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Cyclicity in Poletsky—Stessin weighted
Bergman spaces

Pouriya Torkinejad Ziarati

Abstract. We study the cyclicity of polynomials in Poletsky-Stessin weighted Bergman spaces on
various domains in C?, including the unit ball, the bidisk, and the complex ellipsoid. To this end, we
introduce a natural extension of the parameter range for Poletsky-Stessin weighted Bergman spaces
on complete Reinhardt domains, yielding a family of spaces that resemble Dirichlet-type spaces on
the unit ball. We highlight the differences in the cyclicity behavior of polynomials in these spaces on
the bidisk compared to those studied by Bénéteau et al. Finally, we propose several open problems
concerning the structure of cyclic polynomials in these spaces.

1 Introduction

Given a Banach space A of holomorphic functions on a domain in C" and a function
feA, fis called cyclic when the span of polynomial multiples of f is dense in A.
If polynomials are dense in A and act as multipliers for A - that is, if for any
polynomial p, we have ph € A whenever h € A — an equivalent characterization of
cyclicity is that there exists a sequence of polynomials p,, such that |p, f — 1|4 — 0.
The problem of characterizing cyclic functions is highly space dependent and remains
challenging - even in Hilbert spaces of holomorphic functions on the unit disk.
Complete characterizations of cyclic functions are rare. A classical example is given by
Beurling’s theorem [5]: every nonzero closed shift-invariant subspace of H*(ID) is of
the form OH? (D), where 6 is an inner function. In particular, the cyclic functions in
H?(D) are precisely the outer functions. For the Dirichlet space, Brown and Shields
[7] proved that a cyclic function must be outer and its boundary zero set must
have logarithmic capacity zero. They conjectured that these two conditions are also
sufficient. This conjecture, posed in 1984, remains open. Recent studies on cyclicity in
spaces of holomorphic functions on the unit disk — especially Dirichlet-type spaces -
as well as partial results related to the Brown-Shields conjecture, appear in [1, 9, 11].
Additionally, [10] provides a comprehensive textbook treatment of Dirichlet-type
spaces.

In several variables, a complete characterization of cyclic functions in Dirichlet-
type spaces remains elusive for classical domains, such as the unit ball and the
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2 P. Torkinejad Ziarati

polydisk. However, significant progress has been made in identifying cyclic polyno-
mials, with explicit characterizations obtained in the unit ball of dimension two and
the bidisk [2, 15, 16]. On the unit ball B,, the characterization in [16] determines the
cyclicity range of a polynomial with no zeros in the ball according to whether its
boundary zero set is empty, has real dimension zero (finitely many points), or has
real dimension one.

On the bidisk, the characterization in [2] for the classical Dirichlet-type spaces
concerns zeros on the distinguished boundary T?2. For polynomials with no zeros in
D?, a similar distinction applies, with one important difference: factors of the form
( -z, { € T, have the same cyclicity range as polynomials with a nonempty zero-
dimensional zero set, although they vanish on one-dimensional subsets of T?. The
remaining irreducible polynomials with one-dimensional zero sets have a smaller
cyclicity range.

Weighted Bergman spaces on the unit ball are initially defined via an integral con-
dition and for a limited range of parameters. However, they can be naturally extended
to cover the Dirichlet-type spaces of the unit ball, as discussed in [22]. In this work, we
adopt the definition introduced by Poletsky and Stessin for weighted Bergman spaces
on a hyperconvex domain using an exhaustion function, and we demonstrate that
this definition can be extended naturally to a wider range of parameters whenever
the domain is complete Reinhardt. On the unit ball, this construction recovers the
classical Dirichlet-type spaces, and the corresponding norm varies continuously
under continuous changes in the domain, in the sense of varying the exhaustion
function. Although it can be shown that on the bidisk this construction does not
reproduce the Dirichlet-type spaces studied in [2, 3], an important observation is that
our results concerning the cyclicity of polynomials on the bidisk depend solely on the
dimension of the zero set on the distinguished boundary - similar to the case of the
unit ball [16]. This contrasts with the spaces in [2], where polynomials of the form
{ — z; must be treated separately when categorizing cyclic polynomials whose zero
set has dimension one on the distinguished boundary.

Our main cyclicity results are Theorems 34 and 38. The first extends the character-
ization for polynomials with a nonempty finite boundary zero set from the unit ball to
the complex ellipsoids Q. The second determines the cyclicity range for polynomials
whose zero set on the distinguished boundary of the bidisk has dimension one and
gives sufficient and necessary conditions for cyclicity when this zero set is nonempty
and finite.

The structure of the article is as follows. In Section 2, we recall the original
definition of Poletsky and Stessin and apply it to several examples of domains,
while also providing the necessary background for the rest of the article. A precise
definition and first properties of cyclicity are given in Section 2.3. Section 3 establishes
some general results and extends Poletsky-Stessin weighted Bergman spaces to more
general indices. The motivation here is to construct a family of spaces on complete
Reinhardt domains that inherit the properties of Dirichlet-type spaces. In Sections 4
and 5, we study the cyclicity problem in Poletsky-Stessin weighted Bergman spaces
on the complex ellipsoid and the bidisk, respectively. Finally, in Section 6, we propose
several open problems for future research.
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 3
2 Preliminaries

2.1 Poletsky—Stessin Hardy spaces

Throughout this article, we denote by O(Q)) the space of holomorphic functions on
a domain Q ¢ C". We write A < B if A < CB for some constant C > 0, and A < B if
both A < B and B < A hold. The dependence of the constants on parameters will be
specified whenever necessary. For z, w € C", we use the standard Hermitian inner

product (z,w) = 37, z;w; and the associated norm |z| = \/(z, z). We denote the unit
ball by B, = {z € C" : || <1} and its boundary by S,, = dB,,.

Definition 1 Let Q c C" be a domain. A function u: Q — [—00,0) is called an
exhaustion function of Q if
{zeQ:u(z)<c}eQ

for every ¢ < 0. In particular, u(z) - 0 as z - Q.

For a smooth function u on C”, we denote
d=9+0, d°=-—(3-9).
2n
In particular,
dd° = = 92,
s
Definition 2 Let u be a €* function on a domain Q c C". The complex Monge-
Ampére operator of u is the (n, n)-form
(ddw)" =dd‘un--nddu.

————
n times

Definition 3 Let Q) c C" be a domain. A function u: Q — [—o0,+00) is called
plurisubharmonic if u is upper semicontinuous, and for every z € Q and every & € C",
the function

tu(z+té)
is subharmonic on the set {t e C: z + t€ € Q}.
Remark 1 Let u be a plurisubharmonic function on a domain Q c C", locally
bounded outside a compact subset of Q. The Monge-Ampére operator (dd u)”"

can be defined as a positive measure on Q (see [6, Theorem 1.2 and the subsequent
paragraph]). We refer to [14, Chapter 3] for further discussions.

Definition4 Let Q c C" beadomain. A plurisubharmonic function u on Q is called
maximal if for every relatively compact open set U € Q2 and every plurisubharmonic
function v on U such that

y<u onodU,
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4 P. Torkinejad Ziarati

we have

v<u onU.

Remark2 Ifu € C*(Q) is plurisubharmonic, then u is maximal if and only if
(dd‘u)" =0
on Q) (see [14, Chapter 3]).
Definition 5 A domain Q c C” is called hyperconvex if there exists a negative
plurisubharmonic exhaustion function u : Q — [—o0,0); that is, for every ¢ < 0,
{zeQ:u(z)<c}eQ
(see [14, Chapters 2 and 4]).
Definition 6 A domain Q c C” is called complete Reinhardst if, for every z € Q and
weC",
wil <lzjl, j=1...,n, implies weQ.
Remark 3 If O c C" is a pseudoconvex Reinhardt domain, then its logarithmic
image
{(log|z1|, ..., log|z,|) : ze @ n (C\{0})"}
is convex. In particular, this holds for the hyperconvex complete Reinhardt domains
(see [23, Proposition 2]).
Definition7 1f Q) c C" is a hyperconvex domain equipped with a plurisubharmonic
exhaustion function u : Q — [—00,0), we first define for r < 0,
B, (u)={zeQ:u(z) <r}, Si(u)={z¢Q:u(z)=r}.

Let u(") = max{u, r}. The associated Monge-Ampére measure is defined by

® Hatr = (dduD)" ~ youp, iy (ddu)".

We then define y,, as the weak-»* limit of 4,y asr — 0. The Poletsky-Stessin Hardy
space on Q) with respect to u is

@ H, = {f € 0(Q) : pu(|fF) < +oo}.
Notation8 Letk = (ky,...,k,) € Z! be a multi-index and let z = (z, .. .,z,) € C".
We write

k| =ki+-+kny  kl=kl.. k!, ZF=zM 2k

Ify=(y1,...,yu) € R", then with a slight abuse of notation, we write

2] = )" .. |za].

The following lemma will be used to construct several examples.
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 5

Lemma 9 [20] Let o and v be the normalized surface and volume measures for S,
and B, respectively. Assume that y € (-1, +00)". Then, we have

C(n)C(y1+1)...T(ya +1)
C(y1+--+y,+n)

© | epdo(0) -

f (2 2dv(z) = C(n+DC(y1+1)...T(y, +1)
B,

“@ C(yi+-+y,+n+l)

Here, T denotes the Gamma function.
Here, we compute the norm of monomials in certain function spaces.

Example 10 Let Qp = {z € C":|z1*P" +--- + |z,[*’" <1}, where p;’s are positive
integers and define

log(Jz 7 + -+ + [z P*).

1
u(Z) = 2(P1---Pn)l/n

Note that since u is maximal plurisubharmonic on Qp\{0}, we have u, ) =
(dd“u(")", which is supported on S, (u). Consequently, one can compute the norm
of a monomial z-, where L = (I,. .., [,,) is a multi-index, as follows:

(212 = Tim o (124P)

= lim 2P (ddu) (2).
[ @)y 2)

r—0-

To compute this limit, we use the (p; ... p,)-sheeted change of variables

pi

zi = z;

and the fact that p, = 0, the Lebesgue measure on S, (see [8, Corollary 7.4]), for
v(z) =log|z].

This gives

L2 pP1---Pn .. 2 2l c (r)\n
4(lz === lim z|7? Lz, (ddy z
w2 ) = BB i [P (a0 (2)

2Ll 2’1
=[S PR |z do(2)

I I,
:F(n)F(E+l)...F(E+1).

Loyl )
F(p1+ +pn+n

In the previous example, we observe that when p; =1 for all i, we obtain the same
norm as in the classical Hardy space on the ball. Similarly, as p; — oo for all i, we
recover the monomial norm for the classical Hardy space on the polydisc.
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Examplell Let Q) ={zeC?:|z)| <1, |z2] <1, A|z]"z}| < 1} and define
u(z) = Clogmax{|z|,|za|, M|z{" 25|},

where A >1and C > 0 is chosen such that y, (1) = 1.
By a similar argument to Example 6.11 in [8], y,, is supported on T; U T, where

Ti={zeC?:|z|= V)™, |z =1}, To={zeC?:|z| =1, |za| = (1/1)V"}.
We have
pu = Crpin + Capia,
where y; is the uniform probability measure supported on T;. Note that
pu(1) =1=Cip(1) + Couz(1) = Gy + Cy.
Now, when z € Q; is sufficiently close to Tj, we have
u(z) = u'(z) = Clogmax{|z,|, \|z]"Z} |}

Hence, if we set Z; = z"z% and 2, = z,, then
1 %2

. 1 . c 1\(r)\2
Cr= Jim o () = lim [ (dd“ ()Y (2)

= lim mC? (dd°V)2(2) = mAC?.
r—0~ Si (V)

Here, V(z) = logmax{A|zi],|z,|}, and # = r/C. Similarly, we obtain
C2 = HACZ.

_m

and C, = -, and the norm of the monomial z}z} then
m+n m+n

Hence, we have C; =
can be computed as

szzl H2 _ mli% + T’lAiz?l
rel m+n '

2.2 Poletsky—Stessin weighted Bergman spaces

Definition 12 If QO c C” is a hyperconvex domain equipped with a plurisubhar-
monic exhaustion function u, then for & > -1, the Poletsky-Stessin weighted Bergman
space on () with respect to u is defined as follows [19]:

0
5) B~ {7 0@+ [ e un (fP) dr < ool

The following examples illustrate the definition and motivate the extension of the
parameter range in Section 3 through explicit formulas for monomial norms. They
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 7

also introduce the spaces on the complex ellipsoids and the polydisk that we will study
in Sections 4 and 5.

Example13 Let Qp ={zeC":|z[*P +--- +|z,|*’" <1} and define

u(z) =

1
———————log (||’ + -+ |za|P").
2(p1... pa )" g {la )

Similar to Example 10, we use the p; ... p,-sheeted change of variables z; - z/'
to compute the norm of a monomial z-. Let p" = py... p,, v(Z') = %log(|zl|2 ot
|2a]?), ' = pr,and R = e”. We have

L2 0 L2
|24, = [ P o (2R dr

0
-/ |r|°‘er[( [P (dd Uy () dr
—00 Sr u

0 21
:M/ |r|"‘e'/ |z1]71 ... |z,
Pre..pn J-oo S,/ (v)

,,

21y ’
o (ddv)) (2) dr.

Again, similar to Example 10, (dd ey )" = o, the normalized surface measure on
Sy (v) = {z € C" | |z| = R}. Therefore,

L2 0 ar el Uy /
I, = [t [Tl el dox(@) dr

0 £} 2y
[ e [RGIR R do(() dr

l l'l
P(mr (& +1)...1 (& +1) [o el gy,

Loy
F(p1+ +pn+")

oo

After the change of variable r — —r, we continue as

L L
P (& 1), (L +1) /oo T
0

1 1
F(i1+...+7n+n)
Pl Pn

L2
213

F(n)l“(% +1)...F(P—"n +1) I(a+1) (zp(l1 I )+1)—(a+1)

l l .
F(—1+~~+—“+ ) b Pn
" Pn n

To make a comparison, we compute the Bergman norm of a monomial in the next
example. One may compare the case « = 0 in Example 13 with the following.

Example 14 (Bergman space) Let Qp be as in Example 13. We may compute the
norm of z" as follows:
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8 P. Torkinejad Ziarati

I o = [, 27 dve(2)
. F(i+~~+ﬁ+l)
T(nenr(L)..r(L) Je
e ) () ()
B F(i)...r‘(ﬁ) F(%+-~-+%+l)'
Here, vp and v denote the normalized volume measures for Qp and B,,, respec-
tively.

aPCR )z, PO du(z)

Definition 15  From this point onward, we use the following modified definition of
the Poletsky-Stessin weighted Bergman norm. For « > -1, we set

B (211)‘”1 0

2 a 2nr 2
, =) , dr.
Al o F((X + 1) e |r| e Huc )(|f| ) r

(6) |1

The subsequent extension to other parameter values is based on this norm.

This definition yields the classical weighted Bergman spaces in the case of the unit
ball when one chooses u(z) = 3 log (|zl|2 ot zy |2) as the exhaustion function.

Example 16 Let Qp and u be as in Example 13. Then, the norm of z' with the
modified definition is given by

7)

na+1]"(n)l"(£+1)...l"(£—"n+1) (p(ll+.“+ln)+n)_(a+l)'

F(£+-~-+%+n) p Pn

L2
I =

In this way, one may define A ,(Qp) for a < —1using the norm expressed as a series.
Moreover, in the case of the unit ball and « = — (8 + 1), these spaces coincide with the
Dirichlet-type space Dg (B,) studied in [16, 21].

Example 17 (Poletsky-Stessin weighted Bergman spaces on the polydisk) Let
f € 0O(D") be a holomorphic function on the polydisk D", written in the form of
a series as

f(z) = ;aLzL.

Also, let u(z) = logmax{|z|,...,|z,|} be the exhaustion function for the domain. Up
to a constant normalization, the norm of f in A% ,(ID") is given by

11, ey = 2 lasP (L +m)~@*D.
L

Note that other than direct computation this norm can also be obtained by letting
pi=p—> ooV 1<i<nin (7). For the case of a < -1, we can take the norm in the

Downloaded from https://www.cambridge.org/core. 16 Nov 2026 at 15:43:40, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Cyclicity in Poletsky-Stessin weighted Bergman spaces 9

form of a power series as the definition of the space. This is clearly different than the
classical weighted Bergman spaces A% (D") given by the norm

”in%,(]D)") = Z|aL|2(ll + 1)—(a+1) (L +1)—(¢x+1).
L

2.3 Basic results of cyclicity

In this section, we present the definition of cyclicity along with fundamental results

that are essential for understanding the rest of the article as we use them several times

throughout the article. While these results hold in more general settings, we formulate

them in the context of the function spaces studied here for convenience.

Definition 18 A function ¢ € O(Q) is called a multiplier of A2 , (Q) if the operator
My A0 (Q) > A (Q), Myf =9f,

is bounded. We denote the space of multipliers by Mult(A? ), equipped with the
norm

[ lmarecaz,) = 1Mo
Remark 4 For a € R, let A2 ,(Q) denote the spaces obtained by the parameter
extension described in Section 3.1. If g is holomorphic on a neighborhood of ), then
g € Mult(A? (Q)).

The corresponding statement for the bidisk spaces is proved in [4, Proposition 3.4].
The proof is similar for the spaces considered here.

Definition19 ~ Let A , be a Poletsky-Stessin weighted Bergman space on a domain
Q c C"; afunction f € A2 , is called a shift-cyclic vector if

(8) [f]:span{pf:pe(C[zl,...,z,,]}:Afw.

Remark 5 In this article, we choose rotation-invariant exhaustion functions on
complete Reinhardt domains. The associated measures are therefore rotation invari-
ant, and the monomials are mutually orthogonal. Consequently, every function in
A? () can be approximated in norm by its Taylor polynomials.

These spaces are also reproducing kernel Hilbert spaces. For & > -1, the bounded-
ness of point evaluations follows from [19, Theorem 3.6]. For a < -1, it follows from
the continuous inclusion A? ,(Q) c H2(Q), obtained by comparing the monomial
norms in (10) for the exhaustions considered here.

Polynomial multipliers are dense in Mult(A? ) in the strong operator topology.
Indeed, rotation invariance and polynomial density imply that Ugh(z) = h(e'’z)
defines a strongly continuous unitary group. For a multiplier ¢(z) = ¥; a;z", con-
sider

pn(z)= > (1— ]\JL+|1) arzt.

|L|<N
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Let

En(0) =

be the Fejér kernel [13, Chapter I, Section 2.5]. For every h € A2 ,(Q),

N+1

1 e
pah=s f Fx(8) UpM,U_gh d6.
Positivity and normalization of Fy give

HPN”Mult(Ai,a) < HQDHMult(Ai’a)-

Since 6~ UgM,U_gh is norm-continuous, [13, Chapter I, Lemma 2.2] gives
pnh — @h in norm. Consequently, for every f € A2 ,(Q),

©) [flmate := {@f : ¢ € Mult(AZ ;) } = [f].

Theorem 20 If f € A% . (Q) vanishes at { € Q, then f is not cyclic.

Proof If we define I'; : A2 , - C by T'¢(f) = f({), then I'; is a bounded linear
functional and consequently has a closed kernel. For any polynomial p, we have
pf € KerT';. This implies

[f]cKerT; g A2 . L]

Remark 6 In the proof of Theorem 20, we used the fact that the point evaluation
functional T'; is continuous for any point { in the domain. In fact, the same proof
applies whenever the point evaluation functional is bounded at some point in the
closure of the domain, which occurs for certain values of « in the spaces we study.

The following theorem offers a useful sufficient criterion to check whether a
function is cyclic. A corresponding result is proved in [15, Theorem 4]; we include
the proof here for completeness.

Theorem 21  Let f € AL ,(Q) and assume that f does not vanish on Q. For 0 <r <1,
define the radial dilation

fr(2) = f(r2).
g

f
fr

sup
0<r<1

< +00,

AZ

then fis cyclic in A% ,(Q).
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Proof Since 1/f, is holomorphic on a neighborhood of Q, it is a multiplier by

Remark 4, and (9) gives
{J{:O<r<1}§[f].

By the hypothesis, this family is bounded in A2 ,(Q). Choose r; 1 1. The Banach-
Alaoglu theorem and the reflexivity of A% , yield a weakly convergent sequence

{ % }kso0- Since point evaluations are bounded and
k

f{r(j)z) 1 (zeQ),

le{£:0<r<l}

Finally, [ ] is a norm-closed linear subspace, and hence it is weakly closed by Mazur’s
lemma. Therefore, 1 € [ f], and f is cyclic. ]

the weak limit is 1. Thus,

weak

Lemma 22 Let f,g e A2 ,(Q) be cyclic. If f is a multiplier of A% ,(Q), then fg is
also cyclic.

Proof  Since g is cyclic, there exist polynomials p; such that p;g — 1in A2 ,(Q).
Thus,

Ipife = fllaz, <[ flmuncaz,)lpig —1az, — 0.
Hence, f € [fg], and therefore A ,(Q) = [f] < [fg]. |

Remark7 Leta>-landle A} ,(Q).Iff,1/f € H*(Q), then both are multipliers
by the norm definition, so (9) gives1 = (1/f)f € [f].

If f is a polynomial with no zeros on Q, the same argument applies for every
a € R in the extended family since 1/f is holomorphic on a neighborhood of Q and
is therefore a multiplier by Remark 4.

3 General results

In this section, we establish some general results that provide a basis for studying
cyclicity in these spaces. We first give conditions under which the spaces A2 ,(Q)
can be naturally extended to all @ € R. We then introduce a capacity condition for
noncyclicity to be used later.

3.1 Parameter extension

Here, our goal is to extend the definition of Poletsky-Stessin weighted Bergman spaces
A2 . (Q), originally defined for a > -1, to any a € R. We introduce the notion of
the parameter shift equivalence (PSE) property (Definition 25), which is a sufficient
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condition for this extension to be well defined. Our main result here is the following,
which will be proved at the end of this section.

Theorem 23  Let Q) € D" be a hyperconvex complete Reinhardt domain. Then, there
exists an exhaustion function u for Q such that A% ,(Q) satisfies the PSE property.

Definition24 Let-1<s,t,andlet Q ¢ C" be a hyperconvex domain equipped with
an exhaustion function u. Then, the operator R®' : A% ,(Q) — A2 (Q) is defined as
follows:
Er

W
I2* a2,

(R f)(w) = ;ﬂL
Here, f(z) = ¥.p a 2" € AL ,(Q).

It is straightforward to verify that R®' is a continuous operator on A ,(Q) witha
continuous inverse.

Definition 25  We say that the spaces A% ,(Q), for -1 < a, satisfy the PSE property
ifforall a, o, y,y" > -1 satisfying « — a’ = y — y’, we have

e, 12,

I2"] 42

, as|L| > oo.

7 ’

e
u,y

Definition 26 Let {A2 .(Q)}a>-1 be a family of Poletsky-Stessin weighted
Bergman spaces satisfying the PSE property. For y < -1, we say that f ¢ Ai)y(Q)
if

REETAf e 4] 1(Q) = Hy(Q).

The norm of a function f in Ai,y (Q) is defined as

(10) | £] n, = ”R_(H—y)_l’_lf”Af‘H

Example27 OntheunitdiskD = {z € C: |z| < 1} for f(2) = ;50 412", the classical
a-weighted Bergman norm of f, @ > —1, can be obtained by

1B = [ IF@FA=I2P) dv(z) x S(1+1)Dlay

1>0

It can be verified using Example 16 that, for u(z) =log|z|, A% (D) = A%(D). Let
s, t > -1, we have

(R f)(2) =Y a(1+1)7 2.

1>0

Also, for a, a’,y,y" > 1 satisfying « — o’ =y — y’, we can verify

1 ’ - HZIHAZ D
2 2 )) o —a
HH$():(l+1) 2 :(l+l)y27—_¢

HZI HAi, (D)

|2! HA;, (D) ‘
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So, the extension in the sense of (10) is well defined and one may define for any « € R,

Hf”i;x(m)) =2 (1+1) = Wjg P

10
Proposition 28  Let Q) € D" be the polyhedral domain defined by

Bicl, j=1,....m,

Jj
pi(2) = Azl .. |z,

where A; > 1, Bl €[0,+00), and ¥, B} =1 for all j. If m > n, then the family of spaces
A2 () satisfies the PSE property when

u(z) =logmax{pj(z):j=1,...,m}.

Proof Fix r < 0. Following [8, Chapter III, Example 6.11], we work in local log-
arithmic coordinates. At z € S,(u), only the terms satisfying p;(z) = e" contribute
locally to u("). If the corresponding vectors B/ have rank less than n, a linear
change of coordinates shows that (") depends on fewer than n complex variables,
so (dd“u(")" = 0 there.

Thus, y,«) is supported on finitely many tori S, 4, each determined by # linearly
independent equations p; = e". By rotation invariance, y,,»|s,, = Cq(r)up, where py

is the uniform probability measure on S, 4. Since Y; ﬁf =1, we have p;(tz) = tp;(z).
Consequently, for 7, s < 0, the dilation T(z) = e*""z maps S, 4 onto S; ; and satisfies

u®oT=ul1s5-¢

near S,(u). Since the Monge-Ampére operator commutes with biholomorphic pull-
back, the definition of y, ) gives

Tx—ﬂu(r) = Uy T*‘“; = #sq

Hence, Cy(r) = C4(s), and we may write

N
(11) Hur = 3 Catiys
q=1

where C, > 0 is independent of r. The fact that ) (S,(u)) = 1implies

M=

Cy=1.

K
A

Given S, 4, choose indices 0,4(j), j =1,...,n, corresponding to linearly indepen-
dent equations defining this torus. To determine S, ;, we solve the following linear
system:

fq(l) ... /)’Z‘*(l) log|z| r log)toq(l)

oa(n) ﬁzq(n) 10g|zn| r logla,,(n)

1
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14 P. Torkinejad Ziarati

A direct application of Cramer’s rule shows that for every z € S, 4,

|Zl| - qer’

where each C] , is independent of 7. Thus, for a monomial zband a > -1,

0 n 0
f |r|oce2nr‘u;(|ZL|2)dr _ H(Cl )21,— f |r|tx62(n+\L\)r dr

n 21, [(a+1)
-G G

Consequently, recalling (6) and (11),

a+l N n
L n 7 N\21;
s ay=Cl——] . c=YcTlE)
12"z o) L(|L|+n) t qZ:; qi:l( )

Since | z%|?2 #2 = C1, this formula also holds for « = -1. As C; is independent of «,
taking ratios establishes the PSE property. [ ]

Proof of Theorem 23  Consider the mapping L:Qn(C\{0})" - Q' cR"
defined by

L(z1,...,2,) = (loglzi), ..., log|z,]).
Forx = (x,...,x(M) e O, let
Fo(x) = max{x, ..., x("M},
Given a dense sequence {x; };en in dQ’, define the iterative sequence
F; = max{F;_y, fi},

where f;(x) =x-v; + A; with (1,...,1) - v; =1,and v; € [0,1]" is such that f;(x;) = 0
and f;(x) <0 for all x € Q'. Then, the sequence g; = F; o L consists of increasing
plurisubharmonic functions on Q converging to an exhaustion function u for Q. So,
by Theorem 3.6.1in [14], we have

Iz, > 2"z,

for any multi-index L and « € [-1,0]. Applying Proposition 28 completes the
proof. [ ]

Notation 29  Theorem 23 allows us to define the Poletsky-Stessin weighted Bergman
spaces on a wide range of domains and parameter values of a. From now on, when there
is no ambiguity in the choice of the exhaustion function, we denote the space A% (<))
by Dg(Q)), where = —(a +1).

3.2 Kernels and capacity

We denote the reproducing kernel of A% ,(Q) by k,. For the complete Reinhardt
domains and exhaustion functions cons1dered here, the monomials form an
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 15

orthogonal basis, and therefore,
Wi
klx(W,():ZLiz, W,(EQ.
ArZN

Definition 30  Let yu € M(supp(u,)), the set of Borel measures on supp(p,, ). The
Cauchy transform of y, denoted by C[u], is defined as follows:

Clul@)= [ ke 0 du(d).

Definition 31 Let o € R, E < supp(p,), and P(E) be the set of Borel probability
measures supported on E. I,[ 4] denotes a-energy of ¢ and is obtained by

lalu] = [fsupp(uu)xsupp(uu) kulz O) du(z) du(d).

The a-capacity of E is defined as follows:
Cap,(E) = inf{Io[u]: p e P(E)}.

The following proposition is the analog of the duality discussed in [7, p. 289,
Equation (17)]. We include a proof for completeness.

Proposition 32 Let {A% ,(Q)}aer be a family of Poletsky-Stessin weighted Bergman
spaces satisfying the PSE property. If a + o = =2, then the dual space satisfies

(42..(Q))" = 4% ().

Proof Since a + o’ = =2, (10) gives

I I s = 1t

For f=Ya;z" € AL ,(Q)and g =¥, by 2" € A ,(Q), define
(f28)u =D arbr|2" |
3

By Cauchy-Schwarz,

(fsg)ul <1 f

Conversely, let A € (A2 ,(Q))*. By the Riesz representation theorem, there exists
h=Y,czb € A2 (Q) such that

el

2
Au,a

AS) =Y el Ikl = 1AL
L
Set
HZLHifw
L=CL7 112 -
P
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16 P. Torkinejad Ziarati

Then,

L = lAI

P 7T bl D M 91l B
L we! T
Hence, g = ¥, by 2" € A% ,,(Q) represents A under the above pairing. ]

The proof of the following follows the same approach as [7, Theorem 5]; we give
the details in our setting for the reader’s convenience.

Theorem 33  Let f € A2 ,(Q) n C(Q) and assume that Q satisfies the PSE property.
If Cap, (Z(f) nsupp(pu)) > 0, then fis not cyclic in A% ,(Q).

Proof Put E=2Z(f)nsupp(y,). By the definition of capacity, there exists
¢ € P(E) such that

L] = [[ k(a0 du(@) du(@) < .

Expanding the kernel, we obtain
2
|[fp 2" du(2)|
Io[u] = Z |24 ]2 :
L Al

Thus, by Cauchy-Schwarz, for every polynomial g,

d
’fE‘J#

By polynomial density, A(q) = [; qdu extends to a bounded linear functional on
A (Q), with A(1) =1

Let p beapolynomialand puth = pf. Foreach0 < r < 1, wehave A(h,) = [, h, dp.
Since h e @(Q) and h = 0 on E,

A(pf) = lim ACh,) = lim [ h(r0) du(0) =0.

Hence, [f] c ker A # A} (), and f is not cyclic. ]

2
< llql  Talp]-

4 Some results on the complex ellipsoid in C?

Here, in this section, we study the cyclicity properties of some polynomials in
Ai,a(Qp) = Dp(Qy), B=-(a+1), where Q, ={(z1,22) € C? i |z P + |z < 1}
and u(z) = ﬁ log(|z1]*? + |z2|*F). We recall

(5 yr(s -
(
r(hp]2 +2)

Iz 23 | Byca,) = ji+jp+2)F.

For p =1, the domain Q, is the unit ball in C*. The following theorem extends the
finite boundary zero case of [16, Theorem 6] to Q, for p > 1 and is the main result of
this section. We give its proof at the end of the section, after establishing the necessary
preliminary results.
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 17

Theorem 34  Let q be a polynomial, non-vanishing on Q,; moreover, assume that q
has a nonempty finite zero set on 0Q; then, q is cyclic on Dg(Qp) if and only if B < 2.

4.1 Properties of the spaces

In this section, we establish the boundedness of boundary point evaluations for § > 2,
which will be used to prove the necessity of f <2 in the main theorem. We first
recall the following technical lemma from [12], which will be used in the proof of
Proposition 36.

Lemma 35 (Laplace’s method) Let I(A) = fab e M g(x)dx. Assume that
heC[a,b] and h>0 has a unique global minimum at x, € (a,b), such that
h"(x0) >0, g(x¢) # 0, and g is continuous on [a, b]. Then, as A — oo,

27 A (xo
I(A) ~ me MC0) g (xp).

Proposition 36 Let (€ 0Q, for p>1; then, the point evaluation functional
[ :Dp(Qp) = C, f = f({) is bounded for > 2.

Proof Let ] be a multi-index f(z) = ¥, a;z/ € Dg(€,); and applying the Holder
inequality on | ¥°; a;{’|?, we will have

g )
e

\Fom ey @)
1 F(M+2)

P

= Hf”%)/;(ﬂp) Z]: (|]| +2)ﬁ F(% +1) F(J;Z +1)|(

(171+2)F

IA

>
]

]|2

.
<[ £1% (Q,) Z% > . (hTh ) [EaIeIRE
P s (G 2)F j1+j2:jr(%+1)f'(%+1)

Now, the claim is that

Cao
(12) SW= Y o PP <c
jitia=i T (];‘ + 1) r (’;2 + 1)
where C > 0 is a positive constant independent of j. Note that this finishes the proof
as we will have

/2 2 1
Z]:a]( S HfHDl;(QP) (; G+ 2)ﬂ—1)'
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18 P. Torkinejad Ziarati

And the sum is finite when > 2.
To prove the claim, we compare the sum in (12) with the following integral:

B r(A+1)
1) = /0 Fx+)I(A-x+1)

<f)L M \/ A r*(1-r)"dx
“Jo x*(A-x)r*V x(A-x)

! 1 2\ 1
:ﬁfo (W(l—y)l‘yry(l_r) y) Y
) ﬁfol e M g(y) dy,

where A = ', r=|G*, h(y) = ylog( )+ (1~ y)log(lf) and g(y) = \V (1 y)

Note that in the caseof r = 0 or r = 1, S(j) = 1 and we get what we want; so we assume
r€(0,1). Let a) denote the integrand defining I(1). By convexity of logT’, a, is
unimodal, and so

(1) dx

j 1 2
z:: 1(k/p) < f aA(x)dx+;r[rolj)]<aA.

"t#\'—'

By Stirling’s inequalities, uniformly for A > 1,

A+1
+ e MG ¢

ROV P vy s

since h > 0, with its continuous endpoint values. Thus, S(j) S I(A) + 1.

Fix 0 < ¢ < min{r,1 - r}. Since h has its unique minimum at r, with h(r) = 0 and
h"(r) = g(r)?, Lemma 35 gives

1-¢
\/X[e e M g(y)dy — V27,

On the remaining intervals, & > ¢ := min{h(¢), h(1-¢€)} > 0; so,

€ 1 1
ﬁ(fo e Mg (y)dy + fl_se‘”(y’g(y)dy)é Ae'”fo g(y)dy — 0.

Hence, I(1), and therefore S(j) remains bounded. ]

4.2 Proof of Theorem 34

We begin with the following special case, which will be used in the proof of the main
theorem.

Proposition 37 Given p>1, the polynomial f(z)=1-r""2 —rF"

r, 12 2 0 and rif + 3P = 1is cyclic in Dg(Q,) whenever p < 2.

Z,, where
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 19

Proof
2
sup ||~ = sup [(1-1" "z - ) (1 r(R 2
0<r<1 fr D/;(Qp) 0<r<1
2p-1 2p-1 2p-1 2
+1l )+ (T a P z) + "')”D,,(QP)
2
= sup [1+(1=r) S (1227 2 + 12072, )
0<r<l1 j>1 Dg(Qp)
. 2
=sup [1+(1-r) >/t 3 ( ! )rl(zp_l)hzf1 PR
0<r<l1 j>1 jitja=j M1 Dp(Qp)
| TG
=1+ sup(l—r)ZZrz(]_l) > () -
0<r<1 j21 ji+ja=j M1 r (% + 2)

x (j+ Z)Brf(zp—l)jl r§(2p—1)j2.

After applying Stirling’s approximation to

we continue as follows:

2

sup || = <1+ sup (1-7)2 > 20D (j+2)F

0<r<1 fr Dg(Qp) 0<r<1 j>1
TP ) . .
« Z ({)rlzPhT,;PJz ' ]1 p 1 rlz(P_l)J‘rg(P_l)“
jrtja=j M1 1(1-7) 2(1-)
1 J2
=1+ sup (1-7)" )" P20 (j 4+ 2)F1

0<r<1 j>1

2(p-1) 2(p-1)22
J r J

J\. 201 2pi2 " 2
X Z ( ryeor, LI(I,L %
1+]2=] i

J1 iy p)(g)?(l’%)

J

Note that the function
rf(p—l)xrg(p—l)(l—x)

xx(lfi) (1 - x)(lix)(k%)

F(x) =
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20 P. Torkinejad Ziarati

n [0,1] attains its maximum at x = ;7. Therefore,

2

sup L
0<r<1 fr Dﬁ(Qp)
S+ sup (1-7)2 Y 20D+ 2)f S ({)rlzpj‘rgpjz
0<r<1 j=1 jitj2=j )
=1+sup(1-7)* ). P20 (j+2)F1
0<r<1 j>1
2
<1+ sup (1-7)? Zrz(] D(j+2) =1+ sup —— S < +oo, B<2.
0<r<1 =1 0<r<l (1 + )
Now, Theorem 21 finishes the proof. [ ]

Proof of Theorem 34  Let {(; ?:1 = 2(g) N 0Qyp, and let

2 .
z)=1- Z |(j,£|2p—2(j,ezz,
=1

with zero coeflicients at zero coordinates. Up to coordinatewise rotations, these are the
polynomials in Proposition 37, vanishing on 0Q),, only at {;. Since s;({;) = 0, Cauchy-
Schwarz gives

5 12
dist(z,)) > Cjls; (2, C; = (Z |(j’€|4p—2) ‘
£=1

On the other hand, the Lojasiewicz’s inequality [17] gives a positive integer m and a
constant C > 0 such that

lq(z)| > Cdist(z, Z(gq) N 0Q,)™,

for any z € 0Q2,. Choosing (; nearest to z and bounding the remaining factors by their
supremum norms, we obtain

k C; "
2)|2C' T lsi(2)™, C'= C(mm ]) >0,
lq(z)| g| i(2)] 1jck T Iifl oo

for any z € dQ),,, where the supremum norms are taken over 0(),. By increasing m
sufficiently, we may assume that

k . m
Q(z) = H];zjz()z) € Dp(£,).

Assume 8 < 2. By Proposition 37, each s; is cyclic in Dg(£2,). Since the s; are cyclic

polynomials and hence multipliers, Lemma 22 implies that gQ = H?zl s} is cyclic. Fix
€ > 0, and let p; and p, be polynomials such that

Ip1gQ —1]ps < )
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Cyclicity in Poletsky-Stessin weighted Bergman spaces 21
and
0 €
Ip2 = Qllny < [P1ql Mty 5>

where | p1q||muit(p,) denotes the multiplier norm of p;q, and the inequality follows
from the density of polynomials in Dg. Then, we have

Iprp2g =1, < llp1p2g - P19Q| s + [P19Q — 1] by < &

Conversely, if > 2, choose { € Z(g) N 0€2,. By Proposition 36, evaluation at { is
bounded on Dg(Q, ). Therefore, q is not cyclic by Remark 6. |

5 Some results on the bidisk

In this section, we study the cyclicity properties of polynomials in AZ ,(D?) =
Dg(D?), B = —(a +1), where u(z) = logmax{|z|, |z2|}. We recall

2]z}’ ||%>ﬁ(m)2) = (ji + jo +2)P.

The following is the main result of this section.

Theorem 38  Let f be a polynomial that does not vanish on D*. Then:

(@) IfZ(f) nT?* is nonempty and finite, then f is cyclic in Dg(D?) for B < 3/2, and
noncyclic for § > 2.

(b) Ifdim(Z(f) n'T?) =1, then fis cyclic in Dg(D?) if and only if p < 1.

(c) For B> 2, fis cyclic in Dg(D?) if and only if it does not vanish on D’.

The proof is given in Section 5.2.
On the polydisk, the classical weighted Bergman spaces A%(D"), « > -1, are
defined by prescribing the norm of monomials z* as

|24 5 oy = (B + 1)~ (1 + 1) 7D,

We can also extend the definition to any « € R using the power series norm. In this
case, we obtain the classical Dirichlet-type spaces D (D") = Az_( Ba1) (D). Bénéteau
et al. [2] gave a full characterization of cyclic polynomials for these spaces of dimen-
sion 2.

Comparing our main result on the bidisk with the one in [2], we observe that, in
our case, the cyclicity of a polynomial is completely determined by the dimension of
its zero set on the distinguished boundary. In contrast, in [2], polynomials of the form
{ — z; exhibit a different cyclicity behavior compared to other polynomials that vanish
at infinitely many points on T?.

5.1 Properties of the spaces

We compare these spaces with the classical weighted Bergman spaces and establish
some properties needed in the proof of Theorem 38.
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Proposition 39 [19, Proposition 3.5]  Let u and v be two continuous plurisubharmonic
exhaustion functions for the domain Q c C" and assume that (dd“u)" is compactly
supported; then, A% ,(Q) c A2 (Q) forany a > -1.

As a corollary of Proposition 39, we show that one cannot obtain the classical
weighted Bergman spaces on the polydisk using the Poletsky-Stessin method.

Corollary 40  There exists no continuous plurisubharmonic exhaustion function v for
D", n > 2 such that A% ,(D") = A%(D").

Proof Let ¢>0 and take u(z) =logmax{|z|,...,|z,|}. Also, let f(z) = %120
(L, +1)% ...(I, +1) 7 2% Then, one can write
1

1
2

2 (M = <
||f||Au(]D) ) ZL: (ll +1)1+s (ln +1)1+s 00

So, f € A%2(D"). Also,
(h+1)* ... (l,+1)**

2
2 ny = >
HfHAu,m(D ) ZL: (JL| + n)e+1

(I+n* ... (I+1)*¢
13 >
3) g(:) (nl +n)at! b

Z(l n 1)(n—1)a—ne—1'

120

Note that the right-hand side of (13) diverges whenever « > 0 and ¢ = "T_l(x; so, for

such a case, f ¢ A2 ,(D"). Now, Proposition 39 finishes the proof. [ ]

Proposition 41 If { € T", then the point evaluation functional T';: A ,(D") =
Dg(D") - C, f+ f({) is bounded for § > n.

Proof Let ] be a multi-index f(z) =Y, a2z’ € Dg(D"), applying the Holder
inequality on | ¥; a;¢’|?, we will have

a;’ a? n)P J
Z]: 7€ S(Ej] 7= (7] + )) (Z(|]|+ )ﬁl(l)

5 1
= £, om (Z]: (|]|+”)ﬁ)

The last sum on the right-hand side is finite. Indeed, grouping the terms according to
j =J], we obtain

1 (j+n—1) N 1p
— = (j+n)*sg < 400,
ey~ H\am JUr L
since 3 > n. This completes the proof. [
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Proposition 42 A2 (D") = Dg(ID") is an algebra when f§ = —(a +1) > n.

Proof  Let f(2) = Y150 412" and g(2) = Y10 br2" be holomorphic functions in
Dg(ID™). Their product is

f()g(z)= 37 >0 anbrz"

|L|>0 Li+L,=L

The squared norm of f - g is

2

Z aleLz

Li+L,=L

If - gl oy = 3 (L] + )f

L]0

Applying Hélder’s inequality,

Z aleLz

Li+L,=L

? 1
: (Z (Ll + )P (L] + n)ﬂ)
( > |aL1|2<|L1|+n>ﬁbL2|2<|L2|+n>ﬁ).

Li+L,=L

Thus,

”f'gH%)ﬂ(D”) < §(|L| * n)ﬁ( ) (IL.| + n)ﬁ1(|L2| +”)B)

Li+L,=L

' ( > lan P+ n)Plor, P(1L2] + n)ﬁ)

Li+L,=L

B B
<y ( IL|+n ) 5 ( Lo, 1 )
L0 IL[+2n) o \([Lif+n)  (|L2|+n)

' ( > lavP(ILil+ m)Plor,P(ILo| + n)ﬁ)

Li+L,=L

¥ Z( L1 )ﬁ
_\L\20L1+LZ=L ({Li[+n) (L2 +n)

' ( > lan, (L] + n)Plbr,P(ILo| + n)’;)

Li+L,=L

1 1
<C +
ﬁ%uéd((ulun)ﬁ <|Lz|+n>ﬁ)

' ( > lan, (L] + n)Plo,P(ILo| + n)ﬁ)

Li+L,=L
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1
<2 (|Z T n)ﬂ)
(Z S lan (i + 1) b <|Lz|+n>ﬂ)

|L|>0 Li+Ly=L

SZC[; Z (|L| ) Hf”D,;(]D)" gHDﬁ(D")’

|L|>0
where Cg = 27! is obtained from Jensen's inequality. So, for f > n, f - g € A2 ,(D").
|

5.2 Proof of Theorem 38

We first prove part (c), and then turn to parts (a) and (b).

Proposition 43 For 3 > 2, a polynomial f is cyclic in Dg(ID*) if and only if f does not
vanish on D"

Proof Proposition 41 implies that for 3 > 2, the point evaluation functional is
bounded at any point of D Therefore, by Remark 6, a cyclic function in Dg(D?)

—2
cannot have any zero on D .

Conversely, if f does not vanish on ﬁz, then f and 1/f are multipliers. Thus,
1=(1/f)f € [f], and f is cyclic (see Remark 7). ]

Proposition 44 The function fo(z) =1 - 252 iscyclicin A%, ,(D?) = Dg(D?), when
B=—(a+1)<3

Proof Let F:D? - Dbe (z1,2,) » 232 and define Cr : Dg_1 (D) - Dg(D?) as
f = foF.Then, for f(z) = X5, a2/, we may write

HCF(f)HZDﬁ(DZ) =), |“1|222] [(z1 +22)j”?3,3(1n>2)
jz
1 A
= a-zf i+ 2 B (])
Z' ]| 22](] ) Jz:o ]-1
- Y lajl o ? (j+2)F
22j

(14) j>0

22j
VZ| ]|222]( (]+2)ﬁ

j>0 )

= > laiP(j+2)F

20

= Hf“%)ﬁ_%(]l)))'
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This proves that Cr is bounded. Moreover, B =Im(Cf) is a closed subspace of
Dg(ID?). This implies the cyclicity of fo whenever 8 < 3 since it is the image of the
function g(z) = 1 -z under C, which is cyclic in D(D). In this case, there exists a
sequence of polynomials {p,} such that p,g -1 in D(D), and the corresponding
sequence {q, = Cr(pn)} can be used to approximate 1via g, fo in Dg(ID?). |

Remark 8 'The function f(z) =1~ 32 is noncyclic whenever 8 > 2 since it van-

ishes at (1,1) and point evaluations are bounded on D? by Proposition 41. Proposition
44 establishes its cyclicity for 8 < %, while the case % < f < 2 remains open.
The proof of Proposition 37 cannot be applied to the bidisk by letting p — oo since

its estimates are not uniform in p.

Proof of Theorem 38(a)  Letf be a polynomial with no zeros in D? and a nonempty

finite zero set {(j};-‘zl on T2, Put

iz + Gjaza

si(z) =1- 5

By rotation invariance and Proposition 44, each s; is cyclic for f < %
As explained in [2, Section 2.2], a zero of f on dD*\T? would force a factor z; - (,
with ( € T, contradicting the finiteness of Z(f) n T?. Thus,

Z(f)nD? = {G} .
Lojasiewicz’s inequality [17] gives
f(2)] 2 dist(z, {¢}m)",  zeD?,
for some N > 0. Since |s;(z)| < |z - {j|, choosing m sufficiently large ensures that
s
f

and its first partial derivatives are bounded on D?, by the quotient rule and the
preceding estimate. Hence, Q € D,(D?) ¢ Dg(ID?) for B < 3.

By Lemma 22, fQ =TJ;s}" is cyclic. Choose polynomials p, - Q in Dg (D).
Since f is a multiplier, fp, = fQ, and so

Dp(D?*) = [fQ] € [f]-

For B > 2, evaluation at any {; is a bounded nonzero functional annihilating [ f],
by Proposition 41. Thus, f is not cyclic. |

Q:

Proposition 45 If f(z) = { - z;, i = 1,2, where { € T, then fis cyclic in Dg(D*) if and
only if f <1

Proof  Without loss of generality, we can prove the statement only for f(z) =1- z;.
Assume that § < 1. To prove the cyclicity of f, as in Proposition 37, we need to estimate
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the norm of f/f, and then apply Theorem 21:
f

2

=1+ sup (1-r)> D (j+2)Pr¥ 2 <1+ sup (1- 1) F < +o0.
Dp(]Dz) 0<r<1 j>1 0<r<1

sup
0<r<1 fr

Now let f>1; our goal is to show that the capacity of Z(f)nT? is positive
to apply Theorem 33. Assuming that y is the uniform probability measure on
{1} x T = Z(f) n T2, we will have

Ig[u] = ffTT kg(z, w)du(z)du(w)
jzwjz
LS By - Y ﬁ < +oo.

T |70 (171 +2)F 7120
This implies that the capacity of Z( f) n T? is positive. [ ]

Proof of Theorem 38 (b)  Recall that the classical spaces D, (ID*) have squared
monomial norms

'z 5, = (i + DGz + D
By [2, Main Theorem], an irreducible polynomial depending on both variables, non-
vanishing in D?* and vanishing at infinitely many points of T?, is cyclic in D, if and
only if < 1. We adapt their argument to Dg.

Assume f3 < 1. Factors with a nonempty finite zero set on T? are cyclic by part (a).
Factors with no zeros on T2 have no zeros on D2, by [2, Section 2.2], and are cyclic
by part (c) and the inclusions between the spaces. Thus, by Lemma 22, it remains
to consider irreducible factors with infinitely many zeros on T?. The case { - z; has
already been treated, so assume that f depends on both variables.

Let (n,m) be the bidegree of f. By [2, Section 2.2 and Proposition 4.2], there

exist a unitary (n+m) x (n+m) matrix U and a column vector polynomial
B € C"*"™[z1, 23] such that

(I-AE)BE) < [T [az). AR =U [I"ozl I 0]

Moreover, there exists a row vector polynomial a such that p(z,) = a(z)B(z) is a one-
variable polynomial with no zeros in .
Let g € [f]* and let v € C**™[z;, z,] be a row vector polynomial. Since

k-1
(I-A)B=3 AY(I-A)Be fC""[z1,2,],
£=0

we obtain
(g,vB) = (g, vAFB), k>o0.

Put d = degv + deg B + 1, where degrees are total degrees, taking the maximum over
the entries. Since A is homogeneous of degree one, the monomials in vA*?B have
degrees in [kd, (k +1)d). Hence, {vA*¥ B}, is orthogonal. Moreover, A is unitary
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on T?; so,
kd kd
[vA*BIb, s (k+1)F [vA* B|Fa (00 $ (K +1)F,
where the last estimate follows from [vA*¥B| < |v||B| on T?, with Euclidean norms on

the vectors.
If some vA*¥B = 0, then (g, vB) = 0. Otherwise, Bessel’s inequality gives

| g VA"’JIB)\2 ) 1
E ,vB E .
Hg”Dﬂ H AkdB||2 |(g v )| Pt (k+1)'8

Since the series diverges for § <1, (g, vB) = 0. Taking v = z{lzéza we obtain g 1 [p].

Since the restriction of the norm to functions of z, alone is equivalent to the Dg(ID)
norm, one-variable cyclicity gives polynomials p;(z,) such that p;p — 1in Dg(D?).
Thus, p is cyclic, and g = 0.

Conversely, assume 3 > 1. Some irreducible factor h of f has infinitely many zeros
on T?. If his a constant multiple of { — z;, it is noncyclic by the preceding proposition.
Otherwise, by [2, Main Theorem)], h is noncyclic in ©/,(ID?). Since

G DG+ )PP < Gir o+ 2P |-y <1 g

h is also noncyclic in Dg(D?). Finally, [f] ¢ [h] # Dg(ID*), and so f is noncyclic. m

6 Open problems

Theorem 38, part (a), leaves the range 3/2 < < 2 undecided for polynomials with
a nonempty finite zero set on T?. At the time of submission, this was open even for
the following polynomial. Resolving this case would complete the characterization of
cyclic polynomials in Dg(ID?).

Open Problem 1  For 3 < B < 2, determine whether the polynomial f(z) =1- 232
is cyclic in Dg(D?).

While this manuscript was under consideration, Nailwal and Zalar [18] answered
this question affirmatively. Together with the results of Section 5, their result com-
pletes the characterization of cyclic polynomials in Dg(ID?).

For complex ellipsoids, Theorem 34 settles the case of a nonempty finite boundary
zero set. To complete the characterization of cyclic polynomials in Dg(€, ), it remains
to treat boundary zero sets of real dimension one. The following question asks for an
extension of the corresponding result on the unit ball [16].

Open Problem 2 Let f be a polynomial that does not vanish on ), and vanishes on
a set of real dimension one on 9Q),. Determine under what conditions f is cyclic in

Dg(Qp).
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