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Abstract. For a class of multiphase averaging problems in which the unperturbed flow of
the fast variables is a transitive Anosov flow or is ‘sufficiently rapidly mixing’, we obtain
what we believe is an optimal power-law estimate, in the small parameter, of the rate
at which the average maximum difference between solutions of the exact and averaged
problems converges to zero. This verifies and extends an earlier conjectural remark by
V. I. Arnold.

1. Introduction
The method of averaging is the most rudimentary perturbation technique for
approximating the solutions of systems of differential equations with ‘fast’ and ‘slow’
variables. In such systems, it is tempting to approximate the leading-order evolution
of the slow variables by first considering them fixed, then ‘averaging’ the contribution
of the fast variables over the appropriate geometric object (or ‘fiber’). Use of this idea
goes back at least as far as Lagrange and Laplace; but in spite of the simplicity and
intuitive appeal of averaging methods, the rigorous theory has been slow to develop, in
part because it is often more effective to tailor the method to specific problems than to
appeal to general theorems. Yet even in applications, theoretical results serve to indicate
the optimal result one might expect in a given problem. In this paper we extend the
theory for multiphase problems (i.e. problems with more than one fast variable) in which
the unperturbed flow of the fast variables is a transitive Anosov flow or is ‘sufficiently
rapidly mixing’. We obtain what we believe is an optimal power-law estimate, in the
small parameter, of the rate at which the average maximum difference between solutions
of the exact and averaged problems converges to zero.

For a survey of results in multiphase averaging theory, as well as their applications
and connections with other topics, the reader may consult [Ar3 ], [Ar4 ], or [LM ]; these
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texts also cite a large body of more specialized research. Here we place our result in
context by recalling that the most general multiphase averaging theorem is of the type
originally due to D. V. Anosov, concerning a system of ODEs of the form

dX

dt
= εf (X, Y ),

dY

dt
= ω(X, Y )+ εg(X, Y )

and its associated (slow) averaged system

dW

dt
= εf (W) ≡ ε

∫
M
f (W, Y ) dµY .

Here,ε ≥ 0 is a small parameter, the slow variablesX andW evolve inR
m, Y belongs to

the smooth compactn-dimensional manifoldM, anddµY denotes the invariant measure
of the unperturbed flow (i.e. the flow of the system withε = 0) on M, normalized so
that

∫
M dµY = 1.

Anosov’s theorem states roughly that givenρ > 0, the relative measure of the set of
(‘bad’) initial conditions for which

max
0≤t≤1/ε

|X(t)−W(t)| > ρ with X(0) = W(0)

vanishes together withε. Anosov’s original formulation of this theorem [An] requires
that M be immersed, that the functionsf , g, ω be C1 in their arguments, that the
divergence ofω vanish, and that the unperturbed flow bedµY -ergodic for almost all
X. A closely related theorem proved under less restrictive hypotheses may be found
in [DGL ]; the brief article [Du] discusses how the methods used to prove this stronger
theorem may be used to simplify the proof of Anosov’s original theorem.

Anosov’s theorem makes no mention of the rate at which the measure of the set
of ‘bad’ initial conditions converges to 0 withε, nor of the size of the difference
betweenX andW for ‘good’ initial conditions. Estimating these quantities requires
some measure of how fast the unperturbed flow is uniformly distributed overM. One
approach, pioneered mainly by Arnold [Ar1 ] and Neishstadt [Ne1,2], restricts to the
case whereM is the n-torus T

n ≡ R
n/Zn, and where the unperturbed frequencyω is

independent of the fast variablesY ; i.e. ω = ω(X). In this case one may use Fourier
analysis techniques, and the ‘bad’ initial conditions are identified as those too close to
resonance, i.e. as thoseX where ‘divisors’ of the formk · ω(X), k ∈ Z

n\{0} are too
small. With an appropriate nondegeneracy assumption onω, it is possible to accurately
estimate the measure of thoseX giving rise to small divisors and, taking into account
solutions’ passage through resonance, Neishtadt in fact achieves optimal order estimates
in [Ne2]. This approach is obviously motivated by the important class of examples where
the unperturbed vector field is Hamiltonian and integrable in the sense of Liouville (as
defined in§49 of [Ar2 ]); yet the results and the proofs of [Ar1 ] and [Ne1,2] do not
depend upon any such assumption and apply to more general situations.

In this article we obtain order estimates for a class of problems which is not
more general than, but rather disjoint from that considered by Arnold and Neishtadt.
Specifically, we do not assume thatM is a torus, but instead thatω is independent of the
slow variables (ω = ω(Y )), and we strengthen the uniform distribution hypothesis from
ergodicity to mixing. In fact, we consider a class of mixing flows whose autocorrelation
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functions decay sufficiently fast, or, alternately, the class of transitive Anosov flows on
M (see assumptions (iv) and (iv′) below).

Our resulting estimates of the decay of the error withε verify and extend the following
conjectural statements due to Arnold [Ar3 , §18-D pp. 160–161]:

‘Neishtadt’s result can be interpreted as an indication of the statistical
independence of the increments of the deviation ofI from J on subsequent
time intervals of length one†. [. . . ]

The idea of independence of the deviation ofI from J can apparently be
justified much more completely when the fast motion is not quasi-periodic
but is an Anosov system. This is indicated, in particular, by the central limit
theorem‡ for functions on the phase space [. . . ]

This theorem justifies the probabilistic approach when both the slow and fast
motions are independent of the slow variable [. . . ]’

In contrast with M. Ratner’s central limit theorem (to which Arnold refers above), our
method allows a dependence of the slow motion on the slow variable. Moreover, even in
the case where the slow motion does not depend on the slow variable, a further restriction
must be imposed on the vector field in order to apply Ratner’s central limit theorem;
we shall briefly discuss this later. It appears that one should not seek to apply Ratner’s
result directly as suggested by Arnold, but instead use some of the authors’ arguments
adapted to the classical proofs of averaging theorems. In any case it is worth noticing
that the results stated in the present paper do not follow from a direct application of
Ratner’s central limit theorem. But we shall see that in the case where the slow motion
does not depend on the slow variable, our error estimate is consistent with the central
limit theorem, which seems to indicate that our method recovers the optimal power-law
estimate in terms ofε.

Very recently, we became aware of some closely related, independent work by Yu.
Kifer [Ki ]. Kifer’s results hold for Anosov flows: he proves that the difference between
the solution of the perturbed system and that of the averaged system, conveniently scaled,
converges weakly to a diffusion process. Our results apply to the case of flows having
the ‘locally uniform bounded variance property’ and not to Anosov flows only. Even in
the case of Anosov flows, it does not seem that our results can be deduced from [Ki ] in
any straightforward manner.

2. Set-up and statement of results
We begin by describing the setting for our averaging theorems, which is closely related—
but not identical—to the setting for Anosov’s theorem.

† In this article,I andJ are denoted respectively byX andW .
‡ Arnold refers to two announcements of the central limit theorem in special cases: one by Ya. Sinai (for
geodesic flows on manifolds with constant negative curvature) and another by M. Ratner (for Anosov flows
on three-dimensional manifolds). We have chosen not to cite these references, partly because they do not
contain complete proofs, but mostly since both are superseded by Ratner’s paper [Ra2] which takes advantage
of the general constructions of Markov partitions for flows due to Bowen [Bo] and Ratner [Ra1]. Both prior
announcements are listed in the reference section of [Ra2].
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Let M be a smooth compact manifold of dimensionn equipped with a smooth density
|dY | normalized to satisfy the relation

∫
M |dY | = 1. For smallε ≥ 0, we consider the

system of ODEs onRm × M
dX

dt
= εf (X, Y ) (1a)

dY

dt
= ω(Y ) (1b)

associated to the perturbation(εf, ω) of the vector field(0, ω). HereX andY denote
elements ofRm and M, respectively. We group the assumptions on (1) into four
hypotheses, the first three of which are:
(i) f ∈ C1(R × M) andω ∈ C1(M);
(ii) the density|dY | is invariant under the flow generated byω;
(iii) f (X, Y ) = 0 for all X /∈ BR(0), the open ball of radiusR > 0 centered on 0 inRm.

As discussed in the introduction, the goal of averaging theory is to approximate the
X-components of solutions of (1) by solutions of the associated (slow) averaged system
in R

m:
dW

dt
= εf (W) ≡ ε

∫
M
f (W, Y )|dY |. (2)

Standard ODE theory shows that, under hypotheses (i)–(iii), the systems (1) and (2)
generate global flows which leave the respective domainsDR ≡ BR(0)×M andBR(0)
invariant (hereBR(0) is the closed ball of radiusR centered on the origin inRm). We
shall denote these flows by(Xεt , Yt ) ≡ (Xεt , Yt )(x, y) andWε

t ≡ Wε
t (x) respectively.

This notation means thatt 7→ (Xεt , Yt ) ≡ (Xεt , Yt )(x, y) is the integral curve of the
vector field (εf, ω) passing through the initial condition(x, y) at time t = 0. It is
perhaps worth pointing out that the unperturbed flow is consistently denoted(X0

t , Yt ).

Definition. For everyϕ ∈ L2(M; C), the autocorrelation functionCϕ of ϕ with respect
to the flowYt is defined as

Cϕ(t) =
∫
M
ϕ(Yt (y))ϕ(y)|dy| −

( ∫
M
ϕ(y)|dy|

)2

.

With this notation, our final hypothesis (a mixing assumption on the system (1)) takes
one of two alternate forms. The first form is:
(iv) for each bounded setB of C1(M), there existsα > 1 such that

cα(B) ≡ sup
t>0

sup
ϕ∈B

tα|Cϕ(t)| < ∞.

The theorem below also holds if hypothesis (iv) is replaced by its second form:
(iv′) the flowYt is aC2 transitive Anosov flow onM with a smooth invariant measure.

These alternate hypotheses are discussed below in Remark (1), and in the course of
the proof.

Finally, we introduce the pointwise errorEεt between solutions of the perturbed
system (1) and its associated averaged system (2), defined as

Eεt (x, y) = Xεt (x, y)−Wε
t (x).

We may now state our results as Theorem A and Theorem B; Theorem A applies to
general systems of the form (1a) and (1b).
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THEOREM A. Assume hypotheses (i)–(iv), or (i)–(iv′) pertaining to systems (1) and (2),
and fixT > 0. Then the average maximum error∫

DR

sup
0≤t≤T/ε

|Eεt (x, y)| dx|dy| = O(ε1/3) asε → 0.

Theorem B states the result obtained by following the proof of Theorem A in the case
where the slow motion (i.e. equation (1a)) does not depend on the slow variableX. In
this case

Xεt (x, y) = x + ε

∫ t

0
f (Ys(y)) ds, Wε

t (x) = x + εtf

and

Eεt (y) = ε

∫ t

0
f (Ys(y)) ds − εtf .

THEOREM B. Assume hypotheses (i), (ii) and (iv), or (i), (ii) and (iv′) pertaining to systems
(1) and (2), and fixT > 0. If, moreover, the functionf does not depend on theX variable,
the maximum average error

sup
0≤t≤T/ε

∫
M

|Eεt (y)||dy| = O(ε1/2) asε → 0.

Before stating some remarks concerning the two theorems above, let us briefly
compare the result in Theorem B with Ratner’s central limit theorem [Ra2] in the case
where assumption (iv′) holds.

Assume thatf − f = f̃ satisfies the ‘homological condition’:

f − f = f̃ /∈ Im(ω(Y ) · ∇Y ), (HC)

whereω(Y ) · ∇Y is viewed as an unbounded skew-adjoint operator onL2(M, |dy|).
(One often refers to the equationω(Y ) · ∇Y S = f̃ as the ‘homological equation’ and to
Im(ω(Y ) ·∇Y ) as the space of ‘coboundaries’.) Under the assumption of condition (HC),
Ratner’s central limit theorem applied to our situation asserts the existence of a positive
constantσf such that, for all fixedt ∈ ]0, T ] andα > 0,

meas{y ∈ M | |Eεt/ε(y)| > (ασf
√
t)ε1/2} → meas(M)

√
2

π

∫ +∞

α

e−u
2/2 du asε → 0+

(CL)
(see formula (1) of [Ra2]). Define

ρε(z) = meas{y ∈ M | ε−1/2|Eεt/ε(y)| > z}.
Then for all t ∈]0, T ], as ε → 0 one has

1√
ε

∫
M

|Eεt/ε(y)||dy| =
∫ +∞

0
ρε(z) dz → meas(M)

∫ +∞

0

√
2

π

∫ +∞

z/σf
√
t

e−u
2/2 du dz

which is consistent with the result of Theorem B.
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This brief discussion shows that one should not attempt to use Ratner’s result directly
to establish either Theorem A or B. In fact, doing so would impose the restriction (HC)
on f̃ in the case wheref does not depend onX and, even worse, impose it oñf (X, ·)
for all X, in the general case. This would be highly unnatural: one expects the final
result to be easier to prove wheñf does not satisfy (HC), since it is precisely in this
case that the homological equation can be solved.

In the case where assumption (iv′) is satisfied, the method we use to prove Theorems A
and B borrows crucial estimates from [Ra2]. We have stated Theorem B and compared
the error estimate it provides with (CL) under assumption (iv′) to show that our method
is sharp (in the sense that it recovers the order ofε in the error computed by a direct
application of Ratner’s central limit theorem).

Remarks.(1) The alternate hypotheses (iv) and (iv′) are simply different ways of ensuring
that the unperturbed flow has a certain property crucial to the proof below. This property,
which we call ‘bounded variance’, is one ingredient in the central limit theorem, and we
have chosen not to use it as the fourth hypothesis above because we believe Theorem A
is more interesting as stated. On the other hand, we are unable to consolidate (iv)
and (iv′) into a single assumption because their relationship appears to be unknown.
We do know, however, that (iv) is satisfied by at least one important class of flows:
according to Ratner [Ra3], the geodesic and horocycle flows on the unit tangent bundle
of a compact surface with constant negative curvature have the property of exponential
decay for the autocorrelation coefficients of smooth functions. It is apparently unknown
whether geodesic flows in the case of varying sectional curvature satisfy (iv). We derive
the bounded variance property from (iv) in§5 below, where it appears as a variant
of the Green–Kubo formula of statistical physics. For flows satisfying (iv′) (i.e. for
C2 transitive Anosov flows on compact manifolds), the central limit theorem, and in
particular the finite variance property, were proved by Ratner [Ra1], and carry over to
the present case provided that certain uniformity considerations are taken into account
(cf. §5 and the appendix below).

(2) As mentioned in the introduction, Theorem A above can be viewed as an
amplification of Anosov’s averaging theorem in the case of mixing flows in much
the same way that Neishtadt’s results [Ne1,2] are an amplification for the case of
perturbations of quasi-periodic flows on flat tori. In the latter case, the ‘rate of
ergodization’ is measured in terms of small divisors, and the error estimate depends
on the measure of the set of nearly resonant frequencies. This is not so in the present
case: the value 1 of the parameterα is ‘critical’ in assumption (iv), and the error estimate
is not affected by the value ofα whenα > 1.

(3) Theorem A above is not a consequence of the result of Freidlin and Wentzell
on ‘normal deviations from an averaged system’ (cf. [FW, Chapter 7,§3]). In fact,
Freidlin and Wentzell consider a case where the analogue of the flowYt is a random
process with an adapted filtration ofσ -algebras satisfying a strong mixing assumption
which is reminiscent of the very weak Bernoulli property (cf. [OW]). By contrast, since
we are not concerned with approximations by Brownian paths as in [FW], we require
only the classical mixing property of ergodic theory (concerning two-point correlation
for individual functions), stated in such a way as to ensure that the unperturbed flow has
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the bounded variance property.
(4) In certain applications it would be desirable to allowω to depend onX as well asY .

Our methods appear to permit this dependence, but at the expense of a badly deteriorated
error estimate. Further study and perhaps other methods are needed to achieve a good
result in the caseω = ω(X, Y ).

3. Proof of Theorem A
In order to examine the relation between solutions of (1a) and (2), we follow Neishtadt
[Ne2] by introducing the smooth auxiliary functionSε ∈ C1

0(R
m × M; R

m) (to be
determined later) and the near-identity transformationP = X + εSε(X, Y ).

Now integrating the difference(d/dt)(X −W) = (d/dt)(P −W − εSε) from 0 to t
leads to

Eεt (x, y)

= Xεt (x, y)−Wε
t (x) = ε

∫ t

0
(f (Xεu(x, y))− f (Wε

u (x))) du

−ε(Sε(Xεt (x, y)), Yt (y))− Sε(x, y)+ ε

∫ t

0
Rε(Xεu(x, y), Yu(y)) du, (3a)

where

Rε = εf · ∇XS
ε + ω · ∇Y S

ε + f̃ , with f̃ = f − f . (3b)

In estimating the error, the usual strategy is to demand that theO(1) part of Rε

(i.e. ω · ∇Y S
ε + f̃ ) vanishes, or is sufficiently small withε, giving rise to a homological

equation. Because of the presence of 0 in the spectrum ofω ·∇Y , solving the homological
equation is problematic. Various approaches are possible; here we proceed to pose a
regularized version of the homological equation by settingRε = λεS

ε, whereλε is an
order parameter (0≤ ε � λε, whereε � λε means thatε = o(λε) as ε → 0) to be
chosen optimally later.

If the ansatzRε = λεS
ε is admitted provisionally, (3a) becomes

Eεt (x, y)

= ε

∫ t

0
(f (Xεu(x, y))− f (Wε

u (x))) du

−ε(Sε(Xεt (x, y)), Yt (y))− Sε(x, y)+ ελε

∫ t

0
Sε(Xεu(x, y), Yu(y)) du. (4)

In view of assumption (ii), it is easy to verify that the Jacobian of the reverse flow
(Xε−t , Y−t ) isO(1) overO(ε−1)-time intervals. We use this fact to ensure that the dilation
or compression of the image measure(Xεt , Yt )∗(dx|dy|) is O(1), bounded away from 0,
onO(ε−1)-time intervals. More precisely, we deduce the existence of a constantC > 1
such that, givenT > 0, for all 0< ε ≤ 1, the inequality

C−1 dx|dy| ≤ (Xεt , Yt )∗(dx|dy|) ≤ C dx|dy| (5)

holds for all 0≤ t ≤ T/ε.
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Again following Neishtadt, we introduceZ(t) = ∫
DR

|Eεt (x, y)|dx|dy| (recallDR =
BR(0)×M). Then integrating (3a) over all initial conditions(x, y) ∈ DR and using (5),
we obtain

Z(t) ≤ Lε

∫ t

0
Z(u) du+ Cε(2 + λεt)‖Sε‖L1(DR) (6)

(L is theX-Lipschitz constant forf , f and f̃ ). We then use the following version of
the Gronwall inequality:

0 ≤ Z(t) ≤ A+ B

∫ t

0
Z(s) ds H⇒ A+ B

∫ t

0
Z(s) ds ≤ AeBt

to show that for 0≤ t ≤ T/ε the right-hand side of (6) is bounded by

C(2ε + λεT )e
LT ‖Sε‖L1(DR). (7)

Now returning to the estimate of the error, we take the supremum of the norm of (4)
over [0, T /ε], which gives

sup
0≤t≤T/ε

|Eεt (x, y)| ≤ ε

∫ T/ε

0
|f (Xεu(x, y))− f (Wε

u (x))| du

+ 2ε‖Sε‖L∞(DR) + ελε

∫ T/ε

0
|Sε(Xεu(x, y), Yu(x, y))| du. (8)

Then integrating (8) over initial conditionsDR, extracting the Lipschitz constantL, using
Fubini’s theorem, and combining with (6) and (7), we arrive at∫
DR

sup
0≤t≤T/ε

|Eεt (x, y)| dx|dy| ≤ C(2ε + λεT )e
LT ‖Sε‖L1(DR) + 2ε(measDR)‖Sε‖L∞(DR).

(9)
The remainder of the proof consists of estimating‖Sε‖L1(DR) and ‖Sε‖L∞(DR); these
norms are the subject of§5 below. We shall prove in§5 (estimates (11) and (17)) that

‖Sε‖L∞(DR) ≤ λε
−1‖f̃ ‖L∞(DR)

and that
‖Sε‖L1(DR) = O(ελε

−2)+O(λε
−1/2).

Inserting these estimates into (9), we find that the left-hand side of (9) is not greater than

C(2ε + λεT )[O(ελε
−2)+O(λε

−1/2)]eLT + 2ελε
−1 meas(DR)‖f̃ ‖L∞(DR)

= O(ε2λε
−2)+O(ελε

−1/2)+O(λε
1/2)+O(ελε

−1).

With 0 < ε � λε, taking the distinguished limit asε → 0 givesλε = O(ε2/3), which
makes the last expressionO(ε1/3), as claimed. �

4. Proof of Theorem B
The proof of Theorem B parallels that of Theorem A, but is considerably simpler.
Becausef is independent ofx, the averagef of f over M is constant, so the first

https://doi.org/10.1017/S0143385797097654 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797097654


The averaging method for perturbations of mixing flows 1347

integral on the right-hand side of (3a) vanishes identically. Therefore, takingL1(M)-
norms of both sides of (4), then using (5) leads to∫

M
|Eεt (y)||dy| ≤ Cε(2 + λεt)‖Sε‖L1(M),

and so

sup
0≤t≤T/ε

∫
M

|Eεt (y)||dy| ≤ C(2ε + λεT )‖Sε‖L1(M). (9′)

We then replace (17) of§5 by the appropriate estimate whenf is independent ofX.
This estimate, which holds under the assumptions of Theorem B, is

‖Sε‖L1(M) = O(λε
−1/2)

(listed as (17′) in §5 below). Inserting this into (9′) above and taking the distinguished
limit λε = ε gives precisely the result stated in Theorem B. �

5. The homological equation
5.1. Reduction to the bounded variance property.According to our ansatz, we have

λεS
ε(x, y) = Rε(x, y) = f̃ (x, y)+ d

dt
Sε((Xεt , Yt )(x, y))|t=0

which we solve as

Sε(x, y) =
∫ ∞

0
e−λεt f̃ (Xεt , Yt )(x, y) dt. (10)

This leads immediately to the first required estimate:

‖Sε‖L∞(DR) ≤ ‖f̃ ‖L∞(DR)

∫ ∞

0
e−λεt dt = λε

−1‖f̃ ‖L∞(DR). (11)

The estimate of‖Sε‖L1(DR) is more crucial, as it depends on the bounded variance of
the flowYt (and so ultimately on the statistical properties ofYt as embodied in assumption
(iv) or (iv ′)).

We begin by rewriting (10) as

Sε(x, y) =
∫ ∞

0
e−λεt (f̃ (Xεt , Yt )(x, y)− f̃ (x, Yt (y))) dt +

∫ ∞

0
e−λεt f̃ (x, Yt (y)) dt

= I1(x, y)+ I2(x, y). (12)

The first of these terms is easily estimated, since

|I1(x, y)| ≤ L

∫ ∞

0
e−λεt |Xεt (x, y)− x| dt

≤ L

∫ ∞

0
e−λεt εt‖f ‖L∞(DR) dt = ελε

−2L‖f ‖L∞(DR)

implies that
‖I1‖L1(DR) ≤ ελε

−2L(measDR)‖f ‖L∞(DR). (13)

The termI2 is controlled in terms of the ‘variance’ of̃f , which we define below.
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Definition. Let ϕ be a continuous function defined onM. The variance ofϕ over the
time interval [0, T ] along the flowYt is

Vϕ(T ) =
∫
M

(
1√
T

∫ T

0
ϕ(Yt (y)) dt −

√
T ϕ

)2

|dy|,

whereϕ is the mean value ofϕ:

ϕ =
∫
M
ϕ(y)|dy|

(recall that|dy| is normalized so that
∫
M |dy| = 1).

The way information on the variance of̃f is translated into information onI2 is via
an integral analogue of Abel’s limit theorem [Ah, p. 41]. We write

λε

∫
M

|I2(x, y)|2|dy| =
∫
M

(
λε

1/2
∫ ∞

0
e−λεt f̃ (x, Yt (y)) dt

)2

|dy|. (14)

Now integrating by parts inside the parentheses, noting that the boundary term vanishes,
and making the change of variableϑ = λεt , this becomes

λε

∫
M

|I2(x, y)|2|dy| =
∫
M

( ∫ ∞

0

(
λε

ϑ

)1/2 ∫ ϑ/λε

0
f̃ (x, Yt (y)) ds ϑ

1/2e−ϑ dϑ
)2

|dy|.
(15)

Then using the Cauchy–Schwarz inequality (with respect to the measureϑ1/2e−ϑ dϑ)
and the fact that for allx ∈ BR(0), f̃ (x, ·) has zero mean by construction, the last
expression is bounded by∫

M

( ∫ ∞

0
ϑ1/2e−ϑ dϑ

)( ∫ ∞

0

[ (
λε

ϑ

)1/2 ∫ ϑ/λε

0
f̃ (x, Yt (y)) ds

]2

ϑ1/2e−ϑ dϑ
)

|dy|

= 0(3/2)
∫ ∞

0

( ∫
M

[ (
λε

ϑ

)1/2 ∫ ϑ/λε

0
f̃ (x, Yt (y)) dt

]2

|dy|
)
ϑ1/2e−ϑ dϑ

= 0(3/2)
∫ ∞

0
Vf̃ (x,·)

(
ϑ

λε

)
ϑ1/2e−ϑ dϑ. (16)

This calculation shows that eventually everything depends upon the following.

Bounded variance property.We say that the flowYt defined onM has:
(i) the bounded variance property (abbreviated BVP) if and only if, for allϕ ∈ C1(M),

there existsK(ϕ) > 0 such that for allT > 0, Vϕ(T ) ≤ K(ϕ);
(ii) the locally uniform bounded variance property (abbreviated LUBVP) if and only if,

for any bounded subsetS of C1(M), there existsK(S) > 0 such that for allT > 0
and allϕ ∈ S, Vϕ(T ) ≤ K(S).

The inequalities above lead directly to the following.

LEMMA 1. Assume hypotheses (i) and (ii) from§2. Then:
(1) if f does not depend onX and the flowYt onM has the BVP, then the functionSε

given by (10) satisfies

‖Sε‖L1(M) ≤ λε
−1/2

√
π

4
K(f̃ )meas(M); (17′)

https://doi.org/10.1017/S0143385797097654 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797097654


The averaging method for perturbations of mixing flows 1349

(2) if f satisfies (iii) and the flowYt on M has the LUBVP, then the functionSε given
by (10) satisfies

‖Sε‖L1(DR) ≤ λε
−1/2 meas(BR(0))

√
π

4
Kf meas(M)+ ελε

−2L(measDR)‖f ‖L∞(DR),

(17)
whereKf = K({f̃ (x, ·), x ∈ BR(0)}).

Proof. (1) According to the BVP, the right-hand side of (16) is bounded by

K(f̃ )0(3/2)
∫ ∞

0
ϑ1/2e−ϑ dϑ = K(f̃ )0(3/2)2 = K(f̃ )π/4.

Hence
λε‖I2‖2

L2(M)
≤ π

4
K(f̃ )

from which (17′) follows after applying the Cauchy–Schwarz inequality, since the term
I1 in the decomposition (12) is zero becausef is independent ofX.

(2) Sincef ∈ C1(M), the set{f̃ (x, ·), x ∈ BR(0)} is bounded inC1(M), so that
Kf = K({f̃ (x, ·), x ∈ BR(0)}) is well-defined assuming thatYt has the LUBVP. As in
the proof of (1), after integrating both sides of (16) overBR(0), the LUBVP shows that

λε‖I2‖2
L2(DR)

≤ π

4
meas(BR(0))Kf

and hence

‖I2‖2
L1(DR)

≤ λε
−1/2

√
π

4
meas(BR(0))meas(DR)K(f̃ ).

Combining this with (12) and (13) gives the announced result. �

5.2. Proof of the bounded variance property.Now it follows from the previous sections
that the proof of Theorem A depends upon verifying that the flowYt has the LUBVP,
whereas Theorem B depends upon verifying only that it has the BVP.

PROPOSITION2. Assume thatω satisfies assumption (i), and that (ii) and (iv) hold. Then
the flowYt has the LUBVP (hence also the BVP).

Proof. Let S be a bounded subset ofC1(M). Without loss of generality, we can assume
that each functionϕ ∈ S is of zero mean value onM and that the parameterα in
assumption (iv) satisfies 1< α < 2. We write

Vϕ(T ) =
∫
M

(
1√
T

∫ T

0
ϕ(Yt (y)) dt

)2

|dy|

=
∫
M

2

T

∫ T

0

∫ t

0
ϕ(Yt (y))ϕ(Ys(y)) ds dt |dy|

= 2

T

∫ T

0

∫ t

0

∫
M
ϕ(Yt (y))ϕ(Ys(y))|dy| ds dt

= 2

T

∫ T

0

∫ t

0

∫
M
ϕ(Yt−s(y))ϕ(y)|dy| ds dt.
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Since
∫
M ϕ(y)|dy| = 0 for all ϕ ∈ S, the last expression becomes

2

T

∫ T

0

∫ t

0
Cϕ(t − s) ds dt = 2

T

∫ T

0

∫ t

0
Cϕ(τ) dτ dt

= 2

T

∫ T

0
Cϕ(τ) dτ

∫ T

τ

dt

= 2
∫ T

0
Cϕ(s) ds − 2

T

∫ T

0
sCϕ(s) ds.

Assumption (iv) therefore shows that

|Vϕ(T )| ≤ 4
∫ T

0
|Cϕ(s)| ds ≤ 4 meas(M)‖φ‖2

L∞(M) +
4cα
α − 1

,

which gives the LUBVP with

K(S) = 4 meas(M)‖φ‖2
L∞(M) +

4cα
α − 1

. �

When assumption (iv′) holds, Theorem 3.1 of [Ra2] implies that the flowYt has the
BVP. In fact, more is true, and we have the following.

PROPOSITION3. Assume thatω satisfies (i) and that (ii) and (iv′) hold. Then the flowYt
has the LUBVP.

None of the theorems stated in [Ra2] implies Proposition 3; however, Proposition 3
can be proved by using Ratner’s estimates and checking carefully that the bounding
constants involved are locally uniform in theC1(M) topology. In fact, since the
bounded variance property is a weaker statement than the central limit theorem, this
local uniformity does not need to be checked in each estimate of Ratner’s article; rather,
the relevant estimates have to be extracted from [Ra2] or established along the same
lines. While we assume that a specialist of ergodic theory would encounter no difficulty
in verifying Proposition 3, we believe that a complete proof of Theorems A and B
should be accessible to readers not necessarily familiar with the symbolic coding of
Anosov flows. For this reason, and since the question of uniformity is crucial for our
results, we give a complete proof of Proposition 3 in the appendix below.

Acknowledgements.H. S. Dumas was supported by the National Science Foundation
under Grants DMS–9106812 and DMS–9505017. F. Golse was supported by the Alfred
P. Sloan Foundation during his stay at the Institute for Advanced Study.

Appendix. Proof of Proposition 3
The proof of Proposition 3 follows some (not all) of the steps in Ratner’s proof of the
central limit theorem [Ra2]. For the most part we shall adopt the notation in [Ra2]. We
begin by recalling the basic results of symbolic dynamics for flows in the form needed
here; we refer to Bowen [Bo] for proofs of these results.
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A.1. Symbolic dynamics. We first recall some material on the coding of Anosov flows
and introduce some notation used in what follows.

By assumption (iv′), the flow Yt defined onM is a C2 transitive Anosov flow. By
assumption (ii),Yt has a smooth invariant measure, the Riemannian volume element of
M, denoted either by|dy| or (as a measure) bym. Such flows exist (e.g. the geodesic
flow on the unit tangent bundle of a compact surface of negative curvature).

Finite Markov partitions with parallelepipeds of arbitrarily small diameters have been
constructed for Anosov flows by Bowen [Bo] and Ratner [Ra1]. These partitions provide
the following elements for a representation of the flowYt .
(i) A matrix π ∈ Mr({0,1}) (wherer is the cardinality of the Markov partition) and a

set
Xπ = {x ∈ {1, . . . , r}Z | πxixi+1 = 1,∀i ∈ Z},

equipped with the metric

δ(x, x ′) =
∑
i∈Z

2−|i|e(xi, x ′
i ),

where e(z, z′) = 0 if z = z′ and e(z, z′) = 1 if z 6= z′. That the flowYt is
topologically transitive is reflected by the existence of a positive integers such that
πs has strictly positive entries.

(ii) The shift operatorφ defined onXπ by (φx)i = xi−1 for all i ∈ Z. Moreover,
there exists a positive Ḧolder continuous functionl defined onX. This allows us
to construct the ‘special flow’St as follows. We first introduce the suspension of
Xπ by l, defined as the quotient space

W = {(x, y) ∈ Xπ × R
+ | 0 ≤ y ≤ l(x)}/ ∼,

where the equivalence∼ is given by(x, l(x)) ∼ (φx,0). The spaceW is equipped
with the quotient topology defined by the metric

d([(x, y)], [(x ′, y ′)]) = inf
(x1,y1)∼(x,y);
(x ′

1,y
′
1)∼(x ′,y ′)

(δ(x1, x
′
1)+ |y1 − y ′

1|)

(where the notation [(x, y)] designates the equivalence class of(x, y) modulo∼ ).
The special flowSt is then defined fort < infx∈Xπ l(x) by

St (x, y) = (x, y + t), if y + t < l(x),

St (x, y) = (φx, y + t − l(x)), if y + t ≥ l(x).

(iii) A continuous surjective mappingψ : W → M and a Borel measureν on W
(invariant under the special flowS) such thatψ ◦St = Yt ◦ψ for all t ∈ R, and such
thatψ∗ν = m. Moreover, the set on whichψ fails to be one-to-one hasν-measure
0, and the dynamical systems(W, ν, St ) and(M, m, Yt ) are metrically isomorphic.

(iv) A φ-invariant probability measureµ onXπ such thatdν = (dµ(x)× dy)/l, where
l = ∫

X
l(x) dµ(x). The dynamical system(Xπ, µ, φ) is a K-automorphism with

strong mixing of typeϒγ,α for some constants 0< γ < 1 andα > 0. Strong mixing
of this type is defined as follows. Introduce the partitionP = {U1, U2, . . . , Ur}
defined by

Uk = {x ∈ Xπ | x0 = k}, for 1 ≤ k ≤ r.
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For any pair of integersa andb such thata ≤ b, we denoteφ−aP ∨ · · · ∨φ−bP by
Pb
a . That (Xπ, µ, φ) is a K-automorphism with strong mixing of typeϒγ,α means

that there exists aC0 > 0 such that, for allk ∈ Z and n ∈ N, for any family of
pairwise disjoint setsBi ∈ P∞

k+n and anyA ∈ Pk
−∞, we have∑

i

|µ(Bi ∩ A)− µ(A)µ(Bi)| ≤ C0µ(A)γ
nα .

Before going further, we introduce the following classes of functions.

Definition and notation.Let A > 0, ρ ∈ ]0,1[ andκ > 0. We say that
— the functionF : Xπ → R belongs to the classFρ,κ,A(X) iff |F(x)−F(x ′)| ≤ Aρn

κ

for all n ≥ 0 and all pairs of sequences(x, x ′) such thatxi = x ′
i for |i| ≤ n;

— the functionf : W → R belongs to the classFρ,κ,A(W) iff the function defined on
Xπ by x 7→ ∫ l(x)

0 f (x, y) dy belongs toFρ,κ,A(X).
(v) There exist constantsA > 0, ρ ∈ ]0,1[ andκ > 0 such that the functionl defined

in (ii) belongs toFρ,κ,A(X). (This follows from the Ḧolder continuity ofl stated in
(ii); one can even takeκ = 1.)

Most of this is actually taken from the introduction of [Ra2, pp. 182–183]. However,
the following statement is not to be found explicitly in [Ra2]†, but can be extracted from
[Bo] (see Lemma 2.2(i), p. 435 of [Bo] and the definition of the mapρ (ourψ) p. 436).
(vi) The mapψ defined in (iii) is Ḧolder continuous (with respect to the metricd defined

onW in (ii) and the geodesic metric onM).

A.2. Reduction to the case of a discrete time variable.

Notation.For any functionf : W → R, we shall denoteF(x) = ∫ l(x)
0 f (x, y) dy.

SinceXπ is compact andl is continuous and positive onXπ , there exist 0< l1 < l2

such that for allx ∈ Xπ, l1 ≤ l(x) ≤ l2.
Let f ∈ Fρ,κ,A(W) ∩ L∞(W, ν) be such that

∫
W
f dν = 0. Define

Vf (T ) =
∫
W

(
1√
T

∫ T

0
f (St (x, y)) dt

)2

dν(x, y). (A.1)

We shall see shortly that the LUBVP is simply a particular case of Lemma 3.2 of
[Ra2], but with explicit dependence of the bounding constants on the parametersρ, κ and
A. Showing this, though technical, is necessary in order to obtain the local uniformity
needed here.

LEMMA A.1. LetF ∈ Fρ,κ,C1(Xπ) ∩ L∞(Xπ, µ) be such that
∫
Xπ
F dµ = 0. Then∫

Xπ

∣∣∣∣∣ n∑
i=1

F ◦ φ−i
∣∣∣∣∣
4

dµ ≤ C2(F )n
2.

In the inequality above,C2(F ) = (C4
3 + 4C1C

3
361 + C0C

4
362), where

61 =
∑
i≥0

24i+7ρ [2iα/2]κ and 62 =
∑
i≥0

24i+7r6[2iα/2]+3γ (2
iα),

and whereC0, γ andα are the constants in (iv) of§A.1 above, andC3 = ‖F‖L∞(Xπ ).

† Although it is used implicitly in Remark (ii) p. 192 of [Ra2].
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With Lemma A.1 above, we can state the following lemma, which contains the key
to Proposition 3.

LEMMA A.2. There exists a continuous positive functionK on R
∗
+ × R

+ × R
+ such that,

for all f ∈ Fρ,κ,A(W) ∩ L∞(W, ν) such that
∫
W
f dν = 0, one has

|Vf (T )| ≤ K(T , ‖f ‖L∞(W,ν), C2(F )),

whereC2(F ) is the expression defined in Lemma A.1.

We defer the rather technical proof of Lemma A.1 to§A.3 below. Let us briefly
indicate the following proof.

Proof of Proposition 3.Let S be a bounded set inC1(M); it follows from (vi) above
that there existsA(S) > 0, ρ ∈ ]0,1[ andκ > 0 such that

S ◦ ψ = {g ◦ ψ | g ∈ S} ⊂ Fρ(S),κ(S),A(S). (A.2)

Without loss of generality, we can assume that all functions inS have zero mean onM.
Applying Lemma A.2 shows that, for allT > 0 and for allg ∈ S,

|Vg(T )| ≤ sup
f∈S◦ψ

K(T , ‖f ‖L∞(W,ν), C2(F )),

which gives the LUBVP as announced. (The fact that the right-hand side of the inequality
above might not be bounded asT → 0+ causes no harm, as the variance can easily be
controlled by theL∞(M) norm for T ∈ [0,1].) �

We now give the following proof.

Proof of Lemma A.2.First observe that∣∣∣∣Vf (T )−
∫
W

(
1√
T

∫ T

0
f (St (x,0)) dt

)2

dν(x, y)

∣∣∣∣
≤ 4‖f ‖2

∞l
2
2

T
+ 2

√
4‖f ‖2∞l

2
2

T

( ∫
W

(
1√
T

∫ T

0
f (St (x,0)) dt

)2

dν(x, y)

)1/2

.

(A.3)

We introduce

n(t, x) = sup{k ∈ N | l(x)+ l(φ−1x)+ · · · + l(φ−kx) ≤ t}, (A.4)

and

D(t, x) = 1√
T

n(t,x)∑
i=0

F(φ−ix). (A.5)

One easily sees that∣∣∣∣ ∫
W

(
1√
T

∫ T

0
f (St (x,0)) dt

)2

dν(x, y)−
∫
W

D(t, x)2 dν

∣∣∣∣
≤ l22‖f ‖2

∞ + 2l2‖f ‖∞

( ∫
W

D(t, x)2 dν(x, y)

)1/2

. (A.6)
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To prove thatf has the bounded variance property, it therefore suffices to bound∫
W

D(t, x)2 dν(x, y).

To do this, we follow Ratner [Ra2, §3] by introducing

ξ(t, x) = 1√
t

(
n(t, x)− t

l

)
(A.7)

and the setsAkt = {x | k ≤ ξ(t, x) < k + 1} for all t > 0 andk ∈ Z. It is easy to check
thatX = ⋃

k∈Z
Akt for all t > 0. Defines(t, x) = sk(t, x) for x ∈ Akt , where

sk(t, x) = 1√
t

[t/l+k√t ]∑
i=0

F(φ−ix). (A.8)

As in equation (20) of [Ra2], we have∣∣∣∣ ∫
W

D(T , x)2 dν −
∫
W

s(T , x)2dν

∣∣∣∣ ≤
∫
W

|D(T , x)2 − s(T , x)2| dµl(x), (A.9)

wheredµl(x) = l(x) dµ(x)/l, and it is easy to see that∫
W

|D(T , x)2 − s(T , x)2| dµl(x) ≤ 4‖F‖2
∞ + 4‖F‖∞

( ∫
X

s(T , x)2 dµl(x)

)2

. (A.10)

We have therefore reduced the problem of showing thatf has bounded variance to that
of producing a bound on ∫

X

s(T , x)2 dµl(x).

We then mimic the argument in equation (22) of [Ra2]:∫
X

s(T , x)2 dµl(x)

≤
∑
k∈Z

∫
k≤ξ<k+1

sk(T , x)
2 dµl(x)

≤
∑
k∈Z

( ∫
k≤ξ<k+1

dµl(x)

)1/2( ∫
k≤ξ<k+1

sk(T , x)
4 dµl(x)

)1/2

. (A.11)

For any positive integerr, there existsIr > 0 such that∫
k≤ξ<k+1

dµl(x) ≤ Ir

k2r
, (A.12)

and ∫
k≤ξ<k+1

sk(T , x)
4 dµl(x) ≤ l2

l
Eµ[sk(T , ·)4], (A.13)

whereEµ denotes the expectation with respect to the probability measureµ.
Applying Lemma A.1 leads to

Eµ[sk(T , ·)4] ≤ 1

T 2
C2(F )

(
T

l
+ k

√
T

)2

= l2

l
C2(F )

(
1

l
+ k√

T

)2

. (A.14)
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Since the integration is performed on the set defined byk ≤ ξ(T , x) < k + 1, it follows
that (

1

l
+ k√

T

)
≤ n(T , x)

T
≤ 1

l1
, (A.15)

and finally ∫
X

s(T , x)2 dµl(x) ≤
(
l2

l
C2(F )

1

l21

)1/2 ∑
k∈Z

Ir

|k|r . (A.16)

Gathering together (A.3), (A.6), (A.9), (A.10) and (A.16) establishes the bound
announced in Lemma A.2. �

A.3. Proof of Lemma A.1. Let F ∈ Fρ,κ,C1(Xπ) ∩ L∞(Xπ, µ) (0 < ρ < 1, κ > 0,
C1 > 0) be such that

∫
Xπ
F (x) dµ(x) = 0. Throughout this section, we shall denote by

E the expectation with respect to the probability measureµ onXπ . We set

SnF (x) =
n∑
i=1

F(ϕ−ix)

and we wish to estimateE(|SnF |4). Thus

E(|SnF |4) =
∑

1≤k1,k2,k3,k4≤n
E(F (ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))

=
∑
i≥0

∑
2i≤e(k,A)<2i+1

E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))

+
∑
k∈A

E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x)), (A.17)

where we have used Ratner’s notation:

A = {k = (k1, k2, k3, k4) | ∀i ∈ {1, . . . ,4} ∃j ∈ {1, . . . ,4}, j 6= i, s.t. ki = kj }
= {(k1, k2, k3, k4) | 1 ≤ k1 ≤ n} ∪ {(k1, k2, k3, k4) | 1 ≤ k1, k3 ≤ 3, k1 6= k3},

e(k, k′) = sup
1≤i≤4

|ki − k′
i |, e(k, A) = inf

k′∈A
e(k, k′),

]A = n+ n(n− 1)

2
= n(n+ 1)

2
≤ n2. (A.18)

Now let k be such thate(k,A) ∈ [2i ,2i+1). We claim that there existsj ∈ {1, . . . ,4}
such that givenl 6= j , l ∈ {1, . . . ,4}, we have|kj − kl| ≥ 2i . To see this, assume the
contrary; assume that

∀j ∈ {1, . . . ,4}, ∃l ∈ {1, . . . ,4}, l 6= j, s.t. |ki − k′
i | < 2i .

Without loss of generality, we reorder the components ofk so thatk1 ≤ k2 ≤ k3 ≤ k4.
Then necessarilyk2 − k1 < 2i andk4 − k3 < 2i , so thate(k, (k1, k1, k3, k3)) < 2i , which
is absurd, since(k1, k1, k3, k3) ∈ A ande(k,A) ≥ 2i .

An elementary counting procedure yields the following crude estimate:

]{k|2i ≤ e(k,A) < 2i+1} ≤ n224i+7, (A.19)
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so that using (A.17) results in

E(|SnF |)
≤ n2 sup

k∈A
|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))|

+n2
∑
i≥0

24i+7 sup
2i≤e(k,A)<2i+1

|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))|.

(A.20)

It remains only to estimate

sup
2i≤e(k,A)<2i+1

|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))|.

As in [Ra2, §1], we associate to eachF ∈ Fρ,κ,C1 the functionFm defined by

Fm ≡ Fm(x−m, . . . , xm)∫
X

(F − Fm)(x)φ(x−m, . . . , xm) dµ(x) = 0 ∀φ ≡ φ(x−m, . . . , xm).

In other words,Fm = E(F |σ(Pm
−m)), whereσ(P) is theσ -algebra generated byP. Now

F ∈ Fρ,κ,C1 H⇒ ‖F − Fm‖L2 ≤ C1ρ
(mκ) (A.21)

(see [Ra2, equation (3)]) and

‖Fm‖L∞ ≤ |F‖L∞ . (A.22)

Therefore

|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))

−E(Fm(ϕ−k1x)Fm(ϕ
−k2x)Fm(ϕ

−k3x)Fm(ϕ
−k4x))|

≤ |E((F − Fm)(ϕ
−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))|

+|E(F(ϕ−k1x)(F − Fm)(ϕ
−k2x)F (ϕ−k3x)F (ϕ−k4x))|

+|E(F(ϕ−k1x)F (ϕ−k2x)(F − Fm)(ϕ
−k3x)F (ϕ−k4x))|

+|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)(F − Fm)(ϕ
−k4x))|

≤ 4‖F‖3
L∞C1ρ

(mκ), (A.23)

where the last estimate follows from the Cauchy–Schwarz inequality.
We next estimate|E(Fm(ϕ−k1x)Fm(ϕ

−k2x)Fm(ϕ
−k3x)Fm(ϕ

−k4x))| under the hypothe-
sesk1 ≤ k2 ≤ k3 ≤ k4 andk2−k1 ≥ 2i , which we may assume without loss of generality.
Now

Fm =
∑
A∈Pm−m

Fm|A1A

by definition ofPm
−m, and sinceFm depends only onx−m, . . . , xm, Fm is constant on the

elements ofPm
−m, so that for eachA ∈ Pm

−m, the functionFm|A takes a single value inR.
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Thus

|E(Fm(ϕ−k1x)Fm(ϕ
−k2x)Fm(ϕ

−k3x)Fm(ϕ
−k4x))|

≤
∣∣∣∣ ∑
A1,A2,A3,A4∈Pm−m

Fm|A1Fm|A2Fm|A3Fm|A4µ(ϕ
k1A1)µ(ϕ

k2A2 ∩ ϕk3A3 ∩ ϕk4A4)

∣∣∣∣
+

∣∣∣∣ ∑
A1,A2,A3,A4∈Pm−m

Fm|A1Fm|A2Fm|A3Fm|A4 · (µ(ϕk1A1 ∩ ϕk2A2 ∩ ϕk3A3 ∩ ϕk4A4)

−µ(ϕk1A1)µ(ϕ
k2A2 ∩ ϕk3A3 ∩ ϕk4A4))

∣∣∣∣, (A.24)

where we have used the preceding expression forFm and the fact that1A1B = 1A∩B .
But the first term on the right-hand side of (A.24) vanishes, since it reduces to∑

A2,A3,A4∈Pm−m

Fm|A2Fm|A3Fm|A4µ(ϕ
k2A2 ∩ ϕk3A3 ∩ ϕk4A4) ·

∑
A1∈Pm−m

Fm|A1µ(ϕ
k1A1). (A.25)

Now µ(ϕk1A1) = µ(A1), so the second factor in the expression (A.25) above may be
rewritten as ∑

A1∈Pm−m

Fm|A1µ(ϕ
k1A1) =

∫
X

Fm dµ(x) =
∫
X

F dµ(x) = 0.

Sinceϕk1A1 ∈ Pm+k1
−m+k1

andm + k2 − (m + k1) ≥ 2i , the second term on the right-hand
side of (A.24) is bounded as follows:

‖F‖4
L∞ · (r2m+1)3 ·

∑
A1∈Pm

−m
B∈P+∞

m+k2

|µ(ϕk1A1 ∩ B)− µ(ϕk1A1)µ(B)|

≤ ‖F‖4
L∞ · (r2m+1)3 · C0γ

(2iα)
∑

A1∈Pm−m

µ(ϕk1A1)

≤ |F‖4
L∞ · (r2m+1)3 · C0γ

(2iα), (A.26)

where (r2m+1)3 is an upper bound on the number of elements ofP+∞
m+k2

of the form
ϕk2A2 ∩ ϕk3A3 ∩ ϕk4A4 (as is easily seen, sincePm

−m hasr2m+1 elements).
Now assuming‖F‖L∞ = C3 and concatenating the inequalities (A.23), (A.24) and

(A.26), we find

sup
2i≤e(k,A)<2i+1

|E(F(ϕ−k1x)F (ϕ−k2x)F (ϕ−k3x)F (ϕ−k4x))|

≤ 4C1C
3
3ρ

(mκ) + C4
3r

6m+3C0γ
(2iα). (A.27)

Then (A.20) and (A.27) above give

E(|SnF |4) ≤ n2C4
3 + n2

∑
i≥0

24i+7(4C1C
3
3ρ

(mκi ) + C4
3r

6mi+3C0γ
(2iα)), (A.28)

where themi are chosen arbitrarily for eachi. We then choosemi = [2iα/2], in which
caseα > 0, 0< ρ < 1 and 0< γ < 1 imply that the series∑

i≥0

24i+7(4C1C
3
2ρ

[2iα/2]κ + C4
2r

6[2iα/2]+3C0γ
(2iα))
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converges. Hence, (A.28) can be rewritten as

E(|SnF |4) ≤ n2(C4
3 + 4C1C

3
361 + C0C

4
362)

with
61 =

∑
i≥0

24i+7ρ [2iα/2]κ and 62 =
∑
i≥0

24i+7r6[2iα/2]+3γ (2
iα)

which completes the proof of Lemma A.1. �
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