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Abstract. We extend the idea of bilateral determinism of a free Z-action by D. Ornstein
and B. Weiss to a free Z2-action. We show that we have a ‘stronger’ spatial determinism
for Z2-actions: to determine the complete Z>-name of a point, it is enough to know the
name of a fraction of the orbit whose density can be made arbitrarily small. Moreover, for
zero-entropy Z2-actions, we prove that there exists a partition P such that the P-names of
an arbitrarily small one-sided cone determine the points.

1. Introduction

If a dynamical system (X, F, u, T) has finite entropy, then it is well known [7] that
there exists a finite partition P satisfying \/‘ZOOO TiP =F, and hence h(T) = h(T, P).
If a process (X, P, u, T) has entropy 0, then it has the property that the tail field of the
partition P is the whole o -algebra. That is,

]

AV rr=\ 1P

n i<—n I=—00

Also, the tail field characterizes a Kolmogorov automorphism in the sense that the tail field
is trivial if and only if T is a Kolmogorov automorphism.

In the case of a Z2-process (X, P, i1, ¢), the past is defined using the lexicographic
order [3]. And, the entropy of the system is known to be the conditional entropy of the
partition given the past as in the case of a Z-action. The tail field of the partition P is
defined as follows: let {(My, Ni)} be a sequence going to (oo, 00). Let

Ex=1{(,j):j<0ifi <=My, or j < —Nyifi > —M,}.
If 79 (P) denotes the o -algebra

ﬂ{ \/ ¢—(i,j)p}’

k S, j)eEk
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then the tail field 7 (/P) is defined to be \/j‘;_oo ¢~ ©D1y(P). We notice that to(P) is
independent of the sequence {(My, Ni)} chosen and 7 (P) is invariant under ¢. It was also
shown in the case of a Z2-action that the tail field is trivial if and only if ¢ is a Kolmogorov
automorphism. That is, 7 (P) is trivial if and only if ¢ is of completely positive entropy [1].

Ornstein and Weiss [8] have proved that every aperiodic transformation is isomorphic to
a bilaterally deterministic process: given a generating partition 7, there exists a partition 7

such that
oo
\/ T =\/ TP
li|>n —00
for all n. That is, given a dynamical system (X, F, u, T), there exists a partition P such
that the P-name of a point x = {x;} for |i| > n determines the 7P-name for all i. Moreover,
P can be chosen so that |P — P| < ¢ for any given € > 0. We want to generalize the
Ornstein and Weiss theorem to Z2-actions.
In the case of a Z2-action, we are able to prove a ‘stronger’ assertion. For an angle
/2 <6 <m, welet

Go={(,Jj):j<0,0r0<j<|i|tan(wr — @) fori < 0}.

We claim that given a generating partition P under ¢ and given any € > 0 and any
/2 <6 < m, there exists a partition P such that:
(1) |PAP|<e;and
@ Ve, @ P =F.
In fact, we prove more. We construct a partition P independent of 6: there exists a partition
P such that:
(3) |PAP| <e€;and
@ Nrp<o<r Vi j)ecs ¢~ IP=F.
It is interesting to compare determinisms between Z-actions and Z2-actions. We say that
this Z2 analogue of the Ornstein and Weiss theorem is ‘stronger’ in the sense that the
density of Gy in 72 is strictly less than 1, while the set {|i| > n} has density 1 in Z. We
may mention that the above results hold for other regions besides Gy. See the examples of
§2 and Remark 1.

Suppose h(¢) > 0. Let P be a partition such that (¢, P) > 0. Since we have

VRV RE LI

j=-1 i<—1

h(g, P) :H<75

the o -algebra

\/ ¢ @By \/ ¢ 0P

j=<-1 i<—1
can never be the full o-algebra. In particular,
\/ ¢—(i,j)75 — ¢(0,1)( \/ ¢—(i,./)75>
j=0 j=-1
is never the full o -algebra, while

\/ ¢_(i’j)75 =F for an arbitrary T <0 <.
. 2
(i,))€Go
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We consider zero-entropy Z2-actions. There are many ZZ-actions which essentially
come from Z-actions. Many of these actions will have the property that for some
>
v=(x, y) and some k > 0,

Ve,

@i, j)EIP(V,k)

where IP(V, k) denotes the double-sided infinite parallelogram in the direction of v.
That is,

PG, k):{(i, ikt jt<i 5k+jf}.
y y

We note that if ¥ = (p, ¢) is a rational vector and the Z-action ¢”?) has finite positive
entropy, then the o-algebra generated by a one-sided infinite parallelogram is not enough
to capture the full o-algebra of the Z?-action. However, we show in Theorem 4 that for
any given one-sided cone, there exists a partition P such that |PAP| < € and the P-names
of the one-sided cone generate the full o-algebra. This is the property for zero-entropy
Z?-actions analogous to the property (4). If i(¢) =0, then we may ask for what region
D in Z? there exists a partition P such that the P-names of D generate the full o-algebra.
See Remark 3.

We may also mention the following: if ¢ is a K-automorphism, then given € > 0 and a
rectangle [—n, 0] x [—n, 0], there exists k such that

¢GNP

(i,j)el—n,01x[~n,0]
is e-independent of \/(i’ J)eEx ¢~ @DP [3]. Meanwhile, by the property (2) of P, it is
easy to see that for any given 7/2 < 6 < m, the o-algebra \/(i,j)eEk ) oGP completely
determines \/(i,j)e[—n,O]x[—n,O] ¢_(i'j)75, where

Evo=ErU{(Q, j):0<j<|i+ M| tan(w — 0)i < —M}.
It is easy to see that the partition P satisfies
\/ ¢ CIP=F
(i,j)€BE
for every n, where
B, ={(, j)):0=lil=n,0=1j| =n}.

This fact can be regarded as a direct generalization of the Ornstein and Weiss theorem [8].
By the above property, it is clear that if (X, P, u, ¢) is Bernoulli, then (X, P, u, ¢) is
very weak Bernoulli. However it is not weak Bernoulli. (See [2] for the definition.)

2. Construction of P

2.1. Positive-entropy case. We assume that our Z2%-action, (X, F, u, ¢), is a free
action. By the definition, for each (i, j), $¢+/) is also a free Z-action. Through successive
steps, we construct P, a refinement of P, which generates the full o-algebra under the
elements ¢-/), where (i, j) € Gg forevery m/2 <6 <.
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THEOREM 1. For every generating partition P, there exists a partition P such that:
(1) |PAP|<e€; and
@ Vijec, 8P =F foranyn/2<6 <.

Proof. Let P ={Py, ..., Px_1} denote the given generating partition under our Z>-
action ¢. Without confusion, we may also consider P as a function from X to
{0, 1, ..., k— 1} such that P(x) =i if and only if x € P;. Let {(p1, q1), (P2, q2), - . .}
be a sequence of relatively prime pairs of integers. We make a list for each pair to occur
infinitely often so that we construct the partition P with the generating property for any Go,
/2 <6 < . We are going to build a sequence of Rokhlin towers {R;} under the Z-actions
#Pi-%) . We choose the ¢; such that 3" ¢; < co. Let {n;} be a sequence going to co. We
need to put some more conditions on the ¢; and n;, which will be clear later.

For the convenience of the notation, we denote ¢71°71) by ¢;. Let R; denote a Rokhlin
tower under ¢ of height n%, so that

2
ni—1

,LL( U ¢{F1> >1—¢€,
j=0

where F; denotes the base of the tower R;. We define PWD which is a refinement of P, as
2 .

follows. If x € Uj‘ 2, ¢] Fy and x € P;, then we assign the point to Pi(lt), 0<i<k. We
=n2—n, ,

add the information of the parity check on the bottom n] level sets PC(n1) = U’/”;OI ¢{ F.

If x € PC(n;) and x € P;, then we assign the point to 79,»(’1,1, where m = Z';‘:Bz P(db'f"jx)
(mod k). If x belongs to the rest of the tower or the error set and x € P;, then we assign
X to Pi(l). The new partition P1 is clearly a refinement of P and it consists of at most
k? 4 2k many atoms

(1) 1 (1 ) 1) M (1
Po's s Pists Poss -+ Pelies Poos Pots - Por—1o

@ pM) (1) (1
ProsPris - Pilii—a Peliga

Given a point x € PC(n1), we note that we add the parity check along the orbit of x
n
under ¢,
Suppose that we have constructed P~ using the Rokhlin tower R;_; under ¢_j =
¢(p1_1 41-1) Let R; denote the Rokhlin tower of height ”12 with the base set F;. We assume
that

2
ny—1

,u( U ¢;Fl> >1—¢.
i=0

We define P, which is a refinement of P and differs from P~ arbitrarily small by
choosing n; sufficiently large. We note that the orbits of a point under ¢;_; and under ¢y
could be completely different.

As we did on Ry, if x belongs to the top ny level sets of R; and x € P;, then we
assign x to Pi(’lt). If x e PC(ny) = U’}.’:_Ol ¢[J F; and x € P;, then we assign x to P(l)

i,m’
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where m = Z"’ 2 P /%) (mod k). Tf

2n;—1 n[ —n;—1
X € U ¢[ U U ¢1 F
Jj=ni Jj n, —2n;

and x € P;, then we assign x to 731-(1). If x belongs to the rest of the tower or the error set,
then we assign x to the same atom of P/~ For almost every x € U;f’:(ggz)_l ¢l] (Fp), if

we know the P)-name of the point along the tower R; except for n; consecutive places
containing x, then we can reconstruct the missing »n; consecutive names from the parity
check on PC(n;).

We note that P differs from PY~1 on a set of measure at most 4 /n;. Hence, the set

E; = {x: PP ) £ PD(x) for some k > [}
has measure at most o; = Z,filH (4/ng). If we let

2
ny—1 )
E = U {¢IJ (x) : there exists no 0 <k < nlz — 1 such that ¢lk(x) € E},
j=0

then we have that /L(E~f) < nlzoq +¢. If xe El, then the P®-name of x throughout
the tower R; remains the same for all £k > /. Through successive steps we choose the n;
sufficiently large and the ¢; sufficiently small so that ) _, (nlzal + ¢€;) < 0o. Then for almost
every x there exist only finitely many of the / such that x € Ef Therefore, P = lim P® is
well defined and consists of

{750’ e ey ,ﬁk—la 750,1‘5 LI} 75](—1,15 750,05 ,ﬁo,la LI 750,](—15 LI} ﬁl,Oa
Pias e Pe—tk—25 Pe—1k—1}-
It is now enough to show that for almost every x € X, {75(¢(i’j )x): (i, j) € Gg} determines
P(¢p"x) for all (i, j) € Z>. For a given #, we choose ng such that
Dng  tan (7 —0)
< —"
Ang 2

0<

Suppose (i, jo) € Gj. Notice that the line L through (io, jo) with slope —py,/qn, hits
only finitely many lattice points outside the region Gy. Let g(ip, jo) denote the number of
lattice points on the line outside Gy. Let

o . n;(nj—2)—1 )
y= ¢)(’0’J°)x and H/ =E/ N ( U q’)ll F[).

i=3n;

Since M(ch) < nlzoq + (5/n;) + €, by our choice of the n;, there exists /o(y) satisfying
y € Hj for all [ > ly. We choose [ > [ such that p;/q; = pn,/qn, and n; > g(io, jo). By
our construction, we can determine the P)-name and hence the P-name of x(i, j) for
all (i, j) € Gj N L. We repeat this for each (i, j) € G, to recover the complete P-name
of x. O
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Besides the Gy, there are many regions of smaller ‘density’ whose names generate the
full o-algebra. We have the following theorem.

THEOREM 2. Let B C Z* be a region such that there exists a rational direction
including oo for all (i, j) € B¢ so that the line L through (i, j) in the direction intersects
only finitely many lattice points outside B. Then we can construct P such that:

(1) |PAP| <e€; and

@ Vi jes ¢p~CIP=F.

Proof. 1t is clear from our construction of P as in Theorem 1. O
Notice that our partition P satisfies the following.

Example 1. For any givena > 0, we let B, = {(i, j) : j > ai? or j< —ai2}. The P-name
of a point in B, determines the point completely. Hence, we have

NV ¢“P=r

a>0 (i, j)€Ba
Example 2. Given any a > 0 and b > 0, the region
Bap =10, j):j>ai*+borj<—ai*— b}
also satisfies the condition of Theorem 2.
Example 3. Let C (v, 8) denote the double-sided cone in the direction of ¥ with the angle 6.
That is,

C@,6) = {(x, V) tan(@ — 0) < 2 < tan(a + 0), —00 < x, y < oo},
X

where « is the angle between v and the x coordinate. Since it satisfies the condition of
Theorem 2 for any angle 6, we have

o~ IP=F.
(i,j)eC(v,9)

In particular, if we know the P-name of a point in the first and the third quadrants, then we
know the full name of the point. It is clear that as 6 goes to 0, the density of C (¥, 6) in Z>
goes to 0, and hence it can be made arbitrarily small. Moreover, we note that, for example,
C, (7, 0) also satisfies the condition of Theorem 2, where

Cali, 0) = {(x, y):—tan @ <

< <tand, [x| >a
x| —a

is a double-sided cone whose vertices are apart.

Remark 1. Let B={(i, j): j <0or j <log|i| fori < 0}. Itis not clear yet if there exists
a partition P such that

\/ ¢ IP=F

(i,j)eB
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2.2.  Zero-entropy case. Recall that a zero-entropy Z-action has the property that if P is
a generating partition, then the tail field of the partition P is the whole o-algebra. We will
prove the analogous result for zero-entropy Z2-actions, which is stronger than Theorem 2.
That is, we construct P so that the one-sided cone P-names generate the full o-algebra.
It is known that if (¢) = 0, then, for any generating partition P, we have

\/ ¢—(i’j)'pv \/ ¢_(i*O)P=F_

j=-1 i=—1

We need the following lemma, which provides us with the rough estimates of the
number of elements in \/Osi’j<n¢_("’/)73.

LEMMA 1. Let h(¢) = 0. Given a generating partition P and an € > 0, there exists N (€)
such that for all n > N(e), there exists a collection &,, which consists of atoms of
Vozi,jn®™ P, where:

(D) 1&l <27

2) wu(E,) <e¢, where E,, = UC¢£,, C.

The above lemma follows from the Shannon—-McMillan-Breiman theorem [10] of

Z?-actions.

PROPOSITION 3. Let h(¢p) =0 and let P={Py, ..., Px—1} be a generating partition
under ¢. There exists a partition P satisfying the following: for a given € >0 and a
given 0:

(1) [PAP|<e€;

2) \/(i’j)eoc(ﬁ’g) ¢_(i’j)75=f, where OC(V, 0) denotes the one-sided cone in the
direction v = (—1, —1) with the angle 6.

Proof. We will describe the construction of P motivated by an idea of Thouvenot [11]. We
choose {¢;} sufficiently small and {n;} sufficiently large so that:
i) e <1/2%;
(i) n; > 2% and n; is a multiple of 2/;
(i) ¢ > Zkz[Jrl €ks
(iv) aRokhlin tower R; of size [0, n;) x [0, n;) has fewer than 2™ ? hames with an error
set of measure less than ¢;.

We describe the induction step. Let B; denote the base of the Rokhlin tower. We
partition the Rokhlin tower into columns according to their P-names. By a column, we
mean a subset of a Rokhlin tower,

Ci = U ¢(i’j)Bl,t,

0<i,j<ng
so that
¢(l’])Bl,t € Py,
where (i, j)=0,1,...,k—1. And, B;; denotes the base of the tth column of the
Rokhlin tower R;, t =1, ..., u;, where u; < 261”12 . We encode each of the column names

on the left bottom square of size [0, n; /21 ) x [0, ng /2’ ) as follows.
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We define P?) by changing the partition
pU=b = {Pr(l_l), Pr(‘lx_l) :0<r<k-—1,s=0orl},
if necessary, to distinguish the By ; by their PO _names on

BRi= | J ¢"“B.

0<i,j<n; /2!

That is, each of the [0, n; /21 ) x [0, n; /21)—73(1)—names of B;; uniquely determines the
[0, n;) x [0, ny)-P-name of B;;. This is possible, since using s =0 or 1, there are

20/ 2y possible names, which is greater than 2¢ n by the condition (i). We may need
to change parts of Pr(l_l) into Péls) for each r and also parts of P,(,ls_l) into Pr(lx)/, where
r=0,1,...,k—1,and s or s’ =0 or 1 and s # s’. On the rest of the tower’or on the
error set, we define PO to be the same as P¢~1. Note that we have changed pU=D
negligibly little to get 7). Hence, lim P® = P exists. Note that P also consists of 3k

atoms {Py, ..., Px—1, Prs}r=0... k—1 and the set | J—o.... k—1 Prs has small measure.
s=0,1 s=0,1
We call a subcolumn a subset Cl”t of a column of R,

Clo,t: U ¢(iyj)BIO!t’

0<i,j<n;

where By, is a subset of By ;. For a given 6, let A; = ;) ¢ B, where

o[ ) -5 () £)0)

Note that I; is a square of size n;(1 — tan(rr/4 — 0) + 1/2!) at the upper right corner of

the square [0, n;) x [0, n;) and, if (i, j) € I;, then the one-sided cone OC(v, 6) starting

at (i, j) contains the square [0, n1/21) x [0, nl/ZZ). Hence, if x € A;, then the one-sided
cone name starting at x determines the name of the column C; ; containing x, because the
cone contains the [0, n1/21) x [0, n1/21)-73(l)-name.

We need to show that u(| ;A7) =1 for all k. We note that J; takes up greater than a
fixed fraction of [0, n;) x [0, nl_) for each /. We choose n; sufficiently large compared with
nj—1 so that:

(v) the measure of R;_1 in R; which intersects the boundary of R; or which intersects
both A; and R;\ A; is less than ¢;;

(vi) for each column of R;, the frequency of R;_; in A; is within 2¢; of the frequency of
R;_1 in R;\ A; (the ergodic theorem). Therefore, the frequencies of A;_; in A; and
in R;\A; are within 2¢; of each other.

We denote by R;Ql the subset of R;_; which intersects neither the boundary of R; nor

the boundary of A;. By (v), we have /,L(R[(?l) > w(R;—1) — €. Let

R = ﬂ R—1® and Ay =R_i1NA_:.
k>l

‘We note that

WRI-1) > w(Ri—1) = D e > u(Rim1) — €1 = 1= 2611
k>l
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To show that almost every x € X belongs to A infinitely often, we need that w ([ lZmAf) =
0 for all m. This is true by the ‘almost’ independence of the A; within the error of
the ergodic theorem. Since there is an error set E; of measure less than €;, we note
that M(Af) <o/l —2¢), where o = (1 — (|Il|/n12)) < 1. And, we may assume that the

frequency of AIC in Afﬂ is at most /L(AZC) - (1 + 2¢;41). Hence,

n - am—n—i—l n 1+ 2¢ Olm—n—H n
u(ﬂA}) < l_[ ( k) < l_[ (1 + 5¢;).

I>m -1 —26mk=m+](l —2¢) 1 _ZE’”kzmH

Since Y2, €k < €, we have

<ﬁ » a”’m“ 6
" A;) <——€"m 50
Iom 1—2¢,
as n — oo for all m.

For a given positive m, we let Fl’” denote the set {(i, j): (i, j) is at least distance m
away from the boundary of the square [0, n;) x [0, n;)}. Since for each m, the set

R'= |J ¢"“B

G, ))eF"

has measure greater than (1 — €)(1 — (4m/n;)), almost every x belongs to R/ except for
only finitely many of the /. That is, a larger and larger square centered at x is contained in
Aj as I — oo for almost every x. Hence, we have the property (2). O

Remark 2. Note that for each /[ we may use the (0, 0) coordinate as a marker to indicate
the start of BR(9,0). Then P may consist of {Py, ..., Pr—1, Prslr=0,.. k-1, Where P,
s=c,0,1

indicates a marker.

THEOREM 4. If h(¢) =0, then there exists a partition P such that for a given € > 0, we
have the following.

(1) |PAP|<e.

2) \/(i’j)eoc(ﬁ’g) ¢~ DD = F for every ¥ and every angle 6.

Proof. Given € > 0, we choose [y such that (1/210) < (e/4). We start from [ > I.
In the Rokhlin tower R;, we consider the squares of size (n; /21 ) X (ng /2’ ) which are
located at (0, (n;/2') ), ((n1/2")j, 0), (m — (n1/2"), (n1/2") ) or ((m1/2") j, np — (n1/2"))
for j =0,..., 2! — 1. These squares meet the boundary of R;. We define PO different
from P¢~1 only on the boundary squares. As in Proposition 3, each of the P)-names
of BR; uniquely determines the P-name of the column of the Rokhlin tower C;; for ¢ =
1, ..., u;. After we redefine the partition PU=D jnto PO = {Pél), el P}fﬁ},zo k—1 0n

,,,,,

s=0,1
BRy, for each column C; ; we copy the PO _name of

BRi,= |J ¢“"By
0<i,j<n /2!

on each of the boundary squares of Cj ;.
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‘We note that we have

_ (ni/2H* 4.2 4
fp(l 1)A79(1) < = —.
| | - nlz 2!

Let P = lim P?; we have

< =\ (4 1
[PAP| < Z 5 :4~2—lo<e.

I>1p+1

To prove the second property, it is enough to consider the vector V= (x, ¥), where
y > 0. Let 6y denote the angle such that tan 6y = y/x. We assume 0 < 6y < 7 /2. For the
case of m/2 < 6y <, we can use similar arguments. For any given 6, we let

7(0) = min{|tan(;r /2 — Oy + 0) — tan(;w /2 — Op)|, |tan(w /2 — Oy — ) — tan(w /2 — Op)|,
[tan(6g + 6) — tan Gy|, |tan(6y — O) — tan Hy|}.

There exists [(9) such that if > [, then (1 — (1/2")7 > 2/2!. Then the cone C(?, 0)
starting at (0, 0) contains a boundary square of size n;/2! x n;/2! for [ > 1. The P®-
name of this boundary square determines the P-name of the column of R;. Moreover, for a
given 0 and 0 < ¢ < 1, there exists 16, ¢) such thatif { > [, then (1 — ¢ — a2y -n; -t >
2- nl/2l. Any cone C(?, 0) starting at (i, j) € I; = [0, cn;) x [0, cn;) contains at least
one boundary square. Hence, the P")-name of the cone C (7, 0) determines the P-name
of the column of R;. As in Proposition 3, it is not hard to see that almost every x belongs
to Ar=Uq ey, ¢/ B, infinitely often.
For a given m, we let

Ri= | #08.

m<i,j<n;j—m

We note that there exists I’(m) such that x € R} for all [ > 1'(m). For each m, we have
X € R;" N A; infinitely often; hence, we have

\/ o P=F
(i,/)€0C(1,0)

for every 6. Since this holds for every v, we have the property (2). O

Remark 3. If a system (X, P, u, ¢) has the property
1 -
im — —@@.j) —
o ) eroom) o
(i,J)ERn

and

1 ..
lim —3H< \/ q)_(”f)??):oo,
(i, /)R,

n— oo n2

where R, = {(i, j) : 0 <i, j <n}, then it is clear that there exists no P with the property
that for some 7: (x, y) and some k > 0,

\/ ¢ WP=F

(i, j)EIP(V,k)
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However, the above Theorem 4 says that a one-sided cone is enough to capture the full
o-algebra. We believe that this is related to the ‘complexity’ of zero-entropy Z>-actions.
(See [4-6].) It is not clear yet if it is possible to refine or strengthen Proposition 3 and
Theorem 4 even for the class of systems of low complexity.

Remark 4. Tt is not hard to see that the above constructions of P in Theorems 1,2 and 4
can be generalized to Z"-actions for both positive and zero entropy. However, it is not
clear how to extend them to general amenable groups [9, 10].
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