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Abstract. A coupled mathematical system of four quasi-linear partial differential equa-

tions and the initial-boundary value conditions is presented to interpret transient be-

havior of three dimensional semiconductor device with heat conduction. The electric

potential is defined by an elliptic equation, the electron and hole concentrations are

determined by convection-dominated diffusion equations and the temperature is inter-

preted by a heat conduction equation. A mixed finite element approximation is used

to get the electric field potential and one order of computational accuracy is improved.

Two concentration equations and the heat conduction equation are solved by a frac-

tional step scheme modified by a second-order upwind difference method, which can

overcome numerical oscillation, dispersion and computational complexity. This changes

the computation of a three dimensional problem into three successive computations of

one-dimensional problem where the method of speedup is used and the computation-

al work is greatly shortened. An optimal second-order error estimate in L2 norm is

derived by prior estimate theory and other special techniques of partial differential e-

quations. This type of parallel method is important in numerical analysis and is most

valuable in numerical application of semiconductor device and it can successfully solve

this international famous problem.
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Key words: Three dimensional transient behavior of heat conduction problem, numerical simula-

tion computation, mixed finite element, modified upwind fractional step difference, second-order
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1. Introduction

Traditional numerical methods are generally invalid for modern simulation of semicon-

ductor device, since semiconductor device develops greatly and its mathematical model, an
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initial-boundary value diffusion system of nonlinear partial differential equations is solved

in consideration of multi-dimensional problem, complicated geometric domains and high

order of accuracy. Therefore, modern numerical simulation techniques are introduced to

find its discrete solutions [13,18,35,36].

The mathematical model of transient behavior problem of three-dimensional semicon-

ductor device of heat conduction is formulated by four nonlinear partial differential E-

qs. [2, 8, 13, 14, 18, 29, 31, 35, 36]. The first equation is elliptic for describing the electric

potential, the second and third equations are of convection-diffusion for finding the elec-

tron concentration and hole concentration and the fourth equation is of heat conduction

for finding the temperature. The electric potential governs the concentrations and the

temperature by its electric field intensity. Combined with corresponding boundary value

conditions and initial value conditions, a whole system follows on a three-dimensional

domain Ω [2,8,13,14,18,29,31,35,36].

−∆ψ=∇ · u = α(p− e+ N(X )), X = (x1, x2, x3)
T ∈ Ω, t ∈ J = (0, T̂], (1.1a)

∂ e

∂ t
=∇ ·
�

De(X )∇e+µe(X )eu
�

− Re(e, p, T ), (X , t) ∈ Ω× J , (1.1b)

∂ p

∂ t
=∇ ·
�

Dp(X )∇p−µp(X )pu
�

−Rp(e, p, T ), (X , t) ∈ Ω× J , (1.1c)

ρ
∂ T

∂ t
−∆T =
¦

(De(X )∇e+µe(X )eu)− (Dp(X )∇p−µp(X )pu)
©

· u,

(X , t) ∈ Ω× J . (1.1d)

In the above expressions, the electric potential ψ, the electron concentration e, the hole

concentration p and the temperature T , the electric field intensity u = −∇ψ are unknown

functions. The electric field potential is generated by the electric field intensity in the

concentration equations and the heat conduction equation, and governs the above three

equations. α= q/ǫ is defined by the quotient of two positive constants, the electronic load

q and the dielectric coefficient ǫ. All coefficients in (1.1b)-(1.1d) have a positive upper

bound and a positive lower bound. The diffusion coefficients Ds(X ), s = e or p, are equal

to UTµs(X ), a product of the mobility µs(X ) and the heat UT . A given function N(X )

is defined by ND(X )− NA(X ), the difference of impurity concentrations of the donor and

the acceptor, whose values change rapidly as X approaches closely the semiconductor P-N

junction. The symbols Re(e, p, T ) and Rp(e, p, T ) denote generation-recombination rates

of the electron, the hole and the temperature. The coefficient of heat conduction ρ(X ) is

positive definite.

Initial value conditions are given by

e(X , 0) = e0(X ), p(X , 0) = p0(X ), T (X , 0) = T0(X ), X ∈ Ω. (1.2)

where positive functions e0(X ), p0(X ) and T0(X ) are known.

Boundary value conditions of Dirichlet type are given by

ψ(X , t)
�

�

∂Ω
= 0, e(X , t)|∂Ω = ē(X , t), (1.3a)

p(X , t)
�

�

∂Ω
= p̄(X , t), T (X , t)|∂Ω = T̄ (X , t), t ∈ J . (1.3b)
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Gummel puts forward a sequence of iterations in 1964 and uses this new numeri-

cal method to solve semiconductor device [12]. Considering actual applications, Douglas

and Yuan present a kind of applicable difference method for one-dimensional and two-

dimensional simple models regardless of temperature effect, and show the theoretical anal-

ysis for constant coefficient case firstly [8,25]. Then Yuan discusses a finite element method

and a mixed finite element method with the characteristics for multi-dimensional problem-

s with variable coefficients and derives optimal order error estimates in H1 norm and L2

norm [26,28,29]. In modern numerical computation of three-dimensional semiconductor

simulation, the heat conduction affects transient behavior, so the factor of the temperature

should be considered. Otherwise, numerical simulation will be distorted [16,19,31,35,36].

Successively, Yuan gives two kinds of fractional step methods modified by characteristic d-

ifferences and upwind differences and discusses error estimates of second order in L2 nor-

m [32–34]. Some physical properties such as conservation of mass should be considered

in structuring numerical computational algorithms, and a type of mixed finite element-

characteristic mixed finite element method is put forward where the electric field potential

is solved by low-degree standard mixed finite element approximation and the concentra-

tion equations of convection-dominated type are discretized by characteristic mixed finite

element essentially keeping the global conservation of mass [20, 22–24]. The method of

characteristics is introduced to overcome numerical oscillation and dispersion, while extra

interpolations are added to compute the values at the points along the characteristics. It

is necessary to testify whether the points along the characteristics direction locate inside

the computational domain, then the values at the points outside the domain are calculated

with special process and time step corrections. Extra work for finding the points of inter-

section of the mesh and the characteristic lines and extra calculations for the values of grid

functions are considered in structuring computational programs, so actual computations

are complicated [31,35,36]. For parabolic problems, Ewing, Lazarov and other researchers

present upwind difference schemes to overcome numerical oscillation [11, 15], and Dou-

glas and Peaceman use this type of method to simulate two-phase incompressible displace-

ment problems [10] without theoretical justifications [4, 5]. In this paper a new mixed

finite element-fractional step method modified by upwind differences is argued for the sys-

tem of semiconductor device. The electric field potential is computed by a mixed finite

element method, and the computation is improved one order accuracy [7,8]. The electron

concentration, the hole concentration and the heat conduction equation are computed by

upwind difference fractional step method by decomposing a multi-dimensional problem

into three successive one-dimensional subproblems solved by the method of speedup, and

this can decrease computational scale and can improve actual computation accuracy by

refining space and time partitions. Using a combination of coarse grids and refined grids,

calculus of variations, multiplicative operators commutation rule of differential type, in-

duction hypothesis, and prior estimates and other special techniques of differential equa-

tions, the authors present optimal order error estimates in l2 norm of the applicable, paral-

lel algorithm. It is most valuable in model analysis, numerical method, principle research,

theory and application of semiconductor device simulation [2,8,12–14,18,25,35,36].
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In general, the problem (1.1a)-(1.3) is supposed to be positive definite,

(C) 0< D∗ ≤ Ds(X )≤ D∗, 0< µ∗ ≤ µs(X )≤ µ
∗, (1.4a)

s = p, e, 0< ρ∗ ≤ ρ(X )≤ ρ
∗, (1.4b)

where D∗, D∗, µ∗, µ
∗, ρ∗ and ρ∗ are positive constants.

Suppose exact solutions are suitably regular,

(R) ψ ∈ L∞(J ; W 1,∞)∩ L∞(J ; Hk+3), (1.5a)

e, p, T ∈ L∞(W 4,∞),
∂ 2e

∂ t2
,
∂ 2p

∂ t2
,
∂ 2T

∂ t2
∈ L∞(L∞). (1.5b)

And suppose that Re(e, p, T ) and Rp(e, p, T ) are Lipschitz continuous in the ǫ0-neighbor

centered by (e, p, T ), that is to say there exists a positive number M such that for |ǫi| ≤
ǫ0 (1≤ i ≤ 6),

�

�Rs(e(X , t) + ǫ1, p(X , t) + ǫ2, T (X , t) + ǫ3)

− Rs(e(X , t) + ǫ4, p(X , t) + ǫ5, T (X , t) + ǫ6)
�

�

≤M
�

|ǫ1− ǫ4|+ |ǫ2− ǫ5|+ |ǫ3− ǫ6|
�

, (X , t) ∈ Ω× J , s = e, p. (1.6)

This assumption is reasonable in physics science [1, 13, 14, 18]. In this paper M and ǫ

denote general positive constant and general positive small constant, respectively, and

they have different meanings at different places.

2. A coupled procedure of a mixed finite element scheme and an upwind

difference fractional step scheme

A mixed finite element argument is given for (1.1a). Let V = {v ∈ H(div;Ω)}, W =

L2(Ω), and give the saddle point weak form as follows,

�

u, v
�

−
�

∇ · v,ψ
�

= 0, ∀v ∈ V, (2.1a)
�

∇ · u,ϕ
�

= α
�

p− e+ N ,ϕ
�

, ∀ϕ ∈W. (2.1b)

Let Vh×Wh denote a k-degree Raviart-Thomas space [7,8,17,21]. hψ denotes the partition

parameter, and the following approximations hold,

inf
vh∈Vh

�

�

�

�v − vh

�

�

�

�

L2(Ω)
≤ M
�

�

�

�v
�

�

�

�

k+1
hk+1
ψ

, (2.2a)

inf
vh∈Vh

�

�

�

�∇ · (v− vh)
�

�

�

�

0
≤ M
��

�

�

�v
�

�

�

�

k+1
+
�

�

�

�∇ · v
�

�

�

�

k+1

�

hk+1
ψ

, (2.2b)

inf
wh∈Wh

�

�

�

�w −wh

�

�

�

�

0
≤ M ||w||k+1 hk+1

ψ
. (2.2c)

Let Ω be replaced by Ωh (an actual engineering computation model "Mespet" as shown in

Fig. 1 [13]) and discuss the difference algorithms for the electron concentration, the hole
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Figure 1: Partition illustration of three-dimensional Mespet Model.

concentration and the heat conduction equation. The partition consists of three different

steps h1, h2 and h3 and their grids X = (x1, x2, x3)
T are defined by X1i = ih1, X2 j = jh2,

X3k = kh3.

Ωh =







(x1i, x2 j , x3k)
T

�

�

�

�

�

�

i1( j, k) < i < i2( j, k)

j1(i, k) < j < j2(i, k)

k1(i, j) < k < k2(i, j)







Let ∂Ωh denote the boundary of Ωh, and let the grid be denoted by X i jk = (ih1, jh2, kh3)
T .

Since the electric field potential changes very slowly with respect to t, so a large time step

denoted by ∆tψ is adopted but a small step ∆tc for the concentration equations. Let

j =∆ψ�∆tc, tn = n∆ts, tm = m∆tψ,

ψn =ψ(tn), ψm =ψ(tm),

Eψn =







ψ0, tn ≤ t1,

(1+ r/ j)ψm− (r/ j)ψm−1, tm < tn < tm+1,

tn = tm + r∆tc (r = 1, · · · , j),

(2.3)

where the subscripts and superscripts correspond to potential time layers and concentra-

tion time layers, respectively. The extrapolation Eψn is obtained at tn by a linear extrapo-

lation of the values of ψ at the nearest two time layers.

The partition elements in k-degree Raviart-Thomas space should be matched with the

grids in Ωh. Given a cuboid element [3, 17, 21], three measures in different directions

denoted by h
ψ
1

, h
ψ
2

and h
ψ
3

are equal to three integers respectively times the length h1,

width h2 and height h3 of many embedded small elements of the concentration equations.

Let h= [
∑3

s=1 h2
s ]

1/2 and a whole composite partition is given as in Fig. 2.

The electric field potential and the intensity are approximated by the following mixed
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1h

2h

3h

3h

1h
2h

Figure 2: Fig. 2: Composite partition (hψ1 = 3h1, h
ψ

2 = 3h2, h
ψ

3 = 4h3).

finite element scheme,

�

Uh,m, v
�

−
�

∇ · v,ψh,m

�

= 0, ∀v ∈ Vh, (2.4a)
�

∇ · Uh,m,ϕ
�

= α
�

ph,m − eh,m + N ,ϕ
�

, ∀ϕ ∈Wh. (2.4b)

Let

Di+1/2, jk =
1

2

�

D(X i jk) + D(X i+1, jk)
�

, Di, j+1/2,k =
1

2

�

D(X i jk) + D(X i, j+1,k)
�

,

Di j,k+1/2 =
1

2

�

D(X i jk) +D(X i j,k+1)
�

, Di−1/2, jk =
1

2

�

D(X i jk) + D(X i−1, jk)
�

,

Di, j−1/2,k =
1

2

�

D(X i jk)+ D(X i, j−1,k)
�

, Di j,k−1/2 =
1

2

�

D(X i jk) + D(X i j,k−1)
�

,

and let

δ x̄1

�

Dδx1
W
�n

i jk
= h−2

1

h

Di+1/2, jk(W
n
i+1, jk −W n

i jk)− Di−1/2, jk(W
n
i jk −W n

i−1, jk)
i

,

δ x̄2

�

Dδx2
W
�n

i jk
= h−2

2

h

Di, j+1/2,k(W
n
i, j+1,k

−W n
i jk
)− Di, j−1/2,k(W

n
i jk
−W n

i, j−1,k
)
i

,

δ x̄3

�

Dδx3
W
�n

i jk
= h−2

3

h

Di j,k+1/2(W
n
i j,k+1
−W n

i jk
)− Di j,k−1/2(W

n
i jk
−W n

i j,k−1
)
i

,

∇h(D∇hW )ni jk =

3
∑

s=1

δ x̄s

�

Dδxs
W
�n

i jk
.

Note that (1.1b) and (1.1c) can be rewritten as

∂ e

∂ t
−µe(X )u · ∇e−∇ · (De∇e)−αµe(X )e(p− e+ N(X ))− eu · ∇µe

=−Re(e, p, T ), X ∈ Ω, t ∈ J , (2.5a)

∂ p

∂ t
+µp(X )u · ∇p−∇ · (Dp∇p) +αµp(X )p(p− e+ N(X ))+ pu · ∇µp

=−Rp(e, p, T ), X ∈ Ω, t ∈ J , (2.5b)
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then, the concentrations are computed by the upwind difference fractional step procedures

as follows.
�

1−∆tc

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

i jkδ x̄1
(Deδx1

)−∆tcδEUn+1
h,1

�

e
n+1/3

h,i jk

=en
h,i jk
+∆tc

n

�

αµeen
h

�

pn
h
− en

h
+ N
��

i jk +
�

en
h
EUn+1

h
· ∇µe

�

i jk − Re(e
n
h
, pn

h
, T n

h
)i jk

o

,

i1( j, k) + 1< i < i2( j, k)− 1, e
n+1/3

h,i jk
= ēn+1

i jk
, X i jk ∈ ∂Ωh, (2.6a)

�

1−∆tc

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

i jkδ x̄2
(Deδx2

)−∆tcδEUn+1
h,2

�

e
n+2/3

h,i jk
= e

n+1/3

h,i jk
,

j1(i, k) + 1< j < j2(i, k)− 1, e
n+2/3

h,i jk
= ēn+1

i jk
, X i jk ∈ ∂Ωh, (2.6b)

�

1−∆tc

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

i jkδ x̄3
(Deδx3

)−∆tcδEUn+1
h,3

�

en+1
h,i jk
= e

n+2/3

h,i jk
,

k1(i, j) + 1< k < k2(i, j)− 1, en+1
h,i jk
= ēn+1

i jk
, X i jk ∈ ∂Ωh, (2.6c)

where

δEUn+1
h,1

eh,i jk =
�

µeEUn+1
h,1

�

i jk

n

H(Un+1
h,1,i jk

)D−1
e,i jk

De,i−1/2, jkδ x̄1
eh,i jk

+(1−H(Un+1
h,1,i jk

))D−1
e,i jk

De,i+1/2, jkδx1
eh,i jk

o

,

δEUn+1
h,2

eh,i jk =
�

µeEUn+1
h,2

�

i jk

n

H(Un+1
h,2,i jk

)D−1
e,i jk

De,i, j−1/2,kδ x̄2
eh,i jk

+(1−H(Un+1
h,2,i jk

))D−1
e,i jk

De,i, j+1/2,kδx2
eh,i jk

o

,

δEUn+1
h,3

eh,i jk =
�

µeEUn+1
h,3

�

i jk

n

H(Un+1
h,3,i jk

)D−1
e,i jk

De,i j,k−1/2δ x̄3
eh,i jk

+(1−H(Un+1
h,3,i jk

))D−1
e,i jk

De,i j,k+1/2δx3
eh,i jk

o

,

H(z) = 1, z ≥ 0, H(z) = 0, z < 0.

Morever, we have
�

1−∆tc

�

1+
h1

2
µp

�

�

�EUn+1
h,1

�

�

�D−1
p

�−1

i jk

δ x̄1
(Deδx1

) +∆tcδEUn+1
h,1

�

p
n+1/3

h,i jk

=pn
h,i jk −∆tc

n

�

αµppn
h

�

pn
h − en

h + N
��

i jk +
�

pn
h EUn+1

h
· ∇µp

�

i jk + Rp(e
n
h , pn

h , T n
h )i jk

o

,

i1( j, k) + 1< i < i2( j, k)− 1, p
n+1/3

h,i jk
= p̄n+1

i jk
, X i jk ∈ ∂Ωh. (2.7a)

�

1−∆tc

�

1+
h2

2
µp

�

�

�EUn+1
h,2

�

�

�D−1
p

�−1

i jk

δ x̄2
(Dpδx2

) +∆tcδEUn+1
h,2

�

p
n+2/3

h,i jk
= p

n+1/3

h,i jk
,

j1(i, k) + 1< j < j2(i, k)− 1, p
n+2/3

h,i jk
= p̄n+1

i jk
, X i jk ∈ ∂Ωh. (2.7b)

�

1−∆tc

�

1+
h3

2
µp

�

�

�EUn+1
h,3

�

�

�D−1
p

�−1

i jk

δ x̄3
(Dpδx3

) +∆tcδEUn+1
h,3

�

pn+1
h,i jk
= p

n+2/3

h,i jk
,

k1(i, j) + 1< k < k2(i, j)− 1, pn+1
h,i jk
= p̄n+1

i jk
, X i jk ∈ ∂Ωh. (2.7c)
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where the symbols δEUn+1
h,s

ph,i jk (s = 1,2,3) are defined similarly to δEUn+1
h,s

eh,i jk by replac-

ing µe and De by µp and Dp.

For the heat conduction Eq. (1.1d), the fractional step difference scheme is formulated

by

�

1−∆tcδ x̄1
(δx1
)
�

T
n+1/3

h,i jk

=T n
h,i jk +∆tcρ

−1
i jk

¦�

De∇hen
h +µee

n
h EUn+1

h

�

−
�

Dp∇hpn
h −µppn

h EUn+1
h

�©

i jk
EUn+1

h,i jk
,

i1( j, k) + 1< i < i2( j, k)− 1, T
n+1/3

h,i jk
= T̄ n+1

i jk
, X i jk ∈ ∂Ωh, (2.8a)

�

1−∆tcδ x̄2
(δx2
)
�

T
n+2/3

h,i jk
= T

n+1/3

h,i jk
,

j1(i, k) + 1< j < j2(i, k)− 1, T
n+2/3

h,i jk
= T̄ n+1

i jk
, X i jk ∈ ∂Ωh, (2.8b)

�

1−∆tcδ x̄3
(δx3
)
�

T n+1
h,i jk
= T

n+2/3

h,i jk
,

k1(i, j) + 1< k < k2(i, j)− 1, T n+1
h,i jk
= T̄ n+1

i jk
, X i jk ∈ ∂Ωh. (2.8c)

Initial approximation is defined by

e0
h,i jk = e0(X i jk), p0

h,i jk = p0(X i jk), (2.9a)

T 0
h,i jk = T0(X i jk), X i jk ∈ Ω̄h = Ω∪ ∂Ω. (2.9b)

The parallel program works a time step as follows. Firstly, using the initial approxima-

tion (2.9) and mixed finite element algorithm (2.4) with m = 0 we get the initial val-

ues of electric field potential and intensity {Uh,0,ψh,0}. Secondly, we use the method of

speedup and the upwind difference fractional step algorithm (2.6)-(2.8) to get the val-

ues of {e1
h
, p1

h
, T 1

h
}, {e2

h
, p2

h
, T 2

h
}, · · · , {e j

h
, p

j

h
, T

j

h
} in parallel. Then combining (2.4) with

{e j

h
, p

j

h
, T

j

h
} = {eh,1, ph,1, Th,1} and using the method of conjugate gradient, we obtain the

approximations of mixed finite element {Uh,1,ψh,1}. Next, from the difference scheme

(2.6)-(2.8) we have {e j+1

h
, p

j+1

h
, T

j+1

h
}, {e j+2

h
, p

j+2

h
, T

j+2

h
}, · · · , {eh,2, ph,2, Th,2}. After a se-

ries of repeated computations, all the numerical solutions are obtained, where they exist

and are sole by the positive definite condition (C).

3. Convergence analysis

For convenience to discuss the convergence analysis of electric field potential, a pair of

supplementary elliptic projections {ũ, ψ̃} : J → Nh×Wh is introduced by

�

ũ, v
�

−
�

∇ · v, ψ̃
�

= 0, ∀v ∈ Vh, (3.1a)
�

∇ · ũ,ϕ
�

= α
�

p− e+ N ,ϕ
�

, ∀ϕ ∈Wh. (3.1b)

Error estimates follow from Brezzi Theorem [8,17],

||u− ũ||V + ||ψ− ψ̃h||W ≤ M ||ψ||L∞(J ;Hk+3(Ω))h
k+1
ψ

. (3.2)
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Now Uh,m+1 − ũm+1 and ψm+1 − ψ̃m+1 are estimated. Subtract (3.1a) (t = tm+1) and

(3.1b) (t = tm+1) from (2.4a) and (2.4b),
�

Uh,m+1 − ũm+1, v
�

−
�

∇ · v,ψh,m+1 − ψ̃m+1

�

= 0, ∀v ∈ Vh, (3.3a)
�

∇ ·
�

Uh,m+1 − ũm+1

�

,ϕ
�

=α
�

ph,m+1 − pm+1 − eh,m+1 + em+1,ϕ
�

, ∀ϕ ∈Wh. (3.3b)

Then, it follows [2,8]

||Uh,m+1 − ũm+1||V + ||ψh,m+1− ψ̃m+1||W

≤M
�

||em+1− eh,m+1||+ ||pm+1− ph,m+1||
�

. (3.4)

Let error functions be denoted by

ρ = u− ũ, σ = ũ− Uh, η =ψ− ψ̃, π= ψ̃−ψh,

ξ= e− eh, ζ = p− ph, χ = T − Th,

where ψ,u, e, p and T are exact solutions, {Uh,ψh} denote mixed finite element solutions

and {eh, ph, Th}mean difference solutions. The partition Ω̄, a composite partition consisting

of cuboid elements, of computational domain Ω is defined by the product of three one-

dimensional partitions,

Ω̄h = Ωh ∪ ∂Ωh = ω̄1 × ω̄2 × ω̄3,

where ω̄1 =
¦

x1i

�

�i = 0,1, · · · , M1

©

, ω̄2 =
¦

x2 j

�

� j = 0,1, · · · , M2

©

, ω̄3 =
¦

x3k

�

�k = 0,1,

· · · , M3

	

. Let ω+
1
=
¦

x1i

�

�i = 1,2, · · · , M1

©

, ω+
2
=
¦

x2 j

�

� j = 1,2, · · · , M2

©

, ω+
3
=
�

x3k
�

�k = 1,2, · · · , M3

©

, where M1, M2 and M3 are positive integers. | f |0 = 〈 f , f 〉1/2 denotes a

norm of the discrete space corresponding to L2(Ω), and

〈 f , g〉 =
∑

ω̄1

h1i

∑

ω̄2

h2 j

∑

ω̄3

h3k f (X i jk)g(X i jk), (3.5)

denotes the inner product, where

h1i = h1, 1≤ i ≤ M1 − 1; h10 = h1M1
= h1/2,

h2 j = h2, 1≤ j ≤ M2 − 1; h20 = h2M2
= h2/2,

h3k = h3, 1≤ k ≤ M3 − 1; h30 = h3M3
= h3/2.

And 〈D∇h f ,∇h f 〉 denotes the square of a weighted semi-norm in discrete space

h1(Ω) corresponding to H1(Ω) =W 1,2(Ω) where D(X ) is a positive definite function,

〈D∇h f ,∇h f 〉 =
∑

ω̄2

∑

ω̄3

h2 jh3k

∑

ω+1

h1i

�

D(X )[δ x̄1
f (X )]2
�

+
∑

ω̄3

∑

ω̄1

h3kh1i

∑

ω+2

h2 j

·
�

D(X )[δ x̄2
f (X )]2
�

+
∑

ω̄1

∑

ω̄2

h1ih2 j

∑

ω+3

h3k

�

D(X )[δ x̄3
f (X )]2
�

.
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Next the electron and hole concentrations are estimated. We can change the electron

concentration Eqs. (2.6a)-(2.6c) into an equivalent form by canceling e
n+1/3

h
and e

n+2/3

h
,

�

1−∆tc

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1
δ x̄1
(Deδx1

)−∆tcδEUn+1
h,1

�

×
�

1−∆tc

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1
δ x̄2
(Deδx2

)−∆tcδEUn+1
h,2

�

×
�

1−∆tc

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1
δ x̄3
(Deδx3

)−∆tcδEUn+1
h,3

�

en+1
h,i jk

=en
h,i jk +∆tc

¦

αµee
n
h

�

pn
h − en

h + N(X )
�

+ en
h EUn+1

h
· ∇µe − Re(e

n
h , pn

h , T n
h )
©

i jk
,

X i jk ∈ Ωh, en+1
h,i jk
= ēn+1

i jk
, X i jk ∈ ∂Ωh. (3.6)

An expansion of (3.6) is given by

en+1
h,i jk
− en

h,i jk

∆tc

−
3
∑

s=1

�

1+
hs

2
µe

�

�

�EUn+1
h,s

�

�

�D−1
e

�−1

i jk

δ x̄s

�

Deδxs
en+1

h

�

i jk
−

3
∑

s=1

δEUn+1
h,s

en
h,i jk

+∆tc

n

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

· δ x̄2

�

Deδx2

�

�

+

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

· δ x̄3

�

Deδx3

�

�

+

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

· δ x̄3

�

Deδx3

�

�o

en+1
h,i jk
− (∆tc)

2

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

·
�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

· δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1
δ x̄3

�

Deδx3
en+1

h

�

�

�

i jk

+∆tc

n

δEUn+1
h,1

�

δEUn+1
h,2

�

+ δEUn+1
h,1

�

δEUn+1
h,3

�

+δEUn+1
h,2

�

δEUn+1
h,3

�

o

en+1
h,i jk

− (∆tc)
2δEUn+1

h,1

�

δEUn+1
h,2

�

δEUn+1
h,3

en+1
h

�

�

i jk

+∆tc

�

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

δEUn+1
h,2

�

�

+ · · ·
o

en+1
h,i jk

− (∆tc)
2

�

�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

δEUn+1
h,2

�

δEUn+1
h,3

��

�

+ · · ·

+ δEUn+1
h,1

�

δEUn+1
h,2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

δ x̄3

�

Deδx3

�

�

o

en+1
h,i jk

=
¦

αµee
n
h

�

pn
h
− en

h
+ N(X )
�

+ en
h
EUn+1

h
· ∇µe −Re(e

n
h
, pn

h
, T n

h
)
©

i jk
, X i jk ∈ Ωh, (3.7a)

en+1
h,i jk
= ēn+1

i jk
, X i jk ∈ ∂Ωh. (3.7b)
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Error equation is derived from (2.5a) (t = tn+1) and (3.7),

ξn+1
i jk
− ξn

i jk

∆tc

−
3
∑

s=1

�

1+
hs

2
µe

�

�

�EUn+1
h,s

�

�

�D−1
e

�−1

i jk
δ x̄s

�

Deδxs
ξn+1
�

i jk

=

3
∑

s=1

δEUn+1
h,s
ξn+1

i jk
−∆tc

n�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1

+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

�

Deδx2
ξn+1
�

�

i jk

+ · · ·

+
�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

·δ x̄3

�

Deδx3
ξn+1
��

i jk

o

+ (∆tc)
2
�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

· δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

·
�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

δ x̄3

�

Deδx3
ξn+1
�

��

i jk

+

3
∑

s=1

n

δun+1
s

en+1 − δEUn+1
h,s

en+1
o

i jk
+

3
∑

s=1

nh�

1+
hs

2
µe

�

�un+1
s

�

�D−1
e

�−1

−
�

1+
hs

2
µe

�

�

�EUn+1
h,s

�

�

�D−1
e

�−1i

δ x̄s

�

Deδxs
en+1
�

o

i jk

−∆tc

nh�

1+
h1

2
µe

�

�un+1
1

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�un+1
2

�

�D−1
e

�−1
�

−
�

1
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1
�

i

· δ x̄2

�

Deδx2
en+1
�

i jk
+ · · ·
o

+ (∆tc)
2
nh�

1+
h1

2
µe

�

�un+1
1

�

�D−1
e

�−1

· δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�un+1
2

�

�D−1
e

�−1

δ x̄3

�

Deδx3

�

1+
h3

2
µe

�

�un+1
3

�

�D−1
e

�−1
��

−
�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

·δ x̄3

�

Deδx3

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1
��

i

·δ x̄3

�

Deδx3
en+1
�o

i jk

+ · · ·+ ǫe

�

X i jk, tn+1
�

, X i jk ∈ Ωh (3.8a)

ξn+1
i jk
= 0, X i jk ∈ ∂Ωh. (3.8b)

where
�

�ǫe(X i jk, tn+1)
�

� ≤ M{∆tc + h2}.
A restriction of the parameters on time and space partition is given by

∆tc = O (h
2), h2 = o(h

3/2

ψ
). (3.9)
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And an induction hypothesis is introduced as follows

sup
0≤n≤L

n

|ξn|∞ , |ζn|∞ ,
�

�χn
�

�

∞

o

→ 0, (3.10a)

sup
0≤n≤L (m=[n/ j])

�

�

�

�σm

�

�

�

�

0,∞→ 0, (h,hψ,∆tc)→ 0. (3.10b)

Multiply both sides of (3.8) by ξn+1
i jk
∆tc , make inner products and use the summation by

parts,

¬

ξn+1 − ξn,ξn+1
¶

+∆tc

3
∑

s=1

D

Deδxs
ξn+1,δxs

h�

1+
hs

2
µe

�

�

�EUn+1
h,s

�

�

�D−1
e

�−1

ξn+1
iE

=∆tc

3
∑

s=1

D

δEUn+1
h,s
ξn+1,ξn+1
E

− (∆tc)
2
nD�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

· δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

�

Deδx2
ξn+1
�

�

,ξn+1
E

+ · · ·

+
D�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

· δ x̄3

�

Deδx3
ξn+1
�

�

,ξn+1
Eo

+ (∆tc)
3
D�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

·
�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

· δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

δ x̄3

·
�

Deδx3
ξn+1
���

,ξn+1
E

+∆tc

3
∑

s=1

D

δun+1
s

en+1 − δEUn+1
h,s

en+1,ξn+1
E

+∆tc

3
∑

s=1

Dh�

1+
hs

2
µe

�

�un+1
s

�

�D−1
e

�−1

−
�

1+
hs

2
µe

�

�

�EUn+1
h,s

�

�

�D−1
e

�−1i

· δ x̄s

�

Deδxs
en+1
�

,ξn+1
E

− (∆tc)
2
nDh�

1+
h1

2
µe

�

�un+1
1

�

�D−1
e

�−1

δ x̄1

·
�

Deδx1

�

1+
h2

2
µe

�

�un+1
2

�

�D−1
e

�−1�

−
�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

· δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1�i

δ x̄2

�

Deδx2
en+1
�

,ξn+1
E

+ · · ·
o

+ (∆tc)
3
Dh�

1+
h1

2
µe

�

�un+1
1

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�un+1
2

�

�D−1
e

�−1

·δ x̄3

�

Deδx3

�

1+
h3

2
µe

�

�un+1
3

�

�D−1
e

�−1
��

−
�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

·
�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

δ x̄3

�

Deδx3

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1
��

i

· δ x̄3

�

Deδx3
en+1
�

,ξn+1
E

+ · · ·+∆tc

D

ǫn+1
e ,ξn+1
E

. (3.11)
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The terms on the left-hand side of (3.11) are estimated as follows,
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where D0 is a positive constant and the relation
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and the induction hypothesis (3.10), error estimates (3.2) and (3.4) are used.

The terms on the right-hand side of (3.11) are estimated later. From (3.10), (3.2) and

(3.4), we have that
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Though the discrete operators −δ x̄1
(Deδx1

), −δ x̄2
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) and −δ x̄3
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) are

self-conjugate, positive definite and bounded, and the partition element is cuboid, their

products are not interchangeable. Noticing δx1
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, · · · , for the

second term on the right-hand side of (3.11), we have
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(3.14)

For the first term on the right-hand side of (3.14), by the positive definite conditions

0 < D∗ ≤ De(X ) ≤ D∗ and 0 < µ∗ ≤ µ(X ) ≤ µ
∗, the induction hypothesis (3.10) and

Cauchy inequality, we cancel high-order difference quotient parts δx1
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ξn+1, and have

for sufficiently small h and a positive constant D0
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Considering other terms on the right-hand side of (3.14),
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Collecting (3.14), (3.15) and (3.16), we have
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Similar analysis for the other terms,
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For the third term on the right-hand side of (3.11), similar to the second term, using the

positive definite condition (C) and the induction hypothesis, and cancelling high-order

term δx1
δx2
δx3
ξn+1, we have for sufficiently small h,

(∆tc)
3
D�

1+
h1

2
µe

�

�

�EUn+1
h,1

�

�

�D−1
e

�−1

δ x̄1

�

Deδx1

�

1+
h2

2
µe

�

�

�EUn+1
h,2

�

�

�D−1
e

�−1

· δ x̄2

�

Deδx2

�

1+
h3

2
µe

�

�

�EUn+1
h,3

�

�

�D−1
e

�−1

δ x̄3

�

Deδx3
ξn+1
�

�

�

,ξn+1
E

≤−
D0

2
(∆tc)

3
�

�δx1
δx2
δx3
ξn+1
�

�

2

0
+ ǫ(∆tc)

2
�
�

�δx1
δx2
ξn+1
�

�

2

0
+
�

�δx1
δx3
ξn+1
�

�

2

0

+
�

�δx2
δx3
ξn+1
�

�

2

0

�

+M
�
�

�∇hξ
n+1
�

�

2

0
+
�

�ξn+1
�

�

2

0

�

(∆tc)
2. (3.19)

For the fourth term on the right-hand side of (3.11), we have
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by using the following inequality derived from (3.2) and (3.4),
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Because u − U is measured by l2(Ω) norm replacing L2(Ω) norm, the last term on the

right-hand side is generated as k > 1 and disappears as k = 1 or k = 0 [6, 28, 29] in the

above expression. In actual applications, the computation runs in Raviart-Thomas spaces

with k = 1 or k = 0 consisting of regular elements such as cubes or tetrahedrons. For the

last term of (3.11), we have
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Then we have the estimate result of (3.11) by using (3.12), (3.13), (3.18)–(3.20) and

(3.22), and summing on

0≤ n≤ L,

for sufficiently small ∆tc,
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�

2

0
+
�
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�

�

2

0

i

∆tc + (∆tc)
2 + h4 + h

2(k+1)

ψ
+ h4

ψ

�

. (3.23)

Similarly, we can obtain the estimates of the hole concentration equation and the heat

conduction equation,

�

�ζL+1
�
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2

0
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L
∑
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�

2
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�

2

0
+
�
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�

�
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0
+
�
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�

�

2

0

i
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ψ
+ h4

ψ

�

, (3.24a)
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�

. (3.24b)

Considering all the resulting estimates (3.23)-(3.24b),
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�

�

2
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+
�
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�

�

2

0
+
�
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2
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. (3.25)

Using discrete Gronwall Lemma, we have
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�
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�
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2

0
+
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n=0

h
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2

0
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2
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+
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2

0
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�
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2(k+1)

ψ
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ψ

�

. (3.26)

It remains to testify the induction hypothesis (3.10). For n= 0 because of

ξ0 = ζ0 = χ0 = 0, σ0 = 0
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is derived from (3.4), then (3.10) is right. Assume (3.10) holds for any positive integer n

between 1 and a given positive integer L. By (3.26) and the restriction (3.9), it is easy to

see that for k ≥ 1
�

�ξL+1
�

�

∞ +
�

�ζL+1
�

�

∞ +
�

�χ L+1
�

�

∞ ≤ Mh−3/2
�

h2 + hk+1
ψ
+ h2

ψ+∆tc

�

≤ Mh1/2→ 0, (3.27a)
�

�

�

�

�

�σ[(L+1)/ j]

�

�

�

�

�

�

0,∞
≤ Mh

−3/2

ψ

�

h2 + hk+1
ψ
+ h2

ψ +∆tc

�

≤ Mh
1/2

ψ
→ 0. (3.27b)

Therefore, (3.10) is right for n = L + 1 and the induction hypothesis is proved com-

pletely.

Theorem 3.1. Suppose that exact solutions of (1.1)-(1.3) are suitably regular (R) and the

problem is positive definite (C). Adopt mixed finite element-modified upwind difference

fractional step scheme (2.6)-(2.9) and obtain numerical solutions layer by layer in parallel

by simple computations of the method of speedup. Then we get the following error result

for the degree of mixed finite element space k ≥ 1 and the restriction (3.9)
�
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, (3.28)

where
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�
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�g
�

�

�

�
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= sup

n∆t≤T

�
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�

�gn
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X
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= sup
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n
L
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�

�

�gn
�

�

�

�

X
∆t
o

,

and the constant M∗ is dependent on ψ, e, p, T and their derivatives.

4. Conclusions and discussions

In this paper a composite algorithm of a mixed-finite element scheme and a modified

upwind difference fractional step scheme is structured for numerical simulation of tran-

sient behavior of semiconductor device with heat conduction. In §1, mathematical model,

physical background and some related research are introduced. In §2, the partition of

computational domain is given, then a mixed finite element scheme, a high-order accuracy

approximation, is used to compute the electric field intensity. A fractional step scheme

modified by upwind difference is formulated for the concentrations and heat, which is car-

ried out by changing a three-dimensional problem into three successive one-dimensional

computations, and this parallel algorithm can shorten the computation scale greatly. Fi-

nally, a theoretical convergence analysis in l2 norm is shown in §3. In particular, for some

problems without consideration of high order accuracy, we can present another composite

algorithm of a mixed-finite element scheme and an upwind difference (first-order) frac-

tional step scheme and discuss a similar analysis to derive a first-order estimate in l2 norm.

In this research there serval interesting results are stated as follows:

https://doi.org/10.4208/nmtma.2017.y15013 Published online by Cambridge University Press

https://doi.org/10.4208/nmtma.2017.y15013


A Numerical Approximation for Semiconductor Device 559

• The effect of the heat is considered in structuring procedures for transient behavior

problems, so numerical approximation of this type can reflect physical natures very

well.

• This method can be applied in large-scaled numerical computation of three-dimensio

-nal problem with complicated geometric domain.

• A mixed finite element method is adopted and this can improve computation ac-

curacy of one order in computing electric field intensity. It is very important to

understand numerical simulation of semiconductor device.

• The fractional step algorithm modified by upwind difference is adopted to compute

the concentrations and the heat which works on modern parallel computers and

gives numerical computation of second-order accuracy and high efficiency in parallel

for transient behavior problems.
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