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Abstract. In this paper, we consider an optimal control problem governed by Stokes
equations with H'-norm state constraint. The control problem is approximated by spec-
tral method, which provides very accurate approximation with a relatively small number
of unknowns. Choosing appropriate basis functions leads to discrete system with sparse
matrices. We first present the optimality conditions of the exact and the discrete opti-
mal control systems, then derive both a priori and a posteriori error estimates. Finally,
an illustrative numerical experiment indicates that the proposed method is competitive,
and the estimator can indicate the errors very well.
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1. Introduction

Flow control problems can be met frequently in many engineering applications; for
instance, leading the velocity to a desired one, minimizing turbulence in a flow, enhanc-
ing or deterring mixing and designing the optimal shapes to minimize drag in flows for
many industrial devices such as aircraft wings, automobile shapes and boats, etc. Fast
and efficient numerical methods play an important role in successful applications of flow
control problems. Finite element method has been widely used in solving control prob-
lems. One can find a systematic introduction to the theoretical analysis and finite ele-
ment approximation for control problems including flow control problems in, for exam-
ple, [16,20,23,24,27,28]. However, most of these results focus on control-constrained
cases. Recently, control problems with state constraints have been widely discussed. On
the theoretical aspects, we refer to [2,14], and have to mention the works of Casas (see,
e.g., [6,7]). In respect of numerical approximation, many studies have been carried out
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to examine finite element analysis for this class of control problems, including point-wise
constraint, integral constraint, and L?-norm constraint (see, e.g., [1,12,19,21,22,25,31]).
To compute control problems with state constraints, many numerical strategies are pro-
posed. [3] takes an augmented Lagrangian method to solve state and control constrained
problems. Primal-dual active set algorithm is used to solve state constrained problem-
s in [4]. A semi-smooth Newton method is adopted for approximating the regularized
point-wise state-constrained optimal control problems in [15]. In [17], the optimal control
problem is reformulated to a constrained minimization problem involving only the state,
which is characterized by a fourth order variational inequality, then a mixed variational
scheme is proposed.

Employing global polynomials as the trial functions, the spectral method has been suc-
cessfully applied in numerical solutions of PDEs, especially in the field of computational
fluid dynamics (see, for example, [8-10, 30], and the references therein). Generally, the
solutions to the optimal control problems have limited regularity due to, e.g., the con-
straints, which leads to the lose of spectral accuracy. However, spectral method enjoys
the great superiorities of high-precision and fast convergence rate when the approximated
solutions have higher regularity, which is vital to efficient approximation of optimal con-
trol problems. Therefore, the spectral method has gained increasing popularity in solving
control problems governed by PDEs in the past several years. In [13], spectral method is
used to approximate the elliptic control problems with integral control constraint, both a
priori and a posteriori error estimates are derived, and numerical tests confirm the effi-
ciency of the proposed method. In [32], a priori error estimates are derived for control
problems with integral state constraint. Generally, control problems with state constraints
are far more complicated to analyze than control-constrained ones. To our best knowledge,
there has been a lack of discussion on the spectral approximation of flow control problem-
s with H!-norm state constraint, though this class of control problems can be applied in
many practical considerations. In fact, for many casting products made by pouring molten
metals into mold cavities, the velocity and its derivative of the molten metals should be
constrained to ensure the quality of the products. Moreover, it is better to restrict the ve-
locity and its derivative of the flow that passing through the corner. In these cases, we can
try to use the control models with H'-norm constraints for flow velocity.

Let Q C R? be a rectangular domain, C denotes a general positive constant independent
of N, the order of the spectral approximation. We shortly describe the structure of our
paper as follows: In Section 2, a priori error estimates are derived for Galerkin spectral
approximation of the flow control problem. Then, a posteriori error estimates are proposed
in Section 3. Finally, an illustrative numerical experiment is presented in Section 4.

2. A priori error estimates

In this section, the optimality conditions are derived, and the spectral approximation
of the control problem is presented. Then a priori error estimates are established. Let
U=1L*0%Y = Hé(Q)Z, Q= L(Z)(Q) = {q e L%(Q) | qudsz}. We consider the
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following control problem: find (y,r,u) €Y x Q x U such that

min u)= u + u—u ,
y(wekK 2 Y Yo 0.0 2 olo.0

—AyWw)+Vr=u inQ, V:-yw)=0inQ, y(u)=0 ondQ, (2.1)

where
K={weY | [w]o=<d}, yo€U

is the observation, uy € U is a given function, and d, a are positive constants. To consider
the spectral approximation of the problem (2.1), we have to give a weak formula for the
state equations. Let

2
dy; ow;
a(y,w)=| Vy Vwdx= Z i ﬂdx, Vywey, (2.2a)
0 L Jox; 0x;
i,j=1J8 J ]
b(v,r)= f rv-vdx, Y(v,r)eY xQ, (2.2b)
Q
(u,w)= f u-wdx, VYV (u,w)eUxU. (2.2¢)
Q

We can see that there exist two constants o > 0 and & > 0 such that

lawv) [ ollulyllvly, VYu vey, (2.3a)
[b(v, @) [<8lvivliglle, VveY,qeQ. (2.3b)

Furthermore, it is well known that there exist two positive constants 6, 3 such that

aly,y) > 0llyli3, Vyey, (2.4a)
b(v,q)

sup > Bllgllq, VgeQ. (2.4b)

vey ||V||Y

Now, the standard weak formula for the state equations can be presented as follows:
find (y(u),r(w)) € Y x Q such that

a(y(u),w) — b(w,r(u)) = (u,w), YVwey, (2.5a)
b(y(w),¢) =0, V¢eQ, (2.5b)

which is well-posed by (2.4a), (2.4b), and the Babuska-Brezzi theorem. Then the control
problem (2.1) can be restated as follows (OCP): find (y,r,u) €Y x Q x U such that

in I = ~lly@) - yol2q + il — w2
min u) = —|ly(u) - —|lu—u ,
y(u)ek 2 Y Yo 0.0 2 otlo.0

a(y(),w) — b(w,r(u)) = (u,w), Vwey,
b(y(u),¢) =0, Y ¢ €Q.

https://doi.org/10.4208/nmtma.2017.m1419 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2017.m1419

Spectral Method Approximation of Flow Optimal Control Problems 617

Utilizing the theory in [20], the uniqueness of the solution of control problem (OCP) can
be derived by reformulating it into a control-constrained problem.

We now derive the optimality conditions for control problem (OCP), and introduce the
Lagrange functional L(u, 1) as follows

Llu,A)=JW)+ AF(u),

where

1
Fw) =5 (Ily@ g -d?).

It can be verified that J(u) and F(u) are Fréchet differentiable, and the Slater type condi-
tion F(0) < 0 is satisfied. By the results in [5,11], we can deduce that there exists A € R
such that

(1) A=0, AF(u)=0, (2.6a)

oL
(2) —(@w,A)=0, (2.6b)
du

provided u is the solution of control problem (OCP).
Differentiate the state Egs. (2.5) at u in a direction v to get that

a(y’(wv,w) — b(w,r' (w)v) = (v,w), Vwey, (2.7a)
b(y'(uv,¢) =0, V¢ €Q. (2.7b)

Let w = y’(u)v in (2.5) and use (2.7b), we can conclude that
(Vy, V' @v)) = (w,y @)
Furthermore, it can be derived that the equality (2) in (2.6) holds if and only if
= yo. ¥ @V)+ Ay, y' @v) + A(Vy, V(y' @v)) + a(u —uy,v) =0, VveU,

or
y—yot+tAu+y),y @v)+alu—uy,v)=0, Vvel. (2.8)

To eliminate the item y’(u)v in (2.8), we introduce the co-state equations as follows

a(q,y" )+ b(q,r) =y —yo+Au+y),q), Vqev, (2.9a)
b(y*,y) =0, Yy eqQ. (2.9b)

Letw =y* in (2.7a) and ¢ = y’(u)v in (2.9), we can obtain that
Y =Yo+Au+y),y' Wv)=(,y"), Vvel,
associating with (2.8), the equality (2) in (2.6) equals to

(y"+au—uy),v)=0, VveU,
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or
y*+alu—uy)=0.

Then it can be derived that the triplet (y,r,u) is the solution of control problem (OCP) if
and only if there is a

(y',r',A)eY xQxRL(R, ={ceR': ¢ >0}),

such that (y,r,u,y*,r*, 1) satisfies the following optimality conditions:

a(y,w)—bw,r) = (u,w), Vwey, (2.10a)
b(y,¢)=0, Y ¢ €Q, (2.10b)
a(q,y" )+ b(q,r") =¥ —yo+AMu+y)q), Vqey, (2.10¢)
b(y*,%) =0, YV eq, (2.10d)
Yy +au—uy) =0, in €, (2.10e)

where

> i =
5= { constant > 0 ifllyllo=d, (2.11)

0 if [yl o<d.

By the optimality conditions, we can derive the regularity of the optimal control.

Remark 2.1. Let (y,r,u,y™, r*, A) satisfy the optimality conditions (2.10), then the optimal
control u € H?(Q2)?, provided the data functions u,, y, are sufficiently regular (see, e.g.,

[13D).

Let Qp denote the space of all algebraic polynomials of degree less than or equal to N
with respect to each single variable x;, (i = 1,2). The finite dimensional spaces Y y, My _,
and Uy are used to approximate spaces Y, Q, and U respectively, where Y ; = (Q?\,)2 with

Q?V ={xy €Qn: Xy 90=0}, My_3=Qyn_2N L(Z)(Q), and Uy =(QyNL*(Q))*
Then we approximate state equations (2.5) as follows:

a(yN,WN)—b(WN,T’N)Z(uN,WN), VWN GYN CY, (2.123)
b(yn,Pn) =0, Y ¢y € My_, CQ. (2.12b)

It is well known from [8, Chapter 11] and [30, Chapter 7, §3] that there exists a constant
1
Py = O(N~2) such that

b(vy,qn)

> Bullanlle, VYV qn € My_s. (2.13)
vNEY y lvally

Applying the Babuska-Brezzi theorem, problem (2.12) is well-posed.
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Then the Qy — Qu_» spectral approximation of (OCP) can be stated as (OCP)y :

. 1 2 a 2
i, ) = 3 =0 5 o =] @14
a(yN,WN)—b(WN,rN):(uN,WN), VWN GYN CY, (2.14b)
b(yn, ¢n) =0, V ¢y EMy_,CQ, (2.14¢)

where Ky =Y, NK.
Similarly, the discrete Slater type constraint qualification condition Fy(0) < O can be
satisfied with

1 2 2
Fy(un) = 5 (lyw(unlly g — d.
By the results in [5,11], the problem (OCP)y has a unique solution (y, 7y,uy) and that
(Yn>TnoUN) €Yy X My 5 X Uy
is the solution of (OCP)y if and only if there is
(.}’E: r;\k]J)LN) € YN X MN—Z X Ri)

such that (yy, 7y, Uy, ¥y, "y> An) satisfies the following optimality conditions:

a(yy,wy) — b(wy,ry) = (uy,wy), VwyeYy, (2.15a)

b(yn,$n) =0, V ¢y €My_y,  (2.15b)

alqyn,yy)+ by, ry) =y — Yo+ An(uy +¥Yn)qn), Y ay €Yy, (2.150)

b(yn,¥n) =0, Viy €My_p,  (2.15d)

Yy +auy —aPyuy =0, in Q, (2.15e)
where

> i =
hy = { constant >0  if| yy |l o=d, (2.16)

0 if | yn ll,o<d,

and Py, is the L? orthogonal projection operator, the details will be specified later.

We first present some helpful results for establishing the a priori error estimates. Define
the projection operator Pﬁ E: Hé(Q)2 — (Q?\,)2 (see [8, Chapter 9, §7]), which satisfies for
anyw € Hé(ﬂ)2

J V(w—P)yw)-Vgy =0, Vqye(Qy)
Q
Then it can be obtained that

lw — Py Wl < CN "|wllg,  k=0,1, (2.17)

provided w € (H™(Q) N H}())” with m > 1.
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For any r € L2(2), we define Py : L2(£2) — Qy as the L2 orthogonal projection operator
(see [9, Chapter 5, §5.8.2]), which satisfies

(r—=Pyr,uy) =0, Vpuy€Qy.

Then we have
lr = Pyrllog < CN""|I7 |5 (2.18)

provided r € H™(2) with m > 0. The result (2.18) can be certainly extended to vector
functions.

Lemma 2.1. (Chapter 3, 10). For each divergence-free function y € Y NH™(Q)? with m > 1,
there exists a divergence-free function ®y €Y y such that

ly — @nllig < CN"™[lyllma- (2.19)
Lemma 2.2. Let (yy,uy,yy,An) satisfy optimality conditions (2.15), then we have

max { luy llo., 1y wll0. 1y l10: 1Ax} < C. (2.20)

Proof. We can find that

1 2 a 2 2 2
3 lyN — Yol dX+E luy —upl“dx <Jy(0) <C | (Iyol” +lugl*)dx. (2.21)
Q Q Q

It follows from (2.15€) and (2.21) that

lynllia +1yylloq+lluxllon <C. (2.22)

To estimate ||y}, |1 o, we divide the discussions into two cases

lynllio<d and lynllio=d.
If |lynll;o < d, we have Ay = 0 by (2.16). Let gy =y}, in (2.15), then
lyylhe<C. (2.23)
If ||lynyll,o =d, then let
v =Yy~ %(yl*v,uzv +YNyN
in (2.15), it holds

* 1 kS *
a(.YN - F()’N:UN +}’N)}’N,}'N)
* 1 *
=(yny Yo+t AUy + YN, YN — E(YN,UN +yn)¥n)

* 1 *
=(yn — Yoo YN — E(YN,UN +yYN)YN)s
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where we use (2.15a) and (2.15b) to derive that (Vyy, Vyy) = (uy, ¥y ), which leads to
(uy +yn,¥n) = d2. Thus, with the help of inequality (2.22), we can deduce that

a(yN,}'N) = ()’N — Yoo YN — E(YN,UN +}'N).YN) +a (F()’N:UN ‘|‘.}’N)}'N,}'N)

=N —Yo,Yn)— ?(J'N Yo, YN)Ip,un t¥Yn)+ ﬁ(yN,uN +yn)alyn,yy)
<Cllyyll1,a- (2.24)
By (2.23) and (2.24), we obtain
lyyllhia <C. (2.25)

Similarly, the discussions are divided into two cases to estimate |Ay|.
If |y vl 0 < d, then |Ay| < C by (2.16).
If ”yN”l,Q =d, letqy = yy in (2.15), we derive

AUy + YN, YN) = a(.YN:.}’;kV) — (YN — Yo YN
It follows from above two cases that
[An| < C. (2.26)

Then the lemma follows from (2.22), (2.25), and (2.26). O

Lemma 2.3. ([8,30]). Let Q C R? be a rectangular domain, and (€,p) € Y x Q be the
solution of the following equations

ale,w)xb(w,p)=(d,w), Vwey,
b(e,¢) =0, YV ¢ Q.

Then it holds
llellon +1lolla < Cli®lloq-

Moreover, if
(e,p) € (Hy(Q)NH™())* x (L§(Q) N H™(Q)),

we can derive that
1—
lle —enlli,o < CN"""(|l€llma + lollm-1,0)s

3
le —pnllog < CN2"(llellna + lpllm-1,0),
lle —enlloo < CNT"(llellma + lloln-1,0),

where €y and py are the Qn — Qn_o approximations of € and p respectively.
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We now introduce the following auxiliary system: find (yy(u),ry@),yy @), ryw))

such that

a(yny),wy) — bwy, ry(w)) = (w,wy),

b(yn(u),én) =0,

a(@n, yy@) + b(qy, ry@) =y — yo + Alu+y),qy),
b(yy@), ) =0,

Vwy €Yy, (2.272)
V ¢y € My_,, (2.27b)
Vay €Yy, (2.27¢)

Vy € My_p. (2.27d)

Note that (yy(u),ry(w),y W), ry()) is the spectral approximation of (y,r,y*,r*). By

lemma 2.3, we have

1y = yw@la < N (¥ llma + 7 lnr0 ), (2.282)
I = ry@llog < CNE (¥ o + Irlln-r.0) (2.28b)
1y = yw@log < EN 7 (Iyllma + Irlln-10), (2.280)
and
y* =¥ @lha < N (1 e + 1 lnos0) (2.292)
I = r@loa < ENE™ (Il o + 1 lncv0). (2.29b)
y* = ¥ @loa < CN " (1¥ o+ I ln-10), (2.290)
provided

.y ) € [(Hy(@)nH™(Q))*]% x [L(Q)nH™ ()],

With the help of the auxiliary system, some important results can be derived. It follows

from (2.15) and (2.27) that
a(yyw) —yn,wy) — bwy,ry) —ry) = (u —uy,wy),
b(yny(w) —yn,¢n) =0,
Then it holds
b(yn(w) —yn, ) —ry) =0.
Let wy = yy(u) —yy in (2.30), we have
lyn@) —ynllio < Cllu—uylloo-

According to (2.13), (2.30), and (2.32), we obtain

b(WN: rN(u) -r

Vwy €Yy, (2.30a)
V ey EMy_,. (2.30b)

(2.31)

(2.32)

n)

Bullry(w) — ’”N“o,n =< sup
WyEY y w1

= sup
wyeYy ”WN”l,Q
<Cllu —uyllo,0-
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By (2.15) and (2.27), we have that forallqy € Yy, Yy EMpy_s

alqy,y (W) —yy) + blgy, ry(@) —ry)
=y —yn+Au+y)—Ayuy +yn).qn), (2.34a)
b(yyw) —yy,¥n) =0. (2.34b)
Let gy = yy(u) — ¥y, we derive that
lyy@ —yylla <Clly —yy +Au+y) — Ay(uy +ynllog
SC(”y_yN||0,Q+”u_uN”0,Q+|A_AN|)~ (2.35)
By (2.13) and (2.34), we have

b (qN, ry) — r]’f,)

ﬁN”’”}G(U) - ”;\k/”o,n =< sup

qNEYy ”qN”l,Q
— s —a(q@n, Y@ =y )+ —yn.an) + AMu+y) — Ay(uy +yn).qn)
qNEY N ”qN”l,Q
<C (||y;:,(u) —yulhia+lly —ynllog+llu—uylloq+I2A - A‘ND
<C (lly = ynllog + Il —ullog + 12 = Al). (2.36)

A priori error estimates can be presented as soon as the following two lemmas are proved.
Lemma 2.4. Let (y,r,u,y*,r*,A) and (yy, 'y, Uy, Y x> x> An) Satisfy the optimality condi-
tions (2.10) and (2.15) respectively. Assume that
Oy 5 u,u)
€[(H (D NH™Q))*)* x [L2( Q) NH™ H(Q)]* x [H™H(Q)*]?, m>1.
Then we have for N large enough

| A=Ay |SC(N1_m||.Y||m,Q +lly —yn@lloo+ lly* —yy@llog
+[lu —uyllon + llug — Pyuollo o)

Proof. According to (2.10) and (2.15), we conclude that forallqy €Yy, Yy EMpy_o

a(gy,y" —yy)+blay, ™ —1y)
=(y—yyt+Au+y)—Ayuy +yn),qy),
b(y* —yx,¥n)=0.

Let qy = @y satisfy lemma 2.1, we have

A=200,y)
=a(®y,y" —yy)+ b(ey, r" —1y) = (¥ —¥n, On)
—(Au+y)—Ayuy +yn), on) + (A =2, y)
=a(®n, Y —¥N)— (¥ — YN, Bn) — Au—uy, ®y) — (A — An)(uy, @y — ¥)
—(A =AWy —uy)— (A - AW, y) — Ay —yn,Pn)
—(A=2)n =Y, 2n) — (A=A, PN — ¥)-
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It follows that

A =2A)u+y,y)
=a(®y,y" —.}’Xf) —(—ynOn) —Au—uy, oy) — (A — An)(uy, On — ¥)

—(A=2A)uy —uy) - Ay —yn,®n)
—A=AN)n — Y, 2n) — (A= ANy, &y — ¥). 2.37)

Furthermore, it holds that by (2.10a)

a(®n,y —yy)=al®y -y, ¥y —yy)+aly,y —yy)
=a(®y — ¥,y —yy)+ by -y ) +Wwy —yy)

=a(®y —y, ¥y —yy)+W@—-Vry —yy).

If|lyll, o = d, we can deduce that (u+y,y) = d? by (2.10a) and (2.10b). Furthermore,
it can be derived from (2.10e), (2.15€), (2.19)-(2.20), (2.32) and (2.37)-(2.38) that

(2.38)

| A=Ay |
<C (lly = enlla+1y* = yylloa+ 1y —yallog +1u—uyllog)
<C (Nl_m”}'”m,n +ly —yn@llog + llu —uylloq + llug — PNuo“o,Q) . (2.39)
If |lyll,o <d and [lyyll; o < d, then
A=Ay =0. (2.40)

If ||yl o <dand [lyyllio =d, letqy = yy in (2.34) and wy = y},(u) — yy in (2.15a),
we have i} i}
An(uy +ynyn) =—alyn, yy@ =y + & —yn,¥n)
=—(un,yy@W -y +O —ynYn)
associating with (2.10e), (2.15e), (2.20), and (2.32), we deduce that

A =2yl =12n < Clly = ynlloo + Cllyy@) = ¥y llog
(2.41)

<C (||J' —ynWlloo+ llu—uyllog+I11y" —yy@lloq + llug — PN“O”O,Q) .
O

Then the lemma can be completed from (2.39)-(2.41).
Lemma 2.5. Let (y,r,u,y*,r*,A) and (yy,n,UN,Y x> x> AN) Satisfy the optimality condi-

tions (2.10) and (2.15) respectively. Assume that

(y’y*, r, r*’U,uo)
E[(H () NH™Q)*)? x [LA)NH™ H(D]* x [H™H(Q)*]), m>1

Then we have for N large enough

IPyu —uylloo <CUly* —yx@lloga +ly —yny@lli o+ llu— Pyulloq
+lIr = Py_srllon) + CNT (¥ lma + lollm—1.0)-
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Proof. By (2.11) and (2.16), we have that

=AY,y —¥YN)m <0, AN NY —YN)m S 0. (2.42)
Furthermore, it follows from (2.10e), (2.15¢), and (2.30) that
al|Pyu — uN”%’Q = a(Pyu —uy, Pyu—uy) = a(Pyu —uy,u —uy)
=(Pyu—upy,yy —¥") + (Pyu —uy, a(uy — Pyuy))
=(Pyu —UN,.}’E(U) -+ (PNU - UN,J’TV —J'E(U)) + (PNU —uy, a(ug — PNUO))
=(Pyu —UN,.}’E(U) ¥+ (u —UN,J’;kv —J';kv(u)) + (PNU —uy, a(ug — PNUO))
=(Pyu—uyn, yy@) -y ) +a(yy@ —yn, ¥y —yy@)
+ (PNU —uy, a(uy — PNUO)):

associating with (2.10a), (2.15a), (2.34), and (2.42), we have

al|Pyu _uN”g’Q
=(Pyu—uy,yy@) =y )=y —yn,yn@) —yn)
—(AMu+y)—Ayuy +yn), yn@) — yn) + (Pyu—uy, a(uy — Pyuy))
=(Pyu — UN,J’TV(U) -y =n@-yn,ynW —yn)
+nvW -y, yn@ —yn) =AY, yn@W) — YN + Ab(yN (W) — yN, 1)
+ AN NYNW =Y + AN (YN Y — YD + (P —uy, a(ug — Pyug))
<(Pyu—up,yy@—=y) =@ - yn, ynW) —yn)
+(v@ -y, yn@ —yn) = Ay, yn@) — ¥ ) + Ab(yy@) =y, 1)
+ AN N> YN W) — ¥ ) + (Pyu —uy, alug — Pyug)).
Noting that
(V-(yy@w)—yn),u)=0 VueQy_,.
Thus, with the help of (2.20), (2.32), and lemma 2.4, we can deduce that
a || Py —uy |2 o +lyn @ — yyl2q
<(Pyu-—uy,yy@) =y )+ (yy@w) -y, yn@w) - yy)
+((Ay = Vynyn@ =¥y =AY —ynynWw — ¥
+ (Pyu —uy, a(ug — Pyug))+ inf b(A(yyW) —yn),r — w).
UEQN -2
<e (IIPvu—unlBq + lyn@ = ynl3q) + 1@ (Iy* =y @i,
+lly = yn @I g+ 1Pyu —ul g + [l — By orllZ
Hlluo — Pyuol2 g + N2y I3, ), (2.43)

where
C,(e)=C?/4e, ¢>0.
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is a sufficiently small constant. Then the lemma can be proved from (2.43). O

The main result of this section can now be stated.

Theorem 2.1. Let (y,r,u,y*,r*,A) and (yn, 7y, Uy, Y 5> Ty An) Satisfy the optimality con-
ditions (2.10) and (2.15) respectively. Assume that

(y’y*, r, r*’U,uo)
€[(H () NH™Q))*)* x [LA()NH™H(Q)]* x [H™H(Q)*]%, m>1.

Then we have for N large enough

ly = yulla+ly* = ¥illug + N2 lIr = ryllog
N3P = lloq + |24 — Ayl + llu —uylloq < CN'E,
with
E =1y llma + P01 g + 17 lm-1.0 + [llm-1.0 + lollm-1.0-
Proof. It follows from (2.28)-(2.29), (2.32)-(2.33), (2.35)-(2.36), lemma 2.4, and
lemma 2.5 that
ly = yullia +ly* = ¥illug + N2 lIr = ryllog
+NTI = lloat | A — Ay |+l —uyllog
<lly —yn@llyo+1yy@ = yyllio+1y* = ¥ @lhg + lyh@ -yl
+N 72 I = ry@llog + N2 lry @) — ryllog + N2 I = rfi@lloq
+ N2 @) — rilloat | A=Ay | +liu —uyllog
<CN (|l llp.0 + 7 lm_1.0) + Cll = Pyuell g + Cliey — Pytellg
+ N (y o + 1 lr.0) + € 12 = Ay |
<CN*" (1Yl + 17 hnes0 1Yl + 1 -0+ el
+ Clluy — Pyullgq+ClA— Ay |

<ON' (1Yl + 17,0+ 1Y g+ 1 10+ Il + tollm1.0)-

which concludes the proof. O

3. A posteriori error estimates

In this section, we derive a posteriori error estimates for the spectral approximation
of control problem (OCP), which is helpful for constructing equivalent a posteriori error
estimates, and developing hp spectral element approximation and adaptive algorithm for
control problems.
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It follows from (2.17) that
w — P2 wllog < CN ™ [wllnq,

provided
we(H™Q)NH Q) m>1.

To derive a posteriori error estimates, we introduce the following auxiliary system:

(r (), r(un), y*(uy), r(uy))

such that
a(y(uy),w) — b(w,r(uy)) = (uy,w), Vwey,
b(y(uy), ¢) =0, V¢eq,
a(q,y"(uy)) + b(q, r*(uy)) = (¥yy — Yo + An(uny + ¥n), ), Vqey,
b(y*(uyn), ) =0, Yy €Q.

Then, it can be derived by (2.4b), (2.10a)-(2.10b), and (3.2a)-(3.2b) that

ly =yl e+ lIr = run)llon < Cllu —uyllo -

Similarly, it holds that

ly* = y* )l o+ I = r*@p)llog
<Clly —ynllog+ CllAu+y) — Ay(uy + yn)lloa
<C(lly(uy) — ynlloo+ 12— Ayl + llu —uyllo0)-

The following two lemmas are helpful for deriving the a posteriori error estimates.

627

(3.1)

find

(3.2a)
(3.2b)
(3.20)
(3.2d)

(3.3)

(3.4)

Lemma 3.1. Let (y,r,u,y*,r*,A) and (yn, N, Un, Y x> x> AN) Satisfy the optimality condi-

tions (2.10) and (2.15) respectively. Then we have that

lyun) —ynllia + lIr@uy) — ryllog
<CN7 ' Ayy — Vry +uylloq+ClIV-ynlloqs
ly*(un) = yyllie +1Ir@y) — ryllog
5CN—1||A.YTV +Vry+y¥Yn—Yo+Anuy +¥n)lloa+ClIIV-yylloa-

Proof. It follows from (2.15a) and (3.2a) that

a(y(uy) —yn,wy) —bwy,r(uy) —ry) =0, VwyeYy,
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associating with (3.2), we have
0y (uy) —.}’N”ig <a(y(uy)—yn,yUun) —yn)
=a(y(uy) —yn,Yuy) —yn) — b(y(uy) —yn,r(uy) —ry)
+ b(y(uy) —yn,r(uy) —ry) —a(y(uy) _.YN,P{),N(.Y(UN) —¥n))
+ b(PﬁN(.Y(uN) —yn),r(uy) —ry)

=a(yun) = yn, ¥) = vy = POy () = yi)
= b(yun) - yn = POy (un) = yu) r(un) = 1y )
+ b(}'(uN) —¥n>r(uy) — ’”N)
=(V(r(uy) —yn), Vr(uy) = yy — Py (y(un) = yn)) )
— (V- ) = yy = Py () =y () = v ) = by, rlaay) = ry)
=(A)’N —Vry+uy,yuy) —yy — PEN(}’(UN) —.YN)) — b(yn,r(uy) —ry).
Thus, it holds
Olly (un) — yllZg
<CN7!|Ayy — Vry + uylloolly(un) —ynllia+IIV-ynlloallr(uy) —rylloq
<Ci(e) (N2l ayy = Vry +uyll2 o + 1V - yyl2 )
+e (1ly () =yl o + () = ryll ) - (3.6)
Noting that
b(w,r(uy)—ry) = b(PﬁNw, ruy)—ry) +b(w— PﬁNw, r(uy) —ry)
=a(y(uy) —yN,PﬁNw) +b(w— PﬁNw, r(uy) —ry)

=—a(yuy)—yn,w —PENW) +a(y(uy)—yn,w) +b(w —PENW,r(uN) —-ry)
=(-Ayy +Vry —uy,w — PﬁNW) + a(.}'(uN) —J'N,W)-

Therefore, we can derive by (2.4b)

bw,r(uy)—r
Blir(un) = rllog < sup LooreT @) = 1)
’ wey wlly o

< CN7HAyy — Vry +uyllog + Cllywy) = ynlliq- (3.7)

Similarly, apply (2.15¢) and (3.2c) to obtain

a(qy,y*(uy) —yy)+blgy,r*(uy) —ry) =0, VqyeYy.
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It follows that

Olly*(uy) _.}'E”%Q < a(y*(uN) _J';kv,y*(uN) _J';kv)
=a(y*(uy) —yp, ¥y Wuy) —yy) + b (¥ (uy) -y, " un) — ry)
—b(y*(un) =y un) —ry) —a(PLy (" un) = y3), ¥ (un) = yy)
- b(PEN(y*(uN) —.}’X,), r(uy) — ’”;:,)
=a (J'*(UN) —J’}kv - PﬁN(y*(uN) —.Y;kv)’}’*(uN) —J’}kv)
+ b(y*(uN) _J’E _P?,N(y*(uN) _.}';kv), r(uy) — r;\‘,)
- b(y*(uN) —.}’Xp r(uy) — ”;:;)
=(Ayy +Vry+yn —yo+Ayluy +yn), ¥ (uy) =¥y = pI O un) = y3))
+b(yy,m uy)—ry)
SCN7HAYy +Vry + ¥y = Yo+ An(uy +yn)lloally wn) = yyll o
+CIIV - yullgallr n) = rillo g
<e(lly un) =yl o + 7 @y) = rll3 )+ C1 (V- Y3 5 o
+C (N Ay g+ Vry +Yn — Yo+ An(uy + yn)IlG o (3.8)
Noting that
b(g, r*(un) — 1) = b(Poya, r*(un) = i ) + b (a - PRya, ) — 1)
=—a(Plya.y* n) - yy) +b(a-pdya @) -1y
=a(q-Pyay @) -yy) —a(@ay @) -yy) +b(a-Plyar ) - ry)
=(Ay}§ +Vry+yn = Yo+ An(uy +yn).q - P{’,Nq) —a(g,y" (uy) —yy)
<CN Ay +Vry+ ¥y = Yo+ Anuy + yn)lloallallg

+ Clly*(un) — yxllallgll q-
Therefore, we can derive by (2.4b)

| b(g, r"(uy) —ry) |

Bllr*(uy) — ";:;”0,9 <sup

qey ||f1||1,n
SCN7HAyy +Vry +yy = Yo+ Anuy +yW)llog + Clly* (uy) = yyllhe. 3.9
Then the lemma can be proved from (3.6)-(3.9). O

Lemma 3.2. Let (y,r,u,y*,r*,A) and (yy, 'y, Uy, Y x> x> An) Satisfy the optimality condi-
tions (2.10) and (2.15) respectively. Then we have that

|A—2Ay|=C (”uo — Pyuglloo +11yy — Y wn)llog
+Hlyy = y@n)llog + lu—uyllog) - (3.10)
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Proof. Applying (2.10) and (3.2) to deduce that

a(y — y(uy),w) — b(w,r —r(uy)) = (u—uy,w), Vwey, (3.11a)
b(y —y(uy),¢) =0, Vo¢eQ (3.11b)
a(q,y" —y*(uy)) + b(q, 7" — r*(uy))

= -—ynv+tAu+y)—Ay(uy +yn),q), Vgev, (3.110)
b(y" —y*(un),¥) =0, V1 €Q. (3.11d)

Then we can prove (3.10) by three cases. If ||y||l; o = d, set g =y in (3.11) to obtain

a(y,y" =y wn) = —yy+ Au+y) - Ay(uy +yn), y).
Setw =y* — y*(uy) in (2.10) to derive
a(y,y" -y (un) =Wy -y (uy)).
Then

(¥ —yn+AMu+y)—Ayuy +yn),y) =Wy — y*(uy)).
It follows that

A=-2A)u+y,y)
=—-ynvy)tAnuy —utyy—y,y)+ @y -y (uy)). (3.12)
If lyll,o <dand [yyll,q=d, set @ = y(uy) in (3.11) to derive that
a(y(uy),y" =y un)) = —yn — Anluy + yn), ¥y (n)),
due to A =0 by (2.11). Furthermore, set w = y* — y*(uy) in (3.2a) to deduce that
a(y(uy),y =y (uy)) = (uy,y* — y*(uy)).
Then

r—yn—Anuy +yn)yuy)) =y, y* =y (uy)).
It follows that

AUy + YY) =y —yn — Anvuy +yn), y(un) —yn)
+ —ynoyn) — Uy, y" =y uy)). (3.13)
If |lyllho <dand [yyll; o <d, then A = Ay = 0. Therefore, we obtain
|2 —2Ay |=0. (3.14)
By (2.10e), (2.15e), (2.20), (3.3), and (3.12)-(3.14), we deduce that
| A=Ay |
<Clly* =y " wmllog+Clly —¥nlloa+Cllyny —y@nllon + Cllu —uyllog

<Clly*=yxlloa+Cllyx =¥ wmlloa+ Cllyn —ywnlloa + Cllu —uylloq
<Cllug — Pyuolloo + Cllyy — ¥ @n)llog + Cllyy — ¥y wn)llon + Cllu —uyllo.a
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which concludes the proof. O

We can now present the desired result.

Theorem 3.1. Let (y,r,u,y*,r*,A) and (¥ n,7n,Un, Y §>Tn> An) satisfy the optimality con-
ditions (2.10) and (2.15) respectively. Then we have that

ly =ynlha+ 1y —yyllua+lir—ryllog
+lr" —rylloat 1A — Ay [ +llu —uylloo < C(n +6), (3.15)

where
0 = |lup— PNuo”o,Q,

and the estimator

n=N"1Ayy — Vry +uylloa+11V-¥nlloa
+NHAyy +Vri+yny — Yo+ Any + yn)lloa + IV - yilloq-

Proof. By (2.10e), (2.15e), and (3.11), we have

allu _UNH(Z),Q =a(u—uy,u—uy)
=(u—uy,yy — Y y))—Uu—uy,yy -y uy) —alu—u) +aluy —up))
=(u—uy,yy — Y uy))+@—uy,y uy)+alu—uy)) — (u—uy,yy +aluy —up))
=(u—uy,yy— Y uy))+@—uy,y uy)—y") — (Uu—uy,yy +aluy —up))
=(u-—uy,yy —y ) - —yny - yuy)
—(Mu+y)—Ay(uy +yn),y —yuy)) — (u—uy, aPyuy — aug)
=(u-—uy,yy —y ) - —yny - yuy)
—(u—uy,aPyuy — aug) — (AMu+y) — Ayuy +yn), ¥y —¥n)
—(Au+y)—Ayuy +yn), yn —y(un)). (3.16)

It follows from (2.10a) and (2.42) that

“AMu+y,y —yn)=—AMY,y —Yn)m +Ab(y —yn,7)
<Ab(y(uy) —yn,7 — ). (3.17)

Furthermore, it can be derived from (2.42) and (3.2a) that

AUy + YN Y —Yn)
=A@y, y =¥y +Anny =y +2An (Vyn, Vi —ya)) = Ay (Vyn, VIy —yn))
=An (Vy(un), Vi —yn)) = Anb(y — yn,r(uy))
+ AN NY =Y — An(VYn, V(Y —yN))
<SAN(V(y(uy) —yn), V(¥ —yn)) — Anb(y — yn, r(uy))
=An(V(y(un) —yn), V¥ —yn)) — Anb(y(un) — yn, r(uy) — ). (3.18)
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It follows from (3.16)-(3.18) that

all —uy g +lly = y @I

<(u-uyn,yy— Y Uun)+y—yuy),y —yuy))
— (u—uy,aPyug —auy) + Ab(y(uy) —yn,r — 1)
+An(V(y(uy) —yn), V(¥ —¥n)) — Anb(y(uy) —yn,r(uy) — ry)
—(A=2AN)Ww,yn —yuy)) —Ayu—uy,yn —y(uy))
— (A =AMy, yn —Yun)) = ANy —yn,¥n —Y(uy))

<e(llu—uyll§ o+ Iy =y @l g+ 12 = Ay 1> +lIr = rup)l§ o) + Cie)
: (Ilyj‘v =y Wl o +lyn =y @olif o + lIr(un) = ryllg o + llug — PNuollﬁ,Q) ,

associating with (3.3) and (3.10), we have

e — w2 o + ly — ¥ ()l
<Clly} -y @I o+ Cllyy — yayI2
+C||r(uN)_rN”%’Q"'C”uO_PNU-O”g’Q- (3.19)
It follows from (3.3)-(3.4), (3.10), and (3.19) that
ly = y@n)llio+1Ir = r@)lloo + 11y =y @nllie
+r* = r*wn)llog+ | A — Ay | +llu—uylloo
<Cllyy =Y wmlloa+Cllyn =yl
+ Cllr(uy) — rylloq + Cllug — Pyugllo,o- (3.20)

Then the theorem can be completed from (3.5a), (3.5b), and (3.20). O

4. Numerical Example

In this section, an illustrative numerical example is performed to confirm the efficiency
of the proposed method, and to show that the a posteriori error estimator can indicate the
errors well. We consider the following control problem on Q = (—1,1)?: find

(y,nu)eY xQxU,

such that
. 1 2 1 2
Jmin gY@ = Yollog + 5l —uollog
~AyW)+Vr=uinQ, V-y@w)=0inQ, yu)=0ondqQ, (4.1)
with

K={wey | [wlo=<1}
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The data of this example are as follows

—-n*4+087%2+1.8 1 272

Yo= w+ hy, uy=———=(w+h,),
\/ 6+ 872 \/ 6+ 872

\/ 6+ 8m2

where

@ = ((1 4 cos xy) sin mwxy, — sin wx; (1 4 cos xy)),

h; = (1.672 cos mtx; sin 7xy, 27t* sin wx; cos tx,), hy = (cos 7x; sin x5, 0).

The exact solutions are given by follows

1 2
= * = T w, = T sin 7Tx; sin wx
y - —w’ y I ——— 3 I ——— 1 2’
\/ 6+ 872 \/ 6+ 872 \/ 6+ 872
3
T
r* = ———sinnx;sinnx,, u=-y"'+u, A=0.8.

\/ 6+ 812

To solve the discrete system, Arrow-Hurwicz algorithm is proposed (see, for example,
[18] and [26]). Note that the Lagrange multipler in Step 5 is calculated by a variant of

AR = Ppo voo)(AK + pFy (uy))

with Pj ;) being the projection operator from R — [0, +00), more details can be found
from the saddle-point search algorithm in [18].
We denote

¥y = (/N1 IYN2)s J’;kv = ()’;,1,)’;2), uy = (uy1,uyg)-

Let L,(x) be the nth-degree Legendre polynomial (see [29] and [30], for example) and

1
Pi(x) = == (1) = Lo (D). ¥ = (Hy)?,  Hy = span{¢;(x);(0)} 25,
Qn—2 =span{L;(x)L;(y);i,j =0,--- ,N — 2}, My_s =Qn_yNL5(Q).

Then we can present the approximations as follows: for m=1,2,

N-2 N-2
YNm = Z Yijm®i(x1)¢;(x2), YNm = Z J’;}md)i(xﬂd)j(xz),

i,j=0 1,j=0
N N-2
UNm = Z WijmLi(x1)L;(x2), N = Z rijLi(x1)L;(x2),
i,j=0 1,j=0
N-2
r;\k] = Z r;kjLi(xl)Lj(XZ), oo — 0, rako =0.
i,j=0
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Algorithm 4.1 Arrow-Hurwicz Algorithm: The main steps of the algorithm are presented
as follows.

1.

2.

Let k = 0, give a step size p > 0, the initial values Ag, and ug,.

_ ko _ k
Let [ —OanduN =uy.

. Compute the state equations

k,l k,l k,l
a(}’N )WN)_b(WN)rN )z(uN ,WN), VM’NEYN:

by, dn) =0, V ¢y € My_s.

Compute the co-state equations

a(}';k’l,wh) + b(r:[kJ’wN) = ((1 + AE)J’?]’Z _yO’WN), v WN € YN’

by, ) =0, ¥ by € My_s.

. Set

kI+1 _ okl *k,l k,l
uy " =uy —Py (yN +a(uy - uo)).
if
KI+T okl
”llN —Uy ”O,Q > TOlu:

let ] =1+ 1 and then we turn to Step 3.
Set Allﬁ,ﬂ = max {O, l,’f, +p (||J',I§;’l||1,g - d) }

Stop if | A1 — AK |< Tol, and output

_ .kl _ Lkl _ Wkl k
uN_uN’ J’N—.YN, 'N=Tn> A‘N’

else, let uf,“ = u]]i,’lﬂ, k =k +1, and turn to Step 2.

The numerical results are presented in Table 1, which shows us that the errors decrease
quickly and the spectral accuracy is achieved. It also confirms that the spectral method
provides very efficient approximation to the state-constrained control problems with a rela-
tively small number of unknowns when the approximated solutions have higher regularity.
In Table 1, the total error is defined by

llell =lly —ynllia+ly* —yyllia+lIr—rylloq
+lr* =ryllogt A=Ay | +llu—uyllo o

The table suggests that the error estimator can indicate the total error ||e|| very well, which
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Table 1: The values of discretization errors and indicator 7.

N 4 8 12 16 20
lu—uylloq | 5-87747e-1 | 2.72787e-3 | 1.51816e-6 | 1.26441e-7 | 1.15424e-7
ly —ynllig | 3.99351e-1 | 3.26411e-3 | 2.62428e-6 | 2.38535¢-8 | 3.09446e-8
I —rylloq | 2.80428e-1 | 2.97252¢-3 | 2.49986e-6 | 5.26836e-9 | 5.26836€-9
ly* =¥ lle | 3.31942 | 2.99138e-2 | 2.49747¢-5 | 1.99920e-7 | 2.30848e-7
Ir* —rillon | 267124 | 2.93414e-2 | 2.46714e-5 | 1.19209¢-7 | 1.03238e-7

A=Ayl | 7.17934e-1 | 6.25525e-5 | 1.54084e-9 | 1.57468¢-9 | 1.57469¢-9

llell 7.97612 | 6.82822e-2 | 5.62900e-5 | 4.76266e-7 | 4.87298e-7
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Figure 1: Point-wise error values of the velocity y.

is important for developing hp-adaptive spectral element method for optimal control prob-
lems.

Moreover, in Figs. 1 and 2, we plot the point-wise error values of y, u, and r with
N = 20. The two figures show that the final point-wise errors of y, u, r are of magnitude
107, 107?, and 10~ ! respectively.

5. Conclusions and future works

In this paper, a Legendre-Galerkin spectral method is investigated to approximate flow
control problems with H'-norm state constraint, and both a priori and a posteriori error
estimates are derived. Numerical experiment shows that spectral method for this class
of control problems can be efficient and the error estimator can work well. In addition,
spectral method can be used to approximate other control problems with state constraints
and control-state constraints. Furthermore, it is not clear whether hp-adaptive spectral
element method can be used as widely as the adaptive finite element method for solving
optimal control problems.
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Figure 2: Point-wise error values of the control u and the pressure r.
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