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Abstract

This paper formulates and solves a new problem of global practical inverse optimal exponential path-tracking con-
trol of mobile robots driven by Lévy processes with unknown characteristics. The control design is based on a
new inverse optimal control design for nonlinear systems driven by Lévy processes and ensures global practical
exponential stability almost surely and in the pth moment for the path-tracking errors. Moreover, it minimizes cost
function that penalizes tracking errors and control torques without having to solve a Hamilton—Jacobi—Bellman or
Hamilton—Jaccobi—Isaacs equation.

1. Introduction

Wheeled mobile robots subject to nonholonomic constraints have a wide range of applications. Their
control receives extensive attention from both control and robotic communities, see refs. [1, 2, 3, 4]
and references therein for an introduction to this expanding area. Excellent control results have been
obtained. Due to their nonholonomic constraints, see ref. [5] (hence, no stationary continuous state
feedback controller can stabilize them), the results on control of mobile robots are often classified into
stabilization (where either time-varying or discontinuous controllers were designed, see for example refs.
[6,7,8,9, 10]), trajectory-tracking (where the mobile robots must track reference positions, orientation,
and time, see for example refs. [9, 10, 11, 12, 13]), path-following (where the mobile robots must move
on a reference path with a desired velocity, see refs. [6, 14, 15, 16]), and path-tracking (an interlaced
objective between trajectory-tracking and path-following, where the mobile robots must track a reference
path but without tracking time, see refs. [17, 18, 19, 20, 21, 22, 23]). In the above works, Lyapunov’s
direct method in ref. [24] and backstepping technique in ref. [25] are often used, where the orientation
(heading angle) is usually considered as an immediate control to control the positions of the mobile
robots to overcome the difficulty due to the fact that the sway axis is unactuated. There are several issues
with the above works. First, dynamics of the mobile robots either ignore external disturbances or include
deterministic disturbances. Second, when tracking/following a straight line (a linear reference trajectory
or linear path), only (global) weak asymptotic stability (see ref. [26] for a definition of weak and strong
asymptotic stability) is achieved. Third, the control design is not optimal in the sense that no meaningful
cost function (that penalizes both tracking/following errors and control inputs) is minimized. The aim
of this paper is to relax the above limitations.

Most dynamical systems including wheeled mobile robots are subject to complex external dis-
turbances, which can be modeled by Lévy processes because they can be decomposed to drifts
(deterministic), diffusions, and jumps thanks to the It6-Lévy decomposition, see ref. [27]. While
excellent and extensive control design results are available for systems driven by diffusions (in refs.
[28, 29, 30, 31, 32], there are a few recent works on control of systems driven by Lévy processes
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(in refs. [33, 34, 35, 36, 37, 38, 39]). This is mainly due to difficulties in handling an extra term due to
the random jumps in the infinite generator of a Lyapunov function candidate in addition to the Hessian
term, which only appears in a system driven by diffusions.

When controlling a dynamical system, in addition to fulfillment of a control objective, control effort
should not be unnecessarily wasted and the control gain margin should be as large as desirable. These are
achieved by an optimal control design in ref. [40]. However, (direct) optimal control of nonlinear systems
was abandoned because solving Hamilton—Jaccobi—Bellman (HJB) or Hamilton—Jaccobi—Isaacs (HJT)
equations is a formidable task. The inverse optimal control approach in refs. [40, 41] relaxes the above
task, where the cost functional is specified by the designer rather than being pre-specified. While inverse
optimal control of stochastic systems driven by diffusions was considered with excellent results (in refs.
[28, 29, 41, 42]), it is only recently considered for stochastic systems driven by Lévy processes in ref.
[43], where the Lévy processes exclude a drift term and the auxiliary system used for inverse optimal
control design with gain assignment is required to be global exponential stable (either almost sure (a.s.)
or in the pth moment). This paper proposes a new inverse optimal control design result that relaxes the
above limitations. The main contributions of this paper are threefold as follows.

First, the optimal control problem that forces a mobile robot subject to complex disturbances modeled
by Lévy processes to track a reference path is formulated as minimizing worst case risk in the risk-
sensitive theory, see Control Objective 2.2 and Remark 2.2. The cost function penalizes the tracking
errors, control torques provided by motors, and external disturbances. This formulation allows us to
solve the optimal tracking control problem without having to solve a HJI equation.

Second, a new theorem (Theorem 3.2) is developed to design inverse optimal gain assignment stabi-
lizers for nonlinear systems driven by Lévy processes with unknown noise characteristics. This theorem
utilizes Theorem 3.1, which is a generalized version of Theorem 2.1 in ref. [39] to handle a persis-
tency excitation (PE) condition in the infinitesimal generator of the Lyapunov function, to develop a
control design method that minimizes a cost function penalizing states, control, and disturbances with-
out having to solve a HJI equation. The control Lyapunov function is a solution to a family of HJI
equations. Arbitrary disturbance attenuation can be achieved. In addition, the proposed inverse opti-
mal stabilizers have an infinite gain margin. In comparison with the recent work in ref. [43], Theorem
3.2 allows unknown drifts in the Lévy processes and practical exponential stability of the auxiliary
system.

Third, guided by Theorem 3.1, a new inverse optimal path-tracking controller is designed for mobile
robots subject to external disturbances modeled by Lévy processes summarized in Theorem 4.1. In the
design, the robot dynamics are directly considered (without a coordinate transformation as in existing
works). The main ingredients used in the control design include a special design of the rate of the path
parameter of the reference path, which results in global (practical) exponential stability of the tracking
errors both a.s. and in the pth moment, quartic Lyapunov functions, and Theorem 3.2.

In comparison with the existing works on controlling mobile robots, the inverse optimal control
design for mobile robots in this paper has three distinct features. First, external disturbances are allowed
to be complex as they are modeled by Lévy processes. Second, the control design achieves global expo-
nential stability of the tracking errors both a.s. and in the pth moment. This is much more desirable than
either global weak or strong asymptotic stability in the sense that while global exponential stability is
usually robust to arbitrarily large input disturbances, global weak asymptotic stability can only be robust
to small input disturbances and global strong asymptotic stability does not result in a fast convergence
when the states are in the neighborhood of the origin. Third, the control design yields a tracking con-
troller that has an infinite gain margin and minimizes a cost function. This cost function puts appropriate
penalty on tracking errors, control torques, and disturbances.

Notations. The symbols A and Vv denote the infimum and supremum operators, respectively. The symbol
E denotes the expected value.
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Figure 1. Robot parameters.

2. Problem statement
2.1. Robot dynamics

We consider a unicycle-type mobile robot with no wheel slips, see Fig. 1 where each actuated wheel is
driven by a motor (to provide control torque), while the passive wheel is added for safety. This robot has
the following dynamics, see ref. [44]:

= %(a)l + ) cos (),

§= §<w1 + o) sin (),
(1)

¢= é(wl — ),
Mw=—-C(w; —w)w—Do+T1t+ E,

where (x, y) denotes the position, that is, the coordinates of the middle point, Py, between the left and
right driving wheels, and ¢ denotes the heading angle of the robot coordinated in the earth-fixed frame
OXY, see Fig. 1, w = [w; w,]" with @, and w, being the angular velocities of the wheels of the robot,
T =[1; ©]7 with 7; and 7, being the control torques applied to the wheels of the robot. The mass matrix
M, skew-symmetric matrix C, and damping matrix D in (1) are given by

M- my mp ,C:E 0 1 D= dyi 0 @
mp My 2b | —1 0 0 dx»
with
c=—r’ma, m =Lr2(mb2+1)+l mlzzirz(mbz—l)
2 4b2 4b? ’ 3)

m=m.+2m,, [= mca2 + 2mwb2 +1.+21,,

where m, and m,, are the masses of the body and wheel with a motor, respectively; I, I,,, and /,, are the
moments of inertia of the body about the vertical axis through P, (center of mass), the wheel with the
rotor of a motor about the wheel axis, and the wheel with the rotor of a motor about the wheel diameter,
respectively; r, a, and b are defined in Fig. 1; the nonnegative constants dj; and d», are the damping
coeflicients; E denotes the disturbance vector. The disturbance vector E enters at the torque level rather
than at the velocity level as in refs. [29, 45, 46, 47] to reflect the external moments induced by external
objects. In this paper, we use the stochastic treatment with Lévy processes (rather than deterministic
and probabilistic [48]) because they can cover a number of important processes such as Wiener process
(or Brownian motion), Poisson process, stable and self-decomposable processes and subordinators, see
ref. [27]. For example, the robot can be exposed to a bombard of surrounding objects, which result in
jerk noise modeled as the sum of independent random variables hitting the agents at Poisson times.
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Jerk noise is a Lévy process (a process with stationary independent increments) and is a natural non-
Gaussian generalization of white Gaussian noise. Therefore, we model Z as Lévy processes, which can
be decomposed into drifts (deterministic), diffusions, and jumps due to the It6—Lévy decomposition,
see ref. [27]:

E=000)+ 91(0

) 4 Z oV(1) / an, (dt dé’) (4)

éj\<sj

Each term in the above expression is explained as follows. The term 6((¢) denotes the unknown (but
bounded) deterministic disturbance. The term ®1(t)dv;t(t) denotes the stochastic diffusion disturbance

with ®; being an unknown (but bounded) covariance matrix of the Wiener process vector W(t). The

dN;(dr.d
term Z 21 9 (1) f‘ El<e; i dt 5) with my > 1 and g; > 0 denotes the stochastic jump vector with @9 (1)

being an unknown matrix and Nj(dt, dg&;) = N;(dt, d§;) — dtv(d§;), where N;(dt, d§;) is the ]‘h Poisson
random measure and v(d§;) is the jth intensity measure. See Section 3 for more details.
Substituting (4) into (1) yields the stochastic dynamics of the mobile robot:

dx = %(a)l + wy) cos (¢)d,
dy = 3(@1 + ) sin (@)

wzim—mw, )

Mdw=[—C(o; — 0)0 — Do + T + 00(1)]dt + O, (1)dW (1) + Z ®Y (1) / dN(dt, d&)).

j=1 EJ‘<57

2.2. Control objective

In this paper, we address the following exponential and inverse optimal path-tracking control objective:

Control Objective 2.1. Assume that the reference path (x,(s), y4(s)), with s being the path parameter, is
non-singular, that is, there exists a strictly positive constant &; such that

X7 (s) +yi(s) > e1, (6)

where x/,(s) = xd and y,(s) = 8)" . The desired rate 5, of the reference path parameter is smooth and
bounded and satlsﬁes the PE condmon

Ji Ga(0)?dT = &2t — 19), (7)

where &, is a strictly positive constant. The reference heading angle ¢, is defined as:

Ya(s(®)
X (s(0) + y7 (s(1)

®)

¢q(s(t)) = arcsin

Under the above assumptions, design the control input vector T to achieve two desired properties:

(1) Global practical exponential stability in the pth moment, a.s., and in probability of the tracking errors
(X = X4,y = Ya, ¢ — ¢a)-
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(2) A cost function penalizing both the tracking errors and the control effort. Specifically, this cost
function is of the form:

! 1
J(w)=sup | lim supE 1S (Xe(r), 1) + f ¢ (Xe,r)+372< R} (X..r) 7, )-)70(||00||)
D —00 10
(leef1) Zm] ;) |drt|. ©)

where D :=(0y, ®, w) € Dy x D; x D, with D;,i =0, 1, 2 being bounded sets, which the unknown
Lévy characteristics (i.e., the drift 6, the covariance matrix ®@;, and the intensity measure @ :=
col(wy, - - - , @y,) with @;:= f\éjks, v;(dg;)) belong to; X, denotes the tracking error vector; 7, =
T — 14 with 7, being the reference torque input, that is,

T,=C(wig — wry)ws +Dw; +Mwy,, (10)
with @; = [w1g w]" being the reference angular velocities of the wheels; S is a positive definite
function; ¢ is a positive definite function for all # > 7y > 0 and ||X.|| > § with § > 0 being a positive
constant; R, is a positive definite matrix; and y;, i =0, 1, 2, 3/ are class K -functions, whose derivative
VAN dyz(r)

Yy = == is also a class K -function.

This control objective deserves the following discussions.

Remark 2.1. The PE condition (7) implies that we are solving a path-tracking control problem (not
a stabilization problem) and that the robot allows to forward tracking (for the case s; > 0), backward
tracking (for the case §; < 0), and repeat of forward and backward tracking (s, is both positive and
negative such as §; = sin (¢)). Moreover, the reference path (x,, y,;) can be a curve or a straight line or a
combination of both. A simple calculation shows that

Xg = c08 (¢a)ua$,

Ya = sin (@q)itas, (11

where ity = /X7 +y7.

Remark 2.2. In the risk-sensitive theory, the cost function (9) refers to as minimizing worst case risk.
This cost function is elaborated as follows. Let § be a nonnegative constant. Define the set

)

1
= { (IXcll =8N <<P Xe, ) + 12 <HR§ X, 1) Te
(12)
= sup | 7o (160l + 71 (1©:©71) +Zy3, ()
Jj=1
We consider two cases: inside of the set A and outside of the set A.

(1) Inside of the set A: In this case, J(t,) is positive definite. We rewrite (9) as follows:

t my
sup | lim sup E / 70 (100D + 71 (1€:1©71) + D" 9y () | dr ¢ | +7 (z)
1) j=1
(13)

IGER

1
:11m1—>oo SUPE {S (Xe (t) > t) + ft:) |:(P (Xe’ r) + ];2 <HR22 (Xe, r) Te
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Now, it is seen from (13) that for given bounded Lévy characteristics (0o, @1, w;,j=1,--- ,mo),
minimizing J(z,) will result in minimization of (a time-integration of) the magnitudes of the tracking
errors X, and the control 7,. Moreover, the class Koo-functions y;,i =0, 1,2 and ys;, and positive
definite functions ¢(X,, r) (recalling that this case is inside of the set A) and S(X,, t) are the design
functions. Thus, when J(t.) is minimized, the affect of the Lévy characteristics on the robot is reduced,
that is, disturbance attenuation is achieved.

(2) Outside of the set A: In this case, we have the bounds:

! 1
(Xl <8)U <t1ir§o sup E { / [go Xeu1) + 72 (HRZ Xeur) Te
o

)J“))

- (14)

t my
< sup ( Jim sup® / 70 (100D + 71 (1€:1071) + D" 9y () | ar

o j=1

regardless whether J(7,) is minimized or not. The above inequality shows the disturbance attenuation
because the class Ko.-functions y;,i =0, 1,2 and )73j, and positive definite function ¢(X,,t) are the
design functions as discussed in the previous case. Since the tracking errors X, and the control 7, have
relatively small magnitudes in this case, their minimization is not critical.

3. Inverse optimal stabilization of systems driven by Lévy processes

This section presents a concept of SDEs driven by Lévy processes, definitions of solution and stability,
and a Lyapunov-type theorem on well-posedness (existence and uniqueness) and stability of SDEs. Then,
a theorem is developed to design an inverse optimal stabilizer for nonlinear systems driven by Lévy
processes. The results in this section will be applied to mobile robots in Section 4.

3.1. Well-posedness and stability of SDEs

The following notations are taken from refs. [49, 50]. Let W(¢), t >ty > 0 be an m-dimensional standard
Brownian motion vector defined on a complete probability space (€2, F, P) equipped with a filtration
Fi=1, such that it is right continuous and ;;, contains all P-null sets. Let N = col(Ny, ..., N, ..., N, ) be an
m,-dimensional Poisson random measure vector defined on R™ x (R™2 — {0}) with an m,-dimensional
compensator vector N and my-dimensional intensity measure vector v = col(vy, ..., Vj, ..., U, ). Each
Poisson measure N;((fo, t] x A) on a Borel measurable subset A with j =1, ..., m, can be represented by
a point process g(s) with the domain D, as a countable subset of R™, which is a collection of non-
negative real numbers, that is, N;((to, t], A) = ZSEDq,tofsft 14(g(s)), where 1, denotes the indicator
function of the subset A. We assume that all N; are independent of each other, N is independent of
w, K’(dt, d&):=N(dt,d&) — dtv(d§), and fRi{O} (|§j|2 A Dv;(d§;) < 0o. We consider the nonlinear SDE
driven by Lévy processes:

my
dX(t)=F(X(t), )dt + G(X (1), t)dW(t) + Z / ) (X (1), 1, &) N (dr, d&;)
=) (15)

&jl<e;

X(t)) =Xp e R",

where X(17) =limyy, X(s); F:R" x [tp,00) - R", G:R" x [t, 00) — R, @D R" x [10, 00) X
R — R". The constant &; € (0, 00) is the jth maximum allowable jump size. We assume that F(X(¢), t),
GX(1), 1), and ®D(X (), 1, &;) satisfy the following local conditions to ensure local well-posedness
of (15).

https://doi.org/10.1017/50263574721000333 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574721000333

2312 K. D. Do

Assumption 3.1.
C1. [Local Lipschitz] For any X, Y € R" with | X|| Vv ||Y]|| <€, where €; is a positive constant, there
exists a nonnegative constant L; such that for all 7 € [#,, 00):

my
IF(X, )= F(Y, 0l + IGX, ) = G, 0)|> + / 197 (X, 1,&) — @0 (Y. 1,&) I*v; (d&))
=1 Y151

<L|X-Y|? (16)

where @ is the jth column of ®, and ¢; € (0, co].
C2. [Locally linear growth] For any X € R” with || X|| < €,, where ¢, is a positive constant, there exists
a nonnegative constant L, such that for all ¢ € [#y, 00):

mny
IFCX D17 + 1GX, Ol + ) / 199 (X, 1, &) 1Pv(d8) < L (1 + IX]I?) . (17
j=1 Y I&l=<¢;

We give definitions of solution and stability of (15), which are taken/motivated from refs. [27]
and [24].

Definition 3.1. The process X(z) is called a solution of (15) if it is R"-valued F;-adapted and cadlag
and satisfies

t t L)
X()=Xo+ / F(X(s), s)ds + / G(X(s), s)dW (s) + / > 0 (X(s7), 5, &) N (ds, dg;) .

10 10 o =1 YI§l<g

(18)
Definition 3.2. Let « be a class Koo-function, € be a positive constant, and €y be a nonnegative constant.
The trivial solution of (15) is said to be

* globally practically s -exponentially p-stable (or globally practically -exponentially stable in the
p" moment, where p > 1 is a positive constant) if

E{IX®IIP} < a(IX(t0)[I")e <"~ + €, (19)

for all X € R” with || X ||” < oo, and t € [ty, 00),
* almost surely (a.s.) globally practically no-exponentially stable if

IX()I < a(IX (o) Ne™ "™ + €, a.s. (20)
for all X(#y) € R" with || X(#)] < o0, and 7 € [t, 00).

If €9 = 0, then “practically” is dropped from the above statements. Moreover, if «( @ ) = ¢ @ with ¢ being
a positive constant, “/Co” is dropped.

The following theorem gives sufficient conditions on global well-posedness and stability of the
SDE (15).

Theorem 3.1. Under Assumption 3.1, assume further that there exists a function U(X, t) € C**!(R" x

[t9, 00)) called a Lyapunov function, a constant p > 1, and class Ky -functions oy and o, such that ¥
X, 1) e R" x [ty, 00):

a (IX117) < UX, 1) < ao(|IX]1P). 21
(1) [Well-posedness] Suppose that LU(X, t) satisfies
LUX,1) <c:(1+UX,1)) (22)
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for all (X,t) e R" x [ty, 00), where c3 is a nonnegative constant. Then, the system (15) has a unique
global solution for each X, € R".
(2) [Stability] Suppose that there exists a nonnegative function ¢4(t), which satisfies the PE condition

t

/ 20T > 4t — 10) 23)

fo

with c4 being a positive constant, and a nonnegative constant cy such that for all (X, t) € R" x [ty, 00):
LUX,t) < —¢4(0)UX, 1) + co. (24)

Then, the trivial solution of the system (15) is both a.s. globally practically K« -exponentially stable and

globally practically K« -exponentially p-stable. Moreover,

IXOIP <o) [% (1Xol1”) e R)eo A} o @S (25)
and
E{IXOP} <aj! [az (IXl7y e (=)o x} , (26)

where the constant }. is such that A > 2.
If co =0, then “practically” is dropped from the above statement. Moreover, if oj(e)=c| e and
as( @) =c; e, where c; and c; are positive constants, “Ko,” is dropped.

Proof. Proof of this theorem can be done by using the proof of Theorem 2.1 in ref. [39], and the following
lemma. U

Lemma 3.1. Suppose that x(t) € R satisfies
X< —c(t)x+co, x(to) € RY, (27)

where c(t) is a nonnegative function of t satisfies fr; c(t)dt > c*(t — ty) with c* being a positive constant,
and cq is a nonnegative constant. If co =0, then

x(t) < x(tp)e <70, (28)
If co > 0, then

x(0) < x(ag)e” )0 (29)

where A > f—% s a constant.

Proof. 1f one directly solves the differential inequality (27) to obtain the bound for x(¢), it will be
extremely hard because of the function c(¢). Here, a simple proof is provided. If ¢y = 0, then the com-

parison principle in ref. [24] and (27) implies that x(f) < x(to)e” Jip e < x(to)e=<"*=") which gives

(28). Let us consider the case ¢y > 0. Define a ball B centered at the origin with a radius A. It is sufficient
to consider the case when x(7y) ¢ BB. Then, in this case, (27) implies that

i< —cltx + %x, x(t) ¢ B. (30)
By the comparison principle, we have

x(t) <x(to)e Jio ("(f)f%")dr
(31)

< x(tgye” (= H)e=0),

which yields (29) because A > ¢ gives ¢* — % > 0 and x(ty) ¢ B. O
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3.2. Inverse optimal stabilization design

Consider the following stochastic system driven by Lévy processes with unknown characteristics:

dX(t) = (F(X(0), 1) + Go(X (1), 8o + G2 (X (1), Hu) dt + G1(X (1), 1)O1dW(t)
my
+) oV (X)) f N; (dt. dg;) (32)
=1 &1 <e;
X(t)) =Xy e R",
where the drift vector 6 takes (unknown) values in R™, the covariance matrix @, of the Brownian

motion vector W(¢) takes values in the m; x m; (unknown) nonnegative definite matrices, the integral
of intensity measure w; := f‘ v;(d&;) takes (unknown) nonnegative values, Gy : R" x [fg, 00) —

§il<ej
R™™0_and all other symbols are defined in Subsection 3.1. We assume that 6y € Dy, ®, € D, and
w € D, with w =col(wy, - - - , @,), where Dy is the set of locally bounded function of (X, ), while

D) and D; are sets of locally bounded functions of (X, 7) taking nonnegative values. The inverse optimal
control design with gain assignment is stated in the following theorem.

Theorem 3.2. Let UX, 1) € C**'(R" x [ty, 00)) be a Lyapunov function candidate satisfying (21), y»
be a class Koo-function y, whose derivative y; (defined as y,(r) = % ) is also a class K oo-function,
R>(X, t) be a symmetric positive definite matrix-valued function. Suppose that the control law ( “inverse

pre-optimal control”)
1
UxG:R, * )

A2 (33)

Ly <
u=aX,t)=—R;" (UxGy)" .
‘UXGZR; 2

where Ly, denotes the Legendre—Fenchel (LF) transform of y,, see Lemma A.2, is used for the auxiliary
system of the system (32):

dX(t) = (F(X(1), 1) + Go(X(t), N0 + Go(X (1), Hw)dt + G(X(1), 1)@ dW(1)

my

+3 0X (). 1) N, (dr, dg;). (34)
=1 1871 <e;

X(t9) = Xy € R,

where 0y € R™0; ©; € R™*™ and the intensity measure V; of the compensator ]Vj(dt, dg;) are nonneg-
ative and satisfy

£yl UxGolD)
1 UxGo >

ty1 (1G] UxxGi 1)
1G] UxxG ||?

0o = (UxGo)"

bl

0,07 =2G"UxxG,

(35)

Lyy (JUX + @9, 1) — U — Ux®@?))
UK+ @V, 1) — U — Ux®"?

s

/ V; (dg) = (UX + @7, 1) — U — Ux®?)
&1 <e;
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with yo, yi, and y3;, and their derivatives yg, v/, and y3/j being class Ko -functions, guarantees

LUX. 1)) 33,=U, + UxF + UxGfy + 3Tr (0] G| UxxG,©;) + UxGra(X, 1)
my
+Y [UE+eY, 1) —U-Uxe?) /s ‘ v;(dg;) (36)
j=1 j <£j

< —a(UX, 1)+ co

Jor a nonnegative function c4(t) satisfying ft(t) c4(T)dT > c4(t — 1) with ¢4 being a positive constant, and
a nonnegative constant cy. Then,

_1
UxG:R, * )
for all B> 2, is an a.s. and in the pth moment inverse optimal gain assignment control law for (32),
1 2 1
Jw)=sup | lim supE { 28U (X (1) ,1) —i—/ o (X, 7))+ B*» (E HRzzu
D —>00

which is continuous away from the origin and minimizes the cost function:
2[00l
) — Broyo (
i) )\'0

0,0
—,3)»1)/1(” l ”) 2/32#1)’31< w,) dr ¢ |, (38)

where D := (00,0, @) €Dy x Dy x Dy, 0 <Arg<2,0<A;=<2,0<pu; <1, and

p ()~ (
uw=aua'X,t)= —ERZ_] (UxGy)" 7
H UxGaR,

) (37)

1
(X, 1) =2B[Ly, (H UxG:R,*

) — U, — UxF — tyy (|UxGol)) — £y1 (1G] UxxGi1l)

2 |
= by (U (X+@9,1) —U - Ux®P|) 1+ B (B—2) by (‘ UxGaR, * )
Jj=1
(39)

+B (2 = 10) Lyo (IUxGoll) + B 2 = 11) €1 (IIGT UxxGi )

my
+28 Z (1= )ty (U (X +@V,1) — U — Uxy®?]).
j=1

Moreover, the Lyapunov function candidate U(X,t) solves the following family of HJI equations
parameterized by 8 € [2,00), Ag € (0, 2], A1 €(0,2], and p; € (0, 1]:

my
U, + UxF + gwo(nUxGonH?em (IGTUxxGill) + ) witys (IU (X + @9, 1) — U — Ux@?))
Jj=1
B 1), e Xon)
— =t UxGyR, * =0. 40
5 V2 xGoR, + 28 (40)

Proof. Since this theorem is more general than the ones in refs. [26, 43, 51] in the sense that it considers
the drift component of the Lévy processes, ¢4(f) in (36) is allowed to be a nonnegative function of ¢
instead of a positive constant, and the constant ¢y appears in (36), a proof is given in Appendix B. [
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Remark 3.1.

(1) The inverse optimal control #* has an infinite gain margin because f > 2. This is an important
property for robustness, see ref. [40]. As seen from Theorem 3.2 that it is not required to a HJI
to design an inverse optimal gain assignment control law. However, the Lyapunov function U(X, )
is a solution to the HJI Eq. (40). Moreover, the cost function J(u) given by (38) is resulted after
the control design instead of being pre-specified. It is seen from the cost function J(u) that the
disturbance attenuation can be achieved arbitrarily by choosing appropriate class Kno-functions yy,
v1, and y3;, see also Remark 2.2. As shown in Appendix B that the function ¢(X, ) is positive
definite for all | X||” > al_l(co /c4) and t € [1y, 00), the cost function J(u) is meaningful because it is
positive definite in both the state X (whenever || X||” > ozl_l(co /c4) ) and the control u since y; is a
class Ko-function.

(2) Inrecent direct optimal control designs proposed in refs. [52, 53, 54], with an assumption on known
Lévy process characteristics (@g, @, w) (otherwise the HIB Eq. (13) in ref. [54] is not solvable
for example) and on structure of G101, G,, R,, a HIB equation used in the optimal control design
can be transformed (via a logarithmic transformation) into a simpler partial differential equation
(PDE). However, a numerical scheme is still required to solve this PDE (whereas Theorem 3.2 does
not require to solve any HIB equation because U is a solution to the HIB Eq. (40)).

4. Inverse optimal control design for mobile robots

The control design consists of three steps by applying the backstepping method in ref. [25]. In the first
step, the linear velocity 5(w; + ;) and heading angle ¢ are viewed as immediate controls to stabilize the
position tracking errors (x — x4, y — y4). In the second step, the angular velocity 2—’b(w] — w») is viewed
as an immediate control to stabilize the error between the virtual heading angle and its actual value. In
the last step, the actual control torque vector T will be designed to stabilize the errors between the virtual
linear and angular velocities and their actual values. Convergence of the heading angle to its reference
value will be ensured through the above control design steps. Differently from the existing works in
control of mobile robots reviewed in Section 1, the above steps will be carried out such that Control
Objective 2.1 is fulfilled, that is, exponential stability of the tracking errors in the pth moment and a.s.,
and a meaningful cost function is minimized. In the control design, we choose quartic Lyapunov function
candidates instead of a quadratic one due to the diffusion term ®,()dW(¢) in the Lévy processes.

4.1. Step 1
Define

Xe =X —Xds Ye =Y — Vd»

41
be=P —ay, Wie=w; — Ay, i=1,2, “h

where ay and o, are referred to as virtual controls of ¢ and w;, respectively. Differentiating the first
two equations of (41) along the solutions of the first two equations of (5) gives

dx, = [f (awl + awz) cos(a¢) — Uy cos(¢y) s] dt+ (A + App) dt,

2
(42)
dy, = [% (awl + oth) sin(a¢) — Uty sin(gy) s] dt + (Ay + Ayp) dt,
where
r r
An=3 (ctw; + ay) (cos(@) —cos(ag)), A= 7 (@1e @) cos(¢)
(43)
r r
Ay = 3 () + @y (sin(@) —sin(ag)), Axp= 3 (w1, + w2,) sin(9) .
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To design the virtual controls 5(a,, + a,,) and ay that stabilize (x.,.), we consider the Lyapunov

function candidate
1
Ur=7 (&40 (44)

Applying the 1t6 formula, see Lemma A.1, to U, along the solutions of (42) yields

r . r . - . .
LU =x] [5 (0t + @y ) cO8(0tg) — it cOS(ha) s] +y? [5 (0, + @ty sin(ag) — ity sin(ga) s]
+x) (A + Ap) +y, (Ao + Ap).
(45)
To ensure that exponential stability of (x,, y.), we design
r - .
3 (Olwl + awz) cos(ot¢) — U cos(¢g) S =fr,,
r . -_ . .
3 (Olw. + awz) s1n(a¢) — ug sin(¢g) 5 =f,,, (46)
§=kko (1) \/1+x2+y2,
where
fro = —kikg(iixes  f, = —kakg(DitZye. (47)

ki and k, are positive constants to be chosen later; k and k() are a constant and a time-varying function,
respectively, that will be chosen for the desired rate §, of the reference path parameter s. This can be seen
from the expression of s in (46) that when (x,, y.) converge to zero (or to neighborhood of the origin),
which is guaranteed by the subsequent control design, § converges to its desired value §; = kko(#). Thus,
specifying k and ko(7) yields the desired rate $, of the path-parameter s. It will be seen shortly that the
design of § in (46) is to ensure that %(ozwl + a,) and oy are solvable for all (x,, y.) € R? provided that
the control gains k, k;, k, are appropriately chosen. This will yield global exponential stability of the
closed-loop system later. Solving the first two equations of (46) yields

Ap
oy = ¢4 + arctan )

12
% (o + ey ) = (ita cOS(Pa) 5 + f,) c08(et) + (ita sin(a) § + £y, ) sin(og) (48)
2
= Uy + Oy = - ((itg cos(@a) 5+ f,) cos(aty) + (ita sin(ga) § + £y, ) sin(erg)) :=Aay,

where

A = kiko(t)ug sin (¢g)x, — kako(t)ug cos (ha)ye,
(49)
A =k 14 x2 +y2 — kiko(1)itg cos (¢g)xe — kako(t)itg sin (¢g)ye.

To ensure that « is well defined for all (x., y.) € R?, under given k, ko(t), uy we choose ki, k» such that
(ki + ko) lko(Dua| <k, (50)

for all € RT and s € R. Then, «, and (0w, + 0y,) are smooth functions of (xe, Ye, Pa, ita> ko(2)).
Substituting (46) into (42) results in

dx, = (fi + Ar1 + Ap) dr :=F dt,

dye = (fy, + Aoy + Ay dt :=f, dt. (51
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Substituting (46) into (45) gives
LUy = —ki K (0i2x} — kokZ(0i2y? +x2(A11 + A1) + 32 (a1 + An). (52)

4.2. Step 2

In this step, we view ﬁ(a)] — wy) as an immediate control to stabilize ¢,. Differentiating the third
equation in (41) along the solutions of the third equation in (5) with «y being given by (48) yields

dg,=| — ( )+ — ( Yy — o p 2% 0 g (53)
= | — (2w, — ay — (w1, — @ - — ,
e b ; ) 2 (@1 2e be ox, 12 2y 2
with
806¢ 806¢ 80[4, . 80[,1); 80[¢ .
=— A ) - —2 Ary) — —pg — — ity — ko(1). 54

Jo. o, (feo + A11) . (fre + A21) 8¢d¢d 8udud oko(1) () (54)

where ¢, = %s and 1y = ‘%"’s with § being given by (46). To design the virtual control 57 (0 — e,)

that stabilizes ¢,, we consider the Lyapunov function candidate
[V
Uy=U, + que_ (55)
Applying the 1t6 formula to U, along the solutions of (52) and (53) yields

_ _ r r
LU =~ kGO, = kO35 + 82 | S0, = ) + 52(@10 = @20 + o, | +22 A1 + 3700

da, o
+ (xi - 8x¢¢2> A+ (yi — a—};bff);?) Agp.

From (56), we choose

(56)

r 4 4
2—b(%1 — ) = — (k3 + k31x) + k32y7) be — fp,
2b

r

(57)

= Qo — Uy = (ks + K31} + k3oyh) @e + fp, ) 1= Ao,

where k3, k31, and k3; are positive constants. Inclusion of —(k31x‘e‘ + k32y§)¢e is to handle the terms xg Ay
and y? A, because these terms cannot be canceled in the next steps due to the use of quartic Lyapunov
function candidates, which are required for handling the diffusion term @ (#)d W (¢). Substituting (57)
into (56) gives

_ _ r
LU, = — kikg(t)igxt — kokg(Digys — (ks + ks1x} + ko) ¢ + o (@1 — 20) B2 + X, A1y + Y. Aoy
Jda, Jdo,
+(x) - ¢¢3 Ap+ |y - ¢¢3 Ap.
0x, 0Ye

Substituting (57) into (53) yields

(58)

Ja ax
dx, A
Solving the second equation in (48) and (57) for «,,, and o, gives
Ar + A Ay —Axp
Ay =—F7—, Upy=—77.
2 2

r _
do. = [— (ks + ka1x) + k3oy}) ¢ + % (w1, — w2e) — A22i| dt = fy,dt. (59)

(60)
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4.3. Step 3
This is the last step. We will apply Theorem 3.2. Define

Wie (o750
W, = R oy, = . (61)
W2, A,

Since «,,, and «,, are smooth functions of (x, ye, P, Pa, ), g, iy, ko(t), ko(t)) where ¢/, = d“"” and

i, = M , differentiating the first equation in (61) along the solutions of (51), (59), and the last equatlon
in (5) ylelds
my
Mdw, = [—C(w; — w))® —Dw + 1T + F5 + 00(1)] dt + O, (1)dW (1) + Z ®Y (1) f N, (dt, dg;)
j=1 I&1<e;
(62)
where
dorg, - aoe,,, aoe,,, 805(,) 80(,,, dorg, - ooy -,
F = X, - —_— . 63
3 < fe f;’e f¢e ¢ a¢d ¢d 3ud = Uq + au; ud) ( )
To stabilize w,, we choose the Lyapunov function candidate
1
Us=Us+ (0 Ma,)’ . (64)
According to Theorem 3.2, the auxiliary system for (62) is
Mdo, = ~Clw) — )0 — Do+ 1+ F3 +8 | di + 81dW(1) + Z ®9(r) / N, (dr. dg;) .
1&1<g)
(65)
where
5= yr 01U l)
% | Use 2
R 14 U
5,67 —2u,,, sl .

||U3wewe ”2

s

a , o s (IUs(@e + @) — Us — Uz, @7
/ 0(d&) = (Us(@, + ®V) — Us — Us,,, @) — ( : ) w(i) > )
&1 <e; |U3(we +® ) —U; — Usp, V|

with y;,i=0, 1, 3j being class K-functions, whose derivatives y/,i =0, 1,3/ are also class [Coo-
functions. For simplicity, we choose

yi(r) = %r% (67)

which results in £y;(r) = %rz. Applying the It6 formula to U; along the solutions of (58) and (65), and
using the expressions of A, and A, given by (43) yields

.
LU = —kikg(Oigx; — kokg (Ditzys — (ks + k31x} + kaoyt) o + A W )P + X2 A1+ Y Asy

Ja, Ja,
+ <x§ - 8x¢ ¢§> A+ <y§ - 8y¢ ¢j> Ap + (@' Mo,)o,” [-Do,+F +1 —1,]  (68)

my
+ €70 (1030, 1) + 11 (1 Uswe 1) + Z Lys; (1Us(we + @) — Us — Uz, @7))
j=1
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where we have used the fact that ,” C(w; — w:)@, = 0 because C is skew-symmetric, see (2), and
F =C(wig — w20)®0g +Dwg; + Mo, — C(w, — w)a, — Da,, + F3. (69)

The reference velocity vector is given by @, = [w1y wyg]” With w4y = }kko(t)(ﬁd +b¢)) and wrg =
Lkko(t)(itg — b)), which are obtained from (60), and &g = [@14 @241 With @1 = Lkko(1)(itg + b)) +
ko (1)(it, + be)kko(t) and g = Lkko(t)(ita — b)) + Lkko(t)(it, — be)kko(t). From (68), we design
the following control law, which will be shown to be an inverse pre-optimal control according to Theorem
3.2, as follows:

T=T,+ 1Ty,

(70)
to=— (Ks+IFIHT) o,

where 7, is given by (10), K4 is a positive definite matrix, ks is a positive constant, and I is a 2 x 2
identity matrix. Substituting (70) into (68)

_ _ r
LUs = — kikg(0)igx! — kakg(0)igys — (ks + k1) + ksoy s + o (1o — 2) ¢ + X2 A1 + Y. Agy

do do

+ (xﬁ - ¢3) A+ (yi - a—y‘”¢3) A+ (0IMo.) 0. [~(D+ Ky + ks |FI 1) 0.+ F |
e e

(1)

my

+ 270 (1Usa, 1) + €1 (1Uswea ) + D Ly (1Us (0 + @V) — Us — Us,y, 7)) .
j=1

To calculate the upper bound of the right-hand side of (71), we use (43), (48), (67), and Young’s
inequality to calculate the following bounds:

3 4 4.4 4.4 4
X, A1 <anx, +ang,x, +aie,y, +aisd,,
3 4 4.4 4.4 4
V. Ao S any, +axnd,x, +axnd,y, + aud,,
3 4 4 4
xeAlz <aszx, +axp (a)le +(1)28) s

Vil <any; +asn (of, + @3,)
8a¢

3 4 4 4
™ ¢ A2 < asi¢, +asy (o), + ws3,)
e

8a¢
dYe

3 4 4 4
(@10 — 20) @, <an¢, +an (o), + w3,)

¢)Ax < a9, + ae (0], + @3,) . (72)
;
2b

4
(0IMw,) @' F < ag|w.|I*|F3 + as,

. (1

EVO (”U3we”)§a91”we” +v|— ),
ag]
. (1

1 (103000 1l) < agll@cll* + 71 ( — ),
asn

my ‘ . ] |
D vy (1Us (00 + @) —Us = Uso, @) < agsflcl|* + 73 (@) ’
=1
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where )y (M) denotes the maximum eigenvalue of M, ao;, i =0, 1, 3 are positive constants, y;,i =0, 1,3
are class /Coo-functions, and

an = 4igler + 2 (2ligl + kikg (1) w3) €12 + 2 (2lita| + kokg (1) i) €13,

ary =2 (2litg] + kikg (1) ) €5,

a3 =2 (2litg| + kok§ (1) i) €5,

ayy = 4|ugley;,

az = 4iglex + 2 (2liag| + kikg (1) i) €22 + 2 (2lita| + kokg (1) i) €23,

an =2 (2lia| + kik§ (1) i13) €3,.

ax =2 (2liq| + koky (1) 1) €35, (73)
ars = 4litgl€3;,

r r
* *
az) = 5631, axp =4rey,, ay = 5632, ag =4res,,

s — 1 (k + 2kilko (1) ugl) €% sy — r (k + 2kilko (1) uql) 6_5"3 ’
2 (k — (ki + k) |ko (1) ual) 2 (k — (ki + k) |ko (1) uql)
e = 1 (k 4 2ka|ko (1) uql) 6_34 e = 1 (k + 2kalko (2) ugl) 6_§k4 ’
2 (k= (ki + k) |ko () uql) 2 (k — (ki + ko) |ko () ugl)
r 4r
ar = %635, an = 3635,
agy =iy (M) €41, agp = Ay (M) €},
In (73), €j,i=1,--- ,45=1,---,5 are positive constants to be chosen, and e;; = 2526753.' Substituting
(72) into (71) yields
LU < —enad — ey — (e + e + eisyd) ¢F — culloell — curllo I IFIS +co. (74)
where
en(t) = kikg(Ditg — any — asy
cia(t) = kak§ ()it — azy — au,
c13 =k3 — aiy — a4 — asy — ag1 — agn,
c131 =k31 —aip —an, (75)

C132 = k3o — a3 — a,
c14 = Apu(M)A, (K4 + D) — azr — agr — asy — asy — azp — do) — dgy — Ag3,

cla1 =kshy (M) — ag,

. 1 . 1 . 1
co=4as + Yo (—) +n (—) + ¥ (—) ,
(29 agy ag3

and A, ( e ) denotes the minimum eigenvalue of e. Note that ¢y can be made arbitrarily small by choosing
appropriate constants €4, dgi, do, and ags. We choose the control gains ki, k7, k3, k31, k32, K4, ks, and
the constants €;, o, agy, agz such that

t t
/ cn(t)dt —ay —az = cjy, / ci2()dt — ax — ag = ¢y,
" % (76)

* *
ci3=>cl3, 13120, ¢132>0,c14 > cly, 141 =0,
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Stochastic system: Optimal control design:

A 4

(32) Theorem 3.2
Robot ?g’;lamws; »| Control objective: 2.1
A

A 4 {

Control design:
Step 1: (41), (48)
Step 2: (41), (57)
Step 3: (79)

Figure 2. Control design structure.

where c};,i=1,--- ,4 are strictly positive constants. Since §; = kko(?) satisfies (7), there always exist
the control gains ki, k2, k3, k31, k32, K4, ks, and the constants €, agy, ags, ass such that the conditions in
(76) hold. Under (76), we can write (74) as

LUz < —c3U3 + ¢, (77)

4 min (cf}.¢T5.c]3.C14)

max (1,A3,(M))

The above inequality shows that the control law (70) both a.s. and in the pth moment globally prac-
tically exponentially stabilizes the auxiliary system consisting of (51), (59), and (65). To prove that the
control law (70) is an inverse pre-optimal control according to Theorem 3.2, we need to show that it is
of the form (33). In fact, choosing y»(r) = %rz gives Ly (r) = %rz, see Lemma A.2. Then, it is seen that
the control 7, given by (70) is of the form (33) with

where ¢3 =

I ; 4 \—1
RzzzweMweM(K4+k4||F||3I) , (78)

which is clearly positive definite. Hence, the control law given by (70) is an inverse pre-optimal control.

We now derive the inverse optimal control 7} based on the inverse pre-optimal control T, given by
(70). Since we chose y»(r) = %rz, ityields that ()/2’)_l (r) = r. Thus, the inverse optimal control is derived
from (37) as

T =1, + 14,

. s (79)
wi = (K +ksIFIT) o,
where 8 > 2 is a positive constant. The overall control design is summarized in Fig. 2

The inverse optimal control design for the mobile robots has been completed. We summarize the
main results in the following theorem.

Theorem 4.1. Under assumptions that the reference path satisfies the conditions (6) and (7), the inverse
optimal control law T* given by (79) with T 4 given by (10) solves Control Objective 2.1. In particular, this
control law ensures global well-posedness and global practical exponential stability in the pth moment
and a.s. of the closed-loop system consisting of (5) and (79). Moreover, the following cost function is
minimized:
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A |
a o
—p

Figure 3. The Khepera mobile robot.

, ' 2 2 4 2(|6]]
J(Te):Sgp lim sup E128Us (Xe ) + [ [9 (Xo) + B hora | S IRy Tell | = Bhrovo
fo

B Ao
0,0!
o <|| ||> 2,32W3,< .,.)]df ,

(30)
where X, =[x, Yo ¢e weT] Us is defined in (64), R, is defined in (78), y; = ,i=0,1,2,3j,

o (X)) =28 [ﬁ)/z (H U3XeG2R2_§

) — Usx,Fe — €y (1Usx.Goll) — €1 (G11Usx,x, G ll)

my

— Zz;@, (1Us (X + @V) = Us — Usx, @) | + B(B—2) 1> (” Usx,GaR, 2

1)
(81)

+ 82 =20 0 (1Usx, Goll) + B 2 = 21) €1 (| GT Usx,x, G |))

my
+28) (1= 1) Lyy (1Us (X + @9) — Us — Usy, @7)) ,

j=1
03><2 03><2 03><2
Gy= ,G = ,Gy = . 82

Proof. Proof of this theorem directly follows Theorem 3.1. For a detailed elaboration of the cost function
J(t.) given by (80), see Remark 2.2. ]

and

5. Experiments

This section presents experimental results on a small-size Khepera mobile robot (diameter of 0.07 m,
height of 0.03 m, and weight of 0.08 kg), see Fig. 3, to verify the proposed controller designed in
the previous section. Developed for educational and research purposes by K-Team (see the URL
http://www.k-team.com for more information), the Khepera mobile robot consists of several proximity
sensors (not used in the experiments) and can work in semi-autonomous (server—client) or completely
autonomous mode. The Khepera mobile robot uses two DC motor-driven wheels. The DC motors are
connected to the wheels through a 25:1 reduction gear box. Two incremental encoders are placed on the
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Figure 4. Inverse optimal control: position in (x,y) plane.

motor axes. The resolution of the encoder is 24 pulses per revolution of motor axis. This corresponds
to 24 x 25 =600 pulses per revolution of the wheels or 12 pulses per millimeter of wheel displace-
ment. The algorithm to estimate the velocity from the encoder output is implemented on the robot.
Communication between the Khepera mobile robot and a host computer is performed via a RS-232
serial port. We use the PCMCIA-232/4 card from National Instruments™ for RS-232 communication
between the robot and the host computer.

The physical parameters of the robot are: »=0.03m, a=0m, »r=0.01 m, m, =0.07kg, m,, =
0.005 kg, I. = 0.04 kgm?, I,, = 2.5 x 107> kgm?, I,, = 1.25 x 107> kgm?, d;; = d>» = 0.01 kg/s. A pro-
gram is written in LabWindows™/CVI (a C/C++ programming language with an easy development of
user interface and hardware interface), a product of National Instruments™, to implement the control
algorithm developed in this paper. In the experiment, the reference path is chosen as x;(s) = s, y,(s) =0
for ¢ <30 s and x;(s) = x4(5)|;=30 + 0.25 sin (0.15), y4(s) = v4(s)|,=30 + 0.25(1 — cos(0.1s)) for t > 30 s.
This means that the reference path is a straight line followed by a circle. The desired rate of the path
parameter is specified by k =2, ko = 1/2. We generate the disturbances, which were modeled by Lévy
processes in the previous section, by using a small gun bombarding sand onto the robot.

The control gains are chosen as k; =0.4,k, =04, ks =5, k31 =1, k3o =1, K4 =101, and ks =2. It
can be verified that all the conditions (50) and (76) hold.

We preform two experiments: inverse optimal control design, where the control T* is given by (79)
with 8 =2; inverse pre-optimal control design, where the control 7 is given by (70).

For the experimental results using the inverse optimal control design, Fig. 4 plots the robot and its
reference paths in the (x, y)-plane; Fig. 5 plots the position tracking errors (x., y.) in Fig. 5(a), heading
error @, is plotted in Fig. 5(b), and the torques 7| and 7, are plotted in Fig. 5(c) (these are converted to
control signals sent to the robot). The experimental results of the inverse pre-optimal control design are
plotted in Figs. 6 and 7, whose explanations are the same as for the inverse optimal control design.

From these figures, it is seen that both control designs result in exponential convergence of the
tracking errors and the noise (including random jumps) is due to the disturbances, which are due to
sand bombarding on the robot. Moreover, the inverse optimal control design outperforms the inverse
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Figure 5. Inverse optimal control: position errors, heading angle error, and control torques.
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Figure 6. Inverse pre-optimal control: position in (x, y) plane.

pre-optimal control design. This is due to twofold. First, comparing Fig. 5(a) with Fig. 7(a) shows that
the inverse optimal control yields much shorter transient response time of the position tracking errors
(%, ye) (about 10 s) than the inverse pre-optimal control (about 20 s). Moreover, comparing Fig. 5(b)
with Fig. 7(b) shows that the inverse pre-optimal control yields more oscillation of the orientation error
¢, than the inverse optimal control. Second, from Fig. 8 in that the cost function J(7}) resulted from
the inverse optimal control design is much smaller (more than two times less) than the cost function
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Figure 7. Inverse pre-optimal control: position errors, heading angle error, and control torques.
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Figure 8. Cost functions: J(t}) and J(z,).

J(t,.) resulted from the inverse pre-optimal control design. It is noted that other control designs in the
existing literature (for example in refs. [9, 55]) will also result in poorer performance compared with
either inverse optimal or inverse pre-optimal control design proposed in this paper in the sense that the
existing control designs can only guarantee (practical) asymptotic convergence of the tracking errors
when the reference path is a straight line, and only handle less general disturbances (no random jumps).
More importantly, the existing control designs are not optimal as no cost function is minimized.

6. Conclusions

The new problem of inverse optimal path-tracking control design for mobile robots driven by Lévy
processes has been formulated and solved in this paper. Two desired properties of the proposed con-
trol design include (1) global practical exponential stability both in the pth moment and a.s., where
the reference path can be straight lines, curves, or their combination; and (2) minimization of a cost
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function that penalizes both path-tracking errors and the control torques without having to solve a HJI
equation. The experimental results of both proposed inverse optimal and pre-optimal control laws on a
small-size Khepera mobile robot showed practical exponential convergence of the tracking errors and
out-performance of the inverse optimal control over the inverse pre-optimal control. The experiments
effectively demonstrated theoretical developments summarized in Theorem 4.1. Future work is to apply
the theoretical developments to design inverse optimal controllers for other underactuated mechanical
systems.
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o U(X, 1) is twice (Fréchet) differentiable in X and is differentiable in t.
o All the Ux(X, 1) := ‘)U(X 2l ,UiX, ) = M and Uxx(X, t) := % are continuous.

Suppose that X(t), t € [t, 00), is a solution of (15). Then

' t
U(X, 1) =U(Xo, to) + / LU(X(s), s)ds + / Ux(X(s), $)G(X(s), s)dW(s)

fo

- (A1)
/ U (X6 + @7 (X(s7),5) o) = U (XG57),9)] / N; (ds, dg;) ,
0 o 1&1<¢j
where the infinite generator LU (X, 1) is given by
LU X.1)=U; (X,1) + Ux X,) F X, 1) + 1Tr (GT (X.1) Uxx (X.1) G (X, 1))
. (A2)
+Z[U< )+ (X(17).1) ,z) —UX@E ). ) —Ux (X (7). 1) @D (X (7). 1) ooy
The operator Tr( e ) denotes the trace of e, and it is recalled that w; = f‘ £il<e; v;(d§)).
The LF transform is given in the following lemma.
Lemma A.2. Let Ly (r) denote the LF transform by (see ref. [56]:
by =reH =y o), (A3)

where y:R — R is a class Ko function whose derivative y (r) dy—gr) is also a class Ko function, and (y/)_] (r) denotes the

inverse function of y (r). The LF transform Ly (r) has the following properties, see ref. [57]: (1) Ly (r) = for (y’)_'(s)ds; 2)
Ly (r)y=y(r); (3) Ly(r)is a class K function; (4) Zy(y/(r)) = ry/(r) —y(r).

A.l. Young’s inequality
For any x,y € R”, the Young inequality holds, see ref. [56]:
Ty <y (el +ex (y . (A4)

and the equality is achieved if and only if

y=v (Hxl\)” i Sx=0)" (I\yll)ﬂ (A5)

B. Proof of Theorem 3.2
B.1. Proof of J(u) being a meaningful cost functional

We first note from (35) that
UxGoflo = £yo (| UxGoll) »

1 _ _
5T (B1G1 UxxG181) = ty, (1G] UxxGil)

(B1)
(U(X +@9,n—U - UX<1>0'>) / b(dt, d&j = Lys; (|U(X +@9, - U - UX<1><”\) .
<)
Therefore, we can write (36) as
_1
LUX, D3 = Us + UxF + Lyo (1UxGol) + ¢y1 (1G] UxxGill) — 32 (IIUXG2R2 : H)
my
+Y ey (|U(X+<1><f>,z)—U—UX<1>V>|) (B2)
j=1

<-4 (1)U (X, 1)+ cp.
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Substituting (B2) into (39) yields
X, N=p1(X, 1)+ e2(X, 1), (B3)
where
o1 X =B (e (O U X.1) —co).

_1
pX.)=(B-2)ty (IIUszRz : H> + B2 = 20) tyo (1UxGol) + B 2 = 21) &y1 (1G] UxxGi )

(B4)
my
28 (1—w) by (|U (X+ <I>V’,z) —U- UX<I>(/)|) .
J=1
Let us consider the integral:
t t
/ ¢1(X(7), T)dT =28 / (E(UX (), T) — co))dr. (BS)
0] 0]
Define a ball B centered at the origin with a radius A, where A > %2 Then, for U(X, 1) ¢ B, it holds that
t
/ 1(X(1), T)dT = 2B(cah — co)(t — t9) (B6)
fo

because ft; Cq(t)dT > ca(t — 19), see (23). Therefore, ft; 01(X(7), t)dt is positive as long as U(X, 1) > %‘4’ that is, || X7 >
afl(co/q) due to (21). Moreover, since 8>2, 0 <ip <2, 0<A; <2, 0<pu; <1, Ly;,i=0,1,2, and Ly3; are class Koo
functions, @2 (X, ¢) is positive. Hence, J(u) is meaningful.

B.2. Proof of u* practically stabilizing (32)

The infinite generator LU along the control (37) is

_1
()" (nUszR2 2 n)

1 _
LUI(37)= U+ Ux (F +Gobo) + S Tr (07GTUxxG1©)) — guxc;sz ' (UxGy)T

1
1UxG2R, * | (B7)
ny
+ DU (X +@0,1) = U~ Ux @0 o
j=1
Using the general Young’s inequality, we have
A 2[00l A
UxGobo < 50 | = ) + 2ty (1UxGol)) .
2 ) 2
T T lee’| T
Tr (0] G| UxxG1©) <A1y + Aty (1G] UxxGill) . (B8)

[U (X +09.1) ~ U - Ux @] ) <y (j) + ity (1U (X +@9,0) — U = Ux@?]).
]

Substituting (B8) into (B7) and using (A3) yields

A A A 2|16
LU\a7, = Ui+ UxF + “2en (10xGol) + 501 (16] UxxGul) + 20 ( lleO”)

A [TCHI B _1 B . 1 n _—
—pn|—) ¢ UxGaR, || ) - = ; UxG1R, ? 2 iy | =2

+ 2V1( o L lUxG2R, “ | 2 () UxG2R, “ || +j:l Wi Y3) p (B9)
nmy

+ 3 wityy (|U (X+ 0, t) —U-— UX<I></’>\) .
=1
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Now substituting (35) into (36) yields

_1
LUX,D|33,=U; + UxF + £y (1UxGol) + £ (1G] Uxx G ) — €y (”UXGZR2 : II)

m
+i€y3j (lU(X+<1>U>,z)—U—UX¢</'>|) (B10)
j=1
<-4 () U (X, 1)+ co.

Substituting the last inequality in (B10) into (B9) gives

LU|37, < —aOUX, l)—é}/z(() (IIUszR II>)

Ao 2[00l M |I®19TII
+7Vo( o + on +ZM,V3, +co

because f>2,0<ip<2,0<2; <2, and 0 < y; < 1. By Theorem 3.1, the control (37) both a.s. globally practically Koo-
exponentially stabilizes the system (32) and globally practically /Coo-exponentially stabilizes the system (32) in the pth moment.
Moreover, due to (B10), proof of well-posedness of the closed-loop system is followed from Theorem 3.1.

(B11)

B.3. Proof of optimality
We first calculate LU along the solutions of (32) with the control (33), then use the general Young’s inequality as:

LUX, 0)|33,= Uy + UxF + UxGobo + UxGara (X, 1) + 3Tr (@] G{ UxxG1©))
my
+ DU (X +09.1) = U = Ux@P)er
j=1

1
= Ur+ UxF +yo (190lD + £y0 (1UxGol) + 51 (1©18f11) + &y (1G] UxxGul)

—tn (nuszR;%u) S (y Zeys, (v (x+e2.1)~v - Uxa?))
Jj=1

(B12)

1
< —caU X.0) 4o+ 0 (100l + 51 (1©©71) +Zy3; (@) .
Jj=1

where we have used the last inequality in (B2). Due to (B11) and (B12), we can use
t
E {U(X(t), N—U(X(10), to)— / LUX(s), s)\(32)ds} =0, (B13)
fo

Vt > ty, where £U|(32) denotes the infinitesimal generator of U along the solutions of (32), to write (38) as:

! 2 1 2
@ =sup  tim swp 260 X 0)10)+ [ 126601 0 060y 2 (SRSl ) = e (210
p U~ 1

B Ao
leeT| i 1
~Bhy (M) —2;3;#,%; (;jwj) ldt}

Now, with (X, t) given in (39) we calculate:

(B14)

I:=28LU13% +¢ (X, 1)
mp
=2BUxGobg + Tr (0] G| UxxG1©1) +28 5 [U (X Lo, t) — U= Uy D)y
=1

_1 (B15)
+2BUxGou + >y <|| UxG:R,* II) — Brolyo (1UxGol)) — Britn (IGT UxxGill)

28 izj 1Ly (|U (X + <I>(j),t) —U- UX<1>U'>|) .
J=1
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Let
. 2, (20t 2[60] ||® el
=T+ EI\RZ ull ) = Broyo o = Brini 2/32#]}/3, . (B16)
‘We can write (B14) as
1
J (u) =sup <tlim sup E{2B8U (X (1) , t0) +/ F*dr}) . (B17)
D —00 10
Using the general Young inequality, we have
1 T
2p2,,*
2 2 3 (ERZ ! ) 2.1
—Z,BUszu = ﬂ Vz, <E HR22 u*||> -1 BR?M
SRS w|
T (BI8)
2p2,,*
2 ’ 2 % * <ER2 ! ) 2
=pen [vs (G IR W) = — 1| + 67 ﬁmzm
FIRS u|

The equalities of the last inequality in (B18) and (B8) hold if and only if:

) xGo
0x =22 (/! Ux G
16511 2()(”XWHWGH
. _ G UxxG,
© ®T - n—1 GTU G 17,
(©07) 1 (1) (1G] UxxGil) IGT UxxGi ||

Uﬂ=WO@4OU@+¢Q0—U—WQW%UW+¢QA_U_W¢@ (B19)

UX+eV,1)—U—-Ux®@"|’

10t ) } 7
(2 <5R2”> (2 <R2”
V) (EHRZ u |I> — =" (E“Rz ull) -_—

ZIR; w| ZIR; ull

=[N

So the “worst case”” unknown characteristics are given in the first two equalities in (B19), the minimum of (B17) is reached when
u =u* as seen from the last equality in (B19), and

minJ(u) =2pE {U(Xo. 10)} - (B20)

B.4. Proof of continuity and HJI equation (40)

Continuity can be analogously proved as that in the proof of Theorem 3.1 in ref. [43]. The HJI Eq. (40) is directly verified by
substituting (X, ) given in (39) into (40). d
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