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Abstract. Let %, be families of entire functions, holomorphically parameterized by a
complex manifold M. We consider those parameters in M that correspond to non-escaping
hyperbolic functions, i.e. those maps f € .%, for which the postsingular set P(f) is a
compact subset of the Fatou set F(f) of f. We prove that if .%,, — F« in the sense of a
certain dynamically sensible metric, then every non-escaping hyperbolic component in the
parameter space of .%o is a kernel of a sequence of non-escaping hyperbolic components
in the parameter spaces of .%,. Parameters belonging to such a kernel do not always
correspond to hyperbolic functions in .%,,. Nevertheless, we show that these functions
must be J-stable. Using quasiconformal equivalences, we are able to construct many
examples of families to which our results can be applied.

1. Introduction

Let f : C — C be an entire function. From a dynamical point of view, the complex plane
naturally splits into two sets: the Fatou set F(f) of f, consisting of all points that have
a neighborhood in which the iterates f” of f form a normal family, and its complement
the Julia set J(f) := C\F(f). The dynamics of such a map f strongly depends on the
iterative behavior of its set of singular values. This set, which we will denote by S(f),
is defined to be the smallest closed set in C such that f: C\ f~1(S(f)) = C\S(f) is a
covering map; the closure of the union of its iterated forward images under f is called the
postsingular set of f and denoted by P(f). (Basic definitions and notation are revised
in §2.) In this article, we study non-escaping hyperbolic functions in the space Hol*(C)
of all entire functions that are not constant or linear; here, a map f € Hol*(C) is said
to be non-escaping hyperbolic if P(f) is a compact subset of the Fatou set F(f). For
transcendental entire functions, this is the same as the usual notion of hyperbolicity; in
the case of polynomials, it corresponds to hyperbolic maps for which no singular value
escapes to oo (see §2.2). We want to understand how such maps behave under certain
small perturbations. It is known that within the space of all polynomials or the space of all
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transcendental entire maps with finitely many singular values, (non-escaping)hyperbolic
functions exhibit particularly simple and stable dynamics [8, 18].

The space Hol*(C) is naturally equipped with the topology of locally uniform
convergence. However, this topology is not convenient for our dynamical considerations
since maps that are nearby in the corresponding metric often have completely different
dynamics (see e.g. Example 2.7). We introduce a new metric xqyn on Hol*(C) which
is dynamically more sensible: two entire maps are close with respect to xdyn if their
locally uniform distance and the Hausdorff distance between their sets of singular values
are small.

There are certainly many examples of entire maps that converge in the metric xqyn to a
map in Hol*(C); probably the most prominent is the approximation of the exponential map
E(z) = €* by the polynomials P,(z) = (1 + z/n)". In [6], Devaney et al investigated the
relationship between the families E; (z) = Le® and P, 5 (z) = A(1 + z/n)". The result was
a nice connection between the respective parameter spaces: the authors proved pointwise
convergence of non-escaping hyperbolic components (i.e. connected components of the
set of those A € C for which E; or Py ,, respectively, is non-escaping hyperbolic) as well
as convergence of certain external rays to curves called ‘hairs’ in the exponential parameter
space (see also [4]). One can say that this point of view has provided an important
conceptional basis for much subsequent work on the exponential family.

In this article, we embed the underlying approximation idea into a formalized and
genEralized setup. More precisely, let N:=NU {oo} and denote by x5 the standard metric
on N, let M be a complex manifold with metric x» and define xg, 4, := X§ + xm. Denote
by Hol} (C) the set of all maps in Hol* (C) with bounded sets of singular values, so Hol};(C)
consists of polynomials of degree at least two and functions in the Eremenko—Lyubich
class . Our main result addresses kernel convergence of non-escaping hyperbolic
components of M; roughly speaking, a kernel of a sequence of domains O,, is the maximal
domain for which every compact subset lies in all but finitely many O,,.

THEOREM 1.1. For every n € N, let Fn={fur} CHOL(C) be a family of entire
functions that depend holomorphically on A € M. Assume that for every n, the singular
values of all maps in %, are holomorphically parameterized by M, and that F : NxM—
Hol};(C), (n, A) > fu.5. is continuous with respect to the metrics XN and Xdyn.

If H is a kernel of a sequence of non-escaping hyperbolic components of %, then
exactly one of the following statements holds.
(1)  The map f) € F is not non-escaping hyperbolic for any A € H.
(ii)  There is a non-escaping hyperbolic component Hy, of F o such that H= Hyo.

Remark. The theorem also holds when xg,,, is replaced by a metric on N x M which can
be written as a continuous image of the metrics on N and M (see Proposition 2.6).

In [14], Krauskopf and Kriete studied kernel convergence of non-escaping hyperbolic
components for holomorphic families %, = {f,,: A €C},n € N, of entire maps for which
the sets of singular values are holomorphically parameterized and uniformly bounded
in size by some finite integer. They proved the same conclusions as in Theorem 1.1,
provided that %, — %, uniformly on compact subsets of C x C. Theorem 1.1 is a
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natural generalization of their result to entire functions whose set of singular values is
(not necessarily finite but) bounded. This turns out to be exactly the set of maps for which
the notion of (non-escaping)hyperbolicity makes sense (see §2.2). Hence, Theorem 1.1
applies to a much larger set of functions, e.g. to real functions of sine type which we
discuss in §4.2. For the proof, it is essential that all singular values of the approximating
families behave in a controlled way; Krauskopf and Kriete achieved this by forcing the
approximating functions to have at most as many singular values as the functions in
the limit family. (Using classical results in complex analysis, one easily derives from
local uniform convergence that the number of singular values must then be equal for all
considered functions.) In order to study this more general case of functions with possibly
infinitely many singular values, we demand that the occurring functions converge with
respect to the metric xdyn.

The first case in Theorem 1.1 does indeed occur; an example is given in §3.
Nevertheless, parameters that belong to a kernel correspond to maps that are J-stable.
We define J-stability analogously to the classical definition for rational maps. Roughly
speaking, a map is said to be J-stable if it is structurally stable on its Julia set, so
a J-stable map is topologically conjugate on its Julia set to any map in a sufficiently
small neighborhood (see Definition 3.5). Using the same assumptions and notation as
in Theorem 1.1, we prove the following result.

THEOREM 1.2. Let A belong to a kernel H. Then fr € o is a J-stable function.

Given an entire function f together with a sequence (f,) of entire maps for which
Xdyn(fn, f) — 0 whenn — oo, there is a natural way—using quasiconformal equivalence
classes—to construct suitable holomorphic families .%,, > f;, that satisfy the assumptions
of Theorem 1.1; we explain this method precisely in §4.1. For a lot of explicit functions,
including many examples that have been of particular dynamical interest in recent decades,
non-trivial approximations in the sense of xgy, are known. However, for an arbitrary
(transcendental) entire map there seems to be no general concept of how to establish a
non-trivial sequence of maps f;, such that xayn(fs, f) — 0. This leaves open an interesting
function-theoretic question.

Structure of the article. In §2 we introduce basic definitions, notation and preliminary
concepts. Section 3 addresses the proofs of Theorems 1.1 and 1.2. In §4 we discuss
examples to which our results can be applied.

2. Preliminary constructions

We denote the complex plane by C and the Riemann sphere by C:=Cu {oc}. For a
subset V of a metric space M, we denote the e-neighborhood of V by U.(V). We will
write A € B if A is a relatively compact subset of B, i.e. if A is compact and contained
in B. If not stated differently, the boundary dA and the closure A of a set A C C are
always understood to be taken relative to the complex plane. Throughout this article, we
will mainly consider non-constant, nonlinear entire functions f : C — C; hence, f will
either be a polynomial of degree > 2 or a transcendental entire map. Recall that the space
of all such maps is denoted by Hol*(C).
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2.1. Some basics in complex dynamics. We denote by C(f):={weC:w=
f(z) for some z with f/(z) =0} the set of all critical values and by A(f) the set of all
(finite) asymptotic values of f. Recall that a point w € C is an asymptotic value of f
if there is a path to oo along which f converges to w. Note that a polynomial has no
asymptotic values. The set S(f) of singular values of f is defined to be the smallest
closed set in C such that £ : C\ f~1(S(f)) — C\S(f) is a covering map. It is well known
that S(f) can be written as S(f) = C(f) U A(f) (see e.g. [9, Lemma 1.1]). Recall that

Hol}(C) := {f € Hol*(C) : S(/) is bounded}

denotes the set of all non-constant, nonlinear entire maps with bounded singular sets. The
Eremenko—Lyubich class

P .= {f :C— C transcendental entire : S(f) is bounded}

is known as the set of all transcendental entire maps in Hol};(C). Finally, we denote the
postsingular set of f by P(f):=J,~0 f"(S(f)).

Let w € C be a periodic point of f of period k, that is, f¥(w) = w and k > 0 is minimal
with this property. The set O(w) :={w, f(w), ..., fk_l(w)} is called the (forward)
orbit or cycle of w. The multiplier w(w) of w is defined as p(w) := (fk)’(w). We
call w attracting if |uw(w)| < 1, repelling if |w(w)| > 1 and indifferent if |uw(w)| = 1. An
attracting periodic point w with w(w) =0 is called superattracting. If w is a periodic
point, then . (f(w)) = u(w) for all i; hence, we can extend the classification of w to the
whole cycle O (w) and speak of the multiplier of the cycle etc. We write Attr(f) for the
set of all attracting periodic points of f.

If O is an attracting periodic cycle of f of period n, then the basin of attraction
or attracting basin of O is the open set A(Q) consisting of all points z for which the
successive iterates f"(z), f ), ... converge to some point of O. If w € O, then the
component A*(w) of A(O) that contains w is called the immediate basin of attraction
of w. (The immediate basin of the cycle O is then the union of the immediate basins of
the points in 0.) We denote the set of all points that converge to an attracting cycle of f
by A(f).

Recall from the introduction that the Fatou and Julia set of a map f € Hol*(C) is
denoted by F(f) and J (f), respectively.

Remark. If f is a polynomial, then it extends naturally to a holomorphic map f :C—>C
with f (00) = oo and, in this case, co can be seen as a critical point and a critical value
of f . However, the dynamically relevant sets such as F(f), J(f) or S(f) of a map
f € Hol*(C) are deliberately defined as subsets of the plane (rather than the sphere)
since the consideration of the point at co does not contribute to the understanding of the
dynamics: for every transcendental entire map, oo is an essential singularity, while, for a
polynomial, oo is its only preimage.

The escaping set of f is defined to be

I(f):= {z G(C:nli)ngo (2 =oo}.
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A point z € I(f) is called an escaping point. For a polynomial f € Hol*(C), the escaping
set belongs to F(f): it can be considered as the basin of attraction of the superattracting
fixed point co of f. In contrast, if f € 2, then J(f) = 1(f) [7., p. 344].

Since we use the classification of Fatou components frequently in this work, let us recall
that every periodic Fatou component of a map f € Hol*(C) is an immediate attracting
basin, an immediate parabolic basin, a Siegel disk or a Baker domain. A Baker domain
consists of points that converge to oo and, by [7, p. 344], it cannot occur for a map
in #. In particular, every Fatou component of a map in Holj;(C) is simply-connected.
By Sullivan’s theorem [19, Theorem 16.4], polynomials have no wandering domains, i.e.
Fatou components for which no forward image is periodic. Transcendental entire maps can
have wandering domains, but it is an open question whether they can occur for functions
in the class 4.

There is a close relationship between Fatou components and (post)singular values of
a function f € Hol*(C): every periodic cycle of immediate attracting or parabolic basins
intersects S(f). (In fact, the intersection with S(f) contains a point with infinite orbit if
the basins are not superattracting.) Furthermore, the boundary of a Siegel disk is contained
in P(f). Finally, if U is a wandering domain of f, then every limit function of { |y} is
constant and contained in the set of accumulation points of P (f) or it is co.

These rather classical results (and their proofs) can be found in [2, Theorem 7], [1,
Lemma 2.1] and [3]. For more background in holomorphic dynamics, we refer the reader
to the expository works [2, 19].

2.2.  Non-escaping hyperbolic maps. Let us start with the definitions of hyperbolic and
non-escaping hyperbolic functions.

Definition 2.1. A map f € Hol*(C) is called hyperbolic if S(f) is bounded and P(f) C
F(f). We say that f is non-escaping hyperbolic if f is hyperbolic and S(f) N I(f) = @.

By definition, every hyperbolic map is contained in Hol;(C); a hyperbolic
transcendental entire map also lies in the class Z. Clearly, every non-escaping hyperbolic
map is also hyperbolic. In fact, for transcendental entire maps both terms are equivalent
since the escaping set of a map in the class 2 belongs to the Julia set. Recall that S(f) is
closed by definition; hence, if f is hyperbolic, then S(f) is a compact subset of F(f).

The next observation will be used frequently; it follows mainly from classical results in
holomorphic dynamics but we could not locate a reference; hence, we include a proof for
completeness.

PROPOSITION 2.2. For f € Hol*(C), the following statements are equivalent:
(1)  f is non-escaping hyperbolic;

(i)  S(f) is a bounded subset of A(f);

@iii) P(f) is a bounded subset of F(f).

If f is non-escaping hyperbolic, then Attr(f) is finite and F (NI (f) = A(f).

For f € Hol*(C), the set of singular values is non-empty, so if f is hyperbolic then
F(f) #9. Also, recall that F(f) = F(H\NI(f) if f € B.
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Proof. The statement is well known for polynomials [19, Theorem 19.1]; hence, we can
restrict to transcendental entire maps.

(1) = (ii). Assume that S(f) is bounded and P(f) C F(f), and let U be a component
of F(f). If some image of U, say U,is periodic, then U is either an immediate attracting or
parabolic basin, or a Siegel disk. Since P(f) C F(f), it follows from the results discussed
at the end of §2.1 that U is neither a Siegel disk nor an immediate parabolic basin; hence,
U must be some (preimage of an) immediate attracting basin. It also follows that U cannot
be a wandering domain, since the limit functions on such a domain would be contained in
J(f) N P(f), which is empty. Hence, F(f) = A(f).

(i1) = (iii). Assume that S(f) is a bounded subset of A(f). Then the components of
A(f) form an open cover of S(f) and, since S(f) is compact, there is a finite subcover.
Hence, there exist finitely many cycles in Attr(f) that attract the orbits of all singular
values, implying that P( f) is a bounded subset of F(f), and in fact of A(f).

The direction (iii) = (i) is obvious.

Now let f be non-escaping hyperbolic. We have shown that only finitely many
attracting cycles contain a singular value in their basins and, since every attracting cycle
must intersect S(f) [2, Theorem 7], it follows that Attr(f) is finite. O

Finally, we would like to remark that an entire map for which every singular value is
absorbed by an attracting cycle does not necessarily have dynamics similar to a hyperbolic
function. The requirement in Definition 2.1 that S( f) is a bounded set is indeed crucial for
Proposition 2.2 to hold: as [13, Example D] shows, there is a transcendental entire map f
with wandering domains for which all singular values are mapped by f to an attracting
fixed point.

2.3. Hausdorff and kernel convergence. Let M be a metric space. Recall that the
Hausdorff distance between two compact sets A, B C M is defined to be

dy(A, B) :=inf{e > 0: A C U.(B), B C U,(A)}.

For studying convergence of domains (i.e. open connected sets) in M, we will define a
concept analogous to the Carathéodory or kernel convergence for domains in the complex
plane. For more details, see [10, §5].

Definition 2.3. (Kernel) Let o € M and let O,, C M, n € N, be domains containing o. The
kernel of the sequence (0O, ) (with respect to o) is the largest domain O > o such that each
compact set K C O is contained in all but finitely many O,,.

We call the point o the marked point of the sequence (O,,). Clearly, the existence of a
kernel is equivalent to the existence of a neighborhood of o which is contained in all but
finitely many O,,.

We say that the sequence (O,) converges to O (as kernels) and write O, — O if O is a
kernel of each subsequence of (O,). The right-hand example in Figure 1 shows a sequence
that does not converge to its kernel.

Observe that a sequence (O,) can have more than one kernel (see the left-hand example
in Figure 1), and each of them is specified by the choice of a marked point. Now let M
be a locally compact metric space, e.g. an analytic manifold, and let O be a kernel of O,,.
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FIGURE 1. Left: the interiors of the curves are simply-connected domains with three different kernels K|, K» and
K3. Right: the domains Dy, :={z : |z| <2 — rp, Where n = r, mod 2, r,, € {0, 1}} have a unique kernel D; but
they do not converge to it.

Since, by definition, every kernel is open and since M is locally compact, every point in O
has a compact neighborhood which is contained in O. This means that we can choose any
point o0 € O to be the marked point. Hence, we will talk about the sets O, and O without
mentioning the marked point if it is implicit from the context which point is meant.

We have the following relation between Hausdorff and kernel convergence.

PROPOSITION 2.4. Let K,,, K be non-empty compact subsets of a locally compact metric
space M. Then dy(K,, K) — 0 as n — oo if and only if the following two conditions

hold:

. every component O of K¢ := M\K is a kernel of a sequence of components O,, of
KE:=M\K,;

° every kernel of an infinite sequence (Op,) of components of Ky is a component
of K€.

We will omit the proof since it is elementary and follows mainly from the definitions of
kernel and Hausdorff convergence, and since we do not require the statement for any proof
in this article; its purpose is more the illustration of how the given concepts of convergence
relate to each other. The right-hand example in Figure 1 indicates the necessity of the
second requirement in Proposition 2.4.

2.4. Dynamical approximation. Let Hol(C) be the space of all entire functions. We
denote the locally uniform distance between f, g € Hol(C) by xiuc(f, g)- The metric
xiue(f, g) induces the topology of locally uniform convergence on Hol(C), so we say that
fn converge to f locally uniformly if and only if xjuc(fy, f) = 0 as n — oo. (For more
details, see e.g. [19, Ch. 3].) It follows from the Weierstrall approximation theorem [19,
Theorem 1.4] that the space Hol(C) is closed with respect to this topology.

For entire maps with a non-empty set of singular values, we introduce a new metric
which combines locally uniform convergence with controlled behavior on the set of
singular values. Hence, this metric will be more convenient for the study of dynamics
of entire functions. Recall that Hol* (C) denotes the set of all entire functions which are
not constant or linear.
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Definition and Proposition 2.5. The map xdyn : Hol*(C) — [0, oo) with

Xdyn(f> &) = Xwe(f, &) +du(S(f), S(8))

is a metric, where dy (S(f), S(g)) is measured with respect to the spherical metric.
We will say that the sequence (f,,) approximates f dynamically if Xdyn(fn, f) — 0
asn — oo.

Clearly, there are many ways to construct a metric which depends not only on local
uniform convergence but also on the Hausdorff distance of the sets of singular values.
However, the following observation, which follows from standard calculus, justifies our
somewhat ‘rigid’ definition.

PROPOSITION 2.6. Let (A, xa) and (B, xg) be metric spaces, and let f : R>o x R>g —
Rxo be a continuous map such that f(xa, xB) defines a metric on A x B. Then the
identity map

id: (A x B, xa+ xp) —> (AX B, f(xa, xB))

is continuous.

Maps which are close in the metric xjyc do not necessarily have the property that their
sets of singular values are close in the Hausdorff metric. This does not have to be true even
in the case of a family of functions which depends holomorphically on some parameter A,
as the following example shows.

Example 2.7. Let f,(z) = e~*7+2=2 with A € C. The map fo(z) = e“~2 has 0 as its only
singular value. Now let A # 0 be any complex number. Then, apart from the asymptotic
value 0, the map f; has the additional critical value v, := el/@n)-2, Clearly, vy — +o0
when A N\ 0.

Itis well known that if ( f;,) is a sequence of entire maps such that yjuc(f, f) — 0, then
for every w € S(f) there is a sequence {wy, : w, € S(f,,) for every n} such that w,, - w
(see e.g. [12, Theorem 2]), yielding lower semi-continuity for the sets of singular values
in case of locally uniform convergence. Hence, convergence in the metric x4y, makes in
particular sure that there are no sequences of singular values of the approximating maps
fn that accumulate outside S(f). Furthermore, by using the metric xqyn we exclude the
following pathological case.

PROPOSITION 2.8. Let f,, f be entire maps such that xayn(fu, f) —> Oasn— oo. If f
is a polynomial, then the same holds for all but finitely many f,,.

Proof. Let f be a polynomial and assume that there is an infinite sequence (f,) of
transcendental entire maps that converge to f in the metric xqyn. If there exists a constant
R > 0 such that the Euclidean disk Ug(0) contains all the sets S(f;), then, for every n,
there is a curve I';, to oo such that | f;(z)| = R for all z € I';;. (One can choose I';, to be
a suitable component of fn_l(a Ur(0)).) But this is impossible since f;, converge to f;
hence, there must be a sequence (s, ) C C such that s,, € S(f;,) and s,, — oco. This
yields a contradiction since S(f) is a bounded subset of C. O
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Another reason why the metric of locally uniform convergence is not suitable for our
considerations is the fact that (non-escaping) hyperbolicity is not an open property in this
topology. For instance, let f; (z) := e** - z2. Then fy(z) = z? is non-escaping hyperbolic
while, for any sufficiently small A > 0, the critical value 4/(¢21?) escapes to co. However,
the set of non-escaping hyperbolic entire maps is open in the topology induced by the
metric Xdyn.

THEOREM 2.9. (Non-escaping hyperbolicity is an open property) The set
H :={f € Hol*(C) : f is non-escaping hyperbolic}
is open in the topology induced by the metric xqyn.
Note that H C Holz (C). Theorem 2.9 will follow from the following lemma.

LEMMA 2.10. Let f € Hol*(C) and let K C A(f) be a compact set. Then K C A(g) for
all g € Hol*(C) thar are sufficiently close to f in the metric Xiyc.

Proof. The components of A(f) form an open cover of the compact set K; hence, there
is a finite subcover. We can assume without loss of generality that K is contained in the
basin of attraction A(zg) of a fixed point zg € C of f, since otherwise we can repeat the
argument for every attracting periodic point of f. There exists a bounded open set U > zg
such that f(U) € U. By definition of iy, g(U) € U holds for all entire maps g for which
sue(f> g) is sufficiently small. By Montel’s theorem, {g¥};cn is normal in U and, by
the contraction mapping theorem, g has a fixed point in U which is necessarily attracting.
Since U is bounded, it follows that U C A(g).

There exists N € N such that fV(K) C U, so again, by locally uniform convergence,
gN(K) C U C A(g) if xwe(f, g) is sufficiently small. The claim now follows from the
complete invariance of .A(g) under the map g. a

Proof of Theorem 2.9. Let f be non-escaping hyperbolic; hence, S(f) is bounded and
contained in A(f). Choose § > 0 sufficiently small such that K := Us(S(f)) C A(f).
Since K is compact, it follows from Lemma 2.10 that there is a constant & > 0 such that
K C A(g) for all g with yuc(f, g) < 2¢. Now choose n = min{e, §}. Then, for all maps g
with xayn(f, &) < n, we obtain

S(g) CUs(S(f)) € Ag):

hence, g is non-escaping hyperbolic. o

3. Stability of non-escaping hyperbolic parameters

Recall that our goal is to prove that under certain conditions, a kernel of a sequence of
non-escaping hyperbolic components equals a non-escaping hyperbolic component of the
limit family. As we will see, it is not hard to show that every such component of F, is
contained in a kernel of a sequence of non-escaping hyperbolic components of .%,. This
statement requires even fewer restrictions than those stated in Theorem 1.1. For the other
inclusion to hold, we have to construct a more sensible setup.
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We denote by N:=NU {oo} the one-point compactification of the set of natural
numbers. The metric xz on N g\eﬁned by xg(m, n) = 2~min(m.m=1 when m % n (and
equal to zero otherwise) makes N a complete metric space. From now on, we assume
that M is a complex manifold with a metric ;. The relation

XNy (1, 2), (1, v)) i= xx(m, n) + xmu (X, v)

then defines a metric g, ;, On Nx M.

For every n € N, let #, ={fn:C— C:1e M} CHolj;(C) be a family of functions
parameterized by M. To simplify the notation, we will skip the first index entry for maps
in Foo, i.e. we will write f, for foo ) € Fo.

We want all families .%,, n € f\\l, to satisfy the following.

Dynamical standing assumption (‘dsa’). The map
F:Nx M— Hol{(C), (n.1) fus
is continuous with respect to the metrics xx, ;, and Xdyn.

The key feature of ‘dsa’ is the local uniformity in A and n: let f;, € % andlet K C C
be a compact set. Then for every ¢ > 0 there exist § > 0 and ng € N such that | f;, 5 (z) —
fr@|<eforallz € K, A € Us(Ag) and n > ny.

Remark. By Proposition 2.6, one can replace xg,. ,, by any metric which can be written as
a continuous image of the metrics xg and xps without violating ‘dsa’.

Notation. For every n € N, we denote by
H(Fy) :={r € M : f,, €.%, is non-escaping hyperbolic}

the parameters corresponding to non-escaping hyperbolic maps in the respective family.
We will usually denote a component of H(.%,) by H,, a component of H(F ) by Hso
and a kernel of a sequence (H,) by H.

PROPOSITION 3.1. Let Hy, be a component of H(F o). Then there exists a kernel H of
a sequence of components of H(.%,) such that Hs, C H.

Proof. Let o € H(Fo). It follows from Theorem 2.9 and the dynamical standing
assumption that there exists a neighborhood U (X9) C M such that U (rg) C H(Z,) for
all sufficiently large n € N. O

To prove the opposite inclusion, we have to make additional restrictions. Our
requirements, that we will assume from now on, are formalized in the following way.

Holomorphic standing assumption (‘hsa’).

(i) Foreveryn e N, the maps f, , depend holomorphically on A € M.

(i) Let neN and Ao € M. Then the singular values of f,;, are holomorphically
parameterized by M, i.e. for each singular value s of f;, ,, there exists a holomorphic
map wy, : M — C, A — w, (1) such that w, (Ag) = s and w, (1) € S(fn.5)-
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Note that the second condition of ‘hsa’ does not imply that a parameterization of
S(fn,n,) for some A needs to be an exhaustion of the set of singular values for another
parameter A # Ag. A priori, it is possible that S(f; »,) = {w,i1 (Ao)}ies for some index set 1
but {w) (M)}ier © S(fn.) for some A # Ag.

Also note that we do not assume condition (ii) to be satisfied by the maps in .%,. The
reason is that we only need a local holomorphic parameterization of the sets of singular
values for maps in .%, and, as the next statement shows, this follows from the assumptions
we already made.

THEOREM 3.2. Let H be a kernel of a sequence (H,) of non-escaping hyperbolic
components, let U 3 Ly be a simply-connected neighborhood of Ao with U € H and let
s be a singular value of f,.

Then there exists a holomorphic map w : U — C such that w(A) € S(f), w(ko) =s
and the family { ;' (w (X)) }neN is normal in U.

Proof. Let fy, € #o. By [2, Theorem 5] and [19, Theorem 13.1], the map f;, has
infinitely many repelling periodic points (in its Julia set). Let us pick two such points and
denote them by p (%) and g(X¢); let nj and n, be their periods. If D is a disk at p(1¢) such
that p(Ao) is the only periodic point of f3, of period <np in D, then it follows from ‘dsa’
and Rouché’s theorem that there are a neighborhood U (Ag) of A9 and an integer ng > 0
such that for every A € U (A¢) and every n > ng, the map f,, , has exactly one periodic point
pn(X) of period ny in D and no other periodic point of period <np in D. By the Cauchy
integral formula (after decreasing the initial disk D, if necessary), every such periodic
point p, (A) must be repelling. By the implicit function theorem, every one of these points
can be analytically continued as a repelling periodic point of period n; in a sufficiently
small neighborhood. The previous observation then implies that for every sufficiently large
ne N, there exists an analytic function p, : U(Ag) — C such that p, (1) € D is arepelling
periodic point of f, ; of period nj. By construction, p,(A) — p(A) when n — oo. We can
repeat the same procedure for ¢ (o) and obtain holomorphic maps ¢, : U’ (19) — C.

Let us now assume that Ag € H. Since H is open, there is a disk B C H centered
at Ao such that the maps p,, g, are defined and holomorphic in B and their images are
repelling periodic points of the corresponding maps (and periods). Let U O B be a simply-
connected bounded domain with closure in H. Since H is a kernel of a sequence H, of
non-escaping hyperbolic components, the compact set U is contained in all H,, for n € N
chosen sufficiently large. Hence, the maps p, and ¢, (n € N) can be holomorphically
continued to all of U, since otherwise the implicit function theorem would imply that for
some A € U, the map ,; has an indifferent periodic point.

Let us now consider the maps ®,(z) = (z — p(A))/(g(X) — p(A)) and P, (2) =
(z = pn(X)/(@n(X) — pa(X)). Conjugating fj with &, and f,, with @, ,, we obtain
conformal conjugates such that the points 0 and 1 correspond to our previously considered
repelling periodic points. Hence, we can assume that p(A) =0, g(A) =1 forall A € B and
pn(A) =0, ¢g,(X) = 1forall A € U. In particular,

{0, 3T, T(fupr) and  S(faz) CC\{0, 1}

for all sufficiently large integers n € N and the corresponding values of A.

https://doi.org/10.1017/50143385711000162 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000162

Kernels of non-escaping hyperbolic components 1429

Let s be a singular value of fj,. By ‘dsa’, there is a sequence of singular values s,
of the maps f, ;, that converges to s. Due to ‘hsa’, there are holomorphic maps w, such
that w, (L9) = s, and w, (1) € S(f,,») for all L € M. By the previous argument, we have
that w, (U) C C\{0, 1}; hence, by Montel’s theorem, {w;},cN is a normal family on U.
Let (w,,) be a convergent subsequence of (w,), and let w be a limit function which is
necessarily holomorphic. By construction, we have that w(Xo) = s, and ‘dsa’ implies that
w(A) € S(f>) holds for all A € U. Hence, w is a holomorphic parameterization of the
singular value s on U.

Consider now for a fixed v the family { fn"’ 5 (Wi (W) }en with A € U. Since the Fatou
set of an entire map is completely invariant, w, (1) € F(fy,,) implies that f,:” 5, (wy, (V) C
F(fn.r) C C\{0, 1}. Applying Montel’s theorem, it follows that for each v the above
family is normal in U. For simplicity, denote its limit by S, : U — @, A= S =
limy,— o0 fn"’ 5 (wy (1)). It follows from the local uniform convergence of the maps f,, and
w, that

Sy = lim im_ £, (wn () = Tim £ () = £ ().

By Hurwitz’s theorem, either S, C C\{0, 1} or S, =0 or 1. Recall that 0 and 1 are
periodic points of fj; hence, if S, = 0 (respectively 1), then there exists some m € N such
that S, 4+xm = 0 (respectively 1) for all k € N. Applying Montel’s theorem once more, we
obtain that {S) }, ey is a normal family on U. o

We can now prove the remaining statement, which will then imply Theorem 1.1.

THEOREM 3.3. Let H be a kernel ofa sequence of components of H(Sy). If there is a
component Hyo of H(F ) such that HnN Hyo # 0, then Hc Hyo.

Proof. We will prove the statement by contradiction, so assume that there exists some
Ao € HN 0 Hyo. With the same notation as in the previous proof, it follows that S, (B) C
C\{0, 1} for all v € N, since B’ := BN Hy, # ¥ (and hence S, |p cannot be constant 0
or 1).

For a limit function S of §,,, we have that either S=c € @, in which case S = o0, or S
is a non-constant function with S(B) c C\{0, 1}.

The case S = oo clearly cannot occur since this would mean that some singular value
converges to oo for all parameters in B but the non-empty subset B’ of B consists of non-
escaping hyperbolic parameters.

Let S, (B) c C\{0, 1}. For all » € B, there is a holomorphic map a : B’ — C such that
a(}) is an attracting point of f3 which attracts w(1). Since B D B’ is simply-connected, the
point a(A) can then be analytically continued to an attracting point on the entire domain B.
The image a(B) is bounded; hence, for every A € B the singular value w() is attracted
by a finite attracting periodic cycle of fi. Since s = w(X() was assumed to be an arbitrary
singular value of f,, we can repeat this procedure for any of the singular values of fj,.
Recall that, by assumption, %, C Hol};(C); hence, the set of singular values is bounded.
This implies that B > A is contained in some non-escaping hyperbolic component Hy, of
Z 0, contradicting the assumption that Ag € HnN 0Ho. O
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Without the assumption of dynamical approximation (which is part of ‘dsa’), we cannot
expect that a kernel H is always a non-escaping hyperbolic component of the family .F .
It is easy to find suitable examples. One such example was given in [15, Example 5]:
the authors approximated a holomorphic family of quadratic polynomials by families of
polynomials of degree four, such that a kernel of a sequence of non-escaping hyperbolic
components was a proper subset of some non-escaping hyperbolic component of the limit
family.

Here we give an example which respects our standing assumptions, showing that the
case H N H(Foo) = ¥ in Theorem 1.1 does indeed occur.

Example 3.4. Let
A—1

Vi A =2
where A € C\[1, 5], |i,] < 1 does not depend on A and w,, — 1 as n — oo (for instance,
we can choose w, =n/(n+1)). Note that Py ,(z) and P;(z) =z —2J/A — 122 + Az
satisfy ‘dsa’ and ‘hsa’. Every P, , has O as a fixed point of multiplier A. Furthermore,
there is a second fixed point a, = /i, + A — 2 with multiplier x,,. Thus, if we choose
A € D, then every polynomial P, , is non-escaping hyperbolic. Hence, there is a kernel H
of components of H(.%,) which contains the unit disk . On the other hand, every P has
a parabolic fixed point at a = /A — 1; hence, H(F o) = 0.

Pin() =2 — < + vV in +)»—2>z2+kz, (1)

Nevertheless, the behavior of f; is still stable in the sense of J-stability for parameters
belonging to a kernel. Here, J-stability is defined analogously to the case of rational maps
or transcendental entire maps with finitely many singular values (see e.g. [8]).

Definition 3.5. Let F ={f; :C— C: A e M} be a holomorphic family of entire
functions. A map f;, € G is said to be J-stable if J( f3,) moves holomorphically in a
neighborhood A C M of X, i.e. if there is a holomorphic motion

D:AXT(fry) —C

such that
O, T(fig) =T (fr) and  PQ, fi,(2) = fi(P (R, 2))
forall z € J(f;,) and all A € A.

® being a holomorphic motion means that ® is injective in z when A is fixed,
holomorphic in A for fixed z and that ®;,, = id. For more details, see [8, §8].

The map @, is a conjugacy between fj, and fj on their Julia sets; hence, it maps
periodic points of f;, to periodic points of f;. Since periodic points form a dense subset
of the Julia set, such a conjugacy is unique if it exists.

THEOREM 3.6. Let H be a kernel of a sequence of components of H(.%#,) and let A € H.
Then f) € P is J-stable.

Proof. We will prove the contraposition, so let Ag be a parameter for which f;, is not
J-stable and let A be a simply-connected bounded neighborhood of Ay. Then there is
some repelling periodic point, say of period , of f;, which has no analytic continuation as
a solution of the equation f'(z) — z = 0. Otherwise, it would follow from the A-lemma [8]
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that the closure of all repelling points of f3,, which equals the Julia set of fj,, would move
holomorphically, contradicting that f; is not J-stable.

Let p(Xo) be such a repelling periodic point and let y : [0, 1] — A, y(0) = A, be a path
along which p(Ag) cannot be continued analytically. By the implicit mapping theorem,
the point p(A) for A = y (1) must be indifferent. By the minimum modulus principle,
we can then find a nearby path 7 C A connecting Ag to some parameter A along which the
considered point becomes attracting. Hence, there is a singular value s (1) of Jf; converging
to the attracting periodic point p(A).

Now let us assume that our assumption is wrong, meaning that Xy belongs to some
kernel H. We can assume without loss of generality that the neighborhood A was chosen
sufficiently small such that A & H. Then Theorem 3.2 implies that there is a holomorphic
parameterization w of the singular value s(X) such that { fH(w())} is a normal family
on A. But then each w(A) converges to an attracting point p(A) of fj, in which case p(1)
can be continued analytically to an attracting point of f; on the whole of A, contradicting
the fact that p(A¢) is repelling. O

4. Construction of examples

As we have seen in the previous section, a sequence of families to which our results
apply has to satisfy two primary conditions, which we have formulated as the standing
assumptions ‘dsa’ and ‘hsa’. Hence, starting with an entire map f € Hol;(C), we can split
the problem into the following two:

(i) find a sequence (f;) of entire functions which approximates f dynamically;

(i1)  construct holomorphic families { f,, »} and { f1} using the functions f,, f.

We will start with the second problem. It turns out that there is a way to find natural
holomorphic families for any entire function.

4.1.  Holomorphic families inside quasiconformal equivalence classes. Recall that M is
a complex manifold. Let u be a k-Beltrami coefficient of C, i.e. u : C — C is a measurable
function such that ||u|lcc <k < 1 almost everywhere (a.e.) in C. By the integrability
theorem [16, Theorem 4.4], there exists a k-quasiconformal homeomorphism ¥ : C — C
whose complex dilatation equals p a.e. in C.

Let f € Hol};(C) be an entire map. Then the pull-back f*u of by f is given by

f (@

@ = @wo f) Q)

In particular, ||¢t]loo < k implies that || f*u]lco < k.

By the integrability theorem, there exists a quasiconformal homeomorphism & whose
complex dilatation equals f*u a.e. in C. A formal computation yields that the complex
dilatation of the map g = W o f o ®~! is 0 a.e., which means that g is a holomorphic map
[16, Theorem 1.1]. We say that g is quasiconformally equivalent to f.

Let A C M be an open connected set and let {\W; } be a family of quasiconformal homeo-
morphisms with uniformly bounded complex dilatations that depend holomorphically on
A € A. The parameterized version of the integrability theorem [11, Ch. 4.7] gives the
following way to construct such a family, starting from a Beltrami coefficient .
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Let (up)rea be a holomorphic family of Beltrami coefficients with ||y |lco <k <1
that contains (g, i.e. 1o = py, for some A9 € A. (One way to embed (i in a holomorphic
family of Beltrami coefficients is as follows: let 4 : A — D, (0) be a holomorphic map,
where r is chosen such that (1 4+r) - ||uolloo <1 and h(Ag) =0. Then the functions
wy =1+ h()) - no form a holomorphic family of Beltrami coefficients.) For every A,
let W, be a quasiconformal homeomorphism with Beltrami coefficient u, , chosen such that
all W, have the same parameterization (e.g. all ¥, fix 0, 1 and co). Then the integrability
theorem implies that A — W, is also holomorphic.

As in the previous construction, we obtain a family %o ={fL =¥, o f o <I>;1};Le A
of entire maps. By computing the derivative of the maps in the equation W, o f =
f3 o @, with respect to A, we get that the functions f; also depend holomorphically on
A (see e.g. [5, Proof of Proposition 13]). Since an entire function f is a covering map
when restricted to C\ f~1(S(f)), we obtain that S(fi) = W,.(S(f)); hence, the set of
singular values moves holomorphically in the family .%,. Furthermore, S(f) is bounded
uniformly in A since the maximal dilatations of the quasiconformal maps W, are uniformly
bounded.

Let (f;) be a sequence of entire functions which converges to f dynamically. In the
same manner as above, we define for each n the holomorphic family .%, = {f, . = Vi o
fao CD,;])»} reA by starting with the same family {W; } of quasiconformal homeomorphisms.
As before, the set of singular values S( f,,,5) = W, (S(f,)) moves holomorphically. Hence,
it remains to show that the map

F:Nx M- Hol;(C),  (n, &) > fu.

is continuous. In other words, let Ay € M and let (n, L) — (00, Ag). We have to show that,
in this case,

Xiuc(fnns frg) +du (S(fan), S(frg)) = 0.

Clearly, dp (S(fu.1), S(fap)) = du (Wi (S(fn)), Wi (S(f))) = Oas (n, ) — (00, Ao),
since W, depends holomorphically (so in particular continuously) on X and the maps f,
approximate f dynamically.

To see that xiuc(fu,1, fr,) = 0, we have to look at the sequence of pull-backs

/7
famn= (o ﬁz)%,
where u; denotes the complex dilatation of W,. By assumption, there exists a constant
k <1 such that ||/, uxlleoc <k <1 for all n. Since also f,uy — f*uy, a.e., it follows
that the (uniquely normalized solutions) ®, ; converge locally uniformly to ®;, [16,
Theorem 4.6], yielding the desired statement.

4.2.  Functions of sine type. The above construction yields many examples of families
to which our main theorems can be applied, provided that we have a sequence of functions
approximating f dynamically. There are clearly various ways of approximating an entire
function locally uniformly, but it is a very strong requirement to keep control over the sets
of singular values, since this set can be arbitrarily complicated (for instance, it can have
non-empty interior).
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For certain (families of) transcendental entire functions that were and are of particular
interest in holomorphic dynamics, appropriate approximations are known and were
extensively studied. For instance, one can approximate the exponential map by the
polynomials P,(z) = (1 + z/n)" or the function f(z) =sin(z)/z, which has infinitely
many singular values, by the maps 7,(z)/z, where T,(z) denotes the Chebyshev
polynomial of degree n.

We want to introduce another set of transcendental entire functions for which a
dynamical approximation exists, namely real sine-type maps with real zeros.

Definition 4.1. A function f is said to be of sine type o, 0 < o < 00, if there are positive
constants ¢, C, T such that

CeU\ImZ| < |f(Z)| < Cea|Imz|’

where the upper estimate holds everywhere in C and the lower estimate holds at least
outside the horizontal strip |Im z| < 7.

Let f be a sine-type function and denote by z,, the zeros of f. By [17, Lecture 17] or

[21, Theorem 3], the limit
Z
lim (1 — —)
R—o0 \ZL_S[R Zn

exists uniformly on compact subsets of C, and it defines an entire function called the
generating function of the sequence (z,), which equals f up to K -z, where K is a
constant and m > 0 is an integer [21, Theorem 2]. By definition, the zeros of f are
contained in a horizontal strip around the real axis and f has exactly two tracts over oo,
each of which contains some upper and lower half plane, respectively. (A tract over co is a
preimage component of a neighborhood of oo that contains no singular values.) It follows
from the Ahlfors—Denjoy theorem [20, XI, §4, p. 313] that f has at most two asymptotic
values. It is now easy to show the following.

PROPOSITION 4.2. Let f be a real sine-type function for which all zeros are real. Then
there exists a sequence py of polynomials such that xayn(pn, f) — 0 when n — oo.

Proof. By atheorem of Laguerre [22, Ch. 8.51], all zeros of f’(z) are real and are separated
from each other by the zeros of f. Since f is of sine type, the set C(f) and hence S(f) is
bounded. By construction, the generating polynomials cannot have ‘free’ critical values
and, by [12, Theorem 2], each singular value of f is approximated by a sequence of
singular values of the generating polynomials. Hence, the sets of singular values converge
in the Hausdorff metric. O

Remark. Standard approximation methods in function theory do not relate to the sets of
singular values in a way that would enable us to construct a sequence of entire maps that
dynamically approximate a given function f in a non-trivial way. This leaves open an
interesting function-theoretic question.
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