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Abstract. We provide a strengthened version of the famous Jakobson’s theorem. Consider
an interval map f satisfying a summability condition. For a generic one-parameter family
f; of maps with fy= f, we prove that r =0 is a Lebesgue density point of the set
of parameters for which f; satisfies both the Collet—-Eckmann condition and a strong
polynomial recurrence condition.

1. Introduction

The famous result of Jakobson [J] states that maps with stochastic behavior are abundant,
in the probabilistic sense, in one-dimensional dynamics, which opened the way to
much progress in non-uniformly expanding dynamics. Several alternative proofs and
generalizations of this result were obtained in subsequent works, see [AMO05, BC1, BC2,
Lu, Lyl, R, T, TTY, V, WT, Yo] among others. In this paper, we shall provide another
generalization of this result.

To state our result, we start with some definitions. Let f : [0, 1] — [0, 1] be a C 1 map
and let C(f) denote the set of critical points of f. We say that f satisfies the summability
condition (abbreviated (SC)), if for each ¢ € C(f), we have

> 1

) SIS

= IDf(f ()]
We say that f satisfies the Collet—Eckmann condition (abbreviated (CE)), if for each
c € C(f), we have

1
lim inf — log |[Df"(f(c))| > 0.
n—-oo n
Furthermore, we say that f satisfies the polynomial recurrence condition of exponent
(abbreviated (PRp)), if there exists C > 0 such that for any ¢, ¢’ € C(f) and any n > 1, we

have
dist(f"(c), ¢') > Cn".

If, for each B > 1, f satisfies PRg, then we say that f satisfies the strong polynomial
recurrence condition (abbreviated (SPR)).
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Let A be the collection of C! interval maps f :[0, 1] — [0, 1] with the following
properties:

° f has no attracting or neutral periodic orbits;

° each critical point of f lies in the interior (0, 1);

e fisC?outside C(f);

o for each critical point ¢, there exist £ > 1 and a C3 diffeomorphism ¢ : R — R such
that ¢(c) = 0 and such that | f (x) — f(c)| = |¢(x) — ¢(c)|* holds near c.

Consider a one-parameter C! family f; : [0, 1] — [0, 1], t € [-4, 8], with fp € A. We
say that this family is regular if the following hold:

(1) themap (¢, x) — fi(x)is CZon {(tr, x) €[5, 8] x [0, 1]: f/(x) #0};

(2) there exist C? functions ¢ [-6,6]— (0,1),i=1,2,...,d,suchthat 0 < c{(t) <
o) <---<cq(t) <land C(fy) ={ci(r) : 1 <i <d};

(3) foreach1<i <d, thereexist £; > 1, ¢ >0 and a C? family ¢; of diffeomorphisms
of R such that ¢;(c;(1)) =0, and | f;(x) — f;(ci(t))| = |g; (x) — @ (c;(1))[" holds
when |x — ¢;(t)| < e and |t| <§.

It is easy to see that if f; : [0, 1] — [0, 1], € [—1, 1], isa c3 family such that fy € A
has only non-degenerate critical points, then for § > 0 small enough, { f;}:|<s is a regular
family. In addition, if f;, r € [—1, 1], is a real analytic family such that all of the maps
ft have the same number of critical points, and the corresponding critical points have the
same order, then f; is regular.

For a measurable subset X of R", let Leb, (x) denote the Lebesgue measure of X in R”.
For simplicity, let | X| denote Leb; (X) for the measurable set X C R.

MAIN THEOREM. Consider a regular one-parameter family f;:[0,1]— [0, 1], t €
[—1, 1], and denote F (x, t) = f;(x). Assume that:

° fo satisfies the summability condition (SC);

° the following non-degeneracy condition holds for t = 0:

i 0 F(f/ (), 1)

NV 7
i=0 Dfi (fi(c))

#0 for any critical point ¢ € C(fy).
Define
Z = {t € [—1, 1]: f; satisfies (CE), (SPR) and (N V;)}.
Then we have
. =&, elNZ|
lim — =
e—0 2e

1.

In particular, | Z| > 0.

Like most of the approaches to the Jakobson’s theorem, our proof is purely real analytic.
Compared with the previous works, our assumption on fj is much weaker and the result
on strong polynomial recurrence condition is new. Previously the weakest assumption was
given in [T], where fy satisfies (CE) and the critical points are at most sub-exponentially
recurrent. Our analysis on the phase space geometry is based on the recent work [S] by the
second author, and these estimates are transformed to the parameter space by modifying
the argument in [T].
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For the family of real quadratic polynomials, our theorem is implicitly contained
in [AMO5], where the complex method developed in [Ly1] was applied to relate the phase
and parameter spaces. The complex method is powerful for uni-critical maps, but does not
work for multimodal maps.

The non-degeneracy condition (NV;) was introduced in [T]. In [AMO03], a geometric
interpretation of this condition was given: for a real analytic family f; of unimodal maps
for which fy satisfies (SC), (NV;) holds at r =0 if and only f; is transversal to the
topological conjugacy class of fy. In [A, Lel], it was proved that for the family of quadratic
maps Q;(z) = 22 41, if O, satisfies (SC) then the condition (NV;) automatically holds at
t = tp. By [Ly2], foralmostevery ¢ € R, Q; is either uniformly hyperbolic or satisfies (SC).
Thus, our theorem gives a new proof of Theorem A and a part of Theorem B of [AMOS].

Recently this transversality result has been generalized to higher-degree polynomials
in [Le2]. With this result, we can extend our Main Theorem to the high-dimensional
version. More precisely, for any positive integer n and a = (aj, az, . . ., a,) € C?, let
Pa=Y" aix' + (1 =Y"_ a)x"*!. Hence, Pa(0) =0and Py(1) = 1.

Let P be the collection of polynomial maps P with the following properties:

e  P([0, 1D O, 1J;
° Plio,11 € A and P|po, 17 satisfies (SC).

COROLLARY. Fixing a positive integer n, we define parameter sets
A=laeR": P, € P},

and

Ao ={a € A : Pyl|o,1) satisfies (CE) and (SPR) conditions}.
Then we have Leb, (A\Ag) = 0.
Proof. Consider the parameter set A| = {a € R" : P, has degenerate critical points}. For
any a € Ay, the discriminant A(a) of P} is equal to zero. Since A(a) is a polynomial in a,
the set A has codimension one in R”, hence Leb, (A1) = 0.

Define
[T ={aeC": allcritical points of P, are non-degenerate}.

Fix a,eIl. For a in a small neighborhood of a,, the critical points of Py,

c1(a), c2(a), ..., cyp(a), depend on a analytically. Letting v;(a) = Pa(cj(a)) for j =
1,2,...,n, by [Le3, Proposition 1], {vi(a), va(a), ..., vy(a@)} is a local analytic
coordinate.

Now let a, € A\Aj. Suppose that cy, c2, ..., ¢, are all the critical points of P,, in

(0, 1). By [Le2, Theorem 1], the rank of the matrix
L = (L(cj, vi))1<j<r,1<k<n

is equal to r, where

OP"™(¢c:)/0 _
L(cj, vx) := lim r:ngcl/)/ Uk|a_a*.
m— 00 (Pa* )/(Pa*((fj))
Note that {a1, az, . . ., ai} is a global analytic coordinate, and we define
OP"™(¢c:)/0 B
L(cj, a) := lim —2 (Cf/)/ ak|a_a*'
m— 00 (P;’:_ )’(Pa* (Cj))
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Hence, the rank of the matrix

! Al

is equal to r and all entries of L are real numbers.
For any direction u € Sl let FW(x, t) := Pa,+ru(x), then we have

i % F™ (P (c;j). 0)
DPJ'(Pa,(c)))

m=0

= (L(cj, a1), L(cj, az), ..., L(cj, ar)) - u.

Thus, the (NV() condition holds for F®™ (x, ) if and only if all entries of L - u are non-
zero. Since the rank of the matrix L is equal to r, all rows of L are non-zero. If the kth
entry of L uis equal to zero, then u is contained in the intersection of a hyperplane in R”
and S"~1. Thus, for almost all u in §"~! (endowed with the Lebesgue measure on sl ),
all entries of L - u are non-zero.

Hence, for almost every direction u in $"=1 the (NVjg) condition holds for the one-
parameter family F® (x, ). Together with our Main Theorem, it follows that a, is
a density point of the set A along the line a, +tu. By [AMO3, Proposition 5.2],
Leb, ((A\A1)\Ag) = 0. Then the statement follows. O

The paper is organized as follows. In §2, we state a Reduced Main Theorem from which
we deduce the Main Theorem. The rest of the paper is devoted to the proof of the Reduced
Main Theorem. As described by Adrien Douady, the proof consists of two steps: in §3 we
‘plough in the phase space’ and in §4 we ‘harvest in the parameter space’.

2. Reduction

2.1. Normalization. A regular family g; : [0, 1] — [0, 1], t € [—1, 1], is said to be

normalized if the following hold:

(i) the maps g;, te€[—1,1], all have the same critical points (denoted by
Cl1,C2y v, CQ)

(ii) there exists ¢4 > 0 and for each i € {1, 2, ..., d} there exists £(c;) > 1 such that
lg: (x) — gi(ci)| = |x — ¢;|*“) holds for all t € [—1, 1] and x € B(c;, €#);

(i) [0:G(x,t)| <1forallx € [0, 1]and |t| < 1.

To prove the Main Theorem, we only need to consider a normalized regular family.
Indeed, given any regular family f; : [0, 1] — [0, 1], # € [—1, 1], one can find a Cc? family
hs, t € [—1, 1], of diffeomorphisms from [0, 1] onto itself, such that f, =hso f;o hz_l
all have the same critical points and are normalized as in (ii). Furthermore, take a small
constant « and define g; = ﬁ,(. Then the family G(x, t) = g;(x), t € [—1, 1], satisfies all
the properties (i)—(iii). Note also that if fy satisfies (SC), then g satisfies (SC); and if F
satisfies the non-degeneracy condition (NVy) at ¢ = 0, then so does G.

In the remaining of this paper, we assume that F is a normalized regular family. Let C
denote the common set of critical points of f;, and let

Lmax = max{l(c) :c €C}, Lmin =min{f(c):c e C}.

Moreover, let f = fy and CV = f(C).
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2.2. The (CE) and (PR) conditions. Foreachc e C and§ > 0, let

B(e: 8) = Ble, 8@, D(8) = > = Lt
|B(c; 8)] 2
and let
B®) = B(c: 5).
ceC
The space { f;};e[—1,1] is admissible in the sense of [S]. Thus, by [S, Theorem 1], we

have the following proposition.

PROPOSITION 2.1. For each ¢ > 0 small enough, there exist A(e) > 1 and a(¢) > 0 such
that

lim A(e) =00, lima(e)=0

e—0 e—0

and the following hold for |t| < ¢. .
(i) Let x€e[0,1] be such that dist(x, CV) <4e, with f,/ (x) ¢ B(e) for j=

0,1,...,s—1and ff(x) € E(c; 2¢) for some ¢ € C. Then,
A(g)
IDf; () 2 5= exp(e“©s). 2.1)
(i1) Let x €0, 1] be such that ftj(x) ¢ §(8)f0rj =0,1,...,5s —1, then
IDF? ()] = As'~bmix exp(s2©)s), 2.2)

where A > 0 is a constant independent of ¢.

Remark. This result is our starting point to prove abundance of Collet-Eckmann
parameters near a summable one. The proof is based on decomposition of an f;-orbit
into pieces that can be shadowed by fy-orbits and a delicate choice of the binding periods
played a central role.

Let N={0, 1, ...} denote the set of natural numbers. Define
ge(x) = inf{k eN:x¢| B e—"“%)}. (2.3)
ceC
Note that for x € B (c; &) with ¢ > 0 small and ¢ € C, we have
|Df,(0)] = £(e)dist(x, €)1O! = p(e) (e WO gy 1=
- e—Qa(X)(Z(C)—l)DC(g) - e—qs(x)fmach(g)_ (2.4)
Thus, the following is an immediate consequence of Proposition 2.1.

LEMMA 2.1. Provided that ¢ > 0 is small enough, the following holds: for any y € g(s),
t €[—e, €], andn > 1, putting

m=#1<k<n:ffy) e B)),
we have

e2®p

DS (fy () = Ag' s A ()" exp(—emax > qg(f/‘(y))>e (2.5)
k=1
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Furthermore, if f!'(y) € g(s), then

n
um%mwnzA@Mm4}%m§:%wﬁw0. 2.6)
k=1
Proof. Let0=ng <nj <--- < ny be all the integers in {0, 1, . .., n} such that f,nj (y) e

E(s). Note that dist(f;(y), CV) <2e. Applying Proposition 2.1(i) to obtain lower
bounds for |Df; /" _1( £ +1(y))|, 0 < j < m, applying (ii) to obtain lower bounds
for |Df " (£ (y))| in the case n,, < n, and applying (2.4) give us the desired
inequalities. m|

Forte[—1,1],e >0andc €C, let Sic)(t; &) < Séc)(t; << S,(lc)(t; g)<--- be
S(-C) t;e)+1 ~
the positive integers such that f, / (v (c) € B(e), and let

© (1o
49w e =g . @7

2.2.1. Convention. If c returns to E(s) at most n — 1 times, then let S,(,c) (t; &) = oo and
()
d, (t;e)=0.

Given C > 0, foreachn =1, 2, ..., we define
k
Xne(C)= {t €—e, g]: Z d](.c)(t; &) <Ckforanyk <nandc e C}, (2.8)
j=1
and
o0
Xe(C) = (") Xne(C). (2.9)
n=1
Given C >0and 7 > 0, foreachm =0, 1, ..., we define
el/t©
Y™, 1) = {z € X.(C) : dist(f*1(C), ¢) > TEET for0<k <mandce c}
(2.10)
and
o
Ye(C.t)= [ YI'(C. D). (2.11)
m=0

LEMMA 2.2. We have the following.

(i) Given C > 0, the following holds provided that ¢ > 0 is small enough: for any
t € X:(C), f; satisfies the condition (CE).

(i) ForanyC >0,7>1landa >0, ift € Y.(C, 1) and ¢ > 0 is small enough, then f;
satisfies the condition PR;.

Proof. Forany t € X.(C),n > 1 and any c € C, let

m=#1<k<n:ffc)eB)).
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By Lemma 2.1, we have

m
IDFI(fi(@)] = Ae!~Cmise M A (o)™ exp(—emax Y a9 s))
j=1

—1 3 —1
Z Agl_ﬂmaxgga(g)” (A(S)E_Emaxc)m Z Agl_gmaxe‘ga@)n

’

provided that ¢ > 0 is small enough so that A(g) > e'mxC Hence, f satisfies the condition
(CE). The second statement is trivial. O

REDUCED MAIN THEOREM. Let F = (f;) be a normalized regular family of interval
maps. Assume that fy satisfies (SC) and that the condition (NVy) holds at t = 0. Then:
(i) given C > 0 there exists K = K(C) > 0 such that K(C) — oo as C — o0 and such

that

|Xn,8(c)\Xn+1,s(C)| <K™"e, n=12,...,

provided that ¢ > 0 is small enough;
(i) given C > 0, for any t € X.(C), (NVy) holds provided that ¢ > 0 is small enough;
(iii) givenC >0, T > 19 > 1, and o > 0, we have

Y2 oNYHC D <oem+ 1D, m=0,1,...,
provided that ¢ > 0 is small enough.

Proof of the Main Theorem. For t > 1, let Z, denote the set of parameters ¢ € [—1, 1] for
which f; satisfies the conditions (CE), (NV;) and (PR;). We shall prove that

|Z: N[—¢, el
m —,— =

li 1. (2.12)
e—0 2¢e
Fix 79 € (1, 7) and n > 0. Choose a large constant C > 0 and a small constant o > 0,
such that -
2K —3 -
. —crmZ::O(m—i—l) >2-—1,
where K = K (C) is as in the Reduced Main Theorem. Provided that ¢ > 0 is small enough,
we have
Xo(C) = X1 (O] = 3 X (O\X o) > 2K =3
1 Xe(O)] = 1X1,6( )I—;I e (CO\Xn41,6(C)] = 1 &
and

oo
Ye(C, D) = 1Xe(O)] = Y IY(C, D\YTH(C, D) = 2 — e
m=0
By Lemma 2.2, and the second statement of the Reduced Main Theorem, we have
Y:(C, ) C Z-. Thus,
1Ze N[—e, el = 2 —ne.
The equality (2.12) follows.

To complete the proof, we shall show that Z,\Z has zero measure. Since Z =
ﬂ,fil Z, Lx—1, we only need to show that for each 7 > 1, Z)y\Z, has measure zero.
Indeed, for each 19 € Z, and 7 > 1, we can apply the above argument to f;, instead of
fo, and obtain that 7 is not a Lebesgue density point of Z,\Z;. By the Lebesgue density
theorem, the statement follows. O
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2.2.2. Notation. We collect the notation which will be used in the rest of the paper. For
each c e C, let

WO =3 D" (SN <00
n=0

and

= Df(f(c)
For any x € [0, 1], € [—1, 1] and n € N, we define
& IDf W)
10 dist(f{ (x), ©)

4 — i AEGD.0)

A(x,t,n)=

So if f,‘j (x) € C for some j < n, then A(x, ¢, n) = 0.
As before let Sj(c) (t; €) denote the jth return time of f;(c) into B(¢g), and let dj(-c) (t; 8)
be as defined in (2.7). Define
595
|IDf, (f1())]

S(-C) H 1 ’
dist( £ o), 0)

1P (t; o)
A(fi(o). 1, S0(t: £))

P}“) (t; &) =

p}c)(t; ) =log

and
P (11 &) = min{p'? (1; £), 4\ (1: £)).

3. Ploughing in the phase space

In this section, we obtain some estimates in the phase space. The main results are
Propositions 3.1 and 3.2 below. Lemmas 3.2, 3.4 and 3.5 used in the argument are taken
from [S]. Note that the non-degeneracy condition (NV;) plays no role in this section.

3.1. A uniform summability.

PROPOSITION 3.1. Given § > 0, the following holds provided that € > 0 is small enough.
Foranyt € [—8, el, ceC, x €[0, 1] with dist(x, f(c)) < 4e, if n is a non-negative integer
such that f; (x) & B(e) holds for all 0 < j < n, then

n
Y IDF ot = w© +6.
j=0
Before we prove this proposition, let us state a corollary.

COROLLARY 3.1. Given 6 > 0 and C > 0, the following holds provided that ¢ > 0 is small
enough: foreacht € X, .(C) and c € C, if Sy, is the nth return time of f;(c) into B(¢), then

Sn )
Y IDFfienITh =W 0.
i=0
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Proof. Denote W = max.cc W and fix constants § € (0, 0) and A > (W + 0)/(0 —6).
Let So = —1, and for each j > 1, let §; be the jth return time of f;(c) into B(g). Write

yj= fts'/ + (¢), xj = fi(y}). Provided that ¢ > 0 is small enough, by Proposition 3.1, we

have
Sk+1—Sk—1

Hi:= Y IDfixl™ < W+,
i=0

foreachk =1, 2, . ... Moreover, by Lemma 2.1, we have |Df,sk+1(f, ()] = A¥. Thus,

Sn n—1
YDA SN WO s+ D DT AT He< WO 0. D
i=0 k=1

Fix g9 > 0 small such that Proposition 2.1 holds for all ¢ € (0, 4¢¢] with A(e) > 4. For
each ¢, ¢’ € (0, 4g9] and ¢ € C, let D (¢, ') be the collection of all triples (x, #, n) with
the following properties: |x — f(c)| < 4¢’, |t] <e, and n is a non-negative integer such
that f/ (x) & B(e) forall 0 < j < n, and let

n
L©O(e, &) = sup{z IDFI ()7 (x, 1, n) € DO, e’)}.
i=0
Moreover, let
LO(e) =L, o),
L) =sup{L9(e') : &' € [e, de0l},  La(e) = maé( L),
ce
and
L(g, ') =max L (e, &).
ceC
By Proposition 2.1(ii), 1 < L,(e) < oo for each ¢ > 0.

LEMMA 3.1. Forany 0 < ¢ < &’ < 2g, we have

/ 1_emax
Le &) < 4L>,<(e><8 ) . G0

&
Proof. It suffices to prove that for any integer k > 0 such that 2€e < 4¢(, we have
L(s, 26) < 2L, (s) - 2K(1—tma0) | (3.2)
Indeed, this implies that for any ¢’ € [Zk_ls, 2k e], we have

1

max

AN A
L(e, &) < L(e, 2%) < 2L, (e) - 2K0—tmi) < 4L*(8)<8—> ) (3.3)
e
Let us prove (3.2) by induction on k. By definition, the case kK = 0 is clear. Assume
that (3.2) holds for all k£ not greater than some j. Let us consider the case k = j + 1 with

2/*lg < 4gy. For c € C and (x, t, n) € D9 (g, 2/11¢), we need to prove that

n
] ; —1
Y IDf )T = 2L () - 20D e, (3.4)
i=0
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If fi(x) ¢ B(2/t'e) holds for all 0 <i <n, then (x, ¢, n) € D2/ +1e, 2/t1g) 50
(3.4) holds by the definition of L. Otherwise, let m € {1, 2, ..., n — 1} be minimal such
that f"(x) € B(2/T!¢). Then

Y OIDF @I < L2t e) < Lae).
i=0

Let c, €C be the critical point closest to f/”(x) and &, = Iftmﬂ(x) — fi(ex)|. By
Proposition 2.1(i), we have

m+1 j+1 Ex 1=t Ex 1=
IDf"T ()] = ARV e) >4 :

2i+lg 2i+lg
Note that |ftm+1(x) — f(cy)| <284 If £, /2 < &, we have that

n—m—1

l_ér;;.)(
Y D el sL*<a)s4L*(s><§—z> ,

i=0

where for the last inequality we have used ¢, > ¢. Otherwise, ¢ < &,/2 < 2J¢, and by
induction and (3.3), we have

n—m—1 1—lis
Yo DA e < L, e*/z)s4L*(e)<;—;> :

i=0
Thus,
n m n—m—1
STIDF @I =D IDA @I 1D @I Y DA o)
i=0 i=0 i=0
< 2L, (£)20 D1~ tma) o

To complete the proof, we shall need the following result which is a reformulation of [S,
Proposition 5.2].

LEMMA 3.2. Fore > O sufficiently small and each ¢ € C, there exists a constant Ag(e) > 0
and a positive integer M = M.(¢) > 1 such that lim,_.o Ao(e) = oo and such that the
following holds: for any t € [—¢, €] and y € [0, 1] with |y — f(c)| < 4e, we have

vi =) ¢BQe) forall0<j<M; (3.5)
e IDFI(f(@)] < IDF )| < elDFI ()] forall0<j <M. (3.6)
If M) ¢ B(eo), then

11—

max

IDFMH (y)] > Ao(8)<i—0> . 3.7

If fM(y) € B(so) and fM(y) ¢ B(e), then

<dist( My, CV)) 1=
- .

IDFMH ()] = Ao(e) (3.8)
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LEMMA 3.3. Let § > 0 be given. Then for ¢ > 0 small enough, and any c € C,

L(e) < W +8L.(e).
Proof. In the following, we assume ¢ > 0 small. We need to prove that for each (x, t, n) €
D, ¢),

STIDF @I < WO 4 8Ly (). 3.9)
=0

Let M = M. (¢) be as in Lemma 3.2. We first prove

min(n, M) .
Y DA @I =Wt sL.(e)/2. (3.10)
j=0

Take N large enough such that

N
STIDFIFNT = WO —5/(4e).

Jj=0
By continuity, we have

min(n,N) )
Y DS @I = WO +8/4. G.11)
=0

So (3.10) holds when min(n, M) < N. If min(n, M) > N, then by (3.6),

min(n, M) ) M )
T DI e Y IDFI(fe)IT £8/4 <8Lu(e) /4, (3.12)
j=N+1 j=N+1

since L. (&) > 1. Together with (3.11), this implies (3.10).
In particular, the inequality (3.9) holds if n < M. Let us assume now that n > M, so
that ftM (x) ¢ B(¢). To complete the proof, we need to prove that

n

" IDF 01 <8Ly(e)/2. 3.13)

j=M+1
We distinguish two cases.

Case 1. Assume that f,M(x) € E(c*; go) forsomec, € C. Lete, := dist(f,M"’1 (x), f(cy)).
Then ¢, € [¢, 2g¢] and (f,MH(x), t,n—M —1) e D% (e, &,). By Lemma 3.1, we have

Y N — L(s, &) 4L, (¢) £\ |~ lmax
IDF o = < (_> ,
j:;_i_l t |thM+1(x)| |thM+l(.X)| e

Together with (3.8), this implies that

n

7D @) < 4n0(e) T Lale) < SLu(e)/2.
j=M+1
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Case 2. Assume that ftM (x) ¢ B (¢0). Let k be the maximal integer with M < k <n and

such that f/ x) g B (g0) for all M < j < k. By Proposition 2.1(ii), there exists a constant
C > 0 such that

k—M—1 _
Y. DM e < C, (3.14)
j=0
IDFM M e = 1y C (3.15)

Thus, by (3.7),

k : C & 1_2;12!1)(
Z IDf )|t < DM ()7 < ( > <8Ly(e)/4.  (3.16)

T Ao(e) \ €0

In particular, (3.13) holds if £ = n. Assume that k < n. Then there exists ¢, € C such that
FK(x) € B(cy; £0). Let &y :=dist(f£T1(x), fi(cx)) € [e, &0]. Then

(@), 1, n =k — 1) e D (g, &5).
So, by Lemma 3.1,

n . & lfer;lallx
> I I <D ,k+1<x>|“4L*(e><—*> :
j=k+1 €
On the other hand,

k 176;*1 l_e;lelxx
IDfi (f; (X)) = Lc, e > &4 ,

so, by (3.15) and (3.7),
IDFEL Ol = IDFMHL DML M N ID S (fF (0]

1-¢54 _¢=1
AO(8)80 max £y 1—£ax
>—| — .
C

€
Therefore,
Xn: IDf (07! < ‘LCL—"fZ,I <5L.(e)/4.
j=k+1 No(e)gy ™
Together with (3.16), this implies (3.13). This completes the proof of the lemma. O

Proof. (Completion of proof of Proposition 3.1) By Lemma 3.3, it suffices to show that
L.(¢) is uniformly bounded. Arguing by contradiction, assume that this is not the case.
As Lfkc) (¢) is monotone decreasing in ¢ for each c, it follows that L.(¢) — oo as ¢ — 0.
By the definition of L) (¢), this implies that there exists &g — 0 and ¢ € C such that
2L (g4) > Ly (g1). However, by Lemma 3.3, we have

Li(er) < 2L (gr) <2W + 1L, (ep),

provided that k is large enough. It follows that L (g;) < 4W(©, a contradiction. O
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3.2. Essential returns.

Definition 3.1. We say that S\ (¢; ¢) is an essential return time of f;(c) into B(e) if
P,f")(t; &) > 3"_kPk(C)(t; g) foralll <k <n.

Given Cg > 0, we define

T© (t;e)=1k>1: S,EC) (t; €) is an essential return time of f;(c) into E(s)},

€ess
and
T(c) . _ ©)(s. RN (PN
Toss (Co, t; &) =k € Ty (t; ) - py (85 &) > Co}.

€SS €SS
~(c)

Refer to the end of §2 for the definition of the notation Pn(c), Py > €etc.
The goal of this section is to prove the following proposition.

PROPOSITION 3.2. Given C >0, Cp>0, t>1 and y € (0, 1), the following hold
provided that &€ > 0 is small enough.

(i) Forte X, (CO\Xp41:(C),n=1,2, ..., there exists ¢ € C such that
oo e = (vC — Con.
ke (Co.t:6).k<n
(ii)) For teY['(C, r)\YEmH(C, ), m=0,1,2,..., there exists c€C and n¢€

i(sé)(Co, t; &) such that m = S,(,C) (t; &) and
p,(f)(t; &) >yt log(m + 1).
We shall need the following lemma which is [S, Proposition 5.6].

LEMMA 3.4. For any ¢ > 0 small enough, there exists a constant «(¢) > 0 such that
for |t| <& and x €10, 1], if n is an integer such that f,] (x) ¢ B(e) for 0 < j <n and
f'(x) € B(c; ¢€) for some ¢ € C, then

|Df/ (x)|

A(x, t, < C—
(x,t,n) <k(e) B ol

(3.17)
and such that
k() >0 ase— 0. (3.18)
We shall also need the following lemma which is [S, Lemma 2.1].

LEMMA 3.5. There exists a constant 6y > 0 such that for any (x, t) € [0, 1] x [—1, 1] and
any integer n > 1 with A(x, t, n) < oo, putting

o 0o
J=[x— X+
A(x, t, n) A(x, t, n)

we have that f'|J is a diffeomorphism and
e IDF I = IDF (I < e IDF ()
holds forall y € J and 0 < j <n.

i| N[o, 1],

In the following, fix C >1, y €(0,1) and denote p=1— /Yy, p1=p/4, p2=
01/(2lmax). Let ¢ > 0 denote a small constant and we fix a parameter ¢ € [—¢, ¢]. For
simplicity, we shall drop ¢, ¢ from the notation. So Si(c) = Si(c) (t; ), dl.(c) = dl.(c) (t; e), etc.
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3.2.1. Free returns. Define
$©40 © /
59 =sup(s > SV AT (), 1,8 = S1) < e DD,
and
5O —inf(s > $: £5+(c) € B(e)),

©
. . L 5741
where ¢’ denotes the critical point of f which is closest to f; (o).

LEMMA 3.6. Considert € X, :(C),c€Cand 1 <i <n. Then

S941
> qe(fF @) < pr-d. (3.19)

k=842
Moreover, if there exists j < n such that S;.c) = Si(c), then

©
P . .

log —— > d'9 — p1d + (log 3) - (j — i). (3.20)
P_(c) J 1

Proof. Assume & > 0 small and let a = 2€max/(Umin — 1), &’ = e%s. Let ¢; denote the

iy . o 5941 o . .
critical point of f which is closestto f,* ' (c). For simplicity of notation, we shall write

Sy = SIEC), Sk =:S‘\]EC) and dj =d1§c) for each k. Let y = f; ), x= £, v=fi(c)
and v; = f;(c;). Note that A(x, ¢, S; — S;) <60/|vi — x|. So by Lemma 3.5, for 0 <k <
S; — S;, we have

e " IDFF Ol < IDFF i) < el DFFF (), (3.21)

and
_dist(F T ), £ )

IDfF () > e (3.22)
lvi — x|

We shall first prove that

M:=#{1<k<58—S8:ffw)eBE)) <pdi(C+a+1)"" <n. (3.23)
and

Si=Si
Z f]s’(ftkH(Ci)) <(CH+a+ 1M < prd;. (3.24)

k=0

Indeed, g,/ (z) < q:(z) + a + 1 holds for each z € [0, 1], and thus

t€Xpe(C)C Xy o(CHa+1). (3.25)

Therefore, the inequality (3.24) will follow once we prove (3.23). Let T1 < T» < - - - be all
of the positive integers such that f,TkJrl (ci) € B(¢') and py, be the critical point of f which
is closest to f,TH] (ci). Then, for each 1 <m < n, by Lemma 2.1, we have

IDFI T (fiei))] = (A(eh)e ™ tmax(CHathym (3.26)
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hence

DS (el _ DS Srten)]
L e = pul DT e e — pul
IDF N (el )™ = (Aeh)e tman(CratDym gy =1,

A(Ul‘, t, Tm + 1)

v

On the other hand, by Lemma 3.5, we have
A@i. 1,5 — S) < Ax, 1, 5 — ;) < fpe DU g~

The inequality (3.23) follows.
Let us now prove (3.19). Indeed, by (3.21), for each 0 <k < §; — S;, we have

IDf; (fE i < 2IDf (FF())I, s0 g (fF (i) = o (£ (x)). Thus,

58
D ode< Y qu(ff ) < podi, (3.27)
i<k<j k=0

which implies (3.19) since p2 < p1.
To obtain (3.20) it suffices to prove the following two inequalities:
Si—=S8i—1

|Df, )| = A1(e) T (De; (e)) 7" (3.28)

and
IDf T )] 2 ke exp(Elei)d; — p2tmaxd:) (De, (€))7, (3.29)

where Aj(e) = oo as ¢ — 0 and k > 0 is a constant.
Indeed, combining these two inequalities, we obtain

Sj—Si—1 i
= |Df;” (xX)|De; (e) = 377" exp(€(ci)di — p1di + €max)-

Since ©
C
P Isz(y)IIy—Cil

() — S; +1
P 1S (@) = ¢j1De; (e)

the inequality (3.20) follows.
Let us prove (3.28). Applying Proposition 2.1(i), we obtain

DS ST ) = Ao/ D ().

Thus, the inequality (3.28) holds with Aj(e) = A(e) if j=i+1. When j>i+1,
Sj—1—8; is of the form T, + 1 for some j —i — 1 <m < M < n, so combining (3.26)
with the last inequality, we obtain that (3.28) holds with a suitable choice of Aj(¢).
Finally let us prove (3.29). We may certainly assume (£max — 1)02d; > 2. Let
Sp—Si—1 Si—
|Df;* (x)] , _IDf*

Ay = and A} = 1D 7 OOl
dist(£3* 5 (x), ©) |B(ck: €]

> Uexp(—£(ci)di +dj — 1),

Si—1

fori <k < j. Clearly, Ay > A. By Proposition 2.1(i), we have

A dist(£ ¥ (), €) .
=|D S el —E—" > A(e) Fex (—emax d),
Tl Bcs; o)l ’ kflzq !
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which, by (3.27), implies

/

> A(e)ihemPrtmaxdi (3.30)
Ag

Letd =6y/ (2e€ma*). We distinguish two cases.
Case 1. Assume that A(x,t, §; —S; — 1) > gedi-tci)g=1 Then, by Lemma 3.4, we have

j—1

1
Y Ak+ A= —— A(x, 1, 5 — Si — 1) = 04D 26) 7
k=it1 e T 14 k(o) (x iS5~ 1) z6e (2¢)

Together with (3.30), this implies A/j > 0 exp((ci)d; — pzﬁmaxd,-)(4s)_l, provided that
& > 0 is small enough. Thus (3.29) holds in this case.

Case 2. Assume that A(x, 1, §; — §; — 1) < Get(ci)dig=1 Tn particular, we have §; — 1 <
S; which implies S; = §; — 1. By the maximality of S; we have

Aj =A@, 1,8 —S) — Ax, 1, §; — §;) > felDdig™1,

So (3.29) holds if d; < pr€maxd;. Assume that d; > pr€maxd;. By (3.24),

§;—Si—1
qer (f (v))) < p2di < p2lmaxd; — 2.

Thus, there exists a constant x; > 0 such that

(U[ ) P ftSj

—-S;i—1 —-S;i—1

dist(f,” (@) = ke B(cjs e)].

Thus, by (3.22),

. Si—Si—1 Si—Si—1
_pdist(f;’ ), f;’ () _ k1 exp(E(ci)di — prbmaxdi)

S;—S8i—1
IDf T ()| =e >
’ v — x| D, ()

So the inequality (3.29) holds. O

Given ¢ € C, we define positive integers i; < ip < --- in the following way: i; = 1.
Once iy and Sl.<:) are both well-defined, let iy be such that Si(:) = Sl-(:ll. The procedure
stops whenever Sl.(:) or gi(;) is not well-defined. The positive integers S;,, k=1,2, ...,
are called free return times of f;(c) into B (e).

LEMMA 3.7. An essential return time is a free return time.

Proof. By definition, for any consecutive free return times §; < §;, we have P, < P; for
all i <k < j. So S is not an essential return time. The lemma follows. O

LEMMA 3.8. Assume that t € X,, o(C). Let c€C. If 1 <i < j <n are such that Si(c) <

SJ(.C) are consecutive essential return times of f;(c) into B(e), then

> 4 < pd®, (3.31)
i<k<j
and
pﬁf) > d]@ — pd. (3.32)
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Moreover, if ng is the largest integer in {1, 2, . .., n} such that S,(lz) is an essential return
time of f;(c) into B(¢), then
Y 4 <pd?). (3.33)
no<k<n

Proof. By Lemma 3.7, Si(c) and S;C) are both free return times. Let i = kg <k) <--- <

kn = j be all of the positive integers such that S,EIC) are free return times. Then, by
Lemma 3.6, for each 0 <[ < m, we have

(c)
log ?)l >d — pidy + (log 3) (ki1 — ki), (3.34)
ki
and
Yo 4 <mdy. (3.35)
k] <k<k1+1

Summing up both sides of (3.34) for 0 <! <m — 1, we obtain

(c)
P
log P’? )l > d(c) - pl)d,gfn)iz +---+ (1= pl)d,ﬁ? - Pld,gg) + (log 3)(ky—1 — ko).
ko

Since the left-hand side is smaller than (log 3)(k,;,—1 — ko), we obtain
a0+ =pd  +-+ (1= p)d < p1d?,
which, together with (3.35), implies
Y 4 <pd + 1+ p0pr(1— )7 d < pd]®.
i<k<j
This proves (3.31). Summing up both sides of (3.34) for 0 <[ < m,

()

P;
(c) (c) (c) . .
log —75 () > d +<1—m)lzld, = prdy) + (log 3)(j — i)

= di — p1d{ + (log 3)(j — i),
which is equivalent to

d((‘)

(c) .
P(C) < @ —md ) 3i—] P/@' (3.36)

Let us now prove that
P <3P foranyl<k<j—1. (3.37)

Indeed, for 1 < k < i, this inequality follows from that fact that Sl.(c) is an essential return

time, while for i < k < j, it follows from the fact that S ,EC) is not an essential return time.
Combining (3.36) and (3.37), we obtain

5 0 @ pid®) 1 plo)

Y PO < T pl),

k=1
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By Lemma 3.4, we have

DY (fi (o)

i1
_ ()
AG©: 1) A +KEN ) BT+ =z 0

st
where c; is the critical point of f which is closest to f; 7 (c)and k(e) > 0as ¢ — 0.
So when € > 0 is small, we obtain

A(fi(0), 1, 8j) < e—<d.,-—md,->P](c>'

The inequality (3.32) follows.
The inequality (3.33) can be proved in a similar way. |

Proof of Proposition 3.2. (i) By definition, there exists ¢ such that Y7_, d\”) > Cn. Let

i1 <ip <---<ipbeall of the integers in {1, 2, . .., n} such that Sii is an essential return

time of f;(c) into B(¢). Then i; = 1. For convenience of notation, we set ip =0 and
(o _

dl.0 =0.

By (3.31) and (3.33) in Lemma 3.8, we have
m n
Yo dd=1=p) Yy d = (1= p)Cn.
j=1 j=1

Thus,
n A a
> @ —pdi )= (1= pyCn.

By (3.32) in Lemma 3.8, for each 2 < j < m we have
(C) d(C) d(C)
ij—1

By Lemma 3.4, this estimate is also true for j = 1. Thus,

~) o 4 _ ()
pl dl dl/ 1

holds for all j =1, 2, ..., m, which implies

m

Z P > Z(d“) pd{” )= (1= py’Cn.

Consequently,

3 7> Z p<‘> Con > (1 — p)2Cn — Con = (yC — Co)n.
k€T (Co.t:8) . k<n

(i) By definition, there exists ¢, ¢’ € C such that dist(f" "1 (¢), ¢/) < /4 m + 1)7,
So there exists n > 1 such that m = S,(,c) and d,(,c) >1 log(S,(lc) + 1). Since d,gc) < d,(,c) holds
for each 1 <k < n, by (3.31) in Lemma 3.8 it follows that n is an essential return time of
fi(c) into B(s) and, hence, p( o) >(1- ,o)d,gc) > Cp. The statement is proved. O
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4. Harvest in the parameter space

In this section, we transfer the estimates in phase space to the parameter space and prove
the Reduced Main Theorem. The phase and parameter spaces are related through the maps
E,EC) (t) = t"'H(c). In §4.1, we define parameter boxes. In §4.3, we prove the Reduced
Main Theorem by showing that the bad parameters are contained in certain families of
parameter boxes with large total depth. Proposition 3.1 will be used to construct the
parameter boxes and Proposition 3.2 will be used to estimate the total depth. The parameter
boxes which we use are always mapped into B (¢) and they form special families of balls.
In §4.2, an abstract lemma about sets of points lying deeply in a special family of balls is
proved.

4.1.  Parameter boxes. Recall that

GO NN AFS©.0

S D) , : M (r).
Dff(fr(©) 4= DF (fi(e)

Definition 4.1. Givenm > 0, > > 1 and ¢ € C, we say that a ball B(fp, r) in the parameter

space is a A-bounded c-parameter box of order m if the following hold:

° ,5,” : B(tg, r) — [0, 1] is a diffeomorphism onto its image such that

qup @,(Ei;)’m .
t.s€B(to.r) (Em ) (5)
° for any t € B(ty, r), we have
A7 Ha ) < 1M (0] < 2a);
° foreachk =0, 1, ..., m, we have

k \
sup |Df,k(ft(6))| <
t,s€B(19,r) |Df3 (fs ()]

The goal of this section is to provide an estimate of the size of a parameter box centered
at a given parameter f.

PROPOSITION 4.1. Given A > 1, there exist 6 >0 and N > 1 such that the following
holds. Let |ty| <6, c € C and m > N be such that

D DA (fioe)I T =W o,
i=0

then putting
r = Q/A(‘f[()(c)v tOs m)1
B(to, r) is a A-bounded c-parameter box of order m.
Write DL (1) = Dfl(fi(c)).

LEMMA 4.1. Given A > 1 there exist n =n(L) > 0 and an integer N = N(A) > 1 such
that the following holds. Let t € [—n,n], c €C and let m > N be a positive integer.
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Assume that
m
Y DO =W . 4.1
i=0
Then
Aa ) < MO 0] < ra').
Proof. Take 6 > 0 small. Let N be large such that

N
YD (ST > WO —5 and My (0) —a| <6
i=0

By continuity, there exists 9 > 0 such that for any ¢ € [—ng, no], we have

N
Y IDEPOI' > WO —5 and My (1) —a| <5
i=0
Now let = min(8, ng). If (4.1) holds, then we have
m
Y. DO <s+n=28.
i=N+1
Since |9; F| < 1, it follows that
m
MO @) — a9 <MY @) — a9+ Y DO <3s.
i=N+1
The desired inequality follows since min cc |a©| > 0. O
Proof of Proposition 4.1. Fix A > 1. Let Ao = A!/* and let n = (1), N = N (XAo) be given
by Lemma 4.1. Let 6 € (0, n/2) and A1 € (1, X¢) be such that
MW +6) <w© 4,

holds for each ¢ € C.
Now let 9, ¢, m be as in the assumption of this proposition. Then, by continuity, there

exists a maximal ry € (0, 6] such that for each t € B(#y, r9) and any 1 < j < m, we have
1 DY)
At LAY 4.2)
M7 D (1)

So

m m
YOI = Yo IDE @) T =W +6) W 4,
i=0 i=0

which implies by Lemma 4.1 that

2o a9 < 1M ()] < hola').

It follows that B(zg, rp) is a A-bounded c-parameter box of order m. So it suffices to prove
that 0y :=rp - A(fy,(c), to, m) is bounded away from zero. To this end, we only need to
show that there exists a constant C > 0 such that foreach 1 < j <m,
D (1)
J
‘ SR
Dj ([0)

< Cébp. “4.3)
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Indeed, if ro = 0, then 6y > rg =6, and if ro < 6, then by maximality of ry, there exists
t1 € B(tg, ro) and j € {1, 2, ..., m} such that

either Dj.c) (1) = A Dj.”) (t)) or Dj.”) (to) = A Dj.c) (). (4.4)

Thus, the inequality (4.3) implies that 8) > min(log A1/C, 6).
Let us prove (4.3). First note that there exists C; > 0 such that for each 1 < j <m and
any ¢ € B(to, ro), we have |M§c)(t)| <C(Cy,s0

IEP@) | =M DY ()] < €1 1D ().

Since F is a normalized regular family, there exists a constant Cy > 0 such that

P
atox

for all (x, t). (Indeed, for x close to C the left-hand side of this inequality is zero.) By
4.2), foreach0 <i < m,

IDAEC @) _ 1D 01 1D (o)
DSy & @) 1D, ()] 1D ()]

By non-flatness of the critical points, it follows that there exist constants C3 and C4 such
that

2
‘ = 2| Dfi(x)]

el AL

DA _ (D& )] Gy
IDAE@O) T IDfE @) T distE (), ©)
Since dist(é‘i(c) (to), C) < 1, and |ch) ) =" |ch) (to)| is bounded away from zero, there

exists a constant Cs > 0 such that

‘de AGa0)) '

(5“) (1), 1) + D £, 1)) (1))

atox
© © 1D 1)
< CDSE ) + CCIDSE ) ——5——
dist(5{" (10), ©)
. D"
< @|Df:<é,-“%r)>|%.
dist(5{ (10), )

Thus,

[ dDAE @)/t
1Z prEw)
& D)

<G oo

= dist(€'” (10), ©)

dlog | D\ (1)]
dt

= CA(fi(0), 10, J),

where C = C5\;. Since

log
D(C)(t )

t
/ dlog D (1),
0]

the inequality (4.3) follows. |
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4.2. Special family of balls. Given B = B(a, r) and x € R, we define

inflk e N:|x —a|>e*r} if|lx —a| <e?r,

B) =
dep(x|B) {0 otherwise.

Moreover, for each k € Z, let
B® = B(a, e7*r). 4.5)

A finite family M = {B; = B(a;, ri)}ic7 is said to be special if the following holds: for
any i, jeZ, ifa; € BJ(.I), then there exists k = k(i, j) > 1 such that B; C B;kil)\B;kﬂ).
In particular, the centers a;, i € Z, are pairwise distinct.

Given a special family as above, define

Io={iel: forany jeZ, j+#i, wehavea; gB;l)},

and for each £ > 1, let

k—1
I = {l GI\ U Iy - forany j GI\ U Im, j #1i, we have a; ¢BJ(.1)}.

m=0

The minimal integer n > 0 for which Z,, = ¢ is called the height of M. The support of M
is defined as the union of all of the elements of M.
We shall use the next lemma to estimate the measure of sets of bad parameters.

LEMMA 4.2. For each 0 < k < 1 there exists K = K (k) > 1 such that if M = {B;};e7 is
a special family of height at most n and

XMm(N) = {x € supp(M) : Zdep(xlB,-) > N}, N=01,...,
iel
then
IXMm(N)| < K"e™ 179N |supp(M)].

Proof. Fix 0 <k <1 and let K = K(x) = /(1 — ™). We shall prove the lemma by
induction on the height n. We take the trivial case n = 0 as the starting point. Now let ng
be a positive integer and assume that the lemma holds for n < ng. Let us consider the case
n = ng. Let Zy be defined as above, and let Z' = 7\ 7. Let

qo(x) =) dep(x|B;), ¢'(x)= )  dep(x|B;).

iely i'el’

For each ggp >0, and ¢’ >0, let V(qo) = {x € supp(M) : go(x) = qo} and U(qo, q') =
{x € V(qo) : ¢'(x) > q’}. Let us prove that

U(q0, ¢')] < e 905 K"~ 1e= 1794 |supp( M) (4.6)

To this end, we first note that the balls Bi(z), i €1y, are pairwise disjoint. Thus,

Vigo) c | B, @.7)

iEIO
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and foreachk =0, 1, ..., we have

> 1B < e 2 supp(M)]. 4.8)

iEIO

In particular, |V (go)| < e %3 |supp(M)], so the inequality (4.6) holds when ¢’ =0.
Assume now that g’ > 0 and let

M, ={By:i' €T, B N V(qo) # B}.

Then /\/l’qO is a special family of height < n and U (qo, ¢) C XMQO (¢"). By the induction
hypothesis, we have

U (g0, 41 = 1X pay, (@] = K" e [supp(M ). 4.9)
Next, let us show
supp(M;,) | ) B (4.10)
ieZy

In fact, since M;O C M, the relation (4.10) holds when gg < 3. Assume that gg > 3.
By (4.7), for each B/ € /\/l;0 there exists i € Zy such that Bl.(,z) N B,.(qo_l) # (. By the
definition of a special family, we have By C Bi(q°_3). Thus, the relation (4.10) holds. By
(4.8), it follows that

|supp(M,)| < e~ %3 |supp(M)],

which, together with (4.9), implies (4.6).
Now, let us complete the induction step. Fix N >0 and for each go > 0, let g, =
max(N — go, 0). So g0 + g{, > N. Since

o]

Xm(N) € | Utqo. 90).
q0=0

by (4.6), we obtain

o0 o0
XMV <D 1U(qo. qp) < K" ' |supp(M)] Y e *0e= (10N
q0=0 q0=0

= K"e” "V [supp(M)].

This completes the proof. a

4.3.  Proof of the Reduced Main Theorem. For c € C and m > 0, let C’,(,,c ) denote the set

of parameters ¢ € [0, 1] for which the following hold:

o fMloec

° f/(c)ﬂC:VJforalllngm.

A c-parameter box B(t, r) of order m is said to be pre-critical if t € C
Form=>0,ceC, t,. € G,(,f) and A > 1, let r) (¢4, €) be the maximal number » which

satisfies the following properties:

() re, eland & (Bt r) C B(e);

(i)  B(t, r) is a A-bounded pre-critical c-parameter box of order m.

(c)
m -
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Given a positive integer n, let

1y € (?,(,f) for some m > 0 and
Mfﬂ(s) = { B(ty, (24, €)) | there exists t € B(ty, r) (t«, €)) such that
#Ho<j<m:f () eB@)<n

LEMMA 4.3. There exists A > 1 such that for each ¢ € C, eachn > 1 and each ¢ > 0 small,
Mflc)k (&) is a special family of height at most n.
Proof. Assume that A > 1 is very close to one. To prove that M;‘; (e) is special, let
B; = B(t;, ri), i =1, 2, be distinct parameter boxes in Mfﬁi(s), of order m;, such that
t € Bél). We need to prove that |By|/|t] — 12| is small. Let ¢y, ¢ € C be such that

,ffi)(B,‘) C E(ci; €). Since ft{-H(c) ¢ C for each 0 < j <my, we have m| > m,. By the
bounded distortion property of g,;? | By, it suffices to show that

165 (1) — &5 (1))

eB &) (1) — e

is sufficiently small. This is clear: for each t € By and foreach 0 <k <mj 4+ 1 <my,
AUDFE S ()] < IDEF ) < MDFE i ()],

hence A~ Df;, (Eur, (1))] < | Dfi (Ensy ()] < A DSy, (65 (1)), so the statement follows
from the local behavior of f near c;.

Let us prove that the height of M;‘:)A(s) does not exceed n. Otherwise, there would
exist Bj € M,(f’}(s), 0<j<n,suchthat B, C B,_1 C---C By. Let m; be the order
of B;. Then, as above, we would have mo <m; <--- <m,. Then, for t € B,, {0 <
Jj<my: f/“(c) € l~?(8)} D {mg, my, ..., m,} would contain at least n + 1 elements,
a contradiction. O

Now we fix a constant A > 1 so that the conclusion of Lemma 4.3 holds. As before, we
use SJ(.C) (t; €) to denote the jth return time of f;(c) into B(e). Then, by Proposition 4.1,
we have the following lemma.

LEMMA 4.4. There exists a constant Cy > O such that for any C > 0 the following holds
provided that € > 0 is small enough. Fort € X, :(C),c€Cand 1< j <n, ifﬁ;c) (t; ) >

Co, then there is a pre-critical c-parameter box B(t,, r) of order S](.C) (t;e) in Mfﬂ(s)
such that
dep(t] B(t. 1) = P (11 &) — Co.

Proof. Fix C. By Corollary 3.1 and Proposition 4.1, provided that ¢ > 0 is small
enough, there is a A-bounded c-parameter box B(t, rg) of order S; := Sﬁ.")(t, g), with

ro A(fi(c),t, S;) =0, where 6 > 0 is a constant independent of C. Let ¢’ be the critical
point such that f,SjH(c) € B(c; ¢), pj= p;C) (r,e) and dj = d;c) (t, €). Assume that p;
and d; are large. Since (£ (1))'] - rg < DY (f ) -ro = ePi - | £ () = &), there

exists a A-parameter box B(ty, ry) C B(t, ro) of order S; such that ry <ro, t; € @éj)
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and dep(z|B(t«, r+)) — p; is bounded away from —oo. Let r =ry(t, ¢). Clearly,
B(ty, r) € M), (e). If r > ry, then dep(t|B(ty, ) = dep(t|B(ts, r)) and we are done.
So, assume that r < r.

We claim that 8(&;5)(30*, r))) N BE(C/, g) #¥. Otherwise we would have r =e.

Since t € X, (C), by Lemma 2.1, we would have that | D, f,]Sj (ft, (¢))| were much larger

than (Du(g))~'. It would then follow that ggj)(B(t*, ) 2 B(c', €), contradicting the
definition of r.

By the bounded distortion property of §§5)|B(t*, r), it follows that & éj)(B(t*, r) D
lN?(c’, ¢’) holds for some ¢’ < ¢. Since |ftSjJrl (c) —c|>e % |§(c’; )|, we conclude that

dep(?|B(ts, r)) — d; is bounded away from —oo. The lemma is proved. O

Proof of the Reduced Main Theorem. (i) Let A > 1 and C( be as above. We may assume
that C > 8Cp. Consider t € X, (C)\X;41,¢(C) with € > 0 small. By Proposition 3.2(i)
(taking y = 1/2) and Lemma 4.4, there exists ¢ € C such that

Yo deptIBY= Y (B e) —Co=Cn/a (A1)

BEM»(C)A(S) ke (Co,t56) k<n

1,

By Lemmas 4.3 and 4.2 (taking « = 1/2), it follows that

X (CONXnp1,(O) < Y K"e™ B lsupp(M()| < (4e#C) - K"e™ /8,
ceC

where K is a constant.
(1) This follows from Corollary 3.1 and Lemma 4.1.

(i) Fix C >0, 7>t >1and « > 0. Let y € (0, 1) be a constant such that y31: >
79. By Proposition 3.2(ii), for each ¢t € Y["(C, r)\YS’"“'l(C, 7), there exist ¢ € C and
ne ’];(SCS)(CO, t; ) such that m = S,gc)(t; ¢) and

PO &) = yd\ (5 £) =y log(S(t; &) + 1).
We may certainly assume that Y (C, r)\YE’"H(C, 7) # (. Then,
m > S(e) :=inf(S\V(1; ) : t| <&, c €C)
is large provided that &£ > 0 is small. By Lemma 4.4, there exists ¢, € @,(,f ) such that
dep(t|B(tx, ra(tx, €))) =yt logim + 1) — Cp > J/zr log(m + 1).

Since these parameter boxes B(fy, 13 (fx, €)), tx € G,Sf ), are pairwise disjoint, it follows
that

Y™ (C, D\Y"(C, 7)| < Cre#Cim + 1) Te < oe(m + 1),

since m is large. O
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