Assumption A. Due to Lemma A.4, the proof
for the case where ¢; takes a functional form stipulated by A.3(ii) can be shown simi-
larly. Under the hypothesis Hy, y; = g(x;;60p) +e; for all t = 1,...,n. Hence, it is easy
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to rewrite L, = Ly, + Ly, + L3,, where, denoting g(x) := g(x;0y) — g(x;@) for any
real x, L1, = ?:1 2?21 Z(xt) Z(xs)eres, Loy = 22?:1 2?21 Z(x;)/Z(xS)etﬁ(xs)
and L3, = >/ 2201 Z(x1)' Z (x5)g(x1)8(xs).

Note that L, = |3/, Z(x)er || 2. while Loy, is the
inner product of these vectors in Ly, and L3, multiplied by 2. Thus, both Ly, and L3,
are nonnegative, and Cauchy-Schwarz inequality entails |L,,| < 24/L1,L3,.

We first deal with L1,,. Observe that

n t—1

Lm—zzzwzmeset anm)n T2 D Z0a) Z(xs)ese
t=1s=1 t=2s=1
n t—1

=0, Z||Z(x,)||2+2 1ZG)IP (e =) +2 D D" Z(xt) Z(xs)eser
=1 =1 t=2s5=1

_aeLln+Lln+2Lln’

where cr =F et Using the notation in Lemma A.5,
dn ) 2 dn < dn <
— L= Z—nzoc,)n ST = T+ D [Tl = T ()]
=1 =1 =1
It follows from Wang and Phillips (2009a) that, since f T (x)dx =1,
dn < dn ~
2T () =2 > T [@nxnr) > p Lw(1,0).
t=1 t=1
Additionally, ‘i—” Z?:l [Tk (x1) — T (xt)] = p 0. In fact, by Lemmas A.2 and A.5 we have
dn < dn <
2 1T = T ()| < = > ET(xn) = T (o)l
t=1 t=1
d n
=Y [ 190 - 7@l S
" t=1
dy < 1
=y 190 =T W fiw/dnas
t=1
<clis ] [1Am=-7 014
— > — x)— T (x)|dx
o4 dy ‘
= 0(1)/ | T (x) — T (x)|dx — 0.

Hence, n’]é L}, = p Lw(1,0). To complete the proof, it suffices to show that LY , L7,

Ly, and L3, after normalisation are all o p (1). However, in order to save space, the proof of
Z_ZL/I/ =op(1)and d” 2L =op (1) is given in Appendix D of the supplemental material
of the paper, while that for n']é L>, =op(1) and fll—ZL3,, =op(1) is given below.
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We shall prove Z—ZL3,, =op(1) first. As assumed in Assumption B, for any € > 0, there
exists a fixed M > 0 such that P(||§— Ol > cnM) < €. Then, for any 0 > 0,

d, ~ d ~
P (ﬁLan > 5) — P(I—0oll > cuM)+ P (#L&z = .10 —00ll < ch)
d, ~
<e+—=E[L3, (10 =0l < caM)]1,
nko

by virtue of Markov’s inequality and noting that L3, is nonnegative, where I (-) stands for
the conventional indicator function.
Using a Taylor expansion for g(x; §) with respect to § in a neighborhood of 6, we have

- ~ ~ 1 -~ _ ~
8xr) = g(xr3600) — 8 (xr30) =11 (xr36) (o — ) — 5@ —0)'1y(x;0)(00 —0)
where 6 is between g and 8. As a result,

dy ~

—E(|L3a | 1(10 = 6ol < ¢aM))

nk

41 n n , R R =
= EEEEZ(M Z(x)8(x)8(e) (10 — 6ol < ¢uM)

n n

¢1 ’ ’ M ’ M n
= TEDL D Z() Z(x)h (i3 00) (00 = D) (x5300) 60 = )1 (10 = ol < uM)

t=1s=1

dl -~ / / N N/ n N o
=L E DD Z00) Z ) (s 00) G = 0) 0 = )/ (x5 0) (00 — D) T (10 = o | < &a M)
=1 s=1
dn n n ., _ . Iy _ . e
" (00— 0)'1 (i3 0) (0 — 0) (00 — 0) 1 (x5 0) (00 — D) L (18 — Oy | < & M)

t=1s5=1

=T1+T,+T;s, say.
Notice that

dn < / / N / N n
Ti=—E > Z(x) Z(x)l (xi3 00) 00 = D)l (x5 00) (00 = D)1 (10 = 0ll < uM)

t=1s=1
n

d"EZIIZ(Xz)II [ (xe 00) (G0 = D)1 (10 — 0o | < u M)

d n t—1 N N .
+2—E D" Z(x) Z(x) (i3 60) (60 — O)1 (x5 60) (B0 — ) (118 — 6o | < & M)
nk 1=2 s=1
=T11+ T2, say.

Using the Cauchy-Schwarz inequality, || Z(x) ||2 < O(1)k uniformly in x, and the bound-
edness of the densities f;(x) for d; " x;, we have

0< Tyt < M2 EZnh(xt,eo)n <cg? Zd ' [inGsooiPax < cck = o,
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For Ty,, since t > s, the probability of x; = x; is equal to zero, and hence in the calcu-
lation of the expectations in 7o we shall exclude these regions. Usually, such exclusion
does not make any difference, but due to (2) of Lemma A.S5 it really matters this time.
Let fs(x) and f;(y) stand for the densities of dtzlxt s and dg lxs, respectively. Using the
uniform boundedness of f;s(x) and fs(y) over x, y, ¢ and s, and Lemma A.5,

dy n t—1
ITial < €6t 20 > EUZxe) Zes) iy G 00) 1y (s 00) ]
t=2s=1
n t—1
—cay e | 126 ZONI ) W 560
XFy

t=2s=1

< e[| 1 zoiaay=o [[ e zoasay o

since (n /dnk)(n2 < C by Assumption B.
Similarly, again using Assumption B, we have as n — oo

n t—1

0=T =gl EZle(x,,e)n FCGH B 1200 20 (s D2 s D)
t=2s5=1

n t—1

<oy ! [P rona LS S e // 12 ZO () dxdy
t=1

t 2 s=1
<0Gt +o(1)¢Hn/kdy) = 0.

Notice that 71 = op(1) and 73 = op(1) imply 7p = op(1) by the Cauchy-Schwarz
inequality. Hence, it follows that z—iLM — p 0 and then by the Cauchy-Schwarz

inequality it follows that Z—ZLz,, — p 0 as well. This completes the outline of the proof of
Theorem 3.1. |

Proof of Theorem 3.2. We only show the theorem in the case where e; is a linear
process. In view of Lemma A.4, the case where e; takes a functional form stipulated in
A.3(ii) of Assumption A can be shown similarly.

Under H| and Assumption C, we have m(x;) = g(xe;01) + Dn(xr) = glxr;01) +
OnO(xp). Thus, & = y; — g(x130) = e + 0nA(x;) +8(x;), where g(x;) = g(xr301) —
g(xs;0). Write L, = Ly, + Lo, + L3, where

n

Lin =D D" Z(x) Z(xs) (er +0,(x1)) (65 + 0,0 (x)),

t=1 s=1

Lo =233 Z() Z(e) (e + 3 5GB(),  Law = D D Z(x) Z(x)T)Z ().

=1 s=1 t=1 s=1

Given B.3 in Assumption B, in exactly the same way as in the proof of Theorem 3.1,
we can have & L3 = op(1). Also the Cauchy-Schwarz inequality 1mplles that | Lo, | <

2/L,L3,. Hence, to fulfill the proof, it suffices to show that WLM —p 0.
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To begin with,

Lip =03 2> Z(x) Zs) A M) +200 D D" Z(x0) Z(x5) Alxp)es

t=1s=1 t=1s=1

n n
+> D Z(x) Z(xy)eres = Ly, +2L], + L. say.
t=ls=1

From the proof of Theorem 3.1, we have g—ZL’{; —p 62Lw(1,0). Rewrite
L,lln = L/I,nl + L/,nZ + Ll/n3’ where L/I,nl = 0n ;1:1 ”Z(X’)HZA(X’)Q’ L/1/n2 =
on Xy Y Zn) Z(x) Ar)es and LY, 5 = 00 X0 S Z(x) Z(xg) A )es.

Note that %L/{nl =op(1). In fact, by (4) and (5) of Lemma A.3 and the integrability

of Az(x),

dy 2
E (ﬁL/l/nl)

2
d?
5z (ZZ(xt)Z(xt)A(xt)et)

n t—1

;;(zaﬁEZ||Z(xt)||4A2(x,)e?+2 ;;(zéﬁEZZ||Z(xf)||2A(xt)et||Z(xs)||2A(xs)es
t=1 =2 s=1

d? <
< 0(1)n—';a,%ZE[A2(x,)e,2]
t=1
n t—1

+2 zzzéﬁEZZIIZ(xt)ll AGONIZ ) IP A (x) Z b j€j Z -
t=2s5=1 j=—00 (=—00
n t—1 t
<0 +2 ;;czéﬁzz > i Z b5t E[IZCe) P A0 Z (o) I1P A (e e ]
1=2 s=1 j=s+1 {=—
n t—1 K
2k2 ,,ZZ > b Z bs—t E[IZG) P A Z (o) 1P A Gy )ej e
t=2s=1 j=—00 £=—00
n t—1 s
=0(1)s; S0 > > dy Z bimj D bt E[GIZ ()P A x)e]
=2 s=1 j=s+1 {=—00
n t—1 K
2',125522 > b Z b5 E[IZG) 17201 Z () IP A (xy ejee],
t=2 s=1 j=—00 {=—00

where for j > s, due to E¢; =0, E[||Z(xt)||2A(xt)ej|]-'s] = d,;zfs and |&| <

oM [1Z&)I*IA@)Idx < Ok as. and therefore |E[&IZ(xs)|>A(xs)er]l <

O(I)d_lk2 by (2) of Lemma A.3. As a result, the second term in abso-

lute value is bounded by 0(1) 522 Ly Y dds = 0(n~0t1 282 = o(1).
Meanwhile, we simply use (2) and (4) of Lemma A 3 to show that

https://doi.org/10.1017/50266466617000238 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000238

SPECIFICATION TESTING DRIVEN BY ORTHOGONAL SERIES 783

|E[IZGDIIPAG)IZ () 122 0x)ejec]|
< o(yd;! / IZ() 1214 (x)ldxd; ! / IZ)IPIA@)Idx < Oy, dy k2,

no matter where ¢; and e, are located. This, together with ZS-:_OO l$r—jl < O)

(t— s)_3’0"'1 and yo > 3/2 by A.3(1) of Assumption A, ensures the last term to be
infinitesimal.
Note also that

dn my t—1 n t—1
nk 1n2 (5 ZZZ(XI) Z(x5)A(xp)es + Zan Z ZZ(X:)/Z(XS)A(XZ)es,
=2 s=1 t=mp+1s=1

where the first term is o p (1), given a certain condition on m,, . In effect,

d my t—1 my t—1
0 D D EIZ() Z(x) Ax)es| < 0(1)—5HZZE|eS| = 0(1>—anm =o(1)
t=2s=1 t=2s=1

as long as —mn O(1). Due to this reason, we only consider the case of t > my,;:

2
dn n t—1
E (gﬁn Z ZZ(X[),Z(XS)A()C;)ES)

t=mp+1s=1

t=mp+1s=1

2
n t—1
zkz E|l 2 ZZ(xo’Z(xs)A(x,)es)

2

n t—1
2;:2 n Z (ZZ(XI)/Z(XS)A()C[)ES)

t=mp+1 \s=1
d n -1 n—1 n-1
F2FERE DL D2 2D DL DL Z ) Z(n) Al e,
t=mu+2s1=1 ty=mu+1sy=1
d2 ‘
= T50E 2 Z (Z() Z(x) An)es)
t=my+1s=1

n t—1s1—1

2,(2 GE D D Z00) 2y ) Z(0) Z () A7 () )eg, e

t=mp+1s1=250=1

n n—1 n-1
+2 22255 DD D2 Z i) D) Z () Z (6, Dy ey s,
t1=muy+2tr=m,+1s3=1

d n n—1 n-1

2SE DL D D20 ) Z0) M) Z () Z (k) Ay e

t1=muy+3tr=m,+2 s=1

=1 n—ls—1

2,(2 & E Z D DD 20 Zxs) ) (i) es Z(xy) Z (x) Ay e,

t1=mp+3tr=mp+2s1=2s52=1

5
=>.T
i=l
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Observe that, given Fg and t — s large, d,_slx; s has a uniformly bounded density f;s(x),

and hence
d2 n t—1
I = z’;z D DL EIEZ) Z(x) M) 1 Fles)
t=mu+1s=1
n t—1
= 2 20 2, 2 dis [/(Z(X)’Z(xs)ﬁ(x))zdxeg]
k t=m,+1s=1

<o) 22253 > Zd,s E[I1Z(x)l%e]]

t=mu+1s=1

<0(1) 2" &> Zd;lds—l/nzu)nzdx:0(1)%5,2;0(1),

t=m,+1s=1

by the orthogonality of the basis and (5) of Lemma A.3.
Ignoring the unimportant constants in each 7; in the following computation, we have

n t—1 s1—1

d?

=5 0E DD D Z() 2 ) Z () Z () A2 (1) e, e,
t=m,+1s1=2s5=1
n =1 s51—1
zkz GE D D> Z0a) Z () Z (1) Zx) A% (x1) Z b j€j Z -
t=m,+1s1=2s5=1 j=—00 {=—00
n t—1 s1—1
27{25,3 DD 2 2 ) Z () Z () A7 (x1) Z b1 j€j Z -
t=mu+1s1=2s5=1 Jj=s2+1 {=—00

n t—1 s1—1

2»;{25,3 D DD 2 2 Z () Z () AP () Z b1 j€j Z -

t=m,+1s1=25=1 j=—00 {=—00

n t—1s1—1 51

2}12 DL DD D b Z bor— E[Z(xt) Z x5 ) Z(x1)' Z (35,) 1 (3 )€ € |

t=my+1s1=25=1j=s+1 {=—00
n t—1s1—1 s
22263 _%mz_z;,;f" ];j\z CE[Z(0) Z(x5))Z(x0) Z(x5,) A% (x1)é €|
=101+ T

Note that for ¢ > 51 > s any two of the time series x;, x5, and x5, cannot be com-
pletely identical with probability one. In the calculation of the expectations in 75 and T»5,
we therefore exclude these regions. Given Fy,, d,_Sl1 Xts; has a uniformly bounded density
frs; (x). Whence, in 751,

E[Z(x¢) Z(x5)) Z(x1)' Z(x55) A2 (x1)| Fy, ]

=i} [ 267 200026 205) 5700 i (x;zxs' )dx'

51
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Then, E[Z(X) Z(XSI)Z(X) Z(xsz)A (X) ftsl ( t: )5]|]:Sz] - dslszfsz(x) for any x

by (4) of Lemma A3, where |&,(x)| < O(1) [, 1Z(x) Z(1) Z(x)/ Z(x5,)| A2 (x)dy.
Thus, (2) of Lemma A.3 gives

n =1 si—1 51 52
T | = 2;{2(),% DD D bani D ba—tEIZ() Z(xs)) Z(x1) Z(xiy) A7 (x1)€j €]
t=mp+1s1=2s57=1j=s7+1 {=—00
n t—1s1—1 51
2}:2 n DL 2 2 didyl D b Z bsy— Z/E[fsz(x)ffldx
t=mp+1s1=2s50=1 Jj=s+1 {=—00

n t—1s1—1

<o 2k2 DD D D dididdy! / // P00 20020 2183 dxdyaz

t=mp+1s1=2s50=1

= o) 2;265 [ 2w oz zeis o
Xy

=0 [f[ | 120z zey 2o dsavaz =0,

where the triple integral is o(1) as n — 0o by (2) of Lemma A.5.

Simply, an application of (2) of Lemma A.3 establishes that 75, is smaller than 75
in absolute value since Zs-z:_oo s —j1 < O (s —s2)~ 70t and yo > 3/2. T3 can be
calculated similarly to 75 because the only difference between them is that A(x,)2 in 7, is
replaced by A(xs,)A(xy,) in 73. Obviously, the replacement does not affect the calculation
of the expectation.

Regarding to 7y, by virtue of the conditional densities for d; 112 (x7, — x1,) given Fp,,
dt;sl (x7, —x5) given Fys and making use of (6) of Lemma A.3 for the remaining expectation,
we have

n—1 n-1

|Ta| = 2’;{252 Z DD Z0) Z(x) A ) Z(x1y) Z () Ay Ve

=mp+3tr=m,+2 s=1

n—1 n-1

<0(1) dy 52 Z > > diadyldl

ty=mp+3tr=m,+2 s=1

y / / 1Z(x)' Z(2) D) Z(3) Z(2) A(y)dxdydz
2
~o() 2’,;253, n=30+9/2 / dz ( / |Z(x)’Z(z)A(x)|dx)

1
< O(I)k_zéf%"_(j“+3/2/dz/|Z(x)’Z(z)|2dx/|A(x)|2dx: 0(1)%6,%n_‘5“+3/2,

in view of the Cauchy-Schwartz inequality. Lastly,

=1 n—1s-1
d 1—1 n=ls

5 OnE Z D DD Z ) Zs ) Dy ey Z (i) Z () Ay,

t1=muy+3tr=m,+2s=2sy=1

Ts =

n—1 t—ls—1

2k2 OE Z D DD 70 Z (s ) A ) Z(xy) Z () Ay )

t1=muy+3tr=m,+2s;=2sy=1
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S1 52
X Z ¢S1—j€j Z ¢52—(’€(’

j=—00 {=—00

1—1 Hh—1s;—1 S1

:2k2n Z > ZZZ¢51JZ¢S2Z’

ty=my+3tr=m,+2s1=2s50=1j=s2+1 {=—00

X E[Z(xtl)/Z(-xsl)A(xtl)Z(xtz)lz(-xSQ)A(xtz)ejef]

1—1 Hh—1s1—1 52
—r )ID D DI I JE
ty=muy+3tr=my+2s;=25=1j=—00 {=—00

X E[Z(xtl)/Z(-xsl)A(xtl)Z(xtz)lz(-xSQ)A(xtz)ejef] = TSI + T52-

Let fr1,(w) and fr,s, (x) stand for the conditional densities of dy,; tlz (x7, — x1,) given
Fitys dt;sll (x7, —x5,) given Fy,, respectively. To deal with 751, we use (4) of Lemma A.3
to show
E[Z(th ),Z(XS1 )A(th )Z(xtz)/Z(XSQ)A(xtz)fjff]

._axdgg/z#xE[zmyzuh)gwnzuyzunyum

w—x xX—x
X ftltz( drr )ftzs] ( 4 SS1 )ejegi| dwdx
12 251
1 =1 ,—
= dtlfzdtzsl dslsz El¢s €],

due to E¢;j = 0, where sy satisfies s, | <
fffw;éx#y |Z(w) Z(y) A(w) Z(x) Z(xs,) A(x)|dwdxdy, a.s. by the proof of Lemma A.2
in the online supplementary material.

Since ffw#y |Z(w) Z(y)A(w)|dwdy = o(1) as n — co by (2) of Lemma A.5, using (2)
of Lemma A.3, we have

|Eéyecll < / / /w o, I 20150120 Z0) Wby
—1 / /
< 0(1)dsz ////wix#w&z |Z(w) Z()A(w)Z(x) Z(2) A(x)|dwdxdydz

— o(hd; ( // 1Z(w) Z(y)A<w)|dwdy) — o)y,
wy

Therefore, we obtain

t1—1 tHh—1s1—1

|T51] < 0(1)_52 Z Z Z Z dt?tlzdtzsldslszd_

ti=mu+3tr=my+2s1=2s52=1

:00) n3/2=0052 = mn(w@ﬁz

Because of ZS2=_OO [$s,—j1 = O(1)(sy —s2)_70+1, yo > 3/2 and a routine deriva-

tion, it is easy to obtain |75, | = o(l)%(n/d,,)é,z, in view of the proof for |75 |. This gives
|75 = 0(1) £ (n/dy)o7.
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From the above derivations and noting 741 = O (1) 1 (n/d,,)(S2 it follows that 2 L’l’n2 =

Op((n/dy )1/2k 1/25,,) Similar calculation yields the same result for dn L” . Therefore,
LY, = 0p((n/dn)' k71 125,).
We then have as n — oo

dp , d,,
L= Zzzm) Z(x5) D) A (xs)
t 1s=1
5 4 & k—1 52d k=1 [ n 2
praD 3P IPIEACHEACOICAEO el B DI ACAZICD
t=1s=1i=0 n i=0 \r=1
52n k=l d ’ ?
= ”Z%mmm) zd— Z L () A) | —p oo
=0 =1 o

2
because (‘i—” DI A (x,)A(x;)) —p ([ A, () Ax)dxLy(1, 0))2 by the continuous

mapping theorem and 5,2,n /(dpk) — oo by Assumption C, where i > 0 is the first inte-
ger such that [ Hi, (x)A(x)dx # 0. Obviously, such i does exist, otherwise for any i,
[ 54 (x)A(x)dx = 0 so that A(x) is orthogonal with every % (x) in Hilbert space Lz(R).
This amounts to saying that A(x) is a zero function. This completes the proof. |

Proof of Lemma 3.1. It follows from Hualde and Robinson (2011) that / is consistent,
» — p po- Meanwhile, the series ZOC—)() w; (p) converges uniformly in p because of A.2(i)
in Assumptlon A and the compactness of =. The uniform convergence gives the continuity
of y in p. Hence z// — p ¥ and dn /dn — p 1 by the continuous mapping theorem.

Next, to prove ae —p 062, note that under the null, &; = ¢; + g(x;) where g(x;) :=
g(xr,00) — g(x:.0). Thus,

=2 e+ = Ze - Z (x)+2+ Ze,g(xf)
t=1

To begin with, we shall show that % ;Z 1et2 —>p cr . First, suppose e; is stipulated

in A.3(i) of Assumption A. The assertion holds due to Theorem 3.7 of Phillips and Solo
(1992).

Second, let e; = @ (€r,...»€—mg415Mt>--+>Nr—m;+1) being stipulated in A.3(ii) of
Assumption A. Let m = max(mg,m1). Notice that whenever |t — s| > m, ¢; and e; are
independent. Hence,

2
1 & n t—1
E ;Zetz—aez 2Z:E(e,—ae) +2 EZZ(e,—ae)(es—ae)
t=1 t=2s5=1
n t—1

_—Var(el)+2 E Z Z (e,2 062)(6%—%2)

t=m+1s=t—m

1
< o(l)+2—nmVar(e}) =o(1).
n
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To fulfill the proof, it suffices to show that %Z;’Zl 22(xs) = op(1). However, this is
similar to and easier than Z—ZL3,, = o0p (1) in the proof of Theorem 3.1 and we therefore
omit it. Consequently, the last term % Z?:l e;g(x;) = op(1). The assertion is proved.

Finally, since the assertion that ‘;11—” Z?:l %”02 (x) = Lw(1,0) = op(1) is the conse-

quence of equation (2.7) in Theorem 2.1 of Wang andAPhillips (2009a, p. 716) and
Lemma 2.3(b) Park and Phillips (1999, p. 271), we have Ly (1,0) — Ly (1,0) = p 0 as
n—ooduetod,/d, —>pl. |

Proof of Theorem 3.3. This is obviously due to Lemma 3.1, Theorems 3.1 and 3.2. W

Proof of Theorem 3.4. The proof for the first part is almost the same as that of
Theorem 3.1 except that

dy ~ dy <~
e 2 NZE0 0% () =~ D7 Tiw)o? ()
t=1 t=1

=S 7 9%
n

t=1

d n
+ 2SI = T @) > [ TP WdxLy (1.0
t=1
by Lemma A.5 and Wang and Phillips (2009a). Thus, the limit is different from that of
Theorem 3.1.
For the second part, the consistency follows exactly the same as for Theorem 3.2, as

A(x)e_xz/ 2 plays exactly the role of A(x) in the integrable case. Indeed, recall that

n n
My =" Z(xt) Z(xs)eres,
t=1s=1
where &, :=21¢ (x;) = (yr — 8(x130))p (x1). R R
Observe that under Hjp in the paper, e; = yr — g(xs;60) = er + g(x¢,01) — g(x¢,0) +
Ap(xr). We then write T, = >0 D0 Z(xy) Z(xs)p (xr)p (x5)eres as 11, = Iy, +
Iy, + I13,,, where

M= > Z(x) Z(xs)p (x0)p (x5) (er + Ln (x0)) e + L (x5)),

t=1s=1

Moy = 2 > Z(xt) Z(xs)p (x1)p (x5)8(x1) 8 (xs).

t=1s=1

n n
M3, =2 > Z(x) Z(xs)p (x0)p (x5) (er + Ln (x0) 3 (x5),
t=1s=1
where we denote 2(x;) := g(x;,0;) — g(xz,0).
Following exactly the same arguments as in the proof of Theorem 3.2 in the current
paper, we may show

d d
— Ty, =op(l) and —-T3, =o0p(1)
nk nk

asn — oQ.
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Further write ITy, = 1}, 4+ 17, +I1}7 where

1_Illn = Z Z Z(xt)/z(xs)(ﬂ(xt)(ﬂ(xS)An(xt)An(xs),

t=1s=1

Y, = > Z(a) Z(o)p (g (xs)eses.

t=1s=1

Y, =273 Z(x) Z(xs)o () (s )er An (xs).

t=1s=1

Notice that

d n n
W, =20 D> Z0a) Z(xs)g (e (x5) A (x1) B (x5)
t=1s=1
52d n n k-1
n

T2 D 2 A A )9 (x)p () A () A (%)

t=1s=1i=0

2
k—1 n
92n dn
= Uk - TZ,%?()C,W(X,)A(X,)
i=0 t=1
2
52 n

L" dn Z o (09 () A (x)

&.

where ig : 0 < ip < k—1 such that [ % %, ()@ (x)A(x)dx # 0. For the same reason as in
Theorem 3.2, such i does exist.

Moreover, -2 Zt 176G, et )o () A () %D Lp(1,0) [ 4 7o (D)@ (x)A(x)dx by Wang
and Phillips (2009a) giving %11, = 0p (3 - k).
Meanwhile, nk LIy, = 0p(1) and d” L)) = Op (6, (n/dnk)1/2) using the same argu-

ments as in Theorem 3.2 again. Hence, % 1y, = 0p (2%2) — p 0o by Assumption C.
This completes the proof of the second part.

Furthermore, it is clear from Lemma 3.1 that when 2,, and o, are used in the place of d,
and o, respectively, the feasible versions of the limits hold. |
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