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This paper establishes that the availability of instrumental variables enables the
identification and the consistent estimation of nonparametric quantile regression
models in the presence of measurement error in the regressors+ The proposed esti-
mator takes the form of a nonlinear functional of derivatives of conditional expec-
tations and is shown to provide estimated quantile functions that are uniformly
consistent over a compact set+

1. INTRODUCTION

There is currently substantial interest in the development of estimation meth-
ods based on quantile restrictions ~see, among others, Chesher, 2003; Cher-
nozhukov, Imbens, and Newey, 2007; Chernozhukov and Hansen, 2005;Angrist,
Chernozhukov, and Fernandez-Val, 2006; Abadie, Angrist, and Imbens, 2002;
Matzkin, 2003!+ These methods offer the advantage of describing not only aver-
ages of possible outcomes but also their entire distribution+ Quantile methods
also exhibit robustness to outliers because quantiles of the dependent variable
are always defined even when some of its moments may not exist+ Finally, in
multiequation settings, quantile-based models enable a natural treatment of non-
separable ~i+e+, nonadditive! disturbances ~e+g+, Chesher, 2003; Chernozhukov
et al+, 2007; Matzkin, 2003!+

This paper extends the applicability of quantile methods to the common sit-
uation where the covariate is measured with error+We thus consider the follow-
ing quantile restriction model:

P @ y � Qt~x
* !6x * # � t, (1)

x � x * � Dx, (2)

where the function of interest, Qt~x *!, is the t quantile of y conditional on x *,
the true unobserved value of the explanatory variable, while x is its observed
counterpart, contaminated by a measurement error Dx+ Our aim is to describe
how the availability of an instrument vector w enables the identification and
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the consistent estimation of such a model+ In the spirit of quantile analysis,
which imposes no specific functional form on the distribution of the dependent
variable, the proposed approach makes no functional form assumption regard-
ing the quantile function Qt~x *!, thus enabling a full characterization of how
the distribution of the dependent variable varies as a function of the covariates+

Although a number of powerful approaches have been developed to handle
nonseparable disturbances ~e+g+, Chesher, 2003; Chernozhukov et al+, 2007; Cher-
nozhukov and Hansen, 2005; Matzkin, 2003!, these methods are unable to han-
dle endogeneity of the specific form associated with the presence of mismeasured
regressors+ The basic problem is that when the preceding model is cast into the
form y � h~x,«!, there is no way to define an appropriate disturbance « so that
the assumptions traditionally made in the nonseparable error literature hold+
First, because « must depend on Dx and because Dx is correlated with x, meth-
ods relying on independence between x and « are not applicable ~e+g+, Matzkin,
2003!+ In addition, the disturbance « is, in general, not independent from the
true value x * and therefore cannot reasonably be assumed to be independent
from an instrument for x *, thus violating the most crucial assumption employed
in existing endogenous quantile regression methods ~e+g+, Chernozhukov et al+,
2007; Chernozhukov and Hansen, 2005!+

To see this second point, consider a case where y is generated according to
y � g~x *,h! where, for simplicity, the nonlinear function g~{,{! is monotone
both in the scalar x * and in the scalar disturbance h+ If x * is measured with
error, there exist many possible equivalent models of the general form y �
h ~x, «!, where h ~x, «! is a function of a scalar x ~the observed but mis-
measured value of x *! and some scalar disturbance «+ We will now illustrate
that instrumental quantile methods cannot handle this model for any function
h~x,«! ~so, in particular, for the desired function h~x,«! that would happen to
exhibit the same dependence on x as g~x *,h! has on x *!+ Let h«

�1~x,{! denote
the inverse of the function h~x,{! for a fixed value of x+ It can be verified by
direct substitution that, for any h~x,«! that is strictly increasing in «, the model
y � h~x,«! generates the same distribution of y if the scalar disturbance «
is set to h«

�1~x, g~x � Dx,h!! or, equivalently, to h«
�1~x * � Dx, g~x *,h!!+

Because the disturbance « explicitly depends on x *, it is, in general, impossi-
ble to find an instrument that would be correlated with x * while being statis-
tically independent from «+ As a result, the model cannot generally be cast
into a form that satisfies the assumptions traditionally made in the quantile
instrumental variable literature, except in special cases, such as when g~x *,h!
is linear in both of its arguments+

Despite their wide applicability, approaches based on triangular systems of
equations ~Chesher, 2003; Imbens and Newey, 2003! are also unable to handle
mismeasured covariates+ These methods require that the effective number of
distinct unobservable variables1 is equal to the number of equations, which is
not the case in errors-in-variables models, because there are three unobserv-
ables ~x *, Dx, h! but only two equations ~ y � g~x *,h! and x � x * � Dx!+
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Including an instrument equation does not help, because it also increases the
number of disturbances by one+

To our knowledge, the study of the effect of general forms of measurement
error on quantile methods has so far been limited to the development of approx-
imate expressions for the bias, resulting from classical measurement error, that
become exact in the “small errors” limit ~Chesher, 2001!+Although this approach
provides very helpful insight into the nature of measurement error–induced dis-
tortions, there remains considerable interest in devising exactly consistent quan-
tile estimation methods based on instrumental variables+2

This paper adapts the instrumental variable identification result for condi-
tional means found in Schennach ~2007! to quantile restrictions+ In particular,
because quantile restrictions take the form of expectations of bounded step func-
tions, their special form enables considerable simplification in terms of identi-
fication, thereby facilitating the derivation of a corresponding nonparametric
estimator and allowing for the use of more primitive regularity conditions+ We
also provide a uniformly consistent nonparametric estimator based on this new
identification result, thus paralleling the treatment found in Chernozhukov et al+
~2007! for a complementary class of endogenous models+

2. IDENTIFICATION

It is clear that Qt~x
*! in equation ~1! will be nonparametrically identified over

some compact interval X if it is possible to identify conditional expectations of
the form

E@S~ y � q!6x * # (3)

for x * � X � R and q � R, where

S~v! � 1~v� 0! (4)

and where 1~A! denotes the indicator function of some event A+ Indeed, in this
case, Qt~x *! for given values of x * and t would simply be the solution q to the
equation E@S~ y � q!6x *# � t, which we assume to be unique+

Assumption 1. The equation E@S~ y � q!6x *#� t has a unique solution q �
Qt~x *! for each x * � X and t � @0,1# +

The problem is, of course, that x * is not directly observed, only its error-
contaminated counterpart x is+ In this section, we show that the availability of
an instrument vector w enables the identification of expectations of the form
~3!+The instrument is assumed to satisfy the following restrictions+

Assumption 2. Let Dx * � x * � E@x * 6w# + For any y, x *, w, Dx *, and Dx in
the support of their respective densities ~denoted by f with the appropriate
subscripts!,
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fy 6x *,w~ y 6x *,w! � fy 6x * ~ y 6x * !, (5)

fDx * 6w~Dx * 6w! � fDx * ~Dx * !, (6)

E@Dx 6w, y# � 0+ (7)

The first part of the assumption basically means that the instrument does not
give any information about the dependent variable that the true regressor does
not already provide, which is a fairly standard exclusion restriction+ The sec-
ond part states that the “prediction error of the instruments” Dx *� x *� E@x * 6w#
and the instruments w are independent+ This assumption has been previously
used in Newey ~2001!, Hausman, Newey, Ichimura, and Powell ~1991!, Haus-
man, Newey, and Powell ~1995!, and Wang and Hsiao ~1995! in the directly
related context of instrumental variable estimation of nonlinear conditional mean
regressions in the presence of mismeasured regressors+ Outside of the measure-
ment error context, similar relationships between a regressor and an instrument
are extensively considered in Chalak and White ~2006! and White and Chalak
~2006! in their systematic classification of types of instruments+ Intuitively, this
independence assumption presumes that variations in x * are “caused” by vari-
ations in w and unrelated additive random factors through an instrumental vari-
able equation of the general form x * � Z~w! � Dx * where Z~w! is some
nonlinear function+ For instance, if x * is cognitive skills during adulthood ~imper-
fectly measured through an IQ score x!, the instrument vector w could contain
a parent’s education level and income, number of siblings, and availability of
reading material during childhood+

In practice, the plausibility of this independence assumption can be tested by
regressing x on w and verifying whether the residuals are independent from w+
This test is not perfect, because it tests the independence of Dx � Dx * from w,
instead of merely Dx * from w+ However, if the hypothesis of independence is
not rejected, this can be regarded as strong support for the validity of this
assumption+ In fact, an example of an application relying on the same assump-
tion in the IQ score example mentioned previously can be found in Schennach
~2007, Sect+ S+7 in the Supplementary Material!, where the preceding test was
clearly found not to reject the hypothesis of independence+

The measurement error Dx only needs to satisfy a weak conditional mean
assumption ~thus allowing for heteroskedasticity!+ Although one might be crit-
ical of our somewhat classical assumption regarding the measurement error Dx,
it is worth mentioning that most approaches devised to handle measurement
error require the stronger assumption of independence between the measure-
ment error and the true regressor, including the only existing study of the effect
of measurement error in quantile regressions ~Chesher, 2001!+

The fact that the independence assumption we need involves instrumental
variables rather than the main variables of the model can be viewed as advan-
tageous+ In a given application, researchers rarely have the freedom to choose
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their regressors and their dependent variables+ However, they have the ability
to select the instruments without changing the main relationship of interest+
Hence, researchers can simply explore various instruments in search of the ones
such that the independence assumption is plausible, according to the test
described previously+

It is convenient to define a scalar-valued random variable z that summarizes
the predictive power of the instruments:

z [ E@x * 6w#� E@x 6w# + (8)

The second equality, which shows that z can be expressed solely in terms of
observable variables, follows from E@x 6w# � E@x * 6w# � E@Dx 6w# � E@x * 6w#
because E@Dx 6w# � E@E@Dx 6w, y#6w# � 0 by Assumption 2+

The implementation of this approach and the requisite regularity conditions
are best expressed in terms of the following quantities and associated Fourier
transforms+

DEFINITION 1+ Let i � M�1,

f~z! � E@e�izDx * # , (9)

c~q! �
1

2
~c�~q!� c�~q!! , (10)

c�~q! � lim
zr�`

E@S~ y � q!6z# , (11)

c�~q! � lim
zr�`

E@S~ y � q!6z# , (12)

and, for k � 0,1,

skx * ~x
*,q! � E@~z � x!k~S~ y � q!� c~q!!6x * # , (13)

sk]x * ~x
*,q! �

]E@~z � x!kS~ y � q!6x * #

]x *
, (14)

skz~z,q! � E@~z � x!k~S~ y � q!� c~q!!6z# , (15)

sk]z~z,q! �
]E@~z � x!kS~ y � q!6z#

]z
, (16)

skx * ~z,q! ��skx * ~x
*,q!e izx * dx *, (17)
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sk]x * ~z,q! ��sk]x * ~x
*,q!e izx * dx *, (18)

skz~z,q! ��skz~z,q!e izz dz, (19)

sk]z~z,q! ��sk]z~z,q!e izz dz. (20)

(By convention, integrals without explicit bounds are taken over the whole real
line.) Let Q be a set containing the set $Qt~x *! : x * � X, t � @0,1#%.

To ensure that the preceding Fourier transforms are well defined we require
the following assumption+

Assumption 3. The distributions of x * and z are supported on R+

Fourier transforms are integrals over the whole real line that therefore demand
the existence, over the whole real line, of the quantities to be transformed+
Fourier transforms of probability distributions pose no problem because, even
if a distribution has compact support, it is still defined outside of the support—it
just happens to be zero+ Conditional expectations are a different story, how-
ever, because they are not defined outside of the support of the conditioning
variable+ Hence, Assumption 3 is used to ensure that Fourier transforms of
expectations conditional on x * or z are well defined+ The assumption on x * is
included for clarity but is actually redundant, because having fz~z! supported
on R actually implies that fx * ~x

* ! is also supported on R ~under Assump-
tion 2!+ Assumption 2 implies that fx~x! is supported on R also, although we
do not make use of that fact+ It is important to note that none of the remaining
variables, i+e+, Dx, Dx *, y, or w, need to have distributions supported on R+

Clearly, all quantities that involve x * or Dx * are not directly observable+ How-
ever, quantities involving z, such as skz~z,q!, sk]z~z,q!, and c~q!, are observ-
able, and our goal will be to express E@S~ y � q!6x *# in terms of these observable
quantities+

We first need to make a few primitive assumptions+

Assumption 4.

~a! f~z! � 0 for all z � R and
~b! for all q � Q, s0]z~z,q! � 0 for almost any z in R+

The assumption that various Fourier transforms are nonvanishing is widely
used in the deconvolution literature ~e+g+, Fan, 1991; Fan and Truong, 1993;
Liu and Taylor, 1989; Li and Vuong, 1998!+ The only common distributions
that are excluded by the requirement that f~z! � 0 are the uniform and the
triangular distributions+ The normal, t, x2 , gamma, and double exponential dis-
tributions all satisfy this assumption+ Note that the restrictions on s0]z~z,q! are
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even weaker, thanks to the “almost everywhere” refinement, allowing s0]z~z,q!
to cross zero at isolated points, perhaps infinitely many times+Assumption 4~b!
is only violated in cases where s0]z~z,q! � 0 vanishes over an interval, which
is highly unusual+ The only simple example of such a function would be a poly-
nomial, but E@S~ y � q!6z# cannot be a polynomial because it is bounded ~except
for the uninteresting case of E@S~ y � q!6z# constant!+

We also need to impose weak constraints on the behavior of the tails of var-
ious functions+

Assumption 5. E@6Dx * 6# � `+

Assumption 6.

~a! There exist B � ` and b � 0 such that supq�Q6]E@S~ y � q!6x *#0]x * 6�
B~1 � 6x * 6!�2�b for all x * � R and

~b! the density of Dx * is bounded+

Intuitively, Assumption 6~a! imposes a minimum amount of smoothness and
prevents the tails of E@S~ y � q!6x *# from oscillating too much as 6x * 6 r `+
Because most economic models yield conditional quantiles that either diverge
toward 6` or reach a constant limiting value as 6x * 6 r `, this assumption is
very likely to be satisfied in most applications+ This assumption can perhaps
best be understood when phrased in terms of a restriction imposed on the behav-
ior of y as a function of x *+ For simplicity, consider the case when y has a
homoskedastic distribution centered on g~x *! conditional on x *+ ~We further
assume that the density of y given x * is bounded and that g~x *! is differentia-
ble+! In this case, there are two alternative situations+

1+ If limx *r` g~x * ! is finite, then Assumption 6~a! requires that ]g~x *!0
]x * � O~~x *!�2�b! as 6x * 6 r `+

2+ If g~x *! diverges as 6x * 6r`, then Assumption 6~a! requires that the den-
sity of y given x * has sufficiently thin tails and0or that g~x *! diverges suf-
ficiently rapidly as 6x * 6r `+ Specifically, we need that f«~g~x *!!]g~x *!0
]x * � O ~~x * !�2�b! as 6x * 6 r `, where f«~{! denotes the density of
y � g~x *!+

As shown in Lemma 1 in the Appendix, Assumptions 2 and 6 imply three
important facts+ First, they imply that the limits of E@S~ y � q!6x *# as x *r �`
or x * r �` are well defined+ They also imply that the limits of E@S~ y � q!6z#
as z r �` or z r �` exist, so that the c~q! in Definition 1 is well defined+
These assumptions also guarantee that all Fourier transforms considered exist
as ordinary functions+ The term ordinary function is used here to describe a Fou-
rier transform that is entirely defined by the value it takes at each frequency, in
contrast with generalized functions ~e+g+, Schwartz, 1966; Lighthill, 1962!, which
contain singular entities such as Dirac delta functions that need to be defined
through the limit of a sequence of functions+ The fact that all Fourier trans-
forms involved remain ordinary functions in the present setup represents a con-
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siderable simplification over the treatment found in Schennach ~2007! and will
enable the construction of a natural nonparametric quantile estimator in the next
section+3

Under these assumptions we can obtain a closed-form expression for
E@S~ y � q!6x *# ~or, equivalently, s0x * ~x

*,q!! and an expression for the quan-
tile function Qt~x

*! in terms of observable quantities+ Note that our identifi-
cation result holds for general stationary processes because it is expressed in
terms of the marginal distributions of individual observations+

THEOREM 1+ Under Assumptions 2–6, for any q, Iq � Q,

s0x * ~x
*,q! �

1

2p
� s0z~z,q!

f~z!
e�izx * dz, (21)

where

f~z! � exp��
0

z is1]z~j, Iq!

s0]z~j, Iq!
dj� . (22)

Under the additional condition of Assumption 1, the solution Qt~x * ! to
s0x * ~x

*,Qt~x * !!� t gives the conditional t quantile function for any t� @0,1# .

While a formal proof of this result can be found in the Appendix, an outline
of the proof can be given as follows+ First, Assumption 2 enables us to relate
the observable quantity E@S~ y � q!6z# to the unobservable quantity of interest
E@S~ y � q!6x *# through a simple convolution operation

E@S~ y � q!6z# ��E@S~ y � q!6x * � z � u# fDx * ~�u! du+ (23)

To facilitate further manipulations ~such as Fourier transforms!, we consider
the derivative of this expression with respect to z because it exhibits the prop-
erty that it decays to zero as 6z 6 r ` under our regularity conditions:

]

]z
E@S~ y � q!6z# ��� ]E@S~ y � q!6x * #

]x *
�

x *�z�u

fDx * ~�u! du+ (24)

This expression cannot merely be inverted to establish identification because we
have two unknown functions ]E@S~ y � q!6x *#0]x * and fDx * ~u! on the right-
hand side+ We need another equation+ Fortunately, Assumption 2 also implies,
in a similar fashion, that

]

]z
E@~z � x!S~ y � q!6z# ��� ]E@S~ y � q!6x * #

]x *
�

x *�z�u

ufDx * ~�u! du+ (25)
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We now have two functional equations in two unknown functions ]E@S~ y � q!6
x *#0]x * and fDx * ~u!, and we can solve for the unknowns using Fourier trans-
form techniques+

Because both expressions ~24! and ~25! involve convolutions, their respec-
tive Fourier transforms take the form of a product of Fourier transforms ~by the
convolution theorem!

s0]z~z,q! � s0]x * ~z,q!f~z!, (26)

is1]z~z,q! � s0]x * ~z,q!f̂~z!, (27)

where we have used Definition 1 in conjunction with the fact that the Fourier
transform of iufDx * ~�u! is df~z!0dz [ f̂~z!+ Taking the ratio of equations
~27! and ~26!, we obtain a simple differential equation in f~z!,

is1]z~z,q!

s0]z~z,q!
�
f̂~z!

f~z!
, (28)

which can be solved for f~z! to yield equation ~22!, after exploiting the known
initial condition f~0! � � fDx * ~�u! du � 1+

Next, we use a version of equation ~23! that is centered by the constant c~q!:

E@S~ y � q!� c~q!6z# ��E@S~ y � q!� c~q!6x * � z � u# fDx * ~�u! du+

Thanks to the centering by c~q!, the corresponding Fourier transforms can be
shown to be ordinary functions, and we can write the Fourier transform of this
expression as

s0z~z,q! � s0x * ~z,q!f~z!,

in which s0x * ~z,q! can be isolated in terms of the observable s0z~z,q! and the
quantity f~z! that we have just identified+ Equation ~21! then follows, after an
inverse Fourier transform, and the theorem is proved+

Solving for the quantile of interest Qt~x *! at some given x * numerically will
typically require calculating s0x * ~x

*,q! through equation ~21! for various trial
values of q+ In contrast, the quantity Iq in equation ~22! can be held fixed through-
out the estimation process+ Naturally, it will be advantageous to select a value
of Iq that minimizes the statistical noise, e+g+, that is such that s0]z~j, Iq! goes to
zero slowly as 6j6 r `+

It is interesting to point out two key steps that circumvent the potential prob-
lem that Fourier transforms often do not exist within the space of conventional
functions+ First, we rely on the fact that the Fourier transform of a centered
step function ~e+g+, 1~z � 0! � 1

2
_ ! is an ordinary function, even though the

original step function is not absolutely integrable+ A consequence of this fact is
that subtracting the constant term c~q! in the expression of skz~z,q! in Defini-
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tion 1 implies that the corresponding Fourier transform skz~z,q! exists as an
ordinary function+ In a sense, our identification result relies on a form of “iden-
tification at infinity” ~Heckman, 1990! to determine the constant term+ How-
ever, unlike in the conventional identification at infinity scheme, it is relatively
common that the constants c�~q! and c�~q! are known to be exactly equal to 0
or 1 based on known limiting behavior of the economic model considered+ This
occurs whenever 6Qt~x *!6 r ` as 6x * 6 r ` for any given t � #0,1@ +

A second way we can ensure the existence of all Fourier transforms as ordi-
nary functions is through our use of derivatives of conditional expectations
~which can reasonably be assumed absolutely integrable! for some of the terms,
so that the corresponding Fourier transforms ~sk]z~j, Iq! for k � 0,1! are guar-
anteed to be bounded and continuous+

Another useful consequence of Theorem 1 is that equation ~22! provides the
characteristic function of �Dx * in terms of observable variables+ Because x *�
z � Dx *, where Dx * is independent from z by Assumption 2, the characteristic
function of x * is given by

E@e izx * # � E@e izz #E@e izDx * #� E@e izz #f~�z!, (29)

where the right-hand side is expressed solely in terms of known quantities+
Hence, the distribution of x * is fully identified+ This, in conjunction with the
possibility of identifying E@S~ y � q!6x *# for any q, implies that the joint dis-
tribution of y and x * is identified+

A multivariate extension of Theorem 1 that, in addition, allows for correctly
measured covariates r is straightforward+ The multivariate analogues of equa-
tions ~21! and ~22! are

E@S~ y � q!� Sc~q, r!6x *, r#

�
1

~2p!J
� �E@S~ y � q!� Sc~q, r!6z, r#e iz{z dz

f~z, r!
e�iz{x * dz, (30)

where the constant Sc~q, r! is selected so that �E@S~ y � q!� Sc~q, r!6z, r#e iz{z dz
is an ordinary function4 and where x *, z[ E@x * 6w# , and z now take values in
R

J and r is a vector of correctly measured regressors ~if any! that can be dis-
crete and where f~z, r! � � j�1

J fj ~zj , r! with

fj ~zj , r! � exp ��0

zj
i�~]E@~zj � xj !S~ y � Iq!6zj , r#0]zj !e

izj zj dzj

�~]E@S~ y � Iq!6zj , r#0]zj !e
izj zj dzj

djj� ,
(31)

QUANTILE REGRESSION WITH MISMEASURED COVARIATES 1019

https://doi.org/10.1017/S0266466608080390 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466608080390


where x and j also take values in R
J + The preceding result holds under the

additional assumptions that the “prediction errors” xj
*� E@xj

* 6w# are mutually
independent5 ~for different values of j ! conditional on r+ Note that the integrals
over vectors in equation ~30! stand for J nested integrals, whereas all integrals
in equation ~31! remain univariate+

3. ESTIMATION

We will now formally establish that a consistent estimator of Qt~x *! can be
obtained by substituting estimates of E@S~ y � q!6z# and E@~z � x!S~ y � q!6z#
into Theorem 1 and inserting various trimming parameters+ For estimation pur-
poses, we consider independent and identically distributed ~i+i+d+! settings,
although an extension to serially dependent data is clearly possible+

Assumption 7. ~ yi , xi ,wi ! for i � 1, + + + , n is an i+i+d+ sample of observations
of the random variables ~ y, x,w!+

The first step in the estimation is to construct the scalar-valued variable z
from the instrument vector w, which is accomplished by a standard least-
squares projection+ We consider the case where x * is related to w through

x * � Z~w,a!� Dx *, (32)

where Z~w,a! is a known function of an unknown parameter a and where Dx *

is independent from w and may be assumed to have zero mean, without loss of
generality, by including an intercept in the function Z~w,a!+ The parameter a
can be estimated from a nonlinear regression of x on w, because

x � Z~w,a!� Dx * � Dx, (33)

where E @Dx * � Dx 6w# � E @Dx * # � E @E @Dx 6w, y# 6w# � 0+ The following
assumption collects all the standard regularity conditions traditionally used to
show consistency of the first-step estimator [a in i+i+d+ settings+

Assumption 8. Let A be a compact set under some norm 7{7a such that

~a! a * � arg mina�A E@~x � Z~w,a!!2# is unique,
~b! E@supa�A6Z~w,a!62# � ` and E@x 2# � `,
~c! Z~w,a! is continuous in a for a � A under the norm 7{7a+

Note that Assumption 8 not only covers the case where Z~w,a! is paramet-
rically specified but also allows for a nonparametric first step, provided that
it is plausible to assume that a * belongs to a compact set under some norm
7{7a+ Newey and Powell ~2003!, for instance, propose that functions can be
assumed to belong to a compact set if one is willing to assume that the “tails”
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of these functions follow a parametric trend, whereas their “middle” portion
is fully nonparametric but satisfies Lipschitz constraints+ With an estimate [a
in hand, we define

zi � Z~wi , [a!

for each observation i in the sample+ Because the parameter a is estimated, it is
necessary to consider a-dependent counterparts of the quantities defined in Def-
inition 1 for the purpose of obtaining asymptotic properties+

DEFINITION 3+ For any q � Q and a � A, let

skz~z,q,a! � E@~Z~w,a!� x!kS~ y � q!6Z~w,a!� z# ,

sk]z~z,q,a! � ]E@~Z~w,a!� x!kS~ y � q!6Z~w,a!� z#0]z

and let s0x * ~x
*,q,a! and f~z,a! , respectively, denote the value of s0x * ~x

*,q!
and f~z! obtained from Theorem 1 when setting z � Z~w,a! .

A consistent estimator of E@S~ y � q!6x *# can be obtained by substituting
kernel estimates of E@S~ y � q!6z# and E@~z � x!S~ y � q!6z# into Theorem 1
and inserting various trimming parameters+

Let hn, Szn, and Nzn be sequences such that hn r 0, Szn r `, and Nzn r ` as
n r ` and define the following quantities+ First, let K~z! be a standard bias-
reducing kernel of order NK +

Assumption 9. The kernel K~z!satisfies

~a! �K~z! dz � 1,
~b! K~z! � K~�z!,
~c! �K~z!z j dz � 0 for j � 1, + + + ,NK � 1,
~d! �6K~z!6 6z 6Nk dz � `, and
~e! K~z! is differentiable+

DEFINITION 3+ Let6

[s0x * ~x
*,q,a! �

1

2p
�

� Nzn

Nzn

[s0x * ~z,q,a!e�izx * dz, (34)

[s0x * ~z,q,a! � [s0z~z,q,a! Zf�1~z, Iq,a! , (35)

Zf�1~z, Iq,a! � exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj� , (36)
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where Iq � Q is some constant and

[s0z~j,q,a! �� [s0z~z,q,a!e ijz dz, (37)

[s0]z~j,q,a! �� [s0]z~z,q,a!e ijz dz, (38)

[s1]z~z,q,a! �� [s1]z~z,q,a!e izz dz (39)

and where the integrands are trimmed kernel estimates, i.e., for k � 0,1,

[sk]z~z,q,a! � 1~6z 6� Szn !

	
]

]z

~nhn !
�1 


i�1

n

~Z~wi ,a!� xi !
kS~ yi � q!K~hn

�1~Z~wi ,a!� z!!

~nhn !
�1 


i�0

n

K~hn
�1~Z~wi ,a!� z!!

,

(40)

[s0z~z,q,a! � 1~6z 6� Szn !

~nhn !
�1 


i�1

n

S~ yi � q!K~hn
�1~Z~wi ,a!� z!!

~nhn !
�1 


i�1

n

K~hn
�1~Z~wi ,a!� z!!

� c�~q!1~z � Szn !� c�~q!1~z � � Szn !� c~q! , (41)

where c�~q! , c�~q! , and c~q! are given in Definition 1.

Because our estimator involves Fourier transforms of conditional expecta-
tions ~and derivatives thereof !, it is necessary to establish uniform convergence
results over the whole real line+ Although this is not possible in general, it
becomes possible when the “tails” of these quantities have a known behavior,
so that the kernel estimate in the region 6z 6 � Szn where few sample points lie
can be trimmed and replaced by a constant+ In the case of [sk]z~z,q,a!, Assump-
tion 6 implies that the appropriate constant is zero+ In the case of [s0z~z,q,a!,
the appropriate constants are c�~q! [ limzr�`E@S~ y � q!6z# for z � � Szn and
c�~q! [ limzr`E@S~ y � q!6z# for z � Szn, which necessarily exist by Assump-
tion 6 and Lemma 1 in the Appendix+ These limiting values are often known
exactly+ For instance, a very common case is when c�~q! � 0 and c�~q! � 1,
occurring whenever Qt~x *! r �` as x * r �` and Qt~x *! r ` as x * r `
for any t � #0,1@ + If these constants are not known, they can be replaced by
consistent estimates, such as
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[c�~q! �


i�1

n

S~ yi � q!1~Z~wi , [a!� Szn !



i�1

n

1~Z~wi , [a!� Szn !

, (42)

[c�~q! �


i�1

n

S~ yi � q!1~Z~wi , [a!� � Szn !



i�1

n

1~Z~wi , [a!� � Szn !

, (43)

while c~q! is replaced by [c~q!� ~ [c�~q!� [c�~q!!02 in equation ~41!+ Our asymp-
totic analysis given subsequently trivially allows for these estimated quantities
because fluctuations in these quantities simply translate into fluctuations in
[s0x * ~x

*,q, [a! of the same magnitude+ Hence, we only need to establish that
[c�~q!

p
&& c�~q! and that [c�~q!

p
&& c�~q!, uniformly in q+ A simple sufficient

condition is that7

n min$E@1~Z~wi ,a! � � Szn !# ,E@1~Z~wi ,a!� Szn !#%r `, (44)

because it ensures that the averages in equations ~42! and ~43! are taken over a
number of observations going to infinity+ The convergence is uniform in q and
a, because the summand is bounded and continuous with probability one+

Next, we also need fairly weak boundedness assumptions+

Assumption 10. There exist M � ` and m � 0 such that supa�A supq�Q
6sk]z~z,q,a!6 � M~1 � 6z 6!�2�m for k � 0,1 and for all z � R+

Assumption 11. For Y � 1,S~ y � q!, ~Z~w,a! � x!S~ y � q!,

sup
q�Q

sup
a�A

sup
z�R

6] j~E@Y 6Z~w,a! � z#p~z 6a!!0]z j 6 � `,

where p~z 6a! denotes the density of z � Z~w,a! for j � 1 or j � NK , where Nk

is as in Assumption 9+

Assumption 12. supa�A supq�Q �6]2s0x * ~x
*,q,a!0]~x * !2 6 dx * � `+

To determine sequences for the trimming parameters Nzn and Szn and smooth-
ing parameter hn suitable for consistent estimation, we first define various bounds
on the quantities defining the model+

DEFINITION 4+ Let

Nfn � sup
a�A

sup
6z6�zn

� d ln f~z,a!

dz � ,
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tsn � inf
a�A

inf
6z6�zn

6s0]z~z, Iq,a!6,

ofn � inf
a�A

inf
6z6�zn

6f~z,a!6,

rfn � inf
a�A

inf
6z 6� Szn

p~z 6a! ,

Tn � max	 sup
a�A

sup
q�Q

�
6z 6� Szn

6s0z~z,q,a!� c~q!� c�~q!1~z � 0!

� c�~q!1~z � 0!6 dz,

max
k�0,1

�
6z 6� Szn

6sk]z~z,q,a!6 dz
 .

The existence of sample-size-dependent lower or upper bounds ~such as tsn,
ofn, or Nfn! on various Fourier transforms over an expanding interval is com-

monly assumed in the deconvolution literature ~e+g+, Fan, 1991; Fan and Truong,
1993; Li and Vuong, 1998; Schennach, 2004b!+ Typically, these bounds take
the form of some power or some exponential of the interval length Nzn and
are determined by the asymptotic behavior of the various Fourier transforms
as z r `+ Smooth functions that admit a finite number of derivatives lead
to bounds tsn and ofn of the form Nzn

�k for some k � N, whereas so-called
supersmooth functions imply bounds of the form exp~� Nzn

k! for some k � N+
The corresponding bound Nfn would typically be of the form ln Nzn or Nzn

k in the
smooth and supersmooth cases, respectively+ Lower bounds on densities ~such
as rfn! over an expanding interval are common in the nonparametric and semi-
parametric estimation literature ~e+g+, Andrews, 1995!+ Bounds on tail-trimming
terms ~such as Tn! are also frequently used in semiparametric estimation involv-
ing nonparametric estimates defined over the whole real line ~e+g+, Härdle and
Stoker, 1989; Lewbel, 1998!+

The constraints on the sample-size-dependent parameters can then be
expressed in terms of the quantities found in Definition 4 as follows+

Assumption 13. As n r `, we have hn r 0, Szn r `, Nzn r `,

n�102hn
�2
Szn

rfn

~1 � hn rfn
�1!

Nzn
2 Nfn

ofn tsn

r 0,

hn
NK�1

Szn

rfn

~1 � hn rfn
�1!

Nzn
2 Nfn

ofn tsn

r 0,

Tn

Nzn
2 Nfn

ofn tsn

r 0+
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One can readily recognize some familiar terms in the preceding expressions+
The terms n�102hn

�2 and hn
NK�1 are the uniform rates of convergence over a

fixed interval for the standard deviation and bias, respectively, of kernel esti-
mates of derivatives of conditional expectations ~see Andrews, 1995, Thm+ 1,
specialized to the i+i+d+ case!+8 The penalty term Szn0 rfn accounts for the use of an
expanding interval of length 2 Szn over which the density of z is bounded below
by rfn+ The 1 � hn rfn

�1 term is also a correction to the convergence rates that is
needed when an expanding interval is used+9 The bias due to trimming every-
thing outside that expanding interval is Tn+ Finally, the term ~ Nzn

2 Nfn !0~ ofn tsn ! is
the worst-case scenario noise amplification resulting from plugging the kernel
estimates into the nonlinear functional defined in Theorem 1+

Although it is beyond the scope of this paper to devise data-dependent selec-
tion rules regarding the optimal trimming parameters Nzn and Szn and smoothing
parameter hn, a few helpful guidelines can be given+ First, a reasonably good
value for the bandwidth parameter hn can be obtained through standard cross-
validation rules applied to the estimates of the intermediate nonparametric quan-
tities skz~z,q,a! or sk]z~z,q,a!+ Second, the trimming parameter Szn can be
optimized by looking for a region of values of z where [skz~z,q,a! seems to
level off+ Then, Szn should be set so as to include as much as possible of this
flatter region, while excluding any noisy “spikes” lying beyond+ Naturally, dif-
ferent trimming parameters can be used for positive and negative z, although
our notation does not allow for that, for simplicity+ It may be necessary to alter-
nate between the optimization of Szn and hn a few times for best results+ Once
satisfactory estimates of skz~z,q,a! or sk]z~z,q,a! have been found, the fre-
quency cutoff Nzn can be optimized by identifying the largest frequency such
that the ratio [s1]z~j, Iq,a!0 [s0]z~j, Iq,a! is roughly decaying in magnitude for j �
@0, Nzn# + In other words, Nzn should be such that large spikes in [s1]z~j, Iq,a!0
[s0]z~j, Iq,a! are avoided+ It should be noted that the Fourier space trimming

parameter Nzn and the reciprocal of the bandwidth hn
�1 play a very similar role in

that they both determine an effective frequency cutoff+ Hence, for a given type
of kernel, the product Nzn hn will not differ much between different samples+

Our estimator also relies on a user-specified value of Iq+ Typically, this value
would be chosen so as to minimize the statistical noise, e+g+, chosen such that
s0]z~j, Iq,a! ~or, in practice, its estimate [s0]z~j, Iq, [a!! goes to zero slowly as
6j6 r `+ It may sometimes be beneficial to average the estimates obtained
with different values of Iq to improve efficiency+ Our proof of consistency will
directly imply that such a procedure is consistent also, because an average of
consistent estimators is necessarily consistent+

To ensure consistency of our estimator in the presence of a plugged-in first
step estimate [a, we rely on a standard continuity condition ~under the norm
7{7a used in Assumption 8!+

Assumption 14. s0x * ~x
*,q,a! is continuous in a for a � A and uniformly

for ~x *,q! � X 	 Q+
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Consistency also demands that the behavior of the quantile function be suit-
ably constrained+ Following Chernozhukov et al+ ~2007!, we impose a Lip-
schitz constraint that implies compactness of the space of candidate functions+

Assumption 15. Qt � L, where, for some given C � 0, L � $Q :R � R

such that 6Q~x1!� Q~x2!6� C6x1 � x26 for all x1, x2 � X and such that Q~x1!�
Q for all x1 � X % +

A nonparametric estimator ZQt~x *! can be obtained from

ZQt � arg min
Qt�L

�
x *�X

~ [s0x * ~x
*,Qt~x * !, [a!� t!2 dx *, (45)

where the use of the symbol � instead of � allows for the fact that the mini-
mand may not be unique, as is commonly the case in quantile approaches+ Sim-
ple tie-breaking rules can be implemented to pick a single ZQt among the set of
possible minimands, such as taking ZQt~x *! so that it lies in the “middle” of the
set of possible values of ZQt~x *! at x *+ Our proof of consistency will hold no
matter which rule is used to select a specific function ZQt+

In practice, the minimization over a set of functions defined in equation ~45!
can be carried out in a number of computationally convenient ways+ One would
typically consider a “sieve” method ~Grenander, 1981! where the set of allowed
functions Ln increases with sample size n:

ZQt � arg min
Qt�Ln

�
x *�X

~ [s0x * ~x
*,Qt~x * !, [a!� t!2 dx *, (46)

where Ln satisfies standard denseness condition+

Assumption 16. Ln is a sequence of compact sets such that, for each n, there
exists Qt, n � Ln satisfying limnr` supx *�X 6Qt, n~x * ! � Qt~x *!6 � 0+

For instance, one could solve for q in [s0x * ~x
*,q, [a! � t on a grid x * � x1

*,
+ + + , xm

* that becomes denser with increasing sample size and employ a linear
interpolation between grid points+ Alternatively, one could represent Qt~x *! by
a series with a number of terms that increases with sample size+ Note that, thanks
to the fact that smoothing parameters have already been introduced to deal with
all nonparametric quantities, this sieve approach in our context is purely a numer-
ical convenience aimed at representing an infinite-dimensional quantity in a
necessarily finite computer memory+ Our method is consistent for any sup norm–
convergent approximation scheme Ln and even without the use of a sieve
~Ln � L!+ One advantage of using a sieve is that, for reasonable choices of the
grid x1

*, + + + , xm
* ~i+e+, not too fine! or a reasonable number of terms in the series,

the Lipschitz constraint on Ln will rarely be binding in practice and can there-
fore typically be ignored in the implementation of the estimator+

Our main consistency result, shown in the Appendix, can now be stated as
follows+
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THEOREM 2+ Under Assumptions 1–15, ZQt given by equation (45) satisfies
supx *�X 6 ZQt~x * !� Qt~x *!6

p
&& 0 for any t � @0,1# . Under the additional con-

dition of Assumption 16, the same conclusion holds for ZQt given by equation (46).

The ability to obtain uniform consistency should prove useful in applications
because the quantile function is often “plugged in” into some functional F aimed
at obtaining some summary aggregate value+ Continuity of such a functional F
in the sup norm, which implies that F~ ZQt! is consistent, is typically easy to
show+ Note that, while this consistency result only holds uniformly over x * in a
compact interval X, this does not imply that the random variable x * must be
compactly supported+

It should be possible to extend Theorem 2 to obtain uniform convergence of
ZQt over an expanding interval, although it is beyond the scope of the present

paper to do so+ A consistency result for multivariate x * based on equations ~30!
and ~31! is also conceptually straightforward to obtain, although it is beyond
the scope of the present paper to give the detailed regularity conditions needed+

As a by-product of obtaining our consistency result, we obtain uniform con-
vergence results for families of nonparametric kernel estimates of conditional
expectations, and derivatives thereof, over expanding intervals ~see Lemma 4
in the Appendix!, cases apparently not covered by existing results ~e+g+,Andrews,
1995!+ Another noteworthy aspect of the proof of Theorem 2 lies in Lemma 6
in the Appendix+ The quantity s0z~z,q,a! and its estimated counterpart
[s0z~z,q,a! diverge at the rate z�1 when z r 0, because the Fourier transform

of a centered step function is �~iz!�1 + This appears to cause a problem in equa-
tion ~35!, because the noise in the estimation of Zf�1~z,q,a! is magnified by the
explosion in [s0z~z,q,a! near the origin+ However, the noise in the estimated
Zf�1~z,q,a! happens to be proportional to z as z r 0, and the factors z�1 and
z nicely cancel each other to yield a finite noise that decreases with sample size+

Finally, an interesting alternative application of our result arises if one
exchanges the roles of the dependent variable and the regressor+ In this differ-
ent setup, the dependent variable would satisfy a standard conditional mean
assumption, and the measurement error would satisfy a conditional quantile
restriction+10 This is a very plausible form of nonclassical measurement error
that could not be handled prior to the writing of this paper+ This form of non-
classical measurement error with nonzero conditional mean but with zero con-
ditional median has been observed in a validation data study by Bollinger ~1998!+
Of course, this alternative setup does require monotonicity assumptions regard-
ing the regression function, to ensure that it is one-to-one, unlike our main model+

4. CONCLUSION

Given the prevalence of measurement error in economic data and its impact on
inference based on conditional quantiles ~Chesher, 2001!, the ability to obtain
consistent estimates of a conditional quantile function in the presence of mea-
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surement error in the covariates considerably expands the range of data sets
that can be analyzed via models based on quantile restrictions+ The proposed
method nicely complements powerful existing instrumental quantile methods
~Chesher, 2003; Chernozhukov et al+, 2007; Chernozhukov and Hansen, 2005;
Angrist et al+, 2006; Abadie, Angrist, and Imbens, 1998! that are not applicable
to the specific form of endogeneity resulting from measurement error+

NOTES

1+ Strictly speaking, Imbens and Newey ~2003! allow for multiple disturbances per equation+
However, as they point out on p+ 4, they do not have the “ability to identify effects corresponding
to particular elements” of the multivariate disturbances, which is crucial for errors-in-variables
models+

2+ When repeated measurements of the mismeasured variables are available, the identification
of quantile-based models with measurement error follows directly from Schennach ~2004a! for
parametric models and from Schennach ~2004b! in nonparametric settings, although a proper analy-
sis of the asymptotic properties of the corresponding estimators would require a separate treatment
because of the nonsmooth nature of quantile restrictions+

3+ The use of delta functions cannot be avoided in Schennach ~2007!, because Fourier trans-
forms of unbounded functions are necessary in that more general setting+ However, merely apply-
ing the results of Schennach ~2007! in the present context does not automatically yield a method
that is free of delta functions—additional techniques are needed, as is explained in the outline of
the proof below Theorem 1+

4+ For instance, Sc~q, r! � limR1r` @ limR2r`~�R1�7z7�R2
E@S~ y � q!6z, r# dz!0~�R1�7z7�R2

dz!# +
5+ The mutual independence assumption can be avoided at the expense of employing higher

dimensional nonparametric quantities+ Instead of writing the joint characteristic function of the
vector x * � E~x * 6w! as a product of marginals, f~z, r! � � j�1

J fj ~zj , r!, the joint characteristic
function can be directly obtained as a path integral from 0 to z: f~z, r! � exp~�0

z r~j, r!{dj!,
where the vector r~j, r! is a ratio of multivariate Fourier transforms: r~j, r! � ~i �~¹z

2E@~z � x!
S~ y � Iq!6z, r# !e iz{z dz!0�~¹z

2E@S~ y � Iq!6z, r# !e iz{z dz and where it should be noted that the numer-
ator is vector-valued but not the denominator+ The operator ¹z

2 denotes ]20]z1
2 � {{{� ]20]zJ

2+ Note
that first derivatives in equation ~31! are replaced here by second derivatives, because the latter
admit a natural spherically symmetric extension to multivariate settings, unlike first derivatives+
The proof of our identification result can be straightforwardly adapted to allow for second deriva-
tives, provided Assumption 6~a! is replaced by supq�Q 6¹x *

2 E@S~ y � q!6x *#6 � B~1 � 7x *7!�2�b+
6+ Operations involving complex numbers should not pose implementation problems, as most

modern computer languages can handle them directly+
7+ If the tails of the distribution of Z~wi ,a! are thin, then equation ~44! can be satisfied by

having Szn grow sufficiently slowly with sample size+ The trade-off is that a slowly growing
Szn would cause a larger truncation bias, making the last expression in Assumption 13 more diffi-
cult to satisfy+ This would only be a problem if we simultaneously have three issues: ~1! the con-
stants c�~q! and c�~q! need to be estimated; ~2! the tails of the distribution of Z~wi ,a! are thin;
~3! E@S~ y � q!6z# approaches its limiting value slowly as 6z 6 r ` ~implying that the truncation
bias is slowly decaying!+

8+ Different rates have also been obtained in the literature, under slightly different assump-
tions ~e+g+, Newey and McFadden, 1994, Lem+ 8+10!+

9+ For a fixed interval, rfn is constant so that hn rfn
�1 � O~hn! � o~1!, and this correction term

would be asymptotically negligible+
10+ The model could have the form x � g~ y * ! � Dx, E @Dx 6 y * # � 0; y � y * � Dy,

Median~Dy 6y *! � 0, and the assumptions made throughout the paper would have to hold with
x * [ g~ y *!+
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APPENDIX: Proofs

All lemmas and associated theorems given here make use of the definitions provided in
the main text+

A.1. Identification.

LEMMA 1+ Assumptions 2 and 6 imply that

(i) limx *r�` E@S~ y � q!6x *# and limx *r�` E@S~ y � q!6x *# exist,
(ii) limx *r�` E@S~ y � q!6x *# � limzr�`E@S~ y � q!6z# and limx *r�` E@S~ y �

q!6x *# � limzr�`E@S~ y � q!6z# , and
(iii) s0x * ~z,q! is an ordinary function.

Proof. First, limx *r�` E@S~ y � q!6x *# is well defined because E@S~ y � q!6x * � i #
for i � 1,2, + + + is a Cauchy sequence, as it can be verified that for i, j � N with j � i
and some B ',B '' � ` we have 6E @S~ y � q!6x * � j # � E @S~ y � q!6x * � i # 6 �
6�i

j~]E@S~ y � q!6x *#0]x *! dx * 6 � �i
j 6]E@S~ y � q!6x *#0]x * 6 dx * which, by Assumption

6~a!, is bounded by �i
j B~1 � 6x * 6!�2�b dx * � @B '~1 � 6x * 6!�1�b # i

j
� B ''i�1�b r 0

as i r `+ Similar reasoning shows that limx *r�` E@S~ y � q!6x *# is well defined+
Second, we will show that limx *r�` E@S~ y � q!6x *# � limzr�`E@S~ y � q!6z# [

c�~q!+ Assumption 2 implies that

E@S~ y � q!6z# ��E@S~ y � q!6x * � z � Dx * # fDx * ~Dx * ! d~Dx * !+

By the dominated convergence theorem ~because E@S~ y � q!6x *# is bounded by con-
struction and Assumption 6~b! states that fDx * ~Dx * ! is bounded!,

lim
zr�`

E@S~ y � q!6z# �� lim
zr�`

E@S~ y � q!6x * � z � Dx * # fDx * ~Dx * ! d~Dx * !

��� lim
x *r�`

E@S~ y � q!6x * #� fDx * ~Dx * ! d~Dx * !

� � lim
x *r�`

E@S~ y � q!6x * #�� fDx * ~Dx * ! d~Dx * !

� lim
x *r�`

E@S~ y � q!6x * # ,
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a limit just shown to exist+ Hence, the statement c�~q! [ limzr�`E@S~ y � q!6z# is well
defined, and we also have c�~q! � limx *r�` E@S~ y � q!6x *# + We can similarly state
that limx *r�` E@S~ y � q!6x *# � limzr�`E@S~ y � q!6z# [ c�~q!+

Third,

�6E@S~ y � q!6x * #� H~x * !6 dx * � `, (A.1)

where H~x *! � c�~q!1~x * � 0! � c�~q!1~x * � 0!, because

�
�`

0

6E@S~ y � q!6x * #� H~x * !6 dx *

��
�`

0

�c�~q!��
�`

x *� ]E@S~ y � q!6x * #

]x * �
x *�u

du � c�~q!� dx *

� �
�`

0 �
�`

x * �� ]E@S~ y � q!6x * #

]x * �
x *�u

�du dx *

� �
�`

0 �
�`

x *

B~1 � 6u 6!�2�b du dx * ��
�`

0

B '~1 � 6x * 6!�1�b dx * � B ''

and similarly for �0
`6E@S~ y � q!6x *#� H~x *!6dx *+ Hence, equation ~A+1! implies that

E@S~ y � q!6x *# � c~q! can be written as the sum of the function H~x *! � c~q! whose
Fourier transform is ~c�~q!� c�~q!!0~�ij! and a function that is absolutely integrable,
whose Fourier transform is necessarily bounded+ It follows that s0x * ~z,q! is an ordinary
function+ �

Proof of Theorem 1. We first note that Assumption 2 implies that fy 6x *, z~ y 6x *, z! �
fy 6x * ~ y 6x * ! and that fDx * 6z~Dx * 6z! � fDx * ~Dx * !+ Hence, the quantity E@S~ y � q! �
c~q!6z# can be related to E@S~ y � q! � c~q!6x *# as follows:

E@S~ y � q!� c~q!6z# ��~S~ y � q!� c~q!! fy 6z~ y 6z! dy (A.2)

��~S~ y � q!� c~q!!� fy 6x *, z~ y 6z � u, z! fDx * 6z~�u 6z! du dy

(A.3)

��~S~ y � q!� c~q!!� fy 6x *, z~ y 6z � u, z! fDx * ~�u! du dy, (A.4)
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where we have used the change of variable u � �Dx * to make the innermost integral
look like a convolution+ Next, we can write

E@S~ y � q!� c~q!6z# ����~S~ y � q!� c~q!! fy 6x *, z~ y 6z � u, z! dy� fDx * ~�u! du

(A.5)

����~S~ y � q!� c~q!! fy 6x * ~ y 6z � u! dy� fDx * ~�u! du (A.6)

��E@~S~ y � q!� c~q!!6x * � z � u# fDx * ~�u! du, (A.7)

where we have used Fubini’s theorem to interchange the integrals after noting that,
because 6S~ y � q!� c~q!6 is bounded by 1 ~as S~{! is an indicator function and c~q! �
@0,1# ! and because densities are positive, ��6S~ y � q! � c~q!6 6 fy 6x *, z~ y 6z � u, z!6
6 fDx * ~�u!6 du dy � �� fy 6x *, z~ y 6z � u, z! fDx * ~�u! du dy � � fy 6z~ y 6z! dy � 1+ Differenti-
ating with respect to z on each side yields

]

]z
E@S~ y � q!6z# ��� ]E@S~ y � q!6x * #

]x *
�

x *�z�u

fDx * ~�u! du,

where the interchange between integration and differentiation is allowed because
]E@S~ y � q!6x *#0]x * is bounded by Assumption 6~a! and because fDx * ~u! is absolutely
integrable+ Similarly, using the fact that Assumption 2 implies that E@Dx 6y, z# � 0, and
fy 6x *, z~ y 6x *, z! � fy 6x * ~ y 6x * !, we have

E@~z � x!S~ y � q!6z# (A.8)

� E@zS~ y � q!6z#� E@x *S~ y � q!6z#� E@DxS~ y � q!6z# (A.9)

� E@zS~ y � q!6z#� E@x *S~ y � q!6z#� E@E@Dx 6y, z#S~ y � q!6z# (A.10)

� E@zS~ y � q!6z#� E@x *S~ y � q!6z# (A.11)

� E@~�Dx * !S~ y � q!6z# (A.12)

��S~ y � q!� fy 6x *, z~ y 6z � u, z!ufDx * 6z~�u 6z! du dy (A.13)

��S~ y � q!� fy 6x * ~ y 6z � u!ufDx * ~�u! du dy (A.14)

����S~ y � q! fy 6x * ~ y 6z � u! dy�ufDx * ~�u! du (A.15)

��E@S~ y � q!6x * � z � u#ufDx * ~�u! du, (A.16)
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where we have used Fubini’s theorem again, because ��6S~ y � q!6 fy 6x * ~ y 6z � u!
6u 6 fDx * ~�u! du dy � �� fy 6x * ~ y 6z � u!6u 6 fDx * ~�u! du dy � �6u 6 fDx * ~�u! du � ` by
Assumption 5+ Differentiating with respect to z on each side yields

]

]z
E@~z � x!S~ y � q!6z# ��� ]E@S~ y � q!6x * #

]x *
�

x *�z�u

ufDx * ~�u! du,

where interchange of the integral and differential is allowed because ]E@S~ y � q!6x *#0
]x * is bounded by Assumption 6~a! and 6u 6 fDx * ~u! is absolutely integrable by Assump-
tion 5+ Applying a Fourier transform to equations ~A+7! and ~A+16! enables us to use the
convolution theorem ~i+e+, the Fourier transform of a convolution of two functions is
equal to the product of their respective Fourier transforms! and a generalization of the
moment theorem ~which implies that the Fourier transform of iu fDx * ~�u! is df~z!0dz!+
Equations ~A+7! and ~A+16! then become

s0]z~z,q! � s0]x * ~z,q!f~z!, (A.17)

is1]z~z,q! � s0]x * ~z,q!f̂~z!, (A.18)

where these quantities are given in Definition 1 and where dots denote derivatives with
respect to z+ Note that all Fourier transforms in equations ~A+17! and ~A+18! exist as
ordinary functions because they are the Fourier transforms of absolutely integrable func-
tions by Assumptions 6~a! and 5+ After taking the ratio of equations ~A+18! and ~A+17!
we obtain

is1]z~z,q!

s0]z~z,q!
�
f̂~z!

f~z!
+ (A.19)

The ratio is1]z~z,q!0s0]z~z,q! is almost everywhere defined because s0]z~z,q!� 0 almost
everywhere by Assumption 4~b!+ Under Assumptions 5 and 4~a!, the right-hand side is
bounded and continuous in z+ Hence, at any z where the left-hand side is undefined
because of a division by zero, the numerator must be simultaneously zero and the lim-
iting value of is1z~z,q!0s0z~z,q! at the undefined point is well defined and bounded+
Hence, if we take the convention that is1z~z,q!0s0z~z,q! [ limjrz is1z~j,q!0s0z~j,q!,
equation ~A+19! holds for all z � R+ After integration of equation ~A+19! with respect to
z and observing that f~0! � 1, we obtain

f~z! � exp��
0

z is1]z~j,q!

s0]z~j,q!
dj�+ (A.20)

Because this holds for any q, it holds in particular for q � Iq, thus establishing equation
~22! of the theorem+

Now, starting from equation ~A+7! and applying a Fourier transform, we obtain

s0z~z,q! � s0x * ~z,q!f~z!+ (A.21)

Lemma 1 establishes that s0x * ~z,q! is a conventional function ~it contains no “delta
functions”!, even though E@S~ y � q!6x *# � c~q! is not absolutely integrable+ Because
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f~z! is also an ordinary function, so is s0z~z,q!+We can multiply each side of equation
~A+21! by f�1~z! and obtain

s0x * ~z,q! � s0z~z,q!0f~z!+ (A.22)

Finally, equation ~21! merely states that s0x * ~x
*,q! is the inverse Fourier transform of

s0x * ~z,q! given by equation ~A+22!+ �

A.2. Consistency. Lemmas 2– 6 will be used in the proof of Theorem 2+

LEMMA 2+ Given functions Y~W,b! and X~W,b! of some random vector W and
some parameter vector b belonging to some set B, let p~z 6b! denote the density of
z � X~W,b! and let GY

~d !~z,b! � ]d~E@Y~W,b!6X~W,b! � z#p~z 6b!!0]z d for d � N.
(By convention GY

~0!~z,b! [ GY~z,b! .) Let Wj for j � 1, + + + , n be an i.i.d. sample of
realizations of the random vector W. Under Assumptions 9(a)–(d), if K~z! is d times
differentiable (with d � NK ) and if supb�B~E@6Y~W,b!62# ! � ` and supb�B
supz�R 6GY

~Nk !~z,b!6 � ` ( for NK as in Assumption 9), then

sup
b�B

sup
z�R

6 ZGY
~d !~z,b!� GY

~d !~z,b!6 � Op~n
�102hn

�1�d!� O~hn
NK�d! ,

where

ZGY
~d !~z,b! � ~nhn !

�1hn
�d 


j�1

n

Y~Wj ,b!K ~d ! ~~zj � z!0hn !

and where zj � X~Wj ,b! and K ~d !~z! � ]dK~z!0]z d.

Proof. Note that supb�B supz�R 6 ZGY
~d !~z,b! � GY

~d !~z,b!6 � R � B, where

R � sup
b�B

sup
z�R

6 ZGY
~d !~z,b!� E@ ZGY

~d !~z,b!#6,

B � sup
b�B

sup
z�R

6E@ ZGY
~d !~z,b!#� GY

~d !~z,b!6+

Using the convolution theorem, a kernel estimate of GY
~0!~z,b! can be written as

ZGY
~0!~z,b! ��k~hnz!n

�1 

j�1

n

Y~Wj ,b!e izzje�izz dz,

where k~z! denotes the Fourier transform of K~z!+ Subtracting the corresponding expected
value, differentiating this expression with respect to z, and using the moment theorem
yields the following expression for R:

R � sup
b�B

sup
z�R

��~�iz!dk~hnz!n
�1 


j�1

n

~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !e�izz dz�

� hn
�d sup
b�B

�6hnz6d 6k~hnz!6�n�1 

j�1

n

~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !�dz+
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We then have

E@R# � hn
�d sup
b�B

�6hnz6d 6k~hnz!6E��n�1 

j�1

n

~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !�� dz

� hn
�d sup
b�B

�6hnz6d 6k~hnz!6�E��n�1 

j�1

n

~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !�
2��102

dz

� hn
�d sup
b�B

�6hnz6d 6k~hnz!6~n�1E@~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !

	 ~Y~Wj ,b!e�izzj � E@Y~Wj ,b!e�izzj # !# !102 dz

� hn
�d n�102 sup

b�B
�6hnz6d 6k~hnz!6~E@~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !

	 ~Y~Wj ,b!e�izzj � E@Y~Wj ,b!e�izzj # !# !102 dz

� hn
�d n�1022102 sup

b�B
~E@Y 2~Wj ,b!#!102�6hnz6d 6k~hnz!6 dz

� hn
�d n�102hn

�12102 sup
b�B
~E@Y 2~Wj ,b!#!102�6z6d 6k~z!6 dz

� O~n�102hn
�1�d!,

where, in the first equality, we have used the fact that, for any bounded variance complex-
valued random i+i+d+ sequence aj ,

E��n�1 

j�1

n

~aj � E@aj # !�
2� � E��n�1 


j�1

n

~aj � E@aj # !��n�1 

j�1

n

~aj � E@aj # !�†�
� n�2 


j�1

n



j '�1

n

E@~aj � E@aj # !~aj ' � E@aj ' # !
† #

� n�2 

j�1

n

E@~aj � E@aj # !~aj � E@aj # !
† #

� n�1E@~aj � E@aj # !~aj � E@aj # !
† # ,

where † denotes complex conjugates+ In the fourth equality, we have used the fact that

E@~Y~Wj ,b!e izzj � E@Y~Wj ,b!e izzj # !~Y~Wj ,b!e�izzj � E@Y~Wj ,b!e�izzj # !#

� E@Y~Wj ,b!e izzjY~Wj ,b!e�izzj #� E@Y~Wj ,b!e izzj E@Y~Wj ,b!e�izzj ##

� E@E@Y~Wj ,b!e izzj #Y~Wj ,b!e�izzj #� E@E@Y~Wj ,b!e izzj #E@Y~Wj ,b!e�izzj ##

� E@Y 2~Wj ,b!#� E@Y~Wj ,b!e izzj #E@Y~Wj ,b!e�izzj #

� E@Y 2~Wj ,b!#� E@Y 2~Wj ,b!#

� 2E@Y 2~Wj ,b!# +
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Because E@R# � O~n�102hn
�1�d!, it follows that R � Op~n

�102hn
�1�d! by Markov’s

inequality+
Next, by integration by parts,

B � sup
b�B

sup
z�R

6E@ ZGY
~d !~z,b!#� GY

~d !~z,b!6

� sup
b�B

sup
z�R

��hn
�1 K~hn

�1v!~GY
~d !~z � v,b!� GY

~d !~z,b!! dv�+
By a Taylor expansion,

B � sup
b�B

sup
z�R

��hn
�1 K~hn

�1v!� 

j�1

Nk�d�1

GY
~d�j !~z,b!

v j

j!
� GY

~Nk !~ Iz,b!
vNk�d

~Nk � d !!� dv�
for Iz � @z, z � v#

� sup
b�B

sup
z�R

��hn
�1 K~hn

�1v!GY
~Nk !~ Iz,b!

vNk�d

~Nk � d !!
dv�

by Assumption 9~c!+ Then, by a change of variable,

B � sup
b�B

sup
z�R

��K~u!GY
~Nk !~ Iz,b!

uNk�dhn
Nk�d

~Nk � d !!
du�

� hn
Nk�d�sup

b�B
sup
Iz�R

6GY
~Nk !~ Iz,b!6� 1

Nk! ��6K~u!6 6u 6Nk�d du�� O~hn
Nk�d!

by Assumption 9~d! and the assumed boundedness of GY
~Nk !~ Iz,b!+ �

LEMMA 3+ Given a sequence of sets Tn, two sequences of functions an, bn, and two
sequences of random functions [an, Zbn, each mapping Tn to R, let «n

a and «n
b be determin-

istic sequences such that supt�Tn
6 [an~t !� an~t !6� Op~«n

a! and supt�Tn
6 Zbn~t !� bn~t !6�

Op~«n
b! and let dn � inft�Tn

6bn~t !6 and Rn [ supt�Tn
6an~t !0bn~t !6. If «n

b0dn r 0, then

sup
t�Tn

� [an~t !

Zbn~t !
�

an~t !

bn~t !
� � Op�«n

a

dn
�� Op�Rn

«n
b

dn
�.

Proof. After simple manipulations, we have

[an~t !

Zbn~t !
�

an~t !

bn~t !
� � [an~t !� an~t !

bn~t !
�

an~t !

bn~t !

bn~t !� Zbn~t !

bn~t !
��1 �

Zbn~t !� bn~t !

bn~t !
��1

,

which implies that

sup
t�Tn

� [a~t !Zb~t ! �
a~t !

b~t ! � � �Op�«n
a

dn
�� Op�Rn

«n
b

dn
���1 � Op�«n

b

dn
���1

+

The conclusion follows by noting that «n
b0dn r 0 implies that ~1 � Op~«n

b0dn !!
�1 �

~1 � op~1!!�1 � 1 � op~1!+ �
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LEMMA 4+ Let Assumptions 7, 9, 10, and 11 hold. If rfn as in Definition 4 satisfies
rfn

�1 � o~n102hn! � o~hn
�Nk! then, for k � 0,1,

sup
q�Q

sup
a�A

sup
6z 6� Szn

6 [sk]z~z,q,a!� sk]z~z,q,a!6 � Op~~1 � hn rfn
�1! rfn

�1 n�102hn
�2!

� O~~1 � hn rfn
�1! rfn

�1 hn
NK�1!

sup
q�Q

sup
a�A

sup
6z 6� Szn

6 [s0z~z,q,a!� s0z~z,q,a!6 � Op~ rfn
�1 n�102hn

�1!� O~ rfn
�1 hn

NK !.

Proof. First observe that under the assumptions made, all the hypotheses of Lemma 2
hold for b� ~q ',a '!' , B � Q 	 A, W � ~ y, x,w!, X~W,b!� Z~w,a!, for d � 0 or d � 1
and for Y~W,b! set to either S~ y � q!, ~Z~w,a! � x!S~ y � q! or 1+ Let ZGY

~d !~z,b! and
GY
~d !~z,b! be defined as in Lemma 2+ Let «n

~d ! be such that maxY supb�B sup6z 6�zn

6 ZGY
~d !~z,b! � GY

~d !~z,b!6 � Op~«n
~d ! ! ~where the maximum over Y is taken over Y �

S~ y � q!, ~Z~w,a!� x!S~ y � q! or 1!+ We bound the estimation error in [sk]z~z,q,a! as
follows:

[sk]z~z,q,a!� sk]z~z,q,a!

�
]

]z
� ZGY ~z,b!

ZG1~z,b!
�

GY ~z,b!

G1~z,b!
�

� � ZGY
~1!~z,b!

ZG1~z,b!
�

GY
~1!~z,b!

G1~z,b!
�� � ZGY ~z,b!

ZG1~z,b!

ZG1
~1!~z,b!

ZG1~z,b!
�

GY ~z,b!

G1~z,b!

G1
~1!~z,b!

G1~z,b!
�

� � ZGY
~1!~z,b!

ZG1~z,b!
�

GY
~1!~z,b!

G1~z,b!
��

GY ~z,b!

G1~z,b!
� ZG1

~1!~z,b!

ZG1~z,b!
�

G1
~1!~z,b!

G1~z,b!
�

�
G1
~1!~z,b!

G1~z,b!
� ZGY ~z,b!

ZG1~z,b!
�

GY ~z,b!

G1~z,b!
�

� � ZGY ~z,b!

ZG1~z,b!
�

GY ~z,b!

G1~z,b!
�� ZG1

~1!~z,b!

ZG1~z,b!
�

G1
~1!~z,b!

G1~z,b!
�,

where Y � ~Z~w,a! � x!kS~ y � q! for k � 0,1+ By Lemma 2, «n
~0! � n�102hn

�1 � hn
NK ,

and it follows that rfn
�1«n

~0! r 0 because rfn
�1 [ sup6z 6� Szn

~G1~z,b!!�1 is assumed to be
o~n102hn!� o~hn

�Nk!+ We can therefore use Lemma 3 to bound each difference of ratios
after noting that 6GY~z,b!0G1~z,b!6 [ 6sk]z~z,q,a!6 is bounded by Assumption 10 and
6G1
~1!~z,b!6 is bounded by Assumption 11, for j � 1+ We obtain

sup
q�Q

sup
a�A

sup
6z 6� Szn

6 [sk]z~z,q,a!� sk]z~z,q,a!6

� Op~ rfn
�1«n

~1! !� Op~ rfn
�1«n

~1! !� Op~ rfn
�2«n

~0! !� Op~ rfn
�2«n

~0! «n
~1! !+
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By Lemma 2, «n
~d ! � n�102hn

�1�d � hn
NK�d , and it follows that

sup
q�Q

sup
a�A

sup
6z 6� Szn

6 [sk]z~z,q,a!� sk]z~z,q,a!6

� Op~ rfn
�1 n�102hn

�2!� O~ rfn
�1 hn

NK�1!� Op~ rfn
�2 n�102hn

�1!� O~ rfn
�2 hn

NK !

� Op~~1 � hn rfn
�1! rfn

�1 n�102hn
�2!� O~~1 � hn rfn

�1! rfn
�1 hn

NK�1!+

We proceed similarly for Y~W,b! � S~ y � q! and for d � 0, noting that

[s0z~z,q,a!� s0z~z,q,a! �
ZGY ~z,b!

ZG1~z,b!
�

GY ~z,b!

G1~z,b!
+

By Lemma 2 we then have

sup
EY�1,S~ y�q!

sup
b�B

sup
6z 6� Szn

6 ZG EY ~z,b!� G EY ~z,b!6 � Op~n
�102hn

�1!� O~hn
NK !,

which implies that supq�Q supa�A sup6z 6� Szn
6 [s0z~z,q,a! � s0z~z,q,a!6 � Op~ rfn

�1 n�102

hn
�1! � O~ rfn

�1 hn
NK ! by Lemma 3+ �

LEMMA 5+ Under Assumptions 7, 9, 10, 11, and 13, we have, for k � 0,1,

sup
q�Q

sup
z�R

sup
a�A
6 [sk]z~z,q,a!� sk]z~z,q,a!6 � Op~~1 � hn rfn

�1! Szn n�102hn
�2 rfn

�1!

� O~~1 � hn rfn
�1! Szn hn

NK�1 rfn
�1!� O~Tn ! ,

sup
q�Q

sup
z�R

sup
a�A
6 [s0z~z,q,a!� s0z~z,q,a!6 � Op~ Szn n�102hn

�1 rfn
�1!

� O~ Szn hn
NK rfn

�1!� O~Tn ! .

Proof. Observe that

sup
q�Q

sup
z�R

sup
a�A
6 [sk]z~z,q,a!� sk]z~z,q,a!6

� sup
q�Q

sup
z�R

sup
a�A

�� ~ [sk]z~z,q,a!� sk]z~z,q,a!!e izz dz�
� sup

q�Q
sup
z�R

sup
a�A��6z 6� Szn

~ [sk]z~z,q,a!� sk]z~z,q,a!!e izz dz�
� sup

q�Q
sup
z�R

sup
a�A��6z 6� Szn

~ [sk]z~z,q,a!� sk]z~z,q,a!!e izz dz�
� sup

q�Q
sup
a�A

�
6z 6� Szn

6 [sk]z~z,q,a!� sk]z~z,q,a!6 dz

� sup
q�Q

sup
a�A

�
6z 6� Szn

60 � sk]z~z,q,a!6 dz

� 2 Szn sup
q�Q

sup
a�A
6 [sk]z~z,q,a!� sk]z~z,q,a!6� O~Tn !

� Op~~1 � hn rfn
�1! Szn n�102hn

�2 rfn
�1!� O~~1 � hn rfn

�1! Szn hn
NK�1 rfn

�1!� O~Tn !
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by Lemma 4 because Assumption 13 and the fact that Szn Nzn
2 Nfn 0~ ofn tsn ! r ` imply that

rfn
�1 has the appropriate order of magnitude for Lemma 4 to apply+ ~This can be seen as

follows+ The first two conditions in Assumption 13 are equivalent to rfn
�1~n�102hn

�2 �
hn

NK�1!~1 � hn rfn
�1!~ Szn Nzn

2 Nfn 0 ofn tsn !r 0+ Moreover, Szn Nzn
2 Nfn 0~ ofn tsn !r ` by construc-

tion, and ~1 � hn rfn
�1! cannot go to zero+ Hence, this condition can only be satisfied if

rfn
�1~n�102hn

�2 � hn
NK�1!� o~1!, i+e+, if rfn

�1 � o~n102hn
2 � hn

�NK�1!� o~n102hn � hn
�NK !hn +

Because hn � o~1!, having rfn
�1 � o~n102hn � hn

�NK !hn implies that rfn
�1 � o~n102hn �

hn
�NK !, which is the hypothesis of Lemma 4+!We have used the definition of Tn given in

Definition 4+ The second conclusion of the lemma follows similarly+ �

LEMMA 6+ Under Assumptions 7 and 9–13,

sup
x * � R

sup
q�Q

sup
a�A
6 [s0x * ~x

*,q,a!� s0x * ~x
*,q,a!6 � op~1! .

Proof. We first establish that s0z~z,q,a! is bounded by Tsmax~6z6�1,1! for some
Ts � 0+ As in the proof of Lemma 1~iii!, Assumption 10 implies that s0z~z,q,a! for

given values of q and a can be written as the sum of the function PH~z! � c�~q!
1~z � 0! � c�~q!1~z � 0! � c~q! and an absolutely integrable function+ Hence, the
Fourier transform s0z~z,q,a! can be written as the sum of the Fourier transform of PH~z!
~which is equal to ~c�~q! � c�~q!!0~�iz!! and the Fourier transform of an absolutely
integrable function, which is necessarily bounded+ It follows that 6s0z~z,q,a!6 �
Tsmax~6z6�1,1! for some Ts � 0 that does not depend on q or a because the bound in

Assumption 10 is uniform in q and a+
Lemma 5 provides the rates of convergence of the following quantities:

[«n
~1! � sup

z�R

sup
q�Q

sup
a�A

max$6 [s0]z~z,q,a!� s0]z~z,q,a!6, 6 [s1]z~z,q,a!� s1]z~z,q,a!6%,

[«n
~0! � sup

z�R

sup
q�Q

sup
a�A
6 [s0z~z,q,a!� s0z~z,q,a!6+

We can then bound the estimation error as follows:

2p6 [s0x * ~x
*,q!� s0x * ~x

*,q!6

� ��
� Nzn

Nzn

[s0z~z,q,a!exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj�e�izx * dz

� �
� Nzn

Nzn

s0z~z,q,a!exp���
0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj�e�izx * dz

��
6z6� Nzn

s0x * ~z,q,a!e�izx * dz�
� R1 � R2 � R3 ,
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where

R1 � ��
� Nzn

Nzn

[s0z~z,q,a!�exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj�

� exp���
0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj��e�izx * dz�

� �
� Nzn

Nzn

6 [s0z~z,q,a!6

	 �exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj�� exp���

0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj��dz

� �
� Nzn

Nzn

~6s0z~z,q,a!6� [«n
~0! !

	 �exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj�� exp���

0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj��dz

� �
� Nzn

Nzn

~ Tsmax~6z6�1,1!� [«n
~0! !

	 �exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj�� exp���

0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj��dz

��
� Nzn

Nzn

~ Tsmax~6z6�1,1!� [«n
~0! !�exp���

0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj��

	 �exp���
0

z i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
dj��

0

z is1]z~j, Iq,a!

s0]z~j, Iq,a!
dj�� 1� dz

� ofn
�1�

� Nzn

Nzn

~ Tsmax~6z6�1,1!� [«n
~0! !

	 �exp���
0

z� i [s1]z~j, Iq,a!

[s0]z~j, Iq,a!
�

is1]z~j, Iq,a!

s0]z~j, Iq,a!
� dj�� 1�dz

� ofn
�1�

� Nzn

Nzn

~ Tsmax~6z6�1,1!� [«n
~0! !6exp~6z6 Nfn [«n

~1! tsn
�1!� 16 dz

by Lemma 3+ Next, because Assumption 13 implies that the argument of the exponential
goes to zero for 6z6 � zn and because exp~h! � 1 � h � o~h!, we have, for some
C,C ' � 0 and for n sufficiently large,
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R1 � C ofn
�1�

� Nzn

Nzn

~ Tsmax~6z6�1,1!� [«n
~0! !6z6 Nfn [«n

~1! tsn
�1 dz

� C ofn
�1�

� Nzn

Nzn

~ Tsmax~1, 6z6!� [«n
~0! 6z6! Nfn [«n

~1! tsn
�1 dz

� 2C ofn
�1~ Tsmax~1, Nzn !� [«n

~0! Nzn ! Nzn Nfn [«n
~1! tsn

�1

� C ' [«n
~1! Nzn

2 Nfn ofn
�1 tsn

�1 +

Similarly for R2, we have

R2 � ��
� Nzn

Nzn

~ [s0z~z,q,a!� s0z~z,q,a!!exp���
0

z is1z~j, Iq,a!

s0z~j, Iq,a!
dj�e�izx * dz�

� ��
� Nzn

Nzn

~ [s0z~z,q,a!� s0z~z,q,a!!f�1~z,a!e�izx * dz�
� �

� Nzn

Nzn

6 [s0z~z,q,a!� s0z~z,q,a!6 6f~z,a!6�1 dz

� �
� Nzn

Nzn

[«n
~0! ofn

�1 dz

� 2 Nzn [«n
~0! ofn

�1 +

Finally, by Assumption 12, s0x * ~z,q,a! � O~z�2! uniformly in q and a as 6z6 r `,
thus implying that

R3 � ��
6z6� Nzn

s0x * ~z,q,a!e�izx * dz� � �
6z6� Nzn

6s0x * ~z,q,a!6 dz� o~1!+

It follows that

sup
x *�R

sup
q�Q

sup
a�A
6 [s0x * ~x

*,q,a!� s0x * ~x
*,q,a!6

� C ' [«n
~1! Nzn

2 Nfn ofn
�1 tsn

�1 � 2«n
0 Nzn ofn

�1 � o~1!+

Substituting the orders of magnitude of [«n
~0! and [«n

~1! from Lemma 5 and using Assump-
tion 13 establishes that the right-hand side is op~1!+ �

Proof of Theorem 2. The proof consists in verifying the assumptions of Theo-
rem 2+1 in Newey and McFadden ~1994!+ Write

«n � sup
x *�X

sup
q�Q
6 [s0x * ~x

*,q, [a!� s0x * ~x
*,q,a * !6� R1 � R2 , (A.23)

QUANTILE REGRESSION WITH MISMEASURED COVARIATES 1041

https://doi.org/10.1017/S0266466608080390 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466608080390


where R1 and R2 are bounded as follows:

R1 � sup
x *�X

sup
q�Q
6 [s0x * ~x

*,q, [a!� s0x * ~x
*,q, [a!6

� sup
x *�X

sup
q�Q

sup
a�A
6 [s0x * ~x

*,q,a!� s0x * ~x
*,q,a!6� op~1!

by Lemma 6 and

R2 � sup
x *�X

sup
q�Q
6s0x * ~x

*,q, [a!� s0x * ~x
*,q,a * !6� op~1!

because ~i! Assumptions 7 and 8 imply that [a
p
&& a * and ~ii! s0x * ~x

*,q,a! is continuous
in a uniformly for x * � X and q � Q, by Assumption 14+ We now show that the
functional

ZF~Qt ! [ �
x *�X

~ [s0x * ~x
*,Qt~x * !, [a!� t!2 dx *

converges to the functional

F~Qt ! [ �
x *�X

~s0x * ~x
*,Qt~x * !,a * !� t!2 dx *

in the sense that supQt�L 6 ZF~Qt ! � F~Qt!6 � op~1!+ Indeed,

sup
Qt�L
6 ZF~Qt !� F~Qt !6

� sup
Qt�L

��
x *�X

~~ [s0x * ~x
*,Qt~x * !, [a!� t!2 � ~s0x * ~x

*,Qt~x * !,a * !� t!2 ! dx *�

� sup
Qt�L

��
x *�X

~2~s0x * ~x
*,Qt~x * !,a * !� t!«n � «n

2! dx *�

� ��
x *�X

~2«n � «n
2! dx *�

� B«n � op~1!

for «n as in equation ~A+23! and for some finite B because 6s0x * ~x
*,Qt~x * !,a * !6 � 1,

t � @0,1# , and the set X is a compact interval+
By Assumption 1, s0x * ~x

*,q,a * ! is a continuous function of q for any q � Q and
x * � X and because Q and X are compact, the continuity is uniform in q and x *+ Hence
for any h � 0 there exists a d � 0 such that supx *�X 6Qt~x * ! � EQt~x *!6 � d implies
supx *�X 6s0x * ~x

*,Qt~x * !,a * !� s0x * ~x
*, EQt~x * !,a * !6 � h+We can then write for Qt and

EQt such that supx *�X 6Qt~x * ! � EQt~x *!6 � d,

1042 SUSANNE M. SCHENNACH

https://doi.org/10.1017/S0266466608080390 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466608080390


6F~Qt !� F~ EQt !6 ��
x *�X

~~s0x * ~x
*,Qt~x * !!� t!2 � ~s0x * ~x

*, EQt~x * !!� t!2 ! dx *

� �
x *�X

~2~s0x * ~x
*,Qt~x * !!� t!h� h2 ! dx *

� Bh+

Hence, the functional F~Qt! is a continuous mapping from L to R, when L is endowed
with the sup norm+ This norm also makes the closed set L compact under Assumption
15, by the Arzela–Ascoli theorem+ Finally, F~Qt! is uniquely minimized at the true Qt
by Theorem 1+ By Theorem 2+1 in Newey and McFadden ~1994!, it follows that any ZQt
satisfying ZQt � arg minQt�L ZF~Qt ! is consistent in the sense that supx *�X 6 ZQt~x * ! �
Qt~x *!6

p
&& 0+ Under the additional condition of Assumption 16, the same conclusion

holds for ZQt � arg minQt�Ln
ZF~Qt !, by Lemma A1 in Newey and Powell ~2003!+ �
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