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LIKELIHOOD-BASED INFERENCE IN
TRENDING TIME SERIES WITH
A ROOT NEAR UNITY

ZHUJIE XIAO
University of lllinois at Urbana-Champaign

This paper studies likelihood-based estimation and tests for autoregressive time
series models with deterministic trends and general disturbance distributions
particular a joint estimation of the trend coefficients and the autoregressive pa-
rameter is consideredsymptotic analysis on thbl-estimators is providedt is

shown that the limiting distributions of these estimators involve nonlinear equa-
tion systems of Brownian motions even for the simple case of least squares re-
gressionUnit root tests based dvl-estimation are also considereahd extensions

of the Neyman—Pearson test are studie finite sample performance of these
estimators and testing procedures is examined by Monte Carlo experiments

1. INTRODUCTION

In the past decadeeconometricians have focused a great deal of attention on
the development of estimation and hypothesis testing procedures in autoregres-
sive time series models where the largest root is near.uvlibgt of these pro-
cedures are based on least square methods in linear regression models and have
likelihood interpretations when the data are Gausdiathe absence of Gauss-
ianity, asymptotic results of these procedures generally still,Hnltthese meth-

ods are less efficient than methods that exploit the distributional information
Monte Carlo evidence indicates that the least squares estimator can be very
sensitive to certain type outliers and that inference procedures based on the
least square estimation may have poor performdsee e.g., Lucas 1994. In
empirical analysismany applications in nonstationary time series involve fi-
nancial data such as exchange rates whose distributions are heavy#tased
therefore important to consider estimation procedures that are robust to depar-
tures from Gaussianity and can be applied to nonstationary time s&hes
present paper addresses some of these issues
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There has been some study on nonstationary time series regression with non-
normal innovationsincluding Cox and Llatag1991), Knight (1991, Phillips
(1995, Lucas(1995, Rothenberg and Stocid997), and Juhl(1999, among
others In particular Phillips (1995 studies robust cointegrating regressions and
develops fully modified least absolute deviatidih\D ) and M-estimators for
cointegrating regressionsucas (1995 considers unit root tests based on
M-estimators Cox and Llatag1991) and Rothenberg and Sto€¢k997) study
robust estimation and inference for nearly integrated autoregressive models with-
out deterministic trenddn the multivariate caseJuhl (1999 proposes a test
for cointegration usingM-estimators based on singular value decomposition

Many macroeconomic time serijesich as real gross national prod(@&NP),
consumptionmoney and pricesdisplay a tendency toward growth over time
Consequentlymost empirical analyses in nonstationary time series literature
consider unit root or near unit root processes with deterministic treds
traditional way(see e.g., Park and Phillips1988 1989 of modeling trending
time series is to consider regressions of the following form

Ve = ¥ Xt ayi1 T U, (1.1)

wherex; is a deterministic trend of known fornThe high persistency in mac-
roeconomic time series indicates that the autoregression coeffigientlose

to 1, and there have been many empirical applications that test the null hypoth-
esis of a unit roota = 1) against the alternative of stationarity < 1). How-

ever as argued in Schmidt and Phillig$992, the parameterization ifl.1) is

not convenient in interpreting the deterministic componé&ot instancecon-
sidering the leading case that= (1,t)’, we have

Vi = Yot vat+ayp 1t U (1.2)

Such an equation has the property that the meanings of the paramgterd

v, differ under the null and the alternativender the null of a unit rogtthe
parametersy, andy, represent trend and quadratic tremespectively How-

ever under the alternativey, andy, determine level and trendhis problem

also surfaces in the unit root testnd an “extra” deterministic trend compo-
nent has to be introduced to remove the nuisance paramé&tasntroduction

of surplus trend variables results in some inefficiency in the regression and re-
duces the power of the corresponding unit root test from its already low. level
To avoid the problem caused by the confusion over the meanings of param-
eters researchers have considered as an alternativé.1p the following data
generating process

Y=y %ty t=L...n (1.3)
Yo = aygq + Uy, t=1,...,n (1.4)

This parameterization allows for the same trend component under both the null
and the alternative hypothesis and is now widely used in time series analysis
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Combining(1.3) and (1.4) gives the nonlinear regression mod@hillips and
Xiao, 1998

Ve = YV AX + (1= a)y'X 1 + ay,q + . (1.5)

Compared with(1.1), regression(1.5) incorporates both the null and the alter-
native models in a nonlinear equation

This paper considers likelihood-based estimation and hypothesis tests for
autoregressive time series modél3) with deterministic trends and general
disturbance distributiondn particular we consider a joint estimation of the
trend coefficients and the autoregressive coefficient based on the nonlinear re-
gression(1.5). Asymptotic analysis of théM-estimatorsincluding the maxi-
mum likelihood estimatorsfor both the trend and autoregression coefficients
is provided It is shown that the asymptotic distributions of these estimators
are complicated and involve nonlinear equation systems of Brownian motions
even for the simple case of least squares regres$Maalso consider unit
root tests against local alternatives based on these estimadoed power analy-
sis is conducted to show that these tests have nontrivial power ageaiocal
alternatives In addition as a natural extension of the Neyman—Pearson test
the likelihood ratio test for a unit root against a point alternative is stydied
and asymptotic power functions and power envelopes are derRazdllel to
the existing study on the Gaussian casait root tests based o¥-estimation
coupled with quasi-differencing are analyzedd Monte Carlo experiment is
conducted and shows that these estimators display rather good finite sample
properties when the data density has a heavy talil

The paper is organized as followSection 2 describes estimatiorhe joint
estimation of the trend coefficients and the local parameter is disclensecs-
ymptotic analysis of th&-estimators is giverSection 3 describes unit root tests
based on thedd-estimatorsincluding likelihood ratio tests for a unit root against
a general local alternatiyeéhe case with a point alternativand the quasi-
differencingM-detrended unit root test™onte Carlo results on the finite sam-
ple performance of the nonlinear estimators and associated tests are reported in
Section 4 and Section 5 concludeall of the proofs appear in the Appendix

A word on notationthe symbol= signifies weak convergengce= signifies
equality in distributionand:= signifies definitional equalityL denotes lag op-
erator The expressio = 1 — L is the difference operatgandA. signifies quasi-
difference which is defined byA. = 1 — (1 + ¢/n)L. The terml (k) denotes
integration of ordek. All limits are taken a§ — oo, unless otherwise specified

2. ESTIMATION
2.1. Joint Estimation of the Trend and the AR Coefficient

Consider the autoregression model introduced in Section 1 in which the ob-
served time serieg can be written as the sum of a deterministic trelpend a
stochastic componeryf:
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Vi = di V3, t=1,...,n, (2.1)
Ve = ay?q + U, t=1,...,n (2.2)
The deterministic trend; depends on unknown parameters and is specified as
d = y'x, (2.3)

wherey is a vector of the trend coefficient and is a deterministic trend of
known form The leading case of the deterministic component is the linear time
trend wherex, = (1,t). In general the trend functiorx, may be more complex
than a simple time polynomiakFor exampletime polynomials with sinusoidal
factors and piecewise time polynomials may be udéxb latter corresponds to
a class of models with structural breaks in the deterministic tré€hd termyy
is the stochastic component gfand can be represented by an autoregressive
process The expressioqu,} is the unobserved innovation procesgich is
assumed to be stationary with mean zé&ke also assume for convenience that
the initial observatiory; is a constan{more generallywithout affecting the
asymptotic resultsve can assume that it is a random variable of finite variance
Our purpose is to study likelihood based inference in this model when the
autoregressive parametelis closed to oneTo obtain large sample approxima-
tions we employ the local-to-unity asymptotic theory investigated by Phillips
(1987, 1988, Chan and We{1987), and othersThus we consider the param-
eter space in a shrinking neighborhood of unity and reparameterszethat

C
a=1+ E (2.4)

Combining(2.1)—(2.4), we have the following nonlinear regression

Xy _
Ay, = y' A% — ¢y’ (%) + C( ytn l) + U,. (2.5)

To simplify the expositionwe consider the simple case thatare unob-
served independent and identically distributedd.) errors with mean zero and
unit variance(for discussionssee Remark 6wnhich follows). If we denote the
log density ofu asf (u), then the conditional log density gfis given as follows
f(AY, = c(yi-1/n) — y'AX + cy'(X1/N)),

and the joint log density of the random sample is

sz(AYt — C(Yi—1/n) — y'AX + Cy' (X—1/N)).
t=
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Writing it as a function of the parametetle preceding expression delivers the
log likelihood function and we denote it ak(c,y):

L(c,y) = Ezf(Ayt = C(Yi—1/n) — y'AX + Cy' (Xe—1/M)).
t=

The maximum likelihood estimators ofandy can then be found by maximiz-
ing L(c,y) with respect tac andy. More generallyif we consider some crite-
rion functiong, the so-calledV-estimators ot andy are obtained from a similar
optimization problem witH replaced bye.

Lucas (1995 considers unit root tests based on tfleestimator of model
(1.1). Cox and Llatag199]) study the asymptotic behavior of tih-estimator
of ¢ for the case without a deterministic trermhd Rothenberg and Sto¢k997)
consider mode(1.3), but the asymptotic analysis was only conducted for the
simple case without deterministic trend$owever in the presence of an un-
known deterministic componerthe system that determines the maximum like-
lihood estimator becomes more complicated and is generally nonlinear

2.2. Asymptotic Analysis of the M-Estimators

We are interested in the asymptotic behavior of Mwestimators ot andy in
regression(2.5), defined as the solution of the following extreme probiem

C n
{7] = arg ma){E @(AY; — C(Yy_1/N) — y'AX + Cy'(X;_1/N)) (2.6)
t=2
for some criterion functionp. Taking ¢(u) = —u? (2.6) gives the ordinary

least squarefOLS) estimator ofc andy. The maximum likelihood estimator
corresponds to the case whernis the true log density functiorAlthough we
pay particular attention to the maximum likelihood estimatarr analysis in
this section will be given in a general way so that Meestimator is covered
treating the maximum likelihood estimator as a special case of particular inter-
est(notice that some simplifications happen in the asymptotic results when
the true log density

We want to examine the asymptotic distribution of the estiméatpy). Un-
der regularity conditionghe estimatof¢,¥) can also be defined as a solution
to the following equation systemvhich is the first-order condition of the ex-
tremum problem(2.6):

2 @' (AY, — C(Yi—1/N) = y'AX + Cy' (X—1/N) AcX = O,
t=2

n

2 @' (AY, — (Yi—1/N) — y'AX + ¢y (X—1/N))ye-1 = 0.
t=2

(NL)
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The expressiofiNL) is a nonlinear equation system and generally has no ana-
Iytic solution even for the simple case whenis the log density of a normal
distribution Indeed as will become clear latein a n-shrinking neighborhood
of unity, the limiting distributions of theM-estimators are jointly determined
by a nonlinear equation system of Brownian motions and the limiting trending
functions

To study the asymptotic distributions of tihd-estimatorsit is convenient
for us to make the following assumptions apand the criterion functiorp.

Assumption A u, are ii.d. with mean zero and variance arhe terme(-)
possesses derivatives and ¢”. Here [u, ¢’ (u)] haskth moments for some
k> 2 E[¢'(u)] =0, ande” is Lipschitz continuous

Assumption A is a standard condition in asymptotic analysis of maximum
likelihood estimators oM-estimators The assumption that, has unit vari-
ance is just for simplicity of exposition and brings no loss of generallty
the general case with variane€, a similar result can be obtainetihe analy-
sis given in this paper remains valid after a simple restandardizationZpy
see Remark 6 for a discussion on the more general)c@be moment condi-
tions onu and¢’(u) are needed to establish the weak convergence reQvits
may also replace the moment condition @Hu) by boundedness conditions
of the derivatives ofp, because the latter and the moment conditioruam-
ply the corresponding condition apr.

Denotel - ] as the greatest lesser integer functitren under Assumption A
asn goes toso, N2 3"y, converges weakly to a standard Brownian motion
Wy(r), and thusn’l/zy[snr] converges weakly to the corresponding Ornstein—
Uhlenbeck process.(r) = [5e°""9dWi(s). The limiting distributions of¢
and ¥ will also be dependent on the weak limit of the partial sums i, ).
We denotew? = var[e'(u;)], 6 = —E[¢"(u,)], andp = —E[u,¢’(u;)]; then
nY23" o (u) = B,(r) = @W,(r), where W, is a standard Brownian
motion

Notice thatW;(r) andW,(r) are correlated Brownian motion$o deal with
the correlation betweewW; andW,, explicitly, following the previous literatuge
we construct the random variahle= ¢’(u;) + pu;. Then by constructionu,
are ii.d. with variance(w? — p?) and are uncorrelated with. The partial sum
processn~ V23", converges weakly to/w? — p2W,(r), whereWs(r) is a
standard Brownian motion independentWf(r). The Brownian motiorB,(r)
then has the following decompositioB, (r) = oW, (r) = Vw? — p?Wy(r) —
pWi(r).

For asymptotic analysis of the deterministic trem@& assume that there are
standardizing matrice®, and F, = n~'D,, such thatD, *x,,; — X(r) and
Fa tAXn — 9(r), asn — oo, uniformly in r € [0,1], whereX(r) and g(r)
are limiting trend functionsIn the case of a linear trend,, = diag/1,n]
and X(r) = (Lr). If % is a generalpth order polynomial trendD, =
diagLn,...,nPlandX(r) = (L,r,...,rP).
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The limiting distributions ofy and ¢ will be dependent on asymptotic be-
havior of the random variables * >, ¢’ (Ay;, — 'AX)(Yi_1 — ¥'%X._1) and
N30 0 (Ay, — ¥'A%)A:X. To derive the limiting distribution of(¢, %),
we assume that the following conditions hold

Assumption B ¢ = ¢ + 0,(n**) andn™?D,(¥ — y) = 0,(n**).

Assumptions similar to Assumption B are standard in the development of
M-estimator asymptoticét is related to Assumptiofb) in Theorem 5L of Phil-
lips (1995 and the assumption of} — &; in Theorem 1 of Luca$1995. No-
tice that

O; = AY; — C(Yi—1/N) — ¥'AX, + €Y' (X—1/N)
=U — (C= )Y 1/N) — (¥ — ¥)'AcX + (€= ) (¥ — ¥) (X—1/N).

Under Assumption B0; — u; satisfies the conditions in Luc&$995 and Phil-

lips (1995. The results of this paper can be obtained under different types of
regularity conditiongfor a discussion on consistency ldfestimatorssee e.g.,
Wooldridge 1994. To cover a wide range of modelwe simply assume that
Assumption B holdsDenoting the limit ofn=2D, (¥ — y) by &, and the limit

of ¢ by 7., the asymptotic distributions of thd-estimatorst andy are given

in the following theorem

THEOREM 1 Given models (2.1)—(2.4), for all ¢ in a compact set, under
Assumptions A and B, the limiting distributions of nonlinear regression
M-estimatorsy and ¢ are jointly determined by the following equations:

-1
¢ = UX,,(r)Xn(r)’dr] fX,,(r)dén(r),

-1
7 = Ugcg(r)Zdr] fgcgr)déc(r),
where

X,(r) =g(r) =meX(r),  Jee(r) = Jo(r) — &EX(r),
S(r) = S(r) +f J(s)ds  §,(r)=S(r) + (c— nc)f J.(s)ds
0 0

q,wZ _ 52
S(r) = SW(r) =~

Remark 1 If ¢ is the true log density fou,, we havep = 1 andw? = 6 = 1.
The departure from Gaussianity in the data is completely determined by the
parameteiw? When the data are generated by a Gaussian pro@éss 1 and
the Ws(-) terms disappear from the limiting distributioAs w? increasesthe
underlying distribution becomes more and more non-Gaussian

Wo(r),  Je(r) = cJ(r) — &eg(n).
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Remark 2 In the stationary cassimilar nonlinear regression estimators can
be obtained fron{1.5). However under regularity conditionslosed-form so-
lutions of the limiting distributions for these estimators can be deriaed it
can be shown that they are first-order equivalent to the one-step Newton—
Raphson estimators

Remark 3 The maximum likelihood estimation based on this nonlinear re-
gression generally provides a more efficient estimator than the OLS regression
for the deterministic trendthis is also confirmed in the Monte Carlo experi-
ment in Section 4Because the true value of the local parametisrunknown
this maximum likelihood estimator of the deterministic trend can not achieve
the efficiency level that applies when the local parameter is known

Remark 4 In practice even if the exact distribution of the innovations is
unknown as long as the data have similar tail behavior as the density function
used in the estimatigrinferences based on these methods still have good sam-
pling performanceThus we may consider adaptivieHansen and Le€l994
Seq 1996 Beelders1998 or partially adaptivéBickel, 1982 p. 664; Potscher
and Pruchal986 Xiao, 1999 estimation methods so that the data density can
be approximatedFor exampleto capture the feature of heavy tails in eco-
nomic and financial datave may consider a partially adaptive estimator based
on the Student-distributions which has wide applications in economic analy-
sis In case oft-distributed innovationsthe log-likelihood is given by

n
L(vy,c) = constant- > In>

+12 3, CY_ Cy'Xe_q |?
_VZ Zln{lJr—{Ayt— A LA + i tl] }
t=2 14 n n

Thus we consider a two-step partially adaptive estimatdryo€) in which the

first step involves a preliminary estimation of the parameieesxd=. In the
presence of general disturbance distributjonendX may lose their original
meaning However whenv = 0 and? = 0, ¥ and? still can be interpreted as
estimators of measures of the tail thickness and the spread of the disturbance
distribution and the partially adaptive estimator can still have good sampling
properties

Remark 5 From the proof of Theorem ,lit can be derived that the
M-estimator forc has the following representation

n
n~* E @' (AY; — ' AX) (Yee1 — ¥'%X—1)
t=1
C = = + Op(l).
N2> 0" (AY, — #'AX) (-1 — ¥'%-1)?
t=1
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Remark 6 For simplicity we have assumed in this paper thahas unit
variance In the general case where the varianceupis o2, the analysis and
results are parallel to those given in the papet the corresponding quantities
n~Y?D,(¥ — v), w?, and p need to be standardized by the scale parameter
o 2. If we modify Assumption A so thati, are ii.d. with mean zero and vari-
anceo?, then under the modified Assumption, Ahe partial sum process
of u; converges weakly to a Brownian motion with variane€, i.e.,
n" Y23y = By(r) = oWi(r), whereW,(r) is still defined as a standard-
ized Brownian motionThus n’l/zy[sm] converges weakly to the corresponding
Ornstein—Uhlenbeck process(r) = [, e 9dB,(s) = aJ.(r), and J.(r) =
J5ec9dw,(s). We standardiz&»? andp by o2 as follows
wiy = w%o? po=p/o?
and deal with the correlation betwed(r) and B,(r) explicitly by con-
structing random variable = ¢'(u;) + poU;. It can be verified thav;" are
i.i.d. with varianceo?(w3, — p§) and are uncorrelated with,. The partial
sum processn Y2 3" v¢ converges weakly tar\wZ, — p@Ws(r), where
W,(r) is a standard Brownian motion independentVuf(r). Thus B,(r) =
o\ w2, — pdWa(r) — poWa(r)}. If we standardizen ¥2D,(y — y) by o *
and denote the limiting variates of Y20 ~'D, (¥ — y) and ¢ by &. and 7.,
respectively then under the assumptions of Theorem(With the modified
Assumption A, the limiting distributions of the nonlinear regression
M-estimatorsy and ¢ are jointly determined by the following equations

-1

-1
N = “ch(r)zdr] fgcg(r)déé‘(r),

where

X,(r) =g(r) =meX(r),  Jee(r) = Jo(r) — &EX(r),
Q‘(r)=85"(r)+f J(s)ds S}*(r)=$(r)+(c—nc)f J.(s)ds
0 0
quza.u_p
5

2
ol p !
$(r) = SWy(r) - SWL(r),  Jl(r) = cd(r) — £9(r).
We can see that the only difference between the preceding results and those of
Theorem 1 is thatin the general cas@? andp? in Theorem 1 are replaced by
their standardized versions_,, and pg.
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If we takeg(u) = —u? the estimators are least squares regression estimators
and Theorem 1 gives the results in Phillips and X{2698. These estimators
have likelihood interpretations when the process is actually Gauddian-
ever even if the time series are not norm#ie asymptotic results still hald
Denoting the nonlinear least squares regression estimatoyg asd ¢, we
summarize the limiting distribution of the nonlinear least square estimators in
the following corollary for convenience of later analysis

COROLLARY 1 Given models (2.1)—(2.4), for all ¢ in a compact set, the
limiting distributions of nonlinear least squares regression estimaggy&nd
Cis are jointly determined by the following equations:

£ = an(r)x,,m'dr}lUx,,mdvn(r)],
e = Ugcgu)Zdr] Ugcgr)dug(r)],

where

Xe(r) =g(r) —cX(r),  V,(r)=W(r) —(né‘—C)fo J.(s)ds

r

Ug(r) = W(r) — cfo X:(s)ds

and W(r) is a standard Brownian motion.

3. HYPOTHESIS TESTS

3.1. Unit Root Tests against Local Alternatives Based
on M-Estimators

This section considers unit root tests basedvbestimators proposed in the
previous sectionWe are interested in the alternative hypothesis thé less
than unity For alternatives that are distant from unitige proposed tests will
be consistent and will reje¢d, with probability close to one in large samples
Thus we are interested in local alternative hypothékisc < 0.

In our discussionwe assume thap is the true log density when likelihood
ratio tests are considereth other casese¢ can be a more general criterion
function satisfying Assumption ANe start with the likelihood ratio testet ¥
be the restricted maximum likelihood estimatoryotinder the null hypothesis
of ¢ = 0 and let¢ and¥ be the unrestricted maximum likelihood estimators of
c andy analyzed in Section;2hen the likelihood ratio test for the null hypoth-
esis of a unit root rejectld, for small values ot.(0,y) — L(¢, ¥). The limiting
distribution of the likelihood ratio statistic depends on the limiting distribu-
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tions of both the unrestricted maximum likelihood estimator and the restricted
maximum likelihood estimatotJnder the null hypothesisi~ /2y, converges
weakly to W;(r), and by Theorem 1 the limiting distributions of the un-
restricted nonlinear regression estimatprandc are jointly determined by the
following equations

nofx,,o(r)wgo(r)dr = fxm,(r)déo(r),

WofWgo(r)zdr =fw§0(r)d33(r),

where

W, (1) = Wi(r) — €6X(r),  S(r) = S(r) — & X(r).

For the restricted estimatanotice that underH,, the log likelihood is sim-
ply L(0,vy) = Z@(Ay, — y'AX,). The restricted MLE ofy satisfies the follow-
ing first-order condition

n
E @' (Ay; — 7'AX) A%, = 0.
t=1

When x; contains a constant ternthe corresponding element iax; is zerq
and as a resultthe regressor in the restricted model is actually of smaller di-
mension tharx;. To avoid the singularity problem in deriving the limiting dis-
tributions of y, we express this explicitly by rewriting the trend component in
the restricted model ag' Ax, = B'%;, wherex; = Sx for some eliminator matrix
Sthat eliminates redundant rows xf Thereforex; is usually of smaller dimen-
sion thanx;, and the log likelihood can be rewritten as

2 @ (AY, — B'Xq).
Assume thaGn‘li[m] — X(r) asn — oo, uniformly inr € [0,1]. Then under

the null of a unit roat B has the following asymptotic distribution

-1
nY2G,(B - B) = UX(r))_((r)’dr] f>_<(r)d~%(r). (3.1)

Remark 7 If x, does not contain a constant tersay x; = t, thenx; is actu-
ally of the same dimension as, and X(r) = g(r).

Remark 8 If ¢ is the log density of normal distributio&(r) is simply W4 (r),
and the limit distributior(3.1) reduces to the standard result of OLS detrending

The asymptotic null distribution of the likelihood ratio statistic is summa-
rized in Theorem 2
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THEOREM 2 Under Assumptions A and B and the null hypothesjs H
c=0,

2[L(0,7) — L(c,¥)]

= 5 [ DnoWe (1) + E60(0)1%0r — 25 [ [noW (1) + £59(1)1dS(1)

+5 f d%(r)x(r)’[ f >_<<r>>_<<r>'dr} j X(r)dSy(r). (3.2)

Remark 9 Likelihood ratio tests for the null hypothesis= c, vs. the alter-
nativec # cy can also be constructe@he principles of the proofs are the same
and the asymptotic results are similar to those of Theorem 2

We may also construct test statistics directly based ofvtiestimator of the
unknown parameteA natural candidate is simply thigl-estimator ofc. This
can be treated as a generalization of the Dickey—F(iDérkey and Fuller1979
or Phillips—Perron(Phillips, 1987 Phillips and Perron1988 tests under
M-estimation From the result in Section, 2his is asymptotically equivalent to
rejectingHg if

n

M:

@' (AY, — ¥'AX) (Vi1 — ¥'%X—1)
t=1
Zy = < CV.
2 @ (AY, = ¥'AX) (Yeo1 — ¥'%-1)?
t=1

(3.3)

for some critical valueCV,. The asymptotic distribution is given in the follow-
ing corollary

COROLLARY 2. Under Assumptions A and B and the null hypothesis, the
statistic 2, defined by (3.3) converges weakly to

1 )
[fwgo(r)zdr] fwfo(r)ds)(r)- (3.4)

To obtain asymptotically valid tests for a unit ropete need to know the
distributions given in(3.2) of Theorem 2 or(3.4) of Corollary 2 In the case
that¢ is the log density functignwe can calculate the critical values by simu-
lating Wy and W,. Notice that the departure from normality is characterized
by w2 w? = 1 when the data is Gaussiaks w? increasesthe underlying dis-
tribution becomes more and more non-Gaussidrus we may estimate and
tabulate the asymptotic critical values for selected values3fsay w? =
1,2,3,...,10, and so forth For intermediate values @$2, critical values could
be approximated by interpolatidfor a discussion on related issyese Hansgn
1995 p. 1155.

More generallythe distribution ofu; may not be knownso thatw?, p, andé
must be estimated’he asymptotic null distribution is unaffected if the param-
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eters are replaced by their consistent estimafbss a robust estimate of the
null distribution can be obtained by simulating the distribution with the un-
known parameters replaced by their consistent estim&tesh robust tests could
be inconvenient in practical analysis because the critical values will have to be
calculated each timé\n alternative way(seg e.g., Lucas 1997) is to generate
conservative critical values based on normal innovations

Now we consider the power properties of the likelihood ratio stati3tie
limiting distribution of (3.2) can be derived using the results of Theoremarid
thus the power function can be obtain®de summarize the asymptotic results
in the following theoremwhich shows that the likelihood ratio test has non-
trivial power against the local alternative

THEOREM 3 Under Assumptions A and B and the local alternative,

= wzf[(nc = ©)Je (1) + EcXc(r)] ?dr
+ 2w2f[(nc = ©) e (1) + EeXc (D] AW, (r) + Zszch(r)dV\(o(r)
+ o2 [as.mx(y { i >_<<r>>_<<r>’dr]l [xw0s0
- czwszc(r)zdr

+ 20 f Jc(r>>_<(r>'dr[ f >_<<r)>_<(r)'dr]_l f X(1)ds(r),

where

r r
S(r) = S(r) + CJ Joo &) =S(r) - CJ Je-
0 0

Remark 10 Similar results can be obtained for the t&gt.

Remark 11 Under the normality assumptiothe likelihood ratio test can be
constructed based on the least squares regredsioan be shown thatafter
dropping the asymptotically negligible terpthe likelihood ratio test rejects
H, for small values of

n
Ez[Ayt = Co(Yem1/N) — FAX + Gy Y (X1 /N)]?
t=
LRC = n )
E [Ay, — 7'Ax]?
t=2
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where the restricted maximum likelihood estimajas simply the least squares
estimator of the following regression on the differenced data

Ay, = y'AX, + Ay?. (3.5)

Using X; defined earlier in this siectiom3.5) can be rewritten ady, = B'% +
Ay?. The least squares estimaigg has the following asymptotic distribution

-1
nY?G(Bis — B) = U>_<(r)>_<(r)’dr] f>_<(r)dJc(r). (3.6)
The asymptotic distributions dfR; are given in the following theorem

THEOREM 4
(1) Under H,

n(LR, - 1)
= | EnoWe, (1) + €60(01%0r — 2 [ TV (1) + 5] aWtn 2o
| dW<r>>_<<r>'[ i >_<<r>>_<(r>/dr}l [xwawe. (3.7)
(2) Under H;,

n(LR.—1) = §éUg(r)[X;(r) = (ne+o)X'(r)] dr} I3 +JF~<c(r)2dr
-1
+ dec(r)L((r)’U>_<(r)>_<(r)’dr} fL((r)dSc(r)
- 2§éfX,,(r)dW(r) - ZnJJc(r)de(r)

- Cch(r)dW(r) - CJJc(r)dSc(r),
where

Re(r) = 1c3e(r) — (ne + ©)X' (&, and W (r) = W(r) — £LX(r).

Remark 12 In the special case thatis the nonlinear least squares estima-
tor, the limiting null distribution ofZy is [ fW, (r)2dr] =W, (r)dW (r).
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3.2. Unit Root Test against a Point Alternative

Even for the simplest case whexg= 0 (or d; is known and thusy? is observ-
able there is no uniformly optimal estimator faror uniformly optimal test for
Ho. Under regularity conditionsthe random variableE . ; ¢’ (AyS)(yS ,/n)
andX ;0" (AyS)(ys ,/n)? have a nondegenerate limiting distribution and are
asymptotically jointly sufficient statistics for the local parameteNotice that
the asymptotic sufficient statistic is two dimensional and we can not find a
uniformly best estimate foc or a uniformly most powerful test forH, even
asymptotically Cox and Llatag1991 studied the optimality of the maximum
likelihood estimator for this case and showed that the optimal criterion func-
tion is a linear combination of the least squares score and the true score func-
tion, and the linear combination depends on the unknown parareBacause
¢ is the log density ofi;, asymptotic admissible tests could be constructed based
on a linear combination oF,_; @' (AyS)(yS 1/n) and X, " (AyS) (Y 1/n)>

If we consider a unit root test against the simple point alternatizec < 0,
then in the cased, is known a most powerful test can be constructed based on
the likelihood ratio statistit.(0) — L(€) by the Neyman—Pearson lemrteg.,
King, 1988 Dufour and King 1991). As a result the asymptotic local power
function can be calculated and a power envelope can be obtained as we change
the values of (Rothenberg and Stock997).

Whend, is unknown the trend coefficieny has to be estimated to construct
a feasible testHowever the use of an estimated changes the limiting distri-
bution and there is no most powerful test for the unit root hypothdsishis
case a natural generalization of the Neyman—Pearson test for the nal=o®
against the point alternative= c is to reject for small values of the likelihood
ratioL(0,y) — L(C,¥), wherey and¥y are the maximum likelihood estimators
for v under the null and the alternative hypothesespectivelyElliott, Roth-
enberg and Stock(1996 studied this test for the Gaussian case with a linear
trend and constructed a power envelope based on suchltesis sectionwe
explore the asymptotic properties of such tests for cases with general distur-
bance distributions

The asymptotic behavior df(0,y) has been analyzed in Sectiori.3For ¥,
it can be shown that

-1
n“Y2D,(y —y) = ch(r)xc(r)’dr} ch(r)dSc(r), (3.8)
where

Sc<r>=so<r>—<c—c>foac, Xo(r) = g(r) — EX(1).

By an asymptotic expansion and using the result&3df) and(3.8), the as-
ymptotic distribution of the likelihood ratio statistic can be derived
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THEOREM 5 For all ¢ in a compact set,
2[L(0,7) — L(c,¥)]

-1 2
:>8f [(C— c)J.(r) + Xc(r)’[fxc(r)xc(r)’dr} J‘Xc(r)di(r)} dr
-1
~ 25 f [(c— 0)Ju(r) + xc<r>[ j xc(r>xc<r>'dr] j xc<r>déc(r)] ds(r)
+5 f dS.(X(r)’ [ f >_<<r>>_<<r>'dr}1 f X(rdsy(r) — ¢% f 3.(r)7dr

-1
- 205f3c(r)dso(r) + ZCéch(r)L((r)’drU>_<(r)>_<(r)’dr] f>_<(r)dS¢(r).

Under the null ofc = 0 and the point alternative= ¢, we obtain the follow-
ing limiting distributions

COROLLARY 3.
(1) Under c= 0,

2[L(0,7) — L(c,¥)]

-1 2
:Ef [CWI(r) + Xc(r)’[fxc(r)xc(r)’dr} fxc(r)dS)(r)} dr
-1
- 26[[6W1(r) + Xc(r)’UXc(r)Xc(r)’dr} ch(r)dSo(r)} dsy(r)

-1
+ 5fd3)(r)X(r)’U>_<(r)>_<(r)’dr} fL((r)dS)(r).

(2) Under c= c,

2[L(0,9) — L(c,¥)]

-5 d&(r)xcm/[ i xc<r)xc<r>/dr] [*enaso
-1
+ 8 [asxy [ i >_<<r>>_<<r>/dr] w0800 - [a.02ar
-1
- ZC5ch(r)dSo(r) + waJc(r)L((r)’drU>_<(r)>_<(r)’dr]

X f>_<(r)dsc(r). (3.9)
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Remark 13 In the special case thatis the log density of normal distribu-
tion, the likelihood ratio test rejectd, for small values of

n
2 [AY, — C(Yi—1/N) — ¥'AX, + €Y' (X—1/N)]?
t=2
LR, = ; . (3.10)
2 [AY, — 'A% ]?
t=2

The limiting distributions 0f3.10) can be derived as a corollary of Theorem 5

In particular whenx; is a linear trendthe results reduce to the distribution
given by Elliott et al (1996. They also derive the power envelope based on
distribution (3.9) for the case where is log normal andx; is a linear trend
Obviously in the case of non-Gaussian innovatiptiss distribution depends

on the parametan? Given the value of»?2, the power envelope can be derived
similarly. Monte Carlo evidence indicates that substantial power increase oc-
curs as the parameter? increasesThis suggests a potential efficiency gain
from using the distributional information in the unit root tests

3.3. QD M-Detrended Unit Root Tests

The M-estimation can be coupled with quasi-differencii@pP) to construct a
nearly efficientM-detrended unit root tesfgain, like the tests considered in
the previous sectionglifferent types of unit root tests based on the efficient
M-detrended data can be constructét analyze the coefficient based test in
this section other tests can be analyzed in a similar way

For some appropriate choicgewe calculate the maximum likelihood estima-
tors fory under the hypothesis= C,

n
y = arg max®, ¢(AcY, — ¥'AcX), (3.11)
t=1

and construct the detrendgdbased ory,

e =Y — 7%

Reestimatingc based on thévl-estimator of the autoregressive coefficient of
v, i.e.,

¢= arg maXE §D(Ayt - C(yt—l/n) —¥'AX + C?'(Xt,l/n)),
t=1

the efficient M-detrended unit root test can then be constructed based on
ZM = 6
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Notice that the partial sum process basedydhas the following asymptotic
behavior

1 -1 _ -
7 Y = Je(D) = X (Y [ i xcxe] [ERCE)
We can derive the limiting null distribution and the power functioriZgf = ¢.

THEOREM &

(1) Under c= 0,

&= Uwf}lUwcds)—fwcngxCXé]1fxcdéo} (312)

(2) Under the alternative hypothesis,

fo [fjg]_l[fjcds)—fjcxg[fxcxg]_lfxcdéo]

Remark 14 In the case thap(u) = —u?, it can be easily verified that under
the null

-1
= |:ch2:| JchWc,

which is exactly the limit distribution of the quasi-differencing detrended Phil-
lips Z, test(see inter alig Phillips and Xiag 1998. If we choosex; to be a
constant term or a linear trende obtain the limiting result of Elliott et al
(1996.

Remark 15 For time series with general serially correlated residumalson-
parametrically modified estimatosay ¢*, can be usedand the same limiting
results follow

4. MONTE CARLO RESULTS

We conducted some limited Monte Carlo experiments to examine the sampling
performance of the nonlinear joint estimation of the trend coefficients and the
local parameter and testing procedures based on.theparticulay we com-
pared the finite sample performance of the nonlinear joint estimator of the de-
terministic trend coefficient with other conventional estimators and compared
the power properties of unit root tests based on different detrending proce-
dures The model used for data generation was the following model

Yo =¥ %tV
Vo= ays , + U, t=1,...,n,

(DGP){
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where the true value of is 0 and{u,} is an ii.d. sequence of-distributions
with three degrees of freedoM/e standardized, so that it has unity variance
Two sample sizes were considered= 100, n = 200 The number of iterations
is 2000 in each casand the initial value of/® is set at 0

We first examined the estimation of deterministic trends, y. We consid-
ered the leading case of a linear time trené, x; = (1, t). Notice that because
the intercept term is not consistently estimale focused our attention on the
estimation of the coefficient af The following estimators of the deterministic
trend coefficient were compared

(1) Ordinary least squares estimator of the trend coefficidahoted as OLS

(2) Least squares estimator of the trend coefficient based on the quasi-differenced
datg denoted as QDLS

(3) M-estimator of the trend coefficient based on the quasi-differencedidatg in
(3.11), denoted as QDM

(4) Maximum likelihood estimator of the trend coefficient based on the nonlinear
regressioni.e., ¥ in (2.6), denoted as NLM

We considered different data sets generated@@P) with « = 1, 0.95, 0.9,
0.85, and 08 and sample sizes of 100 and 20Mhe prespecifiec in quasi-
differencing is—10 for the case& = 100 and—20 for then = 200 casgother
choices of prespecified were also tried Table 1 reports the estimation bias
for the four estimators in different casesd Table 2 reports the variances of
these estimatordlotice that these estimators are unbiased and the mean squared
errors are dominated by the varianc®é& also depicted thékernel smoothed
simulation densities of these estimators corresponding to different data sets
The information about these graphics is given here

TABLE 1. Estimation of the deterministic trendias

oLS QDLS QDM NLM
n =100
a=1 —0.0010215 —0.0006520 —0.00100501 —0.0010499
a =095 00003870 (0003634 000010376 @M000627
a =0.90 00004275 00003949 —0.00000908 —0.0000471
a =0.85 00003171 (00002694 —0.00006837 —0.0000662
a =0.80 00002477 (00001965 —0.00007931 —0.0000246
n= 200
a=1 0.0004712 0004742 —0.0015339 —0.0007481
a =0.95 00001856 0001727 00000656 —0.000102
a =0.90 00000221 (0000161 (00000122 (00000251
a =0.85 00000179 (0000153 —0.0000459 —0.0000664
a = 0.80 00001281 (00000954 —0.0000559 —0.0000325
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TABLE 2. Estimation of the deterministic tren@ariance

OLS QDLS QDM NLM

n =100
a=1 0.1158501 01104706 01056588 00090731
a =095 00295969 0271542 00202029 00189686
a =0.90 00159903 0141669 00100533 00106364
a =0.85 00108151 (00099818 00066257 00070036
a =0.80 00081582 (0078926 00054088 (0052918

n = 200
a=1 0.0763741 0751235 0731166 (0618703
a=0.95 00145821 0133685 00096584 00092456
a =0.90 00057442 0055467 (0036155 (0038017
a =0.85 00038246 (0035625 00021288 (0023156
a = 0.80 00024754 0022922 Q017279 00016296

(1) Figure I simulation densities of these estimators when the sample size is 100
and the truex = 1.

(2) Figure 2 simulation densities when = 100 and the true is 0.9.

(3) Figure 3 simulation densities when = 200 and the truexr = 1.

(4) Figure 4 simulation densities when = 200 and the truev is 0.9.

Some general conclusions can be drawn from these Monte Carlo rdhats
estimators QDM and NLMwhich use the distributional informatiphave much

6 ‘ : : :
5,
4, |
>
+
@ 31 |
[¢h]
—D -
2+ —— 0oLS | 1
--- QDLS
QDM
Tr = nLm ]
0 o <y e

-0.6 -04 -0.2 -0.0 0.2 0.4 0.6

FIGURE 1. Simulation densitiesn = 100, o = 1.
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FIGURE 2. Simulation densitiesn = 100 « = 0.9.

better sampling performance than OLS and QDC8mparing QDM and NLM

we can treat NLM as thkl-estimator using a nonlinearly estimatedut QDM

uses a prespecified (The one-step estimator was also examined and was found
to be worse than the nonlinear estimatdhe Monte Carlo results indicate that
the nonlinear joint estimatady (using a jointly estimated in quasi-differencing

density

P ~

-0.4 -03 =02 -01 -0.0 041 0.2 0.3

Fi1GURE 3. Simulation densitiesn = 200 « = 1.
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Fi1GuURE 4. Simulation densitiesn = 200 « = 0.9.

has in general pretty good sampling performance and has avoided the addi-
tional issue of choosing a prespecifiedAs we can anticipatevhen the true
value is close to the prespecifiedQDM has slightly better performance over
NLM. However in other casesNLM gives relatively better resultsThe evi-
dence is quite clear in the four figures

We also examined the effect of these estimation procedures on the power
properties of unit root test$n particular we considered the coefficient-based
unit root tests using these four different detrending procedures and the likeli-
hood ratio tes{3.2) based on the nonlinear joint estimatidinus the five tests
examined in the Monte Carlo are

(1) the Dickey—Fuller coefficient test based on OLS detrenditemoted by OLS

(2) the QD detrended DF teébased on least square regression on the quasi-differenced
data, denoted by QD

(3) theZy, (3.12) test based oM-estimation plus quasi-differencindenoted by QDN

(4) theZy (3.3) test based on the nonlinekt-estimation denoted by NL.

(5) the likelihood ratio test3.2) based on the nonlineav-estimation denoted by
LR.

To provide a power comparison among the different jas&g-corrected power
is reported(for discussions on the use of size-corrected powaiso see Stogk
1995 Cheung and Lai1997). The corresponding critical values were calcu-
lated from a direct simulation using D0 replicationsBoth the demeaned
test and the detrended test are examitegarticular Table 3 reports the em-
pirical power of the demeaned tesémd Table 4 reports the power of the tests
when a linear time trend is removeligure 5 depicts the power functions of
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TaBLE 3. Size-adjusted empirical powédemeaned cage

oLS QD QDM NL LR
a=0975 Q0976 01002 01260 01266 01362
a =095 01792 01822 02544 02540 02970
a=0925 02982 03076 04682 04660 04900
a = 0.90 04546 04688 07086 07082 06676
a = 0875 06278 06416 08896 08898 08101
a =085 07874 07962 09672 09666 08918
a=0825 08968 09016 09908 09912 09502
a = 0.80 09578 09606 09980 09982 09799

the demeaned testsnd Figure 6 depicts those of the detrended tésgeneral
conclusion that can be drawn immediately from the simulation results is that
the testing procedures using distributional information have substantially im-
proved power propertieghese Monte Carlo results indicate that the empirical
power functions of tests QDM\L, and LR are well above the power functions
of least-square-based testests based on the joint estimation have reasonably
good performance

5. CONCLUDING REMARKS

We studied likelihood-based estimation and tests in a nonstationary autoregres-
sive time series model with unknown deterministic trends and general distur-
bance distributionsin particular a joint estimation based on a nonlinear
regression was studiedsymptotic analysis on th&-estimators and related
testing procedures were present€te finite sample performance of these es-
timators and testing procedures was examined in Monte Carlo experinents

TaBLE 4. Size-adjusted empirical powédetrended casge

oLS QD QDM NL LR
a = 0975 00624 00638 00786 00778 01266
a =095 01048 01068 01592 01584 02654
a =0.925 01936 01950 03166 03160 04462
a = 0.90 03192 03222 05434 05406 06228
a = 0.875 04804 04822 07684 07690 Q7776
a =085 06474 06522 09134 09126 08728
a=0825 Q7974 08024 09736 09726 09336
a =0.80 08982 09006 09926 09918 09676
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FiGure 5. Size corrected power of unit root tegteemeaned cage

practice even if the exact distribution of the innovations is unknoufrthe

data have similar tail behavior as the density function used in the estimation

inference based on these methods should have good sampling praperties
Our analysis may be extended in different directions of possible econometric

interest The approach of this paper readily extenddvieestimation with gen-
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FIGURE 6. Size corrected power of unit root tegtgear time trengl
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erally serial correlated innovationis which case the one-sided long-run vari-
ance enters the limiting distributipStructural breaks in the deterministic trend
may be incorporated into the modéldaptive or partially adaptive methods
using approximations of the data densities may be investigdttesl also of
considerable interest to extend this analysis to vector autoregressive time series
with cointegrated variables

REFERENCES

Beelders O. (1998 Adaptive Estimation and Unit Root Test#/orking paperEmory University

Bickel, P. (1982 On adaptive estimatiorAnnals of Statistic40, 647-671

Chan N.H. & C.Z Wei (1987 Asymptotic inference for nearly nonstationary AR processes
Annals of Statisticd5, 1050—1063Also appeared ifrorecasting and Modeling in Statistics and
EconometricgSpringer—Verlag1996.

CheungY.W. & K.S. Lai (1997 Bandwidth selectiojprewhiteningand the power of the Phillips—
Perron testEconometric Theorit3, 679-691

Cox, D. & I. Llatas (1991 Maximum likelihood type estimation for nearly non-stationary auto-
regressive time seriednnals of Statisticd9, 1109-1128

Dickey, D.A. & W.A. Fuller (1979 Distribution of estimators for autoregressive time series with a
unit root Journal of the American Statistical Associatidd, 427—-431

Dufour, J & M.L. King (1991 Optimal invariant tests for the autocorrelation coefficient in linear
regressions with stationary and nonstationary(BRerrors Journal of Econometric47, 115-143

Elliott, G., T.1 Rothenberg& J.H. Stock (1996 Efficient tests for an autoregressive unit root
Econometricab4, 813—-836

HansenB. (1995 Rethinking the univariate approach to unit root testew to use covariates to
increase powelEconometric Theoryt1, 1148-1171

HansenB. & S. Lee (1994 Asymptotic theory for GARCH1,1) quasi-maximum likelihood esti-
mator Econometric Theort0, 29-52

Juhl T. (1999 Testing for Cointegration Using M Estimatok&/orking paperUniversity of Kansas

Juhl T. & Z. Xiao (2000 Power Functions and Envelopes for Unit Root TeBteprint

King, M.L. (1988 Towards a theory of point optimal testingconometric Review8, 169-218

Knight, K. (1991 Limit theory for M estimators in an integrated infinite variance proc&®no-
metric Theory7, 200-212

Lucas A. (1994 An outlier robust unit root test with an application to the extended Nelson—
Plosser dataJournal of Econometric66, 153-174

Lucas A. (1999 Unit root tests based on M estimatoEsconometric Theoryt1, 331-346

Lucas A. (1997 Cointegration testing using pseudolikelihood ratio teEtsonometric Theorit3,
149-169

Park JY. & P.C.B. Phillips (1988 Statistical inference in regressions with integrated pracess
Part L Econometric Theoryl, 468—497

Park 1Y. & P.C.B. Phillips (1989 Statistical inference in regressions with integrated pracess
Part Il. Econometric Theorp, 95-131

Phillips, PC.B. (1987 Towards a unified asymptotic theory of autoregressiBiometrika 74,
535-547

Phillips, PC.B. (1988 Regression theory for near-integrated time serlesonometrica56,
1021-1044

Phillips, PC.B. (1995 Robust nonstationary regressjdconometric Theorit2, 912-951

Phillips, PC.B. & P. Perron(1988 Testing for unit roots in time series regressi@&iometrika75,
335-346

https://doi.org/10.1017/50266466601176036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601176036

LIKELIHOOD INFERENCE IN TRENDING TIME SERIES 1107

Phillips, PC.B. & Z. Xiao (1998 A primer on unit root testingJournal of Economic Survei2,
423-469

PotscherB. & |. Prucha(1986 A class of partially adaptive one-step M estimators for the nonlin-
ear regression model with dependent observatidosrnal of Econometric82, 219-251

RothenbergT. & J. Stock(1997) Inference in a nearly integrated autoregressive model with non-
normal innovationsJournal of Econometric80, 269—286

Schmidf P. & P.C.B. Phillips (1992 Testing for a unit root in the presence of deterministic trends
Oxford Bulletin of Economics and Statisti6d, 257-288

Seq B. (1996 Essays on Time Series EconometrieeD. Dissertation University of Rochester

Stock JH. (1995 Unit roots structural breaksand trendsin R.F. Engle & D. McFadden(eds),
Handbook of Econometrigsol. 4, pp. 2739-2841Amsterdam North-Holland

Wooldridge JM. (1994 Estimation and inference for dependent procesbe®.F. Engle & D.
McFadden(eds), Handbook of Econometricsol. 4. Amsterdam North-Holland

Xiao, Z. (1999 Unit Root Tests Based on Partially Adaptive Estimatidforking paperUniver-
sity of Illinois.

APPENDIX: PROOFS

Proof of Theorem 1. By definition, the estimatorg¢, ¥) solve the following equa-
tion system

(i): 2 @' (AY, — C(Yi—1/N) = F'AX + Cy' (X—1/N)) A% = 0,
t=1

(ii): E @' (AY, — C(Yp—1/N) — ¥'AX + Cy' (X—1/N))¥5 1 =0,
t=1

whereys_ ; = V-1 — ¥'%X—1. For simplicity we denote that

O = Ay, = €(Yi-1/N) = ¥'A% + €Y' (X1 /N);

then

0= U = (€= C)(YZa/M) = (F = ¥)'AcX + (€= O)(¥ = ¥) (Xe—a /D).

Under Assumption Bfor all c in a compact setthe left-hand side of equatiof) is
asymptotically equivalent to
1) AeXy

—(F=7) 2 @"(U)AXAX + (E—C)(F —y) X @" () <Xt—1> AcX .

t=1 t=1 n

ye
n

(i"): ZIQD’(Ut)AcXt —(¢—0o Zlqo”(ut)<
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Under the assumptions of Theoremtlie following asymptotics hotd

Fn_lACX[nr] = g(r) - ncx(r) = Xn(l’),

1 [nr]
N 2140'(%) = B,(r) = wW,(r) = BM(0?),
1
ﬁ y[snr] = ‘]c(r) - f(l:x(r) = ch(r)>

whereJ(r) = [} e°"~9dW,(s) andWy(r) is the weak limit ofn-¥2 3" u,. As a re-
sult it can be verified that

iElEgz)’(u)AXl:*l:)fldB X (A.1)
vn & t)BeXt Fn o e .
10 3
ﬁ 21-40,’(”1)(65 -c) < yn l) AeXy Fr:1 = 75(775 ) f‘]cxm (A.2)
t=
1 n
NG 2 @"(U) (¥ = Y) A Acx Fyt = _5§éfxcxn: (A-3)
t=1
12 -
S ewie-am-y (5 anFi o s -0g Xk, a9
=

Notice that

@' (u) = [¢'(U) + pu,] — pu; = vy — pu,.

Thus
B,(1) = Vo2 = p?Wy(r) — pWy(r). (A5)
Denote

!§C(r)=So(r)+f0 J(s)ds S,(r)=So(r)+(c—nc)LJc(S)ds

ﬂwZ_ 2
SH(1) = SWR(N) — W1, J(1) = e(r) — £0g(r):
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then by the results ofA.1)—(A.5) and(i’), we have

~-1
Eo= [fx,,(r)x,,(r)’dr] fx,,(r)dér,(r).

Similarly, under the given assumptiartbe left-hand side of equatiaiii) is asymp-
totically equivalent to
Yoa) o
e,

-(F—y) E%D”(Ut)A X Y1+ (C—c)(¥ —y) EQDH(U)( )yt 15

(ii"): 2 e (u)ye,—(€—0©) Z @”(Ut)<

and by calculations of weak limits of the sample covarian@s) > ;@' (U,) S 1,
(1/n?) Sy " (U)YE 1981, (I/N)(F — ) 210" (U)AcX ¥4, and (1/n)(¥ — y)' X
S (u)(X_1/NYS,, following a similar argument as the previous proefe
get

ncfgcg(r)zdr = fgcg(r)di(r). u
Proof of Theorem 2. Notice that the likelihood ratio statistic is
L(0,7) — L(¢,%)

= Z @Ay, — B/il) - 2 @AY, — C(Yi—1/N) = Y'AX + Cy' (X—1/N)).
t t

By an asymptotic expansioit can be shown thaunderHy and the given assumptians
the likelihood ratio statistic has the following approximation

c 2 co
n D @' (U) (Yeo1 = ¥'%1) — n > @ (U) (Yem1 = ¥ %) (F — ¥)'AX,
t=1 t=1
T 52 E " (U) (Yemg — F'%—1)? + 2 @' (U)(F —y) AXq
2n® 51 =1
n R l n
- 21€0’(Ut)(,3 - B)% — E E " (u)[(¥ — ’)’)'AXt]z
t= t=

5 2@ W8~ BY%]2+ 0p(D). (A.6)

I\)IH
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It can be derived that the components#6) have the following limits

Sl

2:1¢'(Ut)(Yt—1 — ¥ X—1) = nofW§0(r)dB¢(r),
C n
n Z " (U) (Ve — ¥ X)) (¥ — ¥)'Ax = —Snoféfg(r)wgo(r)dr,

CZ n

2 EQDH(UI)(Yt—l =¥ %) = —6n§fwfo(r)2dr,

S 607~ 7% 2 = & | 61108 (),
S @' (U) (B - BY%, = de@«U&«dr] [ xas,

2190”(Ut)[(7 —y)Ax]? = *5§6f9(r)9(f)'dr§o,

> e Wl(B-prx]>= —afdsox U&«dr] f>_<d%.
Thus

2(L(0,9) — L(c,%))

converges weakly to

2m6 f W, (1dB, (1) + 25704 f a(nW, (r)dr — 52 f W, (r)2dr
+ 2§6fg(r)dB¢(r) - 8§éfg(r)g(r)’dr§o
2 f dB¢<r>>_<<r)'[ f >_<<r>>_<(r>'dr}l f X(r)dS,(r)

—a fasoxer| [xoxoal]  [xnese.

and the preceding summation equals

5 [[[noW(r) + 501701 — 25 [ InoW (1) + £50(r 105, (0)

-1
+ 5Jd3)(r)>_<(r)’ U>_<(r)>_<(r)’dr] f>_<(r)d%(r).
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Proof of Theorem 3. The proof follows similar steps to that of TheoremNtice
that under the local alternative hypothesis and the given assumptiadikelihood
ratioL(0,y) — L(¢&,¥) has the following asymptotic expanston
(C —0) (c— ) , _ )

E O U) (Y1 = ¥ %)) — ———— 2 " (U) (Vi1 = ¥ %) (¥ — ¥)' AcX

c— 2 n n
( C) ZQD”(Ut)(Yt 1 V’Xt—l)z"‘%?’(Ut)('?_')’)’Acxt—l

n n . 1 n
£ 3¢ ) e DB~ B% 5 S e WlT — pac]?
t=1 t=1 t=1

0 R 12 .
o3 e WYEB Bt X e W~ Y2

t=1
10 2
L3 (B o w0

By a calculation of limits of the components(A.7), we obtain the results of Theorem 3
| |

Proof of Theorem 5. Notice that
L(c,y) = 2 e(AcYy — ¥'AcX)
= E e(u, — (€= o) (ye1/N) — (¥ — y)' AcXy);

under Assumption Bfor all ¢ in a compact sethe likelihood ratioL(0,y) — L(¢,¥) has
the following asymptotic expansion

E [ 3/;—1_\/_(,3 B)Xt]

t=1
n . Cy57
; " (Uy) [ \}ﬁl

[( Q)1

:|2
-(¥y- 7)/ACXI:|

n _ S 2
—%; (wTC)y‘l—(?—v)’Acxt)
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It can be verified that

n n s ’(ut)
z ®'(u) _Yt 1= ; N = CchdB‘p,

n n

1 @' (u)
2 (Ut)(,B B)Xt_[(lg B)'G, n1/2][2 n % \/ﬁ]

> fd&x“&«}_lﬁ_msw

a " s (A ave En . ytlv _ 1/2 -
zlﬁo (U)ye1(B B)Xt_c{nglﬁo (u) \/— }{n/Gn(B B)}

el Jc<r>>_<<r>/dr[ i x<r>>_<<r>/dr]1 [xwas,

i A . 12
21¢”(Ut)[(,3 —BY%]? =B~ BYGn2] 2190”(Ut)GrTl>'<t>“<{
t= t=

S1o

G, '[N2Gy (B — B)]

—5de:(r)>_<(r)’U>_<(r)>_<(r)’dr} f>_<(r)dS:(r),
n 2 n S 2
S oS ) =t 3w (L2 ) 5 s [a0ren
e t><(° Wy (5 yrac x[)

= f[(C—C)JC+XC[JXCXg}1fXCdSC]dB

S ortu (D4 (5 -y

= —5f [(c— 0)J. + ngxcxg} lfxcdéc]zdr.

Notice thatB,(r) = —6S(r) and thus
—40@«“&«}1f>_<dB¢—6fdsb>_<'U&<'dr}1f>_<da
= afdstx'[jm]lﬁ_w[zso—su
- 6fdst>_<'[f&<'}1f>_<d_sc.

The result of Theorem 5 can then be obtained
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