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ON PLUG-IN ESTIMATION OF
LONG MEMORY MODELS

OFFER LIEBERMAN
Technion—lIsrael Institute of Technology

We consider the Gaussian ARFIMAd,|) model with spectral densityf,(A),

6 € ® CRP, A € (—m,m), d € (0,3) and an unknown mean € R. For this
class of modelshen—!-normalized information matrix of the full parameter vec-
tor, (u,0), is asymptotically degenerat&o estimated, Dahlhaus(1989 Annals

of Statistics17, 1749-1766 suggested using the maximizer of the plug-in log-
likelihood, L,(6,i,), where i, is any n*~29/2_consistent estimator gf. The
resulting estimator is a plug-in maximum likelihood estimd®MLE). This esti-
mator is asymptotically normaéfficient, and consistentout in finite samples it

has some serious drawbackgimarily, none of the Bartlett identities associated
with L,(60,,) are satisfied for fixech. Cheung and Diebold1994 Journal of
Econometric$2, 301-316 conducted a Monte Carlo simulation study and reported
that the bias of the PMLE is about 3—4 times the bias of the regular maximum
likelihood estimato MLE). In this paperwe derive asymptotic expansions for
the PMLE and show that its second-order bias is contaminated by an additional
term, which does not exist in regular cas@is term arises because of the fail-
ure of the first Bartlett identity to hold and seems to explain Cheung and Die-
bold’s simulated result&Ve derive similar expansions for the Whittle ML &hich

is another estimator tacitly using the plug-in principf application to the
ARFIMA (0,d,0) shows that the additional bias terms are considerable

1. INTRODUCTION

Let {X;,t € Z} be a stationary Gaussian ARFIMA d,|) process with an
unknown meant € R and covariance matrik,( f,). The spectral density, (1),

is parametrized by € ® C RP, A € (—,7) and the memory parameter of
the processd, which is an element of, is assumed to lie irf0,3). The main
feature of this model is thdf(A) behaves as

fo(A) = O(|A|72%) as|A| - 0. (1)

A process satisfyingl) is said to be long-memoypecause it is consistent with
a nonsummable autocovariance function

Research on this topic commenced during 2000—-2002e the author was visiting the Cowles Foundation for
Research in Economics at Yale Universityhe author is most grateful to the Cowles Foundation for their gen-
erous hospitality and to Donald Andrews and Peter Phillips for numerous helpful commddtsss correspon-
dence to Offer LiebermarfFaculty of Industrial Engineering and ManagemeéFechnion Haifa 32000 Israel
e-mait offerl@ietechnionacil.

© 2005 Cambridge University Press ~ 0266-4$66 $1200 431

https://doi.org/10.1017/50266466605050231 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466605050231

432 OFFER LIEBERMAN

There is a thriving research on long-memory processassng back to Hurst
(1953). Naturally much of the econometric thought in this context has been
dedicated to the estimation df«,f) and in particular of the long-memory
parameterA primary candidate for estimation is the Gaussian maximum like-
lihood estimator( MLE ), based on the log-likelihood

n 1
Ln(0, 1) = ~3 log(27) — > log detT,(f,)

1
- 5 (Xn - :u’ln),Tn( fe)il(xn - lu“ln)’ (2)

where 1, is ann-vector of 1's nis the sample sizandx;, = (X4, ..., X,). How-
ever unlike the short-memory caseorresponding ta = 0, the estimation of
is generally not done jointly withw. The second-order partial derivative of
L.(u,8) with respect tou equals— 1, T,(f,)"11,, and Adensted(1974 Theo-
rem 52) showed that this quantity is of the ord®(n*~2%). This unusual rate
is a consequence of the long-memory property of the prog@ssthe other
hand the expected value of the second-order partial derivatide,0f., #) with
respect to thé& components i©(n). The implication is that in thel > 0 case
the information matrix of the full parameter vegtép, 6), normalized byn™?,
is asymptotically degenerate

Dahlhaus(1989 adopted the plug-in principle for this class of modélke
Gaussian plug-in maximum likelihood estimat®MLE) of 6 is defined as the
maximizer of

n 1
L(0, &n) = =5 log(2m) — > log detT,(f,)

1
- 5 (Xn - l&nln),Tn( fﬁ)il(xn - /-lnln)7 (3)

whereji, is anyn'/2-9-consistent estimator qi. We denote the PMLE by,..
The sample meanX, = n~1 X, X;, is the most common candidate faf,,

in both theoretical and empirical reseaydts variance being of the order
O(n~1*24), Dahlhaus(1989 showed that the family of PMLEs df is consis-
tent asymptotically normaland efficient This estimator is often referred to in
the literature as the “exact” MLEperhaps to distinguish it from estimators such
as the Whittle MLE(WMLE), but the PMLE can only be exact ji, is the
profile MLE of w.

We shall refer to the exact MLEEMLE) as the maximizer of2) when the
mean is known and denote it 8. Although the PMLE has desirable asymp-
totic propertiesthere is evidence that this is not the case in finite samples
Cheung and Diebol1994 used Monte Carlo simulation to compare the finite
sample behavior of various estimatoinscluding the EMLE the PMLE and
the WMLE. Table 2 of their paper reveals that for the simmero-mean
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ARFIMA (0,d,0) model the bias of the PMLE in whicli.,, = X,, is about 3—4
times the order of magnitude of the bias of the EMIL&this paper we provide
an analytical explanation for this phenomenon

The principal cause of the finite sample drawbacks of the PMLE as com-
pared with the EMLE is that the plugged-in likelihood is not a density type of
an object and hence none of the Bartlett identities associated with it is satisfied
for fixed n. Among the various implications of this failure are that the stochas-
tic expansion to the PMLE is nonstandandoment expansions associated with
the PMLE are generally contaminated by additional terms that are nonnegligi-
ble to second ordeand Bartlett corrections of the likelihood ratio test involve
additional termsin particular we show that as compared with the EMLfigr
eachd > 0 the bias expansion of the PMLE to ord@fn=%?%?) contains the
additional term

k"R = O(n~1*2), (4)

wherex"s is then 1-normalized inverse information matrix of the EMLE;
is the expected score associated WBh and i, = X,. The additional tern{4)
is a manifestation of the failure of the first Bartlett identity to hold 8. It
does not appear in the bias expansion of the EMLE because the density asso-
ciated with(2) is regular

A competing estimator to the PMLE is the WML Henoted byéw,n, which
maximizes the function

1 (7 1(A
Lwn(0) = —n[;]_ {Iogfg(/\) + : EA;}dA], (5)
where
1 n i _ |2
[(A) = py- Ele' (X=X | - (6)

The motivation behind the WMLE is mainly computational—the determinant
and the matrix inverse iB) are replaced by simple univariate integral approx-
imations Fox and Taqqu1986 proved asymptotic normality of the WMLE
at the usualvn-rate and Dahlhaug1989 proved asymptotic efficiency of
the estimatarHowever because the estimator is based on approximations to
det(T,(f,)) andT, 1(f,) and because the plug-in principle is tacitly applied in
(6), (5) is not a density type of an object and the Bartlett identities associated
with it do not hold We conduct high-order analysis for the WMLE that reveals
similar complications as of the PMLE

Generally speakingalthough small sample theory and asymptotic expan-
sions are not as abundant as first-order theory for time serigsrapdrticular
for long-memory processgthere is neverthelesssome progress in the area
Among the various contributions in the ay¢he reader is referred to Lieber-
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man Rousseauand Zuckerf200Q 2001, 2003, Andrews and Lieberma2005),
Andrews Lieberman and Marmer(2005, and Lieberman and Phillip2004a
2004Db. The present paper continues this line of research

The plan for the remainder of the paper is as folloWsSection 2 we pro-
vide assumptiondasic setupand notationln Section 3 we outline some well-
known results concerning the EMLEo be used as benchmarkssymptotic
expansions for the PMLE are given in SectiariiiSection 5 we provide expan-
sions for the WMLE In Section 6 we discuss the effects of plugging-in on the
likelihood ratio testThe ARFIMA(O, d,0) model is used for illustration in Sec-
tion 7. Section 8 contains a small simulation stu@ection 9 concludesll
proofs are contained in the Appendix

2. SETUP, ASSUMPTIONS, AND NOTATION
The model under consideration is

®(B)(1 - B)U(X; — u) = ¥(B)ey,

whereB is the backshift operatpBX; = X;_1,

i
d(w) =1+ D D W,

r=1

|
T(w) =1+ D ¥ w,
r=1

and & ~ NID(0,0?2). Let 6 = (02, ®@,..., D}, ¥y,...,¥,d), dim(9) = p.
Denote the true covariance parameter of the proces#s.lormally the assump-
tion on the process is as follows

Assumption 1 {X;,t € Z} is a stationary Gaussian process with mpa@ R,
covariance parametets€ O C RP, spectral density

0'2|\I’(e_i’\)|2 _
f,(\) = —————|1—e & AeE (—
6( ) 27T|(I)(eill\)‘2| e | H ( 77.777)7
and
de (0,3).

The functionsd (w) and¥(w) do not have common roqtand all their roots lie
outside the unit circle

We remark that all the results of the present paper hold in fact for models
more general than ARFIMAj, d, ). This model is a special case of more gen-
eral long-memory models considered by Fox and Ta4§86, Dahlhaug1989,
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and LiebermanRousseauand Zucker(2003. In all of these studigghe spec-
tral density of the process is assumed to behave as

fo(A) ~ [A[7*@PLy(A) as|A| -0,

where 0< a(0) < 1 andL,(A) = O(|A[|°) as|A| = 0, 0S8 > 0. The spectral
density of the ARFIMA j,d, ) model satisfies all the assumptions in the afore-
mentioned paper§Ve only work with the ARFIMA( j,d, 1) model for the sake
of simplicity and clarity of the expositian

Where no ambiguity arisesve shall omit the dependence arand oné for
brevity. For log-likelihood derivatives and their expectatiopws use index nota-
tion and writeU,, = dL/du, U,, = 0°L/0u?, U, = 0L/36", U,s = 0%L/06"96°,
U = 03L/00706%06", and so onThe indicesr,s, t run from 1 top. The null
cumulants are denoted lay, = n"'E, ,U,, k,,, =N 'Ey ,U,,, kr =N 'E; U,
ks = NT'Ey ,Uss, krs = Ny U, U, kst = NT'E, ,UsU,, and so onand
(k%) in the inverse matrix of«; s)1=r s=p. TO avoid unnecessary use of addi-
tional notationwe shall not distinguish between null cumulants associated with
(2) when the mean is either known or not

The plug-in log-likelihood is denoted bly(#0, i) = L, and the quantities
associated with it ar&J, = aL/00", U,s = 92/00"00%, &, = n"'Ey , U, s =
n‘lEg’#GrS, and so on Finally, derivatives of the covariance matrix will be
denoted byl, = 9T (,)/00", T,s = 92T (f,)/060706S and T, = 93T (f,)/00790%96".

To give a precise exposition of the problem of joint estimatiori @ff), we
will need the basic results

A a( 1| dtT> 1t(T’1T')
= —|—zlogdetT | = ——tr ,
r 2 g 2 r

40"
a2 1 1 I g
As= 20590" \ 2 log detT | = ~5 tr(—=T T T T, + T M),
0 1 1 . 7
B, = (——T1> =TT Y @
00"\ 2 2

B 92 ( 1T1>
T 90%90" \ 2

1 . , . . ,
= E (_TilTsTilTrTil + TilTrSTfl — T*lTrT*lTSTfl)‘

The termB,, is defined and derived similarlyhe first- and second-order par-
tial log-likelihood derivatives with respect to tllecomponents are

U = A + (X— p1)B (x— ul)

and

Us = As + (X— p1)'Bg(X — pl).
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The first- and second-order partial log-likelihood derivatives with respegpt to
are

U, = T Hx— pul)
and

U, = —1'T 1.
Lemma 1 follows immediately from Dahlha$989 Theorem 51) and Aden-

stedt(1974 Theorem 32).

LEMMA 1. Under Assumption 1k, = (1/n)Ey U = O(1) and k,, =
(1/n)E,, ,U,,, = O(n~29).

Becausel > 0, the lemma implies that lim, . «,,, = 0 and that the asymp-
totic n~*-normalized information matrix of the full parameter vectér u) is
degenerateThis problem does not occur in the short-memory case

3. EXPANSIONS FOR THE EMLE

In this section we outline some well-known results concermiagd relate them

to 6 and éy, in the following sectionsSetd" = vn(d — 6,)". Formal expan-
sions for regular MLEs are given pgmong othersLawley (1956, McCullagh
(1987), and Taniguchi1991). All of these results are based on the assumption
that at least one solution to the first-order conditions exists with probability
that goes to unity at a fast rat@ith this assumptiorwe can expandl, (6) = 0
aroundd, and then extrac. Although most work in the area is done under the
independent and identical distributidni.d.) assumptionthe following propo-
sition also holds for long-memory processes

PROPOSITION 2 Under Assumption 1, the stochastic expansiom ‘tds

given by
Sr 1 r,s 1 r,s,.tu
o = ﬁK’ U + 3z KK (Ugt — N Uy,
+ o K"k kM kg Ui U + Op(n 1), (8)

Equation(8) is the one appearing in McCullagh987, p. 209 with the excep-
tion that hisk’s are covariances between log-likelihood derivativebereas
our k's are expectations dfproduc) log-likelihood derivativesnormalized by
n~*. Lieberman et al(2003 showed that thec’s are O(1) uniformly in any
compact subset o®. They also proved the validity of the Edgeworth expan-
sion for the distribution 06" under a class of models more general than the
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ARFIMA (j,d,l) type. We note that the first term i8) is O,(1) and the sec-
ond and third terms ar®,(n"*2). R
Taking expectationghe bias and covariance 6éfare given by

. 1
Ea(a - 00)r = H Kr’SKt’u(KsLu + Kstu/z) + O(n73/2) (9)
and
Cov,(8",56%) = k"5 +0O(n™1). (10)

Formula(9) is given by Cox and Snelll968. Two remarks are in ordeFirst,
the moment expansion®) and(10) are only formal There are delicate issues
in showing tha{9) and(10) are indeed valid asymptotic expansipasd we do
not attempt to do it in this papeBecondthe development of9) hinges on the
fact that the first and second Bartlett identities hold @rand that the matrix
(kr,s)1=r,s=p IS iNvertible

4. EXPANSIONS FOR THE PMLE

We consider the plug-in likelihoot, (0, ii,,). The most popular choice i,

in both theoretical and empirical researéhji,, = X,. It is stressed that in this
case L,(6, X,) is not even a profile likelihoadAlthough our developments are
more general than this cgsee shall concentrate on it to illustrate the main
points Herg

n 1 1
La(6,%,) = -3 log(27) — > log detT,(f,) — > XiMp T, () 7IM, X, (11)
where
1
M,=1,—R, P, = H 1,15, (12)

and |, is the identity matrix of ordermn. Because M, = 0, x,M, =
(Xn — 1,)'M,,. Consequentlythe objectL (6, X,) is invariant tou, and we
may setu = 0 without loss of generalityWe obtain the following lemma

LEMMA 3. Under Assumption 1, fog,, = X, and for eachd > 0,
R, =0(N"1?), and &+ k. ¢=0(n"1*2), rs=1...,p.

Thus the first and second Bartlett identities associated wittv, X,,) hold
only asymptoticallyThe result plays a critical role in the derivation of the expan-
sions foré.

Sets = \n(d — 6,) and letd,s = &.s — krs. The termd,s is then the discrep-
ancy between the plug-in information per observation and the information per
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observation corresponding @) with known u. We show in Lemma 8 that
ds = O(n1?), 06 > 0. As in the regular caseve assume that there exists at
least one solution tdJ, = 0, with probability that goes to one at a sufficiently
fast rate

PROPOSITION 4 Under Assumption 1

< ~ 1 ~ - 1 . o
5= _n Kr’SUS+ W Kr’SKt’u(Ust— nkst)uu + W Kr’SKt’JKU’kKstuUj Uk
1 rs.tuqd ] -1
RN dg;U, + Oy (n71). (13)

The first term on the right-hand side 6f3) is Oy(1), the second and third
terms areD,(n~Y2), and the fourth term i©,(n~**?), 05 > 0. Comparing(8)
to (13), we observe that to orde,(n"1), (13) containsk"U, /v/n, which, by
Lemma 3 does not have a zero meaand " °k"YdgU,/\V'n = Op(n~1*?),
08 > 0. In addition the second term on the right-hand side(d8) involves
Rsi, Which differs fromkg, by an order ofO(n~1+9), 06 > 0.

Taking expectationghe formal moment expansions are

~ 1
Eg(0 = 0)" = k"Ry+ — K"Ky + Kaa/2) + O(nI272) (14)
and
COVH(Sr,SS) = k"S + O(n71+5)' (15)

Note that on the right-hand side {4) all terms apart fronk are null cumu-
lants associated with, (). In contrast with(9), the bias o to orderO(n=%2"%)
includes the additional term™ Sz, = O(n~**%). This probably explains the huge
difference between the biases of the PMLE and the EMé&e Cheung and
Diebold (1994. The error rate in this case is actual®(n~¥2*%), which is
slightly different from theO(n~¥2) rate in the regular case

The expressiofl4) can provide a basis for bias correctidine bias-corrected
estimator is

or=0"- (16)

- 1
Ogc=0"— <K“SRS+ - k" Sk (Kgyy + sz/2)>
The correction is generally sufficient for the removal of the first-order.bias
5. EXPANSIONS FOR THE WMLE

We proceed to investigate the WMLEhich is another estimator using the
plug-in principle We use the notatiofly,, = dTw /06", Tw,, = 3%Tw /360965,
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f, = 0fy/00", s = 0%1,/00796°, Uy, = dLw /00", Uy, s = 92L /9607005, k., =
nilE(?,,uUW,r’ Kw,r,s = nilEﬁ,,uUW,rUW,s’ Kw,rs — nilEe,[LUVV, rss dW,st = Kw,s t +
kw,st: and so onThe analogue of Lemma 3 is the following result

LEMMA 5. Under Assumption 1, for each> 0,
Ky = O(N717) and k. s+ ks = O(N170), rs=1...,p.

Thus the first and second Bartlett identities associated Wig,(6) hold
only asymptotically

As in the regular caséet 8, = Vn(6,, — 6,)" and assume the existence of at
least one solution to they,, = 0 with probability that tends to unity fast

PROPOSITION 6 Under Assumption 1

A

oy = — k\i*U K kG (U ¢ — Ny st) U
W \/ﬁ W Ws n3/2 W ~*w W, st W, st/ MW, u

s ti r,s, tu -1
+ opy3/2 KW KW KW Ky, stubw,i Uwj + NG ik Ow, st Un,u + Op(n™H).

We show in the Appendix that

Eo(Ow — 0)" = kliPrws + - KWK

1 .. .
X H% tr(MTW’StMT)(MTW’uMT)} + KW,Sw/Z}

+ O(n¥2). (17)

It follows from Theorems 1 and 3 of Andrews and Liebernia@05 and from
Lemma 5 of the present paper that the first tern{i) is O(n~1*°) and the
second and third ar®(n1). Comparing the last expression (b4), we see
that the bias expansion is also contaminated by the additiowanegligible
term ki’ kyy, s because of the failure of the first Bartlett identity to holthe
variance ofé,y is easily shown to be

Cov(8\y,83) = kii®+ O(n~ ).

Similar to (16), we can construct the Whittle-based bias-corrected estimator
of 6 as

ar — Ar _ r,s = s, tu
HW,BC = Oy {KW Kw,s 1 n Kw Kw

X Hz_ln tr(M'i"WystMT)(MTW,uMT)} + Kwstu/z]}

0" =0y
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6. TESTING IMPLICATIONS

The foregoing analysis has implications for hypothesis testitadf the likeli-
hood ratio test is given by

%W(H) =L(6) — L(6), (18)

which can be expanded as

1 1 A 1 A A AL AcA
EW(H) = ﬁ Uo'+ on U,6'6° + 6n32 U, 065"
+ W UrstuSVSSStS“ + Op(n‘3/2). (29)

A substituting of the third-order stochastic expansion&dn (19) and taking
termwise expectations leads to the well-known formula

by(6)

n

E,(W(0)) = p{l + + O(ns/z)},

whereb,(8) is O(1). A full formula for b,(#) is given by Lawley(1956. This
result provides the basis for the Bartlett correction of the likelihood ratig test

namely
W(6)
W' (0) = W (20)
14+ ”T

The mean correction corrects for the distribution atsad it is well known that
the distribution ofw’(8) is x2(p) with an error of the orde®(n2).

As analyzed in Section,4he stochastic expansion to the PMLE and moment
expansions of it are nonstandacntaining additional terms that do not appear
in the regular caseAs a consequencehe Bartlett correctio(1 + b,(6)/n)
appearing in20) is not valid when the plug-in principle is employessimilar
argument holds when the likelihood ratio test is based on the Whittle estimator

7. AN APPLICATION

Consider the ARFIMAO, d,0) model(1 — B)4X, = &,,& ~ NID(0,1) andd €
(0,3). The true mean of the process in this example is taken to be iretbis
section we develop explicit bias and variance approximations for the EMLE
PMLE, and WMLE For the formerwe treat the mean as knoywvhereas for
the PMLE and WMLE we treat the mean as unknowhhe spectral density
can be written as
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f(A) = = g4, (21)
2

with

c(A) = log(2(1 — cogA))). (22)

First, we deal with the EMLE ofl. The first bias approximation to the EMLE
based on9), is shown in the Appendix to be

Bapp(d;d) = —{tr(T~1T)2}2tr(T T T17), (23)
so that
Eq(d —d) = bypu(d;d) + O(n~¥/2).

This formula can be simplified by using integral limit approximations to the
traces An approximation td23), based on an application of Theorem 7 of Lie-
berman and Phillip$2004b, gives

108/(3)
. (24)

bappz(d) = = nar

so that
Eq(d—d) = bype(d) + O(n~¥2).

Note thatbappz(a) is independent odi,AWhich is a manifestation of the result of
Lieberman and Phillipg20044a that d is second-order pivotal in this model
The bias-corrected EMLE in this model is simply

108(3)

4

Oge = d +
BC nar

In view of (10) and(A.13) in the Appendix the first variance approximation
for 6 = vn(d —d) is

« 1 . -1
Vapp(0;8) = {% tr(T_lT)z} (25)
so that

Var(8;8) = Vapu(8;8) + O(n™1).

Using (A.17), the simplified variance approximation is

A 6
Vaoro(8) = 3, (26)

which is just the well-known asymptotic variance &f
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Next, we investigate the PMLEThe additional bias term i(14) is, using
Lemma 7i) in the Appendix (7), and(A.13),

NSRg = (i T 2)1 L (_PBT—B PT+PBPT
K ''"Kg = 2ntr( ) {ntr(_ Br - By + Br )}
= (tr(T1)2) Htr(—2PT T + PT ITTPT)} 27)

The first bias approximation td is the sum of(27) and bappl(a;d). The sim-
plified bias approximation will be based on

108/(3)

4

Dapre(d; d) = o ey (—PT T =TT P+ PTTTIPT); —
app2( 03 2 on "

nm
(28)

The reason thag; is not simplified any further is that its limit is zer@he first

and second bias approximations to the variance of the PMLE are identical to
those of the MLE as follows from(15). We can construct a bias-corrected esti-
mator by subtracting frond the right-hand side of28), evaluated at. Note

that unlike the corrected EMLEn this case the correction dependsdirinally,

we deal with the WMLE For the ARFIMA(0, d,0) model

T f()\) B T B
f_wmd)\ —f_w(—c()\)) dr=0.

Together with(A.14) and(A.6) in the Appendix this implies that

1 .
and
1
KW,SIU = — % tl’(MTW MT). (30)

The first bias approximation to the WMLE is obtained upon substitution of
(A.9), (29), and(30) into (17). To obtain a simplified approximation to the bias
of the WMLE, we apply Proposition 2 and Theorem 3 of Andrews and Lieber-
man (2005. This yields

108/(3)

bappz(dw;d) = K\ Kw,s — 4

nm

We remark that the second summandb;;;bz(aw;d) is justbappz(a;d). We could
also replace<;® by 6/72, but empirically the first choice seems to perform
better Bias correction can easily be based on the last formula
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The first variance approximation @y is given by

1

R 1 1] 1 , 1 . 2=
Vapp (Ow; 8) = ; — Ky == . [ztr{MTWMT}2 + n{—%tr(MTWMT)} } ,
and the integral limit gives the simplified version

Vappo (B3 8) = perE

8. SIMULATIONS

We compute the various approximations presented in the previous section and
compare them to the simulated results obtained by Cheung and Digl884.

Table 1 contains bias of the three estimators for the ARF(DA 0) model

with n = 50, 100, 300, and 500 andl in the rangg0.05, 0.45] at a Q1 grid.

The terms appl and app2 correspond to the first and second type approxima-
tions for each of the estimatqgras described in the previous sectidie adt
terms correspond to the additional bias terris’?s and ky°«y s, for the
PMLE and WMLE respectivelyThe simulated values of Cheung and Diebold
(1994 are taken to be the benchmaikote that for the Whittle likelihood
Cheung and Diebol{1994 p. 305 considered a minimization of

i n(27TJ/n)
= f,2mj/n)’
This term is simply a numerical version of the second teritbjnWheno? =1,
the first term in(5) reduces to a constant

We start with Table 1In general all the approximations improve with,
and the approximations of the first type are superior to those of the second
type However the latter are much simpler to compugspecially for largen.
The main feature of the table is that the additional bias term of the PMLE cap-
tures much of the difference between the simulated biases of the EMLE and
the PMLE This shows that the additional term is not only nonnegligible but in
fact dominant in terms of real magnitudas opposed to order of magnityde
for the sample sizes under consideratidhe simplified bias approximations
of all estimators deteriorate asincreasesThe reason is thab,,e(d) is the
leading term in the approximation bgppl(d d) and although the former is in-
dependent ofl, the same does not hold for higher order terms in the expan-
sion for bappl(d d). See Lieberman and Ph||||;i§004b for discussionBoth
apl[,z(d d) andbappz(dw,d) are based obappz(d) so that the deterioration ak
increases affects the bias of these estimators Asgeen from the bcor entries
in the table the reduction in the bias of the bias-corrected estimators can be
dramatic
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TABLE 1. Bias of estimators

n=>50 n =100
d 0.05 015 025 035 045 005 Q15 025 Q035 045
sim —0.0283 —-0.0213 -0.0318 —-0.0365 —0.0433 —-0.0150 -0.0143 —-0.0137 -—0.0188 —0.0271
EMLE appl -—0.0261 —0.0282 Q0317 —0.0385 —0.0450 —-0.0131 —-0.0141 -0.0157 -0.0198 -0.0313
app2 -—0.0267 -0.0267 -—0.0267 -—0.0267 -—0.0267 -0.0133 -0.0133 -0.0133 -0.0133 -0.0133
bcor —0.0016 00054 —-0.0051 -—0.0098 -0.0166 -—0.0017 -0.0010 -0.0004 -—0.0055 -—0.0193
sim —0.0950 —-0.0916 —0.1068 —0.1182 —0.1339 -—0.0494 —0.0503 —0.0528 —0.0594 —0.0789
appl -0.0723 -0.0752 -0.0789 -—0.0845 -0.0775 -—0.0401 -—0.0419 -0.0447 -0.0500 -—0.0580
PMLE app2 -—-0.0729 -0.0737 -0.0739 -0.0727 -0.0592 -0.0401 -0.0411 -0.0421 -0.0434 —0.0398
adt —0.0462 —0.0470 —-0.0472 —0.0460 —-0.0325 —0.0270 —-0.0280 —0.0290 -—0.0303 —0.0267
bcor —-0.0683 —-0.0649 -0.0801 —0.0915 -0.1072 -—-0.0361 —0.0307 —0.0395 —0.0461 —0.0656
sim —0.1030 -—0.0972 —-0.1031 —0.0929 -—-0.0886 —0.0530 -—0.0502 -—-0.0471 -—0.0435 -—0.0412
appl -0.0663 -0.0675 -0.0678 -—0.0671 -—0.0656 —0.0381 —0.0387 -—0.0384 -0.0374 -—0.0353
WMLE app2 -—0.0829 —0.0845 —-0.0846 —0.0833 —0.0808 —0.0441 —0.0449 —0.0445 —0.0429 -0.0401
adt —-0.0562 —0.0578 —0.0579 —0.0567 —0.0542 -0.0308 -0.0315 -0.0311 -—0.0296 —0.0268
bcor -0.0763 -0.0705 -0.0764 —0.0662 —0.0619 —0.0397 -—-0.0369 —0.0338 —0.0302 —0.0279
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n = 300 n =500

d 0.05 Q15 025 035 045 005 015 025 035 045

sim —0.0048 —0.0041 -0.0041 —0.0064 -0.0133 -0.0019 -0.0013 -0.0020 -—0.0018 —0.0056
EMLE appl -0.0044 -0.0046 -—-0.0050 -—0.0061 —-0.0131 -0.0027 -—0.0028 -0.0029 —0.0035 —0.0076
app2 —0.0044 —-0.0044 —0.0044 -0.0044 -—-0.0044 -—0.0027 -0.0027 -—0.0027 -0.0027 —0.0027
bcor —0.0004 00003 00003 —0.0020 —0.0089 00008 00014 Q0007 00009 —0.0029

sim —-0.0173 -0.0174 -0.0186 —0.0224 —-0.0349 -0.0095 -0.0094 -0.0119 -0.0113 -—0.0195
appl -—0.0155 -0.0163 -0.0174 -0.0200 -—-0.0296 —0.0099 -0.0104 -0.0111 -0.0127 -—0.0199
PMLE app2 —0.0155 -0.0160 -0.0168 -—0.0183 -0.0210 -0.0099 -0.0103 -—-0.0109 -0.0120 -—0.0150

adt —-0.0111 -0.0116 —0.0124 -0.0139 -0.0166 —0.0072 -0.0076 —0.0082 —0.0093 —0.0123
bcor —-0.0129 -0.0130 -0.0142 -0.0180 -0.0305 —0.0923 -0.0067 —0.0092 -—0.0086 —0.0168
sim —0.0184 -0.0170 -0.0156 -—0.0147 -0.0253 -0.0135 -0.0116 —0.0097 -—0.0057 —0.0105

appl —0.0152 -0.0153 -0.0149 -0.0137 -0.0117 -0.0098 —0.0099 —0.0093 -—0.0087 —0.0059
WMLE app2 -00163 -0.0165 -0.0160 -0.0146 -—-0.0124 -0.0103 -0.0104 -—-0.0098 -—0.0091 —0.0062
adt —-0.0119 -0.0121 -0.0115 -0.0102 -0.0079 -0.0077 —0.0078 —0.0071 —0.0064 —0.0035
bcor —0.014 —-0.0126 —0.0112 -0.0103 -—0.0209 -0.0108 -—0.0089 —0.0070 —0.0030 —0.0078

Note: EMLE = exact MLE PMLE = plug-in MLE; WMLE = Whittle MLE; sim = results from Table 2 of Cheung and Diebdlth94); appl= first-order bias term app2= an
integral approximation to apphdt= additional bias term due to mean estimatiboor = approximate bias of bias-corrected estimator
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Mean-squared errors are considered in Tabl# appears that the approxi-
mations of the first type are accurate for all estimators and that the approxima-
tion errors diminish withn, as expectedThe variance approximatio\;lappz(é)
is constantbut the mean-squared errors of the PMLE and the WMLE differ
slightly as they involve their nonconstant bias approximatidvisenn = 500
all approximations are excellent and are practically indistinguishable from the
simulated values

Figures 1 and 2 contain PP plots of the likelihood ratio tests based on the
EMLE (LRT) and the PMLE(PLRT) against the asymptotig?(1) distribu-
tion, with sample sizes of = 50 and 100At the 001, 0.05, and Q1 levels of
the x2(1) distribution the null rejection rates of the ELRT are002 0.042

TABLE 2. Mean-squared error of estimators

EMLE PMLE WMLE

d sim appl app2 sim appl app2 sim appl app2

n=>50
0.05 00156 00132 Q0129 00280 00178 Q0179 Q0335 00200 Q0190
0.15 00127 00122 00129 00274 Q0171 Q0180 Q0342 00200 Q0192
0.25 00128 00109 00129 00296 00162 Q0181 Q0343 00198 00192
0.35 00102 Q0089 00129 00297 Q0146 00179 Q0311 Q0195 00193
0.45 00079 Q0045 00129 00302 Q0085 00161 Q0307 Q0191 00187

n =100
0.05 00076 Q0063 Q0063 00110 00078 Q0078 Q0121 Q0086 Q0080
0.15 00062 Q0060 Q0063 00103 Q0076 Q0078 Q0111 Q0086 Q0081
0.25 00060 Q0056 Q0063 00105 00073 Q0079 Q0112 Q0085 Q0081
0.35 00049 Q0048 Q0063 00103 00069 Q0080 00109 Q0083 Q0079
0.45 00035 00029 00063 Q0114 Q0053 00077 00113 Q0081 Q0077

n = 300
0.05 00022 Q0021 Q0020 Q0027 00023 00022 Q0027 Q0024 Q0023
0.15 00021 00020 00020 Q0026 Q0022 00023 Q0027 Q0024 00023
0.25 00020 Q0019 Q0020 Q0026 00022 00023 Q0027 Q0023 Q0023
0.35 00020 Q0018 Q0020 Q0027 00021 00023 Q0028 Q0023 Q0022
0.45 00014 Q0013 Q0020 Q0028 00020 00024 Q0026 Q0022 Q0022

n =500
0.05 00014 00012 Q0012 Q0016 Q0013 00013 Q0016 Q0014 Q0013
0.15 00013 00012 Q0012 00014 00013 Q0012 Q0015 00014 Q0013
0.25 00012 Q0012 Q0012 Q0015 Q0013 Q0016 Q0015 Q0014 Q0013
0.35 00011 Q0011 00012 Q0014 Q0013 Q0013 00015 Q0013 Q0013
0.45 00008 00009 Q0012 00013 Q0012 Q0014 Q0012 Q0012 Q0013

Note: EMLE = exact MLE PMLE = plug-in MLE; WMLE = Whittle MLE; sim = results from Table 1 of
Cheung and Diebold1994); appl= first-order mean-squared error terapp2= an integral approximation to
msel
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Ficure 1. PP plot for the LRT and PLRT in the ARFIMAO, d,0) model withn = 50
andu = 0.

0.096 whenn = 50 and 001, 0.046, 0.098 whenn = 100Q respectivelyFor the
PLRT, the values are.021, 0.085 0.154 whenn = 50 and 0016 0.069 0.127
whenn = 100, respectivelyAlthough the LRT does not seem to need the Bart-
lett correction for this model and sample sizgésappears that the curve asso-
ciated with the PLRT lies markedly underneath thé W%e. It is comforting to
know that the first-order distortion in the distribution approximation dimin-
ishes when we move from the= 50 to then = 100 caseHowever the effect

of the plugging-in on they?(1) approximation to the distribution of the PLRT
is substantial and cannot be ignored

1.0
0.8
0.6
—— chi-square(1)
2 e PLRT
0.4 -——-LRT
0.2 A
0.0

00 01 02 03 04 05 06 07 08 09 1.0

chi-square(1)

FIGURE 2. PP plot for the LRT and PLRT in the ARFIMAO, d,0) model withn = 100
andu = 0.
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9. CONCLUSIONS

Gaussian maximum likelihood estimation of long-memory models with an
unknown mean is generally done with an application of the plug-in principle in
which the true mean is replaced by afi~29/2-consistent estimator of,iprior
to maximization of the plugged-in log-likelihood with respect to the covariance
parametersAlthough the principle does not harm the asymptotic properties of
the PMLE and the WMLEthe same is not true for the finite sample properties
of these estimators
In this paper we derived asymptotic expansions for the PMLE and the WMLE
It turns out that as compared with regular ML Ese expansions for the esti-
mators and for their bias are not regulbr particular the bias expansions for
these estimators contain additional terms that do not exist in the regular case
We have found explicit expressions for these terms for general long-memory
models and calculated them in the simple ARFIMAd,0) case For this model
the additional bias term is in fact dominactusing an inflation in the bias of
the PMLE of up to 3—4 times the magnitude of the bias of the EMLE
Although the interest in this paper is in long-memory modiisprinciple,
the PMLE and WMLE expansions can be used for models of short or intermedi-
ate memorylIn the long-memory case the motivation behind using the PMLE
is the degeneracy of the asymptotict-normalized Fisher information matrix
of the full parameter vectdiu, 6). This breakdown does not occur in the short-
memory caseand so it would be difficult to justify the use of the PMLE and
with it the need to conduct a high-order analysis for it when one can simply
use the true EMLEHowever this argument clearly does not extend for the
WMLE, which is a popular estimator by its own meritor the WMLE the
results of the paper can be used for processes of short and intermediate mem-
ory, and to our knowledgesimilar results are not available yet in the literature
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APPENDIX
Lemmas 7 and 8which follow, are used throughoubefine
dr =Ry 7K drs = Ris — Krs) dr,s: kr,si Kr,s3

(A1)

drst = krst — Kists drs,t = Ers,t — Kis,t

and so onlLet

2
Ars= 1 tr{(=P)*B, (—P)*T(—=P)%By(—P)%T}, (A.2)

eaché; is either O or 11= X & = 4, (—P)% =1, and the summation is over all possible
configurations(é4, &5, €3, £4), except for(0,0,0,0). Similarly, we define

ast,u = %tr{(_P)lest(_P)sz(_P)fsBu(_P)&T}y

where the¢;’s satisfy the same conditions as before
The proof of the following lemma is available on request from the author

LEMMA 7. Under Assumption 1

() &% =d =n"tr(—PB,T — B,PT+ PB PT).
(i) ds=n"tr(—=PBsT — BsPT + PBPT).
(iii) Rrs= —RKs+ s+ ar s+ Ndds # —Kps.
(iv) dr,s = ars+ nd ds.

(V) drst = niltr(_PBrstT — BistPT + PBt PT)-
(Vi) dsty = —Nkg Oy + asry + NAstdy.
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LEMMA 8. Under Assumption 1, for each> 0,

(i) d = O(n~1*?).
(i) dg=0O(n"1+9),
(iii) d;s=O(n"1%9),
(iv) dist = O(n71+3)-
(V) as=0(n"1"?).
(Vi) At = O(n71+5)-
(vii) dis¢ = O(n?).

Note that apart frond,s ; which isO(n®), all the other terms in Lemma 8 a@(n1*9).

Proof of Lemma 8. It will be enough to deal withd,. Other quantities are estab-
lished analogouslyin view of (7) and(A.1)

1 1 1
= VBTl + — [ITB 1|+ — |1'B1|[1'T1]. (A3)

By the proof of Lemma 3 of Andrews et.gR005, which holds under Assumption, 1
there exists a 0< K < oo such that for eacls > 0, |[I'B, T1| = Kn'*®, |[I'TB/ 1| =
Kn'td |1'B, 1| = Kn129+9 and 1T1 = n?Var,(X,) = O(n'*29), Thus the right-hand
side of(A.11) is at mostKn=1"2, |

Proof of Lemma 3. The first part follows from Lemma (f) and Lemma 8&). The
second part follows from Lemma(ifi) and Lemma 8), (ii), and(v).

Proof of Equation (14). By parts(i) and(ii) of Lemma 8
Ep(k"Sktudg U, /Vn) = Vnk"SkbUdg g, = O(n~%/2+9), (A.4)
Taking expectations of13), using Lemmas 7 and, 8ve get
Ey(0 — 60)" = k" ks + % K"K Y (Kgyy + Ko/2) +O(n™¥219), [

Proof of Lemma 5. The score of5) and its expected value are easily shown to be

Uy, = 1fo(A)dA 'MTy, , M A.5
W,r n f()\) nX W, r X ( . )
and

1 1 . f()\) 1
K = Eo(Un) = T dA — 2—trMTWrMT (A.6)

respectivelylt is clear thatky,  iS not zero for finiten, so that the first-order Bartlett
identity does not holdHowever

1 . 1. . .
= oo tr(MTy, MT) = =~ tr (T T = 2Py, T+ PTy, PT),
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whereP is defined in(12). Theorem 3a) of Andrews and Liebermaf2005 implies
that for eachd > 0

tr(PTy,, T) = O(n).

In addition
, 1 ,
tr(PTW,r PT) = ? (l’TW,rl)(l’Tl).

Now, 1'T1/n? is the variance o, which is O(n=*24) and from the proof of Theo-
rem 3(b) of Andrews and Liebermaf2005 p. 20), 1'Ty,,1 = O(n*24+%) 0§ > 0.
Finally, by Theorem 5 of Lieberman and Philli§8004h, (06 > O,

- 2_1ntr(TW’rT) = - J (—F 2D F (V) F(A) dA + O(n~179)

5 4_
1 ("W
= + 1+6
Wf ) dA,+0O(n~ 1),
Thus
Ky = O(N712), 08>0, (A7)

establishing the first part of the lemma
Continuing

U = —Ny — f [_f 72()\) f. (/\) f. ()\) +f 71()\“‘. (/\)] —Xx'M i. Mx
W, rs 1 s r rs 2n W, r
_———f —fz/\f./\f./\-i-fl)tfu/\d)\
1 [ ()S()I’() ()I’S()]

1 ..
- 5 X'MTyy, s MX

and
Ky re = }E Uy o) = _1 fﬂ [=f 2 f (D) () + 2N f(A)] dA
W, rs n 0\~ W, rs At . s r rs

1 .
= S (M MT). (A.8)
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Also,
1
Kw,r,s = H EH(UW,r UW,s)
1 1
= H Covy(Uw,r,Uws) + H Ey(Uw, ) Ep(Uws)
1 1\2 , ,
= E _E 2tr{(MTyy,, MT)(MTy, sMT)} + Ny ¢ Ky s

1 . .
= %tr{(MTWrMT)(MTWSMT)}-i- NKw, r Ky, s- (A.9)

Equations(A.8) and (A.9) show that the second-order Bartlett identity does not hold
either By (A.7), the second summand {A.9) is O(n~1*?), 08 > 0. This fact together
with Proposition 2 and Theorem 3 of Andrews and Lieberr(2005, leads to

im ks = B JW [=f 2O W F ) + 1) fi()] da
’ 4 J_ .

n—oo

21 izwfﬁ @F BN ) —F 2D () F(A) da
2 4772 . s r rs

(7

=% f ANy (A.10)
and
lim Ky, s= }<i>2(2w)3fﬂ (=F 2 () F) (—F 72(A) T (X)) F(A) da
n—oo ohs 2\ 472 o r s

T (PP PRPI

= er (A (D) (A) dA. (A.11)
Equations(A.7)—(A.11) complete the proof |

Proof of Equation (17). For the WMLE

. 1
_ r — ,.r,s — s, tu _ TS t,u
Ep(Ow — 0)" = ki Kw,s T n Kw KW Kw,stu — Kw Kw,stKw Kw,u

1 r,s, .ti, uj —3/2
T o KW KW KW Kwstukwi,j T O(N72).

2n
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In the last line of the calculations we omitt@gt®xi dy, sicw,u = O(N21%). Now
Kw,stu = H E()(UW,stUW,u)

1 1
= E Cov,(Uw, s, Uw,) + H Ey(Uw,s0) Es(Uw,u)

1 .. .
on tr(MTy, e MT) (MTyy, o MT) + Ny sk e (A.12)

With (A.12),
A 1 1 . .
Ey(bw — 0)" = kiiPrws T - K\r,;,sK\t,'\,”<£ tr(MTy MT)(MTyyMT) — I"IKW’SJKW’U>

1
r.s tu r.s, ti uj —3/2
+ Ky Kw s t K Kwu T 2n KW~ Ky Kw! K, stukw,i,j O(n )

1
_ IS — els, tu
= Ky Kw,s T n Ky Ky

1 .. .
X H on tr(MTwﬁstMT)(MTW,UMT)} + Kwstu/2:| +0(n~%2), |

A Justification of (23). First,
1 N
k" = {Etr(TflT)z} . (A.13)

By a manipulation of the third-order Bartlett identityhich holds for(2), we get
Kstu T Kstu/2 = —(Ksput Kstu)/2, (A.14)

which avoids the calculation of third-order derivativé®r this model equations(7)
and(8) of Lieberman(2001) show that

1 . .
(Kstu T Ksw)/2= 7 tr(THTT74). (A.15)
Equations(9) and(A.13)—(A.15) suggest a bias approximation to the MLE based on
Bappa (0360) = 1{ : t(T‘lT')Z}i2 ! tr(T-TT-1T) A.16
appt (0 0) = =1 o0 an ’ (A.16)

or just(23). |

A Justification of (24). By Theorem 7 of Lieberman and Phillig2004b,

1 . 2
St (T )2 = % +0(nY2+3) 08>0 (A.17)
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and

1 e
2o (T T ) =30(3) + O(nV29), D5 >0, (A.18)

Using (A.17) and(A.18) in (A.16), the second bias approximation to the MLE reduces
to (24). |
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