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On two conjectures about the sum of
element orders

Morteza Baniasad Azad and Behrooz Khosravi

Abstract. Let G be a finite group and y(G) = ¥, 0(g), where o(g) denotes the order of g € G.
There are many results on the influence of this function on the structure of a finite group G.

In this paper, as the main result, we answer a conjecture of Tarnduceanu. In fact, we prove that if
G is a group of order n and y(G) > 3ly(C,)/77, where C,, is the cyclic group of order n, then G is
supersolvable. Also, we prove that if G is not a supersolvable group of order nand y(G) = 31ly(C,)/77,
then G = A4 x C,, where (m,6) = 1.

Finally, Herzog et al. in (2018, J. Algebra, 511, 215-226) posed the following conjecture: If H < G,
then y(G) < y(H)|G : H|*. By an example, we show that this conjecture is not satisfied in general.

1 Introduction

In this paper, all groups are finite. The cyclic group of order # is denoted by C,. Let
¥(G) = ¥ 4ec 0(g), the sum of element orders in a group G. The function y(G) was
introduced by Amiri, Jafarian Amiri, and Isaacs in [2]. Many authors try to get some
relations between the structure of the group G and v(G) (see [5, 6, 8, 11-14, 16, 18]).
It is proved that if y(G) > = y/(C,), where G is a finite group of order n, then G is
solvable [4, 10].

From the observation that A4 satisfies w(A4) =31 and y(Cyp) =77, in [19], M.

Téarnduceanu posed the following conjecture:

Conjecture 1.1 [19, Conjecture 1.5]  If G is a group of order n and y(G) > 22y/(C,),
then G is supersolvable.

In this paper, we prove the validity of this conjecture. We also proved that if Gis a
nonsupersolvable group of order n and y(G) = 2L y(C,), then G = A4 x C,,, where
(6, m) = 1. Nevertheless, for groups of odd order, it is possible to prove a stronger
result:

Theorem 1.2 Suppose that n = |G| is odd. If y(G) > £2-v(Cy), then G is supersolv-
able.

Also, in [10], three conjectures about y/(G) are stated. The validity of the first one
(Conjecture 5) was proved in [4], and the validity of the second one (Conjecture 6)
was proved in [3]. Moreover, the following conjecture was posed in that paper.
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Conjecture 1.3 [10, Conjecture 7]  IfH < G, then w(G) < w(H)|G : H|*.

In this paper, we give an example, which shows that this conjecture is not true in
general, and we need extra conditions on G and H to have the result of Conjecture 1.3.

We note that there are similar functions related to the orders of elements of a finite
group (for example, see 7, 15]). For the proof of our results, we need the following
lemmas.

Lemma 1.4 [2, Corollary B]  Let P € Syl (G), and assume that P 4 G and that P is
cyclic. Then, w(G) < w(P)w(G/P), with equality if and only if P is central in G.

Lemma 1.5 [10, Proposition 2.6]  Let H be a normal subgroup of the finite group G.
Then, w(G) < w(G/H)|H|.

Lemma 1.6 [1, Lemma 2.1] If G and H are finite groups, then y(G x H) <
Y(G)y(H). Also, y(G x H) = y(G)y(H) if and only if ged (|G, |H]) = 1.

Lemma 1.7 [9, Proposition 2.5]  Let G be a finite group and suppose that there exists
x € G such that |G : (x)| < 2p, where p is the maximal prime divisor of |G|. Then, one
of the following holds:

(i) G has a normal cyclic Sylow p-subgroup,
(ii) G issolvable and (x) is a maximal subgroup of G of index either p or p + 1.

Lemma 1.8 [17]  Let A be a cyclic proper subgroup of a finite group G, and let K =
coreg(A). Then, |A: K| < |G : A, and, in particular, if |A] > |G : A|, then K > 1.

Lemma 1.9 [4, Lemma 2.1] Let G be a group of order n = p;™---py*, where
P1s- .., pi are distinct primes. Let y(G) > Zy(C,,), for some integers r,s. Then, there
exists a cyclic subgroup (x) such that

s prtl opr+l

(G (x)] < 2 PP

Lemma 1.10 [10, Lemmas 2.4 and 2.5]  Let n = p;* p,**---p,* be a positive integer,
where p; are primes, p1 < pp <---< p,=panda; >0, foreach1 < i <r.If p > 11, then

385 n?

W(Cn)z %P*’l.

2 Supersolvability
If G is a finite group, then 7(G) is the set of all prime divisors of |G].
2.1 Proof of Conjecture 1.1
Let G be a group of order n = p;* p,**---p,*, where p1, p2, ..., p, are primes, p; <

p2 <+ < pr = p,suchthata; > 0,foreach1< i < r.Byassumption, 22 y/(C,) < y(G).
By induction on |7(G)|, we prove that G is a supersolvable group.
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If|7(G)| =1, then Gis a p-group and so G is supersolvable. Assume that |7(G)| > 2
and the theorem holds for each group H such that |7(H)| < |7(G)|. Now, we consider
the following two cases:

Case (I). If G has a normal cyclic Sylow subgroup Q, then by Lemma 1.4 we have
¥(G) <y(Q)yv(G/Q). Using Lemma 1.6 and the assumptions, we have

~¥(Coja)¥(Ca) = 2(Ca) < W(G) < WQW(G/Q) = ¥(Ca¥(G/Q).

Therefore, 22y(Cigq)) < ¥(G/Q) and |7(G/Q)| < |7(G)]. By the inductive hypoth-
esis, G/Q is supersolvable and so G is a supersolvable group.

Case (II). Let G have no normal cyclic Sylow subgroup.

If p > 11, then by Lemma 1.10 we have

31 385 n?
77 96 p+1

(G)> (n)—

Thus, there exists x € G such that o(x) > 2% - 32 # Therefore,

77 96 77 9% 12

[G:(x)]<§~%(p+1)< 31 38 Hp<068p<p,

which is a contradiction, by Lemma 1.7. Therefore, 7(G) < {2,3,5,7}, where 2 <
|7(G)| < 4. Now, we consider the following cases:

Casel. Let 7(G) = {2, 3}. Then, |G| = 2%13%. In this case, we have

31 22061+1 320(2+1 31 1 2
77" 2+1 341 77 2"

It follows that there exists x € G such that o(x) > 2% - 1. We conclude that |G : (x)| <

22.2<4.97. By Lemma 1.7, we have [G : (x)] = 3 or 4. Let H = coreg((x)).

o Let[G:(x)] =3.ByLemmal38, [(x): H] < [G: (x)] = 3. Therefore, G/H is super-

solvable and so G is a supersolvable group.

o Let[G:(x)] =4.ByLemmal38, [(x): H] < [G: (x)] = 4.If G/H is a supersolvable

group, then we get the result. Let G/H be nonsupersolvable. Therefore, [(x) : H] =

=12,and so G/H 2 A,.

» If 2 divides |H|, then there exists a characteristic subgroup M in H such
that |H: M| =2. Thus, G/M is a nonsupersolvable group of order 24.
Therefore, using the list of such groups (SL(2,3), S4, C; x A4) and their y-
values (99, 67,87), we have y(G/M) <99. By Lemma 1.5, we have y(G) <
y(G/M)|M|* < 99(n/24)*. Using (2.1), y(G) > 2% - 2 n®. Therefore,

21) v(G)> (C\Gl)

2
299

31 l
7 2 242’

which is a contradiction.

» If2 + |H| then|G| = 223F. Let B > 2. Then, there exists a characteristic subgroup
M in H such that |H : M| = 3. Therefore, M < G and |G/M]| = 36. Thus, G/M is
a nonsupersolvable group of order 36. Therefore, using the list of such groups
((Cyx Cy): Cy, (C3 x C3): Cq,C3 x Ay) and their y-values (265,115,121),
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we have y(G/M) <265. By Lemma 1.5, we have y(G) < y(G/M)|M|* <
265(1/36)? = 265 - 3%#~*. On the other hand, we have y(G) > 2 y(Cy). Thus,

31 31 326+ 4
G)> —v(C Cyp)=—-1- .
v(G) 77w( 1)y (Cse) = 1
Therefore,
2+1
%- 3 +1<265-325_4:>%~32ﬁ+1<265-325_4

= 31-3° < 28-265,

which is a contradiction. Thus, S =1 and so |H| =1 and G = A4, which is a
contradiction, because y(A4) = 31.

Case 2. Let 7(G) = {2,3,5}. Then by Lemma 1.9 there exists x € G such that [G:
(x)] <% -2 <5.97. By Lemma 1.7, we have [G: (x)] = 5. By Lemma 18, [(x):
coreg({x))] < [G:(x)] =5. We have |G/coreg({x))|=5,10,15, or 20. Therefore,
G/coreg ({x)) is supersolvable and so G is a supersolvable group.

Case 3. Let 7(G) = {2,3,5,7}. Then by Lemma 1.9 there exists x € G such that [G :
(x)] < 2 - 3¢ < 6.9 < 7, which is impossible.

Case 4. Let 7(G) = {2,5} or n(G) = {3,5}. Then by Lemma 1.9 there exists x € G
such that [G : (x)] < 5, which is a contradiction.

Case5.Let n(G) = {2,7}, n(G) ={3,7}, n(G) = {5,7}, n(G) = {2,3,7}, or n(G) =
{2,5,7}. Then by Lemma 1.9 there exists x € G such that [G : (x)] <7 and we get a
contradiction.

The proof is now complete.

2.2 Equality condition of Conjecture 1.1

Lemma 2.1 Let G be a nonsupersolvable group of order n and p is a prime divisor of
n. Furthermore, suppose that y(G) = 21y(C,) and P ¢ Sy, (G) is cyclic and normal

in G. Then, P has a normal p-complement K in G, where y(K) = 2Ly/(Cix)).
Proof By Lemma 1.4, we have
31 31
(22) y(P)W(G/P) 2 y(G) = —y(Cu) = v (Clp))¥(Cig/pl)-
Therefore,
31
¥(G/P) > —y(Cig/p)-
Now, by the nonsupersolvability of G and the above result, we conclude that
31
v(G/P) = EW(C|G/P|)-

It follows that equality holds in (2.2). Thus, P < Z(G), by Lemma 1.4. Therefore,
by Burnsides normal p-complement theorem, there exists K 4G such that
G=PxK. [
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Theorem 2.2 Suppose that G is a nonsupersolvable group of order n such that y(G) =
2Ly (Cy). Then, G = Ay x C,y, where (6,m) = 1.

Proof Let p be the largest prime divisor of n. We prove the result by induction on
p. By the assumption, |7(G)| > 2 and so p > 3.
(1) Letp=3.
We note that G has no normal cyclic Sylow subgroup. There exists x € G such
that |G : (x)| < ZZ -2 < 4.97. By Lemma 1.7, we have [G : (x)] =3 or 4. If [G:
(x)] = 3, then G is a supersolvable group, which is a contradiction. Therefore,
[G:(x)] = 4. We have G/coreg({x)) = A4, because G is nonsupersolvable. If
coreg((x)) # 1, then, similarly to Case 1 in the proof of Conjecture 1.1, we get a
contradiction. Therefore, coreg ({x)) =1and so G ~ Ay.
(2) Letp=5.
(a) Letn(G)={2,3,5}.
Then by Lemma 1.9 there exists x € G such that [G : (x)] < 2 - 2 <5.97 <
10. By Lemma 1.7, G has a normal cyclic Sylow 5-subgroup or [G : (x)] = 5.

o Let G have a normal cyclic Sylow 5-subgroup, say Ps. Using Lemma 2.1,
there exists K < G such that G = P; x K and y(K) = 2Ly(Cpg). We note
that K is nonsupersolvable and 7(K) = {2, 3}. By the above case, we have
K:A4andG=A4><P5.

o Let [G:(x)] =5. Then, |G/coreg({x))|=5,10,15, or 20. Therefore,
G/coreg ({x)) is supersolvable and so G is a supersolvable group, which
is a contradiction.

(b) Letn(G) ={2,5} or 7(G) = {3,5}. Then, there exists x € G such that [G :
(x)] < 5. By Lemma 1.7, G has a normal cyclic Sylow 5-subgroup. Thus, G
is a supersolvable group, which is a contradiction.
(3) Letp=7.
Then, there exists x € G such that [G : (x)] < 7. By Lemma 1.7, G has a normal
cyclic Sylow 7-subgroup. Using Lemma 2.1, there exists K 4 G such that G =
P; x K and y(K) = 2Ly(Cig|). We note that K is nonsupersolvable and 7(K) =
{2,3} or {2,3,5}. Therefore, by the above cases, we have G = P; x A4 or P; x
P5 x Ay, respectively, and we get the result.
(4) Let p > 11. Then, there exists x € G such that

77 96 77 96

12
[G:(x)]<i.ﬁ(p+1)g— — - Z=p<0.68p < p.

By Lemma 1.7, G has a normal cyclic Sylow p-subgroup, say P. Using Lemma 2.1,
there exists K 9 G such that G = P x K and y(K) = 22y(C). Then, K is non-
supersolvable and 7(K) = 7(G) \ {p}. Therefore, using the above discussion
and the induction hypothesis, we get the result. ]

2.3 Supersolvability for groups of odd order

Notation 2.3  Let {q1,92,93,...} be the set of all primes in increasing order: 2 =
Q1< q2<q3 < Letalso qo = 1. If r and s > 2 are two positive integers, we define the
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functions f'(r) and h'(s) as follows:

FO)=1, f/(r) = 1‘[

4i , wherer > 2;
_ qi+1

h'(2) =3, h'(s) = f'(s —1)qs, wheres > 3.

In the sequel, let A := SmallGroup(75,2) = (Cs x Cs) : C5. We know that y(A) =
271 and y(Cys) = 3647. Similarly to the proofs of Lemmas 2.4 and 2.5 in [10] we get
that:

Lemma 2.4 Let n= p®p,**---p,* be a positive integer, where pi, pa,...,p, are
primes,2 < py < py << p,=panda; >0, foreachl1<i<r.If p>37 = qy, then

2

n
Cu) 2 h'(12 .
WG 2 W (12) 7
The proof of Theorem 1.2 is very similar to the proof of Conjecture 1.1, and so we
omit the details of the proof.

Proof of Theorem 1.2~ We prove the result by induction on |7(G)|. The assertion
is trivial if G is a p-group, and suppose that the result holds for each group H, where
|m(H)| < |7(G)| (exactly similar to the proof of Conjecture 1.1).

We consider the following two cases:

Case(I). If G has a normal cyclic Sylow subgroup Q, then we get the result.

Case (II). Let G have no normal cyclic Sylow subgroup.

Let p be the largest prime divisor of |G|. If p > 37, then by Lemma 2.4 we have

271 271 n?

——y(C,) > “h'(12 .
>3647W( ) 3647 ()p+1

¥(G)

. 271
Thus, there exists x € G such that o(x) > 52 h’(lz)ﬁ. Therefore,

3647 1 3647 1 38

o v PV o <P

[G:{x)] <

which is a contradiction.

Therefore, 7(G) € {3,5,7,...,31} and so 2 < |7(G)| < 10. Now, we consider the
following cases:
Casel. Let p =31, i.e, {31} c 7(G) € {3,5,7,...,31}.

Using Lemma 1.9, there exists x € G such that [G : (x)] < 2p = 62. By Lemma 1.7,
we have [G : (x)] = 31. Using Lemma 1.8, [{x) : coreg({x))] < [G : (x)] = 31. We see
that G/coreg ({x)) is supersolvable and so G is a supersolvable group.

Case 2. Let p € {17,19,23,29}. Similarly to Case 1, we obtain that G is a supersolvable

group.
Therefore, 7(G) € {3,5,7,11,13}, where 2 < |z(G)| < 5.

Case3.Let p = 13.1f5 4 |G|, then by Lemma 1.9 there exists x € G such that [G : (x)] <
25. Thus, by Lemma 1.7, we have [G : (x)] = 13, and we get the result similarly to the
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above. If 5 € 1(G), then by Lemma 1.9 there exists x € G such that [G : (x)] < 29, and
by Lemma 1.7 we have [G : (x)] = 13 or 27.

If [G:(x)] =13, then by Lemma 1.8 we have |G/coreg({x))| = 13m, where m ¢
{1,3,5,7,9,11}. Therefore, G/coreg({x)) is a supersolvable group and so G is a
supersolvable group.

If [G: (x)] =27, then by Lemma 1.8 we have |(x) : coreg({x))| <27. If 13 | |(x) :
coreg ({x))|, then |G/coreg((x))| =13 -27. Let Ps € Syl;(coreg({x))). We have Ps ¢
Syl.(G) and Ps 4 G, which is a contradiction. Therefore, 13 + [(x) : coreg ({x))|. Let
Pi3 € Syl ;(coreg({x))). Hence, Pi3 € Syl ;(G) and Pi3 < G, which is a contradiction.

Case 4. Let p =11

o If 7(G) = {3,5,7,11}, then there exists x € G such that [G : (x)] < 26. Therefore,

[G:(x)] =1or25.

» If[G:(x)] =11, then we have the result.

» Let[G:(x)] =25.Then,|G/coreg({x))| = 25m,where m € {1,3,5,7,9,11,15,21}.
If m =11, then we get the result. Otherwise, G has a Sylow 11-subgroup, which
is cyclic and normal, and this is impossible.

o If 7(G) ¢ {3,5,7,11}, then there exists x € G such that [G : (x)] < 24. Therefore,

[G : (x)] = 11 and so we have the result.

Case5.Letp=7.

o If 7(G) = {3,7} or {5,7}, then easily we can see that G is supersolvable.
o If 7(G) = {3,5,7}, then there exists x € G such that [G : (x}] < 25. Therefore, [G :

(x)] =7,15, or 21.

» If[G:(x)] =7, then we get the result.

» Let[G:(x)] =15. Then, |G/coreg({x))| = 15m, where m € {1,3,5,7,9}.If m =
7, then we get the result. Otherwise, the Sylow 7-subgroup of G is cyclic and
normal, which is impossible.

» Let [G:(x)] = 2L Then, |G/coreg({x))| = 21m, where m € {1,3,5,7,9,15}. If
m € {5,15}, then we get the result. Otherwise, the Sylow 5-subgroup of G is
cyclic and normal, which is impossible.

Case 6. Let 7(G) = {3,5}. Then, |G| = 3%5%. In this case, we have

271 271 3t g2mdl o715

23) VG) > 3647¥(C6) > 3647 371 591 647 8"

Hence, there exists x € G such that |G : (x)| < 22. By Lemma 1.7, we have [G : (x)] =5

or15. If[G : (x)] = 5, then we have the result. Let [G : (x)] = 15 and H = coreg({x)).

By Lemma 1.8, [{x): H] < [G : (x)] =15. If G/H is a supersolvable group, then we

get the result. Let G/H be nonsupersolvable. Therefore, [(x) : H] = 5and |G/H| = 75.

Thus, G/H 2 A= (C5 x Cs) : Cs.

» If 3 divides |H]|, then there exists a characteristic subgroup M in H such that
|H : M| = 3. Therefore, M 4 G and |G/ M| = 225. Thus, G/ M is a nonsupersolvable
group of order 225. Using the list of such groups ((Cs x Cs) : Cy, C3 x ((C5 x Cs) :
C;)) and their y-values (2197,1297), we have w(G/M) < 2197. By Lemma 1.5,

we have y(G) < y(G/M)|MJ* < 2197(n/225)%. Using (2.3), y(G) > 22 - 3n.
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Therefore,

271 5, n\*
. Tn? <2197 — ] ,
3647 8 225

which is a contradiction.

» If3 } |H|, then |G| = 3-5P. Let 8 > 2. Then, there exists a characteristic subgroup
M in H such that |H : M| = 5. Therefore, M < G and |G/M| = 375. Thus, G/M
is a nonsupersolvable group of order 375. Using the list of such groups (((Cs x
Cs):Cs):C5,Cs x ((Cs5 x Cs) : C3)) and their y-values (3771,3771), we have
v(G/M) =3771. By Lemma 1.5, we have y(G) < y(G/M)|M|* < 3771(n/375)*.
Using (2.3), we have

271 5, n\*
Tt <377 —
3647 8 375

which is a contradiction. Thus, § =2 and so G 2 A = (Cs x Cs) : Cs, which is a
contradiction. |

3 Counterexample for Conjecture 1.3

As a subgroup of the symmetric group Ss, let L := (A, B,C, D) and T := (A, B, C),
where

A:=(1,9)(2,10)(3,12)(4,11)(5,13)(6,14)(7,16) (8, 15)
(17,25) (18, 26) (19, 28) (20, 27) (21, 29) (22, 30) (23, 32) (24, 31),
B :=(1,5)(2,6)(3,7)(4,8)(9,13)(10,14)(11,15) (12, 16)
(17,21)(18,22) (19, 23) (20, 24) (25,29) (26, 30) (27, 31)(28, 32),
C:=(1,3,2,4)(5,7,6,8)(9,11,10,12) (13, 15,14,16)
(17,19,18, 20) (21, 23,22, 24) (25, 27, 26, 28) (29, 31, 30, 32),
D :=(1,17,3,19,2,18,4,20)(5,22,7,24,6,21,8,23)
(9,29,11,31,10, 30,12, 32) (13, 26,15, 28,14, 25,16, 27).
Then, using the StructureDescription command in Groups, Algorithms,
Programming (GAP), we see that L 2 ((Cs: C;) : C;) = SmallGroup(32,7) and
T = C, x Dg. Also, using GAP, we get that |L: T| =2, y(L) =167 and y(T) = 39.

Therefore,
167 = w(L) > w(T)|L : T|* = 156,

which is a counterexample for Conjecture 1.3. Also, if m is an odd number and we
suppose that G = L x C,, and H = T x C,,, then w(G) > w(H)|G : H|*.

Therefore, this example shows that Conjecture 1.3 is not satisfied in general. A
natural question that arises is under which extra conditions Conjecture 1.3 holds.
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