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Abstract

We study a pair of finite multisets of nonnegative integers which have coinciding representation functions.
‘We show that there is a close connection to factorisation of polynomials into cyclotomic polynomials. As
an application, we give a complete characterisation of pairs of such sets whose union is the interval [0, m]
with two elements removed.
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1. Introduction

Let N be the set of all nonnegative integers. For a given set S C N, define the additive
representation function Ry : N — N to be

Rs(n) = #{(a,b) : a,be S,a < b,a+ b = n}.

Erd6s, Sarkozy and Soés initiated the study of representation functions for general
sequences in a series of papers which led to much more research (see their survey
paper [6]).

Sarkozy asked whether there exist two sets with infinite symmetric difference
and coinciding representation functions. Dombi [5] answered Sdrkozy’s question
affirmatively, showing that the Thue-Morse sequence and its complement have
coinciding representation functions. This promoted extensive research on partitions
of sets with coinciding representation functions (see, for example, [1, 3, 4, 10]).

Let A be the set of nonnegative integers which have an even number of 1’s in their
binary representation and B = N\A. For each integer [ > 1, setA; = AN [0,2' — 1] and
B, =BnJ[0,2" -1].

In [8], Kiss and Sandor proved the following theorem.
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THEOREM 1.1. Let C,D C N, m > 2 be such that CUD = [0,m], CND = {r} with
0 <r<mand0 € C. Then, Re(n) = Rp(n) holds for all n € N ifand only ifm = 2! — 2,
[>2,r= 21— 1and C =A 1 UBL1+1),D=B_1U@A;_1 +7).

In [7], Jiao et al. proved the following result.

THEOREM 1.2. Let C,D C N, m > 3 be such that CUD = [0,m]\{r}, withO <r <m
and 0 € C. Then, Rc(n) = Rp(n) holds for alln € N ifand only ifm = 2!, 1 > 2, r = 2!
and C =A_ 1 UB1+r+1),D=B_UA,; +r+1).

Theorems 1.1 and 1.2 settled two problems posed in [2]. The next step is
to characterise finite sets C,D Cc N with coinciding representation functions and
CUD=1[0,m], CND ={ry,r},or CUD = [0,m]\{r], r;}. The complexity seems to
rise tremendously. In [12], Sun and Pan obtained some partial results in the former
case, and finally in [11], Sun completed the characterisation for C U D = [0, m] and
CND={r,nr}

THEOREM 1.3. Let C,D Cc N, m > 3, be such that CUD = [0,m], CND = {r;,r},
withQ <ry <ry <mandQ € C. Then, Rc(n) = Rp(n) holds for all n € N if and only if
m = 22%2 3 1> 1, and one of the following two cases holds:

1) rp =221 =2, =221 — 1 and
C = Agp1 U Byt + 2571 =2), D = Byjyy U (g + 2771 = 2);
Q) 1 =221, =224 422 2 and

C=AyUBy+2" -1 U@ + By U(Ay +2% = 1)),
D=ByU(@Ay+2" —1Hu @ + Ay U By + 2% = 1)).

The main purpose of this paper is to characterise pairs of sets C,D Cc N with
coinciding representation functions and C U D = [0, m]\{r, r;}. We give a complete
solution to this problem (see Theorem 1.6), taking a different approach which is also
applicable in other cases.

In search of the answer, a natural question is to characterise all pairs of sets (C, D)
with coinciding representation functions. Kiss and Séndor [9] proposed a conjectural
structure for such pairs of sets C, D. We will rephrase their conjecture more generally
in terms of multisets.

In what follows, we consider a multiset S of nonnegative integers. Each integer
n € N appears in § with some multiplicity Mg(n) € N. A multiset S may be identified
with its multiplicity function Mg : N — N. An ordinary set S C N has its multiplicity
function Mg : N — {0, 1}, which is nothing but its characteristic function. The cardi-
nality of §'is given by |S| = 2,0 Ms(n) and S is called a finite multiset if |S] is finite.

We may enumerate all elements of S (with multiplicity) in ascending order, say
S ={a <ap < a3 <---}, and define the representation function

https://doi.org/10.1017/50004972726101208 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972726101208

438 Z.Qu [3]

Rs(n) = #{(i,)) : i <j, a; +a; = n}

for n € N. Questions like those above can be asked for multisets, namely characterising
pairs of multisets of nonnegative integers C, D such that R¢c(n) = Rp(n) holds for all
neN.

Since a simultaneous translation of C and D preserves the property that they have
identical representation functions, it suffices to consider the case 0 € C U D. Now, we
describe the conjectural structure for such C and D.

Let X = {x1,x;,...} be a (finite or infinite) multiset of positive integers. The Hilbert
cube of X is defined to be the multiset

HX) = {Z gx; . g €10, 1},28,' < oo}.

1 l

The elements of H(X) are counted with multiplicity; the multiplicity of a € H(X) is
equal to the number of ways in which we can write a = }; &;x;. Define the even part
Hy(X) and the odd part H,(X) to be

Hi(X) = {Z s € HX): Y & = k (mod 2)}, k=01

1

It is not hard to verify that Ry, x)(n) = Ry,x)(n) holds for all n € N. We conjecture
that the reverse is also true.

CONJECTURE 1.4. Let C,D be distinct nonempty multisets with 0 € C. Then,
Rc(n) = Rp(n) holds for all n € N if and only if C = Hy(X) and D = H{(X) for some
multiset X of positive integers.

When C and D are finite multisets, we show that the problem has a close connection
to cyclotomic polynomials. Recall that the nth cyclotomic polynomial @, (x) is

o, = [] r=em,
1<j<n
ged(jn)=1

which is a monic irreducible polynomial in Z[x], and deg(®,(x)) = ¢(n) (the Euler
totient function).
The following result is our starting point to tackle the problem.

THEOREM 1.5. Let C,D be two distinct nonempty finite multisets with identical
representation functions. Assume that 0 € CUD and max C > maxD. Then, the
polynomials

S() = Y (Mc(n) + Mp(m)¥" and  T(x) = > (Mc(n) = Mp(m)x"
n=0 n=0

https://doi.org/10.1017/50004972726101208 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972726101208

[4] Multisets with coinciding representation functions 439

have the following structure:

S = Do, Doeap, -+ Do,

[11*] a/zfl (Ik—l
T = ( l_[ Dy, )( l_[ Cszﬁz)‘ : ( 1_[ (Dziﬁk),
j=0 j=0 j=0
where ay, @y, ..., & B1, B2, . . ., B are positive integers and 2 1 132 - - - Pr.

The complete characterisation for C, D with identical representation functions and
CU D = [0,m]\{ry, rp} is given in the following theorem.

THEOREM 1.6. Let C,D be two nonempty sets of nonnegative integers, such that
CUD=[0,m\{r1,rn},m>6,0<r <r,<mand0 € C. Then, Rc(n) = Rp(n) holds
for all n € N if and only if m = 21 + 1, 1 > 2 and C = Hy(X), D = H\(X) for one of
the following three cases:

(D) r=2rn=20+1,Xx={2°2',...,2-1 2t + 2};
Q) r=1r=24Xx=1{212%...,23);
B) r =2 =242 41, X =202 22 2 2+ 1)

Theorems 1.5 and 1.6 will be proved in the next two sections.

2. Proof of Theorem 1.5

Throughout this section, C and D are assumed to be two distinct nonempty finite
multisets of nonnegative integers with identical representation functions, 0 € CU D
and max C > max D.

LEMMA 2.1. We have |C| = |D|.

PROOF. Since 3,0 Re() = ('5) and 3,0 Rp(n) = (). we have (') = (%), and
hence |C| = |D|. 0

Write C={c1 <y <---<c¢tand D ={dy <dp <---<d,}.
LEMMA 2.2. We have ¢y # dy and ¢, # d,.

PROOF. As C # D, there exists an index k such that c¢; # di. Choose the smallest
such k. If k > 1, then ¢; = d; for 1 < i < k. Suppose di > ¢ (the other case is similar).
We show that Rc(cy + ¢i) # Rp(c; + cx), which leads to a contradiction. Consider the
following sets:

X={G):i<j,citci=ci+c} and Y={(G)):i<j di+dj=c1+c}

For (i,j) € Y, since d; > c; and d; < ¢, it follows that j < k; hence, d; = ¢; and d; = ¢j,
and so (7,) € X. However, (1,k) € X but (1,k) ¢ Y; thus, Y C X and

Rp(cy +cp) = Y] < |X| = Re(er + cp).
This proves that k = 1, that is, ¢; # d;.
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Let N = max(C U D) and set

C={N-c¢, <N -c,_

IA

- <N-a),

IN

D={N-d,<N-d_; <---<N-d).

Then, C and D are multisets of nonnegative integers which also have identical
representation functions since Rz(n) = Rc(2N —n) = Rp(2N — n) = Rz(n). By the
above arguments, we conclude that N —c, = min C * minD = N — d,, that is,
¢ #d,. O

Let

r r

fe() = Y 2% = ) Mc(mx" and  fpx) = ) x = 3" Mp(n)x"

i=1 n>0 i=1 n>0

be the generating functions of C and D, respectively. Then,

fef = fe@@®) =2 ) Re(mx" and (0 = fo(®) =2 ) Rp(m)x".

n>0 n>0

It follows that C and D have identical representation functions if and only if
fe@)? = fe®) = o) = fo(?),
Set T(x) = fc(x) — fp(x) and S(x) = fe(x) + fp(x). It follows that
T(x)S(x) = T(x).

Since C, D are finite multisets, f¢, fp, T and S are polynomials with integer coeffi-
cients.

Several elementary facts about cyclotomic polynomials are needed. We give a brief
proof of these results.

LEMMA 2.3. We have

) (xz) _ DO, (x0)Dy,(x) if21n,
T e 20

PROOF. Set 1, = /", Then, ®,(x) is the minimal polynomial of 7, over Q and 7,,,
being a square root of 7, is a root of @, (x?). Hence, @,,(x) | D, (x).
If nis even, deg(®,,(x)) = ¢(2n) = 2¢(n) = deg(®,(x*)), and thus, @, (x?) = D,,(x).
If n is odd, 17% is also a primitive nth root of unity and so 7, is a root of ®,(x?).
Therefore, @, (x) | ®,(x?). Again by comparing the degrees,

deg(®,(x)) = 2¢(n) = deg(P,(x)) + deg(P2,(x))

and we deduce that ®,(x?) = @, (x)D,,(x). O
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LEMMA 2.4. We have
0 ifn=1,
®,(1)=3p ifn=p* with p prime and a > 0,
1 otherwise.
PROOF. Clearly, ®(1) = 0 since ®;(x) = x — 1. For n = p* where p is a prime and

@ € Zsy, it is well known that @, (x) = xP" @D 4 7" ¢=2 4 ... 4 " 1 1 and so

D, (1) = p.
P
Assume that n has at least two distinct prime divisors. Substituting x = 1 in

X" =1
l+x+x>+--+x"7 1= -1 ° Hq)d(n)»

dln
d>1
gives
n=[lean =[]0 [ e =]]r [] ®r=n ][] @ub),
dln ptln din ptln din din
d>1 w(d)=2 w(d)>2 w(d)=2

where w(d) denotes the number of distinct prime divisors of d. Since ®,4(1) is an
integer, by pairing up conjugate primitive roots of unity, we see that

o= [] a-np=o
I<j<d

ged(jd)=1

so that ®,4(1) is a nonnegative integer. It follows that ®,(1) = 1 for every d | n with
w(d) = 2. In particular, ®,(1) = 1. O

LEMMA 2.5. ®,(x) is reciprocal for n > 2, that is, ®,(x) = x*"®,(1/x).

PROOF. This is clear for n = 2. Assuming n > 3, ¢(n) is even, and hence,

1 ‘ , »
o, ()= [T a-mo= [] @l [] «-n)
1<j<n 1<j<n 1<j<n
ged(j,n)=1 ged(j,n)=1 ged(j,n)=1
=[] % [] e-wo= [] c-nb=aw. 0
1<j<n 1<j<n 1<j<n
ged(j,n)=1 ged(j,n)=1 ged(j,n)=1

PROOF OF THEOREM 1.5. Since 0 € CU D and c; # d;, ¢, > d, by Lemma 2.2, we
have 7'(0) # 0 and T(x), S(x) are monic polynomials.

In what follows, we can assume that 7'(x),S(x) € Z[x] are monic polynomials
satisfying T(x*) = T(x)S(x) and T(0) # 0, and prove S and T have the required structure
by induction on the degree of 7.

First, we show that the roots of T'(x) and S(x) are roots of unity. If z¢ is a root of 7,
then 0 = T(20)S(z0) = T(zj), which implies that 2} is also a root of 7. Thus, z7 is a root
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of T for every j > 0. Since T has only finitely many roots, there exists j # i, such that
75 = z;. Since zo # 0, this shows that zo is a root of unity.

As a consequence, T is a product of cyclotomic polynomials. By Lemma 2.3, T(x?)
is also a product of cyclotomic polynomials and, consequently, S(x) is as well.

If deg(T'(x)) = 0, then T(x) = S(x) = 1. Suppose deg T(x) > 0 and the result is true
for smaller degrees.

Assume that T(x) = @y, (x)Dp,,(x) - - - Oy, (x). If all of ny,ny,...,n are even, then

T(x?) = Dy, (X) D1y, () - - - Dy, (x). Consider the smallest number in ny, ny, . . ., 1, say
ny. Then, @, (x) ¥ T(x?), contrary to the fact that T(x) | T(x*). Thus, at least one of
ny,ny,...,Nnk is odd.

Assume that n; is odd, and ny,2ni,...,2° 0 €{ny,no,...,n), but

2%ny ¢ {ny,na,. .., m), a>0. Since Dy, (x) | Poo-1yy, (xz) | T(xz) =Tx)S(x) but
Doy, (x) 1 T(x), we see that Doe,, (x) | S(x).

Write  T(x) = @y, (x)Dsp, (x) - - - D1y, ()T(x) and  S(x) = Dgay, (x)S(x).  Then,
T(x*) = S(X)T(x), and T(x), S(x) are monic polynomials with 7(0) # 0. Thus, S and
T have the required structure by the inductive hypothesis, and so do S and 7. This
completes the proof of Theorem 1.5. ]

Theorem 1.5 has two immediate corollaries.

COROLLARY 2.6. We have |C| = |D| = 2! with 1 € N and C U D is symmetric in the
following sense: if CUD = {x; <xy <+ < X1}, then x; = Xomi,1_; for every i with
1<i<2i,

PROOF. From Theorem 1.5,

k
ICl+1D| = fe(1) + fp(1) = S(1) = 1—1 Deip,(1).

i=1

By Lemma 2.4,

2 ifB =1,

P ) = {1 it >3

Thus, |C| + |D| is a power of two. Combining this with Lemma 2.1, we conclude that
|C| = |D| is a power of 2.
By Lemma 2.5, ®,(x) is reciprocal for 1 < i < k, so S(x) is also reciprocal, which

implies that C U D is symmetric. |
COROLLARY 2.7.If S&x)=* +1)---(x* +1) with ay,...,ay, € Zsy, then
Tx) =" —=1)---(x* — 1) and {C,D} = {Hy(X), H(X)}, where X is the multiset
{al, ) am}-

PROOF. The uniqueness of T(x) for a given S(x) follows immediately from the proof
of Theorem 1.5. It is clear that S(x)7(x) = T(x*) holds for T(x) = (x* — 1)--- (x% —1).
The uniqueness of 7'(x) implies that 7(x) is indeed (x™ — 1)--- (x* — 1).
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Since fe(x) = 1(S(x) + T(x)) and fp(x) = $(S(x) — T(x)), we conclude that
C =Hy(X),D = Hi(X)if mis even, and C = H{(X), D = Hy(X) if m is odd. O

3. Proof of Theorem 1.6

With the results in the previous section, we are ready to prove Theorem 1.6.
Theorem 1.3 can also be proved with the same approach.

PROOF OF THEOREM 1.6. It follows from Corollary 2.6 that |C| = |D| =2/, [ > 2,
and hence, |C| + |D| = m — 1 = 2*! m = 2! + 1. Since C U D is symmetric, we have
r+r=m=2"+1.
If {r, 2} = {2/,2! + 1}, then
2]+1+1 ; 1 1 -1 1
Si(x) = Z = =T =@+ DA+ D% + DA+ ).
j=0
By Corollary 2.7, C = Hy(X), D = H;(X) for X = {2°,2!,...,2"1,2! 4+ 2}. This corre-
sponds to case (1) in the statement of the theorem.
If {r1, 2} = {1,2/*1}, then
2I+1+1 - o ]
S0 =Y ¥-x-2 =@ +DE*+ D7+ DEE+ D).
j=0
By Corollary 2.7, C = Hy(X), D = H;(X) for X = {2',2?,...,2/,3}. This corresponds
to case (2).
If {1, r} = {271,2! + 2/71 4+ 1}, then

2014

; -1 1 ~l-1
Si(x) = Z ¥ o— 2 e

Jj=0
=+ D2+ D+ DEE T DEE .

By Corollary 2.7, C = Hy(X), D = H|(X) for X = {2°,2!,...,22,2°1 4 1,2/ + 1.
This corresponds to case (3).

It remains to show that these are the only cases that can occur. First, we note that
D4(x)* | S1(x), D1 (x) | S2(x) and D (x) | S3(x).

CLAIM 1. If ®4(x)* | S(x), then {r, )} = {2, 2! + 1} and S(x) = S;(x).

PROOF. Since ®4(x)? | S1(x), we have ®4(x)? | S(x) — S;(x) = x¥ +x2+1 — x11 — x2.
Thus, i = V-1 is a double root of S(x) — S;(x). Substituting x = i gives

L+i—i" =i =0,

which implies that ry, r, are congruent to 0 and 1 modulo 4. Without loss of generality,
assume that r; = 0 (mod 4) and , = 1 (mod 4).
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Differentiating S(x) — S;(x) and then substituting x = i gives
2i+2 4+ 14ri-rn=0-25+Q +1-r)=0;
hence, r; = 2%, r, = 2! + 1 and S(x) = S;(x). O
CLAIM 2. If @yt | S(x), then {ry, 12} = {1,2*1} and S(x) = Sy(x).
PROOF. Since @yu1(x) | S2(x), it follows that
Do (x) = (le + 1D Sx) —S(x) =x+ 2o -y
We may assume 0 < r| < 2'and 2! + 1 < r, < 2M1. Note that
x4 o =X =x+1—x" + 2272 (mod x% + 1),

and x+ 1 —x" +x22 =0 (mod ¥+ l)ifand only if ry =1, r, = 241 Therefore,
S(x) = S2(x). O

CLAIM 3. Ifd)z()c)2 | S(x), then {r1,ry} = {271, 2! + 271 + 1} and S(x) = S3(x).
PROOF. It follows that
Dr(x)2 = (1 +207 | S) — S3(x) =% + 22+ 3 _

Since r; + r, = 2#! + 1, we may assume r; is odd and r; is even. Since x = —1 is a
double root of S(x) — S3(x), substituting x = 1 after differentiating, we get

22t -+ =0
Thus, r; =2 + /71 + 1, r, = 21 and S(x) = S3(x). O

Now, assume that none of these three cases happens, that is, ®>(x)> 1 S(x),
D4(x)% 1 S(x) and Dy (x) 1 S(x).
For a > | + 2, ®y.(x) does not divide S(x). Otherwise,

deg(S) > deg(®ye) =2 1> 201 4 1,

which contradicts the fact that deg(S) = deg(T) = m = 2*! + 1.

For 3 < a < I, we prove that ®,.(x)* does not divide S(x). Suppose to the contrary
that ®».(x)*> = (1 + x> ~1)? divides S(x) for some @ with3 < @ < . Let = ¢*™/*" be a
primitive 2%th root of unity. Note that

24 !
. i I+1 1+1
S(x) = Z X =x"-x"= l—l(l +xX2)+ 7 w2 oy =y,
i=0 j=0

Hence, S(n) =1+n—-7n" —n =0, which implies that {",7"} = {1,n}. Assume
without loss of generality that r; = 1 (mod 2%) and r, = 0 (mod 2%). Let
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S _ 2l on 2Rk
P(x) = @ _ l_[(l+x2’)+x * Lt X

020 (%) 0<j<i 1+x 1+ x>
jta—1
j a—1 @ I+l e
= l_[ (1 +x2/)+xr1(x2 - D + 22 +...+x2+ +1-r1-2 )
0<j<l
Jra—1

+x20T D+ 4T,

Substituting x = 7 yields
P =(L+n+o +- 4~
21+1 +1- r 21+1 el &)
+17-(-2) ———+1-(-2) ——.
n-(-2)-—; (-2 —;
Since ®,.(x) | P(x), we have P(i7) = 0 and so
A+n+p+-+7 2 =" +1-r)+ Q" = 1),

Comparing the imaginary part of both sides,

Im(l+n+72+-+7% 92> 2Im@y) - 2" = 2" Im(y),

Im(Q" +1-r)) = Q" + 1 = r)Im(y) < 2 Im()
and Im(2”! — r,) = 0. Thus,
Im((1+ 7+ +-+75 792 > Im@mR"*" = 1= rp) + Q% = 1)),

which gives a contradiction.
Finally, by Theorem 1.5,

§ = Qoo Daeap, + - Do, -

Thus, 24! = |C| + |D| = S(1) = ;‘:1 ®o0i5,(1). It follows from Lemma 2.4 that S has
exactly [ + 1 factors of the form ®,.. However, S has at most one factor ®,. for each
a with 1 < @ <[ and no factor @,. for @ > [ + 1, so S can have at most / factors of the
form ®,., which is a contradiction.

This completes the proof of Theorem 1.6.
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