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Abstract. A coupled mathematical system of four quasi-linear partial differential equa-
tions and the initial-boundary value conditions is presented to interpret transient be-
havior of three dimensional semiconductor device with heat conduction. The electric
potential is defined by an elliptic equation, the electron and hole concentrations are
determined by convection-dominated diffusion equations and the temperature is inter-
preted by a heat conduction equation. A mixed finite element approximation is used
to get the electric field potential and one order of computational accuracy is improved.
Two concentration equations and the heat conduction equation are solved by a frac-
tional step scheme modified by a second-order upwind difference method, which can
overcome numerical oscillation, dispersion and computational complexity. This changes
the computation of a three dimensional problem into three successive computations of
one-dimensional problem where the method of speedup is used and the computation-
al work is greatly shortened. An optimal second-order error estimate in L? norm is
derived by prior estimate theory and other special techniques of partial differential e-
quations. This type of parallel method is important in numerical analysis and is most
valuable in numerical application of semiconductor device and it can successfully solve
this international famous problem.
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1. Introduction

Traditional numerical methods are generally invalid for modern simulation of semicon-
ductor device, since semiconductor device develops greatly and its mathematical model, an
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initial-boundary value diffusion system of nonlinear partial differential equations is solved
in consideration of multi-dimensional problem, complicated geometric domains and high
order of accuracy. Therefore, modern numerical simulation techniques are introduced to
find its discrete solutions [13,18, 35,36].

The mathematical model of transient behavior problem of three-dimensional semicon-
ductor device of heat conduction is formulated by four nonlinear partial differential E-
gs. [2,8,13,14,18,29,31,35,36]. The first equation is elliptic for describing the electric
potential, the second and third equations are of convection-diffusion for finding the elec-
tron concentration and hole concentration and the fourth equation is of heat conduction
for finding the temperature. The electric potential governs the concentrations and the
temperature by its electric field intensity. Combined with corresponding boundary value
conditions and initial value conditions, a whole system follows on a three-dimensional
domain Q [2,8,13,14,18,29,31,35,36].

—AY=V-u=a(p—e+N(X)), X=(x1,x3,x3)  €Q, teJ=(0,T], (1.1a)
Jde

==V [D(X)Ve+u(X)eu] —R.(e,p,T),  (X,0)€QxJ, (1.1b)
3
22 =V [D,00Vp — 1 (X)pu] ~Ry(e.p, ), (X,0)€QxJ, (110
oT
P = AT = {(D(X)Ve + pe(X)ew) — (D,(X)Vp — pp(X)pw)} -1,
X,t)eQxd. 1.1d)

In the above expressions, the electric potential v, the electron concentration e, the hole
concentration p and the temperature T, the electric field intensity u = —V1) are unknown
functions. The electric field potential is generated by the electric field intensity in the
concentration equations and the heat conduction equation, and governs the above three
equations. a = g/¢ is defined by the quotient of two positive constants, the electronic load
g and the dielectric coefficient €. All coefficients in (1.1b)-(1.1d) have a positive upper
bound and a positive lower bound. The diffusion coefficients D,(X), s = e or p, are equal
to Urus(X), a product of the mobility u,(X) and the heat U;. A given function N(X)
is defined by N, (X) — N4(X), the difference of impurity concentrations of the donor and
the acceptor, whose values change rapidly as X approaches closely the semiconductor P-N
junction. The symbols R.(e,p,T) and R,(e,p, T) denote generation-recombination rates
of the electron, the hole and the temperature. The coefficient of heat conduction p(X) is
positive definite.
Initial value conditions are given by

e(X,0) =¢p(X), pX,0)=po(X), TX,0)=Te(X), XeQ. 1.2)

where positive functions ey(X), po(X) and Ty(X) are known.
Boundary value conditions of Dirichlet type are given by

Y(X, )], =0, e(X,t)|pq = &(X, 1), (1.3a)
p(X, )|, = BX, 1), TX,Dlpq=T,0), teJ. (1.3b)
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Gummel puts forward a sequence of iterations in 1964 and uses this new numeri-
cal method to solve semiconductor device [12]. Considering actual applications, Douglas
and Yuan present a kind of applicable difference method for one-dimensional and two-
dimensional simple models regardless of temperature effect, and show the theoretical anal-
ysis for constant coefficient case firstly [8,25]. Then Yuan discusses a finite element method
and a mixed finite element method with the characteristics for multi-dimensional problem-
s with variable coefficients and derives optimal order error estimates in H! norm and L?
norm [26,28,29]. In modern numerical computation of three-dimensional semiconductor
simulation, the heat conduction affects transient behavior, so the factor of the temperature
should be considered. Otherwise, numerical simulation will be distorted [16,19,31,35,36].
Successively, Yuan gives two kinds of fractional step methods modified by characteristic d-
ifferences and upwind differences and discusses error estimates of second order in L2 nor-
m [32-34]. Some physical properties such as conservation of mass should be considered
in structuring numerical computational algorithms, and a type of mixed finite element-
characteristic mixed finite element method is put forward where the electric field potential
is solved by low-degree standard mixed finite element approximation and the concentra-
tion equations of convection-dominated type are discretized by characteristic mixed finite
element essentially keeping the global conservation of mass [20,22-24]. The method of
characteristics is introduced to overcome numerical oscillation and dispersion, while extra
interpolations are added to compute the values at the points along the characteristics. It
is necessary to testify whether the points along the characteristics direction locate inside
the computational domain, then the values at the points outside the domain are calculated
with special process and time step corrections. Extra work for finding the points of inter-
section of the mesh and the characteristic lines and extra calculations for the values of grid
functions are considered in structuring computational programs, so actual computations
are complicated [31,35,36]. For parabolic problems, Ewing, Lazarov and other researchers
present upwind difference schemes to overcome numerical oscillation [11,15], and Dou-
glas and Peaceman use this type of method to simulate two-phase incompressible displace-
ment problems [10] without theoretical justifications [4,5]. In this paper a new mixed
finite element-fractional step method modified by upwind differences is argued for the sys-
tem of semiconductor device. The electric field potential is computed by a mixed finite
element method, and the computation is improved one order accuracy [7,8]. The electron
concentration, the hole concentration and the heat conduction equation are computed by
upwind difference fractional step method by decomposing a multi-dimensional problem
into three successive one-dimensional subproblems solved by the method of speedup, and
this can decrease computational scale and can improve actual computation accuracy by
refining space and time partitions. Using a combination of coarse grids and refined grids,
calculus of variations, multiplicative operators commutation rule of differential type, in-
duction hypothesis, and prior estimates and other special techniques of differential equa-
tions, the authors present optimal order error estimates in [2 norm of the applicable, paral-
lel algorithm. It is most valuable in model analysis, numerical method, principle research,
theory and application of semiconductor device simulation [2,8,12-14,18,25,35,36].
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In general, the problem (1.1a)-(1.3) is supposed to be positive definite,

(C©) 0<D,<Dy(X)=<D", 0 <y S ps(X) <, (1.4a)
s=p,e, 0<p,<pX)<ph, (1.4b)

where D,, D*, u,, u*, p, and p* are positive constants.
Suppose exact solutions are suitably regular,

(R) ¢ € L®°WJ; Wh®)N L®(J; H*3), (1.5a)
d%e 3%p AT

e, ’TGLOO W4’Oo’ A.9° A.9° 4.9
P ( ) ot2” 9t?’ o>

€ L®(L™). (1.5b)
And suppose that R,(e,p,T) and R,(e,p, T) are Lipschitz continuous in the £j-neighbor
centered by (e, p, T), that is to say there exists a positive number M such that for |¢;| <
g (1<i<6),

RS(C(XJ t) + Elap(X) t) + €9, T(X, t) + 63)
—Rs(e(X,t) +e4,p(X,t) + &5, T(X,t)+ 86)|
<M (le; — g4l +leg — &5l +les —g6l), (X, 0)€QxJ, s=e,p. (1.6)
This assumption is reasonable in physics science [1,13,14,18]. In this paper M and ¢

denote general positive constant and general positive small constant, respectively, and
they have different meanings at different places.

2. A coupled procedure of a mixed finite element scheme and an upwind
difference fractional step scheme

A mixed finite element argument is given for (1.1a). Let V = {v € H(div;Q)}, W =
L?(Q2), and give the saddle point weak form as follows,

(wy) = (V-v.9) =0, Vyev, 2.12)
(V~g,gp)=a(p—e+N,cp), Vo e W. (2.1b)

Let Vj, X W;, denote a k-degree Raviart-Thomas space [7,8,17,21]. hy, denotes the partition
parameter, and the following approximations hold,

JE (1 = v 20y < M [[oley (2.22)
o (19—l < M ([[ellr {92l ) 157 (2.2b)
WilellfvhHW—whHO SM||W||k+1h]:¢,+1- (2.20)

Let Q be replaced by € (an actual engineering computation model "Mespet" as shown in
Fig. 1 [13]) and discuss the difference algorithms for the electron concentration, the hole
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Figure 1: Partition illustration of three-dimensional Mespet Model.

concentration and the heat conduction equation. The partition consists of three different
steps hy, h, and h; and their grids X = (x1, x5, Xx3)" are defined by X;; = ih, Xyj = jhy,
ng = kh3

Q= 1 (g, xg5, x3)" | a6, k) < j < jo(i, k)
ki(i,]) <k <ky(i,))

Let 3, denote the boundary of €, and let the grid be denoted by X; ;. = (ihy, jhy, khs)".
Since the electric field potential changes very slowly with respect to t, so a large time step
denoted by At,, is adopted but a small step At, for the concentration equations. Let

J:Aw/Atc’ tn:nAts’ tm:mAt'L/J’
Yt =y((c"), Y =P (tn),
71[)0’ t" < ty,
Ei/)n = (1 + r/])wm - (r/j)wm—lz tm <t"< tm+1> (23)

t"=t,+rAt, (r=1,---,j),

where the subscripts and superscripts correspond to potential time layers and concentra-
tion time layers, respectively. The extrapolation E1" is obtained at t" by a linear extrapo-
lation of the values of v at the nearest two time layers.

The partition elements in k-degree Raviart-Thomas space should be matched with the
grids in Q. Given a cuboid element [3,17,21], three measures in different directions
denoted by hd’, h;l’ and h;p are equal to three integers respectively times the length h;,
width h, and height h; of many embedded small elements of the concentration equations.
Let h= [Zle hf]l/ 2 and a whole composite partition is given as in Fig. 2.

The electric field potential and the intensity are approximated by the following mixed
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hy

Figure 2: Fig. 2: Composite partition (hlf = 3h1,h12p = 3h2,h13p = 4h,).

finite element scheme,

(Upmo2) = (V-2 %1m) =0, Yy € Vi, (2.42)
(V “Upm 90) =a (ph,m —epm TN, 90) , VoW, (2.4b)
Let
1 1
Dit1y2,jk = 3 [D(Xijk) +D(Xi+1,jk)] , Dijt12k = 3 [D(Xijk) +D(Xi,j+1,k):| ,
1 1
Dij k412 = 5 [D(Xijk) +D(Xij,k+1)] , Di_1y2,5k = 5 [D(Xijk) +D(Xi—1,jk)] ,
1 1
Dij1j2k =73 [D(Xijk)+ D(Xi,j—l,k)] » Dijjip=3 [D(Xijk) +D(Xij,k—1)] ,
and let

5z, (D5xlw):jk
55, (D6, W),

55, (D5, W),

-2

P [ Devaa e Wik s = Wik = Dica o Wi =W 0]
-2
hz |:DiJ+1/2,k(Wir,lj+1,k o Wir}k) o Di,j—l/Z,k(WiT}k o Wir,lj—l,k)] >
h;*|D

2
[y c1/20W ey = Wi = D oW = Wi

3
vh(Dth)?]k = Z 55{5 (D5XSW) ?jk :
s=1

Note that (1.1b) and (1.1c) can be rewritten as

0
=~ 10U Ve = V- (D,Ve) — apt,(Xe(p — e +N(X)) - e~ Vi,

=—R,(e,p,T), X, teJ, (2.5a)
ap

3 +u,(X)u-Vp =V -(D,Vp)+ au,(X)p(p —e+N(X))+pu-Vu,

=—R,(e,p,T), X€Q, t €, (2.5b)
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then, the concentrations are computed by the upwind difference fractional step procedures
as follows.

(1 — At, (1 + E,Me D, )ijk53‘<1(De5x1) - Atc5EU,T{1)e}rll,ijk

:e}r:,ijk + Atc{ (aueey (p, — ey +N))ijk + (e,’;EQZH : v‘ue)ijk —R.(ey, pp, Ti?)ijk}’

n+1
EUh’1

0, k) +1<i<i(,k) -1, erlP=enl, Xyeom, (2.6a)
(1 — At (14 %ue EUF DY) 165,(D.6s,) - AtC5EU$1)eZLi/3 =ertl?,

AR +1<j<jpll) -1, ey =etl, X eoq, (2.6b)
(1 — At (14 %ue EUI DY) 165,(Deb,) - AtC5EU£;r1)eZle =,

ki(i,)+1<k<ky(i,j)—1, e;;’j.jlk = é;ljf, Xijx € 0Qy, (2.6¢)

where

Opyrienijk = (“eEUI:l,Tl)Uk {H(Ui;l,_;,lijk)De_,iljkDE,i—l/Z,jk5>'cleh,ijk
+(1- H(U;:li%jk))D;iljkDe,i+1/2,jk5x1eh,ijk} 5

5Euggleh,ijk = (MeEUﬂl)ijk {H(U;Z;,lijk)D;iljkDe,i,j—l/Z,k55czeh,ijk
+(1 = HUPS D, b Dot o1 /248

Opypyienijk = (.ueEU,Z;l)Uk {H(U}T’;}jk)D;iljkDe,ij,k—l/Z(S)?geh,ijk
+(1— H(U}T’;}jk))D;iljkDe,ij,k+1/25x3eh,ijk} ,

H(z)=1, 2>0, H(z)=0, z<0.

Morever, we have

hy
1-At. [ 1+ ?,LLP

=Phijk — Atc{ (aw,ph (P — e +N)) i+ (PREUL ™ - Viy) 5 + Ry (e, Py, T;?)ijk},

-1

+1| p-1 n+1/3

FU [Py ) ik 05, (Db )+ AtC6EUﬂl) Ph,ijk
ij

0(, ) +1<i<i(j,k) =1, pptl® =prt, Xyp€ o, (2.72)
(1 — At, (1 + hEZup EUiTEl D;l);: 6+,(Dp6y,)+ AtﬁEUHl) pZLi/S _ p}rzjjl](/s’

AR +1<j<jpli,k) =1, ppid®=prt, Xy ooy, (2.7b)
(1 — At, (1 + %Mp EU,Z? D;l)i_j: 64,(Dp6,,)+ Afﬁguﬂl) p}rllirjlk — PZLi/B’

ki(i,))+1<k<ky(i,j)—1, p;ll’;.lk = p;ljf, Xijx € 0y, (2.7¢)
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where the symbols & U1 Phyijk (s =1,2,3) are defined similarly to & U1 Chijk by replac-
ing u, and D, by u, and D,. ’
For the heat conduction Eq. (1.1d), the fractional step difference scheme is formulated
by
1/3
(1-At55(55,)) Th’jjjk/

_ -1 +1 +1 +1
=Thije T Atepyy { [Devhei? + U, EUL ] - I:Dpvhpfrll — uppEUL ] }ijk EQZ,iﬂc’

0G0 +1<i<i(,k) -1, Tl =T Xjoeom, (2.82)
(1-At.55,(5,,)) T,iji“ = T,Z:;}(/S,

AR +1<j<pli,k)—1, TP =TI0 X eoq, (2.8b)
(1-At85,(5,,)) T = T,

ki(i,))+1<k<ky(i,j)—1, T}Z;i = Ti’]%;l, Xijx € Oy, (2.8¢)

Initial approximation is defined by

eg,i]’k = eO(Xijk): pg,ijk = pO(Xijk): (2.9a)

Tigijk = TO(Xijk): Xijk EQh=Qan. (2.9b)
The parallel program works a time step as follows. Firstly, using the initial approxima-
tion (2.9) and mixed finite element algorithm (2.4) with m = 0 we get the initial val-
ues of electric field potential and intensity {U} ,,4n0}. Secondly, we use the method of
speedup and the upwind difference fractional step algorithm (2.6)-(2.8) to get the val-
ues of {e%,pill, Thl}, {e}zl,p,%, Thz}, e {efl,p;l, Ti{} in parallel. Then combining (2.4) with
{eIJI, p;l, T,f } = {en1,Pn1, Th1} and using the method of conjugate gradient, we obtain the
approximations of mixed finite element {U, ,,4,}. Next, from the difference scheme

i+1  j+1 j+l j+2 j+2 j+2
(26)'(28) we have {e;l 3p;l > T}{ }’ {e;l 3p;l > T}{ }’ ) {eh,Z’ Ph,2; Th,Z}' After a se-
ries of repeated computations, all the numerical solutions are obtained, where they exist
and are sole by the positive definite condition (C).

3. Convergence analysis

For convenience to discuss the convergence analysis of electric field potential, a pair of
supplementary elliptic projections {i,%} : J — Nj, x W, is introduced by

(@v) - (V-»9) =0, Yy e, (3.12)
(V~Q,c,0)=a(p—e+N,<p), Vo € W,. (3.1b)

Error estimates follow from Brezzi Theorem [8,17],

= @lly + 1 — Ppllw < M||1P||Loo(J;Hk+3(Q))h]:¢,+1~ (3.2)
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Now Up .1 — U, and Yyq — i1 are estimated. Subtract (3.1a) (t = t,4;) and

(3.1b) (i“ = t,;,1) from (2.4a) and (2.4b),

(gh,m—H um+1’ ) (V 14 wh m+1 1/)m-i-l) =0, Vv eV,

(v ) (gh,m—H - Em-i—l) ’ (P)

=a (ph,m+1 —Pm+1 — eh,m-i—l + €m+1> (P) > V(p € Wh'

Then, it follows [2, 8]

||Uh m+1 _m+1||v + ||¢h,m+1 - wm-i-l”w
<M (||€m+1 —epmi1ll T 1Pmsa _ph,m+1||) .

Let error functions be denoted by

p:E_Q’ gzg_gh’ 7):1#—%5, 75:1,5—1/’11,

E=e—ey, (=p—pp x=T-T,

(3.3a)

(3.3b)

(3.4)

where v,u,e,p and T are exact solutions, {U,, vy} denote mixed finite element solutions
and {ey, pp, T} mean difference solutions. The partition , a composite partition consisting
of cuboid elements, of computational domain Q is defined by the product of three one-

dimensional partitions,

Qh=QhU6’Qh=J)1XJ)2XJ)3,

where @; = {Xu
. ,Mg} . Let Cl)-l‘_ = {xli | =

i=o,1,-~-,M1} c’oz={x2]|j=01 My}, @3 = {xg|k=0,1,
M}, of = {xyli=1,2, .My}, 0

|k =1,2,--- ,Mg} where Ml, M2 and M, are posmve integers. |f|o = (f, f)l/2 denotes a

norm of the discrete space corresponding to L2(£2), and
8) = Zhu Zth Zthf(Xijk)g(Xijk):

denotes the inner product, where

hy; = hy, 1<i<M; —-1; hio =him, =h1/2,
= hy, I1<j=M,-1; hoo = hay, = ha/2,
h3k=h3, 1SkSM3_1; h30=h3M3=h3/2.

h2j

And (DVyf,Vyf) denotes the square of a weighted semi-norm in discrete space
h'(Q) corresponding to H'(Q) = W12(Q2) where D(X) is a positive definite function,

(DV4f, Vaf) ZthjhskZhh D)8, f (X)]?) +ZZhskthh2]

Wy W3 W3 @

3.5)

- (DI 5x2f(X) )+ hyhy Zhgk (Dx)[55, f(X)] 2).

W @Oy 3
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Next the electron and hole concentrations are estimated. We can change the electron

concentration Egs. (2.6a)-(2.6¢) into an equivalent form by canceling e"+1/ 3 and e”+2/ 3

h
(1 — At (1+ éue

n+1
E Uh’1

D;1) 65, (Deby,) — AteByy )

h2 —13\—1
x (1 - At (1+ 5 [EUEY D7) 53—(2(D65X2)—AtC5EU£;1)

h
x (1 At (14 f,ue EU™Y| D

D7) 65, (Deby) = Ategypn )i

=i+ Atc{apee) (P — e +NCO) + e EUR - Vi, = Ro(ef, PR, T}y

Xijk S Qh, ;ll_:}lk == élr;-};l, Xijk S th (36)

An expansion of (3.6) is given by

n+1 3

€h,i k_eh ik
S (14 s

te s=1

Un+1

-1
De_l)”k63—<s (Debrer™) e Z6EUH+1ehuk
ij
-1 h -1
De_l) 55, (De6xl (1+32,ue E D;l)
65, (De8,) ) + [ 1+ e [EUIY D7) 65, (Db, (14 me |EUISY D)
h -1 h -1
) + (1 + f“e D;l) 55, (D65X2(1 + ?B.Ue De_l)
55, (D,6 1 e (148, |8 D! _15 D5, (1412
) 5(3( e x3))}eh,ljk—( te) +?Ue e % | e Xl( +?Ue
_1y-1
DY) 55, Dby, e ))k
ij
+ Atc{5EU{H1 (5EU}’$1) + oy (5EU,2§1) + 0y (5EU,2§1) }e}ﬁfk
- (Atc)25EU]Tl'l (5EU,';31 (5EU,;{;1€Z+1))U]<
-1
De—l) 55, (Db, (5EU£;1) )+ }e,’;j)lk
n+1 -1 _15 5 5 5
U D, ) b (De xl( EU}’SI( EU,zgl)) +
hs 31
+6EU,'Hl (5EU}’$1 (1 + ?,U,e De 1) 6)—(3 (De6x3)) }ez’lﬂ}lk

= {aueez (p;ll — efrll +N(X)) + e}’llEg;lH'l -Vu, —Re(e}rll,p;ll, Ti:l)}l]k , Xijk € Qy, (3.7a)

Un+1 UTI+1

+Atc{ (1+ éue E

UTI+1 UTI+1

. 63?3 (D36X3 )

n+1
EUh’2

n+1
E Uh’3

Un+1

-1 h
+1| p-1 3 +1
. ‘EUiT’Z D;') -85, (Debi, (1+ S b [EUL

hy
+ A4 (1+ S pe

h
—(Atc)z{(l T

n+1
EUh,1

n+1
E Uh’3

entk =k Xijk €9y, (3.7b)
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Error equation is derived from (2.5a) (t = t"™!) and (3.7),

n+l _ gn

3
ijk ijk ( hs
At, Zs:l o He

3
hy
:Z 6EU,':S“€Z'_£1 - Atc{ (1 T He
s=1 ’

n+1
E Uh,s

D_l)—15_ (D 5 gnﬂ)
e Jijk S\ ijk

et o) 5. (D5 (1
h,1 e X1 e~ xy

h, n1
+3,U/e EU’T:ZFl De 1) 55(2(De5x2€n+1)) _+_..-
ijk
h2 1 -1 -1 h3 1 1 -1
+ (1+3ue EUTY| D; ) 55, (De5x2(1+5ue EUHY| D; )
hy -l
55, (De5x3§”+1))ijk J+(aed?(1+ 5 me |EURY D))
hy nt1| n-1) !
85, ( Ded, (14 Sme [EUY DY) 5,
hs N1
.(DQ5XZ(1+EME EUT| D, 1) 5z, (De5x3§n+1)))ijk
3 3
h -1
+ Z {5usn+1e”+1 - 5EU:s+1e”+1}ijk +Z { [(1 + ESU«e |u5”+1|De_1)
s=1 ’ s=1
h Nl
- (1 + 5 he [EURTY D, 1) ]55% (De5xse"+1)}ijk

ur11+1 | De—1)_15)_c1 (De5x1 (1 + %Me

7 |p;%) ")
o))

-1
n+1 -1
u; |De )

-1
+1| y-1
ug |De ) ))

-1
-1
D; )
hs
55, (035,(3 (1 + =,

b)) 0,

+"'+86(Xijk, tn+1), XijkEQh (3.82)
yj};l =0, Xijx € 0. (3.8b)
where |€e(Xijk, t”+1)| < M{At, +h?%}.

A restriction of the parameters on time and space partition is given by

At.=0(h?), h=o(h?). (3.9)

—ac{[(1+
_ (1%% 1)8—1)_153?1 (De5x1 (1 + %ue

e, (D) o b {[(1+ 2n

h, g h
55, (Deéxl (1 + e 15| ; 1) 5, (De5x3 (1 o he

n+1
EUh’1

n+1
EUh’2

h -1 h
. (1 + 31‘“6 EUSY! D;l) 5, (De5xl (1+ Ezue EUTY!

n+1
EUh’3
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And an induction hypothesis is introduced as follows

"I} =0, (3.10a)

sup { 16", 18" oo |1

0<n<L

sup o —0, (h,hy,At,) — 0. (3.10b)

0<n<L (m=[n/j1) % |°’°°

Multiply both sides of (3.8) by & Z*];lAtc, make inner products and use the summation by
parts,

n+1
E Uh,s

<§n+1_gn’§n+1>+Atcz‘°’:<De5x55n+1’5x5[(H%Me o) )

=Atczg:<5EU£:1§n+1,§n+1> (At )2{<(1_+_ ue EUn+1 D 1)_1
s=1 ’
)

15)(2 (D, 5x2€n+1)) €n+1>
D;1)_1
D] 1)_15)-(1

-1
-1
p;1) 5,

D~ 1

e

El]n+1

55, (De5xl (1 + %ue

n+1 n+1
EU} EU};

(o o) o (12
'53?3(De5xggn+1)):§n+1>}+(At) <(1+—

D;1)_1 55, (De(st (1 + %ue

n+1
EUh’3

hy
. (De5x1 (1 + ?,U,e

3
'(De5x3§"+1))) ’€n+1> + AtCZ <5ug+1€n+1 _ 5EUg“en+1’5n+1>
s=1 s

n+1
E Uh’2

S h nt1| 1)} h nt1| p-1) 7!
+AtC;<[(1+Eue|u5 071) = (14 Sme U DY) ]
,5)_{5(De5x56n+1),€n+1> (At, )2{<|:(1+ i, lu +1|De_1)_155¢1
~(De5xl(1+%ue|u’2‘+1|De_) ) ( 4 ue EUM? D;l)_l

UTI+1

De—l) )]5x2(D 5x26n+1) €n+1> }

-1

5%, (De6xl (1+ %,ue E
+(Atc)3<[(1—|— e |ur| D] ) 5 (De5xl (1+%,ue|u’21+1|De_1)
5, (D 6X3(1+ 2, [t D; ) )) - (1+ %,ue De_l)_15)—(1

.(De5xl(1+%ue De_l)_l‘sfa (De‘sxS(Hh_;“e Dgl)_l))}

55, (De6xge"+1),€"+1> dot Atc<gg+1,g"+1>. 3.11)

n+1
EUh’1

n+1
E Uh’3

n+1
E Uh’2
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The terms on the left-hand side of (3.11) are estimated as follows,

3
h -1
<§n+1_gn’§n+1>+AtCZ<De5XS§n+1,5XS[(1+Esue EU;:;A De_l) §n+1]>
s=1
1 n+1|2 n|2 C n+1 hy nt+1| p-1) "
2 {le - 1R} + ae D {(De8 e (14 Sue BV DT
s=1
h ozl
'5x5§n+1>+<De5x5§n+1,5x5(1+53.ue EU}rll’;i-l Del) ,€n+1>}
1 n+1|2 n|2 C n+1 hy nt1| p-1) "
2§{|§ p-1e2} +ac > (D5, & ’(1+E“e EURY D7)
s=1
2 2
. 5xsgn+1> —¢ |vh€n+1| Atc -M |€n+1|OAtC
1 2 3 2
2o{ | o 1E"  + Do o,
s=1
— e |V * At — M| A, (3.12)
where D, is a positive constant and the relation
h ozl
5, (1+ e [EULT D)
h \-2 h EU;IH_]'
=(1+Es.ue EU}T,;H Del) 'ESUe ’51 '5x5 Uirll,jl >
EU}T

and the induction hypothesis (3.10), error estimates (3.2) and (3.4) are used.
The terms on the right-hand side of (3.11) are estimated later. From (3.10), (3.2) and
(3.4), we have that |E U{:H |Oo is bounded, then we obtain

3
2 2
INDY <5EUhns+1§"+1, §"+1> < M{ |2 + et }Atc. (3.13)
s=1 ’

Though the discrete operators —0y, (D,6,), —0%,(D.6,,) and —65,(D.0,,) are
self-conjugate, positive definite and bounded, and the partition element is cuboid, their
products are not interchangeable. Noticing 6,0y, = 04,0y, 65,0y, = 04,0%,, ***, for the
second term on the right-hand side of (3.11), we have
-1
-1
;')

—(Atc)2<(1+%,ue D;l)_l(s,-cl (De6xl (1+ hz—z,ue

'522 (De5x2€n+1)) , €n+1>

=(at)?(D.5,, ((1 +2y,

n+1
E Uh’1

n+1
EUh,2

n+1
EUh’2

De—l) —15)_(2 (De5x25n+1)) )
D;l)_1€n+1]>

hy
5., [ (145w |EUE
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-1 h
D;1) 65,6, (D8, 8" ) + Do, (14 e

e

n+1
EUh’2

=(ae?(De(1+ %ue

-1
De_l) 5x1 €n+1

D) 6y, (D5, ). (14 %ue

De_l)_l . §n+1>

D;l)_163—<25x1 (D.5,,E™), (1 +

De_l)_l . §n+1>

D7) 65, (0.5,2%), (14 2,
De_l)—l ,§n+1>}

h
= (Atc)z{ <6x1 (De6x2€n+1)’6x2 |:De(1 + Eznue

. n+1
0y

n+1
EUh’1

n+1
EUh’1

hy
+5,, (1+ e

hy
?.U'e

hy
:(Atc)2{<De(1 S He EUS

-D‘l)_15xl§”+1 +5,, (1 + %u«e

n+1
E Uh’2

n+1
EUh’1

e

D_l)_l

e
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+ <De5x1 (1-’-?[113 EU}T"Il
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n+1 1
-8, &M +5x1(1+—2 e

n+1
E Uh’2

n+1
EUh,1

. h
Dyt (e(1+ - He

n+1
EUh’2
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n+1
EUh’1

h
—1y—1 1
De 1) 6x1€n+1+6x1 (1+E,ue EU}’:"{‘l

. n+1
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-1
+1 -1
U D; )

D;l)_l (pe(1+ %ue

o) e )]}

h
- _ (Atc)2{<De5x15x2§n+1 + 5X1De . 5X2§T1+1,De (1 + ?ZAu’e
-(1+h—1
5 e

’ (1+ %Ue

+ (D5, E",6,, [ D (1+ %ue

hy
6, & 46, (1 + 5 He EUyT!

-1
+1 -1
EUTY| D; )

D,

n+1
e EUh,Z

1\ hy
D 1) 5x16x2€n+1 —+ 5x2 |:De(1 + ?.U'e

n+1
EUh’1

-1
+1 -1 +1
EUHY| D; ) 5y, &

De_l)_l] ,5x1§n+1 +5,, (1 n %‘U’e

n+1
EUh,1

n+1
EUh’2

e
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+5x16xZ(1+?ue EUTH D 1) -§”+1> + <De6x2§"+1,De6xl (1+E,ue

1N\ ! hy 1\ ! hy
.D;?) (H?“e EURY DY) 6,,6,,8M 0 46, [De5xl(1+5ue

n+1
e e EUh,Z

-1
-1
D; )

-1
D;l)

N\ ! h, _\! h,
) 1) (1+—ue EU D 1) ]-5xl€"+1+De6xl (1+?‘“e

-
-

n+1
EUh’2

1

h
5, £ 45, [De5xl (1 + 32%

T5)

=~ (at{(Deb,, 8,8, D, (14 %ue

n+1
EUh,2

n+1
EUh’1

hy B
6 (14 S He D;
D—].

hy
8y, (14 e [EUL?

e

-1
D;l)

1\t hy
pt) - (1+gm

e

n+1
EUh,1
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EUh’2

" " hy
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-1
-1
;')
-1
-1
p;!)
1\ n+1
De ) g >+<De6x2€ s
-1
De—l) . 5x1 5x2§n+1>
-1 h -1
—1 1 -1
;') '(1+?“e p;1) ]
-1
De_l) . 5x2§n+1

p;t) ] e )}

(3.14)

n+1
E Uh’2

-D;l)_15x15X2g"+1> + <De6xl 5, &5, [De(l + %ue

n+1
EUh’1

De—1)—1] ,5X1§n+1 +6y, (1 n %H«e

h
(1+ S U

h
1 1
N N

n+1
EUh’1

D;l)_l(u %ue

h
D,5,, (1 + Ezu«e U Ut

+ <035XZ§“+1, B, [De6xl (1 + %,ue

n+1 n+1
EUh’2 EUh’1

De_l)_l'(Hh—zlue

-1 h
pt) - (1+gm

hy
82,8+ D5, (14 e

n+1
EUh’2

n+1
EUh,1

+5,, [De6xl (1 + hz—z,ue

n+1
EUh’2

n+1
EUh’1

For the first term on the right-hand side of (3.14), by the positive definite conditions
0<D,<D,/(X)<D"and 0 < u, < uX) < u*, the induction hypothesis (3.10) and
Cauchy inequality, we cancel high-order difference quotient parts 6,,6,,& nt1" and have
for sufficiently small h and a positive constant D,
-1
-1
;')

h
- (Atc)z <De6x1 6x2 €n+1,De (1 + Eznue

. (1 n %Me De—l)—l 5, 5X2§n+1>

2
<= (AtDo[5,, 6,5 (3.15)

n+1
EUh,2

n+1
EUh,1

Considering other terms on the right-hand side of (3.14),
-1 h -1
-1 1 -1
;1) - (1+Fm ;1)

-1
-1
D; )

hy
— (D6 { (82, De - 6,8, D (14 Zpe |EUY! EUp !

n+1
E Uh’2

6,6,8%) +(D,5,,5,,81,5,,[D.(1+ 2,
De—l)_l] .5x1§”+1_+_...> _+_}

<%(Atc)2Do 164,86, |+ M {|vhg"+l|§ + |§n+1|§} (At,)2. (3.16)

n+1
EUh,1

’ (1+ %Ue

Collecting (3.14), (3.15) and (3.16), we have

De—1)‘15)_(1 (De6xl (1 + hz—z,ue De_l)_l

—(ac?((1+ %.ue

85, (Deb,,E"1)) €71

S%DO(AtC)Z 16,8, 15+ M {| Va1 e + €740} (ac)?. (3.17)

n+1
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n+1
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Similar analysis for the other terms,
e {{ (14 D Jevpn|o7) s, (D, (14
65, (0.6,271)). &) ot ( (14 2, ) e
(D5, (14 %3“8 De_l) 55, (Deby, 1) ), €741 >}
)

Do(At (84,8, 8" o + 6,8, 8™ 3 + (62,85, 8™ 1

+M (|vg 1) + 610 (A (3.18)

-1
-1
D; )

. EUH+].

n+1
EUh’1

EUn+1

n+1
EUh’3

1
2

For the third term on the right-hand side of (3.11), similar to the second term, using the
positive definite condition (C) and the induction hypothesis, and cancelling high-order
term 6, 0,,6,.& nt1 we have for sufficiently small h,
-1
-1
;')

De—1)_163—(1 (Des, (1+ %ue
De—1)—1523 (De5x35n+1))) ) §n+1>

<- %(Atc)g 16,8, 8,81 + £ (AL (|84, 62,8 o + (64,61, 8™ 2

ae?((1+ %ue

h
.55, (De5xZ(1+ Egue

n+1
EUh’1

n+1
E Uh’2

n+1
EUh,3

162,85, 65 ) + M ([wrg™ 1o+ [£715) (At (3.19)

For the fourth term on the right-hand side of (3.11), we have

3
Atc E <6u?+1€n+1 _ 6EU:S+1€H+1’ €n+1>
s=1 ’

2 2 2
<M (At + B+ B 4 hd 4 |0 182 + o+ [Emaa
2 2
+ |Zfo + |Zmaa]s ) At (3.20)
by using the following inequality derived from (3.2) and (3.4),
2
lu—U,|, <M (IEI% +1¢1p + 2D +hfp) . (3.21)

Because u — U is measured by [2(2) norm replacing L2(2) norm, the last term on the
right-hand side is generated as k > 1 and disappears as k = 1 or k = 0 [6,28,29] in the
above expression. In actual applications, the computation runs in Raviart-Thomas spaces
with k =1 or k = 0 consisting of regular elements such as cubes or tetrahedrons. For the
last term of (3.11), we have

(ert? g™ ) At <M ((Atc)z +h 4 |£"+1|§) At.. (3.22)
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Then we have the estimate result of (3.11) by using (3.12), (3.13), (3.18)-(3.20) and
(3.22), and summing on

0<n<I,
for sufficiently small At_,
L
|5L+1|§+Z|Vh5n+l|§Atc
n=0
L
<M (Y[ o+ [ o+ | o] At + (Ar P + B R 4L ). (3.23)
n=0

Similarly, we can obtain the estimates of the hole concentration equation and the heat
conduction equation,

L
|§L+1|§ +Z |VhCn+1|§Atc
n=0

L
<M ([ o+ [ o+ [y At + (At + B+ RV 4L ), 3.240)

n=0

L
2 o+ D [Va™ At
n=0

L
<M (D [|em o+ (e o+ |em ] At + (At + R+ RV 41 ). (3.24b)

Considering all the resulting estimates (3.23)-(3.24b),
L
L e o e e A N %S K /Y R /P A PV
n=0

L
SM(Z |:|€n+1|§+|gn+1|§+|Xn+1|§] Atc+(Atc)2+h4+hi}(k+1)+hfp)' (3.25)

n=0

Using discrete Gronwall Lemma, we have

L
[ o+ [ o+ [ o+ D [[9aE™ o + [Vue ™ o + [ Vx5 ] A
n=0
<M ((Atc)z +ht 1D 4 hfp) . (3.26)

It remains to testify the induction hypothesis (3.10). For n = 0 because of

§O=CO=XO=O’ gozo
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is derived from (3.4), then (3.10) is right. Assume (3.10) holds for any positive integer n
between 1 and a given positive integer L. By (3.26) and the restriction (3.9), it is easy to
see that for k > 1

|68+ [EHY o Y S MR (R4 RSP 42+ A ) < MRVZ - 0, (3.272)

HQ[(LH)/J'] o S M1 (12 +RE 1 + At ) < Mby® 0. (3.270)

Therefore, (3.10) is right for n = L 4+ 1 and the induction hypothesis is proved com-
pletely.

Theorem 3.1. Suppose that exact solutions of (1.1)-(1.3) are suitably regular (R) and the
problem is positive definite (C). Adopt mixed finite element-modified upwind difference
fractional step scheme (2.6)-(2.9) and obtain numerical solutions layer by layer in parallel
by simple computations of the method of speedup. Then we get the following error result
for the degree of mixed finite element space k > 1 and the restriction (3.9)

||€ - €h| |i°°((o,T],12) + ||p - ph| |E°°((0,T],lz) T HT h Th| |i°°((°j]’lz)
+[[e — ] |i2((0,T],h1) +|[p = pal |i2((0,T],h1) +||T - |iz((0,TLh1>
|| =l [z0, 1) + 12 = Unl o109
<M* (At + R+ R +R2), (3.28)

where

L
X’ ||g||i2(J;X)= sup {Z

LAt<T * 50

ellzwrn = sup_lls” ¢'llyact,

and the constant M* is dependent on ¢, e, p, T and their derivatives.

4. Conclusions and discussions

In this paper a composite algorithm of a mixed-finite element scheme and a modified
upwind difference fractional step scheme is structured for numerical simulation of tran-
sient behavior of semiconductor device with heat conduction. In §1, mathematical model,
physical background and some related research are introduced. In §2, the partition of
computational domain is given, then a mixed finite element scheme, a high-order accuracy
approximation, is used to compute the electric field intensity. A fractional step scheme
modified by upwind difference is formulated for the concentrations and heat, which is car-
ried out by changing a three-dimensional problem into three successive one-dimensional
computations, and this parallel algorithm can shorten the computation scale greatly. Fi-
nally, a theoretical convergence analysis in [ norm is shown in §3. In particular, for some
problems without consideration of high order accuracy, we can present another composite
algorithm of a mixed-finite element scheme and an upwind difference (first-order) frac-
tional step scheme and discuss a similar analysis to derive a first-order estimate in [2 norm.

In this research there serval interesting results are stated as follows:
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e The effect of the heat is considered in structuring procedures for transient behavior
problems, so numerical approximation of this type can reflect physical natures very
well.

e This method can be applied in large-scaled numerical computation of three-dimensio
-nal problem with complicated geometric domain.

e A mixed finite element method is adopted and this can improve computation ac-
curacy of one order in computing electric field intensity. It is very important to
understand numerical simulation of semiconductor device.

e The fractional step algorithm modified by upwind difference is adopted to compute
the concentrations and the heat which works on modern parallel computers and
gives numerical computation of second-order accuracy and high efficiency in parallel
for transient behavior problems.
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