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Abstract. On semiflows on Banach manifolds, Quandt (1988 and 1989) stated that some
special semiflows were inverse limit stable. However, the concepts and proofs used to
show inverse limit stability of semiflows are rough and ambiguous. We consider semiflows
on finite-dimensional compact manifolds or on finite-dimensional compact non-singular
branched manifolds. In this paper we show that more special semiflows are inverse limit
stable. That is, Anosov semiflows are inverse limit stable.

1. Introduction
For diffeomorphisms (respectively flows) ofclosed manifolds, the theory of structural
stability has been established. For a geometric study of evolution equations, Quandt
[15, 16] outlineda corresponding theory for endomorphisms (respectively semiflows) of
Banach manifolds(or Banach spaces). To extend the stability theory from diffeomorphisms
(respectively flows) to endomorphisms (respectively semiflows) structural stability was
generalized to inverse limit stability [10, 13]. Inverse limit stability does not guarantee
preservation of the topological dynamics. However inverse limit stability gives the one-to-
one correspondence between all global solutions for any two semiflows near the original
semiflow. On semiflows on Banach manifolds, Quandt [16] stated that some special
semiflows were inverse limit stable. However, the concept and the proof used to show
inverse limit stability of semiflows are rough and ambiguous. In order to give a rigorous
proof we consider an appropriate setting in this paper. So we consider semiflows onfinite-
dimensionalsmooth manifolds without boundary or on finite-dimensional compact smooth
non-singular branched manifolds without boundary. We call a finite-dimensionalcompact
(respectivelynon-compact) smooth manifold without boundary aclosed (respectively
open) manifold. Non-singular branched manifolds were introduced by Williams [20]. By
a non-singular branched n-dimensional manifoldof classCk we mean a metrizable space
K together with:
(i) a collection{Ui} of closed subsets ofK;
(ii) for eachUi a finite collection{Dij } of closed subsets ofUi ;
(iii) for eachi, a mapπi : Ui → Dn

i , Dn
i a closedn-disk of classCk in Rn;
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subject to the following axioms:
(a) ∪jDij = Ui and∪i Int Ui = K;
(b) πi |Dij is a homeomorphism ontoDn

i ;
(c) there is a cocycle of diffeomorphisms{αi′i} of classCk such thatπi′ = αi′i ◦πi when

defined. The domain ofαi′i is πi(Ui ∩ Ui′).
To show the existence of Anosov semiflows which are not flows, we construct a finite-

dimensional compact smooth non-singular branched manifold without boundary. In this
paper we prove the following theorem.

THEOREM4.3. LetM be either a closed manifold or a finite-dimensional compact smooth
non-singular branched manifold without boundary. Then Anosov semiflows onM are C1

inverse limit stable inSem1
S(M).

The content of this paper is as follows. In §2 we give some definitions and fundamental
properties for semiflows and inverse limit conjugacy. In §3 we prove the inverse limit
conjugacy theorem. In §4 we give the definition of Anosov semiflow and its motivation.
Moreover, we prove Theorem 4.3. §5 contains an example of an Anosov semiflow which
is not a flow.

2. Preliminaries
Let M be a finite-dimensional smooth connected boundaryless (non-singular branched)
manifold with a Riemannian metric. Letd be a metric onM induced by its Riemannian
metric. A Cr semiflowF(t) on M, r ≥ 1, is a one-parameter family ofCr maps
{F(t) : M → M | t ≥ 0} such that:
(1) F(s + t) = F(s)F (t) for all s, t ≥ 0;
(2) F(0) is the identity map ofM;
(3) F(·)(x) : [0,∞)→ M is continuous for everyx ∈ M.

We shall sometimes use the notationF(t, x) = F(t)(x) for (t, x) ∈ [0,+∞) × M.
Semr (M) denotes the class of allCr semiflows onM, r ≥ 0, with the metricdr , where

dr(F (t),G(t))=sup{d(F (t)(x),G(t)(x)), |DiF(t)(x)−DiG(t)(x)| | t ∈ [0, 1], x ∈ M

andi ∈ {1, . . . , r}} for F(t),G(t) ∈ Semr (M).

A global solutionof a semiflowF(t) is a functionv : R→ M such thatF(t)(v(τ )) =
v(τ + t) for all t ≥ 0 andτ ∈ R. Item (3) of the above definition implies that a global
solution is a continuous function ofR to M. Let C(R,M) be the space of continuous
functions fromR to M. Let S̃(F ) be the set of all global solutions ofF(t). For each
t ∈ R we define ashift F̃ (t) on S̃(F ) by [F̃ (t)v](τ ) = v(τ + t) for τ ∈ R, v ∈ S̃(F ).
Let p̃s : C(R,M) → M be a projection defined bỹps(v) = v(s) for v ∈ C(R,M). Let
A(F) = ⋂

t≥0 F(t)[M] for any semiflowF(t). Note thatA(F) = p̃s (S̃(F )) for every
s ∈ R. We sometimes callA(F) anattractor of F(t). A subsetJ of M is ω-invariant for
F(t) if F(t)J ⊂ J for all t ≥ 0. ThenJ̃ (F ) or J̃ denotes the set of all global solutions of
F(t) contained inJ . We will say that a subsetJ of M is invariant for F(t) if F(t)J = J

for all t ≥ 0. We introduce a metric̃d on S̃(F ) (more generally onC(R,M)) by

d̃(v,w) = sup
t∈R

e−|t |d(v(t), w(t)) for v,w ∈ C(R,M).
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ThenS̃(F ) is endowed with a topology induced by the metricd̃. We shall say that aCr

semiflowF(t) onM is strongif F(t) satisfies the following:
(4) every global solutionv(t) ∈ S̃(F ) is differentiable fort ∈ R.

Let Semr
S(M) = {F(t) ∈ Semr (M) | F(t) is strong} be the class of allCr strong

semiflows onM, r ≥ 0, with the metricdr . LetF r (M) be the space of allCr flows with
the metricdr . It is obvious thatF r (M) ⊂ Semr

S(M) ⊂ Semr (M).
A global solutionv of F(t) is called anequilibrium solutionif there exists a pointp

such thatv(t) = p for all t ∈ R, and aperiodic solutionif there exists a constantT > 0
such thatv(t + T ) = v(t) for all t ∈ R andv(t) 6= v(0) for 0 < t < T . The time
T > 0 is called theperiodof the solution. Thus we distinguish equilibrium solutions from
periodic solutions. Let Per(F ) be the set of all points on periodic solutions ofF(t). Let
E(F ) = {v(0) | v is an equilibrium solution} be the set of all fixed points forF(t). For a
global solutionv of F(t) defineO(v) = {v(t) | t ∈ R}.
PROPOSITION2.1. Letv be a global solution ofF(t) ∈ Semr (M):
(i) v is an equilibrium solution ofF(t) if and only ifF̃ (t)v = v for all t ∈ R;
(ii) v is a periodic solution ofF(t) if and only if there exists a constantT > 0 such that

F̃ (T )(v) = v andF̃ (t)(v) 6= v for 0 < t < T .

Let F(t),G(t) ∈ Semr (M). We say thatG(t) is inverse limit semiconjugateto F(t) if
there exists a continuous surjectionH : S̃(F )→ S̃(G) which takes the global solutions of
F(t) onto the global solutions ofG(t) and preserves the orientation in time; i.e. for each
v ∈ S̃(F ) there exists a nondecreasing automorphismβv : R→ R such that

[H ◦ F̃ (t)](v) = [G̃(βv(t)) ◦H ](v) for all t ∈ R.

Furthermore, ifH is injective thenF(t) and G(t) are inverse limit conjugate. A Cr

semiflow F(t) is Cr inverse limit stableif there exists a neighborhoodU of F(t) in
Semr (M) such that, for eachG(t) ∈ U , F(t) and G(t) are inverse limit conjugate.
Similarly, F(t) is Cr inverse limit stable inSemr

S(M) if there exists a neighborhoodU of
F(t) in Semr

S(M) such that, for eachG(t) ∈ U , F(t) andG(t) are inverse limit conjugate.
Equilibrium solutions and periodic solutions are preserved by inverse limit conjugacy.

PROPOSITION2.2. LetF(t),G(t) ∈ Semr (M) be inverse limit conjugate.
(i) If v is an equilibrium solution ofF(t), thenH(v) is an equilibrium solution ofG(t).
(ii) If v is a periodic solution ofF(t), thenH(v) is a periodic solution ofG(t).

Proof. (i) Let v be an equilibrium solution ofF(t). Then, by Proposition 2.1(i)

[G̃(βv(t)) ◦H ](v) = [H ◦ F̃ (t)](v) = H(v) for all t ∈ R.

Hence G̃(βv(t))(H(v)) = H(v) for all t ∈ R. Since βv(t) is a nondecreasing
automorphism ofR, G̃(τ )(H(v)) = H(v) for all τ ∈ R. It follows from Proposition 2.1(i)
thatH(v) is an equilibrium solution ofG(t).

(ii) Let v be a periodic solution ofF(t) with periodT . Then, by Proposition 2.1(ii)

[G̃(βv(T )) ◦H ](v) = [H ◦ F̃ (T )](v) = H(F̃ (T )(v)) = H(v) and

G̃(βv(t))(H(v)) = H(F̃ (t)v) 6= H(v) for 0 < t < T .

It follows from Proposition 2.1(ii) thatH(v) is a periodic solution ofG(t) with period
βv(T ). 2
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Definition. LetF(t) be aCr semiflow onM, r ≥ 1. We will say that anω-invariant setJ is
ahyperbolicset forF(t) if every global solutionv ∈ J̃ (F ) is differentiable fort and there
exist a Riemannian norm| · | on M and constantsc, µ > 0 such that for everyv ∈ J̃ (F )

there exists a continuous splitting of
⋃∞

t=−∞ Tv(t)M into a direct sumEs⊕Eo⊕Eu, where

(1) Ei =⋃∞t=−∞Ei
v(t) for i = s, o, u,

Eo
v(t) = R · d

dt
v(t) for eacht ∈ R,

(Tv(t)F (τ ))[Ei
v(t)
] = Ei

v(t+τ )
for i = s, o, u, and everyτ ≥ 0,

(2) |(Tv(t)F (τ ))(w)| ≤ ce−µτ |w| for w ∈ Es
v(t), t ∈ R and everyτ ≥ 0,

|(Tv(t)F (τ ))(w)| ≥ c−1eµτ |w| for w ∈ Eu
v(t), t ∈ R and everyτ ≥ 0.

If 3 is a hyperbolic set forF(t) such that dimEs
v(0) = j for all v ∈ 3̃(F ), then we call

j thestable indexof 3 for F(t). For convenience we will say thatv ∈ 3̃(F ) is hyperbolic
for F(t) if 3 is hyperbolic forF(t).

Forv ∈ S̃(F ) we can define a tangent spaceTvC(R,M) of C(R,M) atv. Let0(v∗T M)

be the space of continuous sections of the pullback bundle ofT M by v. 0(v∗T M) is
endowed with a norm‖ξ‖ = supt∈R |ξ(t)|, where| · | is a Riemannian norm onM. Then
we can consider thatTvC(R,M) = C(R, v∗T M) = 0(v∗T M) is a Banach space. Thus
we can take an open neighborhoodU∗(v) = 0ε(v

∗T M) = {ξ ∈ 0(v∗T M) | ‖ξ‖ <

ε} ⊂ C(R, v∗T M) of zero section ofv∗T M such thatU∗(v) can be identified with a
neighborhoodU(v) of v in C(R,M) by a homeomorphismG : U∗(v) → U(v) defined
by G(ξ)(t) = expv(t) ξ(t) for all t ∈ R. Let Cr(R,M) be the space ofCr functions from
R to M, r ≥ 1. If it is further assumed that everyv ∈ S̃(F ) is Cr , then we can show the
similarity to the above and obtain thatTvC

r(R,M) = Cr(R, v∗T M) = 0r(v∗T M).

3. Inverse limit conjugacy theorem

Now we shall prove the inverse limit conjugacy theorem for hyperbolic sets of semiflows
onM. In order to prove this theorem, we need the following lemma and several concepts.

Definition. A continuous linear mapL of a Banach spaceX, L : X → X, is said to be
prehyperbolicif there exist a splitting ofX = Xs ⊕Xu, constantsλ > 1, 0 < µ < 1, and
a norm| · | such that:

(1) L(Xu) = Xu, L(Xs) ⊂ Xs , andXu,Xs are closed,
(2) |L(xu)| ≥ λ|xu| for xu ∈ Xu, |L(xs)| ≤ µ|xs | for xs ∈ Xs.

Remark.In generalL|Xs is not an isomorphism.

LEMMA 3.1. Let E be a Banach space andE(r) the closed ball inE about zero of
radiusr. Suppose thatE admits a splitting by closed subspacesE = E1⊕E2, and thatE
has the box norm defined by‖v‖ = max{‖v1‖E, ‖v2‖E} for v = v1⊕v2 ∈ E1⊕E2, where
‖ · ‖E is the norm for a Banach spaceE. Letpi be the projection onEi for i = 1, 2. Let
T be a continuous linear map which is prehyperbolic with respect to the splittingE1⊕E2.
LetTi = T |Ei for i = 1, 2. Thus there is a positive constantλ < 1 such that‖T −1

1 ‖ < λ

and‖T2‖ < λ. Letf : E(r) → E be a continuous map close to T withlip(f − T ) < ε

and‖f (0)‖ ≤ δ.
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If λ+ε < 1 andδ < r(1−λ−ε), thenf has a unique fixed pointpf in E(r). Moreover,

‖pf ‖ <
1

1− λ− ε
‖f (0)‖

andpf dependsC0 continuously onf .

Proof. See Shub [18] for the case whenT is a hyperbolic isomorphism. The same
arguments are valid for the case whenT is a prehyperbolic endomorphism. 2

THEOREM 3.2. Let F(t) be a C1 semiflow onM, and I (F ) an ω-invariant set for
F(t). Assume thatI (F ) is a hyperbolic set forF(t) such thatI (F )

⋂
E(F ) = φ and⋂

t≥0 F(t)[I (F )] is compact inM. Then there exists aC1 neighborhoodU of F(t) in
Sem1(X) such that for eachG(t) ∈ U there is anω-invariant setJ (G) for G(t) such that
there exist a homeomorphismHG : Ĩ (F ) → J̃ (G) and nondecreasing automorphisms
βv : R → R depending onv with [HG ◦ F̃ (t)](v) = [G̃(βv(t)) ◦ HG](v) for all
v ∈ Ĩ (F ) and t ∈ R. By choosing the neighborhoodU sufficiently small, we can get
HG andβv for v ∈ Ĩ (F ) arbitrarily close to the respective identity maps. Subject to these
restrictions, these maps are unique. Here, for eacht ∈ R, F̃ (t) is a shift onS̃(F ), i.e.
[F̃ (t)v](τ ) = v(τ + t) for τ ∈ R, v ∈ S̃(F ).

Proof of Theorem 3.2.Let A = ⋂
t≥0 F(t)[I (F )]. SinceA is compact, there exists a

positive numberε1 > 0 such that expx : TxM → M is a diffeomorphism on the ball of
radiusε1 for eachx ∈ U(A), whereU(A) is some neighborhood ofA in M. In this setting
we can easily prove the following lemma.

LEMMA 3.3. For all η′ and δ with η′ > 0, 0 < δ < ε1, there isr = r(δ, η′) > 0
and aC1 neighborhoodV = V (δ, η′) of f in End1(M) such that ify, z ∈ U(A) satisfy
d(z, f (y)) ≤ δ andg belongs toV , then we have

g(expy Br(0y)) ⊂ expz(Bε1(0z)),

lip[(Fz,y − exp−1
z ◦g ◦ expy)|Br(0)] < η′.

HereFz,y = D(exp−1
z )f (y)Dfy andEnd1(M) denotes the space of allC1 maps fromM to

M endowed with theC1 topology.

Proof of Lemma 3.3.See [18, pp. 89, 90]. 2

Return to the proof of Theorem 3.2. We shall divide the proof into several steps.

Step 1. Existence of a semiconjugacyHG.
First, for eachv ∈ Ĩ (F ) we try to find a conjugacy for the time-one mapF(1), i.e. we are
looking for a continuous functionuv : O(v)→ M and a continuous functionα1

v : R→ R
such that

uv(F (1, v(t))) = G(α1
v (t), uv(v(t))) for all t ∈ R. (3.1)

Let uv(v(t)) = expv(t) ξ(t) whereξ ∈ 0ε(v
∗(Es ⊕Eu)) = {ν ∈ 0(v∗(Es ⊕Eu)) | ‖ν‖ <

ε ≤ ε1}. Here‖ν‖ = supt∈R |ν(v(t))|. We define a mapα1
v,ξ : R → R by α1

v,ξ (t) =
the smallest positive numbers such thatG(s, expv(t) ξ(t)) hits expv(t+1)(E

s ⊕ Eu)v(t+1).
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α1
v,ξ is well defined and continuous fort becauseG(t) is C1 close toF(t) and‖ξ‖ is small.

Usingξ , we can rewrite (3.1) as

ξ(t) = exp−1
v(t) ◦G(α1

v,ξ (t − 1)) ◦ expv(t−1) ξ(t − 1) for t ∈ R. (3.2)

To solve equation (3.2), we define two mapsL andFG
v ;

Lv : 0(v∗(Es ⊕ Eu))→ 0(v∗(Es ⊕ Eu)) by

[Lv(ξ)](t) = (Dv(t−1)F (1)) ◦ ξ ◦ S−1(t),

FG
v : 0ε(v

∗(Es ⊕ Eu))→ 0(v∗(Es ⊕Eu)) by

[FG
v (ξ)](t) = exp−1

v(t) ◦G(α1
v,ξ (t − 1)) ◦ expv(t−1) ◦ξ ◦ S−1(t)

− (Dv(t−1)F (1)) ◦ ξ ◦ S−1(t).

HereSµ : R→ R is a shift withSµ(t) = t + µ. Equation (3.2) is then equivalent to

[(Lv + FG
v )(ξ)](t) = ξ(t) for t ∈ R. (3.3)

Note thatLv is prehyperbolic with respect to the splitting0(v∗(Es ⊕ Eu)) = 0(v∗Es)⊕
0(v∗Eu). Moreover, it is easy to see that there exist a number 0< λ < 1 and an adapted
operator norm‖ ·‖ such that‖L|0(v∗Es)‖ < λ, ‖L|0(v∗Eu)‖ > λ−1. By Lemma 3.3, for
η, δ > 0 satisfyingη + λ < 1 and 0< δ < ε1(1− λ − η), there existε2 = ε2(δ, η) > 0
and a neighborhoodV of F(1) in End1(M) such that:

(i) lip [(Dv(t)F (1)− exp−1
v(t+1) ◦g ◦ expv(t))|Bε2(0)] < η/3 for eachg ∈ V ;

(ii) if G(t) isC1 close toF(t) in Sem1(M), thenG(1+s) isC1 close toF(1) in End1(M)

for small|s|. That is,G(1+ s) ∈ V for small |s|.
Then it is easy to see that

lip(FG
v ) ≤ η for the domain0ε2(v

∗(Es ⊕ Eu)).

That is, forξ, ξ ′ ∈ 0ε2(v
∗(Es ⊕ Eu)) with ‖ξ − ξ ′‖ small,

‖FG
v (ξ)− FG

v (ξ ′)‖ = sup
t∈R
|FG

v (ξ)(t)− FG
v (ξ ′)(t)| ≤ sup

t∈R
η|ξ(t)− ξ ′(t)| = η‖ξ − ξ ′‖.

Now we know that(Lv + FG
v ) : 0ε2(v

∗(Es ⊕ Eu)) → 0(v∗(Es ⊕ Eu)) is a map
close toLv with lip(FG

v ) < η. Moreover, we takeG(t) C1 close toF(t) satisfying
‖(Lv + FG

v )(0)‖ < ε2(1− λ − η). Then it follows from Lemma 3.1 that(Lv + FG
v )

has a unique fixed pointξv in 0ε2(v
∗(Es ⊕ Eu)). Therefore, settinguv = expξv, we get

from (3.2)

uv(F (1)(v(t))) = G(α1
v,ξv

(t), uv(v(t))) for t ∈ R. (3.4)

For simplicity we writeα1
v for α1

v,ξv
. Note thatuv ◦ v ∈ C(R,M). We shall show that

uv ◦ v ∈ S̃(G), i.e.uv ◦ v is a global solution ofG(t). It is obvious that{uv(v(i)) | i ∈ Z}
belongs to a global solution ofG(t). We denote this global solutionw(t). We can take
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w(t) satisfyingw(0) = uv(v(0)). We definêu v ∈ C(O(v),O(w)) by

û v ◦v(t)=



G((t − i) · α1
v(i)+

i−1∑
j=0

α1
v(j),w(0)) for i ≤ t ≤ i + 1, i ∈ Z+,

G(t · α1
v(0),w(0)) for 0≤ t ≤ 1,

G(t · α1
v(−1),w(0)) for −1≤ t ≤ 0,

G((t + i) · α1
v(−i − 1)−

−i∑
j=−1

α1
v(j),w(0)) for −i − 1≤ t ≤ −i, i ∈ Z+.

Then{û v ◦v(t) | t ∈ R} = O(w) = {w(t) | t ∈ R}. Moreover, we can define a continuous
mapα̂1

v : R→ R such that

û v(F (1)(v(t))) = G(̂α1
v(t), û

v(v(t))) for t ∈ R.

Setting ξ̂ (t) = exp−1
v(t) û

v(v(t)), we haveξ̂ ∈ 0ε2(v
∗(Es ⊕ Eu)) becauseG(t) is

sufficiently C1 close toF(t). By the uniqueness of the fixed point in Lemma 3.1, we
havêξ = ξ , soα̂1

v = α1
v .

We define a mapHG : Ĩ (F )→ S̃(G) by

HG(v) = w for v ∈ Ĩ (F ), (3.5)

wherew is a global solution ofG(t) with w(0) = û v(v(0)), induced by the above
argument.

We define a mapβv : R→ R by

û v(v(µ)) = w(βv(µ)) for µ ∈ R,

wherew is defined by (3.5). It is obvious thatβv is an nondecreasing automorphism ofR.
Then it is easy to see that

[HG ◦ F̃ (µ)](v) = [G̃(βv(µ)) ◦HG](v) for v ∈ Ĩ (F ) andµ ∈ R. (3.6)

Let J (G) = p̃0[HG(Ĩ (F ))].
Step 2. Injectivity ofHG.
Next we shall show thatHG : Ĩ (F )→ HG[Ĩ (F )] is injective.

By [5] there exists a constantε3 > 0 such that for everyv ∈ Ĩ (F ) there exist a local
stable manifoldWs

ε3
(v) and a local unstable manifoldWu

ε3
(v).

Before continuing the proof, we need stable and unstable sets for hyperbolic sets of
semiflows. First, we define the following sets.

Let 3 be a hyperbolic set forF(t) ∈ Semr (M), r ≥ 1 with the stable indexj . For
x = v(0), v ∈ 3̃(F ), ε > 0,

Wss(x; v) = {y ∈ M | d(F (t)(x), F (t)(y))→ 0 ast →+∞}
Wss

ε (x; v) = {y ∈ M | d(F (t)(x), F (t)(y))) ≤ ε for t ≥ 0

andd(F (t)(x), F (t)(y)))→ 0 ast →+∞}
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Wuu(x; v) = {y ∈ M | there exists a global solutionw with w(0) = y

such thatd(Sv(t)(x), Sw(t)(y))→ 0 ast →−∞}
Wuu

ε (x; v) = {y ∈ M | there exists a global solutionw with w(0) = y

such thatd(Sv(t)(x), Sw(t)(y)) ≤ ε for t ≥ 0

andd(Sv(t)(x), Sw(t)(y))→ 0 ast →−∞}.
HereSv(t)(x) = v(t + τ ) for t ∈ R wherex = v(τ ).

By [5] the following properties are obtained: forε > 0 sufficiently small:
(a) Wss

ε (x; v) is aCr disk with dimensionj = dimEs
v(0);

(b) Wuu
ε (x; v) is aCr disk with dimension= dimEu

v(0)
;

(c) Wss
ε (x; v) (respectivelyWuu

ε (x; v)) is tangent toEs
v(0) (respectivelyEu

v(0));
(d) Wss

ε (x; v)
⋂

Wuu
ε (x; v) = {x}.

There are constantsc, λ > 0 such that for smallε > 0,
(i) d(F (t)(x), F (t)(y)) ≤ ce−λtd(x, y) for y ∈ Wss

ε (x) andt ≥ 0
(ii) d(Sv(t)(x), Sw(t)(y)) ≤ ceλtd(x, y) for y = w(0) ∈ Wuu

ε (x; v),w ∈ M̃ andt ≤ 0.
Note thatM̃ denotes the set of all global solutions ofF(t) (contained inM).

Let

Ws
ε (v) =

⋃
t∈R

Wss
ε (v(t); v), Wu

ε (v) =
⋃
t∈R

Wuu
ε (v(t); v).

Ws
ε (v) (respectivelyWu

ε (v)) is invariantly fibered byCr disksWss
ε (v(t); v) (respectively

Wuu
ε (v(t); v)), i.e. forτ ≥ 0 andt ∈ R
F(τ)[Wss

ε (v(t); v)] ⊂ Wss
ε (v(t + τ ); v), Wuu

ε (v(t + τ ); v) ⊂ F(τ)[Wuu
ε (v(t); v)].

Ws
ε (v) is tangent atv(t) to Es

v(t)⊕Eo
v(t) for everyt ∈ R. Similarly Wu

ε (v) is tangent at
v(t) to Eu

v(t) ⊕ Eo
v(t) for everyt ∈ R.

Forε > 0,

W̃ s
ε (v) = {w ∈ S̃(F ) | d̃(S(t)(v), S(t)(w)) ≤ ε for all t ≥ 0},

W̃u
ε (v) = {w ∈ S̃(F ) | d̃(S(−t)(v), S(−t)(w)) ≤ ε for all t ≥ 0}.

Suppose thatw ∈ W̃ s
ε (v) ∩ W̃u

ε (v). Sincew ∈ W̃ s
ε (v), d̃(S(t)(v), S(t)(w)) ≤ ε for all

t ≥ 0. Thend(Sv(t)(v(0)), Sw(t)(w(0))) ≤ ε for all t ≥ 0. Hence there existst ′ ∈ R such
thatWss

ε (v(0); v) 3 Sw(t ′)(w(0)) and|t ′| is small. By similar argument there existst ′′ ∈ R
such thatWuu

ε (v(0); v) 3 Sw(t ′′)(w(0)) and|t ′′| is small. By property (d) and continuity of
semiflowF(t), we obtain thatt ′ = t ′′, i.e.w(t ′) ∈ Wuu

ε (v(0); v)
⋂

Wss
ε (v(0); v) = {v(0)}.

Hencew = S(t ′)(v). So in general̃Ws
ε (v) ∩ W̃u

ε (v) ⊇ {v} for sufficiently smallε.
Here we adopt the definition of expansivity by Bowen and Walters [1, 2].

Definition. Let X be a metric space with a metricd, and8 a continuous semiflow on
X. 8 is expansiveon a subsetY of X if, for small ε > 0, there existsδ > 0 such that
if v,w ∈ Ỹ (F ) and d̃(S(t)(v), S(g(t))(w)) < δ for all t ∈ R and a continuous map
g : R→ R with g(0) = 0, thenw = S(τ)(v) for someτ satisfying|τ | < ε.
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By similar arguments to those for hyperbolic sets of flows [5, 14], we have the following
properties of hyperbolic sets for semiflows.

Let 3 be a compact hyperbolic set ofF(t) ∈ Semr (M), r ≥ 1, with the stable index
j > 0, 3 ∩ E(F ) = φ, andF(t)(3) = 3 for all t ≥ 0.

Property 1. (Canonical coordinate) For every smallε > 0, there areδ > 0 andr > 0
such that ifx, y in 3 satisfyingd(x, y) < δ, thenWss

ε (Sv(t)(x); v) ∩ Wuu
ε (y;w) =

{a single point} for a uniquet ∈ R with |t| < ε whenever a pairv,w ∈ 3̃(F ) satisfy
v(0) = x, w(0) = y andd̃(v,w) < r.

We denote the above single point by〈v(0),w(0)〉ε,δ,r and the above uniquet by
u(v(0),w(0))ε,δ,r . We adopt not〈x, y〉ε,δ,r but 〈v(0),w(0)〉ε,δ,r , because the intersection
of Wuu

ε (y;w) andWss
ε (x; v) depends not only on(x, y) but also(v,w). For simplicity,

write 〈v,w〉ε,δ,r for 〈v(0),w(0)〉ε,δ,r , andu(v,w)ε,δ,r for u(v(0),w(0))ε,δ,r .

Property 2.F(t) is expansive on3.

In order to prove Property 2 we need the following proposition.

PROPOSITION3.4. LetL > 0 be sufficiently large andγ > 0 small. For sufficiently small
η > 0 there is anα > 0 with the following property.

If v,w ∈ 3̃ ands : R→ R, a continuous function withs(0) = 0, satisfy

d(Sw(t + s(t))(w(0)), Sv(t)(v(0))) ≤ α for |t| ≤ L,

then

|s(t)| ≤ 3η for all |t| ≤ L, |u(v(0),w(0))η,δ,r | ≤ η

and

d(Sw(t)(w(0)), Sv(t + u(v,w)η,δ,r )(v(0))) ≤ cγ e−λ(L−|t |) for any|t| ≤ L.

In particular,

d(w(0), Sv(u(v,w)η,δ,r )(v(0))) ≤ cγ e−λL.

Herec, λ > 0 are constants induced by the hyperbolicity of3.

Remark.For sufficiently largeL > 0 and sufficiently smallα > 0, if v,w ∈ 3̃ satisfy the
assumption of Proposition 3.4, theñd(v,w) < r andd(v(0),w(0)) < δ. Hereδ > 0 and
r > 0 are the numbers determined byη > 0 corresponding toε in Property 1. Thus, the
appropriate choice ofL andα guarantees the existence of〈v,w〉η,δ,r andu(v,w)η,δ,r .

Proof of Proposition 3.4.We may assume thatη is so small that

η < γ/8 and sup{d(Sv(u)(v(0)), v(0)) | v ∈ 3̃, |u| ≤ 4η} ≤ γ /8.

Let δ, r be the numbers determined byη corresponding toε in Property 1. Considerv,w

as above. Sinces(0) = 0, d(w(0), v(0)) ≤ δ. Define

x = 〈v(0),w(0)〉η,δ,r = Wss
η (Sv(u(v,w)η,δ,r )(v(0)); v)

⋂
Wuu

η (w(0);w)
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and the sets

A = {t ∈ [0, L] | |s(t)| ≥ 3η or d(Sw(t)(w(0)), Ft (x)) ≥ γ /2}
B = {t ∈ [0, L] | |s(−t)| ≥ 3η or d(Sv(−t)(v(0)), F̂−t (x)) ≥ γ /2},

where F̂−t (x) is a backward orbit ofx contained inWu
η (w). The uniqueness of the

existence of̂F−t (x) is guaranteed byx ∈ Wuu
η (w(0);w). Let z be the global solution

such thatz(0) = x and z(t) ∈ Wuu
η (w(t);w) for t ≤ 0. Suppose thatA 6= φ. Let

t1 = inf A ∈ A. Thend(Sw(t1 − b)(w(0)), Sz(t1 − b)(x)) ≤ (1/2)γ for all b ≥ 0. Since
|s(t1)| ≤ 3η, using the triangle inequality we get

d(Sw(t1+ s(t1)− b)(w(0)), Sz(t1 + s(t1)− b)(x)) ≤ (3γ )/4 for b ≥ 0;
hence

Sz(t1 + s(t1))(x) ∈ Wuu
γ (Sw(t1+ s(t1))(w(0));w).

Now
d(Fb(x), Fb(Sv(u(v,w)η,δ,r )(v(0))) ≤ η < γ/8 for b ≥ 0.

Since|s(t1)| ≤ 3η, the triangle inequality gives us

d(Sz(t1+ s(t1)+ p)(x), Sv(t1+ s(t1)+ u+ p)(v(0))) ≤ (3γ )/8 for p ≥ 0;
hence

Sz(t1 + s(t1))(x) ∈ Wss
γ (Sv(s(t1)+ u)(Sv(t1)(v(0))); v).

Now we obtain that

Sz(t1+ s(t1))(x) ∈ Wss
γ (Sv(u+ s(t1))(Sv(t1)(v(0))); v)∩Wuu

γ (Sw(t1+ s(t1))(w(0));w),

whereu = u(v,w)η,δ,r .
Since

|s(t1)+ u| ≤ |s(t1)| + |u| ≤ 4η < γ

and
d(Sw(t1 + s(t1))(w(0)), Sv(t1)(v(0))) ≤ α,

we have
u(Sv(t1)(v(0)), Sw(t1+ s(t1))(w(0))) = s(t1)+ u(v(0),w(0))

and
Sz(t1 + s(t1))(x) = 〈Sv(t1)(v(0)), Sw(t1+ s(t1))(w(0))〉.

Then we obtain|s(t1) + u| ≤ η by Property 1. Moreover, it follows from Property 1 that
d(Sw(t1 + s(t1))(w(0)), Sz(t1)(x)) ≤ α implies

〈Sz(t1)(x), Sw(t1+ s(t1))(w(0))〉
∈ Wss

η (Sz(ū)(Sz(t1)(x)); z)
⋂

Wuu
η (Sw(t1+ s(t1))(w(0));w) (a)

whereū = u(Sz(t1)(x), Sw(t1+ s(t1))(w(0))) and|ū| ≤ η.
Then (a) implies

d(Sz(t1 + s(t1))(x), Sw(t1 + s(t1))(w(0))) ≤ η.
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|s(t1)+ u(v(0),w(0))| ≤ |ū| ≤ η implies|s(t1)| ≤ 2η. Using|s(t1)| ≤ 2η, we get

d(Sz(t1)(x), Sw(t1)(w(0))) < (3γ )/8.

The above results contradictt1 ∈ A. HenceA = φ. We can show thatB = φ

by the similar arguments above. It is easy to see thatA = φ implies Sz(L)(x) ∈
Wuu

1
2γ

(Sw(L)(w(0));w). For |s| ≤ L,

d(Sz(s)(x), Sw(s)(w(0))) ≤ 1
2γ ce−λ(L−|s|).

Similarly, B = φ impliesSz(−L)(x) ∈ Wss
1
2γ

(Sv(−L+ u)(v(0)); v) and

d(Sz(s)(x), Sv(s + u)(v(0))) ≤ 1
2γ ce−λ(L−|s|).

These two inequalities combine:

d(Sw(s)(w(0)), Sv(s + u)(v(0))) ≤ γ ce−λ(L−|s|).

A
⋃

B = φ also gives|s(t)| < 3η for t ∈ [−L,L]. 2

Proof of Property 2.Since3 is compact and3∩E(F ) = φ, there exists a constantT > 0
such that ifv ∈ 3̃ is a periodic solution then the period ofv is larger thanT . Let η > 0
be sufficiently small such that 6η < T . Then we obtainα > 0 corresponding toη by
Proposition 3.4. It is easy to see that ifv,w ∈ 3̃ andd̃(S(t)(v), S(g(t))(w)) ≤ α for all
t ∈ R and a continuous mapg : R → R with g(0) = 0, thenw(0) = Sv(τ )(v(0)) for
someτ with |τ | < η. Hencew(s) = v(s + τ ) for all s ≥ 0. However, we do not know
whetherw(s) = v(s + τ ) for all s < 0. Suppose that there existss̃ ≤ 0 such that for
someτ̄ with |τ̄ | < 4η, w(s) = v(s + τ̄ ) for all s ≥ s̃. Thenv(τ ) = w(0) = v(τ̄ ).
Since v /∈ E(F ) and |τ − τ̄ | < T , τ̄ = τ . Suppose that there is a real number
so = inf{s ∈ R | v(s+ τ ) = w(s)}. Let s1 be arbitrary real number such thatso− s1 > 7η.
Let v̄ = S(s1)(v) andw̄ = S(g(s1))(w). Define a continuous map̄g : R→ R by

ḡ(t) = g(t + s1)− g(s1) for t ∈ R.

Then

d(v̄(t), w̄(ḡ(t))) = d(v(t + s1),w(ḡ(t)+ g(s1)))

= d(v(t + s1),w(g(t + s1))) ≤ α for all t ∈ R.

By Proposition 3.4, there exists a uniqueτ1 ∈ R such thatw̄(0) = Sv̄(τ1)(v̄(0)) and
|τ1| < η. Thusw(g(s1)) = v(s1 + τ1) and s1 + τ1 < so andg(s1) < g(s0). Then
w(t) = v(t + s1 + τ1 − g(s1)) for all t ≥ g(s1). Moreover, it is easy to see that
|s1 + τ1 − g(s1)| < 4η. From the above argument andg(s1) < so ≤ 0, we obtain
thatτ = s1+ τ1− g(s1). Hencew(t) = v(t + τ ) for all t ≥ g(s1). This result contradicts
the existence ofso. Thereforew = S(τ)(v). 2

Now return to the proof of Step 2. Letε4 = min{ε2, ε3}. Let ε5 > 0 be the number
obtained byη = ε4 in Proposition 3.4. By takingG(t) sufficientlyC1 close toF(t), we
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see thatHG is within ε5/2 of the identity map of̃I(F ). Suppose that there arev,w ∈ Ĩ (F )

such thatHG(v) = HG(w). We define a mapg : R→ R by

[HG ◦ F̃ (t)](v) = G̃(βv(t)) ◦HG(v)

= G̃(βv(t)) ◦HG(w)

= G̃(βw(g(t))) ◦HG(w).

Then it is easy to see thatg is continuous and nondecreasing withg(0) = 0. Moreover, for
eacht ∈ R
‖F̃ (t)(v)− F̃ (g(t))(w)‖ ≤ ‖F̃ (t)(v) −HGF̃ (t)(v)‖ + ‖HGF̃ (t)(v) −HGF̃ (g(t))(w)‖

+ ‖HGF̃ (g(t))(w) − F̃ (g(t))(w)‖
≤ 1

2ε5+ 0+ 1
2ε5

= ε5.

Then it is easy to see thatd(v(t), w(g(t))) ≤ ε5 for all t ∈ R. Hence expansiveness of
A = ⋂t≥0 F(t)[I (F )] implies thatw = S(τ)(v) for someτ satisfying|τ | ≤ ε4. By the
construction ofHG, τ = 0, that is,w = v.

Step 3. Continuity ofHG and other properties.

By the construction ofHG above, the continuity ofHG and the last statement of
Theorem 3.2 are obvious. 2

Remark.Quandt stated similar results to the above theorem. However, the author cannot
understand the rough proofs of [15, pp. 199, 200] and [16, p. 335]. In Robinson’s
framework [17] to prove Theorem 2 [15, p. 199], we cannot use the implicit function
theorem because the differentiability of global solutions with respect tot is not guaranteed
by his setting. In the proof of Theorem 7.1 [16, p. 335] it is not known whether the disk
family {expv(t)(E

s ⊕ Eu)(ε)|t ∈ R} has the following properties:
(1) expv(t)(E

s ⊕ Eu)(ε) ∩ expv(s)(E
s ⊕Eu)(ε) = φ for t 6= s and|t − s| small;

(2)
⋃

t∈R expv(t)(E
s ⊕ Eu)(ε) is a tubular neighborhood of a global solutionv(t).

If we restrict objects to strong semiflows, then we have following consideration. Each
global solutionw(t) in J̃ (G) is differentiable fort ∈ R. Moreover, for eachw(t) ∈ J̃ (G)

there is a global solutionv(t) in Ĩ (F ) which is close tow(t) (that is, tracew(t)). Since
Ĩ (F ) is hyperbolic, we can show that̃J (G) is hyperbolic forG(t) by the similar argument
of [7, pp. 2196–2198].

4. Anosov semiflows

In this section we will give the definition of Anosov semiflows.

Definition. We say that aC1 semiflowF(t) is anAnosov semiflowif F(t) satisfies the
following:
(i) A(F) is a compact hyperbolic set forF(t) with stable indexj = constant> 0;
(ii) A(F) contains no equilibrium solutions.
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Intentionally we do not refer to manifolds in the definition, because we consider the
general case in consideration of the extension to the infinite-dimensional case. We shall
describe the motivation of the above definition. First of all, remember the definition of
Anosov flows. If the entire manifoldM possesses a hyperbolic structure then the flow is
called anAnosov flow. In the case of semiflows, it is appropriate that only the attractor
possesses a hyperbolic structure (i.e. condition (i)). In the case of Anosov flows on a
compact manifoldM, hyperbolicity ofM implies thatM has constant stable index. In the
finite-dimensional case of semiflows in this paper, we easily have thatA(F) is equal toM
and has constant stable index. However, in the infinite-dimensional case or special finite-
dimensional case (i.e. open manifolds) we cannot guarantee thatA(F) = M. So a constant
stable index ofA(F) is not guaranteed by only hyperbolicity ofA(F). If A(F) $ M

then there exists the possibility of decomposition ofA(F) into disjoint hyperbolic sets
which have different stable index. Therefore, from intuition of original Anosov flows or
diffeomorphisms it is natural to require a constant stable index ofA(F) and no equilibrium
solutions.

In the case of flows the following result, essentially due to Ma˜né [9], is obtained.

THEOREM 4.1. [4] LetM be a closed manifold. Necessary and sufficient conditions for a
flowψt onM to be Anosov are:

(1) ψt has hyperbolic chain recurrent set;
(2) the weak stable and unstable manifoldsWs(γ ) andWu(γ ) intersect transversally

for each orbitγ in M;
(3) the dimension ofWs(γ ) andWu(γ ) is constant respectively, i.e. independent ofγ .

Then it is easy to see that an Anosov flow satisfies (1), (2), and (3) of Theorem 4.1. In
the case of semiflows we need condition (ii) in order to guarantee properties corresponding
to (2), (3) in Theorem 4.1. In fact, Anosov semiflows satisfy properties corresponding to
(1), (2) and (3) of Theorem 4.1.

Remark 4.1.Quandt [15, 16] gave definition of an Anosov semiflow which is weaker than
the above definition. He required only thatA(F) is a compact hyperbolic set forF(t).

If F(t) is an Anosov semiflow, thenA(F) is the maximal compactF(t)-invariant set.
Observe that ⋂

t≥0

F(t)[M] =
⋂

n∈Z+
F(n)[M] =

⋂
n∈Z+

F(1)n[M].

By compactness ofA(F), there exists a compact neighborhoodU of A(F) such that
A(G) ⊂ U for G(t) sufficientlyC1-close toF(t). Thus perturbedG(t) has no explosion
of the attractorA(G).

If a semiflowF(t) satisfies only the condition (i) of the above definition, then we find
the existence of one-to-one correspondence between all elements inS̃(F ) and elements
of a subset of̃S(G) for G(t) C1-nearF(t) by Theorem 3.2. However, we do not know
whether this correspondence is a homeomorphism fromS̃(F ) onto S̃(G). To prove the
existence of a homeomorphism from̃S(F ) onto S̃(G) we will use an infinite chain (i.e.
pseudo-orbit).
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Definition. Let F(t) be a semiflow onM and letd be a distance onM. If Y is a subset
of M and J is a subset ofR, then defineY · J = {F(t)(x) | x ∈ Y andt ∈ J }.
Given x, y ∈ M and ε, T > 0, an (ε, T )-chain from x to y is a collection{x0 =
x, x1, . . . , xk = y; t0, t1, . . . , tk−1} such that for 0≤ i ≤ k − 1 we haveti ≥ T and
d(xi · ti , xi+1) < ε. A point x is chain equivalentto y (written x ∼ y) if for every
ε, T > 0 there is an(ε, T )-chain fromx to y and one fromy to x. Thechain recurrent set
of F(t), CR(F ), is {x ∈ M | x ∼ x}. An infinite (ε, T )-chain is a pair of doubly infinite
sequences{. . . , x−2, x−1, x0 = x, x1, . . . ; . . . , t−2, t−1, t0, t1, t2, . . . } such thatti ≥ T

andd(xi · ti , xi+1) < ε for all i ∈ Z. Letx0 ∗ t denote the point on this chain starting from
x0 as follows. Ift ≥ 0 then

x0 ∗ t =


x0 · t, if 0 ≤ t < t0,

xi ·
(

t −
i−1∑
n=0

tn

)
, if

i−1∑
n=0

tn ≤ t <

i∑
n=0

tn andi ≥ 1.

If t < 0 then

x0 ∗ t =


x−1 · (t + t−1), if 0 > t ≥ −t−1,

xi ·
(

t +
−1∑
n=i

tn

)
, if −

−1∑
n=i+1

tn > t ≥ −
−1∑
n=i

tn andi ≤ −2.

Definex0 ∗ [a, b] to be
⋃

t∈[a,b]{x0 ∗ t}. A reparameterizationof a global solution is an
orientation preserving homeomorphism ofR fixing the origin. A global solutionv(t) is
said toδ-tracean infinite(ε, T )-chainx0 ∗ R if there is a reparameterizationg such that
d(x0 ∗ t, v(g(t))) < δ for all t ∈ R. Remember that the chain recurrent setCR(F ) of a
semiflowF(t) coincides with the chain recurrent setCR(F1) of the time-one mapF1 of
F(t) (see [6] for the definitions and details).

In the proof of Theorem 4.3 we will use the following lemma. This lemma is the
shadowing lemma. By using Properties 1 and 2 of §3, we can develop similar arguments
to those for flows by Franke and Selgrade [3].

LEMMA 4.2. Let3 be a hyperbolic compact invariant set for a semiflowF(t) onM. For
eachδ > 0 there is anε > 0 such that each infinite(ε, 1)-chain in3 is δ-traced by some
global solutionv(t) ∈ 3̃′(F ). Here3′ is a maximal compact invariant hyperbolic set for
F(t) contained in some compact neighborhoodN of 3.

Remark 4.2.In the proof of Theorem 4.3 we consider the case that3 is equal toM. In
general, as we takeδ > 0 smaller, we can takeε > 0 smaller.

THEOREM4.3. LetM be either a closed manifold or a finite-dimensional compact smooth
non-singular branched manifold without boundary. Then Anosov semiflows onM are C1

inverse limit stable inSem1
S(M).

Proof of Theorem 4.3.SinceF(t) is an Anosov semiflow, there exists aC1 neighborhood
U of F(t) in Sem1

S(M) such that for eachG(t) ∈ U there exist a homeomorphismHG

from S̃(F ) onto its image and a nondecreasing automorphismβv : R→ R depending onv
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with [HG ◦ F̃ (t)](v) = [G̃(βv(t)) ◦HG](v) for all t ∈ R. We only need to prove that there
exists a neighborhood̃U ⊂ U of F(t) such thatHG[S̃(F )] = S̃(G) for eachG(t) ∈ Ũ .
SinceF(0) = id is a C1 diffeomorphism ofM, it is easy to see thatF(t) is surjective
and has no singularities for 0≤ t ≤ 1. Furthermore, sinceG(t) is C1 close toF(t) in
Sem1(M), G(t) is also surjective and has no singularities for 0≤ t ≤ 1. By the semigroup
property, eachG(t) is surjective for allt ≥ 0. HenceA(G) = M for eachG(t) ∈ U if
necessary retakingU smaller. Letε > 0 be small. LetUε ⊂ U be a neighborhood ofF(t)

such thatd1(F (t),G(t)) < ε for everyG(t) ∈ Uε. At first we shall prove thatA(G) = M

is hyperbolic for eachG(t) ∈ Uε. Let G(t) ∈ Uε andv(t) ∈ S̃(G). Then we can take an
infinite (ε, 1)-chain{xn; tn} for F(t) such that:

(i) xn = v(n), for everyn ∈ Z;
(ii) d(F (t)(xn),G(t)(v(n))) < ε, for 0≤ t ≤ 1= tn and everyn ∈ Z.

By Lemma 4.2, for smallδ > 0 there is an̂ε > 0 such that each infinite(̂ε, 1)-
chain isδ-traced by someb(t) ∈ S̃(F ). If ε > ε̂ then we retakeε andUε satisfying
ε ≤ ε̂. Then there exists a global solutionw(t) of F(t) such that the above infinite(ε, 1)-
chain{xn; tn} is δ-traced byw(t). That is, there exists a reparameterizationg such that
d(x0 ∗ t, w(0) · g(t)) < δ for all t ∈ R. By (ii),

d(v(t), w(0) · g(t)) ≤ d(v(t), x0 ∗ t)+ d(x0 ∗ t, w(0) · g(t)) < ε + δ

for all t ∈ R. Then there exists a reparameterizationh such that

d(v(0) · h(t), w(t)) < ε + δ for all t ∈ R.

SinceM = A(F) is hyperbolic, then there is a continuous splitting of
⋃∞

t=−∞ Tw(t)M into
a direct sumEs ⊕ Eo ⊕ Eu, where

(1) Ei =⋃∞t=−∞Ei
w(t)

for i = s, o, u,

Eo
w(t) = R · d

dt
w(t) for eacht ∈ R,

(Tw(t)F (τ ))[Ei
w(t)] = Ei

w(t+τ ) for i = s, o, u, and everyτ ≥ 0,
(2) |(Tw(t)F (τ ))(b)| ≤ ce−µτ |b| for b ∈ Es

w(t), t ∈ R and everyτ ≥ 0,

|(Tw(t)F (τ ))(b)| ≥ c−1eµτ |b| for b ∈ Eu
w(t), t ∈ R and everyτ ≥ 0.

Let Êi
t = εv(0)·h(t),w(t)E

i
w(t) for every t ∈ R and i = s, u, whereεx,y is the parallel

translation fromTyM to TxM along the unique shortest geodesic joiningy to x. Let
Êo

t = R · d
ds

v(0) · h(s)|s=t for everyt ∈ R. Then

∞⋃
t=−∞

Tv(0)·h(t)M =
∞⋃

t=−∞
Ês

t ⊕ Êo
t ⊕ Êu

t

is a continuous splitting. LetTnM = Tv(0)·h(n)M = Ês
n ⊕ Êo

n ⊕ Êu
n and Gn =

Tv(0)·h(n)G(h(n + 1) − h(n)) for everyn ∈ Z. If G(t) is sufficientlyC1 close toF(t),
we can takeε + δ > 0 above sufficiently small. Then, sincev(t) is (ε + δ)-traced by
w(t), there exist a constantλ > 1 and a family of conesHn ⊃ Êu

n associated with the
decomposition̂Eu

n ⊕ (Êo
n ⊕ Ês

n), and a family of conesSn ⊃ Ês
n associated with the
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decomposition̂Es
n ⊕ (Êo

n ⊕ Êu
n) such that for everyn ∈ Z

GnHn ⊂ Int(Hn+1)

(Gn−1)
−1Sn ⊂ Int(Sn−1)

‖Gn(u, v)‖ > λ‖(u, v)‖ for (u, v) ∈ Hn

‖Gn(u, v)‖ < λ−1‖(u, v)‖ for (u, v) ∈ (Gn)
−1Sn+1.

By the Hadamard–Perron theorem there exist a sequence of (dimM − j − 1)-dimensional
subspaces̃Eu

n ⊂ TnM, n ∈ Z, and a sequence ofj -dimensional subspaces̃Es
n ⊂ TnM,

n ∈ Z, such that for everyn ∈ Z
(a) Ẽu

n =
⋂∞

i=0 Gn−1 ◦Gn−2 ◦ · · · ◦Gn−i (Hn−i ),

(b) Ẽs
n =

⋂∞
i=0 G−1

n ◦G−1
n+1 ◦ · · · ◦G−1

n+i (Sn+i+1),

(c) GnẼ
u
n = Ẽu

n+1,GnẼ
s
n = Ẽs

n+1,

(d) ‖Gnb‖ ≥ λ′‖b‖ for b ∈ Ẽu
n ,

(e) ‖Gnb‖ ≤ (λ′)−1‖b‖ for b ∈ Ẽs
n,

where λ′ > 1 is a constant satisfyingλ > λ′ > 1. By setting Tn+tM =
Tv(0)·h(n+t )M = Ês

n+t ⊕ Êo
n+t ⊕ Êu

n+t and Êσ
n+t = Êσ

v(0)·h(n+t ) for σ = s, o, u, and
Gn+t = Tv(0)·h(n+t )G(h(n + 1 + t) − h(n + t)) for everyn ∈ Z where somet with
0 < t < 1, we can show that there exist a sequence of (dimM − j − 1)-dimensional
subspaces̃Eu

n+t ⊂ Tn+tM and a sequence ofj -dimensional subspaces̃Es
n+t ⊂ Tn+tM

satisfying properties corresponding to (a), (b), (c), (d), and (e). Then it is easy to see
that

⋃∞
t=−∞ TtM = ⋃∞

t=−∞ Ẽs
t ⊕ Ẽo

t ⊕ Ẽu
t is a continuous splitting with respect tot

such that each̃Eσ
t is T G(h(t))-invariant forσ = s, o, u. Moreover,v(h(t)) is hyperbolic

for G(h(t)). By [8, Proposition 17.4.5], we can check thatv(t) is hyperbolic forG(t).
HenceM = A(G) is hyperbolic forG(t) sufficientlyC1 close toF(t). By Theorem 3.2,
there exist a homeomorphismHF : S̃(G) → S̃(F ) and nondecreasing automorphisms
βG

w : R→ R depending onw ∈ S̃(G) satisfying

[HF ◦ G̃(t)](w) = [F̃ (βG
w (t)) ◦HF ](w) for all w ∈ S̃(G) andt ∈ R.

ThenHF ◦HG is a homeomorphism from̃S(F ) into itself. In fact,

[(HF ◦HG) ◦ F̃ (t)](v) = HF ◦ [HG ◦ F̃ (t)](v)

= HF ◦ [G̃(βv(t)) ◦HG](v)

= [HF ◦ G̃(βv(t))](HG(v))

= [F̃ (βG
HG(v)(βv(t))) ◦HF ](HG(v))

= [F̃ (βG
HG(v)(βv(t))) ◦ (HF ◦HG)](v).

Here βG
HG(v)(βv(t)) is obviously a nondecreasing automorphism ofR. For G(t)

sufficientlyC1 nearF(t), it follows from Theorem 3.2 thatHF ◦ HG is the identity map
of S̃(F ). HenceHG is surjective soHG is a homeomorphism from̃S(F ) ontoS̃(G). 2

Remark 4.3.If M is infinite-dimensional (i.e. a Banach manifold), then the attractor of
semiflow onM is not equal toM in general. So we cannot use the argument in the proof
of Theorem 4.3, because we do not know whether an infinite(ε, 1)-chain forF(t) δ-traced
by a global solutionw(t) for G(t) is contained inA(F) $ M.
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Remark 4.4.If M is a closed manifold, then it follows from Proposition 2.8 in [11] and the
semigroup property thatF(t) is a diffeomorphism ofM for eacht ∈ R. That is, ifM is a
closed manifold then Anosov semiflows onM are Anosov flows.

5. Examples
In this section we construct examples ofC1 Anosov semiflows which are not flows.

Consider a (2,2)-matrixAn =
(

n 1
1 1

)
with n ∈ Z+. ThenAn can be thought of as a

linear transformation of the planeR2 which preserves the latticeL of points with integer
coordinates. There is an induced endomorphismÃn of the quotientR2/L = T 2, two-
dimensional torus, onto itself forn ≥ 3. Forn = 2 it is well known thatÃn is an Anosov
diffeomorphism [19]. It is easy to see that this endomorphism is an Anosov endomorphism
(see [13] for the definition).

To construct Anosov semiflows we use this Anosov endomorphismÃn. Note that
Ãn contains no singularities and is aC∞ covering map. The degree of̃An, n ≥ 2, is
equal ton − 1. Then we can define the suspension ofT 2 by the same method as in the
diffeomorphisms case [11, 12, 19].

Let T̃ 2 = T 2 × [0, 1]/ ∼, where∼ denotes the identification of(x, 1) with (Ãn(x), 0)

for eachx ∈ T 2. We define a semiflowF(t) on T̃ 2 as follows.
For eachx in T̃ 2 we can presentx = (xo, s) with 0≤ s < 1, so we set

F(t)(x) =


(xo, s + t) for 0≤ t < 1− s,

(Ãn(xo), t + s − 1) for 1− s ≤ t ≤ 2− s,

(Ã2
n(xo), t + s − 2) for 2− s ≤ t ≤ 3− s,

etc.

To check thatF(t) is an Anosov semiflow, we have to see that there exists aC∞
structure onT̃ 2 such thatF(t) is a C1 strong semiflow. Obviously,̃T 2 is not a usual
manifold. However we can introducẽT 2 to a natural differential structure. That is,̃T 2 is
a compact smooth non-singular branched manifold without boundary [20]. We shall show
the following.

THEOREM 5.1. For T̃ 2 andF(t) as above, there is aC∞ structure oñT 2 such thatF(t)

is aC1 strong semiflow.

For the proof we use the following.

LEMMA 5.2. [12] Let M be a smooth manifold. Then there is aC1 neighborhoodU of
the identity inDiff 1(M) (with respect to the strong Whitney topology) such that, for every
9 ∈ U , there is aC1 vector fieldZ9 onM × [0, 1] such that:
(1) Z9(x, t) = (∂/∂t) for t ∈ [0, 1/4] andt ∈ [3/4, 1];
(2) the time one map ofZ9 maps(x, 0) to (9(x), 1).

Proof of Theorem 5.1.Let (Ui, ϕi), i = 1, . . . , s, be local charts onT 2 such that
(1)

⋃s
i=1 Ui = T 2;

(2) for eachi, Ãn|Ui is aC∞ diffeomorphism fromUi to its image.
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Then it is obvious that{(Ui × (−1
4, 1

4), ϕi × id)} is a C∞ atlas onT 2 × (−1
4, 1

4).
Let A be theC∞ structure onT 2 × (−1

4, 1
4) induced by{(Ui × (−1

4, 1
4), ϕi × id)}. Let

T̂ = T 2× ([0, 1
4) ∪ (3

4, 1])/ ∼⊂ T̃ 2. Define a map61 : T 2× (−1
4, 1

4)→ T̂ ⊂ T̃ 2 by:

(x, t) 7→
{

(Ãn(x), t), for t ∈ [0, 1
4),

(x, t + 1), for t ∈ (−1
4, 0].

We claim that{(61(Ui × (−1
4, 1

4)), (ϕi × id) ◦ (61|Ui × (−1
4, 1

4))−1)} is aC∞ atlas on̂T .
Let ψi = (ϕi × id)◦ (61|Ui × (−1

4, 1
4))−1. If 61(Ui × (−1

4, 1
4))∩61(Uj × (−1

4, 1
4)) 6= φ

andUi ∩ Uj 6= φ, thenψj ◦ ψ−1
i (x, t) = (ϕj ◦ ϕ−1

i (x), t) is aC∞ diffeomorphism. If
61(Ui × (−1

4, 1
4)) ∩ 61(Uj × (−1

4, 1
4)) 6= φ andUi ∩ Uj = φ, thenψj ◦ ψ−1

i (x, t) =
(ϕj ◦ (Ãn|Uj)

−1 ◦ (Ãn|Ui) ◦ ϕ−1
i (x), t) is aC∞ diffeomorphism (becausẽAn|Ui is aC∞

diffeomorphism for eachi).
Let σ1 be theC∞ structure on̂T ⊂ T̃ 2 induced by theC∞ structureA onT 2× (−1

4, 1
4)

through the map61 : T 2× (−1
4, 1

4)→ T̃ 2.

Let Ť = T 2 × (0, 1) ⊂ T̃ 2. Obviously {(Ui × (0, 1), ϕi × id)} is a C∞ atlas on
T 2× (0, 1). LetB be theC∞ structure onT 2× (0, 1) induced by{(Ui × (0, 1), ϕi × id)}.
Define a map62 : T 2× (0, 1)→ T̃ 2, defined by(x, t) 7→ (Ãn(x), t).

Then {(62(Ui × (0, 1)), (ϕi × id) ◦ (62|Ui × (0, 1))−1)} is a C∞ atlas onŤ . Let
ρi = (ϕi × id) ◦ (62|Ui × (0, 1))−1. If 62(Ui × (0, 1)) ∩ 62(Uj × (0, 1)) 6= φ and
Ui ∩ Uj 6= φ, thenρj ◦ ρ−1

i (x, t) = (ϕj ◦ ϕ−1
i (x), t) is a C∞ diffeomorphism. If

62(Ui × (0, 1)) ∩ 62(Uj × (0, 1)) 6= φ and Ui ∩ Uj = φ, then ρj ◦ ρ−1
i (x, t) =

(ϕj ◦ (Ãn|Uj)
−1 ◦ (Ãn|Ui) ◦ ϕ−1

i (x), t) is a C∞ diffeomorphism. Letσ2 be theC∞
structure onŤ ⊂ T̃ 2 induced by theC∞ structureB on T 2 × (0, 1) through the map
62 : T 2 × (0, 1) → T̃ 2. Let Zid be a C1 vector field onT 2 × (0, 1) such that
Zid(x, t) = ( ∂

∂t
) for t ∈ (0, 1), obtained by Lemma 5.2. Let9t be aC1 flow onT 2×(0, 1)

generated byZid. Then62 ◦ 9t = F(t) ◦ 62 on T 2 × (0, 1). Henceσ1 andσ2 agree on
their common domainT 2× [(0, 1

4)∪ (3
4, 1)] ⊂ T̃ 2 and hence define aC∞ structure oñT 2

which makesF(t)(x) aC1 function with respect tot . 2

Remark.In factF(t) : T̃ 2←↩ is C∞. Moreover,F(·)(x) : R+ → T̃ 2 is C∞.

Now we know thatF(t) is a C1 strong semiflow oñT 2. It is easy to see thatF(t)

is an Anosov semiflow by the same argument in which Anosov flows are induced by the
suspension of Anosov diffeomorphisms.

It is easy to see that the periodic points ofÃn : T 2←↩ are dense inT 2 (for instance, see
[11, p. 157]). HencẽT 2 = ⋂t≥0 F(t)(T̃ 2) = A(F) has the dense subset of the points on
periodic solutions forF(t), i.e. T̃ 2 = Cl(Per(F )). So it is obvious that̃T 2 = �(F).
Furthermore, by using Corollary 1.22 from [13] we obtain that the property that the
nonwandering set is coincident with the whole maniflodT̃ 2 is persistent, i.e.̃T 2 = �(G)

for G(t) sufficientlyC1 close toF(t).
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