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Abstract On semiflows on Banach manifolds, Quandt (1988 and 1989) stated that some
special semiflows were inverse limit stable. However, the concepts and proofs used to
show inverse limit stability of semiflows are rough and ambiguous. We consider semiflows
on finite-dimensional compact manifolds or on finite-dimensional compact non-singular
branched manifolds. In this paper we show that more special semiflows are inverse limit
stable. That is, Anosov semiflows are inverse limit stable.

1. Introduction

For diffeomorphisms (respectively flows) ofosed manifoldsthe theory of structural
stability has been established. For a geometric study of evolution equations, Quandt
[15, 19 outlineda corresponding theory for endomorphisms (respectively semiflows) of
Banach manifoldéor Banach spaces). To extend the stability theory from diffeomorphisms
(respectively flows) to endomorphisms (respectively semiflows) structural stability was
generalized to inverse limit stabilityl, 13. Inverse limit stability does not guarantee
preservation of the topological dynamics. However inverse limit stability gives the one-to-
one correspondence between all global solutions for any two semiflows near the original
semiflow. On semiflows on Banach manifolds, Quarid] [stated that some special
semiflows were inverse limit stable. However, the concept and the proof used to show
inverse limit stability of semiflows are rough and ambiguous. In order to give a rigorous
proof we consider an appropriate setting in this paper. So we consider semifldingen
dimensionasmooth manifolds without boundary or on finite-dimensional compact smooth
non-singular branched manifolds without boundary. We call a finite-dimensgongbact
(respectivelynon-compadgt smooth manifold without boundary @osed (respectively
open manifold. Non-singular branched manifolds were introduced by Willia?@ [By
anon-singular branched n-dimensional manifaificlassC* we mean a metrizable space

K together with:

(i) acollection{U;} of closed subsets f;

(i) for eachU; afinite collection{ D;;} of closed subsets df;;

(i) foreachi, a mapr; : U; — D}, D} a closed:-disk of classC* in R";
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subject to the following axioms:
(@) U;D;; =U; andy; IntU; = K,
(b) 7| D;; is a homeomorphism ontd?;
(c) thereis acocycle of diffeomorphisrig/; } of classC* such thatr;; = «;/; or; when
defined. The domain af;/; is ; (U; N Uyr).

To show the existence of Anosov semiflows which are not flows, we construct a finite-
dimensional compact smooth non-singular branched manifold without boundary. In this
paper we prove the following theorem.

THEOREM4.3. Let M be either a closed manifold or a finite-dimensional compact smooth
non-singular branched manifold without boundary. Then Anosov semiflows are C*
inverse limit stable irSent (M).

The content of this paper is as follows. In §2 we give some definitions and fundamental
properties for semiflows and inverse limit conjugacy. In 83 we prove the inverse limit
conjugacy theorem. In 84 we give the definition of Anosov semiflow and its motivation.
Moreover, we prove Theorem 4.3. 85 contains an example of an Anosov semiflow which
is not a flow.

2. Preliminaries
Let M be a finite-dimensional smooth connected boundaryless (non-singular branched)
manifold with a Riemannian metric. Letbe a metric oV induced by its Riemannian
metric. A C" semiflowF(t) on M, r > 1, is a one-parameter family af” maps
{F(): M — M |t > 0} such that:
(1) F(s+1t)=F@u)F@) foralls,t > 0;
(2) F(0)is the identity map o,
(8) F()(x):[0,00) — M is continuous for every € M.

We shall sometimes use the notatibiiz, x) = F(¢)(x) for (z,x) € [0, +00) x M.
Sen (M) denotes the class of all” semiflows onM, r > 0, with the metriad,, where

d (F(1), G(t)) =Sud(F(1)(x), G(t)(x)), |D' F(t)(x) — D'G(t)(x)| | t € [0,1],x € M
andi € {1,...,r}} for F(¢), G(t) € Seni (M).

A global solutionof a semiflowF (¢) is a functionv : R — M such thatF'(z) (v(z)) =
v(r +¢)forallz > Oandr € R. Item (3) of the above definition implies that a global
solution is a continuous function & to M. Let C(R, M) be the space of continuous
functions fromR to M. Let §(F) be the set of all global solutions df(¢z). For each
t € R we define ashift F(r) on S(F) by [F(t)v](t) = v(t + 1) for € R, v € S(F).
Let p; : C(R, M) — M be a projection defined by, (v) = v(s) forv € C(R, M). Let
A(F) = (50 F®[M] for any semiflowF (r). Note thatA(F) = 5S(§(F)) for every
s € R. We sometimes call (F) anattractorof F(¢). A subset/ of M is w-invariantfor
F@)if F(r)J c J forallt > 0. Thenf(F) or J denotes the set of all global solutions of
F(t) contained inJ. We will say that a subset of M is invariantfor F(¢) if F(t)J = J
forall r > 0. We introduce a metri¢ on §(F) (more generally o (R, M)) by

d(v, w) = supe "d (), w) forv,w e C(R, M).
teR
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ThenS(F) is endowed with a topology induced by the metficWe shall say that &”
semiflow F (¢) on M is strongif F(¢) satisfies the following:
(4) every global solution(t) §(F) is differentiable for € R.

Let Senmy (M) = {F(t) € Seni(M) | F(t)isstrong be the class of alC” strong
semiflows onM, r > 0, with the metricd,. Let 77 (M) be the space of all” flows with
the metricd,. Itis obvious thatF” (M) C Sen{ (M) C Sent(M).

A global solutionv of F(¢) is called anequilibrium solutionif there exists a poinp
such thatv(r) = p for all + € R, and aperiodic solutionif there exists a constafit > 0
such thatv(r + T) = v(¢) forallt € R andv(t) # v(0) for0 < ¢t < T. The time
T > O is called thegoeriod of the solution. Thus we distinguish equilibrium solutions from
periodic solutions. Let P€éF) be the set of all points on periodic solutionsoft). Let
E(F) = {v(0) | v is an equilibrium solutiohbe the set of all fixed points faF(z). For a
global solutiornw of F(¢) defineO(v) = {v(¢) | t € R}.

PrROPOSITION2.1. Letv be a global solution of'(¢) € Sem (M):

(i) wvis an equilibrium solution of () if and only ifF(tyv =vforall r € R;

(i) v is a periodic solution of'(¢) if and only if there exists a constafit> 0 such that
F(T)(v) =vandF()(v) #vforO<t < T.

Let F (1), G(t) € Semi (M). We say thatG (¢) is inverse limit semiconjugate F(¢) if
there exists a continuous surjectiéin: §(F) — §(G) which takes the global solutions of
F(t) onto the global solutions af (+) and preserves the orientation in time; i.e. for each
RS §(F) there exists a nondecreasing automorphfsmR — R such that

[H o F()](v) = [G(Bu(t)) o H](v) forallf e R.

Furthermore, ifH is injective thenF(t) and G(¢) areinverse limit conjugate A C”
semiflow F(¢) is C" inverse limit stablef there exists a neighborhodd of F(¢) in
Senmi (M) such that, for eaclG(r) € U, F(t) and G(¢) are inverse limit conjugate.
Similarly, F(¢) is C" inverse limit stable irBent (M) if there exists a neighborhodd of
F () in Senf (M) such that, for eacty (1) € U, F(t) andG(z) are inverse limit conjugate.
Equilibrium solutions and periodic solutions are preserved by inverse limit conjugacy.

PROPOSITION2.2. Let F(r), G(¢t) € Seml (M) be inverse limit conjugate.
(i) If vis an equilibrium solution of*(z), thenH (v) is an equilibrium solution o (z).
(i) If vis a periodic solution of'(¢), thenH (v) is a periodic solution of5(z).
Proof. (i) Let v be an equilibrium solution of (¢). Then, by Proposition 2.1(i)

[G(By(1) o HI(v) = [H o F(t)](v) = H(v) forallt e R.
Hence é(ﬂv(t))(H(E)) = H(v) for all t+ € R. Since B,(¢) is a nondecreasing
automorphismoR, G(t)(H (v)) = H(v) for all t € R. It follows from Proposition 2.1(i)
that H (v) is an equilibrium solution o6 (z).

(i) Let v be a periodic solution of (¢) with periodT. Then, by Proposition 2.1(ii)
[G(Bu(T)) 0 HI(v) = [H o F(T)](v) = H(F(T)(v)) = H(v) and
G(Bu())(H(v)) = H(F(t)v) # Hv) forO<t <T.

It follows from Proposition 2.1(ii) thatf (v) is a periodic solution of5(¢) with period
Bu(T). d
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Definition. Let F(¢) be aC” semiflow onM, r > 1. We will say that am-invariant set/ is
ahyperbolicset for F (¢) if every global solution € J(F) is differentiable for and there
exist a Riemannian norm | on M and constants, © > 0 such that for every < J~(F)
there exists a continuous splittinglof> . 7.,)M into a direct SUunE* @ E° d E*, where
1) E'=UZ_E, fori=s0.u,

E}, =R- 4y(r) foreachr e R,

(TU(I)F(‘L'))[E;(I)] = E;(IH) fori =s,0,u, and everyr > 0,
2 (TveF(m)(w)| < ce ™ |w] forw e ES ., t € Randeveryr > 0,

v(t)’
[Ty F(T))(w)| > ¢ LetT|lw| forw e EY,. t € Randevery > 0.

If A isahyperbolic set foF'(¢) such that dirrEf)(O) = jforallv e X(F), then we call
j thestable indexof A for F(r). For convenience we will say thate A (F) is hyperbolic
for F(¢) if A is hyperbolic forF'(z).

Forv € §(F) we can define atangent spae” (R, M) of C(R, M) atv. LetT’(v*T M)
be the space of continuous sections of the pullback bundBafby v. T'(v*TM) is
endowed with a norni&|| = supcg |£(¢)|, where| - | is a Riemannian norm oi. Then
we can consider that,C(R, M) = C(R, v*TM) = I'(v*T M) is a Banach space. Thus
we can take an open neighborhobd(v) = T (vVTM) = {§¢ € TW*TM) | ||&| <
e} € CR,v*TM) of zero section o*T M such thatU*(v) can be identified with a
neighborhood/ (v) of v in C(R, M) by a homeomorphisr@ : U*(v) — U (v) defined
by G(§)(1) = exp,) &(r) forallr € R. LetC"(R, M) Ee the space af” functions from
Rto M, r > 1. Ifitis further assumed that everye S(F) is C", then we can show the
similarity to the above and obtain thB{C" (R, M) = C" (R, v*TM) = T'" (v*TM).

3. Inverse limit conjugacy theorem
Now we shall prove the inverse limit conjugacy theorem for hyperbolic sets of semiflows
on M. In order to prove this theorem, we need the following lemma and several concepts.

Definition. A continuous linear map. of a Banach spac¥, L : X — X, is said to be
prehyperbolidf there exist a splitting o\ = X* & X*, constants. > 1,0< u < 1, and
anorm| - | such that:

(1) L") =X" L(X%) C X*,andX*, X* are closed,

(2) |L(x")] = Alx"| forx* € X", |[L(x®)] < u|x®| for x* € X°.

Remark.In generalL| X* is not an isomorphism.

LEMMA 3.1. Let E be a Banach space an#(r) the closed ball inE about zero of
radiusr. Suppose thak admits a splitting by closed subspades= E1 @ E>, and thatE

has the box norm defined By|| = maxX|jvi| g, [lv2llg} forv = v1®v2 € E16® E2, where
Il - Il is the norm for a Banach spade. Let p; be the projection ork; fori = 1, 2. Let
T be a continuous linear map which is prehyperbolic with respect to the spliirg E-.

LetT; = T|E; fori = 1, 2. Thus there is a positive constant< 1 such that||T1*1|| <A

and|T2|| < 1. Letf : E(r) — E be acontinuous map closeto Twith(f —T) < ¢

and| f(O)]l <.
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If A+¢ < 1lands < r(1—-A—¢), thenf has a unique fixed point; in E(r). Moreover,

1
||Pf|| < m”f(o)”

and p s depend<® continuously ory .

Proof. See Shub 18] for the case wherl" is a hyperbolic isomorphism. The same
arguments are valid for the case whetis a prehyperbolic endomorphism. |

THEOREM 3.2. Let F(r) be a C! semiflow onM, and I(F) an w-invariant set for
F(t). Assume thaf (F) is a hyperbolic set fo () such thatl/ (F) (E(F) = ¢ and
(>0 F(OLI(F)] is compact inM. Then there exists @l neighborhood/ of F(r) in
Sent(X) such that for eaclG (¢) € U there is anw-invariant setJ (G) for G(¢) such that
there exist a homeomorphisHyg : T(F) — 7(G) and nondecreasing automorphisms
Bs : R — R depending onv with [Hg o F(1)](v) = [G(Bu(t)) o Hgl(v) for all

v e I(F) andt € R. By choosing the neighborhodd sufficiently small, we can get
Hg and g, forv € T (F) arbitrarily close to the respective identity maps. Subject to these
restrictions, these maps are unique. Here, for each R, F(t) is a shift on§(F), i.e.
[F()v](t) = v(z +1) fort e R, v € S(F).

Proof of Theorem 3.2Let A = (,.o F(O)[I(F)]. SinceA is compact, there exists a
positive numbee; > 0 such that eip: TxM — M is a diffeomorphism on the ball of
radiuse; for eachx € U(A), whereU (A) is some neighborhood of in M. In this setting
we can easily prove the following lemma.

LEMMA 3.3. For all »” and$ withn’ > 0,0 < § < €1, thereisr = r(8,7) > 0
and aC? neighborhoodV = V (8, ') of f in Endt(M) such that ify, z € U(A) satisfy
d(z, f(y)) < é andg belongs tov, then we have
g(expy B, (Oy)) C esz(le(Oz)),
lip[(F;.y — exp tog o exp)|B-(0)] < 1.

HereF, , = D(exp;l)f(y)ny andEnd'(M) denotes the space of &' maps fromM to
M endowed with the€'! topology.

Proof of Lemma 3.3See [L8, pp. 89, 90]. ]

Return to the proof of Theorem 3.2. We shall divide the proof into several steps.

Step 1. Existence of a semiconjugaty.

First, for eachv € T(F) we try to find a conjugacy for the time-one maygl), i.e. we are
looking for a continuous function’ : O(v) — M and a continuous functiom} :R—>R
such that

u’(F(1,v())) = G(aﬂ(t), u’(v())) forallr e R. (3.1)

Letu’(v(1)) = exp, &) whereé e ', (V(E*®E")) ={v e TOW(ES®E")) | |Iv| <
e < e1}. Herellv|| = sup.g [v(v(®))|. We define a map;, : R — Rbya; (1) =
the smallest positive numbersuch thaiG (s, exp,,, § (1)) hits exp1)(E¥ ® E")y+1)-
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ag)g is well defined and continuous fobecausé (1) is C* close toF (1) and||£ | is small.
Usingé&, we can rewrite (3.1) as

E@) = exp;(}) oG(a,},E(t —D)oexp,_1&—1) forr e R. (3.2)
To solve equation (3.2), we define two mapandFY;

Ly:TW*(E'®E")) — T(w"(E°® E")) by
[Ly(E)](1) = (Dy-1)F (1)) 0§ 0 S_1(2),
FO T (v*(E’' ® E)) - T(W*(E* ® E*)) by
[FE@)1(1) = exp,;, oG (o (t — 1)) 0 €XP,;_1 0& 0 S_1(1)
= (Dye-1F (1)) 0§ o S_1(1).

HereS, : R — Ris a shift withS, (r) = ¢ + u. Equation (3.2) is then equivalent to
[(Ly + FOYE(@) =£(t) forr eR. (3.3)

Note that’, is prehyperbolic with respect to the splittiigv* (E* & E*)) = T(W*E®) &

I'(v*E"). Moreover, it is easy to see that there exist a number/0 < 1 and an adapted

operator nornj - || such that|£|T (v* E®)|| < A, |£|IT (v*E*)| > »~1. By Lemma 3.3, for

n,8 > 0 satisfyingn + A < 1and O0< § < £1(1 — A — n), there exiskz = ¢2(8,7n) > 0

and a neighborhood of F(1) in End'(M) such that:

() lip[(DyF(1) — exp;(}H) 0g 0 €XP,))|Be,(0)] < n/3  foreachg € V;

(i) if G(r)isC!closetoF(¢)in Sent(M), thenG(1+s)is C1 close toF (1) in Endt(M)
for small|s|. Thatis,G(1+ s) € V for small|s]|.

Then it is easy to see that

lip(FS) < n for the domair,, (v* (E* @ E“)).
Thatis, forg, &' € T',,(v*(E* @ E*)) with [|£ — || small,

175 &) — FF €D = suplFS () () — FZEN @) < supnle) — &' ()] = nllE — &)
teR teR
Now we know that(L, + F9) : Tp,(v*(E* @ E*)) — T(Q*(E* @ E")) is a map
close toL, with Iip(]—‘vG) < 1. Moreover, we takeG(r) C! close toF(r) satisfying
1Ly + }"5;)(0)” < g2(1 — A — n). Then it follows from Lemma 3.1 thatC, + ]—"UG)
has a unique fixed poirg, in ', (v*(E* @ E")). Therefore, setting” = exp&,, we get
from (3.2)

u’(F(H(v@))) = G(“g,sv(t)’ u’(v(®))) forteR. (3.4)

For simplicity we writeall, for “3,&' Note thatu’ o v € C(R, M). We shall show that
u’ov e §(G), i.e.u’ o v is a global solution o5 (¢). It is obvious tha{u® (v(i)) | i € Z}
belongs to a global solution af (r). We denote this global solution (). We can take
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w(t) satisfyingw(0) = u?(v(0)). We definez¥ € C(O(v), O(w)) by

i—1
G((t—i)-Ol%(i)-f-ZOl%(j)’w(o)) fori<t<i+1ieZt,
j=0
R Gt - a%(O), w(0)) forO<r <1,
uov(t)= G(t- a%(—l), w(0)) for—1<1t <0,

G((t+i)-af(—i—D— Y ar(j).w(0) for—i—1<t<—iielZt.
j=—1

Then{u?ov(?) | t € R} = O(w) = {w(t) | t € R}. Moreover, we can define a continuous
mapa? : R — R such that

v’ (F(D)(v(@))) = G(&,}(t), u'(())) forteR.

Settingg(t) = exp;(}) uw'(v(t)), we have’é e I, W*(E* @ E")) becauseG(r) is
sufficiently C1 close toF (). By the uniqueness of the fixed point in Lemma 3.1, we
haveé = &, soal = al.

We define a mapi; : I(F) — S(G) by
Ho(w)=w forveI(F), (3.5)

wherew is a global solution ofG () with w(0) = zV(v(0)), induced by the above
argument.
We define amap, : R — R by

w’(w(n) = w(By(n) foru eR,

wherew is defined by (3.5). It is obvious th@, is an nondecreasing automorphisniof
Then it is easy to see that

[Hg o F(w)1(v) = [G(Bu(1) 0 Hgl(v) forv e I(F)andyu € R. (3.6)
Let J(G) = polHg(I(F))].

Step 2. Injectivity oHg.
Next we shall show thallg : 1(F) — Hg[1(F)] is injective.

By [5] there exists a constang > 0 such that for every < T(F) there exist a local
stable manifoIchs(v) and a local unstable manifowg’s(v).

Before continuing the proof, we need stable and unstable sets for hyperbolic sets of
semiflows. First, we define the following sets.

Let A be a hyperbolic set foF (t) € Semi (M), r > 1 with the stable index. For
x =v(0),v e K(F), e >0,

W¥(x;v) ={y e M | d(F@)(x), F(t)(y)) — 0ast — +o0}
Wi (xsv) ={y e M | d(F(t)(x), F(1)(y))) <efort >0
andd(F(t)(x), F(t)(y))) — 0 ast — +o0o}
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W (x; v) = {y € M | there exists a global solutian with w(0) = y
such thati(S, (t)(x), Sy, (#)(y)) — 0 ast > —oo}

Wi (x; v) = {y € M | there exists a global solutian with w(0) = y
such that(S,(¢)(x), Sw(@)(y)) <eforr >0
andd (S, (t)(x), Sy () (y)) — 0ast - —oo}.

HereS,(1)(x) = v(t + 7) for t € R wherex = v(7).

By [5] the following properties are obtained: for> 0 sufficiently small:
(8 W(x;v)isacC" disk with dimensiory = dim Ej(o);
(b) WH*(x;v)isaC” disk with dimensior= dim Eg(o);
(c) W (x;v) (respectivelyW* (x; v)) is tangent toEj(O) (respectiverEfj(o));
(d) WG v) W (x; v) = {x}.

There are constants 2. > 0 such that for smalt > 0,
()  d(F@)(x), F)(y)) < ce ™d(x,y) fory e Wi (x) andr > 0
(i)  d(Sy()(x), Sw(®)(y)) < cerd(x,y) for y = w(0) € Wit (x;v), w € M andt < 0.
Note thatd denotes the set of all global solutionsoft) (contained inM).

Let

Wiw) = JwFem:v, W) =W o).
teR teR

W (v) (respectivelyW! (v)) is invariantly fibered byC” disks WS*(v(z); v) (respectively
Wi (v(t); v)), i.e. fort > 0 andr € R

FO[W(v@);v)] € W@ +1);0), W+ 1) v) C FOIW"((); v)].

W (v) is tangent ab(t) to Ej(t) ® Eﬁ(z) for everyr € R. Similarly W¥ (v) is tangent at
v(r) to El”j(t) @ E°, ., for everyt € R.

v(t)
Fore > 0,

W) = {w € S(F) | d(S(t)(v), S(t)(w)) < ¢ forallz > 0},
W (v) = {w € S(F) | d(S(—1)(v), S(—1)(w)) < ¢ forallt > 0}.

Suppose thab € W? (v) N W (v). Sincew € W?(v), d(S(1)(v), S(1)(w)) < ¢ for all
t > 0. Thend (S, (1) (v(0)), S, (1) (w(0))) < ¢ forall t > 0. Hence there exists € R such
thatW?* (v(0); v) > S, (') (w(0)) and|’| is small. By similar argumentthere existse R
such thatv** (v(0); v) 3 Sy, (t”)(w(0)) and|¢”| is small. By property (d) and continuity of
semiflowF (), we obtain that’ = ¢”,i.e.w(t’) € W** (v(0); v) () W* (v(0); v) = {v(0)}.
Hencew = S(#')(v). Soin generaﬁlg(v) N W;’(v) D {v} for sufficiently smalle.

Here we adopt the definition of expansivity by Bowen and Walterg][

Definition. Let X be a metric space with a metri&; and ® a continuous semiflow on
X. @ is expansiveon a subset of X if, for small e > 0, there exist$ > 0 such that

if v, w e Y(F) andd(S®#)(v), S(g(t))(w)) < & for all + € R and a continuous map
g : R — Rwith g(0) = 0, thenw = S(t)(v) for somer satisfying|z| < €.
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By similar arguments to those for hyperbolic sets of floddf], we have the following
properties of hyperbolic sets for semiflows.

Let A be a compact hyperbolic set #f(r) € Senmi (M), r > 1, with the stable index
j>0,ANE(F)=¢,andF()(A) = A forallz > 0.

Property 1. (Canonical coordinate) For every small> 0, there aré§ > 0 andr > 0
such that ifx, y in A satisfyingd(x,y) < &, then W*(S,(¢)(x); v) N WX (y; w) =
{a single poinit for a uniquer € R with |f] < & whenever a paip, w € T\(F) satisfy
v0) =x,w0) =y andJ(v, w) <r.

We denote the above single point biy(0), w(0)). s, and the above unique by
u(v(0), w(0))e,s,-. We adopt notx, y)e s, but (v(0), w(0)),,5,-, because the intersection
of Wi (y; w) and W;* (x; v) depends not only ofx, y) but also(v, w). For simplicity,
write (v, w)e s, for (v(0), w(0))e 5., aNdu (v, w)e s for u(v(0), w(0))e s,

Property 2. F(¢) is expansive om\.
In order to prove Property 2 we need the following proposition.

PrROPOSITION3.4. LetL > 0 be sufficiently large angt > 0 small. For sufficiently small
n > Othere is anx > 0 with the following property.
If v, w € A ands : R — R, a continuous function with(0) = 0, satisfy

d(Sw(t +s()(w(0)), Sy(H () <a forlf| <L,

then
Is(t)| <3n forall |t| < L, |u(w(0), w(0))ys.,l <n

and
d(Su(@)(w(0)), Sy(t + u(v, w),5.,)((0))) < cye I forany|s| < L.

In particular,
d(w(0), Sy(u(v, w)ys,)w(0))) < cye L.

Herec, A > 0 are constants induced by the hyperbolicityAaf

Remark.For sufficiently largel. > 0 and sufficiently smalk > 0, if v, w € A satisfy the

assumption of Proposition 3.4, thg(lv, w) < r andd(v(0), w(0)) < §. Heres > 0 and

r > 0 are the numbers determined hy> 0 corresponding te in Property 1. Thus, the
appropriate choice df anda guarantees the existence(of w), s » andu(v, w),s,,.

Proof of Proposition 3.4We may assume thatis so small that
n<y/8 and sufd(S,(u)(v(0),v(0)) | v € A, Jul <4n} <y/8.

Let s, r be the numbers determined hycorresponding te in Property 1. Consider, w
as above. Sincg0) = 0,d(w(0), v(0)) < 5. Define

x = (0(0), w(0) .5, = W3 (Sy(u(, w)y.5,)W(O); v) () W (w(0); w)
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and the sets
A={tel0, L]||s®)]=3nord(Sy®)(w(0)), F(x)) >y/2}
B={te[0, L]||s(=t)] = 3nord(S,(—1)(v(0)), F—z(X)) >y/2},

where F_,(x) is a backward orbit ofc contained inW,‘;(w). The unigueness of the
existence off,, (x) is guaranteed by € Wit (w(0); w). Letz be the global solution
such thatz(0) = x andz(t) € Wit (w(t); w) forr < 0. Suppose thatt # ¢. Let
t1 =infA € A. Thend(Sy(t1 — b)(w(0)), S;(t1 — b)(x)) < (1/2)y forall b > 0. Since
|s(t1)] < 3n, using the triangle inequality we get

d(Sw(t1+ s(t1) — b)(w(0)), Sz(t1 + 5(11) — b)(x)) < (3y)/4 forb > 0;

hence
S:(t1 + 5(1))(x) € W (Sw (t1 + s (1) (w(0)); w).

Now
d(Fp(x), Fp(Sy(u(v, w)ys,)(v(0) <n<y/8 forb=>0.

Since|s(r1)| < 3n, the triangle inequality gives us
d(S;(t1 + s(t1) + p)(x), Sp(t1 + s(t1) +u + p)(v(0))) < (3y)/8 forp > 0;

hence
S:(t1+ s(1))(x) € W' (Sy(s(t1) + u)(Sy(12) (v(0))); v).

Now we obtain that
S (114 s(12))(x) € W' (Sy(u +5(1)) (Sy (1) (v(0))); v) N W™ (S (12 + 5(72)) (w(0)); w),

whereu = u(v, )y,

Since
Is(t1) +ul < [s(t)| + u] <4n <y
and
d(Sw(t1 + s(t1))(w(0)), Sy(11)(v(0))) < «,
we have
u(Sy(t1) (v(0)), Sy (11 + s(11)) (w(0))) = s(11) + u(v(0), w(0))
and

Sz(11+ s(11) (x) = (Sy(11) (v(0)), Sy (11 + s(1)) (w(0))).
Then we obtairs (1) + u| < n by Property 1. Moreover, it follows from Property 1 that
d(Sw(t1 + s(t1))(w(0)), Sz(11)(x)) < « implies

(S2(11) (x), Sw(t1 + s(11)) (w(0)))
€ W3 (S.(@0) (S (1) ()): 2) [ | Wi (Su (11 + s (1)) (w(0)); w) (a)

whereu = u(S;(11)(x), Sw (11 + s(11))(w(0))) and|u| < .
Then (a) implies

d(S: (11 + (1)) (x), Sw(t1 + 5(11)) (w(0))) < 1.
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s (t1) + u(v(0), w(0)| < |u| < nimplies|s(z)| < 2n. Using|s(r1)| < 2y, we get
d(S:(11)(x), Sw(t1)(w(0))) < (3y)/8.

The above results contradigt € A. HenceA = ¢. We can show thaB = ¢
by the similar arguments above. It is easy to see that: ¢ implies S;(L)(x) €
W‘f]”j(Sw(L)(w(O)); w). For|s| < L,

2

d(S;(8)(x), Sw(s)(w(0)) < %yce—A(L—\sl)_

Similarly, B = ¢ implies S, (—L)(x) € WiSV(Sv(—L + u)(v(0)); v) and
2

d(S-()(x), Su(s + u)(v(0)) < Fyce METID,
These two inequalities combine:
d(Suw($)w(0)), Suls +uw)(©(0) < yee H 1D,
AlJB = ¢ also givegs(r)| < 3nfort e [-L, L]. O

Proof of Property 2.SinceA is compactand\ N E(F) = ¢, there exists a constafit> 0
such thatifv € A is a periodic solution then the period ofis larger thar’. Letn > 0
be sufficiently small such thath6< 7. Then we obtairt > 0 corresponding ta by
Proposition 3.4. It is easy to see thavifw € A andd(S(t)(v), S(g(1))(w)) < « for all

t € R and a continuous map : R — R with g(0) = 0, thenw(0) = S,(z)(v(0)) for
somert with |t| < 5. Hencew(s) = v(s + 7) for all s > 0. However, we do not know
whetherw(s) = v(s + ) for all s < 0. Suppose that there exists< 0 such that for
somezt with |T| < 4n, w(s) = v(s +7) forall s > 5. Thenv(z) = w(0) = v(7).
Sincev ¢ E(F) and|t — 7| < T, T = t. Suppose that there is a real nhumber
so = Inf{s € R | v(s +1) = w(s)}. Letss be arbitrary real number such thgt—s1 > 77.
Letv = S(s1)(v) andw = S(g(s1))(w). Define a continuous map: R — R by

g) =gt +s1) —g(s1) forteRR.
Then

d(t), w(g(®))) = dv(t + s1), w(g@) + g(s1)))
=dw( +s1), w(glt +s1))) <a forallt e R.

By Proposition 3.4, there exists a unique € R such thatw(0) = Si(r1)(v(0)) and
1] < 1. Thusw(g(s1)) = v(s1 + 71) andsy + 11 < s, andg(s1) < g(so). Then
w() = vt + s1+ 11 — g(sp) forall ¢ > g(s1). Moreover, it is easy to see that
ls1 + 11 — g(s1)] < 4n. From the above argument apds1) < s, < 0, we obtain
thatt = s1 4+ 71 — g(s1). Hencew(r) = v(¢ + 7) for all t > g(s1). This result contradicts
the existence of,. Thereforew = S(7)(v). O

Now return to the proof of Step 2. Lety = min{e2, e3}. Letes > 0 be the number
obtained byy = &4 in Proposition 3.4. By taking (1) sufficiently C* close toF (1), we
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see thatH is within e5/2 of the identity map ofN(F). Suppose that there avew € T(F)
such thatHg (v) = Hg(w). We defineamapg : R — R by

[He o F(1)](v) = G(Bu(t)) 0 Hi(v)
= G(By(1)) o Hg(w)
= G(Bu(g(1))) o Hg(w).

Then itis easy to see thatis continuous and nondecreasing witfd) = 0. Moreover, for
eachr e R

IF(t)() — F(g0)(w)| < [ F(t)(v) — HGF(t)(w)|| + || He F (t)(v) — Hg F(g(1))(w)|
+ I1HG F (g(1))(w) — F(g(®))(w)]|
< %85 +0+ %85

= ¢5.

Then it is easy to see thd(v(r), w(g(t))) < es5 for all t € R. Hence expansiveness of
A= ﬂ,zoF(t)[I(F)] implies thatw = S(t)(v) for somer satisfying|t| < £4. By the
construction ofi;, T = 0, thatis,w = v.

Step 3. Continuity off and other properties.
By the construction ofH; above, the continuity ofH; and the last statement of
Theorem 3.2 are obvious. O

Remark.Quandt stated similar results to the above theorem. However, the author cannot
understand the rough proofs off, pp. 199, 200] and16, p. 335]. In Robinson’s
framework [L7] to prove Theorem 215, p. 199], we cannot use the implicit function
theorem because the differentiability of global solutions with respecistaot guaranteed
by his setting. In the proof of Theorem 7.16 p. 335] it is not known whether the disk
family {exp,,(E* & E*)(¢)|t € R} has the following properties:
(1) exp)(E* @ E")(e) Nexp,)(E* @ E")(e) = ¢ for ¢ # s and|t — s| small;
2) Uer exp,(E* © E*)(e) is a tubular neighborhood of a global solutio).

If we restrict objects to strong semiflows, then we have following consideration. Each
global solutionw(z) in 7(G) is differentiable for € R. Moreover, for eaclw(z) € J~(G)
there is a global solution(z) in T(F) which is close tow(?) (that is, tracew(r)). Since
IN(F) is hyperbolic, we can show th:f‘(G) is hyperbolic forG (¢) by the similar argument
of [7, pp. 2196—2198].

4. Anosov semiflows
In this section we will give the definition of Anosov semiflows.

Definition. We say that aC1 semiflow F(¢) is an Anosov semiflovif F(¢) satisfies the
following:

(i) A(F) is acompact hyperbolic set f@t(z) with stable indexj = constant- 0;

(i)  A(F) contains no equilibrium solutions.
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Intentionally we do not refer to manifolds in the definition, because we consider the
general case in consideration of the extension to the infinite-dimensional case. We shall
describe the motivation of the above definition. First of all, remember the definition of
Anosov flows. If the entire manifold/ possesses a hyperbolic structure then the flow is
called anAnosov flow In the case of semiflows, it is appropriate that only the attractor
possesses a hyperbolic structure (i.e. condition (i)). In the case of Anosov flows on a
compact manifold, hyperbolicity of M implies thatM has constant stable index. In the
finite-dimensional case of semiflows in this paper, we easily haveitt¥a} is equal toM
and has constant stable index. However, in the infinite-dimensional case or special finite-
dimensional case (i.e. open manifolds) we cannot guarantea ¢fat= M. So a constant
stable index ofA(F) is not guaranteed by only hyperbolicity af(F). If A(F) ;Ct M
then there exists the possibility of decompositionAqfF’) into disjoint hyperbolic sets
which have different stable index. Therefore, from intuition of original Anosov flows or
diffeomorphismsit is natural to require a constant stable indet(#f) and no equilibrium
solutions.

In the case of flows the following result, essentially due ta™p], is obtained.

THEOREMA4.1. [4] Let M be a closed manifold. Necessary and sufficient conditions for a
flow ¢, on M to be Anosov are:
(1) ¥, has hyperbolic chain recurrent set;
(2) the weak stable and unstable manifolds (y) and W*(y) intersect transversally
for each orbity in M;
(8) the dimension oW*(y) and W*(y) is constant respectively, i.e. independent of

Then it is easy to see that an Anosov flow satisfies (1), (2), and (3) of Theorem 4.1. In
the case of semiflows we need condition (i) in order to guarantee properties corresponding
to (2), (3) in Theorem 4.1. In fact, Anosov semiflows satisfy properties corresponding to
(1), (2) and (3) of Theorem 4.1.

Remark 4.1.Quandt L5, 1§ gave definition of an Anosov semiflow which is weaker than
the above definition. He required only th&¢F) is a compact hyperbolic set fét(z).

If F(z) is an Anosov semiflow, theA (F) is the maximal compad¥ (¢)-invariant set.

Observe that

(NFoIMI= () FmIMl= [ FQ)"[M].

t>0 neZ=* neZ+t
By compactness ofA(F), there exists a compact neighborhoddof A(F) such that
A(G) C U for G(r) sufficiently C1-close toF (r). Thus perturbed; (r) has no explosion
of the attractod (G).

If a semiflow F(¢) satisfies only the condition (i) of the above definition, then we find
the existence of one-to-one correspondence between all elemestg irand elements
of a subset ofS(G) for G(r) Cl-nearF(r) by Theorem 3.2. However we do not know
whether this correspondence is a homeomorphlsm fﬁ()m) onto S(G) To prove the
existence of a homeomorphism fraﬁQF) onto S(G) we will use an infinite chain (i.e.
pseudo-orbit).
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Definition. Let F(r) be a semiflow onV/ and letd be a distance oM. If Y is a subset
of M andJ is a subset ofR, then defineY - J = {F(*)(x) | x € Yandr € J}.
Givenx,y € M ande,T > 0, an(e, T)-chainfrom x to y is a collection{xg =
X,X1,...,Xk = y;to,11,...,t—1} such that for 0O< i < k — 1 we haver; > T and
d(x; - tj, xi+1) < e. A pointx is chain equivalento y (written x ~ y) if for every

e, T > Othereis ane, T)-chain fromx to y and one fromy to x. Thechain recurrent set
of F(t), CR(F),is{x € M | x ~ x}. Aninfinite (¢, T)-chainis a pair of doubly infinite
sequences$...,x_2,X_1,X0 = X,X1,...;...,1_2,t_1,10,11,12,...} such that;, > T
andd(x; - t;, xj+1) < e forall i € Z. Letxg *t denote the point on this chain starting from
xp as follows. Ifr > 0 then

X0 - t, if0 <t <1,
xXpxt = i— i—1 i
xi~<t— tn), ithn§t<Ztnandizl.
n=0 n=0 n=0
If t < Othen
x_1-(t+1-1), ifO>1r>—14,
xXokxt = -1 -1 —1
x,~-<t+Ztn), if — Z tn>t2—2tnandi§—2.
n=i n=i+1 n=i

Definexg * [a, b] to beU,E[ayb] {xo * t}. A reparameterizatiorof a global solution is an
orientation preserving homeomorphismBfiixing the origin. A global solutiorv(z) is
said toé-trace an infinite (¢, T)-chainxg x R if there is a reparameterizatignsuch that
d(xo*t,v(g(t))) < §forallt € R. Remember that the chain recurrentG&(F) of a
semiflow F () coincides with the chain recurrent sER(F1) of the time-one magF; of
F(t) (see p] for the definitions and details).

In the proof of Theorem 4.3 we will use the following lemma. This lemma is the
shadowing lemma. By using Properties 1 and 2 of 83, we can develop similar arguments
to those for flows by Franke and Selgra@g [

LEMMA 4.2. Let A be a hyperbolic compact invariant set for a semiflbw) on M. For
eachs > Othere is ane > 0 such that each infinités, 1)-chain in A is §-traced by some
global solutionu(z) € X/(F). Here A’ is a maximal compact invariant hyperbolic set for
F(¢) contained in some compact neighborhadaf A.

Remark 4.2In the proof of Theorem 4.3 we consider the case thas equal toM. In
general, as we take> 0 smaller, we can take> 0 smaller.

THEOREM4.3. Let M be either a closed manifold or a finite-dimensional compact smooth
non-singular branched manifold without boundary. Then Anosov semiflows are C1
inverse limit stable irBent (M).

Proof of Theorem 4.3SinceF (¢) is an Anosov semiflow, there exist<& neighborhood
U of F(t) in Senﬁ(M) such that for eacl;(+) € U there exist a homeomorphishi
from S(F) onto its image and a nondecreasing automorplgismR — R depending on
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with [Hg o f(t)](v) = [é(ﬂv(t)) o Hg](v) for all + € R. We only need to prove that there
exists a neighborhoda C U of F(¢) such thatHG[§(F)] = §(G) for eachG(¢) € U.
Since F(0) = id is a C! diffeomorphism ofM, it is easy to see thaf(¢) is surjective
and has no singularities for @ + < 1. Furthermore, sinc&(r) is C! close toF () in
Semt(M), G(r) is also surjective and has no singularities for @ < 1. By the semigroup
property, eaclG(¢) is surjective for alk > 0. HenceA(G) = M for eachG () € U if
necessary retakirig smaller. Lete > 0 be small. Let/, C U be a neighborhood af (¢)
such thatd1(F(¢), G(t)) < ¢ for everyG () € U,. At first we shall prove thatt (G) = M
is hyperbolic for eaclG () € U,. Let G(t) € U, andv(z) € §(G). Then we can take an
infinite (¢, 1)-chain{x,; t,} for F(¢) such that:

O  x, =vn),foreveryn € Z;

(i) dF®)(xp),G@)(v(n))) <e,for0<t <1=1t,andeveryi € Z.

By Lemma 4.2, for smalb > 0 there is ane > 0 such that each infinitéz, 1)-
chain isé-traced by somé(r) € §(F). If ¢ > & then we retake andi{, satisfying
& <z. Then there exists a global solutiar(z) of F(¢) such that the above infinite, 1)-
chain{x,; t,} is §-traced byw(z). That is, there exists a reparameterizatiosuch that
d(xo*t,w(0)-g(t)) < éforallt € R. By (i),

dw(@),w) -g@) <d@@),xoxt)+dxoxt,w0) -gt) <e+34§
for all + € R. Then there exists a reparameterizatiosuch that
dw©) k@), w®) <e+45§ forallr e R.

SinceM = A(F) is hyperbolic, then there is a continuous splittindg ¢ _ . 7\y-) M into
adirect sumE’s @ E° @ E*, where
1) E=UZ_o Efu(t) fori =s,0,u,
E}, =R- L) foreachr e R,
(Tw(z)F(f))[E{U(,)] = E;U(IH) fori =s,0,u,and everyr > 0,
(2 (Twi)F(@)(b)| < ce ™ |b| forbe Efu(t),t € Rand everyr > 0,
(T F () (b)| > ¢ LetT|b| forb e EY )t € Rand every > 0.
Let E; = 8v(0).h(r),w(z)EfU(,) for everyt € R andi = s, u, wheree, , is the parallel
translation from7,M to T, M along the unique shortest geodesic joiningo x. Let
E? =R-1v(0) - h(s)ls—, for everyr € R. Then

o 0 A A -
U TownM = | E @ E @ E;

t=—00 t=—00

is a continuous splitting. Let,M = T,oumM = E & E2 & E* andG, =
Ty©0)-h()G(h(n + 1) — h(n)) for everyn € Z. If G(t) is sufficiently C1 close toF (1),
we can takes + § > 0 above sufficiently small. Then, sinegt) is (¢ + §)-traced by
w(r), there exist a constant > 1 and a family of cones?, > E“ associated with the
decompositionE” & (E? @ E¥), and a family of cones, > E® associated with the
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decompositiorff, @ (Eg ® E,;‘) such that for every € Z
G, H, C Int(H,+1)
(Gp-1) 1S, C INt(S,-1)
Gn(u, V)l > All(u, v)||  for (u,v) € Hy
1Gn G, )l < A7, v for (u, v) € (G) ™ Sp1.
By the Hadamard—Perron theorem there exist a sequence oMdirj — 1)-dimensional
subspaceE” c T,M, n € Z, and a sequence gtdimensional subspacesj, c T,M,

n € Z, such that for every € Z
(a) E,’::ﬂ?ioGn 10Gy20---0Gu_i(Hy—),

b) E)=N7ZGptoG, o 0G,}(Surit),

(C) GnE = E,I:+1a GnE = Efl+1!

(d) 1Gubll = Vbl forb e EX,

@) 1Gabll < W) Yib) forb € Ej,

where 2’ > 1 |s a constant satlsfylng > A > 1. By setting T,.-+M =
Tv(O) h(n+t)M = En+t D En+t D En+t and En+t = Ev(O)h(n+t) foroc = s,0,u, and
Gntt = To©)hin+)Gh(n + 1+ 1) — h(n + 1)) for everyn € Z where some with

0 < 7 < 1, we can show that there exist a sequence of (dim j — 1)-dimensional
subspaceEHl c T,++M and a sequence gfdimensional subspacesi+t C ThM
satisfying properties correspondlng to (a) (b), (c), (d), and (e). Then it is easy to see
that U2 nM = U® . ES @ E° @ E" is a continuous splitting with respect to
such that eacIE" is TG (h(t))-invariant foro = s, o, u. Moreover,v(h(t)) is hyperbolic
for G(h(r)). By [8, Proposition 17.4.5], we can check that) is hyperbolic forG(z).
HenceM = A(G) is hyperbolic forG(t) suff|C|entIyC1 close toF(¢). By Theorem 3.2,
there exist a homeomorphlsmF S(G) — S(F) and nondecreasing automorphisms
BY : R — R depending omw ¢ S(G) satisfying

[Hr o G()](w) = [F(BS () o Hrl(w) forallw € S(G) andr € R.
ThenHF o Hg is a homeomorphism frorﬁ(F) into itself. In fact,
[(HF o Hg) o F(t)I(v) = Hr o [Hg o F()](v)

= Hp o [G(By(1)) o HG1(v)
= [Hr o G(By(1)1(Hg (v))
= [F(Bfj .0y (Bo (1)) 0 HF1(HG(v)
= [F(ﬁgG(v)(ﬁu(t))) o (Hf o Hg)](v).

Here ﬂgG(v)(ﬂv (1)) is obviously a nondecreasing automorphism Rf For G(r)

sufficiently C1 nearF (1), it follows from Theorem 3.2 thakllr o Hg is the identity map
of S(F). HenceHg; is surjective sd is a homeomorphism frorfi(F) ontoS(G). O

Remark 4.3If M is infinite-dimensional (i.e. a Banach manifold), then the attractor of
semiflow onM is not equal toM in general. So we cannot use the argument in the proof
of Theorem 4.3, because we do not know whether an inf{ajt&)-chain for F (¢) §-traced

by a global solutionw(z) for G (¢) is contained inA(F) ;Cé M.
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Remark 4.41f M is a closed manifold, then it follows from Proposition 2.8 IriJand the
semigroup property that (z) is a diffeomorphism oMM for eachr € R. Thatis, if M is a
closed manifold then Anosov semiflows dhare Anosov flows.

5. Examples
In this section we construct examples@f Anosov semiflows which are not flows.

Consider a (2,2)-matrix, = (2 1) with n € Z*. ThenA, can be thought of as a
linear transformation of the plan? which preserves the lattice of points with integer
coordinates. There is an induced endomorphisyof the quotientR2/L = T2, two-
dimensional torus, onto itself far > 3. Forn = 2 it is well known thatA,, is an Anosov
diffeomorphism19]. Itis easy to see that this endomorphism is an Anosov endomorphism
(see [L3] for the definition).

To construct Anosov semiflows we use this Anosov endomorplﬁgm Note that
A, contains no singularities and is@™® covering map. The degree dh, n > 2, is
equal ton — 1. Then we can define the suspensiorf'8fby the same method as in the
diffeomorphisms casdl[, 12, 19.

Let 72 = T2 x [0, 1]/ ~, where~ denotes the identification @f, 1) with (A, (x), 0)
for eachx e T2. We define a semiflow () on 72 as follows.

For eachx in 72 we can present = (x,,s) with0 < s < 1, so we set

(X0, +1) for0<r<1-—s,
(Ap(xo)t+s5—1) forl—s<r<2—s,
(A2(xp), t+s—2) for2—s<t<3—s,
etc

F()(x) =

To check thatF(r) is an Anosov semiflow, we have to see that there exists®a
structure on7T2 such thatF () is a C1 strong semiflow. Obviouslyf2 is not a usual
manifold. However we can introdud to a natural differential structure. That 2 is

a compact smooth non-singular branched manifold without boun@@fy\[Ve shall show
the following.

THEOREMS5.1. For 72 and F(¢r) as above, there is @°° structure on72 such thatF (¢)
is aC! strong semiflow.

For the proof we use the following.

LEMMA 5.2. [12] Let M be a smooth manifold. Then there is"& neighborhood/ of

the identity inDiff 1 (M) (with respect to the strong Whitney topology) such that, for every
W e U, there is aC? vector fieldZy on M x [0, 1] such that:

(1) Zg(x,t) = (9/0t) fort € [0, 1/4] andr € [3/4, 1];

(2) thetime one map dfy maps(x, 0) to (W (x), 1).

Proof of Theorem 5.1Let (U;, ¢;),i = 1, ..., s, be local charts off 2 such that

@ Ui Ui =T%
(2) foreach, A,|U; is aC® diffeomorphism fron; to its image.
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Then it is obvious thaf(U; x (— ) @i x id)} is aC™® atlas onT? x (-3, 3.
LetQJ. be theC® structure onr'2 x (—— ) induced by{(U; x ( 4) i X x id)}. Let
T =T2x ([0 . HU@G. 1)/ ~c 72 Defmeamap:l T2 x (=3, )—> T c T2 by:

1) b (Ap(x), 1), fortelO, 4)
' (x.t+1), forte (-0l

We claim that(S1(U; x (—3, 4)) ((pl x id) o (£1|U; x (—— 1) Yyisac™ atlas orT .
Lety; = (¢; xid) o (Z1|Ui x (=5, ) I T1(Ui x (—3, 4>>021(U,- X (5. 3) #
andU; NU; # ¢, theny; o 1//i_1(x, 1) = (pj o ¢, *(x), 1) is aC> diffeomorphism. If
Z1Ui x (=3, ) N Z1U) x (5, 7)) # ¢ andU; N U; = ¢, thenyj oy (x, 1) =
(@) 0 (AnlUj) Lo (An|Up) 0 97 1(x), 1) is aC™ diffeomorphism (becausé, |U; is aC>
diffeomorphism for each).

Let oy be theC™ structure of’ C T2 induced by thee™ structure on 72 x (—1, 1)
throughthe may: T2 x (-3, 3 — T2,

Let T = T2x (0,1) C T2 Obviously {(U; x (0,1),¢; x id)} is aC>™ atlas on

2% (0, 1). LetB be theC™ structure o2 x (0, 1) induced by{(U; x (0, 1), ¢; x id)}.
Deflne amaE, : T2 x (0,1) — T2, defined by(x, t) > (A, (x), 1).

Then{(Z2(U; x (0, 1)), (¢i x id) o (22|U; x (0,1))"H} is aC™ atlas onT. Let
pi = (i x id) o (Z2|U; x (0, 1)L If Zo(U; x (0,1)) N Z2(U; x (0,1)) # ¢ and
UiNU;j # ¢, thenpj o p7(x,1) = (¢ 0 97 (x), 1) is aC™® diffeomorphism. If
Z2(U; % (0, 1)) N Sp(U; x (O, 1)) + ¢andU; NU; = ¢, thenp; o p t(x,1) =
(@) o (A |U])* o (AulUi) o @ Yx), 1) is aCc™® diffeomorphism. Lets> be theC™>
structure onT C T2 induced by theC™ structure®3 on T2 x (0, 1) through the map
Y, : T?2 x (0,1) — T2 Let Zjg be acC? vector field onT2 x (0, 1) such that
Zig(x, 1) = (&) fort € (0, 1), obtained by Lemma5.2. Lat, be aC* flow on T2 x (0, 1)
generated byiq. ThenX, o W, = F(t) o 2 onT?2 x (0, 1). Henceoy ando> agree on
their common domaiff’2 x [(0, 3) U (2, 1)] ¢ 72 and hence define@> structure ori'2
which makesF (1) (x) a C! function with respect to. O

Remark.In fact F(¢) : T2 <> is C*. Moreover,F(-)(x) : RT — T2is C™.

Now we know thatF (¢) is a C! strong semiflow orf'2. It is easy to see thak (¢)
is an Anosov semiflow by the same argument in which Anosov flows are induced by the
suspension of Anosov diffeomorphisms.

Itis easy to see that the periodic points%lf T? < are dense iff”? (for instance, see
[11, p. 157)). Hencd 2 = ﬂ,>0F(t)(T2) = A(F) has the dense subset of the points on
periodic solutions forF (¢), i.e. T2 = Cl(PeF)). So it is obvious thaf2 = Q(F).
Furthermore, by using Corollary 1.22 fromdJ we obtain that the property that the
nonwandering set is coincident with the whole maniffcfdis persistent, i. eT2 = QG)
for G (1) sufficiently C1 close toF (r).
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