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Abstract. A selection of basic results in smooth ergodic theory and in the thermodynamic
formalism of dynamical systems generated by compositions ofrandommaps is reviewed
in this article.

1. Introduction
Motions of particles in a phase space can often be modeled by iterations of a single
transformation from the phase space to itself (for the discrete time case), with the
transformation standing for the law of the motions. This results in a ‘classical’ dynamical
system which can be considered ‘deterministic’ in the sense that the particles move
exactly according to the same law all the time. In practical situations or in computer
simulations, however, a system is usually affected by external perturbations or roundoff
errors which in many cases are of great uncertainty and hence may be treated as random.
Such a consideration leads to the theory of random dynamical systems (RDSs). In this
article we will mainly restrict ourselves to RDSs generated by applying at each time step
a transformation chosen randomly from a given family according to some probability
distribution, and refer the reader to the comprehensive book by Arnold [6] for more
general (especially continuous time) frameworks. The need to consider such RDSs was
first pointed out by Ulam and von Neumann [160] in 1945, but the significance of the
subject received its real recognition much later around 1980 when it was discovered
that solutions of stochastic differential equations (SDEs) can be realized as stochastic
flows of diffeomorphisms and their time discretization provides a rich source of random
transformations (see Arnold [6] for a historical review of this topic). Ergodic theory
concerning Lyapunov exponents and the corresponding invariant manifolds of stochastic
flows of diffeomorphisms was essentially initiated by L. Arnold who suggested in 1981
extending Ruelle’s work [139] to the case of such flows, and this was accomplished by
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Carverhill [45]. It should be noticed that an earlier work by Ruelle [141] contains a
similar but infinite-dimensional program suitable for applications to the Navier–Stokes
time evolution. In the present article we will not cover this program and confine ourselves
to the finite-dimensional case. Now there have appeared a large number of works on
invariant manifolds and the Lyapunov spectrum, as well as their applications to applied
sciences such as engineering, of stochastic flows of diffeomorphisms arising from SDEs.
Here we refer to Elworthy [58], Arnold [6], Arnold et al [7] and references therein for
these works. In the present article we will touch upon such specific flows and their time
discretization only in some places and will mainly deal with the general (discrete time)
random mappings. The first systematic treatment of ergodic theory of independent and
identically distributed (i.i.d.) random transformations was elaborated in Kifer [85]. Trying
to get rid of the i.i.d. conditions, as advocated by L. Arnold, has led to developments of
stationary random transformations. The literature on this subject is still growing rapidly,
and we will not try (it also seems impossible) to cover it completely (in some cases we
will just give the references containing the final results and refer to them for earlier ones).
The aim of this article is to provide a basic sketch of notions and results on this subject,
with the presentation being more orientated towards intended applications to physics, and
specifically to statistical mechanics. Although we have tried to include some of the more
recent developments, the text is not intended for specialists: we will present the simplest
possible version of the results, referring to the original literature for the full statements.
It can be easily noticed that many results of this theory are extensions of the corresponding
ones for deterministic systems and some of these extensions are rather parallel. In most
of these cases we will try to focus on the component brought about by the randomness,
without paying much attention to the works in the deterministic case (for the majority of
which we refer to the nice review by Eckmann and Ruelle [59]).

Topics mainly reviewed in this article include a partial random version of the so-called
Pesin theory, the dimension aspects, the thermodynamic formalism and random hyperbolic
systems. Stochastic stability will be discussed briefly. A large part of our presentation
is devoted to i.i.d. random transformations. This particular case is closely related to the
culture of Markov processes, especially to solutions of the classical SDEs, and in this case
some interesting results were obtained specifically, among which we particularly mention
here Ledrappier and Young’s entropy formula and dimension formula [101, 102] which
show a sharp contradistinction to the picture in the deterministic case (see §2 of the present
article). As alluded to above, almost all of the many significant results on stochastic flows
arising from SDEs, including for example large deviations (see Baxendale and Strook
[24]), Furstenberg–Khasminskii formulae for Lyapunov exponents (see Arnold [6, Ch. 6]
for a systematic review and account) and the geometric aspects (Elworthy [58]) etc., will
not be covered here. Another topic not covered is the topological classification theory of
RDSs, for which we refer to Nguyen [116]. Besides the work of Furstenberg and Kifer [63]
mentioned later, there are numerous highly interesting results on random matrix products
as well as on their non-trivial applications (see, for example, Cohenet al [48], Bougerol
and Lacroix [37]; for more recent work see, for example, Goldsheid and Guivarc’h [64]
with references therein; see Luenberger [105] for an extension to random nonlinear maps
and see Ambroladze and Wallin [4] for connections with random iterations of M¨obius

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614


Dynamics of random transformations: smooth ergodic theory 1281

transformations). This subject is worthy of a review of its own and is not discussed in this
article. Finally, we remark that a number of papers have appeared on random iterations of
complex maps and we refer to Br¨ucket al [18] and Ambroladze [3] for examples.

Set-up.LetM be aC∞ connected compact Riemannian manifold without boundary, and
letCr(M,M) (0 ≤ r ≤ ∞ integer) be the space ofCr maps fromM into itself, endowed
with the usualCr topology (see Hirsch [73]) and the Borelσ -algebra. We assume that
the source of randomness can be modeled by a measure-preserving system(�,A, P, τ ),
that is, (�,A, P ) is a probability space consisting of configurations of the noise and
a measure-preserving transformationτ on it represents the time evolution of the noise
system. Sometimes we require� to be a Polish space (i.e. a separable topological space
with a complete metric) andA its Borel σ -algebra. In such a case(�,A, P, τ ) will
be called aPolish system. This will often be assumed when we need to work with
Lebesgue spaces. By aCr RDSF over (�,A, P, τ ) we will mean a measurable map
F : �→ Cr(M,M) and actions onM of the randomly composed mapsf (ω, n), n ∈ Z

+
or Z, ω ∈ �, where, writingf (ω) := F(ω) for the sake of notation,

f (ω, n) =




id, if n = 0,

f (τn−1ω) ◦ · · · ◦ f (τω) ◦ f (ω), if n > 0,

f (τnω)−1 ◦ · · · ◦ f (τ−2ω)−1 ◦ f (τ−1ω)−1, if n < 0,

(1.1)

with f (ω, n) for n < 0 being defined whenτ is measurably invertible andf (ω) ∈
Diff r (M) for P -a.e.ω. (A Cr RDS is clearlyCr

′
for any 0≤ r ′ < r since the inclusion

map fromCr(M,M) intoCr
′
(M,M) is continuous.For aC0 RDS we will allowM to be

only a compact metric space.) We are interested in dynamical behaviors of these actions
for P -a.e.ω or on the average onω. Clearly, a RDSF reduces to a deterministic dynamical
system whenF mapsP almost allω to one point.

I.i.d. RDSs.LetF be an RDS as defined above. IfF ◦ τn, n ≥ 0, andF ◦ τn, n < 0, when
τ is measurably invertible, are independent (they are clearly identically distributed), then
F is said to bei.i.d. An i.i.d. RDSF naturally induces a family of Markov processes on
M with transition probabilitiesP(x, ·), x ∈ M, given by

P(x,A) = P {ω : f (ω)x ∈ A} for BorelA ⊂ M. (1.2)

However, the inverse is clearly not true, that is, not every Markov process can be obtained
in this way. The representation of Markov processes by continuous or differentiable
random maps constitutes a significant research topic (some results were obtained by
Kifer [85, Ch. I] and Quas [130], respectively, for representation by continuous and
differentiable maps; see Dubischar [57] for an up-to-date survey).

Examples.
(i) Canonical RDSs. Take� = Cr(M,M)Z

+
(0 ≤ r ≤ ∞ integer), with the product

topology and the Borelσ -algebra (note that� is Polish for 0≤ r < ∞). Let
τ : �→ � be the left shift operator, i.e.(τω)n = ωn+1 for ω = (ωn) ∈ �, and letP
be a probability on� invariant underτ . The coordinate mapF : �→ Cr(M,M),
ω 7→ ω0 then defines an RDSF and we will call it aone-sided canonical RDS.
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Specifically, if P = νZ
+

for some probabilityν on Cr(M,M), we then callF
a one-sided canonical i.i.d. RDS; this model corresponds to that introduced and
systematically studied by Kifer [85] and it can define an iterated function system
(IFS) whenν is supported by a finite or countable number of maps. Thetwo-sided
notions are introduced similarly by taking� = Cr(M,M)Z andP = νZ.

(ii) RDSs generated by SDEs. Let (W,B(W), PW ) be the classical Winner space, i.e.
W = {w : w(·) ∈ C(R+,Rd ),w(0) = 0} endowed with the usual Polish metric
structure andPW is the Winner measure. It is well known thatPW is invariant and
ergodic underθt : W → W defined by(θtw)(·) = w(t + ·)−w(t), w ∈ W for any
t > 0. The coordinate process{Bt }t≥0 on (W,B(W), PW ) describes the classical
Brownian motion. Consider the Stratonovich SDE

dξt = X0(ξt ) dt +
d∑
k=1

Xk(ξt ) ◦ dBkt (1.3)

whereXk, 0 ≤ k ≤ d, are vector fields onM, which are assumed here to beC∞
to avoid precise smoothness conditions. Its solutions can be realized as a stochastic
flow {φt : (W,B(W), PW ) → Diff ∞(M)}t≥0 (i.e. {φt(·)x}t≥0 is the solution of
(1.3) with initial ξ0 = x for any x ∈ M; see, for example, Kunita [98] or Ikeda
and Watanabe [76]). Putting τ = θ1 (or θt0 for any fixed t0 > 0), define an
RDSF over (W,B(W), PW , τ) by F : W → Diff ∞(M), w 7→ φ1(w). Then,
by Carverhill [45, Proposition 1.2.1],{f (w, n)}n≥0 coincides with{φn(w)}n≥0, the
time discretization of{φt(w)}t≥0, for PW -a.e.w. Via this discretization approach,
the study of (continuous time) stochastic flows can be reduced in many cases to a
discrete time RDS (see, for example, Liu and Qian [108, Ch. V]). For a systematic
treatment and a historical review on generation of RDSs by stochastic (white noise)
as well as random (real noise) differential equations, we refer to Arnold [6].

Invariant measures.Defining ‘reasonable’ invariant measures for an RDS had been a non-
trivial task as compared with the deterministic case. For an i.i.d. RDS, probability measures
on the phase space which are stationary for the induced Markov processes are of particular
interest. LetF be aC0 i.i.d. RDS. A Borel probabilityρ onM is called astationary
measureof F if

∫
P(x,A) dρ(x) = ρ(A), or equivalently

∫
(f (ω)ρ)(A) dP (ω) = ρ(A),

for all BorelA ⊂ M. Such measures always exist and a systematic study of their ergodic
properties was presented in Kifer [85]. Now we just mention one particular property of
them. Consider the skew-product transformation induced naturally byF

F : �×M → �×M, (ω, x) 7→ (τω, f (ω)x), (1.4)

which combines together the time evolution of the underlying noise system and the motions
of particles in the phase space. We have the following.

PROPOSITION1.1. (Ohno [117]) LetF be a one-sided canonical i.i.d.Cr (0 ≤ r ≤ ∞)
RDS. Then:
(i) a probabilityρ onM is stationary forF if and only ifP × ρ is F -invariant;
(ii) a stationary measureρ ofF is ergodic from the viewpoint of Markov processes (see,

for example, Kifer [85]) if and only if (F, P × ρ) is ergodic.
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See Carverhill [45] for a similar result in the setting of an RDS as introduced in
Example (ii).

Due to the Bremen group of Arnold (see Arnold [6, Ch. I], Crauel [49, 50], Bogensch¨utz
and Gundlach [35]), an invariant measureof a general stationary (as opposed to the term
‘i.i.d.’) RDS F is defined to be a probability measure on� × M (with the product
σ -algebra) which is invariant under the skew-product transformationF and which has
marginalP on�. Metric and ergodic properties of such measures were systematically
studied in the references mentioned just above. In particular, such invariant measures
always exist (due toM being compact), and theF -invariance of a probabilityµ on
�×M which has marginalP on� can be characterized by its disintegrationdµ(ω, x) =
dµω(x) dP (ω) (Arnold [6, Theorem 1.4.5]):µ is F -invariant if and only if forP -a.e.
ω one hasE((f (·)µ·)(A)|τ−1A)(ω) = µτω(A) for all Borel A ⊂ M, and, whenτ is
measurably invertible, the latter fact reads

f (ω)µω = µτω for P -a.e.ω. (1.5)

Suchµω, ω ∈ �, are called thesample measuresof µ and they could be regarded as
natural ‘invariant’ measures associated with individual realizations of the system(F , µ).
An invariant measureµ of F is said to beergodicif (F,µ) is, and each invariant measure
of F can be decomposed into its ergodic components byintegrationwhen(�,A, P ) is
countably generated andP is ergodic (see Bogensch¨utz [30] and Klünger [97]; ergodic
decomposition byfixed partitions, as done in Rokhlin [131] in the deterministic case, and
its relation to random invariant sets (see §3.1) are not yet known). Proposition 1.1 shows
the relation between stationary and invariant measures for a one-sided canonical i.i.d. RDS.
For the two-sided case one has the following.

PROPOSITION1.2. (Relation between stationary and invariant measures)LetF be a two-
sided canonical i.i.d.Cr RDS (0 ≤ r <∞ since� is required to be Polish here). Then the
set of stationary measures ofF corresponds in a one-to-one way to the set of forward
Markov invariant measures ofF (that is, the set of thoseF -invariant measuresρ∗ whose
almost every sample measureρω depends only on the past(. . . , ω−2, ω−1) ofω), with the
correspondence being given by

ρ 7→ ρ∗ with ρω := lim
n→+∞ f (τ

−nω, n)ρ, P -a.e.ω and ρ∗ 7→ ρ :=
∫
ρω dP(ω).

Moreover, for a given stationary measureρ ofF , the correspondingρ∗can be recognized as
the uniqueF -invariant measure whose natural projection onCr(M,M)Z

+×M is νZ
+× ρ,

andρ is ergodic from the viewpoint of Markov processes if and only if(F, ρ∗) is ergodic.

(See Arnold [6, Theorems 1.7.2 and 2.1.8] for a proof and for more information.)
See §3.1 for a discussion of invariant measures supported by random invariant sets.

2. Lyapunov exponents and entropy
Standing hypotheses for this section:
(i) F is aCr (r ≥ 0) RDS onM over a noise system(�,A, P, τ );
(ii) F is the skew-product transformation associated withF ;
(iii) µω, ω ∈ �, are the sample measures of anF -invariant measureµ.
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2.1. Lyapunov exponents and invariant manifolds.
Lyapunov exponents.Let F be of classC1 andµ anF -invariant measure. The following
result is a reformulation, by a trivialization argument on(� ×M,µ,F), of the Oseledec
multiplicative ergodic theorem (MET) (Oseledec [119] and Ruelle [139]).

THEOREM 2.1. (Lyapunov spectrum)
(i) Assume the integrability conditionlog+ |Txf (ω)| ∈ L1(�×M,µ) (wherelog+ a :=

max{loga,0}). Then there exists a measurable set1 ⊂ �×M such thatµ(1) = 1,
F1 ⊂ 1 and for each(ω, x) ∈ 1 there are numbers

−∞ ≤ λ(1)(ω, x) < λ(2)(ω, x) < · · · < λ(r(ω,x))(ω, x) < +∞ (2.1)

(measurable in(ω, x)) and an associated filtration by subspaces ofTxM

{0} = V (0)(ω, x) ⊂ V (1)(ω, x) ⊂ · · · ⊂ V (r(ω,x))(ω, x) = TxM (2.2)

(also measurable in(ω, x)) satisfying

lim
n→+∞

1

n
log |Txf (ω, n)ξ | = λ(i)(ω, x)

for ξ ∈ V (i)(ω, x) \ V (i−1)(ω, x), 1≤ i ≤ r(ω, x).
(ii) (Invertible case)If τ has a measurable inverse,f (ω) ∈ Diff 1(M) for P -a.e.ω and

log+ |Txf (ω)|, log+ |Txf (ω)−1| ∈ L1(�×M,µ), then there is now a measurable
set1 ⊂ � ×M such thatµ(1) = 1, F1 = 1 and for each(ω, x) ∈ 1 there are
numbersλ(i)(ω, x), 1 ≤ i ≤ r(ω, x), as given in (2.1) (but withλ(1)(ω, x) > −∞)
and an associated measurable splitting

TxM = E(1)(ω, x)⊕ · · · ⊕ E(r(ω,x))(ω, x) (2.3)

such that

lim
n→+∞

1

n
log |Txf (ω,±n)ξ | = ±λ(i)(ω, x)

for 0 6= ξ ∈ E(i)(ω, x), 1≤ i ≤ r(ω, x).

A point (ω, x) ∈ 1 will be said to beforward regular in case (i) andregular in
case (ii) of the above theorem. Eachλ(i)(ω, x) is called aLyapunov (characteristic)
exponent, m(i)(ω, x) := dimV (i)(ω, x) − dimV (i−1)(ω, x) or := dimE(i)(ω, x) its
multiplicity, and {(λ(i)(ω, x),m(i)(ω, x)) : 1 ≤ i ≤ r(ω, x)} the Lyapunov spectrum
of F at (ω, x). If µ is ergodic, i.e.(F,µ) is ergodic, these numbers are constantµ almost
everywhere.

‘Non-random’ exponents and filtrations.If F is aC1 canonical i.i.d. RDS andµ is of the
formP × ρ or ρ∗ as given in Proposition 1.1 or 1.2 with log+ |Txf (ω)| ∈ L1(�×M,µ),
the Lyapunov spectra of(F , µ) are essentially non-random. This means thatµ almost
everywhere{(λ(i)(ω, x),m(i)(ω, x)) : 1 ≤ i ≤ r(ω, x)} coincides with a non-random
spectrum{(λ(i)(x),m(i)(x)) : 1 ≤ i ≤ r(x)} (see Proposition 2.10 for a particular
interesting result concerning these exponents). This was proved in Kifer [85] by employing
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ergodic decomposition of stationary measures. The associated filtration or splitting is,
however, random in general (see Kifer [85, Example III.2.1]). Based on Furstenberg and
Kifer [63], Kifer [ 84] proved forF one-sided and forµ of the formP × ρ a ‘non-
random’ multiplicative ergodic theorem which allows one to pick out some non-random
part {0} = L(0)(x) ⊂ L(1)(x) ⊂ · · · ⊂ L(s(x))(x) = TxM from the filtration (2.2) such
that for allξ ∈ L(i)(x) \ L(i−1)(x) the limit limn→+∞ n−1 log |Txf (ω, n)ξ | gives a non-
random exponentβ(i)(x) for P -a.e.ω. The exponentsβ(1)(x), . . . , β(s(x))(x) are usually
a proper subset of those given by (2.1), but the largest of them coincide, and these non-
random exponents have nice expressions by suitable measures on the projective bundle
of M. We refer to Kifer [85] for precise statements of these results. Here we remark that
for stochastic flows of diffeomorphisms results analogous to those above were developed
independently and simultaneously by Carverhill (see the review Carverhill [46]).

Stable and unstable manifolds.The following result translates the linear theory of
Lyapunov exponents into the nonlinear theory of invariant manifolds.

THEOREM 2.2.
(i) (Stable manifolds)AssumeF is of classC2, f (ω) ∈ Diff 2(M) for P -a.e.ω and

log+ |f (ω)|C2 ∈ L1(�, P ) (where|·|C2 denotes the usualC2-norm). Letµ be anF -
invariant measure and put3s = {(ω, x) forward regular: −∞ < λ(1)(ω, x) < 0}.
Then forµ-a.e. (ω, x) ∈ 3s , letting λ(1)(ω, x) < · · · < λ(p)(ω, x) < 0 (p =
p(ω, x)) be all the negative exponents, the set

Ws,i(ω, x) :=
{
y ∈ M : lim sup

n→+∞
1

n
logd(f (ω, n)x, f (ω, n)y) ≤ λ(i)(ω, x)

}

is the image ofV (i)(ω, x) under aC1,1 injective immersion for each1 ≤ i ≤ p

and it is tangent toV (i)(ω, x) at point x (Ws,i(ω, x) remains unchanged if one
replaces the distanced(·, ·) on M with those alongWs,i(F n(ω, x)), n ≥ 0; the
same is true for the unstable manifolds treated just below); in addition,Ws,p(ω, x)

coincides with thestable manifoldof F at (ω, x) defined byWs(ω, x) := {y ∈ M :
lim supn→+∞ n−1 logd(f (ω, n)x, f (ω, n)y) < 0}.

(ii) (Unstable manifolds)Let(F , µ) be as in (i). Assume further thatτ has a measurable
inverse andlog+ |f (ω)−1|C2 ∈ L1(�, P ). Put3u = {(ω, x) regular : λ(i)(ω, x) >
0 for somei}. Then forµ-a.e.(ω, x) ∈ 3u, lettingλ(q)(ω, x) (q = q(ω, x)) be the
smallest positive exponent, the set

Wu,j (ω, x) :=
{
y ∈ M : lim sup

n→+∞
1

n
logd(f (ω,−n)x, f (ω,−n)y) ≤ −λ(j)(ω, x)

}

is the image of⊕j≤k≤r(ω,x)E(k)(ω, x) under aC1,1 injective immersion for each
q ≤ j ≤ r(ω, x) and it is tangent to this space atx; in addition, Wu,q(ω, x)

coincides with theunstable manifoldof F at (ω, x) defined byWu(ω, x) := {y ∈
M : lim supn→+∞ n−1 logd(f (ω,−n)x, f (ω,−n)y) < 0}.

Based on Ledrappier and Young [101] and borrowing some ideas from Brin and Kifer
[42], the above theorem was proved in Liu and Qian [108, Ch. III] along Pesin’s line
[122], which stands at the origin of constructing invariant manifolds associated with
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Lyapunov exponents. A detailed study of local stable and unstable manifolds was also
carried out in [108]. In particular, takingWs,i(ω, x) as an example, an open neighborhood
of x in Ws,i(ω, x), written Ws,i

loc(ω, x), can be realized as the graph of aC1,1 map
from an open neighborhood of the origin inV (i)(ω, x) to V (i)(ω, x)⊥, and on it one
can read at one time step the exponential contraction rateλ(i)(ω, x); moreover, when
� is Polish,3s can be divided into a countable number of pieces such that on each
of themW

s,i
loc(ω, x), as an embedded disc, dependsC1 continuously on(ω, x). Hölder

continuity of the Lyapunov bundles and the so-called absolute continuity property of these
submanifolds were considered there as well. Such properties are crucial to the study of
the global behavior of the dynamics, such as the entropy formula (see §2.2), genericity
of SRB measures with respect to Lebesgue (see §2.2 and Theorem 3.3), the existence of
ergodic attractors and the Bernoulli property etc. (see Pesin [123] and Pugh and Shub
[129] for deterministic results). Here we do not present the precise statements of these
properties and refer the reader to [108], where the results are formulated for i.i.d. random
diffeomorphisms but they hold verbatim in the stationary case.

See Ruelle and Wilkinson [149] for an interesting application of the set-up and the
invariant manifold theory of RDSs in connection with compact group extensions of
deterministic maps.

Remark 2.3.(C1,α hypothesis) In the arguments above we made the specific assumption
thatF is C2 (rather thanC1,α for someα ∈ (0,1]), with some integrability conditions
being supposed on theC2-norms. One reason for this is for technical simplicity in some
places, and another is that this assumption will be needed for the treatment below of
relations between entropy, Lyapunov exponents and dimension, where we often require
the map space to be Polish or at least separable so that Lusin’s theorem is applicable (see
Bahnmüller and Liu [13]; it is not clear to the author if this assumption can be reduced to
aC1,α one by a suitable trick for these purposes, noting thatC1,α(M,M) is in general not
separable). However, under analogous assumptions onC1,α-norms invariant manifolds
can still be constructed along Pesin’s line (possibly with a slight loss of smoothness)
or by adapting Ruelle’s approach (see the next paragraph). Note, however, that aC1

assumption is usually not sufficient for the invariant manifold theory, especially for the
absolute continuity property (see Pugh [128] for a counterexample).

Ruelle’s approach.Ruelle [139] elaborated an abstract invariant manifold theorem via
a perturbation result of cocycles and this provides another (as compared with Pesin’s)
approach of constructing invariant manifolds. This approach is more analytic in nature
and has the advantage of easier adaptability to the random case as well as to Hilbert
spaces (Ruelle [140]). In the random case, stable manifolds were first constructed by
Carverhill [45] for stochastic flows arising from an SDE by adapting Ruelle’s abstract
theorem. For a (discrete time) RDSF of classCk,α (k ≥ 1 integer,α ∈ (0,1]) with
log+ |f (ω)|Ck,α ∈ L1(�, P ), defining8(ω,x) : (B(1),0) → (Rm,0) as a local version
of f (ω) obtained by using the exponential map to parametrize neighborhoods ofx and
f (ω)x (one perhaps has to use a somewhat ‘globalized’ exponential map aroundf (ω)x;
Carverhill’s trivialization technique of using embedding does not seem easy to be adopted
here), one obtains verbatim versions of results in Ruelle [139] for local and global stable
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manifolds ofF (which are of the same order of smoothness asF ). This approach
also works for (non-invertible) endomorphisms (see [139, Theorem 6.1], and see also
Ruelle [140] and Liu [107] for related works). For extensions of Ruelle [139] to general
stochastic flows we refer to Liu and Qian [108, Ch. V] for statements and a brief review.
An interesting phenomenon in that case, proved by Baxendale [23] and Kifer [87], is that all
the integrability conditions required on theCr -norms hold true automatically (see Arnold
and Imkeller [8] for further results in this direction).

Other objects.‘Non-random’ stable manifolds corresponding to the ‘non-random’
multiplicative ergodic theorem were constructed by Brin and Kifer [42]. A center manifold
theory was developed by Boxler [38] for continuous time RDSs inRd and generalized
invariant manifolds including center and Oseledec manifolds were constructed by Dahlke
[54] for discrete time RDSs. We refer to Arnold [6] for a systematic treatment of these
results and applications.

We end this subsection with a very brief remark onrotation numbers(see Arnold
[6, Ch. 6] for a detailed account of related results). In analogy to Lyapunov exponents, such
quantities were introduced to describe rotation rates of vectors or planes under the action
of the derivative flow of a dynamics (Ruelle [142], San Martin [152]). Assuming a simple
Lyapunov spectrum (i.e. every exponent has multiplicity one), a multiplicative ergodic
theorem for rotation numbers was proved by Arnold and San Martin [9] for continuous time
RDSs; otherwise the situation would be rather different (see Arnold [6, Remark 6.5.15]).
In dimension two or three, it seems that rotation numbers could be related to some well-
known quantities such as curls of a vector field. Some nonlinear behavior associated to
such numbers is known, such as the rotation of stable manifolds (Ruffino [150]). However,
it seems that what one may know about such behavior is far from being as much as in the
case of Lyapunov exponents, except for on some low-dimensional or special such as torus
spaces.

2.2. Entropy and its relation to Lyapunov exponents.
Definition. The (Kolmogorov–Sinai) entropy of a deterministic measure-preserving
transformation was introduced to describe the information creation rate of the evolution
of a system and also to serve as an isomorphism invariant. For analogous reasons, such
a concept was introduced by Kifer [85] for i.i.d. RDSs with stationary measures and by
Ledrappier and Young [101] and Bogensch¨utz [29] for stationary RDSs over an ergodic and
measurably invertible noise system. The following is a unified notion, due to Bogensch¨utz
and Crauel [33], for general stationary RDSs as defined in §1. AssumeF is of classC0

andµ is anF -invariant measure. For a finite Borel partitionξ ofM, let

hµ(F , ξ) = lim
n→+∞

1

n

∫
Hµω

( n−1∨
k=0

f (ω, k)−1ξ

)
dP(ω) (2.4)

whereHν(η) := −∑
C∈η ν(C) logν(C), with the convention 0 log 0= 0, for a finite

partition η of M and a probabilityν on M (see Walters [163]). The above limit can
be shown to always exist by combining arguments in Kifer [85, Theorem II.1.1] and
Bogensch¨utz [29, Theorem 3.1] (if(�,A, P, τ ) is ergodic and measurably invertible, then
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taking integration in (2.4) is extraneous and the limit exists and is constant forP -a.e.ω
by the subadditive ergodic theorem). The(measure-theoretic) entropyof (F , µ) is then
defined byhµ(F) := suphµ(F , ξ) with the supremum being taken over the set of all
finite Borel partitions ofM (the entropy defined for(F , P × ρ) given in Proposition 1.1
corresponds to Kifer’s notion of entropy for(F , ρ)). hµ(F) turns out to coincide with

hπ
−1A
µ (F ), the conditional entropy ofF : (�×M,µ)←↩ with respect toπ−1A (see Kifer

[85] for the definition), whereπ : �×M → � is the natural projection. Furthermore, it
satisfies the Abromov–Rokhlin formula

hµ(F ) = hP (τ)+ hµ(F)
(both sides may be+∞) when(�,A, P ) is countably generated (Abromov and Rokhlin
[1], Bogensch¨utz and Crauel [33]), and this endowshµ(F) with the intuitive meaning
of being the average gain rate of information created by the combined dynamics
(� × M,µ,F) minus that of the information created by the ‘driving’ dynamics
(�, P, τ).

Using measurable partitions of Lebesgue spaces.The identification ofhµ(F) and

hπ
−1A
µ (F ) enables us to investigate the entropy of an RDS by means of the classical

(conditional) entropy theory. As with a deterministic transformation, just employing
finite or countable partitions of the phase space is not enough for the investigation and
in many cases one has to appeal to finer partitions (for example, partitions into pieces
of stable or unstable manifolds). This was made possible by the conditional entropy
theory for measurable partitions (i.e. partitions which can be approximated by finite or
countable ones) of Lebesgue spaces (see Rokhlin [132]). It is for this reason that we
sometimes require(�,A, P, τ ) to be Polish:(� × M,µ), with the completion of the
Borelσ -algebra with respect toµ, then defines a Lebesgue space (see, for example, Walters
[163, Theorem 2.1]). In this case and in the case ofτ being measurably invertible, one can
obtain the entropyhµ(F) by the formula (Liu and Qian [108, Theorem 0.5.1])

hπ
−1A
µ (F ) = supHµ

(
ζ

∣∣∣∣
+∞∨
k=1

F−kζ ∨ σ0

)

where the supremum is taken over the set of all measurable partitions of(�×M,µ) and
σ0 = {{ω} × M : ω ∈ �}. This means that, in the case of(�,A, P, τ ) being Polish
and measurably invertible, if one takes for eachω ∈ � a partitionζω of M such that
ζ := {{ω} × ζω(x) : ω ∈ �, x ∈ M} constitutes a measurable partition of(� ×M,µ),
then (2.4) can be extended by

hµ(F , ζ ) := Hµ
(
ζ

∣∣∣∣
+∞∨
k=1

F−kζ ∨ σ0

)
=

∫
Hµω

(
ζω

∣∣∣∣
+∞∨
k=1

f (ω, k)−1ζτkω

)
dP(ω)

and one can obtain the entropyhµ(F) by taking the supremum ofhµ(F , ζ ) over the
set of all suchζ ’s. For more information about conditional (or relative) entropy of
measure-preserving transformations of Lebesgue spaces see [108, Ch. 0] which is a partial
modification of the usual entropy arguments given in Rokhlin [132].
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Some other properties.Some properties of the entropy of(F , µ) have been known and
most of them are analogous to those in the deterministic case, as can be expected. Here
we just mention several of them. First, it is an isomorphism invariant (see Bogensch¨utz
[29] for a precise statement) and this invariant is complete for Bernoulli random subshifts
of finite type (see Gundlach [65]; a general random version of Ornstein’s well-known
theorem in [118] is not known). If the noise system(�,A, P, τ ) satisfiesτ−1A = A,
a version of the Shannon–McMillan–Breiman theorem can be obtained for(F , µ) [29];
otherwise there have been no results on the extension of this theorem except for a very
special situation (i.e. the case of almost all the sample measures being the same) (see
Kifer [85, Theorem II.1.5]). For random versions of the Kolmogorov–Sinai theorem for
calculating the entropy using generators see [29] and [30]. When(�,A, P ) is countably
generated andP is ergodic, the entropy of an invariant measure is equal to the integration of
those of its ergodic components; this is a random version of Walters [163, Theorem 8.4] and
can be proved by analogous arguments. The entropy map of an RDS is affine. It is believed
by several authors to be upper semi-continuous under suitable expansivity conditions (in
the deterministic case this is a fact which can be proved in a few lines), but, as far as
the author knows, a rigorous proof of this (important for the thermodynamic formalism of
RDSs) has not yet appeared and it is hoped to come into existence (for the case of a random
subshift of finite type a proof was given by [30, Proposition 3.2.2], but it does not seem
to be acceptable); for this problem note that the set of allF -invariant measures, denoted
by M(F), has the smallest topology which makesµ 7→ ∫

φ dµ continuous for eachφ in
L1
P (�,C(M)), the space of all measurableφ : � ×M → R such thatφ(ω, ·) : M → R

is continuous for eachω ∈ � and
∫

supx∈M |φ(ω, x)| dP(ω) < +∞ (see Arnold [6] for
more information). For a (continuous time) stochastic flow with a stationary measure the
entropy defined for the time-t0 (t0 > 0) random maps is proportional byt0 to that for the
time-1 random maps (Kifer [85, Lemma V.2.2]). In spite of these results, many interesting
properties enjoyed by the entropy in the deterministic case have not yet been established
rigorously in the random case, taking the Brin–Katok local entropy formula [41] as an
example.

Ruelle inequality.Roughly speaking, Lyapunov exponents and entropy provide two
different ways of measuring the dynamical complexity of an RDS: the Lyapunov exponents
measure geometrically how fast nearby orbits diverge (due to the corresponding invariant
manifold theory) or how fast volume elements are expanded (by sums of the exponents),
and the entropy measures from the viewpoint of information the complexity related to such
dynamical behavior. In general, there exists the following relation between these two kinds
of quantities.

THEOREM 2.4. (Ruelle inequality)Let F be of classC1 and assumelog+ |f (ω)|C1 ∈
L1(�, P ) where|f |C1 = supξ∈TM,|ξ |=1 |Tf ξ |. Assume, moreover, that(�,A, P, τ ) is
measurably invertible or is Polish. Then for anyF -invariant measureµ one has

hµ(F) ≤
∫ ∑

i

λ(i)(ω, x)+m(i)(ω, x) dµ. (2.5)
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This theorem was first proved by Ruelle [137] (also in an unpublished work by Mar-
gulis) for a deterministicC1 map. An extension to random as well as infinite-dimensional
cases, suitable for applications to the Navier–Stokes time evolution, was elaborated later
by Ruelle [141], whereM is allowed to be a Hilbert manifold but� is assumed to be a
compact metric space. Without knowing this work of Ruelle, Bahnm¨uller and Bogensch¨utz
[12] proved the theorem for the case ofF being over a general but ergodic and measurably
invertible noise system (see that article for references to earlier works by Ledrappier, Kifer,
Liu and Qian), and the slightly more general version stated here can be proved by minor
modification of the arguments in [12] or by using the Lebesgue space property of Polish
spaces. Hopefully the assumptions on(�,A, P, τ ) in Theorem 2.4 can be suppressed.

Pesin formula.For a deterministicC2 (or C1,α) diffeomorphismf on M and an
f -invariant measureρ, Pesin [123] proved that (2.5) will be an equality ifρ is smooth
(i.e. absolutely continuous with respect to the Lebesgue measure onM) and this equality is
known as thePesin (entropy) formula. The following theorem extends the result of Pesin to
RDSs composed of random endomorphisms (maybe non-invertible and with singularities,
i.e. points at which the derivative is degenerate).

THEOREM 2.5. (Pesin formula)Let F be of classC2 with log+ |f (ω)|C2 ∈ L1(�, P ).
Assume, moreover, that(�,A, P, τ ) is Polish and measurably invertible†. Letµ be an
F -invariant measure. Ifµω � Leb for P -a.e.ω, then there holds the equality

hµ(F) =
∫ ∑

i

λ(i)(ω, x)+m(i)(ω, x) dµ. (2.6)

This theorem was proved in Liu [107], along Pesin’s original sketch, for the case ofF
being a two-sided canonicalC2 RDS, and the slightly more general version stated above
can be easily proved by employing some properties of Polish spaces (see Bahnm¨uller and
Liu [13]). Such a result was earlier obtained for expanding RDSs by Bahnm¨uller [11],
which extends a proof given by Ledrappier and Young in the deterministic case using the
notion of Jacobian, introduced by Parry [121], of measure-preserving transformations.
This notion was then extensively employed in Liu [107] to prove Theorem 2.5 for the non-
expanding case and it turns out to be a powerful tool to overcome difficulties brought
about by non-invertibility of the maps (the inverse limit space method does not seem
helpful for the present purpose even in the deterministic case). For a deterministic
(maybe non-invertible)C1,α map, Theorem 2.5 was also proved earlier by Thieullen [154]
through a rather different approach, i.e. by showing that the equality between the fractal
(or information) dimension and the Lyapunov dimension of the invariant measure is a
sufficient condition to obtain the Pesin formula, even in the infinite-dimensional case.
That approach seems adaptable to the present situation by first developing a local entropy
theory (including the Brin–Katok formula in [41]) for RDSs, but the situation would
become different when one considers an i.i.d. RDS with a smooth stationary measure (see
Theorem 2.7 below and see Liu [107] for more information).

See §3.4 for application of Theorem 2.5 to expanding in average RDSs.

† It was recently proved in [109] that the formula (2.6) still holds true without the invertibility assumption
on (�,A, P , τ ), but with the additional condition logD(f (ω)) ∈ L1(�,P ) (see Theorem 2.7). This unifies
Theorems 2.5 and 2.7.
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SRB measures of an RDS.In this paragraph we consider RDSs composed of invertible
maps on the phase space and of invertible noise systems. Careful observation makes it
plausible that the information creation is caused by the expansion of the dynamics and the
contracting and neutral directions do not contribute to the entropy. This is made precise
by the following theorem, which tells that the entropy is determined by the action of the
random maps on the unstable manifolds and the Pesin formula holds true if and only if
the invariant measure has conditional measures compatible with the Lebesgue on these
submanifolds.

THEOREM 2.6. AssumeF is of classC2, f (ω) ∈ Diff 2(M) forP -a.e.ω and(�,A, P, τ )
is Polish and measurably invertible. Take the integrability conditionslog+ |f (ω)|C2,
log+ |f (ω)−1|C2 ∈ L1(�, P ) and letµ be anF -invariant measure. Then one can find
a measurable partitionη, finer than{{ω} ×M : ω ∈ �}, of (� × M,µ) which has the
following properties.
(i) η is subordinate toWu-manifoldsof (F , µ) in the following sense: forµ-a.e.(ω, x),

ηω(x) ⊂ Wu(ω, x) and contains an open neighborhood ofx in Wu(ω, x) (with the
neighborhood being taken in the submanifold topology), whereηω is the partition of
M induced by restrictingη to {ω} ×M, ηω(x) denotes the element ofηω containing
x, andWu(ω, x) := {x} if λ(i)(ω, x) ≤ 0 for all i.

(ii) η is increasing, i.e.F−1η is finer thanη; moreover,
∨+∞
n=0 F

−nη is equal to the
partition into single points, and

∧+∞
n=0F

nη generates theσ -algebra consisting of
measurable subsetsB of� ×M which are unions of some unstable manifolds (i.e.
such that(ω, x) ∈ B implies{ω} ×Wu(ω, x) ⊂ B).

(iii) hµ(F) = Hµ(F−1η|η) = ∫
Hµω(f (ω)

−1ητω|ηω) dP (ω).
(iv)

Hµ(F
−1η|η) =

∫
log |det(Txf (ω)|Eu(ω,x))| dµ

(Eu(ω, x) := ⊕λ(i)(ω,x)>0E
(i)(ω, x)), or equivalently,

hµ(F) =
∫ ∑

i

λ(i)(ω, x)+m(i)(ω, x) dµ

if and only if µη(ω,x) � λu(ω,x) for µ-a.e. (ω, x), whereµη(ω,x) is the conditional
measure ofµ onη(ω, x), the element ofη containing(ω, x), which is identified with
ηω(x) by the relationη(ω, x) = {ω} × ηω(x), and whereλu(ω,x) is the Lebesgue
measure onWu(ω, x) induced by its inherited Riemannian structure (λu(ω,x) = δx if

Wu(ω, x) = {x}). If these conditions are satisfied, the densityρ = dµη(ω,x)/dλu(ω,x)
is strictly positive andlogρ is Lipschitz alongWu(ω, x) for µ-a.e.(ω, x).

An F -invariant measureµ will be called anSRB measureif it has smooth conditional
measures on the unstable manifolds, as precisely defined in (iv) of the above theorem.
Note that this definition is independent of the particular choice of a measurable partition
subordinate to theWu-manifolds, and also note that the partition of�×M into pieces of
the global unstable manifolds is in general not measurable and one needs finer partitions
as defined in (i) of Theorem 2.6 for this definition. By transitivity of conditional measures
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(see Rokhlin [133]), the SRB property ofµ implies that almost every sample measureµω

has smooth conditional measures on leaves of theWu(ω, ·)-foliation ofM.
A brief history of the above theorem is as follows. First consider a deterministic

diffeomorphismf with an invariant measureµ. Observing that the sum of the positive
exponents at a point is the exponential expansion rate of the volume element of the unstable
manifold at this point and that the information creation is intuitively due to the stretching
behavior off , Ledrappier and Strelcyn [99] extended, using Pesin theory, the notion of
SRB measures (first defined by Sinai [153] for Anosov diffeomorphisms, then by Ruelle
[136] for Axiom A diffeomorphisms and by Bowen and Ruelle [40] for Axiom A flows)
to general non-hyperbolic dynamical systems and showed that the SRB property of the
invariant measure is sufficient to get the Pesin formula. The existence of a partition
with properties (i)–(iii) of Theorem 2.6 in their deterministic versions was proved by
Ledrappier and Strelcyn [99] for the case ofµ being SRB and earlier by Pesin [123] for
µ being smooth, and the proof in these cases is relatively easy since the hardest part (iii)
can be obtained with the help of estimating the entropy via the positive exponents; for
µ general the proof is much harder and is due to Ledrappier and Young [100, Part I]
which, using such a partition, proves thatµ being SRB is necessary for the Pesin formula.
Theorem 2.6 is a random version of these results and can be proved along the lines of the
deterministic case (see Ledrappier and Young [101], Liu and Qian [108], and Bahnm¨uller
and Liu [13]).

Besides being characterized as those measures satisfying the entropy formula, SRB
measures have their physical importance: they usually represent the asymptotic behavior
of a positive Lebesgue measure set of initial points (see the review Eckmann and Ruelle
[59] for related results on deterministic systems and see Theorem 3.3 of the present one for
information in the random case). The study of the existence of SRB measures, especially
in non-uniformly or partially hyperbolic dynamical systems, as well as of their statistical
properties such as the decay of correlations and central limit theorems etc., is at present
quite active, see the short but excellent reviews of Young [158], Viana [162] and Hu [74]
for developments in the deterministic case and see Corollary 2.8 and §3 of the present
article for developments in the random case.

Applications to physics of Theorems 2.4 and 2.6 above were made by Ruelle [148]
where positivity of (statistical mechanics) entropy production in non-equilibrium statistical
mechanics was studied in the presence of a thermostat acting by random forces.

Entropy formula for i.i.d. RDSs.An interesting phenomenon due to the presence of noise
is that for an i.i.d. RDS and a stationary measure the Pesin formula ‘always’ holds true
and the corresponding sample measures (see Proposition 1.2) are almost surely SRB if the
RDS is ‘sufficiently’ random (Ledrappier and Young [101]). To state the results precisely,
we first reformulate the definition of the entropy in this particular setting. AssumeF is
i.i.d. andρ is a stationary measure ofF . For a finite Borel partitionξ ofM, let

hρ(F , ξ) = lim
n→+∞

1

n

∫
Hρ

( n−1∨
k=0

f (ω, k)−1ξ

)
dP(ω) (2.7)

(the limit exists, see Kifer [85, Theorem II.1.3] for a similar proof), and define theentropy
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of (F , ρ) ashρ(F) := suphρ(F , ξ) with the supremum being taken over the set of all
finite Borel partitions ofM. Let ν be the probability onCr(M,M) induced by the map
� → Cr(M,M), ω 7→ f (ω). Denote byF̂ the one-sided canonical i.i.d. RDS with
P̂ = νZ

+
, and byF̃ the two-sided one with̃P = νZ. Thenhρ(F) can be related to the

previous notion of entropy by

hρ(F) = hP̂×ρ(F̂) = hρ∗(F̃) (2.8)

whereP̂ × ρ andρ∗ are given by Propositions 1.1 and 1.2, respectively (see Liu [107]).
If F isC1 and log+ |Txf (ω)| ∈ L1(�×M,P ×ρ), the essentially non-random Lyapunov
spectra{(λ(i)(x),m(i)(x)) : 1 ≤ i ≤ r(x)}, ρ-a.a.x, of (F , ρ) can clearly be defined
as those of(F̂ , P̂ × ρ) sinceω 7→ (f (ω), f (τω), . . . ) is a measure-preserving map
from (�, P ) to (Cr(M,M)Z

+
, P̂ ). By Theorem 2.4, the Ruelle inequalityhρ(F) ≤∫ ∑

i λ
(i)(x)+m(i)(x) dρ(x) holds if log+ |f (ω)|C1 ∈ L1(�, P ). The following theorem

was proved by Ledrappier and Young [101] for random diffeomorphisms and then by Liu
[107] for random non-invertible maps.

THEOREM 2.7. (Pesin formula for i.i.d. RDSs)AssumeF is of classC2 and is i.i.d.
Assume the integrability conditionslog+ |f (ω)|C2, logD(f (ω)) ∈ L1(�, P ) where
D(f (ω)) := infx∈M |detTxf (ω)|. Let ρ be a stationary measure ofF . If ρ � Leb,
then one has

hρ(F) =
∫ ∑

i

λ(i)(x)+m(i)(x) dρ(x). (2.9)

Note that, if an i.i.d. RDS is sufficiently random in the sense that its transition
probabilities have a density with respect to the Lebesgue, then all its stationary measures
are smooth (see, for example, [108, §IV.1]). It is particularly the case whenF arises from
a stochastic flow of diffeomorphisms solving a non-degenerate SDE (see [108, Ch. V] for
precise statements concerning the entropy formula in the flow setting). I.i.d. RDSs defined
by a deterministic endomorphism followed by stochastic flowswere introduced by Kifer
[86] and Baladi and Young [21] (see also §3.4 of the present article), and Theorem 2.7 has
its application in this model [107]. See Tsujii [155] for related works on one-dimensional
i.i.d. random maps. A brief description of the specific feature of the proof of Theorem 2.7
brought about by the randomness is presented after Proposition 2.10.

From Theorems 2.6 and 2.7 we have the following.

COROLLARY 2.8. (SRB property of sample measures)Let F be a two-sided canonical
i.i.d. RDS such thatf (ω) ∈ Diff 2(M) for P -a.e.ω. Assume the integrability conditions
log+ |f (ω)|C2, log+ |f (ω)−1|C2 ∈ L1(�, P ). Let ρ be a stationary measure ofF .
If ρ � Leb, then almost all the sample measuresρω, ω ∈ �, are SRB or, precisely
speaking, the measureρ∗ given by Proposition 1.2 is SRB.

Remark 2.9.(Non-smoothness of sample measures) Take the assumptions of Corol-
lary 2.8. Then the sample measuresρω, ω ∈ �, are almost all smooth (i.e.ρω absolutely
continuous forP -a.e.ω) if and only if f (ω)ρ = ρ for P -a.e.ω. Equivalently (and roughly
speaking), if the latter condition does not hold, the time evolution on the phase space
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will destroy with full probability (note thatP is ergodic now) the smoothness ofρ in
some contracting directions but improves it in the stretching directions, ensuring the SRB
property of the sample measures (recall the pictures in Proposition 1.2 and Corollary 2.8;
see also Theorem 2.11 below). The fact stated above can be proved as follows. Note
that, if ρω � Leb forP -a.e.ω, the absolute continuity property of the stable and unstable
manifolds (see [108, Ch. III]) impliesρ∗ is SRB both forF and its time reversal, yielding∫ ∑

i λ
(i)(x)m(i)(x) dρ(x) = 0 by the Pesin formulae. By using the interesting result of

Proposition 2.10 below, one provesf (ω)ρ = ρ for P -a.e.w. The inverse implication is
obvious.

PROPOSITION2.10. (Baxendale [23], Kifer [ 85]) Let F be an i.i.d. RDS withf (ω) ∈
Diff 1(M) for P -a.e.ω and log+ |f (ω)|C1 ∈ L1(�, P ). Letρ be a stationary measure of
F . If ρ � Leb, then

(i)
∑
i λ
(i)(x)m(i)(x) ≤ 0, ρ-a.e.x;

(ii)
∑
i λ
(i)(x)m(i)(x) = 0, ρ-a.e.x if and only iff (ω)ρ = ρ for P -a.e.ω.

We now present a very brief description of the random component of the proof of
Theorem 2.7, as compared with Pesin’s proof in the deterministic case. It is enough
to consider(F̂ , P̂ × ρ) and (F̃ , ρ∗). Even in the diffeomorphisms case, the proof of
Theorem 2.7 given by Ledrappier and Young [101] consists in analysis along the stable
manifolds, generally only for which, in view of Remark 2.9, the smoothness ofρ can
be used (as opposed to the unstable manifolds). The smoothness ofρ together with
the absolute continuity property of the stable manifolds implies thatP̂ × ρ has smooth
conditional measures on these submanifolds, and this allows one to measure information
creation along the stable manifolds in terms of the Lebesgue measures on them. This
statement is seemingly unreasonable since intuitively it has something to do only with the
negative exponents, but now the positive and negative exponents do not play a symmetric
role in general (in view of Proposition 2.10(i)). We present here an intuitive explanation
which is very incomplete and technically inaccurate, but roughly tells us how the use of
stable manifolds can lead to the relation of the entropy and the positive exponents. Letξ

be a finite Borel partition ofM. One can rewrite the term in (2.7) under the integration
signal in the following way,

Hρ

( n−1∨
k=0

f (ω, k)−1ξ

)
= Hf (ω,n)ρ

( n−1∨
k=0

f (τ kω, n − k)ξ
)
.

In this way the contraction goes into the picture of information creation. Replacing
ξ by a partition into pieces of the stable manifolds and using the conditional entropy
theory, the determinant of the derivatives of the associated maps restricted to the stable
subspaces (corresponding to the negative exponents) as well as the determinant of the
whole derivatives would play a major role, due to the contraction along the stable
manifolds, the compatibility of the conditional measures ofρ with the Lebesgue on these
manifolds and the total volume changeρ → f (ω, n)ρ. Finally, the entropyhρ(F) turns
out to be determined by the latter determinant over the first, the average of whose logarithm
gives the integral of the sum of the positive exponents.
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2.3. Relations between Lyapunov exponents, entropy and dimension.
A dimension formula for i.i.d. RDSs.In the deterministic case, it was conjectured by
Federicksonet al [61] that the Hausdorff dimension of an ergodic SRB measure is
‘generically’ equal to its Lyapunov dimension; this was proved to be true by Young [156]
for surface diffeomorphisms but when the phase space has dimension greater than two
the conjecture has not been mathematically verified (see Eckmann and Ruelle [59] for
a detailed review of this topic). However, Ledrappier and Young [102] showed that the
conjectured scenario is indeed mathematically true inany dimension if the dynamical
system is subjected to certain types of sufficiently random noise. This means that for
an i.i.d. RDS composed of random diffeomorphisms with some conditions to guarantee
genuine randomness, the Hausdorff dimension of the sample measures corresponding to
an ergodic stationary measure is almost surely equal to the Lyapunov dimension. Below
we recall briefly the related notions and formulate this notable result in a more precise way.

LetF be a two-sided canonical i.i.d. RDS such thatf (ω) ∈ Diff 2(M) for P -a.e.ω and
log+ |f (ω)|C2, log+ |f (ω)−1|C2 ∈ L1(�, P ). Let ρ be an ergodicF -stationary measure
andρ∗ the correspondingF -invariant measure. Now it is more convenient to write all the
Lyapunov exponents of(F , ρ), or equivalently of(F , ρ∗), as+∞ > λ1 > λ2 > · · · >
λr > −∞. Assumeλ1 > 0 since otherwise the statements below will hold rather trivially.
If ρ∗ is hyperbolic (i.e.λi 6= 0 for all i) and is SRB, then forP -a.e.ω the pointwise
dimension of the sample measureρω is well definedρω almost everywhere, that is, the
limit

dρω(x) := lim
r→0

logρω(B(x, r))

logr
(whereB(x, r) = {y ∈ M : d(x, y) < r})

exists forρ∗-a.e.(ω, x) (see Ledrappier and Young [101]; the conclusion is expected to be
also true without requiring the SRB property ofρ∗ or, more generally, the Eckmann–Ruelle
conjecture recently proved by Barreiraet al [22] in the deterministic case is expected to
be true for any hyperbolic invariant measure ofF , but no confirmation has been made
by checking all the details for a rigorous proof). The limit is clearly constantρ∗-a.e. or,
equivalently, forP -a.e.ω the limit is equalρω-a.e. to a same value, called thedimension
of ρω and denoted by dim(ρω) (which, by a theorem in Young [156], coincides with the
Hausdorff dimensionof ρω defined by dimH ρω := inf{dimH Z : Z ⊂ M,ρω(Z) = 1}),
and this value is equalP -a.e. to a constant. TheLyapunov dimensionof the family of
sample measures{ρω} is defined as

D(λ1, . . . , λr ) :=




dimM, if
K∑
j=1

mj = dimM

K∑
j=1

mj − 1

λK+1

K∑
j=1

λjmj , otherwise

(2.10)

with K being the largest integer so that
∑K
j=1 λjmj ≥ 0 andmi = dimE(i)(ω, x).

If ρ � Leb, then, by Proposition 2.10, one always has
∑
i λimi ≤ 0 with

∑
i λimi = 0

if and only if ρω = ρ, P -a.e. Clearly for the special case
∑
i λimi = 0 one has

dim(ρω) = D(λ1, . . . , λr ) = dimM, P -a.e. Under further conditions the coincidence
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of dim(ρω) andD(λ1, . . . , λr ) is obtained for the general case in the following theorem,
where we will employ the ‘backward derivative process’ naturally induced byF (with
P = νZ) on the Grassmannian manifold Gr(M) whose transition probabilities are given
by

Q(v, 0) = ν{ω : Tf (ω)−1v ∈ 0}, v ∈ Gr(M), Borel0 ⊂ Gr(M)

(recall that Gr(M) = ⋃dimM
k=1 Gr(M, k) and Gr(M, k) is the manifold ofk-dimensional

subspaces ofTM).

THEOREM 2.11. (A dimension formula) (Ledrappier and Young [102]) LetF be as given
above and letρ be an ergodicF -stationary measure such thatρ � Leb and λi 6= 0
for all i. Take the hypothesis that for allv ∈ Gr(M) the transition probabilityQ(v, ·) is
absolutely continuous with respect to the Lebesgue on Gr(M). Then forP -a.e.ω

dim(ρω) = D(λ1, . . . , λr ). (2.11)

The hypothesis in the theorem is a sufficient randomness condition which appears quite
naturally, especially in the setting of stochastic flows arising from SDEs. IfF is generated
by the time-one maps of the solution flow of SDE (1.3), then the hypothesis is satisfied
if the operatorL = −X̃0 +∑d

k=1 X̃
2
k on C∞(Gr(M)) is hypoelliptic, whereX̃k is the

natural lifting ofXk to Gr(M), 0 ≤ k ≤ d. In particular, ifd ≥ dimM + (dimM)2,
then there is an open dense subset in the space of(d + 1)-tuples of vector fields on
M on which the hypothesis is satisfied (see [102] for details and for further references).
To obtain the desired result (2.11), the above hypothesis can be replaced by the weaker one
that, forρ-a.e.x andj = K + 1, K + 2 (K being given in (2.10)), the distribution of
ω 7→⊕

i≥j E(i)(ω, x) is smooth on the Grassmannian manifold of
∑
i≥j mi-dimensional

subspaces ofTxM, or by a nonlinear version formulated in terms of two-point processes
onM. In fact, the latter are more directly related to the key ideas of the proof (which
consist of estimating the transverse dimension ofρω with respect to theWs,j -manifolds).

Generalized entropy formula.For a deterministic diffeomorphism partial dimensions
of an invariant measure were introduced by Ledrappier and Young [100, Part II]
and a fundamental generalized entropy formula relating entropy, exponents and partial
dimensions was given there with a highly complicated proof. Partial dimensions of the
sample measuresρω of ρ∗ introduced at the beginning of this subsection can be defined
similarly (see [102]) and the fundamental formula mentioned above is also expected to
be true for a general(F , µ) as given in Theorem 2.6 (but no rigorous confirmation has
appeared). If this formula is indeed true in the random case, the dimension formula (2.11)
can then be equivalently formulated in terms of the partial dimensions (see [100, Part II]
and Eckmann and Ruelle [59, §IV.D] for similar arguments in the deterministic case);
furthermore, this generalized entropy formula together with the expected random version
of the Eckmann–Ruelle conjecture would imply in the two-dimensional case an extension
of Young’s notable formula in [156].

3. Thermodynamic formalism
The thermodynamic formalism in terms of deterministic dynamical systems (often with
time setZd , R

d , d ≥ 1 or another groupG) has been widely developed and for this theory
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we refer to the marvellous (though austere) book by Ruelle [138]. In this section we review
some relevant progress in the setting of RDSs. In what follows(�,A, P, τ ) continues to
be a measure-preserving system which serves as the underlying noise system of our RDSs.

3.1. The notion of equilibrium states of bundle RDSs.
Bundle RDSs.In this section we are very often concerned with an RDS lying only on
some subsets which are ‘invariant’ under the random maps instead of on the entire phase
space, and this leads to the notion of a bundle RDS (Bogensch¨utz [30]). Here we go a
bit beyond the framework considered in the previous sections and introduce this notion
in its general form. LetX be a compact metric space. Let{Eω}ω∈� be a family of
compact subsets ofX such thatω 7→ Eω is measurable (with respect to the Hausdorff
topology), implying thatE := ∪{ω} × Eω constitutes a measurable subset of� × X
(the inverse is true ifA is P -complete, see Arnold [6, Proposition 1.6.2]; the reader is
referred to Crauel [50] for a random set theory). If{f (ω) : Eω → Eτω}ω∈� is a family of
continuous maps such that(ω, x) 7→ f (ω)x is a measurable map fromE toX, we then call
F := {f (ω, n) : Eω → Eτnω | n ∈ Z

+, ω ∈ �} a (continuous)bundle RDS, referring toE
as a compact bundle over� and to theEω ’s as its fibers, wheref (ω, n) are defined by (1.1).
In this subsection we will always assume thatF is such a bundle RDS. Typical examples
of such RDSs include random subshifts of finite type and small random perturbations of
hyperbolic sets, which will be discussed in §§3.2–3.4. More interesting is the case where
X is taken to be a Polish space and{Eω}ω∈� is a random (compact) attractor of an RDS
on X. Such attractors have been shown to exist for some stochastic partial differential
equations such as Navier–Stokes and reaction–diffusion equations with additive noise, and
their study now constitutes an important research line whose spirit coincides with that of
Ruelle [141]. In this paper we confine ourselves to the compact phase space case and
rather refer to Crauel [50] for a nice measure (and ergodic) theory on random closed sets
in Polish spaces and to Arnold [6], Crauel [51], Crauel and Flandoli [52, 53], Keller and
Schmalfuss [80] and the further references therein for a theory of random attractors. In the
light of Ruelle [141], relations between exponents, entropy and dimension as well as their
estimation might be a topic in this theory that deserves further investigation. For example,
the Ruelle inequality remains a problem when the compact setsEτnω leave with positive
probability any bounded domain asn increases (this may happen (see [52]) and the set of
invariant measures supported byE is always non-empty (see the next paragraph)).

We will denote byM(E,F) the collection ofF -invariant measures, i.e. those
probability measuresµ on�×X such thatµ has marginalP on�,µ(E) = 1 andFµ = µ,
whereF : E → E is the skew-product transformation associated withF defined in the
same way as (1.4). This set is always non-empty (even ifX is allowed to be a Polish space,
see [50, Corollary 6.13]). The entropyhµ(F) of (F , µ) for µ ∈ M(E,F) is defined in
the same way as in §2.2. Properties of invariant measures and of their entropies described
respectively in §1 and in §2.2 for the trivial bundle� × X case carry over to the present
non-trivial bundle situation (see [6, Ch. 1], [50, 97, 30]).

Variational principle. We first give a review of the notion of pressure for bundle RDSs,
which was first introduced by Ruelle [135] for a deterministic system and was adapted to
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the random case by Bogensch¨utz [29] (for the trivial bundle�×X case) and Kifer [96] (for
the non-trivial bundle case). We will use a measurable family of continuous functions on
the fibersEω as an observable or a potential. More precisely, the space of observables or
potentials will be taken asL1

E(�,C(X)) which consists of all familiesφ = {φω ∈ C(Eω)}
such that(ω, x) 7→ φω(x) is measurable onE and‖φ‖ := ∫ |φω|∞ dP(ω) < +∞, where
| · |∞ is the supremum norm (see Bogensch¨utz and Gundlach [35] for a discussion on
structural properties of this space). Forφ ∈ L1

E(�,C(X)), ε > 0 andn ≥ 1 put

πF (φ)(ω, n, ε)

= sup

{ ∑
x∈G

exp

[ n−1∑
k=0

φτkω(f (ω, k)x)

]
: G an(ω, n, ε)-separated subset ofEω

}
,

with the(ω, n, ε)-separated set being defined in an analogous way to the deterministic case
(see Walters [163]). It is measurable inω with respect to theP -completion ofA and we
can define

πF (φ) = lim
ε→0

lim sup
n→+∞

1

n

∫
logπF (φ)(ω, n, ε) dP (ω). (3.1)

The mapπF : L1
E(�,C(X)) → R ∪ {∞}, φ 7→ πF (φ) is then called the(topological)

pressureof F . It can be shown that for anyφ ∈ L1
E(�,C(X))

πF (φ) =
∫

lim
ε→0

lim sup
n→+∞

1

n
logπF (φ)(ω, n, ε) dP (ω) (3.2)

(if (�,A, P, τ ) is ergodic then (3.2) holds trueP -a.e. without taking the integral) and
replacing lim sup with lim inf will result in the same pressure value (Kifer [96]). In some
cases it is more natural to use a random variableε : � → (0,+∞) instead of a constant
one to define an(ω, n, ε)-separated set, and this will lead to the same pressure provided
that the randomε belongs to a natural class of positive random variables (see Bogensch¨utz
and Ochs [36] and Kifer [96] for details). It is shown in Gundlach [68] that the pressure can
be equivalently defined by using(ω, n, ε)-spanning sets. See Gundlach [67] (this preprint
contains a number of confusing points and a clear version was presented in Gundlach [68])
for a detailed study of the pressure (including its analyticity) of random subshifts of
finite type. The following theorem is called thevariational principle for bundle RDSs.
It was first proved by Ledrappier and Walters [103] for the case of� being a compact
metric space,τ being continuous andφ being a continuous function onE, and then by
Bogensch¨utz [29] for the trivial bundle�× X case under some invertibility assumptions.
The present version is due to Kifer [96].

THEOREM 3.1. (Variational principle)Assume that(�,A, P ) is a Lebesgue space. Then
for anyφ ∈ L1

E(�,C(X)) the following holds:

πF (φ) = sup

{
hµ(F)+

∫
φ dµ : µ ∈M(E,F)

}
. (3.3)

Since a Lebesgue space is countably generated, by ergodic decomposition, the
supremum in (3.3) can be taken over the set of ergodic measures ofF when P is
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ergodic. As indicated in Kifer [96], it would be interesting to know if the Lebesgue space
assumption on(�,A, P ) can be suppressed for the conclusion of Theorem 3.1. Note
that, if F is a one-sided canonical i.i.d. RDS on a compact manifoldM corresponding to
� = Cr(M,M)Z+ (0 ≤ r < +∞ integer) andP = νZ+ as described in Example (i) of
§1, the variational equality (3.3) holds true but in general one only has

πF (φ) ≥ sup

{
hP×ρ(F)+

∫
φ dP × ρ : ρ anF -stationary measure

}
(3.4)

and (3.4) may be a strict inequality (see Kifer [89] for an example and see §3.4 for a special
but important case where (3.4) holds as an equality).

Any memberµ of M(E,F) for which the supremum in (3.3) is attained will be called
an equilibrium stateof F for φ. As in the deterministic case, existence and uniqueness
of such states as well as their statistical properties (especially their Gibbs state property)
constitute a significant topic of research, and usually the uniqueness problem (concerning
conditions both onF and φ) is much more subtle than the former one (the existence
can be simply guaranteed for anyφ ∈ L1

E(�,C(X)) if the entropy map is upper semi-
continuous). Some results have been obtained in this direction for some specific bundle
RDSs which will be discussed in the subsequent subsections. Adopting ideas of Haydn
and Ruelle [72] and of Ruelle [145], Gundlach and Kifer [71] obtained the existence and
uniqueness of equilibrium states and their coincidence with Gibbs states for a natural class
of potentials in the case of general bundle RDSs possessing appropriate expansiveness and
specification properties.

3.2. Random subshifts of finite type.
Notion. Let N̄ = N ∪ {+∞} be the one-point compactification ofN = {1,2, . . . }, put
X = ∏+∞

i=0 N̄ and consider the shift operatorσ : X → X defined by(σx)i = xi+1

for x = (xi) ∈ X. X is compact metrizable, for example, by the metricd(x, y) :=∑+∞
i=0 2−i |x−1

i − y−1
i |, x = (xi), y = (yi) ∈ X, with the convention∞−1 = 0. On the

subset{x ∈ X : xi < +∞ for all i ∈ Z
+} one can fix arbitrarily 0< θ < 1 and introduce

another metricd̂θ (x, y) := inf{θn : n ∈ Z
+, x n∼ y} (wherex

0∼ y :⇔ x0 6= y0 and
x
n∼ y :⇔ xi = yi , 0≤ i ≤ n − 1, for n ≥ 1) which is topologically equivalent tod(·, ·)

but with respect to which the shiftσ is locally expanding. Letk : � → N be a random
variable with logk ∈ L1(�, P ) and letA = {A(ω) = (aij (ω))}ω∈� be a random transition
matrix, i.e. a family ofk(ω)× k(τω) matricesA(ω) with measurable (inω) entries 0 or 1
and with at least one non-zero entry in each row and each column. Put

6A(ω) = {x ∈ X : xi ≤ k(τ iω) andaxixi+1(τ
iω) = 1 for all i ∈ Z

+}.
Then the bundle RDS determined by{σ : 6A(ω) → 6A(τω)} is called a(one-sided)
random subshift of finite type(or a random topological Markov chain) and will be referred
to asσA, with 6A := ∪{ω} × 6A(ω) being the corresponding bundle. Assuming the
invertibility of (�,A, P, τ ), the two-sided version can be defined analogously. When
k andA are constantP -a.e., one gets the deterministic shift systems, which have been
analyzed since, several decades ago both for their intrinsic topological and ergodic-
theoretical properties and for applications to the thermodynamic formalism of statistical

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614


1300 P.-D. Liu

mechanics, to uniformly hyperbolic and other dynamical systems, or to other fields
(the reader is referred to the monograph Baladi [16] for a comprehensive treatment of
this topic). As will be seen, random shift systems exhibit some analogous pictures.
The following mixing condition onσA will often be assumed:A is calledaperiodic if
there exists a random variableM : � → N such thatA(ω) · · ·A(τM(ω)ω) has no zero
entriesP -a.e.

Gibbs states.Gibbs distributions (measures) on a symbolic space are of great interest
from the viewpoint of statistical mechanics, but they may not be invariant under the shift
operator. The Ruelle transfer operator provides a powerful tool to find shift-invariant
measures which are absolutely continuous with respect to a Gibbs measure (for a potential)
and to investigate their statistical properties such as the decay of correlations etc. (for
extensions to other settings of the Ruelle transfer operator see §3.4). Under some mixing
conditions on the shift and under some H¨older (i.e. exponential decay) or summability
conditions on the potential, the Gibbs measure and the absolutely continuous shift-invariant
measure often uniquely exist and the latter also has a kind of Gibbs property and is the
unique equilibrium state for the potential (we refer to Sinai [153] and to the excellent
monographs Ruelle [138], Bowen [39] and Baladi [16] for precise statements and for
historical background in the case of a deterministic shift system). In what follows we
review some analogous results in the random setting, mainly due to Bogensch¨utz and
Gundlach [35], Gundlach [65, 68] and Khanin and Kifer [81] (see these papers for further
references).

We consider below the one-sided random shifts and, for many purposes, problems in
the two-sided case can be reduced to the former one via a cohomology approach [68]
(this is useful for applying the Ruelle transfer operator method since the former is locally
expanding; here we note that the transfer operator method can also be used for hyperbolic
systems (where expansion and contraction coexist) by ‘quotienting out’ the non-expanding
directions, see Liverani [111], Viana [162, Ch. 4] and see Rugh [151] etc. for related
strategy). LetσA be given. For any givenα ∈ (0,1) denote byH 1

A(α) the set of those
familiesφ ∈ L1

6A
(�,C(X)) (see §3.1 for the definition) such that for some constantc > 0

one hasP -a.e.|φω(x) − φω(y)| ≤ cαn wheneverx
n∼ y (such aφ is also calledequi-

Hölder continuous(with respect tod̂θ (·, ·)), α may be referred to as the decay rate ofφ).
A probability ν on6A with marginalP on� is called aGibbs measure(with the empty
boundary condition on the left) forφ ∈ H 1

A(α) if for P -a.e.ω the conditional probability
νω,n(·|y) of νω on {x ∈ 6A(ω) : σnx = y} is given by

νω,n(x|y) = Pω,n(x|y) := exp

[ n−1∑
k=0

φτkω(σ
kx)

]/ ∑
z∈6A(ω):σnz=y

exp

[ n−1∑
k=0

φτkω(σ
kz)

]

(3.5)
for σnνω-a.e.y ∈ 6A(τnω) and for alln ∈ N. A measureµ on6A is called aφ-Gibbs state
if µ ∈M(6A, σA) (i.e.µ is an invariant measure of the bundle RDSσA) andµω � νω

for P -a.e.ω, whereν is a Gibbs measure forφ ∈ H 1
A(α). To construct such measures we

now introduce the random Ruelle transfer operatorsLφ(ω) : C(6A(ω)) → C(6A(τω))
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associated withφ ∈ H 1
A(α) which are defined by

(Lφ(ω)g)(x) =
∑

y∈6A(ω):σy=x
eφω(y)g(y) for all g ∈ C(6A(ω)), (3.6)

and we will writeLφ(ω, n) = Lφ(τn−1ω) ◦ · · · ◦ Lφ(ω) and denote byL∗φ(ω) the dual of
Lφ(ω) acting on finite signed measuresm on6A(τω) by

∫
g dL∗φ(ω)m :=

∫ Lφ(ω)g dm
for all g ∈ C(6A(ω)) (see, for example, Przytycki and Urba´nski [127, Ch. 3] for
a description in the deterministic case on why it is natural to consider these kinds of
operators; the random ones were first employed by Ferrero and Schmitt [60] and Kifer
[89] in some simple or limited situations). Following the pioneering work of Ruelle [134]
but using projective metric techniques (instead of Ruelle’s Arzela–Ascoli-type argument),
the theorem that follows was proved by [35] for the case whereA is uniformly aperiodic
(i.e.M(·) = Const.P -a.e.) and in the present form by Gundlach [65, 68].

THEOREM 3.2. (The Random Ruelle–Perron–Frobenius theorem)Assume that(�,A,
P, τ ) is measurably invertible and ergodic, withA being countably generated. Assume
thatA is aperiodic. Letφ ∈ H 1

A(α). If

|logLφ(ω,M(ω))1|∞ ∈ L1(�, P ) (3.7)

(recall that | · |∞ is the supremum norm; (3.7) holds true, for example, whenM(·) =
Const.P -a.e. sincelogk ∈ L1(�, P )), then there exist a positive random variableλ
with logλ ∈ L1(�, P ), a family of positive functionsh = {hω ∈ C(6A(ω))} with
logh := {loghω} ∈ H 1

A(α), and probabilitiesν, µ on6A with marginalP on� such
that the following hold true forP -a.e.ω.
(i) Lφ(ω)hω = λ(ω)hτω, L∗φ(ω)ντω = λ(ω)νω,

∫
hω dνω = 1 and

lim
n→+∞

∣∣∣∣λ(ω, n)−1Lφ(ω, n)g−hτnω
∫
g dνω

∣∣∣∣∞ = 0 for all g ∈ C(6A(ω)) (3.8)

(whereλ(ω, n) := λ(τn−1ω) · · · λ(ω)) with exponential speed of convergence forg

in a dense subsetV(ω) of C(6A(ω)) (see [35, 68] for the definition ofV(ω) which
depends on the Ḧolder constantc and the decay rateα of φ and see [35, Proof of
Proposition 3.14] and [68, Proof of Proposition 4.4.2] for an explicit estimate of the
exponential speed;V(ω) contains Ḧolder continuous functionsg with decay rateα
and one can check this by writingg = (g++C)−(g−+C) for a sufficiently largeC).

(ii) Define8 = {8ω} by8ω(x) = φω(x)+ loghω(x)− loghτω(σx)− logλ(ω). Then
L8(ω)1= 1, L∗8(ω)µτω = µω, dµω = hω dνω and

lim
n→+∞

∣∣∣∣L8(ω, n)g −
∫
g dµω

∣∣∣∣∞ = 0 for all g ∈ C(6A(ω)) (3.9)

with the same exponential convergence property as (3.8).
All the objects areP almost all uniquely determined by these properties.

This theorem has a lot of corollaries (see [35, 65, 68] for proofs). First,ν is aφ-Gibbs
measure and can be given by∫

g dνω = lim
n→+∞

Lφ(ω, n)g
Lφ(ω, n)1 , ∀g ∈ C(6A(ω));
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µ is a φ-Gibbs state and a8-Gibbs measure, which has the following kind of Gibbs
property: there existc1, c2 > 0 such thatP -a.e.

c1 ≤ µω{y ∈ 6A(ω) : yi = xi for i = 0,1, . . . ,m− 1}
exp

[ ∑m−1
k=0 8τkω(σ

kx)
] ≤ c2 (3.10)

for all m ∈ N and allx ∈ 6A(ω). Furthermore,πσA(φ) =
∫

logλ dP , the variational
principle holds for(σA, φ) (without requiring(�,A, P ) to be Lebesgue) andµ is the
unique equilibrium state ofσA for φ. (The uniqueness of theφ-Gibbs measure and state
was proved in [81], see below. See [35, 68] for the notion, existence, uniqueness and the
equivalence with the equilibrium state of an invariantquasi-Gibbs measure, µ is in fact
such a measure forφ.) (3.9) implies that(σA,µ) is randomly mixingin the sense that
P -a.e.

lim
n→+∞

∣∣∣∣
∫
(ψτnω ◦ σn)g dµω −

∫
ψτnω dµτnω

∫
g dµω

∣∣∣∣ = 0 (3.11)

for any φ ∈ L1
6A
(�,C(X)) and anyg ∈ C(6A(ω)) (see [68] for refined mixing

properties), with exponential speed of convergence forg ∈ V(ω). This type of fast
correlation decay property can lead to aω-wise central limit theorem for random H¨older
continuous observables under some further integrability conditions, see Kifer [94] (or see
Kifer [95] for a short review). It was shown in [68] that L̂8 : H 1

A(α)→ H 1
A(α) defined by

(L̂8ψ)ω = L8(τ−1ω)ψτ−1ω is well defined, it has 1 as a simple isolated eigenvalue and
the rest of the spectrum is contained in a disc of radius strictly smaller than 1; however, as
compared with the deterministic case (see, for example, Baladi [16]), much less has been
known about the spectral properties of the operatorsLφ andL8 and about their relation
to the convergence speed of (3.11) (see Bogensch¨utz [32] and Baladiet al [17] for related
works in other settings of RDSs).

We remark that for two-sided random subshifts the construction of Gibbs states (see
[81] for the definition which concerns boundary conditions) and of equilibrium states can
be reduced to the one-sided case via the cohomology approach (due originally to Sinai
[153]) with the properties (3.10) and (3.11) etc. being preserved (up to minor changes)
under the pull-back (the two-sided system is in fact the natural extension of the one-sided
one; see [68] for details). This can also be done by including the two-sided shifts in the
general set-up of RDSs in Gundlach and Kifer [71] satisfying some expansiveness and
specification conditions.

The assumption on the equi-H¨older continuity of the potentialsφ seems too strong
and a more natural one is to allow the H¨older constantc of φω’s to be a random variable
c : �→ [1,+∞) with logc ∈ L1(�, P ). Under this and other more natural integrability
conditions the existence and uniqueness of Gibbs measures and states as well as the unique
equilibrium state and ergodicity properties of the latter were proved by Khanin and Kifer
[81] both for the one-sided and the two-sided cases (the Gibbs measure and state coincide
in the latter case), both using the Ruelle operator and direct statistical mechanics methods.
See Maume Deschamps [114] for extensions to non-H¨olderian potentials.

Other topics and applications.See Kifer [95] for a short review on large deviation aspects
of random subshifts. See Kifer [92] for multi-dimensional extensions, and see Gundlach
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and Kifer [69, 71] for random sofic shifts. As reviewed in [95], such set-ups have
applications when studying randomly evolving graphs or random networks. Interesting
applications of the Gibbs state theory of random subshifts were made by Demetrius
and Gundlach [55] in their investigations of evolutionary population dynamics. See the
next subsection for applications to random hyperbolic systems, and see Kifer [91] for
applications in dimension theory of random iterated function systems.

3.3. Random hyperbolic diffeomorphisms.This subsection mainly concernshyperbolic
dynamics andexpandingones will be discussed in §3.4.

Random perturbations of Axiom A basic sets.We first consider small random
diffeomorphism-type perturbations of hyperbolic sets of deterministic diffeomorphisms.
This was first studied by Young [157] and we will see that this provides the strongest
possible set-up of hyperbolic bundle RDSs (Liu [106]). In this subsection letM be a
Riemannian manifold without boundary andO an open subset ofM with compact closure.
Let f : O → M be aCr (r ≥ 1 integer) diffeomorphism to the imagef (0). For
convenience of the reader we recall some related concepts from deterministic dynamical
systems. A compact set30 ⊂ O is called ahyperbolic setof f if it is f -invariant
(i.e. f30 = 30) and there is aTf -invariant splittingT30M = Es ⊕ Eu together with
0< λ0 < 1 such that for some constantC0 > 0 and alln ≥ 0

|Tf nξ | ≤ C0λ
n
0|ξ |, ∀ξ ∈ Es; |Tf nη| ≥ C−1

0 λ−n0 |η|, ∀η ∈ Eu.
A hyperbolic set30 of f is called anAxiom A basic setif it is locally maximal (i.e.⋂+∞
n=−∞ f nU = 30 for some neighborhoodU of 30) andf is topologically transitive on

it. Now let30 be a hyperbolic set off and consider the following random perturbation
model of(f,30).

Assume in this subsection that(�,A, P, τ ) is measurably invertible and ergodic with
A being countably generated. Let

F : (�,A, P )→ U(f )
be a random variable taking values in an open neighborhoodU(f ) of f in Cr(O,M),
with f (ω, n), ω ∈ �, n ∈ Z being defined by (1.1), but being defined wherever they
make sense (recall thatf (ω) := F(ω)). Standard structural stability arguments yield that,
if U(f ) is given sufficiently small, then for some constantε0 > 0 there exists a unique
measurable (inω) family of compact sets{3ω ⊂ O}ω∈� such thatf (ω)3ω = 3τω for all
ω ∈ � and that there is a measurable family of homeomorphisms{hω : 30 → 3ω}ω∈�
which satisfiesd(hω, id) < ε0, ∀ω ∈ �, and makes the following diagram commutative
for eachω,

· · · f // 30
f //

hω

��

30
f //

hτω

��

· · ·

· · ·f (τ
−1ω)// 3ω

f (ω) // 3τω
f (τω) // · · ·

(see Ruelle [147], Liu [ 106]). This picture results in a bundle RDS{f (ω, n) : 3ω →
3τnω}n∈Z,ω∈� which will be denoted byF3, with 3 = ⋃

ω∈�{ω} × 3ω denoting the

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614


1304 P.-D. Liu

corresponding bundle. For smallU(f ), F3 is hyperbolicin the following sense: there
exist measurable (in(ω, x)) splittingsTxM = Es(ω,x) ⊕ Eu(ω,x), (ω, x) ∈ 3, such that for
some constantsC > 0,λ0 ≤ λ < 1 and for alln ≥ 0

|Txf (ω, n)ξ | ≤ Cλn|ξ |, ∀ξ ∈ Es(ω,x); |Txf (ω, n)η| ≥ C−1λ−n|η|, ∀η ∈ Eu(ω,x).
(See Liu [106] for some further structural stability and stable manifolds statements.)

If 30 is an Axiom A basic set, then it can be modeled by a (deterministic) subshift of
finite type via a Markov partition. More precisely, there exists a two-sided topologically
transitive deterministic subshift(6̄A, σ̄ ) and a Lipschitz (with respect tôdθ (·, ·) for a
suitable 0< θ < 1) surjective mapπ : 6̄A → 30 such thatf ◦ π = π ◦ σ̄ , with π
being one-to-one over the set of points in30 whose orbits do not hit the boundaries of
the rectangles of the Markov partition. Via this machinery, thermodynamic formalism of
statistical mechanics was applied to Axiom A diffeomorphisms by Sinai [153] (for Anosov
diffeomorphisms) and by Ruelle [136] (for Axiom A attractors and for the formalism
of equilibrium states), leading to a successful ergodic theory of the latter (see Bowen
[39] for an excellent systematic treatment). For the case of the bundle RDSF3, the
deterministic shift(6̄A, σ̄ ) can also be used as a symbolic representation ofF3 via
the family of maps{πω := hω ◦ π} which is uniformly Lipschitz (with respect to
d̂θ ′(·, ·) for a suitable 0< θ ′ < 1) due to the uniform expansivity of the random maps
in F3. This allows one to apply the thermodynamic formalism of random subshifts
reviewed in §3.2 toF3 (although the shift(6̄A, σ̄ ) is deterministic, the potentials and
the Gibbs states are random now), obtaining an ergodic theory ofF3 parallel to Bowen
[39]. In particular, we have the following result [106, 110], where a family of functions
φ = {φω ∈ C(3ω)} ∈ L1

3(�,C(O)) is called equi-Hölder continuousif there are
constantsc > 0 andα > 0 such that|φω(x)− φω(y)| ≤ cd(x, y)α for anyx, y ∈ 3ω and
for P -a.e.ω.

THEOREM 3.3. Let30 be an Axiom A basic set off .
(i) (Equilibrium states)Let r = 1 and let U(f ) be a sufficiently small open neighbor-

hood off in C1(O,M). Then for any equi-Ḧolder continuousφ ∈ L1
3(�,C(O))

there exists a unique equilibrium state, writtenµφ, of F3 for φ. µφ is ergodic
and, if (f,30) is topologically mixing,(F3,µφ) is further randomly mixing in a
sense analogous to (3.11) and enjoys theω-wise CLT (central limit theorem) for any
Hölder continuous observableψ : O → R (see below for the precise meaning).

(ii) (Generalized SRB measure)Let r = 2 and let U(f ) be a sufficiently small
open neighborhood off in C2(O,M). ThenJ (u) = {J (u)ω ∈ C(3ω)} defined
by J (u)ω (x) = −log |det(Txf (ω)|Eu

(ω,x)
)| is an equi-Ḧolder continuous element of

L1
3(�,C(O)) and the unique equilibrium state ofF3 for J (u), written µ(u) (and

called thegeneralized SRB measureof F3), satisfies

πF3(J
(u)) = hµ(u)(F3)−

∑
λ(i)>0

λ(i)m(i)

where{(λ(i),m(i)) : 1≤ i ≤ r} is the Lyapunov spectrum of(F3,µ(u)).
If 30 is an Axiom A attractor, thenπF3(J (u)) = 0 and henceµ(u) satisfies the Pesin
formulahµ(u)(F3) =

∑
λ(i)>0 λ

(i)m(i) or, equivalently,µ(u) is an SRB measure of
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F3. µ(u) has some kind of genericity with respect to the Lebesgue measure (see Liu
[106] for details and see Ruelle [147] for a time-dependent but non-probabilistic
treatment which is perhaps more suitable for applications in physics).

(iii) (Stochastic stability)Let r = 2. When the neighborhoodU(f ) of f in C2(O,M)

shrinks to{f }, the generalized SRB measureµ(u) of F3 converges weakly toP ×
µ
(u)
0 , whereµ(u)0 is the generalized SRB measure off on30, and, in particular, the

marginal ofµ(u) onO converges weakly toµ(u)0 (see [110] for precise statements).

The CLT statement in (i) of the above theorem means that for any H¨older continuous
observableψ : O → R it holdsP -a.e. that for anya ∈ R, with µ denotingµφ for short,

lim
n→+∞µω

{
x ∈ 3ω : 1√

n

n−1∑
k=0

[
ψ(f (ω, k)x)−

∫
ψ dµτkω

]
≤ a

}

= 1

σ
√

2π

∫ a

−∞
e−t2/2σ2

dt (3.12)

whereσ ≥ 0 is given by

σ 2 := lim
n→+∞

1

n

∫ ( n−1∑
k=0

[
ψ(f (ω, k)x)−

∫
ψ dµτkω

])2

dµω

(being constantP -a.e.), and in the case whenσ = 0 the right-hand side of (3.12) is
understood to be the Dirac measure at zero. To prove this (and possibly a stronger) result,
note thatµφ is in fact the projection of the Gibbs state of the shift(6̄A, σ̄ ) for the potential
φ∗ = {φω ◦ hω ◦ π}, and it is then enough (and easy) to check that the CLT for random
subshifts proved in Kifer [94] applies in the present setting. In view of the volume lemma
(see Liu [106]), it seems that some large deviation results could be proved forF3 as done
by Kifer [88, 89] for random expanding maps. Stochastic stability of the SRB measure
of an Axiom A attractor with respect to i.i.d. random diffeomorphism-type perturbations
was earlier proved by Young [157] via a different approach (i.e. by the method of pushing
forward the Lebesgue measure on a piece of unstable manifold), and this is a weaker form
of (iii) of Theorem 3.3. A similar result was also obtained by Kifer [90] via a variational
argument and see Tsujii [155] for a similar treatment. Stochastic stability of many other
statistical properties, for example, the decay rate of correlations, and geometrical such as
dimensional properties of a deterministic hyperbolic system could be expected (for this see
the comprehensive book Pesin [125]); see Blanket al [28] for some results on the former
aspect of two-dimensional hyperbolic maps.

For perturbations of continuous time hyperbolic systems by flows of random
diffeomorphisms arising from random or stochastic differential equations, the problem is
more difficult and no successful ergodic theory (such as that given by Bowen and Ruelle
[40] for Axiom A flows) has been elaborated (see Gundlach and Kifer [70] for a first attack
on this problem). For perturbations of such systems by continuous time Markov processes
we refer to Kifer [83, 86].

General random hyperbolic sets.The set-up discussed above is too strong because all the
constants related to the hyperbolicity of the random maps are non-random and this does
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not even include the simple RDS defined byf (ω) := f n(ω), wheref is a deterministic
hyperbolic map andn : � → Z

+ is a random variable. More general random hyperbolic
sets allowing random contraction and expansion rates were introduced and studied by
Gundlach and Kifer [70] and further examples of such systems include random homoclinic
points (Gundlach [66]) and random torus automorphisms (see [70], they are essentially
due to a possibly unpublished work Arnoux and Fisher [10]) (to repeat, the expanding
case will be discussed in §3.4). An ergodic theory of such random hyperbolic sets was
developed by [70] via constructing random Markov partitions, but difficulties occur when
transferring symbolic results back to the original system and some results can perhaps only
be formulated at the symbolic level. Methods without involving Markov partitions could
be expected, as developed in a number of works in the deterministic case, for example,
Young [159], Blank et al [28] and Leplaideur [104], and for relevant works in the random
case we mention, Young [157], Viana [161] and also [28].
Stochastic stability of non-uniformly hyperbolic systems.Many interesting results have
been obtained, as mentioned in §2.2, on the existence of SRB measures as well as on
their statistical properties in non-uniformly or partially hyperbolic deterministic systems.
Whether the scenarios of these results are stable with respect to random perturbations
constitutes a very interesting topic, and this subject is closely related to the important
conjecture of Palis [120] (see Araújo [5] for important contributions in the direction
of proving the stochastic stability part of the conjecture). In addition to considering
random map perturbations, one can also consider another type of random perturbations,
i.e. perturbations by Markov chains, which seems more natural (but less rich from the
viewpoint of dynamical systems) than the former. More precisely, letf : M → M be
a dynamical system preserving a probabilityµ0. A random perturbationF can be taken
as a Markov chain with transition probabilitiesP(x, ·), x ∈ M (one could think ofF as
‘being sufficiently random’ ifP(x, ·), x ∈ M, has a density with respect to the Lebesgue
measure onM). The system(f, µ0) is said to bestochastically stable with respect to
Markov chain perturbationsif, for any one-parameter family of random perturbations
{Fε : ε > 0} which satisfiesPε(x, ·) → δf x weakly asε → 0 (one could also consider
some special perturbations), the stationary measuresµε of Fε converge weakly toµ0 as
ε → 0. Following Sinai’s work [153] on Anosov systems, SRB measures of Axiom A
attractors have also been proved to be stochastically stable in this sense by Kifer; we
refer to Kifer [86] for a systematic treatment of the topic and for relevant results on some
other one-dimensional dynamical systems, and we refer to Metzger [115] for stochastic
stability of this kind for Lorenz maps and flows. However, few results of stochastic stability
(considered maybe in both senses) have been known for multi-dimensional non-uniformly
or partially hyperbolic maps, and any positive or negative answer in this direction would
be desired. Non-uniformly hyperbolic systems considered in Hu [74, 75], Jacobson and
Newhouse [77], Pesin [124] etc. and partially hyperbolic systems considered in Pesin and
Sinai [126] (including time-1 maps of Axiom A flows) as well as those reviewed in Palis
[120] and Viana [162] might be good candidates to be studied. It was announced in Viana
[161, Ch. 6] (see also Palis [120]) that the unique SRB measure supported by the so-called
Hénon-like attractor of the map

f = fa,b : R2→ R
2, (x, y) 7→ (1− ax2+ y, bx),
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where(a, b) is from the ‘good’ parameter setE ⊂ R
2 which is of positive Lebesgue

measure (see Benedicks and Carleson [25], Benedicks and Young [27]), has been proved by
Benedicks and Viana to be stochastically stable with respect to Markov chain perturbations
Fε, ε > 0 whose transition probabilitiesPε((x, y), ·), (x, y) ∈ R

2, are given by

Pε((x, y),A) = νε{ω0 : fω0(x, y) := f (x, y)+ ω0 ∈ A} for BorelA ⊂ R
2,

whereνε is a probability on theε-neighborhood of 0∈ R
2 with νε � Leb and with

dνε/d Leb being uniformly bounded away from zero and infinity. It would be nice to
know if the interesting random correlation decay results obtained by Baladi and Viana [20]
and Baladiet al [17] for unimodal maps could be extended to this two-dimensional case.

It is very interesting to see that, based on random perturbations, Chernov [47] and
Liveraniet al [112, 113] developed a new approach which is quite efficient to investigate
statistical properties of non-uniformly hyperbolic deterministic maps.

Finally, we use this place to mention that Freidlin and Wentzell [62] elaborated a theory
of random perturbations of dynamical systems of a different (and more realistic) nature,
which mainly concerns stochastic stability of solutions of differential equations on a finite
time interval.

3.4. Random expanding maps.In this subsection we mostly consider canonical RDSs
as introduced in §1. For general RDSs some of the results presented below could be true
at least when(�,A, P ) is Polish or is Lebesgue.

Random perturbations of expanding maps.LetM be as given in §1 and letf : M → M

be aCr,α (1 ≤ r < +∞ integer,α ∈ (0,1]) map which isexpanding, i.e. there exists
λ > 1 such that|Tf ξ | ≥ λ|ξ | for all ξ ∈ TM. It is well known thatf admits a unique
absolutely continuous invariant measuredµ0 = h0d Leb and(f, µ0) is exact. The density
h0 can be obtained by showing that the Ruelle transfer operatorLf : H → H , whereH
is a suitable Banach space of functions onM (H = Cr

′
(M) or Cr

′,α′(M) (0 ≤ r ′ < r

integer, 0< α′ ≤ α), for example) andLf is defined by

(Lf h)(x) =
∑

y:fy=x

h(y)

|detTyf | for h ∈ H, (3.13)

has 1 as a simple eigenvalue and by takingh0 as its normalized eigenfunction. Moreover,
the spectral properties ofLf are closely related to statistical properties of(f, µ0),
especially to the exponential mixing rate, written asτ0,H (which depends subtly onH ),
of (f, µ0) for observables inH , which is defined as the smallest number such that for each
τ > τ0,H and each pairφ, ψ ∈ H ,∣∣∣∣

∫
(φ ◦ f n)ψ dµ0−

∫
φ dµ0

∫
ψ dµ0

∣∣∣∣ ≤ Cτn, ∀n ≥ 1 (3.14)

for some constantC = C(τ, φ,ψ), and to other dynamical properties off . We refer
to the celebrated paper Ruelle [143] and survey papers Ruelle [146] and Baladi [15] for
an abundance of results on spectral theory of more generally weighted transfer operators
of f and on its relation to analytic properties of dynamical zeta functions or Fredholm
determinants.
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Stochastic stability of(f, µ0) and, more generally, of spectral properties ofLf has been
studied by several authors. Baladi and Young [21] considered i.i.d. random perturbations
by time-ε-maps of stochastic flowsof aCr (2 ≤ r < +∞ integer) expanding mapf with
Lf acting onH = Cr−1(M) (in this caseLf has 1 as a maximal and simple eigenvalue,
it is quasi-compact with essential spectral radius bounded from above byλ−(r−1) and
τ0,H = |σ0| := sup{|z| : z ∈ σ0} whereσ0 ∪ {1} is the spectrum ofLf , see Ruelle
[143]). More precisely, letting{φt : (W,B(W), PW ) → Diff ∞(M)}t≥0 be the stochastic
flow arising from SDE (1.3) and lettingε > 0, the perturbation, writtenFε, was taken as
the one-sided canonical i.i.d. RDS corresponding to� = Cr(M,M)Z

+
andPε = νZ

+
ε

whereνε is the distribution ofw 7→ φε(w) ◦ f . From another point of view this is a
perturbation of(f, µ0) by Markov chains (in fact diffusions) with transition probabilities
Qε(x, ·), x ∈ M, given by

Qε(x,A) := PW {w : φε(w)(f x) ∈ A} for BorelA ⊂ M.
When ε is small,Fε admits a unique absolutely continuous stationary measuredρε =
hεd Leb (Fε is in fact expanding in average, see below) andhε can be obtained as the
eigenfunction with

∫
hεd Leb = 1 of the simple eigenvalue 1 of theintegratedtransfer

operatorLFε : Cr−1(M)→ Cr−1(M) defined by

(LFε h)(x) =
∫
(Lgh)(x) dνε(g) for h ∈ Cr−1(M) (3.15)

whereLg is defined analogously to (3.13) (see Ruelle [144]; note thatdρ = hd Leb
with h ∈ L1(M,Leb) is Fε-stationary if and only ifLFε h = h). By first proving
some perturbative lemmas for spectra of abstract operators, it was shown by Baladi and
Young [21] that, asε → 0, theCr−1-norm |hε − h0|Cr−1 of hε − h0 tends to zero
(much stronger thanρε → µ0!) and, for eachδ > 0, the spectrum ofLFε restricted
to {z : |z| > λ−(r−1) + δ} converges to that ofLf (restricted to the same domain).
In particular, if τ0,r−1 > λ−(r−1) (here τ0,r−1 := τ0,H for H = Cr−1(M)), then
τε,r−1→ τ0,r−1 (it is not known if a result similar to the second limit of (3.16) below holds
without the above assumption), whereτε,r−1 is the exponential mixing rate of(Fε, ρε) for
observables inCr−1(M) defined (in an equivalent way to (3.14)) by

τε,r−1 := sup
φ,ψ∈Cr−1(M)

lim sup
n→+∞

1

n
log

∣∣∣∣
∫
[(Q∗ε)nφ]ψ dρε −

∫
φ dρε

∫
ψ dρε

∣∣∣∣
with (Q∗εφ)(x) :=

∫
φ(y)Qε(x, dy). (See [21] for more information and for conjectures.)

For smallε, the entropy formula

hρε (Fε) =
∫ ∫

log |detTx[φε(w) ◦ f ]| dρε(x) dPW(w)

holds and it, together with|hε − h0|Cr−1 → 0, imply hρε (Fε) → hµ0(f ) as ε → 0
(Liu [107]). Stochastic stability of(f, µ0) with respect to more general Markov chain
perturbations was earlier proved by Kifer [82] (see also [86]).

If one considers perturbations off by non-i.i.d. random maps which lie in a small
neighborhood off in a map space, stability results analogous to those mentioned just
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above were obtained by Baladiet al [19] for the two-sided case by considering the
random transfer operatorsLf (ω) instead of the integrated one (3.15) and by employing
Birkhoff cone techniques. For simplicity, we assume thatf is Cr with 2 ≤ r < +∞
being integer (see [19] for the Hölder case). Forε > 0 let Fε be the canonical RDS
corresponding to�ε = Bε(f )Z and a shift-invariant probabilityPε on�ε, whereBε(f ) is
theε-neighborhood off in Cr(M,M) (endowed with theCr -metric). Letε > 0 be small
enough. ThenFε admits a unique invariant measureµε whose sample measuresµε,ω
satisfyµε,ω � LebPε-a.e. (see the next topic for the result in the more general framework
of expanding in average RDSs). It was shown by [19] that for eachω ∈ �ε the density
hε,ω = dµε,ω/d Leb can be obtained as the uniqueCr−1 solution ofLf (ω)hε,ω = hε,τω

with
∫
hε,ωd Leb= 1 and that

lim
ε→0

sup
ω∈�ε
|hε,ω − h0|Cr−1 = 0, lim sup

ε→0
sup
ω∈�ε

τε,ω,r−1 ≤ max{τ0,r−1, θr−1} (3.16)

whereθr−1 < 1 is a number (see [19] for the definition) which was conjectured to be
equal to the essential spectral radius ofLf : Cr−1(M) → Cr−1(M) (see [19] for further
conjectures) andτε,ω,r−1 is the random exponential mixing rate ofFε for observables in
Cr−1(M) defined by

τε,ω,r−1 := sup
φ,ψ∈Cr−1(M)

lim sup
n→+∞

1

n
log

×
∣∣∣∣
∫
[φ ◦ f (ω, n)]ψ dµε,ω −

∫
φ dµε,τnω

∫
ψ dµε,ω

∣∣∣∣. (3.17)

Similar stability results were obtained by Bogensch¨utz [32] for more general equilibrium
states via a different approach, i.e. by proving the stability under a certain type of random
perturbation of the Lyapunov spectrum and the corresponding Oseledec spaces of a quasi-
compact linear cocycle (random stability of the equilibrium states in the sense of weak
convergence of measures was earlier proved by Bogensch¨utz [31]). The one-sided case
will be discussed below.

If one is concerned with a general expanding invariant set of a map, structural stability
arguments similar to those in the hyperbolic case reviewed in §3.3 hold (but now both for
one-sided and two-sided cases). Using this approach and the Bowen–Ruelle formula, the
Hausdorff dimension of conformal repellers was proved by Bogensch¨utz and Ochs [36] to
be stable under random map perturbations. See Kifer [93] or the ICM report Kifer [95]
for computation of the Hausdorff dimension of random Cantor sets by realizing them as
‘invariant sets’ of random expanding maps on tori via the base expansion and then using
the Bowen–Ruelle formula.

There have been a number of results on stochastic stability of absolutely continuous
invariant measures ofpiecewise expanding or non-uniformly expanding mapson intervals
and on higher-dimensional manifolds. Here we do not get into a detailed review of these
results and rather just recall some of the main literature. Unlike the smooth expanding maps
treated just above, such maps are in general not structurally or measure-theoretically stable
with respect todeterministicperturbations. For example, the quadratic mapfa : [−1,1] →
[−1,1] defined byfa(x) = 1− ax2, wherea ∈ [0,2] is a parameter, has an absolutely
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continuous invariant measure fora in a positive Lebesgue measure setE ⊂ [0,2] but
has a periodic orbit which attracts the orbit of Lebesgue-a.e. point fora in an open and
dense subset of[0,2] (see Young [158] for an overview of these works due to Jacobson,
Benedicks, Carleson and others). It was also found thatnot all piecewise expanding maps
are stochastically stable (see Baladi and Young [21] for an example which is due essentially
to Keller [79]). However, under rather mild ‘generic’ conditions stochastic stability does
hold for these maps (and in some cases also for their decay of correlations). For stochastic
stability results on piecewise expanding maps see Keller [79], Kifer [ 86, Ch. 4], Baladi and
Young [21] (all these three references deal with Markov chain perturbations) and Viana
[161, Ch. 3] (which treats random map perturbations). For such results on unimodal maps
f (x) = 1 − ax2 (for ‘good’ a’s in a positive Lebesgue measure subset of[0,2]), see
Katok and Kifer [78] (see also Kifer [86, Ch. 4], which contains in addition a discussion
on random perturbations of Lorenz-type dynamical systems), Benedicks and Young [26]
(which is independent of but contains a similar result to an unpublished work of Collet) and
Baladi and Viana [20]. We remark that [26] and [20] deal with Markov chain perturbations
of a special class whose transition probabilities are deduced from the random ‘additive’
maps

([−ε, ε], νε) 3 t 7→ ft (x) := 1− ax2+ t (3.18)

where νε is a probability on[−ε, ε] with νε � Leb and withdνε/d Leb satisfying
some uniformity conditions, and [78] considers more general perturbations but under a
Misiurewicz assumption. Some stochastic stability results of higher-dimensional non-
uniformly expanding maps were obtained in the recent work Alves and Ara´ujo [2].

Two-sided expanding in average RDSs.Let F be atwo-sidedcanonicalC1 RDS onM.
Assume that forP -a.e.ω the mapf (ω) has no singularities (i.e. to repeat, points at
which Tf (ω) is degenerate). Define|f |−

C1 = infξ∈TM,|ξ |=1 |Tf ξ | for f ∈ C1(M,M).

If log |f (ω)|−
C1 ∈ L1(�, P ) and one hasP -a.e.

lim
n→+∞

1

n

n−1∑
k=0

log |f (τ kω)|−
C1 =: a(ω) > 0 (3.19)

(the limit exists forP -a.e.ω by Birkhoff theorem),F is then said to beexpanding in
average. This model was introduced in Khanin and Kifer [81] and the thermodynamic
formalism for this model was developed there, generalizing previous results in Kifer [89].
To prevent a lengthy presentation we now only recall the most salient results under slightly
more restrictive integrability conditions on the potentials. Forβ > 0 let H 1(β) be the
space of familiesφ = {φω ∈ C(M)} which are such that(ω, x) → φω(x) is measurable
on�×M, |φω|∞ ∈ L1(�, P ) ([81] uses the weaker condition supx,y∈M |φω(x)−φω(y)| ∈
L1(�, P )) andP -a.e.

|φω(x)− φω(y)| ≤ Cφ(ω)d(x, y)β, ∀x, y ∈ M
for some random variableCφ with logCφ ∈ L1(�, P ).

THEOREM 3.4. [81] Let F be an expanding in average RDS as defined above, with
log+ |f (ω)|C1 ∈ L1(�, P ) (which implies, in particular, thatlog deg(f (ω)) ∈ L1(�, P ),
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see [107]). Then for anyφ ∈ H 1(β) there exists a uniqueφ-Gibbs measureνφ and a
uniqueφ-Gibbs stateµφ of F . µφ is the unique equilibrium state ofF for φ. When
(�,A, P, τ ) is ergodic (respectively mixing), the skew product system(�×M,F,µφ) is
ergodic (respectively mixing).

The definitions of theφ-Gibbs measure and state here are analogous to those in the
case of random subshifts, namely, they are given by replacing in (3.5)6A and σn by
� × M andf (ω, n), respectively. Construction of these measures can also be done by
two methods. One is a direct statistical mechanics method: obtain(νφ)ω by proving
that with probability onePω,n(·|y) → (νφ)ω weakly asn → +∞ for anyy ∈ M and
take(µφ)ω as the (unique) limit point off (τ−mω,m)(νφ)τ−mω asm → +∞. The other
employs random Ruelle transfer operatorsLφ(ω) : C(M) → C(M) defined analogously
to (3.6), leading to a random Ruelle–Perron–Frobenius (RPF) theorem [81, Theorem 3.1]
similar to Theorem 3.2 and leading to similar corollaries (for a version of the important
Gibbs property (3.10) one should replace the cylinder set byBω,m(x, δ) := {y ∈ M :
d(f (ω, i)x, f (ω, i)y) ≤ δ for i = 0,1, . . . ,m − 1} for small δ > 0, but this needs
subtle modifications; see [81] for details of these results). The random mixing rate of
(F , µφ) defined analogously to (3.17) has not been clearly studied, but anω-wise CLT
was proved in Kifer [94] for (F , µφ) and for observablesψ ∈ H 1(β) satisfying some
further integrability conditions. Markov partitions were constructed by Bogensch¨utz and
Gundlach [34] for F whenf (ω) belongsP -a.e. to a compact set of expanding maps and
in such cases the thermodynamic formalism forF can also be studied by passing to the
symbolic coding and using results from §3.2.

Let F be as given in Theorem 3.4. If it isC2 and satisfies log+ |f (ω)|C2 ∈ L1(�, P ),
thenJ = {Jω : Jω(x) = −log |detTxf (ω)|} ∈ H 1(1), the Gibbs measureνJ is equal to
P ×m (wherem is the normalized Lebesgue measure) and the Gibbs stateµJ is given by

d(µJ )ω = hω dm = lim
n→+∞ f (τ

−nω, n)m (3.20)

(wherehω > 0 is from the random RPF theorem). In this context it is natural to consider
both the future and thepast rate of convergence to equilibrium, that is, the rates of
convergence to zero of the quantities

R
(f)
ω,φ(n) := |f (ω, n)(φm) − (µJ )τnω| and R

(p)
ω,φ(n) := |f (τ−nω, n)(φm)− (µJ )ω|

(3.21)
for suitableφ ∈ L1(M,m), where| · | denotes the total variation of a signed measure, and
to consider thefutureand thepastdecay rate ofrandom operational correlations:

C
(f)
ω,φ,ψ (n) :=

∣∣∣∣
∫
[φ ◦ f (ω, n)]ψ dm−

∫
φ d(µJ )τnω

∫
ψ dm

∣∣∣∣, (3.22)

C
(p)
ω,φ,ψ (n) :=

∣∣∣∣
∫
[φ ◦ f (τ−nω, n)]ψ dm−

∫
φ d(µJ )ω

∫
ψ dm

∣∣∣∣ (3.23)

for φ,ψ in a suitable space of observables (see Baladiet al [19] for the operational
significance of, and experimental access to, these rates). A considerable study of these rates
has been recently elaborated by Baladiet al [17] for i.i.d. unimodal maps (see [19, 43, 44]
for historically earlier studies under much stronger assumptions), but such a study is still

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614


1312 P.-D. Liu

lacking in the present general context (see [19] for some partial results, see below for
related works by Buzzi on random piecewise monotone maps). The Pesin formula holds
for (F , µJ ) by Theorem 2.5, and, since condition (3.19) easily implies the positiveness
of all the Lyapunov exponents, one hashµJ (F) =

∫
log |detTxf (ω)| dµJ . This yields

that the pressureπF (J ) = 0 and, by Theorems 2.5 and 3.4,µJ is the uniqueF -invariant
measure with absolutely continuous sample measures. (WhenP is ergodic, large deviation
bounds for the limitn−1 ∑n−1

k=0 δFk(ω,x) → µJ , P × m-a.e.(ω, x) were given by [89]
and [81, Theorem B].) IfF is further i.i.d.,ρ := ∫

(µJ )ω dP (ω) (which clearly satisfies
ρ � Leb) is F -stationary since by (3.20)(µJ )ω depends only on the past ofω (see
Proposition 1.2, see also [89]). By results in §2 and Theorem 3.4,P × ρ is (see the
last paragraph for the uniqueness problem) an equilibrium state of the one-sided version
F+ of F for the analogous potentialJ ((3.4) is thus an equality forF+ andJ ) andρ is
the unique absolutely continuous stationary measure ofF orF+.

Buzzi [43, 44] considered (two-sided) expanding in average piecewise monotone
interval (and also higher-dimensional) maps. The existence of invariant measures with
absolutely continuous sample measures and both future and past exponential decays of
the random correlations were proved there under some further assumptions to control the
distortion of the maps and to assure a strong mixing property (see also [44] for a discussion
on relations of the various mixing properties: random mixing, integrated mixing and
mixing of the skew-product system). Baladiet al [17] considered two-sided compositions
of i.i.d. random unimodal maps given by (3.18) and, as alluded to above, a considerable
study of the decay rates of (3.21)–(3.23) was elaborated there. However, no stochastic
stability results were proved in these papers.

One-sided expanding RDSs.Since the lack of invertibility of(�,A, P, τ ) may cause
essential difficulties in the equilibrium states theory of RDSs, it would be interesting to
know if the results (Theorem 3.4 for example) obtained above in the two-sided setting
can be extended to the one-sided case. The answer has not been made clear in its fairly
full generality, but many results were elaborated by Baladi [14] on equilibrium states
(including their correlation spectrum) theory of one-sided i.i.d. RDSs under some specific
and somewhat restrictive assumptions (a description was given by [14] in an appendix on
how most of the results could be extended to the non-i.i.d. case, as indicated by Ruelle,
and it is also expected that the assumptions made there could be relaxed to various more
realistic ones). In particular, new types of equilibrium states, namedannealedequilibrium
states, was introduced there, whereas the previous ones defined by the variational principle
Theorem 3.1 were renamedquenchedequilibrium states. We now only recall some of
the main points of [14]. Set (�, P ) = (EZ

+
, νZ

+
), whereE is a compact subset of

Cr(M,M) × Cr(M,R+∗ ) (r ≥ 1 integer,R+∗ = (0,+∞)) such that the first factor
of each of its elements is an expanding map andν is a Borel probability onE. Write
ξ = (fξ , gξ ) for ξ ∈ E. Then define an RDSF by letting the random mapf (ω) befω0

for eachω = (ω0, ω1, . . . ) ∈ �, and supported by the random functiong = {gω := gω0}
(negative or complex functions were also considered in [14]). Associated to(F , g), one
considers theintegrated annealed transfer operatorL̂ which acts on measurable functions
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h : �×M → R (we write sometimesh(ω, x) = hω(x)) by

(L̂h)(ω, x) =
∫
(Lξ hξ∧ω)(x) dν(ξ) :=

∫ ∑
y:fξ y=x

gξ (y)hξ∧ω(y) dν(ξ)

whereξ ∧ ω := (ξ, ω0, ω1, . . . ) ∈ �. If r ≥ 2 andgω(x) = 1/|detTxf (ω)|, as can
be partly seen from the previous argument of this subsection,L̂ acting onCr−1(M) or
on a larger spaceB consisting of suitable random functions gives rise (via its maximal
eigenfunction) to the quenched equilibrium stateP × ρ of F for logg (see [14, §3.1] for
the definition ofB). However, it was found by Baladi [14] that for generalg the operator
L̂ acting onB no longer always gives rise to a quenched equilibrium stateµ(q), but to an
annealedoneµ(a) of F for logg, that is,µ(a) is a probability on�×M (whose projection
on� may not beP = νZ+ ) which isF -invariant (F the skew-product transformation) and
realizes the following supremum taken over the set of allF -invariant probabilitiesµ on
�×M

π
(a)
F (logg) := sup

{
hπ
−1A
µ (F )+ hν(πµ)+

∫
logg(ω, x) dµ(ω, x)

}

whereπ : �×M → � is the natural projection,

hν(πµ) = −
∫

log
d(πµ)

d(ν × πµ) d(πµ)

if πµ� ν × πµ andhν(πµ) = −∞ otherwise (i.e.hν(πµ) is minus the relative entropy
of πµ with respect toν × πµ) andπ(a)F (logg) is called theannealed topological pressure
of F for logg. In analogy to the quenched case,annealed Gibbs measures and statescan
be introduced. Via a detailed study of the spectral properties ofL̂ acting onB (in particular,
R = expπ(a)F (logg) is a simple maximal eigenvalue of̂L : B → B) and based on Ruelle
[144], the existence and uniqueness as well as their coincidence of the annealed equilibrium
and Gibbs states were proved for(F , logg) by Baladi [14] (these results solve a conjecture
of Ruelle [146, §7.4]) and, moreover, the discrete spectrum ofL̂ was shown there to have
exact relations to the correlation spectrum of this stateµg (yielding exponential decay of
correlations for(F,µg) and for suitable observables on� ×M (note thatF is assumed
to be i.i.d. now)), to the poles of an annealed zeta function and to the zeros of an annealed
Fredholm determinant. Stability results were also obtained on these objects by applying
perturbative results of Baladi and Young [21]. Similar results were also obtained there for
the quenched case by considering theintegrated quenched transfer operator̂M acting on
B (see [14] for the definition) which gives rise to the quenched equilibrium (and Gibbs)
state. In the case ofr ≥ 2 andgω(x) = 1/|detTxf (ω)|, the quenched and annealed states
coincide; one-dimensional i.i.d. random Ising models give examples where they differ (see
[14, §2.4]).

In addition to Baladi [14], we mention a related work Denker and Gordin [56] which
deals with fibred systems(Y, T ,X, S, π) whereY , X are compact metric spaces and
T : Y → Y , S : X → X, π : Y → X are continuous maps such thatπ ◦ T = S ◦ π and
where the invertibility ofS is not assumed. Under the assumption that(Y, T ,X, S, π) is
fibrewise expanding and under some other conditions, unique Gibbs measure was proved
in [56], using the Ruelle transfer operator method, to exist for every H¨older continuous
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potentialφ : Y → R (see that paper for results on properties of the measure), but,
when there is neither the invertibility nor expandingness assumption onS : X → X,
no equilibrium states theory has been elaborated in this set-up.
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261(2000), 335–347.

[121] W. Parry.Entropy and Generators in Ergodic Theory. Benjamin, New York, 1969.
[122] Ya. B. Pesin. Families of invariant manifolds corresponding to nonzero characteristic exponents.Math.

USSR Izvestija10 (1976), 1261–1305.
[123] Ya. B. Pesin. Lyapunov characteristic exponents and smooth ergodic theory.Russ. Math. Surveys32(4)

(1977), 55–114.
[124] Ya. B. Pesin. Dynamical systems with generalized hyperbolic attractors: hyperbolic, ergodic and

topological properties.Ergod. Th. & Dynam. Sys.12 (1992), 123–151.
[125] Ya. B. Pesin.Dimension Theory in Dynamical Systems: Contemporary Views and Applications. The

University of Chicago Press, Chicago and London, 1997.
[126] Ya. B. Pesin and Ya. G. Sinai. Gibbs measures for partially hyperbolic attractors.Ergod. Th. & Dynam.

Sys.2 (1982), 417–438.
[127] F. Przytycki and M. Urba´nski. Fractals in the Plane—The Ergodic Theory Methods. Book manuscript

available at http://www.math.unt.edu/∼urbanski/book1.html.
[128] C. C. Pugh. TheC1+α hypothesis in Pesin theory.Publ. Math. I.H.E.S.59 (1984), 143–161.
[129] C. C. Pugh and M. Shub. Ergodic attractors.Trans. Amer. Math. Soc.312(1) (1989), 1–54.
[130] A. N. Quas. On representation of Markov chains by random smooth maps.Bull. London Math. Soc.23

(1991), 487–492.
[131] V. A. Rokhlin. Selected topics from the metric theory of dynamical systems.Amer. Math. Soc. Transl.

49(2) (1966), 171–240.
[132] V. A. Rokhlin. Lectures on the theory of entropy of transformations with invariant measures.Russ. Math.

Surveys22(5) (1967), 1–54.
[133] V. A. Rokhlin. On the fundamental ideas of measure theory.Amer. Math. Soc. Transl.10(1) (1962),

1–52.
[134] D. Ruelle. Statistical mechanics of a one-dimensional lattice gas.Commun. Math. Phys.9 (1968), 267–

278.
[135] D. Ruelle. Statistical mechanics on a compact set withZν action satisfying expansiveness and

specification.Trans. Amer. Math. Soc.185(1973), 237–251.
[136] D. Ruelle. A measure associated with Axiom A attractors.Amer. J. Math.98 (1976), 619–654.
[137] D. Ruelle. An inequality for the entropy of differentiable maps.Bol. Soc. Bras. Math.9 (1978), 83–87.
[138] D. Ruelle.Thermodynamic Formalism. Addison Wesley, Reading, MA, 1978.
[139] D. Ruelle. Ergodic theory of differentiable dynamical systems.Publ. Math. I.H.E.S.50 (1979), 27–58.
[140] D. Ruelle. Characteristic exponents and invariant manifolds in Hilbert space.Ann. Math.115 (1982),

243–290.
[141] D. Ruelle. Characteristic exponents for a viscous fluid subjected to time dependent forces.Commun.

Math. Phys.93 (1984), 285–300.
[142] D. Ruelle. Rotation numbers for diffeomorphisms and flows.Ann. Inst. H. Poincar´e42(1985), 109–115.
[143] D. Ruelle. The thermodynamic formalism for expanding maps.Commun. Math. Phys.125(1989), 239–

262.
[144] D. Ruelle. An extension of the theory of Fredholm determinants.Publ. Math. I.H.E.S.72 (1990), 175–

193.
[145] D. Ruelle. Thermodynamic formalism for maps satisfying positive expansiveness and specification.

Nonlinearity5 (1992), 1223–1236.
[146] D. Ruelle. Functional determinants related to dynamical systems and the thermodynamic formalism.

I.H.E.S. Preprint, 1995.
[147] D. Ruelle. Random smooth dynamical systems.Lecture Notes in Rutgers, 1996.
[148] D. Ruelle. Positivity of entropy production in the presence of a random thermostat.J. Stat. Phys.86

(1996), 935–952.

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614


Dynamics of random transformations: smooth ergodic theory 1319

[149] D. Ruelle and A. Wilkinson. Absolutely singular dynamical foliations.Preprint, 2000.
[150] P. Ruffino. Rotation numbers for stochastic dynamical systems.Stochastics and Stochastics Reports60

(1997), 289–318.
[151] H. H. Rugh. Generalized Fredholm determinants and Selberg zeta functions for Axiom A dynamical

systems.Ergod. Th. & Dynam. Sys.16 (1996), 805–819.
[152] L. San Martin. Rotation numbers in higher dimensions.Report 199, Institut für Dynamische Systeme,

Universität Bremen, 1988. (See Arnold [6].)
[153] Ya. G. Sinai. Gibbs measures in ergodic theory.Russian Math. Surveys27(4) (1972), 21–69.
[154] P. Thieullen. Fibers dynamiques. Entropie et dimension.Analyse non lin´eaire, Ann. I.H.P.9(2) (1992),

119–146.
[155] M. Tsujii. Small random perturbations of one-dimensional dynamical systems and Margulis–Pesin

entropy formula.Random Comput. Dynam.1 (1992/93), 59–89.
[156] L.-S. Young. Dimension, entropy and Lyapunov exponents.Ergod. Th. & Dynam. Sys.2 (1982), 109–

124.
[157] L.-S. Young. Stochastic stability of hyperbolic attractors.Ergod. Th. & Dynam. Sys.6 (1986), 311–319.
[158] L.-S. Young. Ergodic theory of chaotic dynamical systems.XIIth Int. Congress of Mathematical Physics,

ICMP’97, Brisbane. International Press, Cambridge, MA, 1999, pp. 131–143.
[159] L.-S. Young. Statistical properties of systems with some hyperbolicity including certain billiards.Ann.

Math. 147(2) (1998), 585–650.
[160] S. M. Ulam and J. von Neumann. Random ergodic theorems.Bull. Amer. Math. Soc.51 (1945), 660.
[161] M. Viana.Stochastic Dynamics of Deterministic Systems (Braz. Math. Colloq.)IMPA, 1997.
[162] M. Viana. Dynamics: A probabilistic and geometric perspective.Documenta Mathematica, Extra

Volume ICM 1998, I,pp. 557–578.
[163] P. Walters.An Introduction to Ergodic Theory. Springer, New York, 1982.

https://doi.org/10.1017/S0143385701001614 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001614

