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Abstract A selection of basic results in smooth ergodic theory and in the thermodynamic
formalism of dynamical systems generated by compositiomaredommaps is reviewed
in this article.

1. Introduction

Motions of particles in a phase space can often be modeled by iterations of a single
transformation from the phase space to itself (for the discrete time case), with the
transformation standing for the law of the motions. This results in a ‘classical’ dynamical
system which can be considered ‘deterministic’ in the sense that the particles move
exactly according to the same law all the time. In practical situations or in computer
simulations, however, a system is usually affected by external perturbations or roundoff
errors which in many cases are of great uncertainty and hence may be treated as random.
Such a consideration leads to the theory of random dynamical systems (RDSs). In this
article we will mainly restrict ourselves to RDSs generated by applying at each time step
a transformation chosen randomly from a given family according to some probability
distribution, and refer the reader to the comprehensive book by Arr@ldof more
general (especially continuous time) frameworks. The need to consider such RDSs was
first pointed out by Ulam and von Neumanb6[] in 1945, but the significance of the
subject received its real recognition much later around 1980 when it was discovered
that solutions of stochastic differential equations (SDEs) can be realized as stochastic
flows of diffeomorphisms and their time discretization provides a rich source of random
transformations (see Arnold] for a historical review of this topic). Ergodic theory
concerning Lyapunov exponents and the corresponding invariant manifolds of stochastic
flows of diffeomorphisms was essentially initiated by L. Arnold who suggested in 1981
extending Ruelle’s work139 to the case of such flows, and this was accomplished by
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Carverhill 45]. It should be noticed that an earlier work by Rueli4]] contains a
similar but infinite-dimensional program suitable for applications to the Navier—Stokes
time evolution. In the present article we will not cover this program and confine ourselves
to the finite-dimensional case. Now there have appeared a large number of works on
invariant manifolds and the Lyapunov spectrum, as well as their applications to applied
sciences such as engineering, of stochastic flows of diffeomorphisms arising from SDEs.
Here we refer to Elworthyd8], Arnold [6], Arnold et al [7] and references therein for
these works. In the present article we will touch upon such specific flows and their time
discretization only in some places and will mainly deal with the general (discrete time)
random mappings. The first systematic treatment of ergodic theory of independent and
identically distributed (i.i.d.) random transformations was elaborated in K8fgr [T'rying

to get rid of the i.i.d. conditions, as advocated by L. Arnold, has led to developments of
stationary random transformations. The literature on this subject is still growing rapidly,
and we will not try (it also seems impossible) to cover it completely (in some cases we
will just give the references containing the final results and refer to them for earlier ones).
The aim of this article is to provide a basic sketch of notions and results on this subject,
with the presentation being more orientated towards intended applications to physics, and
specifically to statistical mechanics. Although we have tried to include some of the more
recent developments, the text is not intended for specialists: we will present the simplest
possible version of the results, referring to the original literature for the full statements.
It can be easily noticed that many results of this theory are extensions of the corresponding
ones for deterministic systems and some of these extensions are rather parallel. In most
of these cases we will try to focus on the component brought about by the randomness,
without paying much attention to the works in the deterministic case (for the majority of
which we refer to the nice review by Eckmann and Rudiig)]

Topics mainly reviewed in this article include a partial random version of the so-called
Pesin theory, the dimension aspects, the thermodynamic formalism and random hyperbolic
systems. Stochastic stability will be discussed briefly. A large part of our presentation
is devoted to i.i.d. random transformations. This particular case is closely related to the
culture of Markov processes, especially to solutions of the classical SDEs, and in this case
some interesting results were obtained specifically, among which we particularly mention
here Ledrappier and Young’s entropy formula and dimension fornig,[102 which
show a sharp contradistinction to the picture in the deterministic case (see 82 of the present
article). As alluded to above, almost all of the many significant results on stochastic flows
arising from SDEs, including for example large deviations (see Baxendale and Strook
[24)), Furstenberg—Khasminskii formulae for Lyapunov exponents (see ArfpleH. 6]
for a systematic review and account) and the geometric aspects (Elwbghe(c., will
not be covered here. Another topic not covered is the topological classification theory of
RDSs, for which we refer to Nguyet16. Besides the work of Furstenberg and Kifé8]
mentioned later, there are numerous highly interesting results on random matrix products
as well as on their non-trivial applications (see, for example, Ceatexh[48], Bougerol
and Lacroix B7]; for more recent work see, for example, Goldsheid and Guiva@sh [
with references therein; see Luenberddq for an extension to random nonlinear maps
and see Ambroladze and Wallid][for connections with random iterations ofdius
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transformations). This subject is worthy of a review of its own and is not discussed in this
article. Finally, we remark that a number of papers have appeared on random iterations of
complex maps and we refer tolBiK et al [18] and Ambroladze3] for examples.

Set-up.Let M be aC*® connected compact Riemannian manifold without boundary, and
letC"(M, M) (0 < r < oo integer) be the space ¢f maps fromM into itself, endowed
with the usualC” topology (see Hirsch73]) and the Boreb-algebra. We assume that
the source of randomness can be modeled by a measure-preserving &sténP, ),

that is, (2, A, P) is a probability space consisting of configurations of the noise and
a measure-preserving transformatioron it represents the time evolution of the noise
system. Sometimes we requifeto be a Polish space (i.e. a separable topological space
with a complete metric) andl its Borel o-algebra. In such a cas&, A, P, 7) will

be called aPolish system This will often be assumed when we need to work with
Lebesgue spaces. By@& RDSF over (22, A, P, t) we will mean a measurable map
F:Q — C"(M, M) and actions o/ of the randomly composed magsw, n), n € Z+

orZ, w € 2, where, writingf (o) := F(w) for the sake of notation,

id, if n =0,
flw,n) =3 f@" lw)o---o f(rw) o f(w), if n>0, (1.1)
f@"w) oo f(r2w) Lo f(r7lw)7L, ifn <0,

with f(w,n) for n < 0 being defined when is measurably invertible and (w) €

Diff " (M) for P-a.e.w. (A C" RDS is clearlyC” for any 0< r’ < r since the inclusion
map fromC” (M, M) into C” (M, M) is continuousFor a C° RDS we will allowM to be
only a compact metric spageWe are interested in dynamical behaviors of these actions
for P-a.e.w or on the average ap. Clearly, a RDSF reduces to a deterministic dynamical
system wher# mapsP almost allw to one point.

l.i.d. RDSs.Let F be an RDS as defined above Afo t",n > 0, andF o t", n < 0, when

7 is measurably invertible, are independent (they are clearly identically distributed), then
F is said to bd.i.d. Ani.i.d. RDSF naturally induces a family of Markov processes on
M with transition probabilities (x, -), x € M, given by

P(x,A) = Plo: f(w)x € A} forBorelA c M. (1.2)

However, the inverse is clearly not true, that is, not every Markov process can be obtained
in this way. The representation of Markov processes by continuous or differentiable
random maps constitutes a significant research topic (some results were obtained by
Kifer [85, Ch. I] and Quas 130, respectively, for representation by continuous and
differentiable maps; see Dubisch&f] for an up-to-date survey).

Examples.

(i) Canonical RDSsTakeQ2 = C" (M, ML (0 < r < oo integer), with the product
topology and the Boret-algebra (note thaf2 is Polish for 0 < r < o0). Let
7 : Q@ — Q be the left shift operator, i.¢rw), = w,+1 forw = (w,) € 2, and letP
be a probability orf2 invariant under:. The coordinate mag : Q — C"(M, M),
w — oo then defines an RD& and we will call it aone-sided canonical RDS
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Specifically, if P = V2" for some probabilityy on C"(M, M), we then callF

a one-sided canonical i.i.d. RD$his model corresponds to that introduced and
systematically studied by Kifel8p] and it can define an iterated function system
(IFS) whenv is supported by a finite or countable number of maps. fWtesided
notions are introduced similarly by takig = C" (M, M)% andP = vZ.

(i) RDSs generated by SDEket (W, B(W), Py) be the classical Winner space, i.e.
W = {w: w() e CRT,RY), w0) = 0} endowed with the usual Polish metric
structure andPy is the Winner measure. It is well known thAj, is invariant and
ergodic unde®; : W — W defined by(6;w)(-) = w(t + -) — w(t), w € W for any
t > 0. The coordinate proce$s;};>0 on (W, B(W), Pw) describes the classical
Brownian motion. Consider the Stratonovich SDE

d
dg = Xo(&) dt + Y _ Xx(&) o dBf (1.3)
k=1

whereX;, 0 < k < d, are vector fields o, which are assumed here to H&°

to avoid precise smoothness conditions. Its solutions can be realized as a stochastic
flow {¢; : (W, B(W), Py) — Diff °(M)};>0 (i.e. {¢:(-)x};>0 is the solution of

(1.3) with initial &, = x for anyx € M; see, for example, KuniteBp] or Ikeda

and Watanabe7f]). Puttingt = 61 (or 6;, for any fixedsy > 0), define an
RDS F over (W, B(W), Py,t) by F : W — Diff (M), w — ¢1(w). Then,

by Carverhill 5, Proposition 1.2.1){ f (w, n)},>0 coincides with{¢, (w)},>0, the

time discretization of¢;(w)}:>o0, for Py-a.e.w. Via this discretization approach,

the study of (continuous time) stochastic flows can be reduced in many cases to a
discrete time RDS (see, for example, Liu and Qi2@g Ch. V]). For a systematic
treatment and a historical review on generation of RDSs by stochastic (white noise)
as well as random (real noise) differential equations, we refer to Argld [

Invariant measuresDefining ‘reasonable’ invariant measures for an RDS had been a non-
trivial task as compared with the deterministic case. For ani.i.d. RDS, probability measures
on the phase space which are stationary for the induced Markov processes are of particular
interest. LetF be aC? i.i.d. RDS. A Borel probabilityo on M is called astationary
measuref F if [ P(x, A)dp(x) = p(A), or equivalently/ (f(w)p)(A) dP(w) = p(A),

for all Borel A ¢ M. Such measures always exist and a systematic study of their ergodic
properties was presented in Kifé85. Now we just mention one particular property of
them. Consider the skew-product transformation induced naturaly by

F:QxM—>QxM, (vw,x) (tw, f(w)x), (1.4)

which combines together the time evolution of the underlying noise system and the motions
of particles in the phase space. We have the following.

PrRoOPOSITIONL.1. (Ohno 117) LetF be a one-sided canonical i.i.d" (0 < r < 00)

RDS. Then:

(i) aprobabilityp on M is stationary forF if and only if P x p is F-invariant;

(i) astationary measure of F is ergodic from the viewpoint of Markov processes (see,
for example, Kifer 85]) if and only if (F, P x p) is ergodic.
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See Carverhill 45 for a similar result in the setting of an RDS as introduced in
Example (ii).

Due to the Bremen group of Arnold (see Arno&]l Ch. I], Crauel 49, 50, Bogenschiz
and Gundlach39)), aninvariant measuref a general stationary (as opposed to the term
‘i.i.d") RDS F is defined to be a probability measure €nx M (with the product
o-algebra) which is invariant under the skew-product transformakicaind which has
marginal P on Q2. Metric and ergodic properties of such measures were systematically
studied in the references mentioned just above. In particular, such invariant measures
always exist (due taVf being compact), and thé&-invariance of a probabilitys on
Q x M which has marginaP on Q2 can be characterized by its disintegratifin(w, x) =
diy(x)dP(w) (Arnold [6, Theorem 1.4.5]):u is F-invariant if and only if for P-a.e.
w one hasE((f()u.)(A)|t LA (w) = ne(A) for all Borel A ¢ M, and, whenr is
measurably invertible, the latter fact reads

f(@y = uro for P-a.e.w. (1.5)

Suchu,, @ € Q, are called thesample measuresf i and they could be regarded as
natural ‘invariant’ measures associated with individual realizations of the system).

An invariant measurg of F is said to beergodicif (F, n) is, and each invariant measure

of F can be decomposed into its ergodic componentsiggrationwhen (2, A, P) is
countably generated anl is ergodic (see Bogensatr'[30] and Kllinger P7]; ergodic
decomposition byixed partitions as done in Rokhlin]37] in the deterministic case, and

its relation to random invariant sets (see §3.1) are not yet known). Proposition 1.1 shows
the relation between stationary and invariant measures for a one-sided canonical i.i.d. RDS.
For the two-sided case one has the following.

PropPOsSITION1.2. (Relation between stationary and invariant measiuedsy be a two-
sided canonical i.i.dC” RDS Q < r < oo sincef is required to be Polish here). Then the
set of stationary measures @f corresponds in a one-to-one way to the set of forward
Markov invariant measures ¢f (that is, the set of thosg-invariant measureg™ whose
almost every sample measuyrg depends only on the past ., w_2, w_1) of w), with the
correspondence being given by

pr— p* withp,:= lim f(z7"w,n)p, P-ae.w and p"~ p ::/,ode(a)).
n——+00

Moreover, for a given stationary measuref 7, the corresponding*can be recognized as
the uniqueF-invariant measure whose natural projection6A(M, M)2" x M isvZ"x p,
andp is ergodic from the viewpoint of Markov processes if and onlyifo™*) is ergodic.

(See Arnold 6, Theorems 1.7.2 and 2.1.8] for a proof and for more information.)
See §3.1 for a discussion of invariant measures supported by random invariant sets.

2. Lyapunov exponents and entropy

Standing hypotheses for this section:

(i) FisacC" (r = 0) RDS onM over a noise systerff2, A, P, 7);
(i)  F is the skew-product transformation associated \ith

(i) e, w € Q, are the sample measures of/Brinvariant measurg.
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2.1. Lyapunov exponents and invariant manifolds.

Lyapunov exponentset F be of classCt andu an F-invariant measure. The following
result is a reformulation, by a trivialization argument@a x M, u, F), of the Oseledec
multiplicative ergodic theorem (MET) (Oseleddd P and Ruelle 139).

THEOREM2.1. (Lyapunov spectrum)

()  Assume the integrability conditidag™ |T, f (w)| € LY (2x M, ) (Wherelogt a :=
max{loga, 0}). Then there exists a measurable aetC 2 x M such thafu(A) = 1,
FA C A and for eachlw, x) € A there are numbers

—00 < AP, x) < AP, x) < < AT@D (g x) < 400 (2.1)
(measurable ifw, x)) and an associated filtration by subspaced i/
O =vOQw,x)c VP, x)c---c V@D x)y=TM (2.2)

(also measurable ifw, x)) satisfying

.1 :
lim Zlog|Ty f (w, n)€| = . (w, x)

n——+oo n

fore € VO (w, x)\ Vi (w,x), 1<i <r(w,x).

(i) (Invertible case)f t has a measurable invers¢(w) € Diff 1(M) for P-a.e.w and
logt | Ty f (w)], log?t | Ty f(w) | € LY(Q2 x M, u), then there is now a measurable
setA € Q x M suchthatu(A) = 1, FA = A and for each(w, x) € A there are
numbers.)(w, x), 1 <i < r(w, x), as given in (2.1) (but with® (w, x) > —o0)
and an associated measurable splitting

TM=EVw,x)® & E"®D(w, x) (2.3)
such that

.1 ,
lim =log|T f(w, £n)&| = £19(w, x)
—+toon

n

for0£& e ED(w,x), 1<i <r(w,x).

A point (w,x) € A will be said to beforward regularin case (i) andegular in
case (i) of the above theorem. EazH (w,x) is called aLyapunov (characteristic)
exponentm@(w, x) = dimV®(w,x) — dimVi—D(w,x) or := dimED(w, x) its
multiplicity, and {(A) (w, x), mD(w,x)) : 1 < i < r(w,x)} the Lyapunov spectrum
of F at(w, x). If uis ergodic, i.e(F, ) is ergodic, these numbers are consjamtimost
everywhere.

‘Non-random’ exponents and filtrationf. 7 is aC? canonical i.i.d. RDS ang is of the
form P x p or p* as given in Proposition 1.1 or 1.2 with [6g7% f (w)| € LY (Q x M, n),
the Lyapunov spectra afF, u) are essentially non-random. This means halmost
everywhere{(A)(w, x), m®(w, x)) : 1 < i < r(w,x)} coincides with a non-random
spectrum{(AV(x),mD(x)) : 1 < i < r(x)} (see Proposition 2.10 for a particular

interesting result concerning these exponents). This was proved in BHdryf employing
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ergodic decomposition of stationary measures. The associated filtration or splitting is,
however, random in general (see Kif@5[ Example 111.2.1]). Based on Furstenberg and
Kifer [63], Kifer [84] proved for F one-sided and fop of the form P x p a ‘non-
random’ multiplicative ergodic theorem which allows one to pick out some non-random
part{0} = LO(x) c LV (x) c --- c LED)(x) = T M from the filtration (2.2) such

that for allé € £©(x) \ £V (x) the limit lim,_, 1o n~tl0g|Ty f (w, n)&| gives a non-
random exponerg® (x) for P-a.e.w. The exponents @ (x), ..., B (x) are usually

a proper subset of those given by (2.1), but the largest of them coincide, and these non-
random exponents have nice expressions by suitable measures on the projective bundle
of M. We refer to Kifer B5] for precise statements of these results. Here we remark that
for stochastic flows of diffeomorphisms results analogous to those above were developed
independently and simultaneously by Carverhill (see the review Carvetgjl [

Stable and unstable manifold$he following result translates the linear theory of
Lyapunov exponents into the nonlinear theory of invariant manifolds.

THEOREM2.2.

() (Stable manifoldsAssumeF is of classC?, f(w) € Diff 2(M) for P-a.e.w and
log" | f (@)|c2 € LY(2, P) (Where|-| -2 denotes the usual?-norm). Letu be anF-
invariant measure and put; = {(w, x) forward regular: —oo < 2@ (w, x) < 0}.
Then forp-a.e. (w,x) € Ay, leting AP (w,x) < -+ < AP (w,x) < 0(p =
p(w, x)) be all the negative exponents, the set

Wi (w, x) 1= {y e M :lim sup% logd(f(w, n)x, f(w,n)y) < )L(i)(a),x)}
n——+00

is the image ofV ) (w, x) under act! injective immersion for eachh < i < p
and it is tangent toV ¥ (w, x) at pointx (W*!(w,x) remains unchanged if one
replaces the distancé(-, -) on M with those alongW*(F"(w, x)), n > 0; the
same is true for the unstable manifolds treated just below); in additién? (w, x)
coincides with thestable manifoldf F at (w, x) defined byWs (w, x) :={y e M :
limsup,_, .« n~Ltlogd(f(w,n)x, f(w,n)y) < 0}.

(i) (Unstable manifolds)et(F, ©) be asin (i). Assume further thathas a measurable
inverse andog™ | f (@) Y2 € LY(Q, P). PutA, = {(o, x) regular: A0 (w, x) >
0 for somei}. Then foru-a.e.(w, x) € Ay, letting 1@ (v, x) (g = g(w, x)) be the
smallest positive exponent, the set

W (w, x) = {y € M :lim supE logd(f(w, —n)x, f(w, —n)y) < —,\U)(w,x)}
n—+oo N

is the image ofbj<x<, (w0 E® (», x) under aC-! injective immersion for each

g < j < r(w,x) and it is tangent to this space at in addition, W*9 (w, x)

coincides with thainstable manifolebf 7 at (w, x) defined byW*(w, x) := {y €

M :limsup,_, , o n~tlogd(f(w, —n)x, f(w, —n)y) < O}.

Based on Ledrappier and Yount] and borrowing some ideas from Brin and Kifer
[42), the above theorem was proved in Liu and Qid0§ Ch. Ill] along Pesin’s line
[127, which stands at the origin of constructing invariant manifolds associated with
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Lyapunov exponents. A detailed study of local stable and unstable manifolds was also
carried out in 10§ In particular, takingw*- (w, x) as an example, an open neighborhood
of x in W (w,x), written W, (o, x), can be realized as the graph ofcd! map
from an open neighborhood of the origin %) (w, x) to V@ (w, x)*, and on it one
can read at one time step the exponential contractionx&t@, x); moreover, when
Q is Polish, A; can be divided into a countable number of pieces such that on each
of them Wli;é(w,x), as an embedded disc, deperfscontinuously on(w, x). Holder
continuity of the Lyapunov bundles and the so-called absolute continuity property of these
submanifolds were considered there as well. Such properties are crucial to the study of
the global behavior of the dynamics, such as the entropy formula (see §2.2), genericity
of SRB measures with respect to Lebesgue (see §2.2 and Theorem 3.3), the existence of
ergodic attractors and the Bernoulli property etc. (see Pd<€f jand Pugh and Shub
[129 for deterministic results). Here we do not present the precise statements of these
properties and refer the reader idf, where the results are formulated for i.i.d. random
diffeomorphisms but they hold verbatim in the stationary case.

See Ruelle and Wilkinsonlfg for an interesting application of the set-up and the
invariant manifold theory of RDSs in connection with compact group extensions of
deterministic maps.

Remark 2.3.(C1¢ hypothesis) In the arguments above we made the specific assumption
that F is C2 (rather thanC¢ for somea € (0, 1]), with some integrability conditions
being supposed on th@2-norms. One reason for this is for technical simplicity in some
places, and another is that this assumption will be needed for the treatment below of
relations between entropy, Lyapunov exponents and dimension, where we often require
the map space to be Polish or at least separable so that Lusin’s theorem is applicable (see
Bahnmiller and Liu [L3]; it is not clear to the author if this assumption can be reduced to
acl® one by a suitable trick for these purposes, noting @eft (M, M) is in general not
separable). However, under analogous assumptiongléhnorms invariant manifolds

can still be constructed along Pesin’s line (possibly with a slight loss of smoothness)
or by adapting Ruelle’s approach (see the next paragraph). Note, however, @Hat a
assumption is usually not sufficient for the invariant manifold theory, especially for the
absolute continuity property (see Pudi2§ for a counterexample).

Ruelle’s approachRuelle [L39 elaborated an abstract invariant manifold theorem via

a perturbation result of cocycles and this provides another (as compared with Pesin’s)
approach of constructing invariant manifolds. This approach is more analytic in nature
and has the advantage of easier adaptability to the random case as well as to Hilbert
spaces (Ruellel4d). In the random case, stable manifolds were first constructed by
Carverhill 45 for stochastic flows arising from an SDE by adapting Ruelle’s abstract
theorem. For a (discrete time) RDB of classC*? (k > 1 integer,a € (0, 1]) with

log" | f(®)|cke € LY(Q, P), defining®,. ) : (B(1),0) — (R™,0) as a local version

of f(w) obtained by using the exponential map to parametrize neighborhoodsud

f(w)x (one perhaps has to use a somewhat ‘globalized’ exponential map af@wnd;
Carverhill’s trivialization technique of using embedding does not seem easy to be adopted
here), one obtains verbatim versions of results in RuéB)[for local and global stable
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manifolds of F (which are of the same order of smoothness7s This approach
also works for (non-invertible) endomorphisms (s&é89 Theorem 6.1], and see also
Ruelle [14Q and Liu [107] for related works). For extensions of RuelliE3F to general
stochastic flows we refer to Liu and Qiah(8 Ch. V] for statements and a brief review.
Aninteresting phenomenon in that case, proved by Baxen2@laiid Kifer [87], is that all
the integrability conditions required on tldg -norms hold true automatically (see Arnold
and Imkeller B] for further results in this direction).

Other objects.'Non-random’ stable manifolds corresponding to the ‘non-random’
multiplicative ergodic theorem were constructed by Brin and Kidé}.[A center manifold
theory was developed by Boxle8§] for continuous time RDSs iiR? and generalized
invariant manifolds including center and Oseledec manifolds were constructed by Dahlke
[54] for discrete time RDSs. We refer to Arnolé][for a systematic treatment of these
results and applications.

We end this subsection with a very brief remark mmmation numbers(see Arnold
[6, Ch. 6] for a detailed account of related results). In analogy to Lyapunov exponents, such
guantities were introduced to describe rotation rates of vectors or planes under the action
of the derivative flow of a dynamics (Ruell242, San Martin L54). Assuming a simple
Lyapunov spectrum (i.e. every exponent has multiplicity one), a multiplicative ergodic
theorem for rotation numbers was proved by Arnold and San Ma&itfof continuous time
RDSs; otherwise the situation would be rather different (see Arr@I&¢mark 6.5.15]).
In dimension two or three, it seems that rotation numbers could be related to some well-
known quantities such as curls of a vector field. Some nonlinear behavior associated to
such numbers is known, such as the rotation of stable manifolds (Rufft}) [ However,
it seems that what one may know about such behavior is far from being as much as in the
case of Lyapunov exponents, except for on some low-dimensional or special such as torus
spaces.

2.2. Entropy and its relation to Lyapunov exponents.

Definition. The (Kolmogorov—-Sinai) entropy of a deterministic measure-preserving
transformation was introduced to describe the information creation rate of the evolution
of a system and also to serve as an isomorphism invariant. For analogous reasons, such
a concept was introduced by KifeB9] for i.i.d. RDSs with stationary measures and by
Ledrappier and YoundlD1] and Bogensatitz [29] for stationary RDSs over an ergodic and
measurably invertible noise system. The following is a unified notion, due to Boggnsch”
and Crauel 33), for general stationary RDSs as defined in §1. Assufnis of classC®

andu is anF-invariant measure. For a finite Borel partitiorof M, let

) 1 n—l _1
hu(F,§) = lim = f H"‘”(k\:/of(w’k) s>dP(w) (2.4)
where H,(n) = — ZCE” v(C) logv(C), with the convention 0log 0= 0, for a finite

partition n of M and a probabilityyv on M (see Walters163). The above limit can
be shown to always exist by combining arguments in Kif@s, [Theorem II.1.1] and
Bogenschiz [29, Theorem 3.1] (if(2, A, P, t) is ergodic and measurably invertible, then
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taking integration in (2.4) is extraneous and the limit exists and is constait-foe.w

by the subadditive ergodic theorem). Tgmeasure-theoretic) entromf (F, ) is then
defined byh, (F) := suph,(F, &) with the supremum being taken over the set of all
finite Borel partitions ofM (the entropy defined fofF, P x p) given in Proposition 1.1
corresponds to Kifer's notion of entropy fof, p)). h,(F) turns out to coincide with
hZilA(F), the conditional entropy of : (2 x M, ) < with respect tor ~1.A (see Kifer
[85] for the definition), wherer : @ x M — Q is the natural projection. Furthermore, it
satisfies the Abromov—Rokhlin formula

hu(F) = hp(T) + hu(F)

(both sides may be-co) when (€2, A, P) is countably generated (Abromov and Rokhlin
[1], Bogenschiz and Crauel33]), and this endows:, (F) with the intuitive meaning

of being the average gain rate of information created by the combined dynamics
(2 x M,u, F) minus that of the information created by the ‘driving’ dynamics
(€, P, 1).

Using measurable partitions of Lebesgue spadése identification of#,(F) and
hZ_lA(F) enables us to investigate the entropy of an RDS by means of the classical
(conditional) entropy theory. As with a deterministic transformation, just employing
finite or countable partitions of the phase space is not enough for the investigation and
in many cases one has to appeal to finer partitions (for example, partitions into pieces
of stable or unstable manifolds). This was made possible by the conditional entropy
theory for measurable partitions (i.e. partitions which can be approximated by finite or
countable ones) of Lebesgue spaces (see RokhB&). It is for this reason that we
sometimes requir€2, A, P, t) to be Polish: (2 x M, u), with the completion of the
Borelo-algebra with respect t@, then defines a Lebesgue space (see, for example, Walters
[163 Theorem 2.1]). In this case and in the case bking measurably invertible, one can
obtain the entropyt, (F) by the formula (Liu and Qian108 Theorem 0.5.1])

+00
\/ F*"; \ cro)
k=1

where the supremum is taken over the set of all measurable partitigtessofdM, 1) and
oo = {{w} x M : w € Q}. This means that, in the case @, A, P, ) being Polish
and measurably invertible, if one takes for eaghe Q a partitiong, of M such that
¢ = {{w} x Lu(x) : ® € Q,x € M} constitutes a measurable partition(6f x M, u),

then (2.4) can be extended by

+00
\/ F_kg VUO) Z/Huw(gw
k=1

and one can obtain the entropy,(F) by taking the supremum df,(F, ¢) over the
set of all suchg’s. For more information about conditional (or relative) entropy of
measure-preserving transformations of Lebesgue spaceB3p€h. 0] which is a partial
modification of the usual entropy arguments given in RokHIBY.

1 A(F) = supH,, <;

“+o00
\/ fl. k)‘lctkw> dP(w)

hu(F,¢) = Hu(C
k=1
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Some other propertiesSome properties of the entropy 6f, 1) have been known and

most of them are analogous to those in the deterministic case, as can be expected. Here
we just mention several of them. First, it is an isomorphism invariant (see Boggnsch”
[29] for a precise statement) and this invariant is complete for Bernoulli random subshifts
of finite type (see Gundlactbd]; a general random version of Ornstein’s well-known
theorem in 1§ is not known). If the noise systerif2, A, P, r) satisfiest*A4 = A,

a version of the Shannon—-McMillan—Breiman theorem can be obtainegdqr) [29];
otherwise there have been no results on the extension of this theorem except for a very
special situation (i.e. the case of almost all the sample measures being the same) (see
Kifer [85, Theorem 11.1.5]). For random versions of the Kolmogorov—-Sinai theorem for
calculating the entropy using generators <28 nd [30]. When (2, A, P) is countably
generated ang is ergodic, the entropy of an invariant measure is equal to the integration of
those of its ergodic components; this is a random version of Walté& Theorem 8.4] and

can be proved by analogous arguments. The entropy map of an RDS is affine. Itis believed
by several authors to be upper semi-continuous under suitable expansivity conditions (in
the deterministic case this is a fact which can be proved in a few lines), but, as far as
the author knows, a rigorous proof of this (important for the thermodynamic formalism of
RDSs) has not yet appeared and it is hoped to come into existence (for the case of a random
subshift of finite type a proof was given b$(, Proposition 3.2.2], but it does not seem

to be acceptable); for this problem note that the set ofrailhvariant measures, denoted

by M (F), has the smallest topology which makes—~ [ ¢ du continuous for each in

L},(Q, C(M)), the space of all measurahpe: @ x M — R such thapp(w,-) : M — R

is continuous for eack € © and [ sup,cy [¢(w, x)|dP(w) < +oo (see Arnold §] for

more information). For a (continuous time) stochastic flow with a stationary measure the
entropy defined for the timegy (1o > 0) random maps is proportional lyyto that for the

time-1 random maps (Kifeil8b, Lemma V.2.2]). In spite of these results, many interesting
properties enjoyed by the entropy in the deterministic case have not yet been established
rigorously in the random case, taking the Brin—Katok local entropy formddhds an
example.

Ruelle inequality.Roughly speaking, Lyapunov exponents and entropy provide two
different ways of measuring the dynamical complexity of an RDS: the Lyapunov exponents
measure geometrically how fast nearby orbits diverge (due to the corresponding invariant
manifold theory) or how fast volume elements are expanded (by sums of the exponents),
and the entropy measures from the viewpoint of information the complexity related to such
dynamical behavior. In general, there exists the following relation between these two kinds
of quantities.

THEOREM2.4. (Ruelle inequality).et F be of classC! and assumdog™ | f(w)|c1 €

LY, P) where| fc1 = SUR ey, g1=1 | TfE]. Assume, moreover, the®, A, P, 1) is
measurably invertible or is Polish. Then for afyinvariant measurg. one has

hu(F) < / > 20, ) m D (., x) dp. (2.5)
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This theorem was first proved by Ruell&3[] (also in an unpublished work by Mar-
gulis) for a deterministi€! map. An extension to random as well as infinite-dimensional
cases, suitable for applications to the Navier—Stokes time evolution, was elaborated later
by Ruelle L141], where M is allowed to be a Hilbert manifold b2 is assumed to be a
compact metric space. Without knowing this work of Ruelle, Bahltenand Bogensakt?

[12) proved the theorem for the caseBfbeing over a general but ergodic and measurably
invertible noise system (see that article for references to earlier works by Ledrappier, Kifer,
Liu and Qian), and the slightly more general version stated here can be proved by minor
modification of the arguments il or by using the Lebesgue space property of Polish
spaces. Hopefully the assumptions(@nh A, P, t) in Theorem 2.4 can be suppressed.

Pesin formula.For a deterministicC? (or c1%) diffeomorphism f on M and an
f-invariant measure, Pesin 123 proved that (2.5) will be an equality i is smooth

(i.e. absolutely continuous with respect to the Lebesgue measu§ and this equality is
known as théesin (entropy) formulaThe following theorem extends the result of Pesin to
RDSs composed of random endomorphisms (maybe non-invertible and with singularities,
i.e. points at which the derivative is degenerate).

THEOREM2.5. (Pesin formula).et F be of classC? with log™ | f(w)|c2 € LY, P).
Assume, moreover, théR, A, P, t) is Polish and measurably invertibte Let u be an
F-invariant measure. Ifi, <« Leb for P-a.e.w, then there holds the equality

hy(F) =/Zk(i)(w,x)+m(i)(w, x)dp. (2.6)

This theorem was proved in Lid D7), along Pesin’s original sketch, for the casefof
being a two-sided canonical’ RDS, and the slightly more general version stated above
can be easily proved by employing some properties of Polish spaces (see WBlghamd
Liu [13]). Such a result was earlier obtained for expanding RDSs by Bahearni11],
which extends a proof given by Ledrappier and Young in the deterministic case using the
notion of Jacobian introduced by Parry121], of measure-preserving transformations.
This notion was then extensively employed in LiQ[] to prove Theorem 2.5 for the non-
expanding case and it turns out to be a powerful tool to overcome difficulties brought
about by non-invertibility of the maps (the inverse limit space method does not seem
helpful for the present purpose even in the deterministic case). For a deterministic
(maybe non-invertiblef>* map, Theorem 2.5 was also proved earlier by Thieuldw]
through a rather different approach, i.e. by showing that the equality between the fractal
(or information) dimension and the Lyapunov dimension of the invariant measure is a
sufficient condition to obtain the Pesin formula, even in the infinite-dimensional case.
That approach seems adaptable to the present situation by first developing a local entropy
theory (including the Brin—Katok formula ind[]) for RDSs, but the situation would
become different when one considers an i.i.d. RDS with a smooth stationary measure (see
Theorem 2.7 below and see Litid7] for more information).

See §3.4 for application of Theorem 2.5 to expanding in average RDSs.

T It was recently proved in1p9 that the formula (2.6) still holds true without the invertibility assumption
on (L2, A, P, ), but with the additional condition lof(f (w)) € L@, p) (see Theorem 2.7). This unifies
Theorems 2.5 and 2.7.
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SRB measures of an RDB. this paragraph we consider RDSs composed of invertible
maps on the phase space and of invertible noise systems. Careful observation makes it
plausible that the information creation is caused by the expansion of the dynamics and the
contracting and neutral directions do not contribute to the entropy. This is made precise
by the following theorem, which tells that the entropy is determined by the action of the
random maps on the unstable manifolds and the Pesin formula holds true if and only if
the invariant measure has conditional measures compatible with the Lebesgue on these
submanifolds.

THEOREM2.6. ASSUmEF is of clasC?, f(w) € Diff 2(M) for P-a.e.wand($2, A, P, 1)

is Polish and measurably invertible. Take the integrability condititots” | f ()] =,

log™ |f(a))_1|C2 e LY(Q, P) and letu be anF-invariant measure. Then one can find

a measurable partition, finer than{{w} x M : v € @}, of (2 x M, u) which has the

following properties.

(i) nissubordinate tav*-manifoldsof (F, n) in the following sense: for-a.e.(w, x),
New(x) C W*(w, x) and contains an open neighborhoodwin W*(w, x) (with the
neighborhood being taken in the submanifold topology), whgtis the partition of
M induced by restricting to {w} x M, n,(x) denotes the element gf, containing
x, andW(w, x) := {x} if AV (w, x) < Oforalli.

(i) n is increasing, i.e.F 1y is finer thany; moreover,\/;%5 F~" is equal to the
partition into single points, an ,j;g F"n generates the -algebra consisting of
measurable subse® of 2 x M which are unions of some unstable manifolds (i.e.
such thatlw, x) € B implies{w} x W*(w, x) C B).

(i) hu(F) = Hu(Fnln) = [ Hy, (f (@) newlne) dP (o).

(iv)

Hu(FflnIn) = / log |det( T f ()| g (w.x) | d it

(E"(@, X) = @) (.)-0E " (. x)), Or equivalently,
hy(F) =/Zk(i)(a), ) TmD(w, x)du
i

if and only ifM?w,x) < )J(‘w)x) for u-a.e. (w, x), wherey,?w)x) is the conditional
measure oft onn(w, x), the element of containing(w, x), which is identified with
Nw(x) by the relationn(w, x) = {w} x ne(x), and Wherek‘(‘w)x) is the Lebesgue
measure oiW" (w, x) induced by its inherited Riemannian structuxgw(x) = §, if
W"(w, x) = {x}). If these conditions are satisfied, the dengity du?w’x)/d)n“

(w,x)
is strictly positive andog p is Lipschitz alongh* (w, x) for u-a.e.(w, x).

An F-invariant measurg will be called anSRB measur# it has smooth conditional
measures on the unstable manifolds, as precisely defined in (iv) of the above theorem.
Note that this definition is independent of the particular choice of a measurable partition
subordinate to th&“-manifolds, and also note that the partition<®@fx M into pieces of
the global unstable manifolds is in general not measurable and one needs finer partitions
as defined in (i) of Theorem 2.6 for this definition. By transitivity of conditional measures

https://doi.org/10.1017/50143385701001614 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001614

1292 P.-D. Liu

(see Rokhlin133), the SRB property ofc implies that almost every sample measugge
has smooth conditional measures on leaves ofithéw, -)-foliation of M.

A brief history of the above theorem is as follows. First consider a deterministic
diffeomorphismf with an invariant measurg. Observing that the sum of the positive
exponents at a point is the exponential expansion rate of the volume element of the unstable
manifold at this point and that the information creation is intuitively due to the stretching
behavior of f, Ledrappier and Strelcyr®f] extended, using Pesin theory, the notion of
SRB measures (first defined by SinabB for Anosov diffeomorphisms, then by Ruelle
[134 for Axiom A diffeomorphisms and by Bowen and Ruelk(] for Axiom A flows)
to general non-hyperbolic dynamical systems and showed that the SRB property of the
invariant measure is sufficient to get the Pesin formula. The existence of a partition
with properties (i)—(iii) of Theorem 2.6 in their deterministic versions was proved by
Ledrappier and Strelcyr®p] for the case ofu being SRB and earlier by PesihZ3 for
u being smooth, and the proof in these cases is relatively easy since the hardest part (iii)
can be obtained with the help of estimating the entropy via the positive exponents; for
u general the proof is much harder and is due to Ledrappier and Ydlo® Part I]
which, using such a patrtition, proves thabeing SRB is necessary for the Pesin formula.
Theorem 2.6 is a random version of these results and can be proved along the lines of the
deterministic case (see Ledrappier and Youl®(l], Liu and Qian [L0g, and Bahnraller
and Liu [13)).

Besides being characterized as those measures satisfying the entropy formula, SRB
measures have their physical importance: they usually represent the asymptotic behavior
of a positive Lebesgue measure set of initial points (see the review Eckmann and Ruelle
[59 for related results on deterministic systems and see Theorem 3.3 of the present one for
information in the random case). The study of the existence of SRB measures, especially
in non-uniformly or partially hyperbolic dynamical systems, as well as of their statistical
properties such as the decay of correlations and central limit theorems etc., is at present
quite active, see the short but excellent reviews of Youri§| Viana [162 and Hu [74]
for developments in the deterministic case and see Corollary 2.8 and 83 of the present
article for developments in the random case.

Applications to physics of Theorems 2.4 and 2.6 above were made by Rlé8e [
where positivity of (statistical mechanics) entropy production in non-equilibrium statistical
mechanics was studied in the presence of a thermostat acting by random forces.

Entropy formula for i.i.d. RDSsAn interesting phenomenon due to the presence of noise

is that for an i.i.d. RDS and a stationary measure the Pesin formula ‘always’ holds true
and the corresponding sample measures (see Proposition 1.2) are almost surely SRB if the
RDS is ‘sufficiently’ random (Ledrappier and YountJ1]). To state the results precisely,

we first reformulate the definition of the entropy in this particular setting. Assfine

i.i.d. andp is a stationary measure gf. For a finite Borel partitio of M, let

1 nt _
hp(F, &) =ngrpm;/Hp<>:/()f(w, k) 1&) dP(w) (2.7)

(the limit exists, see Kiferg5s, Theorem 11.1.3] for a similar proof), and define thetropy
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of (F, p) ash,(F) = suph,(F, &) with the supremum being taken over the set of all
finite Borel partitions ofM. Letv be the probability orC" (M, M) induced by the map
Q —> C"M,M), » — f(w). Denote byﬁ the one-sided canonical i.i.d. RDS with
P = vZ", and byF the two-sided one wittP = vZ. Thenh,(F) can be related to the
previous notion of entropy by

hp(F) = hp, ,(F) = hp(F) (2.8)

whereP x p andp* are given by Propositions 1.1 and 1.2, respectively (see 10d]).

If FisClandlog |Ts f(w)| € LY(Q x M, P x p), the essentially non-random Lyapunov
spectra{(A D (x), mP(x)) : 1 < i < r(x)}, p-a.a.x, of (F, p) can clearly be defined
as those of(ﬁ, P x p) sincew — (f(w), f(tw),...) IS a measure-preserving map
from (2, P) to (C" (M, M)Z+, P). By Theorem 2.4, the Ruelle inequality, (F) <
32D ) m D (x) dp(x) holds if log™ | f (w)|c1 € LY(R, P). The following theorem
was proved by Ledrappier and Yountopj] for random diffeomorphisms and then by Liu
[107] for random non-invertible maps.

THEOREM2.7. (Pesin formula for i.i.d. RDSshssumeF is of classC? and is i.i.d.
Assume the integrability conditiosg™ | f(w)|c2, l0gD(f(w)) € LY, P) where
D(f(w)) := inf,cp |detTy f(w)|. Let p be a stationary measure of. If p <« Leb,
then one has

hp(F) :/Zk(i)(x)+m(i)(x)dp(x). (2.9)

Note that, if an i.i.d. RDS is sufficiently random in the sense that its transition
probabilities have a density with respect to the Lebesgue, then all its stationary measures
are smooth (see, for exampl&0g 8IV.1]). It is particularly the case whef arises from
a stochastic flow of diffeomorphisms solving a non-degenerate SDE188eGh. V] for
precise statements concerning the entropy formula in the flow setting). I.i.d. RDSs defined
by a deterministic endomorphism followed by stochastic fiwere introduced by Kifer
[86] and Baladi and YoundZ1] (see also §3.4 of the present article), and Theorem 2.7 has
its application in this modell[07]. See Tsujii L55 for related works on one-dimensional
i.i.d. random maps. A brief description of the specific feature of the proof of Theorem 2.7
brought about by the randomness is presented after Proposition 2.10.

From Theorems 2.6 and 2.7 we have the following.

COROLLARY 2.8. (SRB property of sample measurés} F be a two-sided canonical
i.i.d. RDS such thaf (w) € Diff 2(M) for P-a.e.w. Assume the integrability conditions
log" | f(@)|c2, logh | f(w) Y2 € LYQ, P). Letp be a stationary measure oF.

If p <« Leb, then almost all the sample measures, v € 2, are SRB or, precisely
speaking, the measuyre' given by Proposition 1.2 is SRB.

Remark 2.9.(Non-smoothness of sample measures) Take the assumptions of Corol-
lary 2.8. Then the sample measuggs » € €2, are almost all smooth (i.@,, absolutely
continuous forP-a.e.w) if and only if f (w)p = p for P-a.e.w. Equivalently (and roughly
speaking), if the latter condition does not hold, the time evolution on the phase space
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will destroy with full probability (note thatP is ergodic now) the smoothness pfin

some contracting directions but improves it in the stretching directions, ensuring the SRB
property of the sample measures (recall the pictures in Proposition 1.2 and Corollary 2.8;
see also Theorem 2.11 below). The fact stated above can be proved as follows. Note
that, if p,, <« Leb for P-a.e.w, the absolute continuity property of the stable and unstable
manifolds (seeJ08 Ch. Il1]) implies p* is SRB both forF and its time reversal, yielding

I3 2D x)ymD(x)dp(x) = 0 by the Pesin formulae. By using the interesting result of
Proposition 2.10 below, one provgsw)p = p for P-a.e.w. The inverse implication is
obvious.

PrROPOSITION2.10. (BaxendaleZ3], Kifer [85]) Let F be an i.i.d. RDS withf (w) €
Diff 1 (M) for P-a.e.w andlog® | f(w)|c1 € LY, P). Letp be a stationary measure of
F. If p « Leb, then

o > ADxm®D(x) <0, p-a.e.x;

(i) ;2D @mD(x) =0, p-a.e.x ifand only if f (w)p = p for P-a.e.w.

We now present a very brief description of the random component of the proof of
Theorem 2.7, as compared with Pesin’s proof in the deterministic case. It is enough
to consider(]:', P x p) and (F, p*). Even in the diffeomorphisms case, the proof of
Theorem 2.7 given by Ledrappier and Yourdd{]] consists in analysis along the stable
manifolds, generally only for which, in view of Remark 2.9, the smoothness cén
be used (as opposed to the unstable manifolds). The smoothngssogkther with
the absolute continuity property of the stable manifolds implies that p has smooth
conditional measures on these submanifolds, and this allows one to measure information
creation along the stable manifolds in terms of the Lebesgue measures on them. This
statement is seemingly unreasonable since intuitively it has something to do only with the
negative exponents, but now the positive and negative exponents do not play a symmetric
role in general (in view of Proposition 2.10(i)). We present here an intuitive explanation
which is very incomplete and technically inaccurate, but roughly tells us how the use of
stable manifolds can lead to the relation of the entropy and the positive exponengs. Let
be a finite Borel partition of. One can rewrite the term in (2.7) under the integration
signal in the following way,

n—1 n—1
Hp( \/ f. k)‘lé) - Hﬂw,n)p( \/ fo,n - k)s).
k=0 k=0

In this way the contraction goes into the picture of information creation. Replacing

& by a partition into pieces of the stable manifolds and using the conditional entropy
theory, the determinant of the derivatives of the associated maps restricted to the stable
subspaces (corresponding to the negative exponents) as well as the determinant of the
whole derivatives would play a major role, due to the contraction along the stable
manifolds, the compatibility of the conditional measureg afith the Lebesgue on these
manifolds and the total volume change— f(w, n)p. Finally, the entropy:,(F) turns

out to be determined by the latter determinant over the first, the average of whose logarithm
gives the integral of the sum of the positive exponents.
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2.3. Relations between Lyapunov exponents, entropy and dimension.

A dimension formula for i.i.d. RDSsln the deterministic case, it was conjectured by

Federicksonet al [6]] that the Hausdorff dimension of an ergodic SRB measure is

‘generically’ equal to its Lyapunov dimension; this was proved to be true by Ydlbf [

for surface diffeomorphisms but when the phase space has dimension greater than two

the conjecture has not been mathematically verified (see Eckmann and Fa@lfer[

a detailed review of this topic). However, Ledrappier and Youtef] showed that the

conjectured scenario is indeed mathematically truany dimension if the dynamical

system is subjected to certain types of sufficiently random noise. This means that for

an i.i.d. RDS composed of random diffeomorphisms with some conditions to guarantee

genuine randomness, the Hausdorff dimension of the sample measures corresponding to

an ergodic stationary measure is almost surely equal to the Lyapunov dimension. Below

we recall briefly the related notions and formulate this notable result in a more precise way.
Let F be a two-sided canonical i.i.d. RDS such thigt) € Diff (M) for P-a.e.w and

log" | f(@)|c2, log" | f (@)Y c2 € LY, P). Let p be an ergodicF-stationary measure

andp* the corresponding-invariant measure. Now it is more convenient to write all the

Lyapunov exponents afF, p), or equivalently of(F, p*), as+oo > A1 > A2 > -+ >

A > —o00. Assumel; > 0 since otherwise the statements below will hold rather trivially.

If p* is hyperbolic (i.e.r; # 0 for all i) and is SRB, then forP-a.e.w the pointwise

dimension of the sample measuysg is well definedp,, almost everywhere, that is, the

limit

log p (B(x, r))

logr

exists forp*-a.e.(w, x) (see Ledrappier and Young(1]; the conclusion is expected to be
also true without requiring the SRB propertyfor, more generally, the Eckmann—Ruelle
conjecture recently proved by Barreiedal [22] in the deterministic case is expected to
be true for any hyperbolic invariant measure/®f but no confirmation has been made
by checking all the details for a rigorous proof). The limit is clearly constéra.e. or,
equivalently, forP-a.e.w the limit is equalp,-a.e. to a same value, called thienension
of p, and denoted by ditw,,) (which, by a theorem in Youndlp§, coincides with the
Hausdorff dimensiownf p, defined by ding p,, := inf{ldimy Z : Z Cc M, p,(Z) = 1}),
and this value is equat-a.e. to a constant. Theyapunov dimensioof the family of
sample measurdgp,,} is defined as

dp, (x) 1= Iim0 (whereB(x,r) ={ye M :d(x,y) <r})

K
dim M, if Y mj =dimM
D1, ..., A) 1= =1 (2.10)

K
me

ZA mj, otherwise
with K being the largest integer so that’_; x;m; > 0 andm; = dimE®D (o, x).
If p < Leb, then, by Proposition 2.10, one always hasi;m; < 0 with ), A;m; = 0
if and only if p, = p, P-a.e. Clearly for the special cage; A;m; = 0 one has
dim(p,) = D(\1,...,A,) = dimM, P-a.e. Under further conditions the coincidence

)»K+1
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of dim(p,) andD(Aq, ..., A,) is obtained for the general case in the following theorem,
where we will employ the ‘backward derivative process’ naturally inducedbfgith
P = vZ) on the Grassmannian manifold @f) whose transition probabilities are given
by

oW, ') =viw: Tf(a))*lv eI}, wveGrM), Borell' C Gr(M)
(recall that G(M) = Ugi;“IM Gr(M, k) and GKM, k) is the manifold ofk-dimensional
subspaces df M).

THEOREM2.11. (A dimension formula) (Ledrappier and Yould@f) Let F be as given
above and lefo be an ergodicF-stationary measure such that « Lebandi; # 0
for all i. Take the hypothesis that for alle Gr(M) the transition probabilityQ (v, -) is
absolutely continuous with respect to the Lebesgue aMGrThen forP-a.e.w

dim(pe) = D1, . .., Ar). (2.11)

The hypothesis in the theorem is a sufficient randomness condition which appears quite
naturally, especially in the setting of stochastic flows arising from SDEE.i¢fgenerated
by the time-one maps of the solution flow of SDE (1.3), then the hypothesis is satisfied
if the operatorL. = —Xo + Y¢_; X2 on C*®(Gr(M)) is hypoelliptic, whereX is the
natural lifting of X; to G((M), 0 < k < d. In particular, ifd > dimM + (dim M)?,
then there is an open dense subset in the spad€ af 1)-tuples of vector fields on
M on which the hypothesis is satisfied (s&@7 for details and for further references).
To obtain the desired result (2.11), the above hypothesis can be replaced by the weaker one
that, forp-a.e.x andj = K + 1, K + 2 (K being given in (2.10)), the distribution of
o> @5 ; EY(w, x) is smooth on the Grassmannian manifolaf.. ; m;-dimensional
subspaces df, M, or by a nonlinear version formulated in terms of two-point processes
on M. In fact, the latter are more directly related to the key ideas of the proof (which
consist of estimating the transverse dimensiop.oWith respect to thév*:/ -manifolds).

Generalized entropy formulézor a deterministic diffeomorphism partial dimensions

of an invariant measure were introduced by Ledrappier and Yol [Part 1]

and a fundamental generalized entropy formula relating entropy, exponents and partial
dimensions was given there with a highly complicated proof. Partial dimensions of the
sample measures, of p* introduced at the beginning of this subsection can be defined
similarly (see L0Z) and the fundamental formula mentioned above is also expected to
be true for a generdlF, 1) as given in Theorem 2.6 (but no rigorous confirmation has
appeared). If this formula is indeed true in the random case, the dimension formula (2.11)
can then be equivalently formulated in terms of the partial dimensions 188eHart 11]

and Eckmann and Ruell&9, §1V.D] for similar arguments in the deterministic case);
furthermore, this generalized entropy formula together with the expected random version
of the Eckmann—Ruelle conjecture would imply in the two-dimensional case an extension
of Young's notable formula in15§.

3. Thermodynamic formalism
The thermodynamic formalism in terms of deterministic dynamical systems (often with
time setzZ?, R?, d > 1 or another grouyw) has been widely developed and for this theory
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we refer to the marvellous (though austere) book by Ru&Bg[ In this section we review
some relevant progress in the setting of RDSs. In what foll@sA4, P, ) continues to
be a measure-preserving system which serves as the underlying noise system of our RDSs.

3.1. The notion of equilibrium states of bundle RDSs.

Bundle RDSs.In this section we are very often concerned with an RDS lying only on
some subsets which are ‘invariant’ under the random maps instead of on the entire phase
space, and this leads to the notion of a bundle RDS (Bogets§30]). Here we go a

bit beyond the framework considered in the previous sections and introduce this notion
in its general form. LetX be a compact metric space. Lft,}.cq be a family of
compact subsets of such thatw — E, is measurable (with respect to the Hausdorff
topology), implying thatt := U{w} x E, constitutes a measurable subsetdfx X

(the inverse is true ifd is P-complete, see Arnoldg] Proposition 1.6.2]; the reader is
referred to CraueldQ] for a random set theory). lff (w) : E, = E:o}weq is a family of
continuous maps such th@, x) — f(w)x is a measurable map fromto X, we then call
F:={f(w,n): E, = Ewm, | n € ZT, w e Q) a(continuoushundle RDSreferring toE

as a compact bundle ov@rand to thef,'s as its fibers, wher¢ (o, n) are defined by (1.1).

In this subsection we will always assume tlfats such a bundle RDSypical examples

of such RDSs include random subshifts of finite type and small random perturbations of
hyperbolic sets, which will be discussed in §83.2-3.4. More interesting is the case where
X is taken to be a Polish space affd,},cq is a random (compact) attractor of an RDS

on X. Such attractors have been shown to exist for some stochastic partial differential
equations such as Navier—Stokes and reaction—diffusion equations with additive noise, and
their study now constitutes an important research line whose spirit coincides with that of
Ruelle [141. In this paper we confine ourselves to the compact phase space case and
rather refer to CrauebfJ] for a nice measure (and ergodic) theory on random closed sets
in Polish spaces and to Arnol@][ Crauel b1], Crauel and Flandolig2, 53, Keller and
Schmalfuss80] and the further references therein for a theory of random attractors. In the
light of Ruelle [L41], relations between exponents, entropy and dimension as well as their
estimation might be a topic in this theory that deserves further investigation. For example,
the Ruelle inequality remains a problem when the compactBets leave with positive
probability any bounded domain asncreases (this may happen (s&g]] and the set of
invariant measures supported Byis always non-empty (see the next paragraph)).

We will denote by M(E, F) the collection of F-invariant measures, i.e. those
probability measures on 2 x X such thajc has marginaP onQ, u(E) = 1andFu = pu,
whereF : E — E is the skew-product transformation associated itlefined in the
same way as (1.4). This set is always non-empty (ev&nsfallowed to be a Polish space,
see b0, Corollary 6.13]). The entropk, (F) of (F, u) for u € M(E, F) is defined in
the same way as in §2.2. Properties of invariant measures and of their entropies described
respectively in 81 and in 82.2 for the trivial bundex X case carry over to the present
non-trivial bundle situation (se€,[Ch. 1], 50, 97, 30).

Variational principle. We first give a review of the notion of pressure for bundle RDSs,
which was first introduced by Ruell&35 for a deterministic system and was adapted to
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the random case by Bogensth[29] (for the trivial bundleQ2 x X case) and KiferJ6] (for

the non-trivial bundle case). We will use a measurable family of continuous functions on
the fibersk, as an observable or a potential. More precisely, the space of observables or
potentials will be taken as}l_(sz, C (X)) which consists of all familie$ = {¢, € C(E,)}

such tha{w, x) — ¢, (x) is measurable o and||¢|| := [ |pw|oo d P(w) < +00, Where

| - |oo IS the supremum norm (see Bogensizhdand Gundlach3p] for a discussion on
structural properties of this space). Koe L%(Q, C(X)),e > 0andn > 1 put

1F(@)(w, n, €)

n—1
- sup{ Z exp[ Z box,,(f (@, k)x)j| : G an(w, n, ¢)-separated subset ﬁtu}
xeG k=0
with the(w, n, £)-separated set being defined in an analogous way to the deterministic case
(see Walters163). It is measurable i with respect to the?-completion of 4 and we

can define

1
7r(p) = lim limsup— [ logmr(¢)(w,n, e) dP(w). (3.2)
e=>0p—>400 N
The mapr £ : L}E(Q, C(X)) » RU{oo}, ¢ — mr(¢) is then called th€topological)
pressureof F. It can be shown that for any L}E(Q, C(X))

ar(¢) = [ lim limsup

E|Og7t}-(qb)(a),n,e)dP(a)) (3.2)
e>0 5400 1
(if (2, A, P, 1) is ergodic then (3.2) holds tru-a.e. without taking the integral) and
replacing lim sup with lim inf will result in the same pressure value (Kif#j). In some
cases it is more natural to use a random variahle€2 — (0, +00) instead of a constant
one to define ariw, n, ¢)-separated set, and this will lead to the same pressure provided
that the randoma belongs to a natural class of positive random variables (see Boggnsch”
and Ochs36] and Kifer [96] for details). It is shown in Gundlacl6g] that the pressure can
be equivalently defined by using, n, ¢)-spanning sets. See Gundlaéi7|[(this preprint
contains a number of confusing points and a clear version was presented in GuB8Jach [
for a detailed study of the pressure (including its analyticity) of random subshifts of
finite type. The following theorem is called thvariational principle for bundle RDSs.
It was first proved by Ledrappier and WaltetOF for the case of2 being a compact
metric spacer being continuous ang being a continuous function ofi, and then by
Bogenschtz [29] for the trivial bundle2 x X case under some invertibility assumptions.
The present version is due to Kifedq].

THEOREM3.1. (Variational principlepAssume that<2, A, P) is a Lebesgue space. Then
forany¢ e L}E(Q, C (X)) the following holds:

() = sup{hu(}") +/¢du ‘e M(E, ]-')}. (3.3)

Since a Lebesgue space is countably generated, by ergodic decomposition, the
supremum in (3.3) can be taken over the set of ergodic measurgs when P is
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ergodic. As indicated in Kiferd€), it would be interesting to know if the Lebesgue space
assumption on(€2, A, P) can be suppressed for the conclusion of Theorem 3.1. Note
that, if 7 is a one-sided canonical i.i.d. RDS on a compact mani#éldorresponding to
Q= C" (M, M)Z" (0 <r < +oo integer) andP = vZ" as described in Example (i) of
81, the variational equality (3.3) holds true but in general one only has

TF(P) = Sup{hpxp(}') + /qde x p : p anF-stationary measu}e (3.4)

and (3.4) may be a strict inequality (see Kif8€] for an example and see §3.4 for a special
but important case where (3.4) holds as an equality).

Any memberu of M(E, F) for which the supremum in (3.3) is attained will be called
an equilibrium stateof F for ¢. As in the deterministic case, existence and uniqueness
of such states as well as their statistical properties (especially their Gibbs state property)
constitute a significant topic of research, and usually the uniqueness problem (concerning
conditions both onF and ¢) is much more subtle than the former one (the existence
can be simply guaranteed for agye L}E(Q, C(X)) if the entropy map is upper semi-
continuous). Some results have been obtained in this direction for some specific bundle
RDSs which will be discussed in the subsequent subsections. Adopting ideas of Haydn
and Ruelle T2 and of Ruelle 145, Gundlach and KiferT1] obtained the existence and
uniqueness of equilibrium states and their coincidence with Gibbs states for a natural class
of potentials in the case of general bundle RDSs possessing appropriate expansiveness and
specification properties.

3.2. Random subshifts of finite type.

Notion. Let N = N U {+oc} be the one-point compactification Bf = {1,2, ...}, put
X = [[5 N and consider the shift operater : X — X defined by(ox); = x;41
forx = (x;) € X. X is compact metrizable, for example, by the metiia, y) :=
S 2t —y 7, x = (6), y = () € X, with the conventiomo™! = 0. On the
subset{x € X : x; < +oo foralli e Z*} one can fix arbitrarily O< § < 1 and introduce
another metrialy (x, y) := inf{6" : n € Z*,x ~ v} (wherex 2 y & xp # yo and
x ~ y:& xi =vy;,0<i <n-1,forn > 1) which is topologically equivalent té(-, -)
but with respect to which the shidt is locally expanding. Let : @ — N be a random
variable with logk € L1(Q, P) and letA = {A(w) = (aij (®))}weq be arandom transition
matrix, i.e. a family ofk(w) x k(tw) matricesA (w) with measurable (iw) entries 0 or 1
and with at least one non-zero entry in each row and each column. Put

Ta(w) = {x € X : x; < k(z'w) anday,y,,, (t'®) = 1foralli e Z*}.

Then the bundle RDS determined by : X4(w) — Xa(tw)} is called a(one-sided)
random subshift of finite tyg@r a random topological Markov chain) and will be referred

to asoy, with ¥4 := U{w} x T4(w) being the corresponding bundle. Assuming the
invertibility of (22, A, P, 1), the two-sided version can be defined analogously. When
k and A are constanf-a.e., one gets the deterministic shift systems, which have been
analyzed since, several decades ago both for their intrinsic topological and ergodic-
theoretical properties and for applications to the thermodynamic formalism of statistical
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mechanics, to uniformly hyperbolic and other dynamical systems, or to other fields
(the reader is referred to the monograph Baldd ffor a comprehensive treatment of
this topic). As will be seen, random shift systems exhibit some analogous pictures.
The following mixing condition onr4 will often be assumedA is calledaperiodicif

there exists a random variahd : @ — N such thatd(w) - - - A(® ) has no zero
entriesP-a.e.

Gibbs statesGibbs distributions (measures) on a symbolic space are of great interest
from the viewpoint of statistical mechanics, but they may not be invariant under the shift
operator. The Ruelle transfer operator provides a powerful tool to find shift-invariant
measures which are absolutely continuous with respect to a Gibbs measure (for a potential)
and to investigate their statistical properties such as the decay of correlations etc. (for
extensions to other settings of the Ruelle transfer operator see §3.4). Under some mixing
conditions on the shift and under someltr (i.e. exponential decay) or summability
conditions on the potential, the Gibbs measure and the absolutely continuous shift-invariant
measure often uniquely exist and the latter also has a kind of Gibbs property and is the
unique equilibrium state for the potential (we refer to SirEb3 and to the excellent
monographs Ruelle1lBg, Bowen [39] and Baladi 6] for precise statements and for
historical background in the case of a deterministic shift system). In what follows we
review some analogous results in the random setting, mainly due to Bogénsoid
Gundlach B9, Gundlach g5, 6§ and Khanin and Kifer31] (see these papers for further
references).

We consider below the one-sided random shifts and, for many purposes, problems in
the two-sided case can be reduced to the former one via a cohomology apm8pch [
(this is useful for applying the Ruelle transfer operator method since the former is locally
expanding; here we note that the transfer operator method can also be used for hyperbolic
systems (where expansion and contraction coexist) by ‘quotienting out’ the non-expanding
directions, see Liveranilfl]], Viana [162 Ch. 4] and see Rughlp]] etc. for related
strategy). Leb4 be given. For any given e (0, 1) denote byH j(a) the set of those
families¢ € L%A (2, C(X)) (see §3.1 for the definition) such that for some constant0

one hasP-a.e.|¢,(x) — ¢, (¥)| < ca™ wheneverx ~ y (such ag¢ is also calledequi-

Holder continuougwith respect tady (-, -)), @ may be referred to as the decay ratesdf

A probability v on £ 4 with marginal P on  is called aGibbs measuréwith the empty
boundary condition on the left) faf Hj(a) if for P-a.e.w the conditional probability
Vo.n (-]y) Of v, ON{x € T4 (w) : 6"x = y} is given by

n—1 n—1
Von(x]y) = Pyn(xly) = exp[ > ¢Ikw<akx)} / > exp[ ¢Ikw(akz>}
k=0 =0

z€¥s(w):olz=y k
(3.5)

foro"v,-a.e.y € T4(t"w) and for alln € N. Ameasurg. onX 4 is called ap-Gibbs state

if w € M(Z4,o04) (i.e.n is an invariant measure of the bundle RB9 andu, < v,
for P-a.e.w, wherev is a Gibbs measure f@r € H/}(a). To construct such measures we
now introduce the random Ruelle transfer operattytw) : C(X4(w)) — C(Za(tw))
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associated witkp € H1 () which are defined by

Lo@x)= Y ™Dy forallge C(Ta)), (3.6)
yeXpA(w):oy=x

and we will write Ly (w, n) = £¢(r”—1w) o---0 Ly (w) and denote by:;;(a)) the dual of
L4 (w) acting on finite signed measur@son 4 (tw) byfgdﬁ:;(a))m = [ Ly(w)gdm
forall g € C(Za(w)) (see, for example, Przytycki and Umki [127, Ch. 3] for
a description in the deterministic case on why it is natural to consider these kinds of
operators; the random ones were first employed by Ferrero and Schjitifid Kifer
[89 in some simple or limited situations). Following the pioneering work of RudiB[
but using projective metric techniques (instead of Ruelle’s Arzela—Ascoli-type argument),
the theorem that follows was proved 84 for the case wherel is uniformly aperiodic
(i.e.M(-) = Const.P-a.e.) and in the present form by Gundla6b[6.

THEOREM3.2. (The Random Ruelle—Perron—Frobenius theor&ssume tha($2, A,
P, 7) is measurably invertible and ergodic, with being countably generated. Assume
that A is aperiodic. Lep € Hi(a). If

llog Ly(w, M(@) 1| € LY, P) (3.7)

(recall that | - |« is the supremum norm; (3.7) holds true, for example, whgr) =

Const. P-a.e. sincdlogk € L(Q, P)), then there exist a positive random variable
with logr € LY(Q, P), a family of positive functiond = {h, € C(Za(w))} with

logh := {logh,} € Hj(a), and probabilitiesv, © on X4 with marginal P on € such
that the following hold true for-a.e.w.

() Ly@he = r@)hro, Ly(@)vre = M@)o, [ hedv, = 1and

im |(A(w, n)_lﬁd)(a),n)g—hrnw/gde =0 forallg e C(Za(w)) (3.8)

n—+00

o
(wherex(w, n) := A(r"1w) - - - A(w)) with exponential speed of convergencegor
in a dense subséi(w) of C(T4(w)) (see B5, 69 for the definition of)(w) which
depends on the &lder constant and the decay rate of ¢ and see 85, Proof of
Proposition 3.14] and 8, Proof of Proposition 4.4.2] for an explicit estimate of the
exponential speed?(w) contains Hilder continuous functiong with decay ratex
and one can check this by writing= (g*+C)— (g~ +C) for a sufficiently largeC).

(i) Defined® = {®,} by @, (x) = ¢y (x) +10ghy,(x) —l0gh,(ox) — l0gA(w). Then
Lo(@)l=1, Eg(a))ﬂrw = fo, Ay = hy dv, and

=0 forall g e C(Za(w)) (3.9)

Lo(w, n)g—/gduw

lim
n—+00 00
with the same exponential convergence property as (3.8).

All the objects areP almost all uniquely determined by these properties.

This theorem has a lot of corollaries (s@5] 65, 68 for proofs). First,v is a¢-Gibbs
measure and can be given by

/ dvy = lim Z0@ME oo o)
5 w_n»+oo£¢,(a),n)l’ g A ’
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u is a ¢-Gibbs state and &-Gibbs measure, which has the following kind of Gibbs
property: there exist;, c2 > 0 such thatP-a.e.
® ) cyi=x;fori=0,1,.... m—1
o<t {yeZa(w:y m_xl i m — 1} <o (3.10)
exp[ Y1y Prke(0Fx)]

forallm € Nand allx € Z4(w). Furthermores,,(¢) = [logidP, the variational
principle holds for(oa, ¢) (without requiring(2, A, P) to be Lebesgue) and is the
unique equilibrium state af4 for ¢. (The uniqueness of thg-Gibbs measure and state
was proved in81], see below. See3p, 69 for the notion, existence, uniqueness and the
equivalence with the equilibrium state of an invariguisi-Gibbs measureg. is in fact
such a measure fap.) (3.9) implies that(oa, 1) is randomly mixingin the sense that
P-a.e.

im ‘ / (Wren 0 0™)g dity — / Yoro ditera / gduo|=0  (3.11)

n—-+00

for any ¢ € L%A(Q,C(X)) and anyg € C(X4(w)) (see B8 for refined mixing
properties), with exponential speed of convergencegfoe V(w). This type of fast
correlation decay property can lead taavise central limit theorem for randomdttier
continuous observables under some further integrability conditions, see 8dligiof see
Kifer [95] for a short review). It was shown i8] that Lo : H(a) — H}(«) defined by
([unp)w = £¢(r—1w)1//flw is well defined, it has 1 as a simple isolated eigenvalue and
the rest of the spectrum is contained in a disc of radius strictly smaller than 1; however, as
compared with the deterministic case (see, for example, Bal&})i jnuch less has been
known about the spectral properties of the operafiysind Lo and about their relation

to the convergence speed of (3.11) (see BogartzdB2] and Baladiet al [17] for related
works in other settings of RDSS).

We remark that for two-sided random subshifts the construction of Gibbs states (see
[81] for the definition which concerns boundary conditions) and of equilibrium states can
be reduced to the one-sided case via the cohomology approach (due originally to Sinai
[153) with the properties (3.10) and (3.11) etc. being preserved (up to minor changes)
under the pull-back (the two-sided system is in fact the natural extension of the one-sided
one; see§g| for details). This can also be done by including the two-sided shifts in the
general set-up of RDSs in Gundlach and Kiféd][ satisfying some expansiveness and
specification conditions.

The assumption on the equieldier continuity of the potentialé seems too strong
and a more natural one is to allow th@ldér constant of ¢,,’s to be a random variable
c:Q — [1, +00) with loge € L1(Q2, P). Under this and other more natural integrability
conditions the existence and uniqueness of Gibbs measures and states as well as the unique
equilibrium state and ergodicity properties of the latter were proved by Khanin and Kifer
[81] both for the one-sided and the two-sided cases (the Gibbs measure and state coincide
in the latter case), both using the Ruelle operator and direct statistical mechanics methods.
See Maume Deschampkll for extensions to non-blderian potentials.

Other topics and applicationsSee Kifer P5] for a short review on large deviation aspects
of random subshifts. See Kife®?] for multi-dimensional extensions, and see Gundlach
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and Kifer [69, 7] for random sofic shifts. As reviewed 9%, such set-ups have
applications when studying randomly evolving graphs or random networks. Interesting
applications of the Gibbs state theory of random subshifts were made by Demetrius
and Gundlachg5| in their investigations of evolutionary population dynamics. See the
next subsection for applications to random hyperbolic systems, and see &ljefof
applications in dimension theory of random iterated function systems.

3.3. Random hyperbolic diffeomorphismsThis subsection mainly concerhgperbolic
dynamics aneéxpandingones will be discussed in §3.4.

Random perturbations of Axiom A basic sets.We first consider small random
diffeomorphism-type perturbations of hyperbolic sets of deterministic diffeomorphisms.
This was first studied by Youndlb7 and we will see that this provides the strongest
possible set-up of hyperbolic bundle RDSs (LL0f). In this subsection leM be a
Riemannian manifold without boundary addan open subset @i with compact closure.

Let f : O - M be aC” (r > 1 integer) diffeomorphism to the imagg0). For
convenience of the reader we recall some related concepts from deterministic dynamical
systems. A compact setg C O is called ahyperbolic setof f if it is f-invariant

(i.e. fAo = Ao) and there is & f-invariant splittingTx,M = E°* @ E* together with

0 < Ag < 1 such that for some constafi > 0 and allz > 0

ITf"E] < CoAblEl, V& € ES;  |Tf"nl = Cotag"Inl, ¥n € E*.

A hyperbolic setAg of f is called anAxiom A basic seif it is locally maximal (i.e.
,J{j‘ioo f"U = Ao for some neighborhoot! of Ag) and f is topologically transitive on
it. Now let Ag be a hyperbolic set of and consider the following random perturbation

model of(f, Ao).
Assume in this subsection thg®, A, P, ) is measurably invertible and ergodic with

A being countably generated. Let
F: (2, A P)—>U)

be a random variable taking values in an open neighborhi@od) of f in C" (O, M),
with f(w,n), ® € Q, n € Z being defined by (1.1), but being defined wherever they
make sense (recall that(w) := F(w)). Standard structural stability arguments yield that,
if U(f) is given sufficiently small, then for some constapt> 0 there exists a unique
measurable (i) family of compact set§A, C O}y,eq such thatf (w)A, = A, for all

w € © and that there is a measurable family of homeomorphiggs Ao = Aulwecn
which satisfiesi(h,, id) < &g, Yo € 2, and makes the following diagram commutative

for eachw,
LN AW
I b
AR A, L@ AL TE

(see Ruelle 147, Liu [104). This picture results in a bundle RDG (w,n) : A, —

Arnolnez, weq Which will be denoted byF,, with A = [, q{w} x A, denoting the
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corresponding bundle. For small(f), Fa is hyperbolicin the following sense: there
exist measurable (ifw, x)) splittings7T, M = Efw,x) &) E{w’x), (w, x) € A, such that for

some constant§ > 0,10 <A < landforalln >0

T f (@, n)§| < CAMEL, V& € EY, i |Tef (@, mnl = C™27"|y], ¥ € EV

(w,x)*
(See Liu pL0g for some further structural stability and stable manifolds statements.)

If Agis an Axiom A basic set, then it can be modeled by a (deterministic) subshift of
finite type via a Markov partition. More precisely, there exists a two-sided topologically
transitive deterministic subshift=4, 5) and a Lipschitz (with respect tdy(-, -) for a
suitable 0< # < 1) surjective mapr : ¥4 — Ag such thatf o7 = 7 o &, with
being one-to-one over the set of pointsAp whose orbits do not hit the boundaries of
the rectangles of the Markov partition. Via this machinery, thermodynamic formalism of
statistical mechanics was applied to Axiom A diffeomorphisms by Sit&g[(for Anosov
diffeomorphisms) and by Ruellelg (for Axiom A attractors and for the formalism
of equilibrium states), leading to a successful ergodic theory of the latter (see Bowen
[39 for an excellent systematic treatment). For the case of the bundle RRShe
deterministic shift(£4,5) can also be used as a symbolic representatiotF ofvia
the family of maps{n, := hy, o m} which is uniformly Lipschitz (with respect to
dy (-, ) for a suitable O< ¢’ < 1) due to the uniform expansivity of the random maps
in Fa. This allows one to apply the thermodynamic formalism of random subshifts
reviewed in §3.2 taF, (although the shifi£4, &) is deterministic, the potentials and
the Gibbs states are random now), obtaining an ergodic theafy, gbarallel to Bowen
[39. In particular, we have the following result(6, 110, where a family of functions
¢ = {po € C(Ap)} € L}\(Q, C(0)) is called equi-Holder continuousf there are
constantg > 0 anda > 0 such that¢,(x) — ¢, (¥)| < cd(x, y)* foranyx, y € A, and
for P-a.e.w.

THEOREM3.3. Let Ag be an Axiom A basic set gf.

(i) (Equilibrium states) etr = 1 and let U (f) be a sufficiently small open neighbor-
hood of f in (0, M). Then for any equi-Blder continuousp € L} (2, C(0))
there exists a unique equilibrium state, writtery, of 75 for ¢. e is ergodic
and, if (f, Ao) is topologically mixing,(Fa, ue) is further randomly mixing in a
sense analogousto (3.11) and enjoysdh@ise CLT (central limit theorem) for any
Holder continuous observable : O — R (see below for the precise meaning).

(i) (Generalized SRB measuréet r = 2 and let U(f) be a sufficiently small
open neighborhood of in C2(0, M). ThenJ® = {J% e C(A,)} defined
by Ja()")(x) = —Iog|de1(Txf(w)|E(uw X))| is an equi-tblder continuous element of
LY (2, C(0)) and the unique equilibrium state &, for J®, written x™ (and
called thegeneralized SRB measuoéF,), satisfies

1E, () = hyo (Fa) = ) 20m®
A0

where{(A), m®) : 1 < i < r}is the Lyapunov spectrum afF,, u®).
If Agisan Axiom A attractor, thenz, (J®) = 0 and hence.™ satisfies the Pesin
formula i (Fa) = Y5050 AOm® or, equivalently,.™ is an SRB measure of
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Fa. 1™ has some kind of genericity with respect to the Lebesgue measure (see Liu
[10§ for details and see Ruellelp7] for a time-dependent but non-probabilistic
treatment which is perhaps more suitable for applications in physics).

(iii) (Stochastic stability)etr = 2. When the neighborhoot#(f) of f in C%(0, M)
shrinks to{ f}, the generalized SRB measw&’ of F, converges weakly t® x

us, wheren$" is the generalized SRB measurefobn Ao, and, in particular, the

marginal ofu™ on O converges weakly tpg‘) (see [L1( for precise statements).

The CLT statement in (i) of the above theorem means that for asigldd continuous
observabley : O — R it holds P-a.e. that for any: € R, with u denotingu for short,

lim { e A 'ig[w(f( k))—/ d i|< }
n%ﬂ)o,uw X w.ﬁkzo w, k)x Yduk,| <a

1 a
== / e17120% 4y (3.12)
—0o0

wheres > 0 is given by

. 1 n—1 2
e 2 (o - oo ] s

k=0

(being constantP-a.e.), and in the case when = 0 the right-hand side of (3.12) is
understood to be the Dirac measure at zero. To prove this (and possibly a stronger) result,
note thatu, is in fact the projection of the Gibbs state of the shity, 5) for the potential

¢* = {¢, 0 hy, o }, and it is then enough (and easy) to check that the CLT for random
subshifts proved in Kifer94] applies in the present setting. In view of the volume lemma
(see Liu [LOG)), it seems that some large deviation results could be provefi foas done

by Kifer [88, 89 for random expanding maps. Stochastic stability of the SRB measure
of an Axiom A attractor with respect to i.i.d. random diffeomorphism-type perturbations
was earlier proved by Yound 57 via a different approach (i.e. by the method of pushing
forward the Lebesgue measure on a piece of unstable manifold), and this is a weaker form
of (iii) of Theorem 3.3. A similar result was also obtained by Kiféf][via a variational
argument and see Tsujil$5 for a similar treatment. Stochastic stability of many other
statistical properties, for example, the decay rate of correlations, and geometrical such as
dimensional properties of a deterministic hyperbolic system could be expected (for this see
the comprehensive book Pesit?H); see Blanket al[28] for some results on the former
aspect of two-dimensional hyperbolic maps.

For perturbations of continuous time hyperbolic systems by flows of random
diffeomorphisms arising from random or stochastic differential equations, the problem is
more difficult and no successful ergodic theory (such as that given by Bowen and Ruelle
[40] for Axiom A flows) has been elaborated (see Gundlach and Kif@rfpr a first attack
on this problem). For perturbations of such systems by continuous time Markov processes
we refer to Kifer B3, 84.

General random hyperbolic set$he set-up discussed above is too strong because all the
constants related to the hyperbolicity of the random maps are non-random and this does
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not even include the simple RDS defined pgw) := f*“), where f is a deterministic
hyperbolic map and : @ — Z* is a random variable. More general random hyperbolic
sets allowing random contraction and expansion rates were introduced and studied by
Gundlach and Kifer{Q] and further examples of such systems include random homoclinic
points (Gundlachg6]) and random torus automorphisms (s&@][ they are essentially

due to a possibly unpublished work Arnoux and FishEJ)[ (to repeat, the expanding
case will be discussed in 83.4). An ergodic theory of such random hyperbolic sets was
developed by 0] via constructing random Markov partitions, but difficulties occur when
transferring symbolic results back to the original system and some results can perhaps only
be formulated at the symbolic level. Methods without involving Markov partitions could
be expected, as developed in a number of works in the deterministic case, for example,
Young [159, Blank et al[28] and Leplaideur04], and for relevant works in the random
case we mention, Yound 57, Viana [161] and also 2§].

Stochastic stability of non-uniformly hyperbolic systefdany interesting results have
been obtained, as mentioned in 82.2, on the existence of SRB measures as well as on
their statistical properties in non-uniformly or partially hyperbolic deterministic systems.
Whether the scenarios of these results are stable with respect to random perturbations
constitutes a very interesting topic, and this subject is closely related to the important
conjecture of Palis12Q (see Araijo [5] for important contributions in the direction

of proving the stochastic stability part of the conjecture). In addition to considering
random map perturbations, one can also consider another type of random perturbations,
i.e. perturbations by Markov chains, which seems more natural (but less rich from the
viewpoint of dynamical systems) than the former. More preciselyfletM — M be

a dynamical system preserving a probability. A random perturbatiotF can be taken

as a Markov chain with transition probabilitiéqx, -), x € M (one could think ofF as

‘being sufficiently random’ ifP (x, -), x € M, has a density with respect to the Lebesgue
measure o). The system(f, uo) is said to bestochastically stable with respect to
Markov chain perturbationsf, for any one-parameter family of random perturbations
{F: : € > 0} which satisfiesP; (x, -) — §7 weakly ass — 0 (one could also consider
some special perturbations), the stationary measuyesf 7, converge weakly tqip as

¢ — 0. Following Sinai's work 153 on Anosov systems, SRB measures of Axiom A
attractors have also been proved to be stochastically stable in this sense by Kifer; we
refer to Kifer [86] for a systematic treatment of the topic and for relevant results on some
other one-dimensional dynamical systems, and we refer to Met2dé&} for stochastic
stability of this kind for Lorenz maps and flows. However, few results of stochastic stability
(considered maybe in both senses) have been known for multi-dimensional non-uniformly
or partially hyperbolic maps, and any positive or hegative answer in this direction would
be desired. Non-uniformly hyperbolic systems considered in Hy 73, Jacobson and
Newhouse T7], Pesin [L24 etc. and partially hyperbolic systems considered in Pesin and
Sinai [12€ (including time-1 maps of Axiom A flows) as well as those reviewed in Palis
[120 and Viana L6 might be good candidates to be studied. It was announced in Viana
[161, Ch. 6] (see also Palid () that the unique SRB measure supported by the so-called
Hénon-like attractor of the map

f=fap :R2 > R%  (x,y) > (L—ax?+y,bx),
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where (a, b) is from the ‘good’ parameter s&f C R? which is of positive Lebesgue
measure (see Benedicks and Carle&ah Benedicks and Young[7]), has been proved by
Benedicks and Viana to be stochastically stable with respect to Markov chain perturbations
Fe, & > 0 whose transition probabilitieR. ((x, y), -), (x, y) € R?, are given by

Pe((x,y), A) = ve{wo : fup(x,y) := f(x,y) +wp € A} forBorelA c R?,

wherev, is a probability on the:-neighborhood of 0Oc R? with v, <« Leb and with
dv, /d Leb being uniformly bounded away from zero and infinity. It would be nice to
know if the interesting random correlation decay results obtained by Baladi and ¥i@na [
and Baladiet al[17] for unimodal maps could be extended to this two-dimensional case.
It is very interesting to see that, based on random perturbations, Chetiioard
Liveraniet al[112, 113 developed a new approach which is quite efficient to investigate
statistical properties of non-uniformly hyperbolic deterministic maps.
Finally, we use this place to mention that Freidlin and Went&d] glaborated a theory
of random perturbations of dynamical systems of a different (and more realistic) nature,
which mainly concerns stochastic stability of solutions of differential equations on a finite
time interval.

3.4. Random expanding mapsin this subsection we mostly consider canonical RDSs
as introduced in 81. For general RDSs some of the results presented below could be true
at least wheni2, A, P) is Polish or is Lebesgue.

Random perturbations of expanding mapset M be as givenin8landlet : M — M
be aC™* (1 < r < 40 integer,a € (0, 1]) map which isexpandingi.e. there exists
A > 1suchthatTfg| > Alg| forall & € TM. Itis well known thatf admits a unique
absolutely continuous invariant measuyey = hod Leb and( f, wo) is exact. The density
ho can be obtained by showing that the Ruelle transfer opefatar H — H, whereH
is a suitable Banach space of functions®n(H = C” (M) orC"* (M) (0 < r < r
integer, O< o’ < «), for example) and_ y is defined by

(L)) = Y _h) forh e H, (3.13)

5 detTy f]
has 1 as a simple eigenvalue and by takip@s its normalized eigenfunction. Moreover,
the spectral properties of ; are closely related to statistical properties @f o),
especially to the exponential mixing rate, writtenzag; (which depends subtly of),
of (f, no) for observables itH, which is defined as the smallest number such that for each
7 > 10,7 and each paip, ¥ € H,

‘/(¢0f")1//duo—/¢dlw/1//duo

for some constan€ = C(z, ¢, ), and to other dynamical properties ¢f We refer

to the celebrated paper Ruel®4 and survey papers Ruellé46 and Baladi [L5] for

an abundance of results on spectral theory of more generally weighted transfer operators
of f and on its relation to analytic properties of dynamical zeta functions or Fredholm
determinants.

<Ct", Vn>1 (3.14)
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Stochastic stability of f, 1.0) and, more generally, of spectral propertie€gfhas been
studied by several authors. Baladi and YouBfj [considered i.i.d. random perturbations
by time-e-maps of stochastic flowsf aC” (2 < r < 400 integer) expanding map with
Ly acting onH = C"~1(M) (in this caseL s has 1 as a maximal and simple eigenvalue,
it is quasi-compact with essential spectral radius bounded from above 6yY and
ton = |oo|l := SUllz| : z € oo} whereop U {1} is the spectrum oL s, see Ruelle
[143). More precisely, lettind¢; : (W, B(W), Py) — Diff *°(M)};>0 be the stochastic
flow arising from SDE (1.3) and letting > 0, the perturbation, writterf,, was taken as
the one-sided canonical i.i.d. RDS correspondin@te= C"(M, M)~" and P, = vZ"
wherev, is the distribution ofw — ¢.(w) o f. From another point of view this is a
perturbation of( f, uo) by Markov chains (in fact diffusions) with transition probabilities
Q¢(x,-), x € M, given by

Q:(x,A) .= Py{w: ¢.(w)(fx) € A} forBorelA Cc M.

Whene is small, 7. admits a unique absolutely continuous stationary meagoye=
hedLeb (F. is in factexpanding in averagesee below) and. can be obtained as the
eigenfunction with/ h.d Leb = 1 of the simple eigenvalue 1 of thetegratedtransfer
operatorL g, : C"~Y(M) — C"~1(M) defined by

(Lrh)(x) = /(Cgh)(x)dvg(g) forh e C""L(M) (3.15)

where L, is defined analogously to (3.13) (see Ruelld4]; note thatdp = hdLeb

with & € LY(M, Leb) is F.-stationary if and only ifCx h = h). By first proving

some perturbative lemmas for spectra of abstract operators, it was shown by Baladi and
Young [2]] that, ase — O, the C"l-norm |k, — holcr-1 of hge — ho tends to zero
(much stronger thap, — uo!) and, for eachs > 0, the spectrum oL £, restricted

to {z : |z| > A~U~D 4+ §} converges to that of ; (restricted to the same domain).

In particular, ifto,—1 > A~V (heretg,_1 := w0y for H = C"~1(M)), then

Te.r—1 —> 70,r—1 (itis not known if a result similar to the second limit of (3.16) below holds
without the above assumption), whetg _1 is the exponential mixing rate 6§, p.) for
observables it€”~1(M) defined (in an equivalent way to (3.14)) by

. 1
Ter1:= sup lim sup— log
¢,I[/€C771(M) n—+oo N

/ (07 @1 dps — / 6 dpe / ¥ dp,

with (Q%¢)(x) := [ ¢(y) Qe (x, dy). (See 1] for more information and for conjectures.)
For smalle, the entropy formula

hpg (Fe) = / IOQ Ideth[¢e(w) o flldpe(x) dPw(w)

holds and it, together with, — holor-1 — O, imply h,, (Fs) — hyu,(f) ase — 0
(Liu [107). Stochastic stability of f, o) with respect to more general Markov chain
perturbations was earlier proved by Kif@&Z (see also §6)).

If one considers perturbations g¢f by non-i.i.d. random maps which lie in a small
neighborhood off in a map space, stability results analogous to those mentioned just

https://doi.org/10.1017/50143385701001614 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001614

Dynamics of random transformations: smooth ergodic theory 1309

above were obtained by Baladi al [19] for the two-sided case by considering the
random transfer operatos;(,) instead of the integrated one (3.15) and by employing
Birkhoff cone techniques. For simplicity, we assume tlias C" with 2 < r < +o0
being integer (seeld for the Holder case). For > O let . be the canonical RDS
corresponding t®, = Bg(f)Z and a shift-invariant probability. on 2., whereB, (f) is
thee-neighborhood off in C" (M, M) (endowed with th&"-metric). Lete > 0 be small
enough. ThenF, admits a unique invariant measyrg whose sample measurgs ,,
satisfyu, », < Leb P.-a.e. (see the next topic for the result in the more general framework
of expanding in average RDSSs). It was shown b§] that for eachw € . the density
he.w = diie,w/d Leb can be obtained as the unig& 1 solution of L f(wyhe,w = hezw
with [ h. ,d Leb= 1 and that

lim sup|hew — holer—1 =0, limsup sup tewr—1 < maXto -1, 61} (3.16)
e=>0 yeQ, e—>0  weQ
where6,_1 < 1 is a number (se€lp] for the definition) which was conjectured to be
equal to the essential spectral radiusCof : c—Y M) - cY(M) (see L9 for further
conjectures) and. ., -—1 is the random exponential mixing rate &t for observables in
C"~Y(M) defined by

1
Tewr—1 = sup lim sup— log
¢>,1//6Cr71(M) n—+4oo N
/ (b o f(@. )Y s — / bdite eno f Vdpeo.  (317)

X

Similar stability results were obtained by Bogensiz32] for more general equilibrium

states via a different approach, i.e. by proving the stability under a certain type of random
perturbation of the Lyapunov spectrum and the corresponding Oseledec spaces of a quasi-
compact linear cocycle (random stability of the equilibrium states in the sense of weak
convergence of measures was earlier proved by Bogeiws§dil]). The one-sided case

will be discussed below.

If one is concerned with a general expanding invariant set of a map, structural stability
arguments similar to those in the hyperbolic case reviewed in 83.3 hold (but now both for
one-sided and two-sided cases). Using this approach and the Bowen—Ruelle formula, the
Hausdorff dimension of conformal repellers was proved by Bogerngarid Ochs36] to
be stable under random map perturbations. See K¥8rdr the ICM report Kifer P9
for computation of the Hausdorff dimension of random Cantor sets by realizing them as
‘invariant sets’ of random expanding maps on tori via the base expansion and then using
the Bowen—Ruelle formula.

There have been a number of results on stochastic stability of absolutely continuous
invariant measures gfiecewise expanding or non-uniformly expanding map#tervals
and on higher-dimensional manifolds. Here we do not get into a detailed review of these
results and rather just recall some of the main literature. Unlike the smooth expanding maps
treated just above, such maps are in general not structurally or measure-theoretically stable
with respect t@eterministigerturbations. For example, the quadratic nfap[—1, 1] —

[—1, 1] defined byf,(x) = 1 — ax?, wherea € [0, 2] is a parameter, has an absolutely
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continuous invariant measure farin a positive Lebesgue measure €etc [0, 2] but
has a periodic orbit which attracts the orbit of Lebesgue-a.e. point foran open and
dense subset @b, 2] (see Young 15§ for an overview of these works due to Jacobson,
Benedicks, Carleson and others). It was also foundrtbtall piecewise expanding maps
are stochastically stable (see Baladi and Yo@igfor an example which is due essentially
to Keller [79]). However, under rather mild ‘generic’ conditions stochastic stability does
hold for these maps (and in some cases also for their decay of correlations). For stochastic
stability results on piecewise expanding maps see Kel@y Kifer [ 86, Ch. 4], Baladi and
Young [21] (all these three references deal with Markov chain perturbations) and Viana
[161, Ch. 3] (which treats random map perturbations). For such results on unimodal maps
f(x) = 1 — ax? (for ‘good’ a’s in a positive Lebesgue measure subsef®P]), see
Katok and Kifer [/8] (see also Kifer 86, Ch. 4], which contains in addition a discussion
on random perturbations of Lorenz-type dynamical systems), Benedicks and 8jng [
(which is independent of but contains a similar result to an unpublished work of Collet) and
Baladi and VianaZ(]. We remark that26] and [20] deal with Markov chain perturbations
of a special class whose transition probabilities are deduced from the random ‘additive’
maps

([—&,€l,ve) 3t fi(x):=1—ax’+1 (3.18)

where v, is a probability on[—e, ¢] with v, <« Leb and withdv./d Leb satisfying
some uniformity conditions, and’§ considers more general perturbations but under a
Misiurewicz assumption. Some stochastic stability results of higher-dimensional non-
uniformly expanding maps were obtained in the recent work Alves andjéfd].

Two-sided expanding in average RD$st F be atwo-sidedcanonicalC! RDS onM.
Assume that forP-a.e.w the map f(w) has no singularities (i.e. to repeat, points at
which T f (w) is degenerate). Defin|gf|gl = infeerm g1=1 | TfE| fOr f € ctm, m).
Iflog | f(@)|, € LY(Q, P) and one ha®-a.e.

) 1 n—1 . B
im = ;mgu(r ®)|7y = a(@) >0 (3.19)
(the limit exists for P-a.e.w by Birkhoff theorem),F is then said to bexpanding in
average This model was introduced in Khanin and Kiféd1] and the thermodynamic
formalism for this model was developed there, generalizing previous results in 88er [

To prevent a lengthy presentation we now only recall the most salient results under slightly
more restrictive integrability conditions on the potentials. Bos 0 let H1(8) be the
space of familie® = {¢, € C(M)} which are such thaiw, x) — ¢, (x) is measurable
oNQ2xM, |poleo € L1, P) ([81] uses the weaker condition SUP- iy 190 (x) —Pu ()| €

LY(Q, P)) andP-a.e.

b0 () = (] < Cp(@)d(x, 1), Vx.yeM
for some random variabl€, with logC, € L1(Q, P).

THEOREM3.4. [8]] Let F be an expanding in average RDS as defined above, with
log" | f(@)|c1 € LY, P) (which implies, in particular, thalog deq f (w)) € L1($2, P),
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see [L07]). Then for anyp e H1(B) there exists a unique-Gibbs measure, and a
unique¢-Gibbs stateuy of F. g is the unique equilibrium state of for ¢. When
(22, A, P, 1) is ergodic (respectively mixing), the skew product systemx M, F, ug) is
ergodic (respectively mixing).

The definitions of they-Gibbs measure and state here are analogous to those in the
case of random subshifts, namely, they are given by replacing in §3,5ands” by
Q x M and f(w, n), respectively. Construction of these measures can also be done by
two methods. One is a direct statistical mechanics method: obtgin, by proving
that with probability oneP,, ,(:|y) — (v¢), Weakly asn — +oo for anyy € M and
take (g )w as the (unique) limit point of (t ™" w, m)(vy),-m, asm — +oo. The other
employs random Ruelle transfer operatdggw) : C(M) — C(M) defined analogously
to (3.6), leading to a random Ruelle—Perron—Frobenius (RPF) the@&Emijeorem 3.1]
similar to Theorem 3.2 and leading to similar corollaries (for a version of the important
Gibbs property (3.10) one should replace the cylinder seBby,(x,8) = {y € M :
d(f(w,i)x, f(w,i)y) < §fori = 0,1,...,m — 1} for small§ > 0, but this needs
subtle modifications; see]] for details of these results). The random mixing rate of
(F, ng) defined analogously to (3.17) has not been clearly studied, butwise CLT
was proved in Kifer §4] for (F, ng) and for observableg < H1(p) satisfying some
further integrability conditions. Markov partitions were constructed by Bogensdarid
Gundlach B4] for F when f (w) belongsP-a.e. to a compact set of expanding maps and
in such cases the thermodynamic formalismfocan also be studied by passing to the
symbolic coding and using results from §3.2.

Let F be as given in Theorem 3.4. If it i§2 and satisfies log | f (@)]c2 € LY@, P),
thenJ = {J, : J,(x) = —log|detT, f(w)|} € HL(1), the Gibbs measure; is equal to
P x m (wherem is the normalized Lebesgue measure) and the Gibbssjai®given by

d(u))e =hedm= Iim fi"w,n)m (3.20)
n—+00

(whereh,, > 0 is from the random RPF theorem). In this context it is natural to consider
both thefuture and thepast rate of convergence to equilibrium, that is, the rates of
convergence to zero of the quantities

RP () = f(@.n)(¢m) — (un)enol and RP, () = | F(x™"w, n)(¢m) — (1)l
(3.21)
for suitablep € L1(M, m), where| - | denotes the total variation of a signed measure, and
to consider théutureand thepastdecay rate ofandom operational correlations

c® ) = ‘ [0 r@mwam = [ oawon [van) (3:22)
cP = ‘/[(ﬁof(l'”a),n)]l/f dm—/qbd(uj)w/wdm‘ (3.23)

for ¢,y in a suitable space of observables (see Batddal [19] for the operational
significance of, and experimental access to, these rates). A considerable study of these rates
has been recently elaborated by Baleidal [17] for i.i.d. unimodal maps (sed 9, 43, 43

for historically earlier studies under much stronger assumptions), but such a study is still
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lacking in the present general context (s&€] [for some partial results, see below for
related works by Buzzi on random piecewise monotone maps). The Pesin formula holds
for (F, uy) by Theorem 2.5, and, since condition (3.19) easily implies the positiveness
of all the Lyapunov exponents, one higs, () = [ log|detT, f(w)|dus. This yields

that the pressure~(J) = 0 and, by Theorems 2.5 and 344; is the uniqueF-invariant
measure with absolutely continuous sample measures. (\Wleargodic, large deviation
bounds for the limitz =% ZZ;& Spk(wx) —> M, P x m-a.e.(w,x) were given by 89

and B1, Theorem B].) IfF is further i.i.d.,p := [(1/)wd P(w) (Which clearly satisfies

p < Leb) is F-stationary since by (3.2Q)u,), depends only on the past af (see
Proposition 1.2, see als89]). By results in 82 and Theorem 3.8, x p is (see the

last paragraph for the uniqueness problem) an equilibrium state of the one-sided version
F+ of F for the analogous potentidl ((3.4) is thus an equality faF ™ andJ) andp is

the unique absolutely continuous stationary measurg of 7.

Buzzi [43, 44 considered (two-sided) expanding in average piecewise monotone
interval (and also higher-dimensional) maps. The existence of invariant measures with
absolutely continuous sample measures and both future and past exponential decays of
the random correlations were proved there under some further assumptions to control the
distortion of the maps and to assure a strong mixing property (seeddldof a discussion
on relations of the various mixing properties: random mixing, integrated mixing and
mixing of the skew-product system). Balaatial [17] considered two-sided compositions
of i.i.d. random unimodal maps given by (3.18) and, as alluded to above, a considerable
study of the decay rates of (3.21)—(3.23) was elaborated there. However, no stochastic
stability results were proved in these papers.

One-sided expanding RDSSince the lack of invertibility of(Q2, A, P, ) may cause
essential difficulties in the equilibrium states theory of RDSs, it would be interesting to
know if the results (Theorem 3.4 for example) obtained above in the two-sided setting
can be extended to the one-sided case. The answer has not been made clear in its fairly
full generality, but many results were elaborated by Baldd pn equilibrium states
(including their correlation spectrum) theory of one-sided i.i.d. RDSs under some specific
and somewhat restrictive assumptions (a description was giveidpin[an appendix on

how most of the results could be extended to the non-i.i.d. case, as indicated by Ruelle,
and it is also expected that the assumptions made there could be relaxed to various more
realistic ones). In particular, new types of equilibrium states, naaneéaledcequilibrium

states, was introduced there, whereas the previous ones defined by the variational principle
Theorem 3.1 were renamepienchedequilibrium states. We now only recall some of

the main points of I4). Set(Q, P) = (EZ",vZ"), whereE is a compact subset of
C"(M,M) x C"(M,R}) (r > 1 integer,R} = (0, +o0)) such that the first factor

of each of its elements is an expanding map arid a Borel probability onE. Write

& = (fg, ge) for& € E. Then define an RDS by letting the random may(w) be f,

for eachw = (wo, w1, ...) € R, and supported by the random functign= {g, := guw}
(negative or complex functions were also consideredl#})[ Associated to(F, g), one
considers théntegrated annealed transfer operatérwhich acts on measurable functions
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h:Q x M — R (we write sometimes(w, x) = h,(x)) by

() = [Ceher) 0 dv©) = [ 3 gehern)dv®
yifey=x

whereé A w := (§,wp,w1,...) € Q. If r > 2 andg,(x) = 1/|detT; f (w)|, as can
be partly seen from the previous argument of this subsecftoemcting onC" (M) or
on a larger spac# consisting of suitable random functions gives rise (via its maximal
eigenfunction) to the quenched equilibrium st&e< p of F for logg (see L4, §3.1] for
the definition of53). However, it was found by Baladlf] that for generak the operator
L acting on3 no longer always gives rise to a quenched equilibrium gi&tg but to an
annealecbneun® of F for logg, that is,u® is a probability or2 x M (whose projection
on 2 may not beP = vZ+) which is F-invariant (F the skew-product transformation) and
realizes the following supremum taken over the set ofFalhvariant probabilitieg. on
QLx M

@ 1A v
nr (logg) := Sup{hﬂ (F)+h"(rp) + / logg(w, x) du(w, x)}

wherer : Q x M —  is the natural projection,
v d(mp)
h*(rp) = —/'09%61@#)
(v xmp)

if tu < v xauandh’(zpu) = —oo otherwise (i.eh” (;r ) is minus the relative entropy
of 7 u with respect to x ) andyr}_"f‘)(log 2) is called theannealed topological pressure
of F for logg. In analogy to the quenched casenealed Gibbs measures and statan
be introduced. Via a detailed study of the spectral propertiésaztting on3 (in particular,
R = expn}fi‘)(logg) is a simple maximal eigenvalue éf: B — B) and based on Ruelle
[144), the existence and uniqueness as well as their coincidence of the annealed equilibrium
and Gibbs states were proved {d7, log g) by Baladi [L4] (these results solve a conjecture
of Ruelle [L46, §7.4]) and, moreover, the discrete spectrunfafas shown there to have
exact relations to the correlation spectrum of this statdyielding exponential decay of
correlations for(F, ug) and for suitable observables éhx M (note thatF is assumed
to be i.i.d. now)), to the poles of an annealed zeta function and to the zeros of an annealed
Fredholm determinant. Stability results were also obtained on these objects by applying
perturbative results of Baladi and Yourifl]. Similar results were also obtained there for
the quenched case by consideringititegrated quenched transfer operatM acting on
B (see [L4] for the definition) which gives rise to the quenched equilibrium (and Gibbs)
state. In the case ef> 2 andg,(x) = 1/|detT, f (w)|, the quenched and annealed states
coincide; one-dimensional i.i.d. random Ising models give examples where they differ (see
[14, 82.4]).

In addition to Baladi 14], we mention a related work Denker and Gorda®][ which
deals with fibred systeméY, T, X, S, ) whereY, X are compact metric spaces and
T:Y—>Y,S:X— X,n:Y — X are continuous maps suchthat T = S o 7 and
where the invertibility ofS is not assumed. Under the assumption ¥at7’, X, S, =) is
fibrewise expanding and under some other conditions, unique Gibbs measure was proved
in [56], using the Ruelle transfer operator method, to exist for evesldét " continuous
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potential¢p : ¥ — R (see that paper for results on properties of the measure), but,
when there is neither the invertibility nor expandingness assumptiof onX — X,
no equilibrium states theory has been elaborated in this set-up.
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