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We establish functional central limit theoreffSCLTs) for a cumulative input pro-
cess to a fluid queue from the superposition of independent on—off sourcese

the on periods and off periods may have heavy-tailed probability distributitanis
ants of these FCLTs hold for cumulative busy-time and idle-time processes associ-
ated with standard queueing modéelfie heavy-tailed on-period and off-period
distributions can cause the limit process to have discontinuous sampléegite

be a non-Brownian stable process or more general Lévy prpeess though the
converging processes have continuous sample p@tirssequentlywe exploit the
SkorohodM, topology on the function spad® of right-continuous functions with
left limits. The limits here combined with the previously established continuity of
the reflection map in thé; topology imply both heavy-traffic and non-heavy-
traffic FCLTs for buffer-content processes in stochastic fluid networks

1. INTRODUCTION

This is part of a series of articles devoted to obtaining approximations via limit
theorems for stochastic fluid queues and stochastic fluid queueing networks with
bursty input Motivated by evolving communication networkse represent the
input at each queu@ode in the network as the input from a superposition of mu-
tually independent on—off sourcdsach source is alternately on and off for random
periods of timeDuring on periodsthe source sends packetspresented as deter-
ministic fluid, at a constant rateluring off periodsthe source is idlenot sending
input (We also consider the generalization in which the input during on periods is
stochastig

We consider the case of a single-class fluid netwbvk let fluid be processed
at each node in a first-come first-servdelCFS manner at a constant rate and we
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stipulate that a proportio@; of all fluid output from node is immediately routed to
queug, whereQ = (Q;) is a substochastic matrix witQ" — 0 asn — oo; fluid not
routed to another node leaves the netw@&@e[18] for additional background

Network measurements have revealed that the traffic carried on the communi-
cation networks is quite complgsxhibiting features such as long-range dependence
self-similarity and heavy-tailed probability distributiofieaving infinite variance
(e.g., se€1,8,22,43]). This traffic complexity is evidently dudo a large extento
the file sizes being transmitted over the networks having heavy-tailed probability dis-
tributions We represent this phenomenon in our stochastic fluid network by allow-
ing the source on periods to have heavy-tailed probability distributidreson period
represents the time a source is activhich will tend to be long when a large file is
to be sentBecause of the fluid assumptighe cumulative input process from each
source and the aggregate cumulative input process at each node have continuous sam-
ple pathsbut the limit processes may have jumps due to the burstiness

As a basis for developing useful approximatipn® want to establish limit
theorems for the buffer-content stochastic processes in these stochastic fluid net-
works The limit theorems we have in mind are generalizations of heavy-traffic limit
theorems for the same fluid models in which the on periods do not have heavy-tailed
distributions Because evolving communication networks with bursty input may be
required to operate far from the heavy-traffic regjntés significant that our limit
theorems do not require that the models be in the heavy-traffic regloveever the
heavy-traffic regime is a principal caskhere are a variety of detailed assumptions
that can be made about the distribution of the on—off stochastic processes and the
scaling(e.g., see Konstantopoulos and Li&0], Kurtz [21], and TaqquWillinger,
and Sherma34]. For examplethe number of sources can be allowed to go to
infinity in the limit. Here we assume that there is a fixed number of sourceswe
allow the individual sources to change in the limit process

Even though the limits are not restricted to heavy tratfiat is a useful refer-
ence caséeven with the usual independence conditithe heavy-tailed probability
distributions have a dramatic impact on the heavy-traffic limiting behamaking
the limit become a reflectethon-Brownian stable process or a more general re-
flected Lévy process instead of a reflected Brownian mofRBM ), as in Reiman
[25]. Reflected stable and Lévy processes have independent incretieytarise
when the on and off periods come from independent sequenceisdofandom
variables grmore generallyunder weak dependendémits with dependent incre-
ments such as fractional stable procesg29], are also possible when there is more
dependence

In comparison with the usual heavy-traffic limithe limits that we establish
involve different scaling and have limit processes with different distributi®he
limit processes also have sample paths with junipgontrast to the continuous
sample paths of RBMn order to obtain convergence of a sequence of stochastic
processes with continuous sample paths to a limiting stochastic process with jumps
we need to replace the familiar SkoroH&@] J; topology on the function spaée=
D([0,00),R¥) of right-continuousR*-valued functions with left limits with the
SkorohodM;, topology[ 15, p. 301].
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Thus in [41], we established basic properties of the function sjiaeeth the
SkorohodM topologies and in[42], we showed that the multidimensional reflec-
tion map onD is continuous at limits without simultaneous discontinuities with
different sign in the coordinate functigrarovided that a metric inducing the stan-
dardM; topology is used on the domain and a metric inducing the weaker privduct
topology is used on the rang@/e also applied that continuity result to establish
functional central theoremg$-CLTs) for the buffer-content processes in stochastic
fluid networks Those FCLTs show that a limit holds for the buffer-content process
in the stochastic fluid network with a suitable scaling if a corresponding limit holds
for the cumulative input processes

The purpose of this article is to fill in the final step and establish FCLTs for a
cumulative input process in thé; topology Assuming that the different sourced
each node as well as at different nodase mutually independenit suffices to
establish an FCLT for the cumulative input process associated with a single source
(The sum of independent Lévy processes will be a new Lévy procésdsen we
consider more than one procesge use the produd¥l, topology on the product
spaceD X ... X D. Convergence in the produkt; topology extends to the standard
M, topology onD([0,c0),R¥) when the limit has discontinuities in only one coor-
dinate at a timg41]. A sufficient condition is for the component processes to be
mutually independent and their limits to have no fixed discontinuiiést condi-
tion also implies the continuity of the reflection map

Because we are considering on—off sources with fluid inthe cumulative
input process of one source is essentially the same as the cumulative busy-time
processindeed suppose that the input rate during on periodsa®dB(t) andC(t)
are the cumulative busy time and input during the time intei@gl]. Then C(t) =
AB(t). Moreover if I(t) is the cumulative idle time if0,t], thenl(t) =t — B(t).
Hence FCLTs forC(t), B(t), andl (t) are all essentially equivale/e will focus on
the cumulative busy timeB(t). Thus the results here also apply to busy-time and
idle-time processes in other queueing models

For a single queyaur results here for the case of heavy-tailed on-period dis-
tributions are very closely related to the non-Brownian limit§40]. However in
that paper we considered a discrete-time model with heavy-tailed input distribu-
tions for which it is possible to apply the familiar Skorohddopology throughout
Neverthelesghe same reflected stable processes and reflected Lévy processes are
obtained as limit processes for the buffer content in our setting when we restrict
attention to a single queue under independence condifidvesmethods for calcu-
lating the probability distributions described there apply here as Imgbarticular
when the Laplace transforms can be characterimatherical transform inversion
can be usedHowever those explicit results only apply to single queudsre work
is needed to obtain explicit limiting distributions for stochastic fluid netwoR®
some results in this directipsee[16,17].

Largely motivated by the traffic measuremenkeere has been growing interest
in queues with heavy-tailed distributiarighus there is a growing body of related
work; see Boxma and Cohdd,5], Cohen[7], Furrer Michna, and Weron[13],
Konstantopoulos and Lif20], Kurtz[21], Resnick and Rootzér26], Resnick and
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Samorodnitsky27], Resnick and van den Befg8], and Tsoukatos and Makowski
[35—37]. The main contribution here is showing how to obtain results via the con-
tinuous mapping theorem exploiting tiv, topology onD. Even though theév,
topology was defined in 1956 by Skorohj@&0], it has not received much attention
Although our primary focus is on obtaining discontinuous limits in khgto-
pology stemming from the heavy-tailed on-time distributipn® also discuss the
standard case in which the cumulative-input limit process is Brownian motion in
Sections 5 and.6l'hen attention centers on identifying the variance constant

2. LIMITS FOR THE CUMULATIVE BUSY TIME

Consider a queueing system in which there are alterndtiagessarily positive
periodsl; andB; in which the system is idléoff ) and busy(on). We initially allow
these random variables to be very gendraparticular we allow them to be mutu-
ally dependent and have infinite variance or even infinite méana regularity
condition we assume that the number of busy cydieke period plus following
busy periodin any finite interval 0, t] is finite. We assume that the first idle period
begins at time 0

We now show how FCLTSs for partial sums of the vect@sB;) imply corre-
sponding FCLTs for the cumulative busy-time procB§S. To establish the FCLTs
we exploit results about the Skorohbt] topology in[24,30,39,41]. Let = denote
convergence in distribution and IBt= D[0,c0) denote the function space of right-
continuous real-valued functions with left limitsndowed with the Skorohobll;
topology Let theo-field on D be the Borebr-field, which coincides with the usual
Kolmogorovo-field generated by the projection mapet D" = (D, M;)" be the
r-fold product space ob with itself, here always endowed with the produdg
topology Let C andC' be the subsets of continuous functipaadowed with the
relative topologywhich corresponds to uniform convergence on all closed bounded
intervals When the limit processes belong@®, this becomes the familiar setting
For a random element @, let Disc( X) be the(randon) set of discontinuities ok
in [0,00). Let 2 denote equality in distributiari_et | x| denote the greatest integer
less than or equal to.

In generalwe allow a sequence of models indexedgo that we start with a
sequence of sequendgl i, Bni):i =1} : n=1}; |, is theith idle period in modeh.
LetN,(t) be the number of complete busy cycl&e period plus the following busy
period in [0, t] and letB,(t) be the cumulative busy time [0, t], both for modeh.
With a sequence of model$is possible to absorb the normalization constants into
the processebut we refrain from doing thiso that heavy-traffic limits for a single
model are obtained by a direct applicatidie write X,,(t) = X(t) as if we were
talking about convergence of the marginal distribution&jrbut we establish the
much stronger convergence [lh Weak convergence iD is indicated by “inD”
written after the limit

We first obtain an FCLT with time scaling byand space scaling kg4, where
nc, — oo (e.g., ¢, = n~%for 0 < q < 1) and then afterward obtain FCLTs with the
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space scaling bg,, wherenc, -4 o (e.g., ¢, = n~9for q = 1). The standard case
involving Brownian motion limits i€, = n~ %2 The case ! < ¢, < n~ 2 typically
arises when the distribution &,; or I,,; has finite mean and infinite variance

THEOREM 2.1: If

[nt]
Cn 2 (10, Bo) = (My1,my 2)] = [Xa(1), Xo(1)] in (D,My)? @asn— oo, (2.1)

where ng — co and m,; —» m; as n— oo fori = 1,2, with 0 < m; + m, < co and
P(Disc(X,) N Disc(X,) # &) = 0, (2.2)
then
CalNa(nt) = ot Bo(nt) — £nnt] = (—y[Xa(yt) + Xo(y1)],
(1= &)X (yt) = EXa(y1)) (2.3)
in (D,M;)? as n— oo, where

= —Tho d yo=— 0 2.4
gn_mn,l_'—mn,zﬁg an Fyn_rnn,l—i_mn,z_>’y> . ()
Proor: The idea is to repeatedly apply the continuous mapping theorem and its
variantsas in Theorem A of Billingsley[3]. In particular we invoke the Skorohod
representation theoref80], which allows us to replace random elements of a sep-
arable metric space converging in distribution with corresponding random elements
defined on a new sample space having the same distributions that converge with
probability one In [41], it is shown that the spad®, M,) is metrizable as a com-
plete separable metric spase that Skorohod’E30] representation theorem can be
applied (Even if(D, M,) were not topologically completéhe representation would
still be valid because Dudl€y@] showed that topological completeness is not negded
First, we observe that the cumulative busy-time processes can be closely ap-
proximated by appropriate random surmsparticular let the centered approximat-
ing processes be

NE(t) Na(t)

Bl'ell(t) - é‘:nt = (1_ gn) 2‘1 (Bn,i - mn,l) - gn 2[ (In,i - mn,z), (25)

whereNg(t) andN/!(t) are the numbers of complete busy periods and idle periods up
to timet in modeln. Note that

N,(t) = NB(t) = NI(t) = N,(t) +1 forallt. (2.6)
Also note that

Bi(7Tnk) = Bn(7nk) and Bi(7,k) = Bn(7hk) forallk=0, (2.7)
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wherer, o =0,

Tk = In,l+Bn,1+ +|n,k+Bn,kv k=1 (28)
and

7'r,1,k =Thkt In,k+1, k=0. (29)

Moreover B&(t) is piecewise constanivheread3,(t) is piecewise linear in each of
the intervalg 7, , 7 «] and[ 7, x, 7 k+1]. After appropriate scalinghe busy-period
counting processds2(t) andN,(t) are asymptotically equivalent to inverse partial
sum processed he partial sum processes are

[t

S(lth =X (I +By),  t=0, (2.10)
i=1
and the inverse maf@pplied to functions unbounded abgve
X (t) = inf{s= 0:x(s) > t}, t=0. (2.11)
Note that
INy(D) = STHtDI =1, (2.12)
so that
Ca([Na(nt) = Ny, t] = [S7H(Int]) — ny,t) = 0 (2.13)

in D asn — oo.
Starting with the assumed limi2.1), we consider the sum to obtain

[nt]
Cn 2 [(Ini + Bni) - (mn,l + mn,z)] = Xl + X2 (214)
i=1

jointly with the limits in(2.1), invoking (2.2) and the analog of Theoreml4of[39]
for the M, topology which is contained if41]. (Equivalently condition(2.2) al-
lows us to replace convergence in the proddgtopology in(2.1) by convergence
in the strongM; topology onD ([0,00),R?); see[41].) We next get a limit folN,(t).
To do sqg we apply the Skorohod representation theorem and replace the conver-
gence in distribution with convergence with probability dnep.1). We then apply
the inverse map if2.11), using(2.13) and Theorem B of [39] with ¢, =n(m,; +
my.2)C, playing the role ot, there and
1 nt] -
Xn(t) (e + 1) i:Zl(ln. + Byi) = (ny, ) ' Sy(Int)). (2.15)

We first getc),(x, — €) — xasn — oo, wheree s the identity map ang = X; + X,.
Then we getc,(x, 1 — €) = —xasn — oo, wherex;, = n"1S,; 1o ny, e so that

Ca(Np(nt) — ynnt) = — y[Xy(yt) + Xa(yt)], (2.16)
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again jointly with the limits aboveéAs a consequence 62.16), we get
n~*(N'(nt),NB(nt)) = (yt,yt) in (D,M,)? (2.17)

jointly with the limits above Applying the continuous mapping theorem with the
composition map and usin@.14), (2.5), and(2.17), we get

BR(t) = ca[BR(nt) — &unt] = L(1) = (1= &) Xa(yt) — EXa(yt) in (D,My)
(2.18)
jointly with the previous limitsWe will use(2.18) to get the desired limit

B,(t) =c,[B,(nt) — &,nt] = L(t) in(D,M,). (2.19)

We now apply the Skorohod representation theorem to replace the convergence in
distribution by convergence.pil. From the special version &?2in (2.18), we can
directly construct the associated special versioB,oh (2.19). For each continuity
point t of the limit functionL, we obtainB,(t) — L(t) w.p.1 from (2.18). From
(2.5)-(2.9), we are able to bound thé; oscillation function oB,,in (2.19) over any

finite interval [0, T | by the corresponding oscillation function Bf in (2.18). In
particular

Ws(Bn,8) = Ws(Bf,26)
for all suitably largen, where
W(X,8) = sup {Ix(t2) — [x(ty), x(t5)][}

00(t—8)=t; <t,<tz=(t+8)00T
and[a,b] is the segment joiningandb (i.e.,[a,b] = {ea+ (1 — a)b:0=a = 1}).
We can thus apply Theoreml&iv) in [41] to establish convergencepd of the
special versions oB,, jointly with the other quantitiesThat in turn, implies the
convergence in distribution of the original versions

Remark 2.1:As a consequence of the FCI(Z.3), we obtain the functional weak
law of large number$FWLLN)

N[N, (nt), B,(nt)] = (yt, &) (2.20)

in (D, M;)2 asn — co. Since the limit in(2.20) is continuousthe M, convergence is
equivalent to uniform convergence in bounded intervhlste that the limit of
n~1B,(nt)in (2.20), &, trivially increasing iné, as we would expecHoweverwhen
X, = 0, from (2.3), the limit of c,| B,(nt) — &nt|, (1 — &)|X,(yt)], is decreasingn
&. Upon reflection this is consistent with intuition as welFor examplesuppose
thatl, is a deterministic value for ah, so thatX;(t) = 0. Then asé — 1, B,(t)
approaches, and we should anticipate that the limit of[B,(nt) — &,nt] ap-
proaches 0 as first — oo and thenf — 1, as implied by(2.3).

Remark 2.2:When we can establish conditig@.1), even with a discontinuous
limit, it will typically be possible to obtain convergence in the stronger Skordhod
topology(e.g., by applying results in Jacod and Shirydé%®]). Howeverwe cannot
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as a consequence obtain the conclugi®8) in the J; topology unless the limit
process has continuous patBecause the normalized cumulative-busy-time pro-
cesses have continuous sample paitsM, topology is needed in the final limit
The M, topology is also needed to obtaia 16) for the counting processes via the
inverse mapTheorem 74 of [39] shows that a limit does not hold in tdetopology

for limit processes with discontinuities

Remark 2.3:The discontinuity conditioR(Disc(X;) N Disc(X,) # &) =1in Theo-
rem 21 is obviously automatically satisfied if one of the two limit proces$gand

X5 has continuous pathise., if P(X; € C) =1 for onei). In fact, both have contin-
uous paths in the standard short-range-dependence finite-variangéncaséch
they are Brownian motionsvhich we consider in Section ®therwisethe discon-
tinuity condition is automatically satisfied ¥; andX, are independent processes
without fixed discontinuities

Remark 2.4:If the scaling is not byc, = n~%2 then often the busy periods will
dominate the idle periods in the sense taft) = 0, t = 0, in (2.1). Then the
discontinuity conditior(2.2) is trivially satisfied and the limit process {@2.3) sim-
plifies. Indeed it is a simple time-and-space rescaling of the lixitin (2.1).

Assuming that the limit process in Theoreni 2s continuous at w.p.1, we
obtain the associated ordinary C{donvergence of marginal distributioria R? by
applying the continuous mapping theorem with the projection map? — R?
defined by (X4, X5) = (X41(t), Xo(1)).

The limit processes i2.1) and (2.3) will often be self-similar that is the
finite-dimensional distributions will satisfy

[X(ct),...,X(ct)] 2 [cHX(ty,...,c" (t,)] (2.21)

foralln,0<t; < --- <t,andc > 0; seg[29, p. 311]. Then H is the self-similarity
index Indeedin the case that there is only a single mo@del, in which{(l;, B;)} are
not indexed byn), the limit process is necessarily self-similsife summarize the
observation

THEOREM 2.2: If the conditions of Theorer.1 hold with ¢, = n™9 for a single
model{(l;,B;):i = 1}, then the limit procesfX;(t), X5(t)] in (2.1) is seltsimilar
with index g and the limit process {2.3) is distributed as

(1= &)y MXa(t) = &y I (D). (2.22)
Proor: Consider the limits two waydirst replacingt by yt and then replacing by
ynin the time argumentt. u

We next consider the case in which the partial sums of the busy periods satisfy
an FCLT with normalizatiort,,, wherenc, — ¢ = 1, which corresponds to the oc-
currence of exceptionally long busy periotl¢henc = 0, the average busy period
B,= (B + --- + B,n)/nis diverging to+oo asn — co. We assume that the idle times
satisfy an FWLLN with the usual normalization*. The dual case involving large
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idle times and standard busy times is covered by just changing the naAfeaesn-
sider the case in which both idle and busy times are large afterward

Let e denote the identity map di0,c0). Let CX be the subset of functions @
with each coordinate function being monotohet D4 be the subset of nondecreas-
ing nonnegative functions iB* that are unbounded abave

THEOREM 2.3: If
lnt]
N> 1y=mt in(D,M;)asn— oo (2.23)
i=1
and
[nt|
Ch D B = X,(t) in (DY, M,) as n— oo, (2.24)
i=1

where ng — ¢ =1 and P(X, *(0) = 0) = 1, then
N~ (Np(cy 1), In(ch M), Ba(ch M) — ¢y 't) = (Yi(1), Ya(t), = Ya()) in (D,My)*®

(2.25)
as n— oo, where
X3, c=0
Ylt) = {(mle + X)L, c=1 (2.26)
and
Ya(t) = myYy(t). (2.27)

Proor: We modify the proof of Theorem.2. First, by Theorem 4 of Billingsley
[3], because the limit if2.23) is deterministicthe separate convergence(f23)
and(2.24) implies joint convergencé&\Ve first assume that= 0. Multiplying by nc,
in (2.23), we obtain

Lnt]
Cn D (Ini, Bri) = (0, X,(t)) in D?asn — oo. (2.28)
i=1
Then adding we get
nt]
Ch D (Ini + Bri) = X,(t) inDasn— oo, (2.29)
i=1
joint with (2.23) and(2.24). Using (2.12) and the inverse magrom (2.29) we get
N INy(c,t) = X;1(t) inDash— oo, (2.30)

again joint with the limits aboveWe use Lemma .2 of [24], which requires the
assumed conditioR(X5 *(0) = 0) = 1. Note thatX, necessarily has nondecreasing

https://doi.org/10.1017/50269964800142019 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800142019

132 W. Whitt

sample paths becaukg= 0 andB,,; = O for all n andi. The processeB andl can
be treated at once becauB&) =t — I (t). We apply composition witti2.23) and
(2.30) to get

Np(chtt)

nt > li=mXXt) inDasn— oo (2.31)

i=1

jointly with (2.30), using Theorem @ of [41] with the limit (x,y) € CK X D1 there
(i.e., exploiting the fact thamn, e is continuous and monotopeéNext, note that

Nn(cq 't)
(et —n D i = n Mo et (2.32)
i=1
By (2.23), n" !y = 0in (D, My). That with (2.30) implies that
nilln’ Nn(Cglt)+1 = O Il’l (D, Ml) (233)

Hence we have establishe@.25) in the case = 0. Whenc =1, (2.28) and(2.29)
hold with the limits changed tam;t, X,(t)) andm,(t) + X,(t), respectivelyThus
(2.30) holds with the limit changed tam, e + X,) (). Similarly, (2.31) holds with
the limit process changed to,(m, e+ X,) (1), so that we havé2.25)—(2.27) when
c=1 [ |

Remark 2.5:As noted in Remark.2 about Theorem.2, we typically will be able
to obtain convergence in the strongletopology in condition2.24). However we
use theM; topology when we work with the inverse maghe inverse map is con-
tinuous in thel; topology if the limit is strictly increasingsee Theorem.2 of [39].
Because the processeq#124) are nondecreasinthe M, topology is equivalent to
pointwise convergence on a dense subset

The following lemma helps to apply Theoren82
LemMA 2.4: Let X be an element of DFor all s,t > 0,
P(X1(t) = s) = P(X(s) >1).
Proor: From(2.11),
{X(s) >t} = {X"1(t) = s}. u

Now, we consider the case in which both the partial sumis;&ndB,,; have a
nondegenerate limits without translation terimsgeneralwe have difficulty if the
limit processX; has discontinuitiedHence the following theorem seems less useful

Let Cy1 be the subset of strictly increasing nonnegative functior@. in
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THEOREM 2.5: Suppose that

Lnt]
€ 2, (hnis Boi) = (Xa(1), Xo(t) in (D*,M;)? as n— oo, (2.34)

where g — 0as n— co.

(@) If Xy and X% are independent processes without fixed discontinuities and
(X1 + X)"(0) = 0, then

n IN,(c,t) = (X + X,)1(t) in(D,M,) as n— oo. (2.35)
(b) If, in addition,

P((Xa,(Xy + X2)™) E (C X D) U (D X Cpp)) = 4, (2.36)
then

(NTINR(Cr '), Cnln(Ca M) = (X1 + Xp) 7H(1), Xo 0 (X + Xo)™H)(1) in (D, My)?
(2.37)
as N— oo.

Proor: The argument is similar to that for Theorems and 23. For both partsthe
conditions on the limit processeg andX, allow us to apply the continuous map-
ping theorem with addition to get

nt]
Cn 2 (Ini + Bni) = Xl(t) + Xz(t) (238)

i=1
joint with (2.34). Using(2.12) and the inverse maj2.11), from (2.38) we get(2.35),
again joint with the limits abové/Ne again use Lemma 2 of [24]. Note that the
limit processesX; in (2.34) necessarily have nondecreasing nonnegative sample
paths becaudg; = 0 andB,,; = 0 for alln andi. Turning to(2.37), in part(b) we use
the extra condition to justify applying the continuous mapping theorem with com-
position using Theorem 4 of [41]. We use the argument in the proof of Theorem
2.1 to relate the cumulative-busy-time process to the random sum u

3. RANDOM INPUT DURING ON PERIODS

We have indicated that the limits for the cumulative busy ti&i¢) in Section 2
translate immediately into corresponding limits for the cumulative it} for an
on—off source when the input during the on periods is always at a constant; rate
then C(t) = AB(t). In this sectionwe consider the more general situation in which
the input during on periods occurs randomly according to a stochastic process
{A(t) :t = 0} with nondecreasing sample pathbow, we assume that(0) = 0 and

C(t) = A(B(), t=o0. (3.1)
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Definition (3.1) means that input for the source is generated from the stochastic
procesqA(t):t = 0} whenever the process is omith successive increments from
the same stochastic procgeqt) : t = 0} being used whenever the source turns on
A simple case naturally covered 8.1) is when{A(t):t = 0} and{B(t):t = 0} are
independent stochastic processes Witlt) : t = 0} having stationary and indepen-
dentincrementdHowever (3.1) can apply usefully in much more general situations

Afirstgeneral resultis a direct consequence ofthdimit under arandom time
change in Theorem 12 of [41]. We use théVl; topology in the condition because
that is the mode of convergence obtained from Theoreln Rote that condi-
tion (3.2) below forB,(t) corresponds to the conclusion of Theorerh Zerg in the
situation considered thefec, — co and&, — &).

THEOREM 3.1: If

C.[Bn(nt) — &xnt, A (nt) — A, nt] = [ X, (1), Xo(1)]  in (D,M;)? as n— oo,

(3.2)
where ng — oo, &, — &, and A, — A as n— oo and
P(Disc(X,© £e) N Disc(X;) = ¢) =1, (3.3)
then
CalCh(nt) — A énnt] = X,(£t) + AX (1) in(D,M;) as n— co. (3.4)

Proor: Note that
Ca[Ca(nt) = Anént] = Cal(An(nt) = Aynt) e N*By(nt) + A, (Ba(nt) — £,nt)]
= X, (&) + AX(1)
by Theorem 12 of [41]. u

There are two sources of variability in Theorerm:3he two processes, and
B,.. When the nonstandard scaling wah# n~2 occurs in conditior(3.2) of Theo-
rem 31, we should anticipate that the proces&sand A, typically will require
different normalizations in order to have nondegenerate limhss we regard the
case in which eitheX; or X, in (3.2) is the zero process as the common case with
¢, # N~ Y2 That is fortunate because the ling&2) will then typically be easier to
verify.

Moreover Theorem 3L invites us to compare the two sources of variability in
applications and determine which dominatesich could conceivably vary from
situation to situationHowever if burstiness is primarily due to exceptionally long
on periodsthen we should anticipate th&b will be the zero procesghat is the
fluctuations inA, should be asymptotically negligible compared to the fluctuations
in B, so thatP(X,(t) = 0) = 1 in (3.2). Then we can treat the two components in
(3.2) separatelyapplying Theorem 4 of Billingsley[3]. Moreover it is not nec-
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essary to identify a nondegenerate limit fof, which necessarily must involve a
different scalingWe may well be able to deduce that

Co[An(nt) = A nt]= 0 in(D,M;)asn— oo (3.5)

for quite general processas (without requiring independent incrementginally,

in this casethe limit process is the same asiift) = At, as assumed in Section 2
We can combine Theoremsl2and 31 to show that the limit for the cumulative

input processe€,, after appropriate normalization is just a deterministic scaling of

the limit proces, for the partial sums of the busy times when the idle times and the

processed , are asymptotically negligible compared to the busy times

CoroLLARY 3.2: If condition(2.1) in Theoren®.1 holds with R X;(t) = 0) = 1 for
alltand if

Co[An(Nnt) = A nt]= 0 in(D,M;) as n— oo,
whereA, — A as n— oo, then
Ca[Cn(nt) — EnAant] = A(1 = §)Xz(yt)  in (D,My) as n— oo,

where %, v, and¢ are as in Theoren2. 1.

4. SUFFICIENT CONDITIONS

The main remaining problem is to provide useful sufficient conditions for the con-
ditions in the theorems in Sections 2 ande8pecially conditior{2.1) in Theorem
2.1.As noted in Remark.2, this condition requires convergence in tfigtopology
but we typically will be able to establish the required convergend@.it) in the
strongerJ; topology even with heavy-tailed probability distributions and discon-
tinuous sample pathsndeed Jacod and ShiryaepM 5] give numerous sufficient
conditions for convergence of the foi@1) to processes with discontinuous sample
paths all in the J, topology

The theorems in Sections 2 and 3 do not require any independence for the un-
derlying random variableB,,; andl,,;, but that is an important special case par-
ticular, if we assume that the paif$,;, B,;) for i = 1 are ii.d. for eachn, then
condition(2.1) falls into the classical setting of limits for triangular arrays of partial
sums of ii.d. random vectorgor which the limits are known to be Lévy processes
Such limits with applications to the single-server queue are discusféd]iriHow-
ever there the summands have a different interpretation than busy and idle periods

The standard framework for heavy-traffic limit theorems for queues involves a
sequence of queueing processes associated with a sequence of queueing models
which we take to be indexed by The condition of heavy traffic is achieved by
having the associated traffic intensitigsapproach lthe critical level for stability
from below asn — co. The queueing models can change quite generally wibtut
it often suffices to consider essentially a single molidting thenth arrival(cumu-
lative inpud process be a simple time-scaling of a single reference arrival process
We can achieve the same simple scaling in our idle—busy cycles by letting the idle
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and busy periods in modelbe obtained by simply scaling the idle and busy periods
in a single reference systernm particulay suppose thak,; andB,; are defined in
terms ofl; andB; by letting
Ini = Oy li and Bni = Bn Bi (41)

wherea, — a andB, — B asn — oo.

With the framework4.1), we can easily establish the conditions in the theorems
in Section 2 using limits for the single sequer¢k, B):i = 1}. We state the ele-
mentary result for Theorem2

THEOREM 4.1: Suppose that4.1) holds witha + 8 > 0,

[nt]
Cn 2 (Ii7 BI) - (mb mZ) = (Y17Y2) In (D7 Ml)z as n— oo, (42)
i=1

where ng — o0 as n— oo, My + rh, > 0, and
P(Disc(Y;) N Disc(Y,) # ¢) = 0. (4.3)

Then the conditions and conclusions of Theor2rhhold with X, = a'Y;, X, = BY,,
Mp1 = g My, My = By, My = arhy, my = By, andy = (M + my) > 0.

For the single-model framework {@.1), it suffices to establish conditiod.2).
If, as abovewe assume that the paifk, B;) for i = 1 are ii.d., then we are in the
restricted classical setting of limiting stable proces$®s will elaborate as this
seems to be the most relevant for treating heavy-tailed on periods

We now discuss nonstandard limits when there is essentially a single model
with i.i.d. busy cycles where the busy-period cumulative distribution function
(cdf) has a heavy tail but the idle-period cdf does.notthat settingit turns out
that a nonstandard limit in Theorenil2or 2.3 holds withc, = n~ Y« if and only if
the busy-period cdf has a power tail with decay maté for 0 < a < 2. (If we
allow more general normalization constartteen the busy-period cdf tail can be
regularly varying) Under that conditionthe limit processX,(t) becomes &table
Lévy motion(totally skewed to the right and centejethy which we mean that
X5(0) = 0, {X5(t):t = 0} has stationary and independent incremeatsl X (t) —
X(s) £ S, (o (t — 5)*1,0), where S.(o,B,1) denotes a stable probability law
on R with indexa (0 < a = 2), scale parametar, skewness paramet@(—1 <
B = 1), and location(or shift) paramete as in Samorodnitsky and Taq¢29],
to which we refer for backgroundh particular the logarithmic characteristic func-
tion of anS, (o, B, 1) variableX is

—o*|0|“(1—iB(signd) tan(wa/2) + iph, a#1

log E€'X = 2
—o|0|(1+iB — (signd) In(|6]) + ipé, a=1
o
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where sigrd = +1,0,or —1forf > 0,6 =0, andd < 0, respectivelyThe stable law
is skewed totally to the right whe®= 1 and skewed totally to the left whe¢h= —1;
we are interested in the cage= 1. It is centered whep = 0.

Arandom variableX distributed a$, (o, 1,0) for & < 2 has a cdf with the power
upper tail decaying as “; in particular

lim x*P(X>x) =K, o¢ (4.5)
where
1o £1
* -1 r2-a)co 2 ¢
o« = (f X« sinxdx) = ( a)z Ama/2) (4.6)
° - a=1
a

andr’(x) is the gamma functiarFor 0< a < 1, the stable lavg, (o, 1,0) is concen-
trated on the positive half-linend the associated stable process has nonnegative
nondecreasing sample pathsthat casgthe positively skewed stable Lévy motion

is called astable subordinatarFor 1= « < 2, the skewed stable la®,(o,1,0) has
supporton the entire lindut it decays faster than exponentiallyxas —oo. If Xhas
theS,(o,1,0) law, then the logarithm of its Laplace transfofdefined only for real
positivesfor a« = 1) is

—o*s”

—— fa#l
logEe X = cos(ma/2) (4.7)
20sin(s) .
— ifa=1,
a

for Re(s) > 0. Closed-form representations for stable probability density functions
(pdf’s) and cdf’s are available in only a very few caslest numerical calculations
can be done by exploiting finite-interval integral representations in Sectibof2
Zolotarev[44]. These integral representations have been applied to generate tables
of pdf, cdf, and factile valugsas indicated in Section.@ of Samorodnitsky and
Tagqu[29].

With this backgroungwe can state the basic limit theorevile omit the some-
what pathological boundary case®f= 1. Note that our assumptions are about
andB; separatelywe need not make any assumption about the joint distribution of
I, andB;.

THEOREM 4.2: Consider a single model withiid. busy cycles in which EI< co.

(@) The conditions of Theore®l (or Theoremd.1) with normalization con
stants ¢ =n"¥“ hold for 1 < a < 2if and only if there is a constant K for
which

lim x*P(B; > x) =K, (4.8)

X— 00
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in which case m= El,;, m, = EB,; < oo, and the limit procespX;(t), X»(t)]
has X (t) = 0 and X%(t) stable Léy motion with marginals distributed as
S, (at¥%1,0) for o = (K/K,)¥* with K in (4.8) and K, in (4.5). The limit
procesy1— &)X,(yt) in (2.3) has onedimensional marginals at t distrib
uted as S(at¥%,1,0), whereo = (1 — &)(Ky/K,)Y* for ¢ = p = EB,/
(EB; + El,) andy in (2.4) and K and K, as abae.

(b) The conditions of Theore’3 with normalization constants,c= n~ ¥/«
hold for 0 < « < 1 if and only if (4.8) holds in which case X(t) is the
stable subordinatgrwith marginals distributed as $ot%%,1,0) for o =
(K/K,)Y* with K in (4.8) and K, in (4.5). The limit process-m; X, 1(t) in
(2.26) and(2.27) has marginal distribution

P(=m X3 1 (t) = —x) = P(M X3 1(t) = x) = P(Xp(x/my) >1)  (4.9)
with X,(x/m;) being distributed as o (x/m,)¥*,1,0).

We omit the proof of Theorem.2 because it is contained in Theorem3 &nd
3.8 of [40], which draws on Fellef12] and Jacod and Shirya¢¥5]. See[40] for
further discussion

5. LIMITS FOR A SINGLE QUEUE

We now combine the previous results to obtain FCLTSs for a single-server fluid queue
fed by the superposition dfindependent on—off sources with heavy-tailed on pe-
riods We construct a sequence of models indexecdhpletting p,, be the traffic
intensity for modeh.

As in[40], we consider a single-server queue with finite waiting spadech
is defined by the two-sided reflection m&The reflection magR takes elements
x € D=D([0,T],R) with 0 = x(0) = Cinto (z,1,u) = ((X), 1 (X),¥,(X)) in D3,
where

2(t) = x(t) + () —u(t), t=0. (5.1)

| andu have nondecreasing sample paths wif) = u(0) = 0,1(t) increases only
whenz(t) = 0, andu(t) increases only whern(t) = C; that is

foo 2(t) di(t) = fw [C— z(t)]du(t) = 0. (5.2)
0 0

As shown in[42], the reflection map o® ([0,00),R) into D([0,0),R?) is continu-
ous provided the produd¥l; (WM,) topology is used on the rangé we focus on
the one-dimensional buffer content processhe topologies on the domain and
range become judtl; on D([0,00), RY).

We first establish a general limit in the setting of Sectioh&{Z,(t) :t = 0} be
the buffer-content stochastic process in madelith buffer capacityC, and fluid
processing rate,. Let the input rate during the on periods hd_et e be the identity
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map on[0,c0). We obtain the following from Theorem2by applying the continu-
ous mapping theorem with the reflection map ahove

THEOREM 5.1: If the conditions of Theore1 hold with G, = ¢, *C, ¢,Z,(0) =
Z(0)asn— o in R and

nc,(Aén—rn) > ¢ (5.3)
as n— oo, then
Z, = (AL =&)X, 0ye— AéX o ye+ce) in(D,M;) as n— oo, (5.4)
whered is the first(conten) component of the reflection map
Proor: By (5.3),
CnZn(nt) = ¢({ca[AB,(nt) — rynt]})
= ¢ ({Ca[AB,(Nt) — A&ynt] + (A&, — r)NnGyt})
= d(A(L = £)Xa(yt) — 26X (yt) + ct})

by the continuity of the reflection maghis two-sided reflection map with the;
topology is discussed in Section 10[d®]. u

In the standard heavy-traffic applications of Theoref §, — ¢ > 0 andr, —
r >0, sothat\¢, — r, — 0 andp, = A&, /r, — 1. However we can have non-heavy-
traffic applications by havingc,Aé, — a> 0 andnc,r,—>b>0,sothatt=a—b
andp,, = A&, /r, — a/b, wherea/b can be any positive valu&hen ¢ = 0 and the
limitin (5.4) simplifies

CoroLLARY 5.2: If, in addition to conditions of Theorebl, nc,Aé, — a> 0and
nc,r, — b > 0as n— oo, then

Z,= d(AX,oye+ce) in(D,M;)as n— oo,
where % has nondecreasing sample paths hit o ye + ce need not

Itis natural to treat the non-heavy-traffic case in Corolla@ngithout using the
scaling in Theorem 2. We can then consider fixed capac@yand fluid processing
rater. The idea is to define the sequence of models so{tBgt):t = 0} directly
converges to a limiting processay{B(t) :t = 0}. (The limit B corresponds taX,
oyein Corollary 52.) By the continuity of the reflection maghe associated buffer-
content stochastic processegs(t):t = 0} converge tap(B — re), whereg is the
first component of the reflection maf the sequencé(B,;, ) :i = 1} is i.i.d. for
eachn, then the limit procesX, in Theorem 21 can be a general Lévy process with
nondecreasing sample patfssibordinator, so that¢(B — ce) is a reflected Lévy
processlf we work in the single-model framework of TheoremiAwe still do not
need to be in heavy traffibut the possible limit processes are more restridtezh
the limit processe8 and¢ (B — ce) become a stable process with nondecreasing
sample pathsstable subordinatpand a reflected stable processspectively
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We now describe the standard heavy-traffic limit in more dg#dlibwing sto-
chastic input during on periods as in SectioM& now choose measuring units so
that the constant fluid processing rate is 1 fomalThe net-input process in model
nis

Xa(t) = Co(t) — t, (5.5)

with the cumulative input process being

k
Ca(t) = 2 An(Bi(t),  t=0, (5.6)

corresponding to the superpositiontoindependent on—off sourceshere theith
source submits fluid according to the stochastic proaggs) when it is on
As in Corollary 32, we will assume that

c [A,(nt) — A,nt] = 0 in(D,M,) asn — o (5.7)

for 1=i =k, whereAl, — A" > 0 asn — co; wheren— is the final normalization
we will use it to obtain a nondegenerate limit

For sourcd in modeln, B,(t) is the cumulative busy time if0,t]. It is deter-
mined by on periodBy, and off periods};. As in Section 4we assume that we have
essentially a single modghat is

forl1=i=k j=1 andn= 1 whereB) anda/ are constants satisfying, — 8'
anda/, — a' asn — oo, wherea' + B > 0. Without loss of generalitywe assume
thatEB = El' = 1, so thatEB}; = B} andEl}; = .. We assume thdB]:j = 1}
and{lj:j = 1} for 1 = i = k are X% mutually independent sequences ofdi
random variables

We will consider the case in which the fijsif thek on periods have power tails
with exponenk %, and the rest are asymptotically negligilet Z,(t) be the buffer
content at time in modeln.

THeorEM 5.3: Consider the fluid queue model with k independenrtodihsources
each with independent sequences.otlion periods and off periods as specified
by (5.6)—(5.8), wherea' + 8! > 0 for 1 =i = k. Suppose that Fl1])?] < oo for
l=i=k

Xll_rjgo X*P(B} > x) =K' (5.9)
forl=i=jand

lim x*P(B} >x) =0 (5.10)
forj+1=i=kandl<a <2 Then

n Ye[Cy(nt) — {ynt] = S¥(t) in (D,M;) as n— oo, (5.11)
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where
k . .
{n= 2 Nhél (5.12)
i=1
with A}, determined by5.7),
grﬂ:iaf‘ as n— o (5.13)
an+ Bn

as determined by5.8), S*(t) is a Stable Léy motion with marginal distribution
S, (ot¥%1,0), and

] . o K\«

o= <2(/\'(1—§')B')“7i K_> ; (5.14)
i=1 @

with K; in (5.9), K, in (4.6), A, = A, Bl — g8, and

1 1
i P i
an—"_Bn a +ﬁ

Yn =

=y'>0 asn— oo (5.15)

If, in addition,
nte ' (f,—1)—>c asn— oo, — oo <C< oo,
then the netnput processes satisfy
n~YeX,(nt) = ct+ S*(t) in (D, M;) as n— co. (5.16)
If, in addition the capacity in model n is¥*C and m¥*Z,(0) = Z(0), then
n~Y«z.(nt) = Z(t) in(D,M;)as n— oo, (5.17)
where Z= J(S* + ce) for S* in (5.11) and e is the identity mafhen

tlﬂ:go P(D(S* + ce)(t) = x) = %, =x=C, (5.18)
where H is a cdf with pdf h with Laplace transform
h(s) = fo e ¥h(x) dx = W (5.19)
and scaling constant defined by
a1 7" 0 (5.20)

T c coyma/2) -

for o in (5.14).
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Proor: By previous resultshe cumulative input process from tita sourcel =
i =], has the limit

N~V [Ca(nt) — Apénnt] = A'(1— &)y BIX5(1), (5.21)

asnh — oo, whereD is endowed with thé; topology X} is stable Lévy motion with
Xi(t) having marginal distributiors,(ot¥*,1,0), ando; = (K'/K,)¥* for K' in
(5.9) andK,, in (4.6). Thus the limit has marginal distributio, (o, t/%,1,0), where

. ‘ ) Ki 1/
m=/\'(1_§')7i1/“ﬁ'<K—> : (5.22)

see(1.2.3) of [29]. Because thé sources are mutually independent and the last
k — j are asymptotically negligiblave can add over the firgtsources usingb.22)

and 12.1 of [29], to obtain the limit(5.11) with ¢ in (5.14). The net-input limit in
(5.16) differs only by a deterministic translatioRinally, we obtain(5.17) by ap-
plying the continuous mapping theorem with the reflection nfdpe steady-state
distribution of J(S* + ce) is classi¢ see[40] and references therein u

Remark 5.1:As illustrated i 40], numerical values of the steady-state distribution
of the limiting reflected stable process in Theorer &re easily obtained by nu-
merical transform inversian

6. THE STANDARD CASE: BROWNIAN LIMITS

The standard case involves a single model with short-range dependence and finite
variances for the variabldsandB;. Then the basic limit procesgX(t), X,(t)] in
Theorem 21 should be the Wiener process or Brownian matioere denoted by

W(t) to distinguish it from the cumulative busy procd®&). Because the Wiener
process has continuous sample pathe M, convergence in the theorems of Sec-
tion 2 is equivalent to uniform convergence on compact interiatis sectionwe

give further results for this case

THEOREM 6.1: If

[nt]
N2 > [(1i,B) — (Mg, mp)] = [Wi(t),Ws(t)] in D*as n— oo, (6.1)

where[W;(t),W;(t)] is a centered0-drift) two-dimensional Brownian motion or
Wiener process with eariance matrix

s = of of 6.2)
(7122 0'22 ’ .

n~Y2[B(nt) — ént] = o W(t), (6.3)

then
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where¢ andy are as in(2.4), W(t) is a centered Wiener procesnd

o? =y[é20f+ (1—¢£)%0F — 26(1— €)ofr). (6.4)
Proor: We apply Theorem .2 with ¢, = n~Y/2 to obtain the limit process
(1= &)y "2X(t) — EyY2Xq(1), (6.5)

whereX;(t) = W(t). Next, note that this linear combination of centered Wiener
processes is again a centered Wiener process with variance paramtei6.4).
[ |

To apply Theorem @, we need to verify that the assumed FCLT@a1) holds
and identify the five parameters;, m,, o, o2, ando%. We now consider addi-
tional assumptions under which the conditions of Theorehaée satisfied and we
can identify the parameters

THEOREM 6.2: If the successe pairs(l;, B;) are i.i.d. and, in addition, have finite
second momentshen the condition of Theorefl holds and the parameters in
(2.4) and(6.4) can be identified as

m, = El, m, = EB, (6.6)
of = Varl, o?=VarB, and &%= Cov(l,B). (6.7)

Proor: The limit (6.1) holds with the parameters as(®.6) and(6.7) by the two-
dimensional version of Donsker’'s FCL$ee Chapter 7 of Ethier and Kuritz1].
[ ]

In the setting of Theorem.B, if I; andB; are also mutually independenien
0% = Cov(l,B) = 0. Then we can characterize variability in terms of the squared
coefficient of variation(SCV, variance divided by the square of the mgahthe
individual variabled andB. The variance parameter {6.4) becomes

o2 = ML~ )%t + £207

1

= (my+ mye Mt Mo
1 2
mimg

= m [Cf + 022], (6.8)

wherec? andc? are the SCVs of andB.

We now consider special cases in which the busy and idle periods are associated
with a queueing systent is possible that the environment of the fluid model could
involve a queughut now we are thinking of simply developing limits for the cumu-
lative busy time in the intervdD, t] in a queueing modeMany queueing systems
have Poisson arrival process&hken | is exponentially distributed and independent
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of B. If, as in the M/ GI/s/r queueing model with finite waiting roonhis exponen-
tially distributed and independent Bf thenoZ = m? and the variance parameter in
(6.8) becomes

m2Zm3
2= ————[1+4+c2]. 6.9
CRTREiERd (6.9)
From(6.9), we see that for the WIG/s/r model there are only two unspecified
parametersthe mean and SCV of the busy peri@f coursethese are well known
for the M/GI/1 queue(e.g., see[6, p. 251]). The result in this case has a long
history: see[31, Thm. 4, p. 115].

THeOREM 6.3: For the M/GIl/1/00 model where the seice time has meaf and

SCV &,
- ! . p1-p) (6.10)
m, = —, m, = , = - p), )
1 P 2= 1 P) my + m, p p
c + ¢+
of= o tn g=Tr, (6-11)
(1-p) 1-p
and thevariance parameter iri6.9) becomes
0?2 =p(c2+1). (6.12)

We now consider the WM /1/r model withr extra waiting spaced-or the
M/M/1/r queuewe can apply results for its busy period in Section Bf For this
model| we can have any traffic intensipy.

THEOREM 6.4: For the M/M/1/r model with sevice ratel and arrival rate p,

r+1 ifp=1
m,=E[B]=11-p*t | (6.13)
— ifp#1

1-p
8r2 + 46r + 39

if p=1
48 P

(c+1)m; = E[B?] =

FEE {1-@r+3)p™(1-p)—p*} ifp#1.

(6.14)

Another relatively elementary example is the/M/co queue The following
comes from Dupius and Guillem|d.0].
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THEOREM 6.5: For the M/M/co queue with indiidual sewice ratel and arrival

rate A,
(e* -1
=EB= (6.15)
A
and
oo n—1
+1 E[B?] = 2e* . A
(5 +)mE=E[B?]=2¢" 3 (6.16)

Proor: From of Dupius and Guillemifil0, p. 61], the Laplace transform of the
busy periodat least one server is busig

b(s) = Ee B = Ars_ e's (6.17)
B A A1+ sa(s)’ '
where
1
g (s+ n)n' (6.18)
[ |

A generalization of Theorems%and 65 arises whenever the queue-content
process evolves as a Markov ch@MC). Then the idle period and busy period are
independentand the idle period has an exponentigéometrig¢ distribution if the
MC evolves in continuou&iscrete time, so that we are in the setting of Theorem
6.3. The busy period then is a first passage timdose moments can be readily
computede.g., see Chaplll of Kemeny and Snell19], especially p51). For larger
state spacesare needs to be given in the computatisee Heyman and O’Leary
[14].

For extensions to MG/1/r systems with finite waiting rooprsee Chapter 5 of
Takagi[33]. For busy-period results in corresponding finite-populatiofi@®/1
gueuessee Chapter 4 df33].

7. BUSY AND IDLE PERIODS FROM THE G/G/1/% QUEUE

In this sectionwe consider the special case in which the successive busy and idle
periods are associated with the general infinite-capacity single-server.digeilee
G/G/1/00 queue we can apply asymptotics associated with the one-dimensional
reflection mapas in[38] and Section 6 df39]. For this purposeve assume that the
interarrival timesT; and service time§ satisfy a joint FCLTWhen the busy and idle
periods are associated with a queueing moitléd natural to regard the sequence
{(T;,S):i = 1} as the basic model data instead of the sequéfigeB;):i = 1} con-
sidered in Sections 2 and 3
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Let A(t) count the number of arrivals i, t]. In this setting the cumulative
busy timeB(t) is closely related to the total input of wgrK(t), where

A(t)

Xt)=3s, t=0 (7.1)

Indeed the two processes are identical whenever the system is eiphce it
should come as no surprise that their limit processes are identdthl Brownian
limits, they have the same distribution and thus the same variance pararheters
Z(t) be the buffer conteritvorkload) in the queueThe following is a generalization
of results in[38].

As in Theorem 2, we consider a sequence of models indexednby et
{Ti,Syi:i = 1} be the sequence for modal We scale time so that the mean
service time is 1

THEOREM 7.1: If

[nt] Lnt]
cn[_E To = pa Nt > Sy — nt} =[Mi(1),Y>()] in(D,M;)?asn— o0, (7.2)

where ng — oo andp, = p as n— o0, 0 < p =1, and P(Disc(Y;) N Disc(Y,) #
¢) = 1, then
An(nt)

Cn |:An(nt) — paNt, Z Si — Pn nt} = [-pYi(pt),Y2(pt) — pYi(pt)]  (7.3)

in (D,M;)? as n— oo. If, in addition p < 1, then
Ca[Zn(nt), By(nt) — (pu)nt] = (0,Y2(pt) — pYi(pt)) in (D,M;)* as n— co.
(7.4)
If, instead p = 1 and ng,(1 — p,) — ¢, then

CalZ,(nt), I,(nt)] = (Z(t),—inf{Z(s):0=s=1t}) (7.5)

in (D,M;)? as n— co, where Z= ¢(Y) for the first componens of the reflection
map in(5.1) and(5.2) without upper barrier and ¥t) = Y,( pt) — pYi(pt), t = 0.

Proor: The proof of(7.3) is a minor modification of the proof of Theorenml2We
apply the inverse map to the arrival process to get the first componént3pfWe
then apply composition with addition to get the second componefit.8f. Then
(7.4) follows from Theorem 8(ii) of [39]. The limit (7.5) is the heavy-traffic limit
as in[38]. We apply the continuous mapping theorem with the reflection and supre-
mum mapssee Whit{42]. u

Remark 7.1:The general triangular-array limitin Theoreni Ts used by Kurtf21]

to obtain an FCLT for the total input process with a fractional Brownian motion
(FBM) limit process He has scaling by, = =2, but general self-similarity index

H. See Willinger et al[43] for another FBM limit Fractional Brownian motion has
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continuous sample pathshich implies that the discontinuity condition in Theorem
2.1 is automatically satisfiedsee[29, Exc. 10.1].

We now consider the special case of a Brownian motion lififie next result
follows from Theorem 71 just like Theorem 4 follows from Theorem A.

THEOREM 7.2: If the condition of Theorem1 holds with ¢ =n"Y2and[Y,(t), Ya(t)]
two-dimensional zeralrift Brownian motion with coariance matrix

so (o8 o (7.6)
0-625 0-52 ’ .
then the limit in the second term 67.4) is distributed asrW(t), where
o? =plp?0l—2pok+ o] (7.7)

where W(t) is standard(drift O, diffusion1) Brownian motion

We next consider the @GGI/1 queuewhich combines conditions fdf,,, S,)
assumed fofl,, B,,) in Theorem & and(6.8). The next result follows by the same
reasoningThe ordinary CLT version is an early resudgain see Takad81,32].

THeOREM 7.3: In the standard GIGI/1 queug if S, and T, have means ES= 1
and ET, = p ! and finite second momenthen the conditions of Theoreim?2
hold with ¢z = Var(T,), o& = Var(S,), and ¢4 = 0. Morewer, the variance
parameter in(7.7) is

o?=pl[c +cg], (7.8)

where ¢ and & are the SCVs of an interawal time T and a seiice time $
respectiely.

Note that the GIGI/1 result in Theorem .B is consistent with the WIGI/1
result in Theorem 8. It remains to relate the @GGI/1 results in Theorems.3
and 62.

We next observe that for more genergl&'1 models than GIGI/1, we can
further identify some of the parametgbait it remains to relate the GGl/1 results
in Sections 6 and.7

THEOREM 7.4: Assume thatS,;, T,;) is a stationary ergodic sequencghen

EBn

Pn
" El,=( —— )EB,.,. 7.
B s P and El, (1_pn> Bn1 (7.9)

If, in addition, condition(2.1) of Theoren®.1 holds then

C[Bn(nt) — pnt] = (1 — p)Xa(yt) — pXy(yt) in(D,M,) (7.10)

https://doi.org/10.1017/50269964800142019 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800142019

148 W. Whitt

as n— oo. If, in addition the conditions of Theore®2 hold, then thevariability
parametero ? there can also be expressed as

o?=y[p?of+(1-p)?0F—2p(1—p)ot]. (7.11)

Remark 7.2:Combining(7.8) and(7.11), we see that in the GIGI/1 queuethere
are two expressions for the variability parametérwhich provides a relationship
among the parameters

o?=p[ci+ci]= < )(pzmz +(1—p)2o —2p(1— p)oe). (7.12)

El + EB
Given (7.9), it suffices to learn one ol andEB. Given p, ¢2, ¢2, and(7.12), it
suffices to learn two o#2, o, ando%s.

Remark 7.3:Expressions for the variability parameter of the total input processes
are available in the literatur&or examplethe asymptotic variance of the batch
Markovian arrival proces6BMAP), also known as the versatile Markovian point
processis given in Theorem 3.1 of Neuts[23].

Remark 7.4:1t may also be useful to consider non-Normal approximations when the
basic variablegT,,S,) are ii.d. For examplewe may want to allow for infinite
variancesThat case is discussed[i40].

8. CONCLUSIONS

We have obtained FCLTs for a cumulative input process associated with on—off
sources feeding a fluid queuBecause the cumulative input process is closely re-
lated to cumulative busy-time and idle-time processesalso obtained results for
those processeBecause the limitinvolves a sequence of processes with continuous
sample paths converging to a limiting process that may have juwgpsised the
Skorohod[30] M, topology onD, using recent results about the inverse and com-
position maps if24,41]. As shown in[42], the limits here combined with the re-
flection map yield FCLTs for buffer-content processes in single-class stochastic fluid
networks where the on—off sources may have heavy-tailed on-period distributions
Under independence assumptiptige limiting processes are reflected stable pro-
cesses or more general reflected Lévy processewever the general limiting re-
sults apply without the independence assumptitvesillustrated the heavy-traffic
FCLTs in Section 5 by establishing a reflected stable process limit for a single-fluid
queue with finite waiting space in which the on-period distributions have power
tails. The results in that one-dimensional case are more tractable than for the multi-
dimensional stochastic fluid netwotksecause we can explicitly calculate the steady-
state distribution of the limiting reflected stable progessploiting numerical
transform inversion

Our main focus was on the case in which the busy periods have heavy-tailed
probability distributionsHowever in Sections 6 and,ve also obtained results for
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the standard case in which the normalized cumulative input processes converge to
Brownian motion Then the goal is to identify the variance constant
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