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Magneto-thermo-elastic plane waves
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Abstract. The combined effects of uniform thermal and magnetic fields on the propa-
gation of plane waves in a homogeneous, initially unstressed, electrically conducting
elastic medium have been investigated.

When the magnetic field is parallel to the direction of wave propagation, the com-
pression wave is purely thermo-elastic and the shear wave is purely magneto-elastic
in nature. For a transverse magnetic field, the shear waves remain elastic whereas the
compression wave assumes magneto-thermo-elastic character due to the coupling of
all the three fields—mechanical, magnetic and thermal. In the general case, the waves
polarized in the plane of the direction of wave propagation and the magnetic field
are not only coupled but are also influenced by the thermal field, once again exhibiting
the coupling of the three fields. The shear wave polarized transverse to the plane retains
its magneto-elastic character.

Notation.

= primary magnetic field components,
= induced magnetic field components,
initial thermal field,

induced thermal field,

compression wave velocity.

shear wave velocity,

displacement components,

specific heat at constant volume,
thermal conductivity,

magnetic diffusivity,

= magnetic permeability,

, i = Lamé’s constants,

= ratio of coefficient of volume expansion to isothermal compressibility.
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1. Introduction. The propagation of plane waves in magneto-elastics was first
considered by Knopoff ((3)). He showed that uncoupled waves, which are plane polar-
ized waves whose polarizations are unaltered by propagation through the magnetic
field, can arise in two ways: either from the propagation of shear waves polarized trans-
verse to the magnetic field or from the propagation of compression waves through a
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transverse magnetic field. He found that if the magnetic induction is cut by the waves
at an angle ¢ (0 < ¢ < ), then the compression wave and the shear wave polarized
in the (z,y)-plane, formed by the direction of wave propagation and the magnetic
field, will be coupled.

Paria ((4)) considered the propagation of plane elastic waves under the influence of a
uniform thermal field and a transverse magnetic field. Willson ((6)) improved on this
result by introducing a component of the magnetic field parallel to the direction of
propagation. Both of them restricted their analysis by assuming that the field oscil-
lations normal to the (x, ¥)-plane would vanish.

The energy equation, in which the term corresponding to joule heating is neglected,
connects only the mechanical and thermal fields and that through the dilatation term.
Since shear waves are characterized by the vanishing of the dilatation term, we may
expect the possibility of propagating uncoupled shear waves polarized transverse to
the (z,y)-plane, unaffected by the presence of the thermal field. This has led us to
reinvestigate the problem of plane wave propagation in the presence of uniform
thermal and magnetic fields and for different orientations of the magnetic field.

We have found that if the magnetic field is aligned along the direction of wave propa-
gation, there will arise two types of uncoupled waves: (a) a thermo-elastic compression
wave unaffected by the presence of magnetic field; and (b) a magneto-elastic shear
wave unaffected by the thermal field. In the case of transverse magnetic field, we have
uncoupled shear waves, which are purely elastic in nature, and magneto-thermo-elastic
compression waves. When the magnetic field is inclined at an angle ¢ (0 < ¢ < 4),
the shear wave polarized in the (z, y)-plane and the compression wave will be coupled,
whereas the shear wave polarized transverse to the plane remains uncoupled and
purely magneto-elastic.

2. Egquation for phase velocity. The equations governing the propagation of small
disturbances in a homogeneous, electrically conducting elastic medium at rest,
initially unstressed and maintained at a uniform temperature, in the presence of a
uniform external magnetic field are (see (5))

eh,
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with repeated suffixes indicating summation over the space coordinates.

We choose the direction of wave propagation for z-axis and the primary magnetic
field to have components (H cos ¢, Hsing, 0), ¢ being the angle at which the wave
crosses the magnetic field. The field components u;, ; and 6 are assumed to be pro-
portional to exp i(yx — wt).
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Under these assumptions equations (2-1) to (2-4) assume the form

hy =0, (2-5)

YwH sin ¢u, — ywH cos ¢u,+ (7Y% —iw) by = 0, (2-6)
ywH cos dus — (72 —iw) by = 0, 2:7)

{(A+2p) Y2 — pw?} u, + 0y O +ip,'yH sin ¢phy= 0, (2-8)
(uy?— pw?) uy—ip, vH cos ¢ph, = 0, (2-9)

(wy?— pw?)ug—tp,yH cos g by = 0, (2-10)

PLyywu, + (by? —ipc,w) 6 = 0. (2-11)

The z-component of the equation (2-2) is identically satisfied in view of (2-5).
Equations (2:6) to (2-11) can be separated into two independent systems, one for
the unknowns u,, u,, b, and the other for u; and A4

o i BT . He
At 2y =P~ e 0 ipeyHsing | fu
0 pr—pet  —ipyHeos ||, | =" 1)
ywH sin ¢ —ywH cos ¢ 7y:—iw h,
ywH cos ¢ 1w — §y? us| )
[/472—100)2 — i,y H cos ¢] [ha] =0 (2:13)

The first row of the matrix equation (2-12) is obtained by eliminating & from the equa-
tions (2:8) and (2-11). The equation (2-5) implies that the magnetic field oscillations
remain transverse to the direction of wave propagation for all inclinations ¢ of the
magnetic field.

We introduce the following terms having the dimensions of a velocity:

3 3 3 3
o= (551 s= () n=n(5). n-5(2).
P p p p\¢,

b4
V=2 V-wit - (2)
C and 8 are the velocities of compression and shear waves, respectively, in the absence
of thermal and magnetic fields. ¥, is the Alfvén velocity and V, the phase velocity.
V, is the velocity of propagation of electrical eddy currents at the frequency w. In
analogy with this we can call V, the velocity of propagation of ‘thermal eddy currents’.
V; is characteristic of the thermal field and the thermal properties of the medium.
The condition that the two matrix equations (2-12) and (2-13) may be individually
consistent gives the following two equations for the phase velocities

{(V2—C2) (V24+iV2) = V& V2 (V2= 82) (V2+iVE) — (V2= 82) (V2+iV2) VE V2sinZ ¢
~ V2V cost ¢{(VE—C2) (V2+iV2)— V% V23 = 0, (214)
(V2—82) (V2 +4iV2) — V*Vicostd =0. (2-15)

https://doi.org/10.1017/50305004100039335 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100039335

942 C. M. PURUSHOTHAMA

The equation (2-14) for the phase velocity is, but for the notation, the same as that
obtained by Willson ((6)). ¥, = 0 reduces it to that derived by Knopoff ((3)).

3. Uncoupled waves. From the equations (2-12) and (2-13), we observe that un-
coupled waves can arise in two ways: (¢) from the propagation of shear waves polarized
normal to the magnetic field, and (b) from the propagation of compression waves
through a magnetic field aligned along either the z or y coordinate axis.

When the magnetic induction is parallel to the direction of wave propagation, the
equations for phase velocity reduce to

(VE-C%)(V2+4iVE)~ VEVE = 0, (3-1)
(V2= 82) (V2+iV%)— V2VE = 0. (3-2)

Referring back to the matrix equations (2-12) and (2-13), we notice that the equation
(3-1) gives the phase velocity of compression wave which is purely thermo-elastic in
nature and the equation (3-2) gives that of shear wave which is magneto-elastic.
Equations (3-1) and (3-2) have been separately treated in their non-dimensional form
by Chadwick ((2)) and by the author ((5)), respectively, for ranges of small wavelengths
and of small frequencies.

When the magnetic induction is transverse, the shear waves remain purely elastic
unaffected by the presence of thermal and magnetic fields. But the compression wave
is influenced by both the fields and its phase velocity is given by the equation

VR 7

2__ (12 __ — =
V-C-mmm o %

(3-3)

which gives three different modes of propagation.

For solids S is of the order 108, whereas ¥V, (for 7, moderately below 100 °C) is of the
order 10% and ¥}, is of the order of the magnetic field. Hence, under normal laboratory
conditions, it is a reasonable approximation to assume

Ve <82 <102, Vi <82<ice

Under these assumptions, the three roots of the equations (3-3) are

1 V3 1 75
L ~ it h - T .
ri ~0{1+202+Wg+202+wz}’ (34)
, 1V
V%‘ ~ ’L% Ve{1—§ C'_z—i-?i—VE}’ (35)
. 1 V3

The first mode corresponds to perturbed elastic wave motion and the second and third
modes are perturbations of the electrical and thermal eddy current waves.
When 0 < ¢ < 47, the only uncoupled wave is the shear wave polarized normal
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to the magnetic field, whose phase velocity is given by the equation (2-15). Under the
usual assumptions, the two modes of propagation are given by

1 V3 cos? ¢
S v ___h *
16 NS{1+2SZ+W§}’ (3-7)
3 1 V% cos2¢
S~ 38 o A7 ¥ .
VSad Ve{l 282”1/3}, (3-8)

so that the general motion comprises of a perturbed shear elastic mode and a perturbed
and attenuated eddy current.

4. Coupled waves. When the magnetic field is not parallel to any of the coordinate
axes, the longitudinal and transverse field oscillations in the (z, y)-plane are coupled,
implying that they have no independent existence. In this case, the phase velocity
satisfies the equation (2-14). With the usual assumptions made in the case of weak
magnetic fields and moderate thermal fields, the four modes of propagation are given

" rewofii Bt 1 T )
V§ ~ {1+%§%} (4-2)
Vg ~ad Ve{l —% Vi Ozfgi’i%fifﬁﬁf%wi (4:3)
V§{ ~ z‘ﬂ{,{l—%a%,g}. (4-4)

Thus, in addition to three modes similar to those given in (3-4)-(3-6) for the un-
coupled case ¢ = 47, we have one more mode of propagation which is a perturbed shear
elastic wave motion. The motion which in the field-free case would be purely transverse
and propagating with the velocity S is now a mixed wave of four velocities; one is close
to the velocity of compression wave, the second one is close to that of shear wave and
the other two are of attenuated waves. Similarly, in the case of motion which will be
longitudinal in the field-free case. If, initially, a pure plane-polarized wave, of either
longitudinal type or shear type is produced at some coordinate x, then as this wave
propagates, the components of motion which are absent at x are induced. The remaining
component of the displacement will also be generated.

If the magnetic field is very strong (of the order 108 Oe) then ¥, can be assumed to
be very large compared to C, 8 and V. Then the roots of the equation (2-14) will be
modified to

O\ ~ V2 4 (2sin? 20082 —iV2+ V2 sin2 b — iV Vicosid .

(VYP = Vi+C?%sin?¢ +82cos?p—iVZ+ Vsin2¢ Coost 4 st g +iVE’ (4:5)
. V% cos? ¢

C\2 v (2 cos 2 qin2 T .

(VE)? = (C?cos® ¢+ S2sin ¢){1+02cos2¢+82sin2¢+’iV§}’ (4-6)
. V% cos2 ¢

C\2 ~ _ 2 —_ iy .

(V)" ~ tV“{l Czcosz¢+82sin2¢+iV3}’ (#7)

the fourth being of the order of 1/ V3. The first mode propagates with almost the Alfvén
velocity, the influence of the thermal field being negligible. The second mode, which, in
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the absence of the thermal field, propagates at a velocity in between those of the shear
and compression elastic waves, is influenced by the presence of thermal field.

5. Conclusions. The introduction of an initially uniform thermal field has varied
effects on the propagation of magneto-elastic waves. In the case of coupled waves,
which occur when a longitudinal wave or transverse wave polarized in the plane
formed by the direction of wave propagation and the magnetic field is propagated,
the effect is not only to perturb the modes of propagation given by Knopoff, but also
to introduce another attenuated mode which, in analogy with electrical eddy current
wave, can be called thermal eddy current wave.

It is to be noted that for most of the metals the temperature coefficient of sound
velocity is of the order of several hundred parts per million per degree Kelvin, whereas
the application of a 10 kOe magnetic field may change the sound velocity by only a
few parts in a million. Therefore, in the case of weak magnetic fields, the thermal field
may influence the wave propagation more than the magnetic field and this influence
is, in the first approximation, confined only to that mode which corresponds to per-
turbed compressional elastic waves.

In the case of strong magnetic fields, the modified elastic wave, whose velocity lies
between those of shear and compressional elastic waves, will move faster than it
would, in the absence of thermal field. This change in the velocity will not be more than
a few parts in a thousand.

It may be mentioned here that Alersand Fleury ((1)) conducted experiments to study
the effects of magnetic fields in the range of 10 to 20 kOe on the velocity of sound in
single crystals of Cu, Ag, Al, Ta and V using a 10 Mc/sec ultrasonic pulse technique and
found that the results in majority of the cases (for metals of high conductivity) were
in excellent agreement with the theoretical prediction of the dependence of the velo-
city on the applied field and the angle between the propagation direction and the
applied field. In the case of very strong fields also, perhaps by using similar techniques
it will be possible to verify experimentally the approximate formulation given in
equation (4-6).
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text of the paper. He also acknowledges with thanks the financial help received from
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