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Abstract. We show that the set of cocycles with integral separateness is open and
dense in the space of all bounded GI(d, R)-cocycles equipped with uniform topology.
As a consequence, a generic bounded linear cocycle has simple Lyapunov spectrum
and dominated Oseledets splitting, and a generic bounded S/(2, R)-cocycle is uniformly
hyperbolic.

1. Introduction

A discrete-time linear deterministic dynamical system is defined by a single matrix A,
and its Lyapunov spectrum is nothing but the set of the logarithms of the moduli of
the eigenvalues of A. It is well-known that the eigenvalues depend continuously on A
(see Kato [15]), hence the matrices with simple Lyapunov spectrum form an open (but not
dense as the multiplicity 2 of pairs of conjugate complex eigenvalues is stable under small
perturbations) set in the space of all non-singular matrices.

Millionshchikov studied linear systems of non-autonomous differential equations and
proved that the systems with so-called integral separateness form an open and dense set in
the space of all linear systems equipped with the uniform topology (see [17, 18]). A system
with integral separateness has simple Lyapunov spectrum, hence the set of linear systems
of differential equations with simple Lyapunov spectrum contains an open and dense set.
We note that besides having simple Lyapunov spectrum, systems with integral separateness
exhibit an exponentially dichotomous behavior of trajectories which leads to the stronger
property that all systems in a neighborhood of it have a similar property. This uniform
property is crucial in the investigation of structural stability of dynamical systems.

The objects of interest in this paper are products of random matrices (linear cocycles).
Thanks to the multiplicative ergodic theorem of Oseledets [20], the Lyapunov spectrum of
a cocycle is well defined (under some integrability conditions) and it is a generalization of
the Lyapunov spectrum in the deterministic case.

The study of the Lyapunov spectrum of linear cocycles is one of the central tasks of the
theory of random dynamical systems. In various situations (see Arnold [2]) it is of great
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theoretical and practical importance to know when the Lyapunov spectrum is simple. In the
particular case of a product of independent and identically distributed random matrices,
the Lyapunov spectrum is fairly well investigated and strong results have been obtained
(see Guivarc’h and Raugi [13], Goldsheid and Margulis [12], Arnold and Cong [3]).
We mention that in this case, the cocycles with simple Lyapunov spectrum form a residual
set [3]. This and the result of Millionshchikov mentioned above support the conjecture that
cocycles with simple spectrum form a ‘big’ set. However, the conjecture remained open
for a long time. Only an easier problem of density of simple Lyapunov spectrum found
a solution for the general stationary case: the cocycles with simple Lyapunov spectrum
form a dense set in the space of linear cocycles equipped with the uniform topology
(see Knill [16] for the two-dimensional case and Arnold and Cong [4] for the general
d-dimensional case). Johnson [14] studied continuous-time cocycles on a compact metric
space and proved that in the two-dimensional case the set of cocycles with simple spectrum
is C%-dense. Recently, Arbieto and Bochi [1], Bochi [6], Bochi and Viana [7, 8] and
Bonatti and Viana [9] have derived some new results on the genericity of hyperbolicity
of several classes of dynamical systems including smooth dynamical systems and linear
cocycles. Let us mention here a result of Bochi [6, Theorem B] stating that a generic
(in L topology) linear bounded SI(2, R)-cocycle is either uniformly hyperbolic or has
zero Lyapunov exponent and a result by Bochi and Viana [7] stating that the Oseledets
splitting of a generic (in C° topology) linear cocycle is either dominant (but the Lyapunov
spectrum need not be simple) or trivial.

In this paper we give a solution to the problem of genericity of simple Lyapunov
spectrum: we prove that the set of cocycles with integral separateness is open and dense
in the space of all bounded GI(d, R)-cocycles equipped with uniform topology. As a
consequence, a generic bounded linear cocycle has simple Lyapunov spectrum and domi-
nated Oseledets splitting, and a generic bounded SI(2, R)-cocycle is uniformly hyperbolic.
In particular, our result improves the above mentioned result of Bochi [6]: the zero
Lyapunov exponent can only happen in a nowhere dense set in the space of bounded
S1(2, R)-cocycles, hence in the theorem of Bochi the second alternative can be dropped.
As compared with the above mentioned result of Bochi and Viana [7] the difference
between L> topology considered in this paper and the C° topology considered there is the
Lyapunov spectrum of a generic cocycle must be simple in L*° topology whereas it must
not in C° topology. Note that the genericity (in L topology) of uniform hyperbolicity
of SI(2, R)-cocycles derived in this paper cannot be extended to the case of C’-topology
(see Bochi and Viana [7] for an example; see also Young [23] for an example in C L_case).

This paper is organized as follows. In §2 we give necessary definitions and the set-
up of the problem; we also present the three closely related concepts of exponential
dichotomy, integral separateness and dominated splitting, all of which are introduced
for the investigation of qualitative behavior of dynamic systems (the definitions we give
here are adapted to the case of linear cocycles which is the object of our interest in this
paper). Section 3 states and proves the main results of the paper: genericity of integral
separateness, and hence the genericity of simple Lyapunov spectrum and dominated
Oseledets splitting, and in the SI(2,R) case we also have genericity of exponential
dichotomy, hence uniform hyperbolicity.
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2. The space of linear cocycles and exponential separation properties

Let (2, F,P) be a non-atomic Lebesgue probability space, and let 6 be an ergodic
automorphism of (2, F, P) preserving the probability measure P. A measurable mapping
A from the probability space (€2, F, IP) to the topological space G/(d, R) (for short, GI(d))
of linear non-singular operators of R¢ equipped with its Borel o-algebra is called a random
linear map. The mapping A generates a linear cocycle over the dynamical system 6 via

A" lw)o---0 A(w) n >0,
Du(n,w) :=1id n=20,
AN O"w)o -0 A7 O 'w) n <O.

Conversely, if we are given a linear cocycle over 0, then its time-one map is a linear random
map. Therefore, we usually speak of a linear cocycle A, meaning the cocycle ® 4 generated
by A. The above construction applies to any topological group G in place of GI/(d)
(in particular, G can be a Lie subgroup of G/(d), for instance SI(d)), and we shall speak
of G-cocycles and random G-maps in that case.

For simplicity of notation we denote by || - || both the standard Euclidean norm of
R? and the operator norm of linear operators of R?. We shall look at linear cocycles
as linear operators of R? and identify them with their matrix representations in the
standard Euclidean basis of R?. Thus we also denote by GI(d) the group of non-singular
d-dimensional matrices.

The multiplicative ergodic theorem of Oseledets [20] (see also Arnold [2]) states that if
A(-) satisfies the integrability conditions

log™ |AC)*! | e LY(®), (1)

then the cocycle ®4 has Lyapunov exponents A; < --- < A, with multiplicities
dy, ..., dp, which are independent of @ due to the ergodicity of 6, and the phase space R
is decomposed into the direct sum of subspaces E;(w) of dimensions d; corresponding to
the Lyapunov exponents A;,i = 1, ..., p, i.e.

lim n! log |®A(n, w)x|| = Ai <= x € E;j(w)\{0}.
n—=+o0o

The above splitting is called the Oseledets splitting of ® 4, and the subspaces E;(w) are
called Oseledets subspaces of ® 4; they are measurable and invariant with respect to A,
ie. A(WEi(w) = E;j(Pw). We note that the statements of the multiplicative ergodic
theorem hold on an invariant set of full P-measure. The collection {(A;, d;) :i =1,..., p}
is called the Lyapunov spectrum of A. It is said to be simple if p = d.

Since we deal with discrete-time cocycles we can always neglect sets of null measure,
and we shall identify the random mappings which coincide P-almost surely, and when
needed we shall assume, without loss of generality, that the assertions of the Oseledets’
theorem hold on the whole of €.

Denote by G(d) the set of all GI(d)-valued random maps, and let Gic(d) C G(d) denote
the subset of those satisfying the integrability conditions (1) of the Oseledets’ theorem, and
let Goo(d) C G(d) denote the subset of those random maps which are essentially bounded
together with their inverses. Clearly G (d) C Gic(d).
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We define a metric p on G(d) such that (G(d), p) can be considered as a version of
L% (P). For A, B € G(d) set

8(A, B) :=esssup | A(w) — B(w)|| + esssup A~ (w) — B~ ()|

weR we

and
8(A, B)(1 +8(A, B))™! if8(A, B) < oo,

A, B) :=
ot ) if §(A, B) = o0.

It is known (see Arnold and Cong [3]) that (G(d), p) is a complete metric space, and
Gic(d) and G (d) are closed subsets, hence are also complete metric spaces. Moreover,
if A € Gic(d) (respectively, Goo(d)), B € G(d) and p(A, B) < 1, which is equivalent
to §(A, B) < oo, then B € Gic(d) (respectively, Goo(d)). Being complete metric spaces,
G(d), Gic(d) and Guo(d) are Baire spaces. A subset is residual if it contains a countable
intersection of open and dense sets. A property which holds on a residual set is called
generic.

For two non-vanishing vectors x, y of R the angle between them is defined by

(x, y)
Iy

e [0, m].

A(x,y) := arccos

Clearly, span{x} = span{y} if and only if £(x,y) € {0,7}. The angle between two
subspaces E1, E; C R is defined by

L(E1, Ep) :=inf{d(x,y):0#£x € E;,0#£ y € E}.
Obviously, 0 < £(E1, E3) < /2.

Definition 2.1. A linear cocycle A € G(d) is said to exhibit an exponential dichotomy if
there exist positive numbers K > 0, « > 0 and a family of projections P,, of R¢ depending
measurably on @ € Q2 such that:

() DA, @) Py®, (m, w)|| < K exp(—a(n —m)) foralln > m, w €

(i) ||Pa(n, w)(id — Pw)cbgl(m, w)|| < Kexp(a(n —m)) foralln <m, w € Q.

Remark 2.2.

(i) If A € G(d) has an exponential dichotomy with constants K > 0, « > 0 and a
family of projections P, of R?, then || P, < K forall w € , but A(-) and A~!(-)
might be unbounded.

(i) The angle between the subspaces P,R? and (id — P,,)R? is separated from zero by
a positive constant independent of w € .

(iii) The random subspaces E;(w) := P,R? and E>(w) := (id — P,)R? are invariant
with respect to A, i.e. Do(n, w)E;(w) = E;(0"w) foralln € Z,w € Qandi =1, 2.

(iv) The projection P, commutes with A in the sense that ®4(n, w) o P, = Pgny o
dp(n,w) foralln € Z and w € Q2.

(v)  Exponential dichotomy is also called uniform hyperbolicity by some authors.

Definition 2.3. Let A € G(d) and let

RY=E\(0) @ - D Er(w) 2
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be an invariant splitting of A, i.e. for almost all ® € 2 we have
A)Ei(w) =E(w), i=1,... k.

Then the splitting (2) is called dominated over the orbit of w if there exists an integer m > 0
such that forany» € Z andanyi = 1,...,k — 1, we have

[Palm, 0" )x] _ 1[PaGm, 6" @)y]
llx]l 2 Iyl

for all non-vanishing vectors x € E;1(0"w) @ --- @ E;(0"w)andy € Ei1(07w) ®--- D
Ex (0" w); the splitting is called simply dominated if it is dominated over orbits of almost
all w € €, in this case m can be chosen to be the same for almost all w due to ergodicity
of 6.

The following definition is a random version of the notion of integral separateness
of linear systems of differential equations (see Bylov er al [10] for the case of ordinary
differential equations).

Definition 2.4. A linear cocycle A € G(d) is integrally separated with index k (k €
{1,2,...,d — 1}) if there exist positive numbers K > 0, « > 0 and a projections P,
of R? of rank k depending measurably on w € 2 such that:

(i) DPa(n,w)o Py = Pypny,oDp(n,w) foralln € Z, w € 2;

() [ Pa(n, @)~ (d — Pgny)||~! = K exp(an)||®a(n, )P, foralln € Zt, w € Q.
If A is integrally separated with index k forallk = 1,2, ...,d — 1 then A is called simply
integrally separated.

The properties of exponential dichotomy, dominance and exponential separateness are
similar and they are all robust under small perturbation.

THEOREM 2.5. If A € Goo(d) exhibits an exponential dichotomy (respectively, has a
dominated splitting, is integrally separated with index k) then there exists ¢ > 0 such
that any cocycle B € G(d) satisfying p(A, B) < ¢ also exhibits an exponential dichotomy
(respectively, has a dominated splitting, is integrally separated with index k).

This is a kind of roughness property. For a proof in the case of exponential dichotomy
see Coppel [11, Proposition 1, Ch. 4] (see also Sacker and Sell [22]). Note that, unlike
exponential dichotomy, dominance and integral separateness do not imply that the angle
between two invariant subspaces is bounded from below. They do imply boundedness
from below of the angle if we assume additionally that the cocycle is bounded, as we
did in Theorem 2.5. In the case of exponential dichotomy we may change the condition
A € Goo(d) in Theorem 2.5 into the condition A € G(d).

The following theorems reveal a relation between the properties of exponential
dichotomy, having dominated splitting and integral separateness, and some of their
properties. The proof is straightforward from the definitions of those notions.

THEOREM 2.6.
(i) If A € G(d) is integrally separated with index k for some 1 < k < d with a family
of projections P, of R? then the random subspaces P,R? and (id — P,)R? are
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invariant with respect to the cocycle A, and if. moreover, A € Guo(d) then the
angle between P,RY and (id — P,)RY is separated from zero by a positive constant
independent of w € Q.

(ii) Let A € Goo(d) have a dominated splitting

R = E{(@) ® - & Ex()
with dim E; (w) = d;. Then foranyi =1, ..., k the angle between E;(w) and
Ef(@) @ - @®Ei-1(®) ®Ei+1(@) @ & Ex(w)
is separated from zero by a positive constant independent of w € Q.
Proof. (i) By definition A(w) P, = Pp,A(w). Therefore,
A(w) PR = Py A(w)R?Y = Py, RY,

hence P,R? is invariant with respect to the cocycle A. Similarly, (id — P,,)R? is invariant
with respect to the cocycle A.

If A € Goo(d) then there exists a positive number M > 1 such that ||A(w)| +
|A(@)~ " < M forallw € Q. Letx € P,RY and y € (id — P,)R? be arbitrary unit
vectors. Let K > 0 and o > 0 be the positive parameters provided by the definition of
integral separateness of A. Choose and fix n € N such that K exp(an) > 2. Then we have

20| @a(n, w)x|| < [|Pam, 0V < @A, @)x|| + [|Paln, ) (y — )],
which implies that
1@, w)x]| < [@a@, 0)(y = )] < [@a@m, )]y — x|
Consequently,
ly — x| = |®atr, )| @A, @)~ I7H = M7,

hence £(x,y) > M~2" and the angle between P,R% and (id — P,)R? is separated from
zeroby M~ > 0.
(ii) is similar to (i). O

THEOREM 2.7.
(1) Let A € Goo(d) and let
R? = E|(0) ® E2(w) 3)

be an invariant splitting of A with dim E;(w) = d;. Then the splitting (3) is
dominated if and only if A is integrally separated with index di and with projections
P, being projections onto E1(w) along E>(w).

(i) Suppose that the linear cocycle A € G(d) exhibits an exponential dichotomy with
constants K > 0, o > 0 and a family of projections P,, of RY. Then the invariant
splitting

RY = E1(0) ® E2(w)

with E1(®) := P,R? and E>(w) := (id — P,)RY is dominated.
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Remark 2.8. Exponential dichotomy is strictly stronger than integral separateness: one
can construct a one-dimensional cocycle which is non-uniformly hyperbolic (say with
negative Lyapunov exponent) and join to it another one-dimensional cocycle which is
separated uniformly from the former one and has positive Lyapunov exponent (see Nguyen
Dinh Cong [19, Proposition 3.2]) to have a two-dimensional cocycle which is integrally
separated but exhibits no exponential dichotomy. In the case of ordinary differential
equations the concepts of exponential dichotomy and integral separateness are equivalent
modulo in the use of shifted equations (see Palmer [21]).

Remark 2.9.

(i) There exists an open set M C Gic(2) such that any A € M is hyperbolic
(one Lyapunov exponent is positive and the other is negative) but exhibits no
exponential dichotomy (see Nguyen Dinh Cong [19], and we remark here also that
any A € M is not a SI(2)-cocycle).

(ii) A linear cocycle A € Gyo(d) is a point of continuity of all repeated Lyapunov
exponents of A if and only if the Oseledets splitting of A is dominated or trivial
(see Bochi [6] and Bochi and Viana [7, 8]).

Now we turn to the notion of cohomology of linear cocycles which is the notion of
random basis change for the linear cocycles.

Definition 2.10. Let A, B € G(d).
(i) A and B are called cohomologous if there exists a measurable map C : Q — GI(d)
such that for almost all w € 2,

A(w) = C(0w)~ ! o B(w) o C(w).

(ii)) A and B are called Lyapunov cohomologous if they are cohomologous by a
measurable map C which satisfies

1
lim —log||CE!(0"w)|| =0 P-almost surely.
n—toon

In this case C is called a Lyapunov cohomology.

The notion of cohomology of G-cocycles for an arbitrary topological group G is defined
similarly. It is well known that if A, B € Gjc(d) are Lyapunov cohomologous, then they
have the same Lyapunov spectrum.

In the following lemmas we study the relation between cohomology and (dominated)
invariant splitting of linear cocycles.

LEMMA 2.11. Suppose that A € G(d) has an invariant splitting
R = E1(0) ® E2(@) @+ ® Ey(@), dimE;j(@) =di,i=1,....r
If the angles

LE),E\(@@ - PE_1(0)PE (0@ - DE(w), i=12...,r,
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are separated from zero by a positive constant independent of w € 2 then A is
cohomologous to a block-diagonal cocycle

B (w) 0 e 0
po=| PO D Bed@n izt
0 0 - B(o)

by a Lyapunov cohomology L(-) : Q — GI(d) which is essentially bounded together with
its inverse L(-)~1.

Proof. Choose orthonormal bases in the random subspaces E;(w), i = 1,...,r, and
compose from them a random basis { fi(w), ..., fa(w)} of R?. Define a random linear
map L(-) : Q@ — GI(d) by the formula

L) filw=e, i=12...,d,
where {ey, ..., eq} is the standard Euclidean basis of R¢. Put
B(w) := L(0w)A(w)L(w)~".

Clearly B has block-diagonal form as stated in the lemma. Moreover, by assumption there
exists a constant o > 0 such that

o < L(Ei(@), E\(@) ® - ® Ei_| () ® Eis1(0) ® - & E () < %

forallw € Qandi = 1,2, ..., r. Since the vectors f;(w) are unit vectors and inside each
space E j(w) they are orthogonal to each other, from this it follows that the matrix L(-) and
its inverse L(-)~! are essentially bounded. O

The proofs of the following three lemmas are immediate.
LEMMA 2.12. Let A € Goo(d) and let
R = E|(@) @ @ Ex(@), dimE;i(w) =d;,

be a dominated invariant splitting of A. Then A is cohomologous by a cohomology which
is bounded together with its inverse to a block-diagonal cocycle

B (w) 0 e 0
po=| D PO D B Ge =1k
0 0 - Bi(w

LEMMA 2.13. Suppose that A € G(d) has a dominated invariant splitting
R'=E (@)@ @ Ex(@), dimEj)=di,i=1,...k,

and A is cohomologous to B € G(d) by a bounded Lyapunov cohomology L which has
bounded inverse, i.e. A(w) = L(Ow) ' B(w)L(w) forall w € Q. Then

RY = L(w)E1(@) & - - - ® L(w) Ex(w) “)

is a dominated splitting of B.
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LEMMA 2.14. Let A € Goo(d) be integrally separated with index k and a family of
projections P,,. If L(-) : Q — GIl(d) is a Lyapunov cohomology which is bounded together
with its inverse and

B(w) = LOw)A(@)L(w)" ",

then B € Guo(d) is integrally separated with index k and with the family of projections
L(w)P,.

3. Cocycles with integral separateness are generic
In this section we formulate and prove the main result of the paper: an L°°-generic
cocycle is integrally separated. The technique we use is the turning solution method of
Millionshchikov [17] which, in our case, consists of a construction in an arbitrary open
set of a cocycle which is cohomologous to a triangular cocycle with integrally separated
diagonal. For this construction we also need a technique of Bochi [5] to prove that if a
splitting is non-dominated then we can perturb a cocycle on a segment of orbits to get a
cocycle which will send any given direction at the beginning of the segment to any given
direction at the end of the segment of the orbits.

First we need to study integral separateness of triangular cocycles. This is done in the
following two lemmas.

LEMMA 3.1. Suppose that A € Goo(d) has the block-triangular form
Aq1(w) 0 )
Alw) = )
@) (Azﬂw) An(®)
where A11 € Goo(d1), A2z € Goo(d2), di + dp = d. If the cocycle

2o (An(w) 0
M@‘( 0 AM@)

which is the block-diagonal part of A, is integrally separated with index dy with a family of
projections P,, being the deterministic orthogonal projection onto the subspace spanned by
{e1,...,eq ), where {e1, ..., eq} is the standard Euclidean basis ofRd, then the cocycle
A is integrally separated with index di and with a family of projections being random
projections along the subspace spanned by {eq, 11, ..., eq}.

1y 0
Lg:=|"
b < 0 :31612) ’

where I, is the unit matrix of rank r and 0 # B € R. Then Lg is a deterministic bounded
Lyapunov transformation which has the bounded inverse

_ I 0
L7l = ! .
p <0 :3_11012)

Ar(w) 0 )
BA(w) An(w))’

Proof. Put

Put
Bg(w) = LﬁA(a))LEI = (
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Then we can choose B so that Bg is arbitrarily close to A. Therefore, by Theorem 2.5
there exists f > O such that the cocycle Bg is integrally separated with index d;. By
Lemma 2.14, A is integrally separated with index d;. The characterization of projections
P, of A comes from the form of L and I3w and the fact that, for Bg close to A, the
projections of Bg are close to those of A. a

LEMMA 3.2. Let A € Gic(d) have the form

ai(w) ap(@) - arg-1(w) 0
az21(w) an(@) - axg-1(w) 0
A(w) = 0
ag-11(@) ag-12(w) -+ ag—14-1(w) 0
aq1(w) app(@) -+ agd-1(®)  aqd(w)

Assume that there exists n € N and ¢ > 0 such that for any w € Q the following inequality
holds:

n—1

[ ]1aaa® o)l = @40, @) (1 +2)7".
i=0

Then for any €1 > 0 the cocycle

ai(w) ap(@) - arg-1(w) 0
. az21(w) ap(@) - axg-1(w) 0
A(w) = 0
ag—11(®@) ag—12(@) -+ ag-14-1(®) 0

aq1(w) ap(@) - agd-1(@)  aqa(@)(1+¢&+ep)

is integrally separated with index (d — 1) with a family (d — 1)-dimensional projection P,
that are projections along the basis vector eq of the standard Euclidean basis {e1, . . ., e4}
of RY.

Proof. First we prove the lemma for the case n = 1. Note that A has block-triangular
form. Clearly the block-diagonal part of Ais integrally separated with index (d — 1). The
assertion of the lemma follows from Lemma 3.1. The general case n € N is similar. a

The following lemma is a standard technical tool from ergodic theory.

LEMMA 3.3. Assume that 0 is an ergodic invertible transformation of the non-atomic
Lebesgue space (2, F,PP). Then for any U € F with P(U) > 0 and any n > 0
there exists a measurable set V. C U such that P(V) > 0 and the sets 07"V, ...,
0V, VvV, 0V, ..., 0"V are disjoint.

Proof. 1t follows from the Halmos—Rokhlin lemma. O

Now we turn to our main problem of genericity of integral separateness of linear
cocycles. First we deal with the two-dimension case in which the main idea of the proof is
explained in detail. Denote by

cosa —sina
R, = <

sine  cosa

), o el[—m ],
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the rotation of R2 by the angle o from the direction e; into the direction e, where {eg, e2}
is the standard basis of R2. The rotation R,, has the following properties:

IRy —id|l < |a| and [R;' —id|| < |a| for—m <l|a| <, (&)

where id is the identity transformation of RZ.

Using a technique of Millionshchikov [17] and Bochi [5] we derive the following lemma
which will be a key for the proof of the main results of this paper. The ideaisif A € Goo(2)
lacks dominance then by small perturbations of A along (long) segments of orbits we
can send any given direction (at the beginning of the segments) to any given (even less
expanding) direction (at the end of the segments). Note a contrast to the dominance case in
which one cannot send the unstable direction into the stable direction by (arbitrarily) small
perturbations.

LEMMA 3.4. Let A € Goo(2) have simple Lyapunov spectrum. Assume that A is not
integrally separated (or, equivalently, the Oseledets splitting of A is non-dominated).
Then for any ¢ > O there exists an integer n € N and a set C € F of positive P-measure

such that the sets C,0C, ..., 0"C are disjoint and for any random non-vanishing vector
h : Q — R? there exist a linear cocycle B € Goo(2) and a random variable m(-) : Q@ — R
such that

n—1
1B(@) — A@)| + [|B@) ' — A) ' <& foralloe| Jo'C,
i=0
n—1

B(w) = A(w) forallw g | J6'C.
i=0

Dp(n, w)h(w) =m@"w)h(0"w) foralw e C.

Proof. Let ¢ > 0 be an arbitrary given positive number. We can assume that ¢ < 1/10.
Let
R? = E| () ® E2()
be the Oseledets splitting of A corresponding to the Lyapunov exponents A1 < Ap of the
cocycle A. Denote
1 < a:=-esssup ||[A(w)]| + esssup ||A(a))_1|| < Q.
weR weR

Choose and fix random unit basis vectors f;1 € E1(w) and f>(w) € E2(w) such that
L(fi(w), fr(w) = L(E1(w), E2(0)) € [0, g} forall v € Q.

There are two possible cases: either the angle £(f1(w), f2(w)) is separated from zero or
not.

Case 1. The angle £(f1(w), fo(w)) is separated from zero. By Lemma 2.11 we may
assume that A is diagonal and f}(w) = ej, f2(w) = ey (because A is cohomologous to a
diagonal cocycle by a bounded cohomology). Hence A has the form

_ fa1(w) 0
Mw‘(() me
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with

n—1

lim —Zlog|a,(9/w)|_x,, i=1,2, Vo e Q.

Since A is not mtegrally separated there are integers k arbitrarily large such that the set

]"[az(efa» ]"[al(efw)‘} (6)

Jj=0 Jj=0

F_{a)eQ <1 +e)l?

has positive measure. Fix some k > 2 such that (1 + e)ke* > 1 and P(F) > 0. Choose

and fix a positive number £; > 0 such that e ke 1+ s)ks > land e < (A2 — A1) /4.
Since (1/n) Z?;(l) log laz (67 w)| converges almost surely to A, as n — oo the

convergence in measure also holds. Therefore if n > 2k is large enough then,

1! . 1
P({w €eQ: - Zlog lax (0 w)| > Ay — 81}) > 1 — —P(F).
n = 3

Similarly, since (1/n) Z;;(l) loga; (A’ w) converges almost surely to A; as n — oo the
convergence in measure also holds. Therefore if n > 2k is large enough then,

n—1
1
P eQ: 1 67 A 1—=P(F).
({w Zogm( )| < 1+sl})> SP(F)
Hence the set

1n 1 .
F':=Fn {a) €Q: =Y logla(®’w)| > i —81}
nj=0

ﬂ{a)eQ:—Zlogla](@Jw)l <Al +gl}
n

j=k
k—1 k—1
= {a) €Q: |[[a/w)| < 1+ l_[al(Qja))‘
Jj=0 Jj=0
n—1 n—1
and l_[ a1 (@l w)| < "*1 e and 1_[ ar Ol w)| > e”()‘z_g')}
j=k j=k

has positive measure. Fix one such big number » € N with an additional property that
=R (hi+e1)
i—Rla—en ~ & )

By Lemma 3.3 there is a set C C F’ with positive measure such that the sets
C,0C,...,0"C are disjoint.

Thus we have found n and C. Let & : € — R? be an arbitrary given random non-
vanishing vector. Now we have to construct a cocycle B. Clearly we can assume that
[h(w)|| = 1forall w € Q.

We write the random vector /(w) in the basis {e;, e} as

h(w) = hi(w)e) + hy(w)ex, e L, hi(w), hr(w) € R.
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Our aim is to construct a cocycle B which differs slightly from A only in U?:_ol 6/ C and
such that ® 5 (n, w)h(w) is collinear to h (0" w) for all w € C.
For w € C set

1+¢ 0
B(w) = A(w) <( EE) (1+8,)_1> Ry \(w),

where r|(+) is a random variable and &’ is a small positive constant which will be specified
later. For @ = 6w with wp € Cand 1 <i < k — 1 we set

(14 ¢) 0 > _ (al(a))(l + &) 0 >

B(w) = A(w) < 0 (1+&)H ! 0 ar(w)(1 + &)1

Notice that if |rj(w)| < & forall w € C, then for any w € Uf;& 0'C we have
IB(@) — A@)| + [B@) ™' —A@) 'l < sup  6(AW@)] + |A@) " e’
wel S 6ic

< 68’ sup (| A(@)]| + | A(@) "))

weR

< 6ae’. (8)

For all @ € C we denote by fl(a)) the vector R, (,)h(w) and by g(@kw) the vector
@ (k, w)h(w) and write them in the standard basis {e], e2} of R? as

~ o () hi ()
hw) = (ﬁz«u)) = Rn@w <hz<w>> ’

k
2(0*w) = (Zzzkzi) — pk. w)h(w)

k—1 )
Hal(Q’w)(l +¢) 0
=0

_ = <ﬁl(w)>
- = o))

0 [Te@ o+ | "2
i=0

Then for all w € C we have
20 0) _ (15 a2@')(1 + ) )h@)
g10%0) (T a1@iw)(1 + &) (@)

We want to make the vector ® g(n, w)h(w) collinear to the vector 2(6" w). For this we
aim to make the vector g(Gka)) = ®p(k, w)h(w) collinear to the vector ®g(—(n — k),
0" w)h (6" w). Choosing a suitable rotation R, () with ri(w) € [—2¢, 2¢] we can make the
coordinates of the vector }Az(a)) = R, () (o) satisfy the inequalities

e <lhi)] <1, e<l|h@)|<]l.
Choose ¢’ = ¢ and taking into account the choice of k and C C F’, then we have

o 1
lg26 )] k“’)' <A+ 0 +eH) A+ = <o
181(6% )| €
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This means that the angle between the subspace generated by the vector g(#¥w) and the
subspace generated by the basis vector ¢ is less than %8.
Now, choose a rotation R, gn-1,, With [r3(6"®)| < 2¢ such that the vector

I rnn _ hl] (enw) . p—1 n
h (9 (1)) = <h,2(9na)) = Rr3(9n_'w)h(9 (,())

has coordinates satisfying the inequalities
e < |hj(0"w)| <1, & <|h(0"w)| < 1.
Then the vector

h//(@kw) — (

has the coordinates

(0% w)

. o N hi(@”w)
h’z/(Gka))> =Dp(—(n—k),0 a))< )

h, (6" w)

n—1 —1
h{ (0" w) = (1‘[ m(@"w)) h} (0" w),
i=k
n—1 ) -1
hy (0" w) = (1‘[ az(G’w)) h5 (0" ),
i=k
which, by virtue of (7) and the choice of F’, satisfy the relation
@ o)l _ [lSm@ o)1 _en b0t 2
R{ 0% )| ™ [l ax@iw)| e ~ e PR e = g

IA

This means that the angle between the subspace generated by vector h”(6*w) and the
subspace generated by the basis vector e; is less than %8. Therefore, we can find a rotation
R, 0kw) with ra(0%w) € [—4e, 4¢], w € C, such that the vector er(gkw)g(Gka)) is collinear
to the vector 1" (6% w).

Now for any w € C we put

B(0*w) = A )R, g0
B(O" @) = Ry gn-1,)A0" ),
andfori =k+1,k+2,...,n—2 we set
B0 w) = A0 w).
Thus we have constructed B(w) for all w € |J'—, 6°C. Forw € Q\ U/, 6'C we

set B(w) = A(w). By the construction of B, the vector ®p(n, w)h(w) is collinear to the
vector h(0"w) for any w € C as

Pp(n, wh(w) = Ppn — k, 0*w)Pp(k, w)h(w)
= Rr3(9n—lw)q)A(n — k, Gka))er(ekw)g(Gka)).
From equations (5) and (8) and the construction of B, it follows that for any w €
Ufl:_()l 0'C we have

IB(@) — A()|| + |1B@)™ —A@)™ ' < sup  (JA@)] + |Aw) "' )12e
welJlZy 6iC

< 12as.

Since ¢ is arbitrary the lemma is proved in this case.

https://doi.org/10.1017/50143385705000337 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000337

A generic bounded linear cocycle has simple Lyapunov spectrum 1789

Case 2. The angle 4(f1(w), f2(w)) is not separated from zero. Denote by ¢(w) the
angle £(f1(w), f(w)) € [0, w/2]. We can assume that the set F = {weQ:pw) < e}
has positive measure.

By Oseledets theorem, for almost all w € 2 we have

—1
lim — logsinp(0"w) =0,
n—oo n

therefore the convergence in measure also holds. Similarly for the limit

.1 [P4(m, ) fr(@) |l
lim —log =i —A
m=xoom = [[Pa(m, w) fi(w)|l

Hence the measure of the set
—1
F, = {a) €Q:—logsing(@"w) < ¢
m

1 [Daim + 1, w) f2(0) ]l
and — log >k —A—¢
m [Pa(m + 1, @) fi()|l

[Pa(—m, w) f2(®)|l
[Pa(=m, @) fi(®)|l
tends to 1 when m — oo. Clearly, we may assume that 0 < ¢ < (A2 — A1)/2. Fix some
large m € N satisfying

1
and — log >k2—k1—£}
—m

2 A
ehamh=Om o 2 and P(F,) > 1 - B(F).
&

Therefore, the set F = Fn F,, has positive measure. Choose n = 2m + 1.
By Lemma 3.3 there is a set C’ C F’ with positive measure such that the sets
o—mc’ oMt .. 07, ¢, 0C, ..., 0™ C are disjoint. Put C := 0~"C’.

Thus we have found n and C. Let & : @ — R? be an arbitrary given random non-
vanishing vector. Now we have to construct a cocycle B. Clearly, we can assume that
|h(w)]| = 1forall w € Q.

We use an idea similar to that of the proof of Case 1 above. For the random vector 4 (w)
we write it in the basis { f1 (w), f>(w)} as

h(®) = hi(@) fi(@) + " () L(@), ©€Q, h(),hw) eR.
For any w € C we set
B(w) = A(@) Ry ()
B(0" w) = A(0" w)Rys0m0)
BO"'w) = R, gr1,)A0" o),

and
B(O'w) = A(®'w) foralll <i<m—1landm+1<i<n-—2,

where r;(-), i = 4,5,6, are random variables which will be specified later. For w €

Q\ ') C we set

=

B(w) = A(w).
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Notice that if |r; (w)| < &’ where they are defined (i = 4, 5, 6), then we have

IB(@) — A@)| + [|B@)™ ' =A@~ "< sup  2(JAW@)] + [A@) e’
wel I, 6iC

<2as'. )
Clearly, we can choose r4(w) € [—2¢, 2¢] such that for all w € C the vector
1 (@) = Reyh(@) = b} (@) fi (@) + by (@) fr(@)
has coordinates /| (), hy () € R satisfying the inequality

|y ()] _ sin(£(fi (@), (@) .
W (@) Isin(£(f2(@), b (®)))]

For w € C we introduce the notation

D 4(m, ) (®) =: hO"w) = h1 (0" w) {1 (0" ®) + (0" o) (0" w),

where /1 0" w), ﬁz(Qmw) € R are the coordinates of the vector lAz(@ma)) in the basis
{f1(0™w), f2(0™w)}. By the choice of m we have (recall that 6™ w € C’)

726" 0)| _ @) |94t ) L@ iriy—e) -
h@mw)  h @) [®40m, o) fi@)] ~ =

™ N

Hence the angle between the subspace generated by the vector h(6™w) and the subspace
generated by the vector f>(6™ w) is less than ¢.
Now, for all w € C we choose r¢(6"w) € [—2¢, 2¢] such that the vector

R,;}gnw)h(enw) =: h"(0"w) = h{(0"w) 10" w) + h5 (0" w) (0" w)
has coordinates 17 (0" w), h}) (6" w) € R satisfying the inequality
|h] (0" w)|
ﬁ > &
|75 (0" w)
For all w € C we introduce the notation
Da(—(n —m), 0" w)h" (0"w) =: h(0" w) = h1 (0" w) f1(O" ®) + hy (0" ®) (0" w),

where h1(0™w), h2(0"w) € R are the coordinates of the vector 7(8™w) in the basis
{f1(0"w), f>(6™w)}. By the choice of m we have

1@ ) _ 1@ )] [Pa(=(1 =m) 8" 1O O _ i) -
i @mw)| B3 @ )] [®a(—(n —m). 0"w) @ )] — -

™ N

Hence the angle between the subspace generated by the vector h(0™w) and the subspace
generated by the vector f1(6"” w) is less than ¢.

Since §”C = C' C F, the angle between the subspaces generated by the vectors
f1(0"w) and f2(0™w), w € C, is less than &. Hence the angle between the subspaces
generated by the vector fz(@’"(u) and the vector 1(6™w) is less than 3s. Therefore, there
exists r5(0"w) € [—4e,4e] such that the vector Rrs(gmw)fz(e’"a)) is collinear
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to the vector E(G’”w). Thus we have chosen the rotation R,gm), and hence constructed
the cocycle B. From the construction of B it follows that the vector ® g (w)h(w) is collinear
to the vector 4 (6" w) for all w € 2, and for any w € U?:_ol 6/ C we have

IB(w) — A@)|| + [B@)™ ' — A@) 7' < sup  (JA@)] + |A@)~"])8e
welJIZ, 6iC

= 8ae.
Since ¢ is arbitrary the lemma is proved. o

Now we turn to the general d-dimensional case. First we construct a rotation in RY
which is to be used in this case. Let @ and b be two vectors of R? such that ||la|| = ||b|| = 1
and |{a, b)| < 1. We define the rotation R, p s of the vector a by the angle § € [—m, 7]
into the direction of the vector b in R? as follows.

Set
a— {(a,b)b

a:= ——, U :=span{a, b} = span{a, b}.
lla — (a, D)b||

The rotation R, 5 is defined to be the linear orthogonal operator of R4 which acts as the
identity on U L and acts on the orthogonal basis vectors b, a of U as

Rupsb =bcosd —asind, R, psa=bsind+ acoss.
The operator R, 5, s has the properties

£(Rapsa,b)=4(a,b)—35 for0 <18 <4L(a,b), (10)
IRa,p,5 —id| < 18] and |IR} s —idl < 8] for—m <3| <, an

where id is the identity transformation of R?.
The proof of Lemma 3.4 allows us to strengthen it to the following lemma for the general
d-dimensional case.

LEMMA 3.5. Letd > 2 be an arbitrary integer and let A € Goo(d) have simple Lyapunov
spectrum. Assume that A has no dominated splitting. Then for any & > 0 there exists an
integer n € N and a set C € F of positive P-measure such that the sets C,0C, ...,0"C
are disjoint and for any random non-vanishing vector h : Q@ — R? and any measurable set
Z C C of positive measure there exist a linear cocycle B € Goo(d) and a random variable
m(-) : Q@ — R such that

n—1
1B(@) — A@)| + [B@) ™' — A) ' <& foraloe| o'z, (12)
i=0
n—1 )
B(w) = A(w) forallw¢ | o'z, (13)
i=0
®p(n, w)h(w) =m@"w)h(0"w) forallw e Z. (14)

Proof. We indicate the necessary modifications to be made in the proof of Lemma 3.4 to
make it applicable to our d-dimensional case.
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(1) To change from the two-dimensional case to the d-dimensional case we have to
use the rotation R, 5 s of the space R4 instead of the rotation R, of R? considered in
Lemma 3.4. Moreover, since instead of two basis directions { f](w), f>(w)} we have
d basis directions { fi(w), ..., fa(®)}, the number k in the proof of Lemma 3.4 has to be
increased and we have to apply more rotations to move the vector i (w) to the direction
h(@"w) (we move h(w) into the direction fd,1(9k1a)), then move it to the direction
fd,2(9k2w) and so on to the direction fi (6%-1) and then rotate it by a small rotation
such that we will arrive at the direction 4 (0" w)).

(2) It is straightforward to make a change from the set C in Lemma 3.4 to a measurable
subset Z C C in this lemma. O

The following theorem is the main result of this paper. In this theorem we use the
technique of Millionshchikov to perturb an arbitrary cocycle A € Goo(d) to get a cocycle
which is cohomologous to an integrally separated cocycle.

THEOREM 3.6. Let A € Guo(d). In any neighborhood of A there is a cocycle which is
integrally separated.

Proof. The idea of the proof of this theorem is to follow the technique of Millionshchikov
and use the result of Lemma 3.5 to perturb a non-integrally separated cocycle to get a
cocycle with one invariant direction with good growth rate; then perturb it further to get a
cocycle with one integrally separated direction. By restriction to the (d — 1)-dimensional
(integrally separated) invariant subspace we reduce the dimension by one and the induction
does the remaining work.

By a theorem of Arnold and Cong [4] on the density of simple Lyapunov spectrum we
may assume that A has simple Lyapunov spectrum. If A is integrally separated then we
are done. Suppose that A is not integrally separated with any index. Let ¢ > 0 be an
arbitrary given positive number. Take a number n and a set C according to Lemma 3.5.
By Lemma 3.3 we may choose a measurable Z C C of positive measure such that the
sets Z,0Z,...,0™ Z are disjoint, where n; € N is a given integer whose value will be
specified later. Clearly, we can assume that n € N is so big that e 7*" < ¢/2. Set

1 <a:=esssup|A(w)| + esssup ||A(a))_l|| < 00.
weR weR

Now we construct a cocycle A near to A and an invariant one-dimensional subspace of
A which is generated by a random vector g(w) in several steps as follows.

Step (i). For all w € 6" Z we set A(a)) = A(w), and denote by g(w) a unit vector of R4
such that

[Pa(n, @)g@)|| = [|Pa(n, w)]. 15)

To make the choice of g(w) more precise and make it measurably dependent on w, in
case there are more than one such unit vector satisfying equality (15), we choose the unit
vector g(w) which has the smallest coordinates in the standard basis of R? (the vectors are
written in the standard Euclidean basis of R? and they are compared by coordinates in the
lexicographical way). Thus, in this step, A(a)) is defined for w € 6" Z and g(w) is defined
forw e 0"Z.
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Step (ii). Forw = 0wy withwg € 6" Z andi = 1,2,...,n — 1 we set A(a)) = A(w) and

g(@) = @4 (i, wo)g(wo)-

For w = 6" w(y with wy € 6" Z we set
g(w) = @ ;(n, wo)g(wo)-

Thus, in this step, A(a)) is defined for w € 0'Z withi =n+1,n+2,...,2n—1and g(w)
is defined for w € 6'Z withi = n+ 1,n+2,...,2n.

Step (iii). For o = 0"wy with wy € 0"Z we add a small rotation to A to obtain A as
follows. Denote by g(w) a unit vector of R4 such that

[Pa(n, @)g(@)]| = [[Pa(n, w)]. (16)

To make the choice of g(w) more precise and make it measurably dependent on w, in
case there are more than one such unit vector satisfying equality (16), we choose the unit
vector g(w) which has the smallest coordinates in the standard basis of R? (the vectors are
written in the standard Euclidean basis of R? and they are compared by coordinates in the
lexicographical way). If 7/2 — ¢ < £(g(w), g(w)) < 7 /2 then we put

A@) = A©)Ry(w). 0.
if 1/2 < £(g(w), g(w)) < /2 + ¢ then we put

A(@) = A@) Ry(w) 30,

if £(g(w), g(w)) <m/2 —¢eor £(g(w), g(w)) > /2 + & we put A(a)) = A(w).
Forw = 0'wo withwp € 0"Z andi =n+1,n+2,...,2n — 1 we set A(w) = A(w)
and

g(w) = &4 (i, wp)g(wo).

For w = 02w with wy € 8" Z we set
g(w) = @ ;(2n, wo)g(wo).

Thus, in this step, A(a)) is defined for w € ' Z withi = 2n,2n+1,...,3n — 1 and g(w)
is defined for w € ' Z withi =2n+1,2n 42, ..., 3n.

Step (iv). Continuing as in Step (iii) we define A(a)) for w € 6'Z with i = 3n,3n +
1,...,nn — 1 and define g(w) forw € ' Z withi =3n +1,3n+2, ..., nin.

Step (v). Note that we can decompose the set 8” Z into the disjoint union

0"7 = G V; (17)

i=n(n;—1)

with the sets V; defined by

Vi={web"Z|0weZand0/w¢gZforall j=0,1,...,i—1}.

https://doi.org/10.1017/50143385705000337 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000337

1794 N. Dinh Cong

Some of the sets V; might be empty (or have zero measure). Consequently, the space €2 is
decomposed into the following disjoint union of measurable sets:

Q= <]Lijoefz> U<i=n(C1jll)liL=jl ekv,-).

Step (vi). Let V,,, be an arbitrary set from (17), m > n(n; — 1). Let m = kn + r with
0<r<n,k>n.
In Steps (i)-(iv) we have constructed the random matrix A(w) for @ € 6'Z with

i=n,n+1,...,nn—1and g(w) forw € 0'Z withi =n,n+2,...,nn. Consequently,
we have constructed the random matrix A(a)) forw € 01V, withi =n,n+1,...,nn—1
and g(w) forw € 6'V,, withi =n,n+2,...,nn.

Performing a similar procedure further for V,, like that of Steps (iii)—(iv) for Z we
define the random matrix A(w) forw € 0'V,, withi =n,n+1,...,kn — 1 and g(w) for
weOV,withi=n,n+2,..., kn.

Forw € 0'V,, withi = kn,kn+1,...,kn+r — 1, hence w = 6’ wp with wg € V,, we

set A(w) = A(w) and g(w) = D 4 (i, wo)g(wp).
For w = 6" wp with wy € V,,, hence w € 0™ V,, C Z, we set g(w) = @ ;(m, wp)g(wo).

Step (vii). Perform the procedure in Step (vi) for all V,,, m > n(n; — 1). Then we
have constructed the random matrix A(w) for @ € Q\ U?;(; 0'Z and g(w) for w €
Q\UiZl o'z

On the orbit segments U::ol 6! Z we use Lemma 3.5 to perturb the random matrix A (w)
to get a random matrix A (w) (and to define g(w) on Ul'-’;ll #'Z) such that A(a)) is e-close to
A on this measurable set and leave the one-dimensional subspace generated by the random
vector g(w) invariant, i.e.

® ; (i, w)g(wp) is collinear to g(@iwo) forallwge Z, i =1,2,...,n.

After performing these steps we have constructed a random matrix A(w) which is
e-close to the random matrix A(w) and a random vector g(w) which generates a one-
dimensional invariant subspace of A. Moreover, by the construction of g and A, for all
weV,CcO0"Zi=nn—1D,nni—1D+1,n(n;—1)4+2,...)andallk = jn <i—n
we have

£ _
I ;(n, 0¥ w)g(O* w)|| > Encb/;(n,ekw)n > e P 4 (n, 0* 0], (18)

i.e. the vector g(w) has growth rate near to the growth rate of the norm of the random
matrix A(w). Choose n; > 4 so large that

(14 a)™ < e,

then we have forallw € V; Cc 0"Z (i = n(n; — D,n(ni — D+ 1,n(n1 — 1) +2,...),
k=—-n+1,...,0,1,...,i the inequality

1® 4 (nny, 0*w)g(OFw)|| = e=*" ™M=V ® 2 (nny, B*w) | (1 + @) ="

> 72| D 1 (nny, 0¥ o).
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Consequently, for all w € 2 we have

1®4(nn1, w)g(@)]| = e > @ 4 (nny, ). (19)
For all w € 2 set
hy(w) = 8(w)
g (@)l
and extend it to a random orthonormal basis {h(®), ha2(w), . .., hg(w)} of RY. Define a

random orthogonal transformation L(w) : R — R< by
Lw)e; =hj(w), i=1,2,...,d.

Then L transforms the cocycle A into a block-triangular cocycle

bi(w) bi(w) --- 0
By = | P e ]
bai(w) bax(w) -+ bga(w)
that is
B(w) = L(Ow) 'A(w)L(w).
Since L is orthogonal, | B(w)|| = ||A(a))|| for all w € Q2. By the construction of L and B,

from (19) it follows that for all w € €2 the following inequality holds:

nin—1 )
l_[ [baa(0' )| = | Pp(nin, w)| exp(=2enn). (20)
i=0
For all w € Q2 set
bii(w) bp(w) --- 0
Bloy= |21 PR e
ba1(w) bar(w) -+ bga(w)(1 + 4e)

Then, due to equation (20), by Lemma 3.2 and Theorem 2.7(i), B has a dominated splitting
R? = Ei(0) ® Ea,

where E1 is arandom (d — 1)-dimensional subspace and E; is the subspace of R? generated
by the basis vector e¢4. Since L is an orthogonal transformation the splitting

R? = L()E1(®) ® L(w)E>
of the cocycle
C(®) i= L(Ow)B(w)L(w)~"

is dominated. Furthermore, by construction, the cocycle C is ae-close to A in the
space Goo (d), where a is a positive constant depending only on a. Hence C is (a+1)e-close
to A.

Now we restrict the consideration to C and to the invariant (d — 1)-dimensional subspace
L(w)E1(w) from the dominated splitting of C and apply again the above procedure.
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After (d — 1) steps we get a cocycle D which has an invariant splitting of R? into d
one-dimensional random subspaces which is dominated and D is Me-close to A in the
space Goo(d). The cocycle D is clearly cohomologous by a bounded cohomology L
which has bounded inverse to a diagonal cocycle which is integrally separated, hence by
Lemma 2.14 D is integrally separated. Since ¢ is arbitrary the theorem is proved. a

THEOREM 3.7. The set H of cocycles with integral separateness is open and dense in the
space Goo(d).

Proof. 'H is open by Theorem 2.5 and dense by Theorem 3.6. O

THEOREM 3.8. The set of cocycles with simple Lyapunov spectrum and dominated
Oseledets splitting is generic in Goo (d).

Proof. 1t follows from Theorem 3.7 because a cocycle with integral separateness has
simple Lyapunov spectrum and dominated Oseledets splitting, hence every cocycle from
‘H has simple Lyapunov spectrum and dominated Oseledets splitting. Note that the set H
is ‘very large’: it is open and dense in (G (d), p). O

COROLLARY 3.9. The set of cocycles which exhibit exponential dichotomy (hence are
uniformly hyperbolic) is generic in the space of bounded SI(2, R)-cocycles.

Proof. It follows from the fact that any S/(2, R)-cocycle with integral separateness exhibits
an exponential dichotomy, and the fact that the rotation and perturbations we performed
in the proofs of Lemmas 3.4 and 3.5 and Theorem 3.6 keep the perturbed cocycles in the
class of S/(2, R)-cocycles (there is a minor change to be made in the construction of Bin
the formula (21) to keep the perturbed cocycle B in the class of SI (2, R)-cocycles). O
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