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Abstract. Bratteli–Vershik systems have been widely studied. In the context of general
zero-dimensional systems, Bratteli–Vershik systems are homeomorphisms that have
Kakutani–Rohlin refinements. Bratteli diagrams are well suited to analyzing such
systems. Besides this approach, general graph covers can be used to represent any
zero-dimensional system. Indeed, all zero-dimensional systems can be described as certain
kinds of sequences of graph covers that may not be brought about by Kakutani–Rohlin
partitions. In this paper, we follow the context of general graph covers to analyze the
relations between ergodic measures and circuits of graph covers. First, we formalize
the condition for a sequence of graph covers to represent minimal Cantor systems.
In constructing invariant measures, we deal with general compact metrizable zero-
dimensional systems. In the context of Bratteli diagrams with finite rank, it has previously
been mentioned that all ergodic measures should be limits of some combinations of towers
of Kakutani–Rohlin refinements. We demonstrate this for the general zero-dimensional
case, and develop a theorem that expresses the coincidence of the time average and the
space average for ergodic measures. Additionally, we formulate a theorem that signifies
the old relation between uniform convergence and unique ergodicity in the context of
graph circuits for general zero-dimensional systems. Unlike previous studies, in our case
of general graph covers there arises the possibility of the linear dependence of circuits.
We give a condition for a full circuit system to be linearly independent. Previous research
also showed that the bounded combinatorics imply unique ergodicity. We present a lemma
that enables us to consider unbounded ranks of winding matrices. Finally, we present
examples that are linked with a set of simple Bratteli diagrams having the equal path
number property.

1. Introduction
Let X be a compact metrizable zero-dimensional space, and f : X→ X be a continuous
surjective map. In this paper, we call (X, f ) a zero-dimensional system. If X is
homeomorphic to the Cantor set, (X, f ) is called a Cantor system. In [4, §2], Gambaudo
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and Martens defined special sequences of graph covers for Cantor minimal systems.
In [4, Theorem 2.5], they gave a structure theorem whereby every minimal Cantor system
can be described as the inverse limit of such a sequence.

In the usage of this theorem, they combinatorially constructed the set of all
invariant Borel measures [4, Proposition 3.2]. Further, in §3 of the above paper, in
the study of constructing a Cantor system that has the space of ergodic measures that
is homeomorphic to Sn , they showed how their graph covers are related to ergodic
measures. In particular, they stated that some combinatorics bring about finite ergodicity,
and that bounded combinatorics bring about unique ergodicity [4, Proposition 3.3]. After
the first version of this manuscript, the referee notified the author of the widespread
study of Bratteli–Vershik systems. Herman et al [6] developed a method of representing
any zero-dimensional systems that are homeomorphisms and have unique minimal sets,
using essentially simple ordered Bratteli diagrams. They used a special cover, called
the Kakutani–Rohlin partition. From this, numerous studies of Bratteli–Vershik systems
began. For example, the Bratteli–Vershik system was extended by Medynets [7] to
zero-dimensional systems that are homeomorphisms and have no periodic points. In [2],
Bezuglyi et al presented a number of results related to those given in this paper, as
well as others in the context of Bratteli diagrams of finite rank. As for finite ergodicity
[2, Theorem 3.3 (3)] also refers. And, as for the unique ergodicity [2, Theorem 4.11] gives
a necessary and sufficient condition in the context of Bratteli diagrams of finite rank.

Following Akin et al [1], we used general graph covers to derive [9, Theorem 2.12],
in which we show that all zero-dimensional systems are naturally described as an inverse
limit of an inverse system of directed graphs. Unlike the use of Bratteli diagrams, our
representation of general zero-dimensional systems uses a sequence of finite directed
graphs and their covers, and naturally represents every zero-dimensional system. In
particular, the natural partition induced from each directed graph is not necessarily
a Kakutani–Rohlin partition. In this paper, we follow the results of Gambaudo and
Martens [4] up to §3 in the context of our general graph covers, and link with the
results of Bezuglyi et al [2] as far as possible. To extend the work of Gambaudo and
Martens [4] in such a way, we first describe the condition for a general Cantor system to
be minimal in Theorem 3.5. Our construction of invariant measures applies to general
zero-dimensional systems, and not only minimal systems (see Proposition 4.15). We
also describe how the system of circuits of each graph is related to ergodic measures.
One of our main results is Theorem 4.20, which describes a traditional property of
ergodicity that ‘the time average and the space average coincide.’ This is referred in
[2, Theorem 3.3] in the context of Bratteli diagram of finite rank. It is also known that
unique ergodicity is related to uniform convergence (see, for example, [10, Theorem
6.19]). A similar result is seen in Corollary 4.24; the complete form, in the context
of Bratteli diagram of finite rank, is seen in [2, Theorem 4.11]. We also extend
[4, Proposition 3.3 (b)] to get Theorem 6.7 for certain cases of unbounded combinatorics.
The elementary Lemma 6.6 enables us to manage a sequence of covers with unbounded
ranks.

In §7, we present a set of examples of sequences of graph covers that are linked to a set
of simple Bratteli diagrams. These examples are Cantor minimal systems that are almost
one-to-one extensions of odometer systems.
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Unlike the graphs considered by Gambaudo and Martens [4], our construction gives rise
to the case of a linearly dependent system of circuits. Section 5 is devoted to the study of
the linear independence of circuits (see Theorems 5.1 and 5.2).

2. Preliminaries
Let Z denote the set of all integers, N be the set of all non-negative integers, and N+ be
the set of all positive integers. Let (X, d) be a compact metric space, and f : X→ X be a
continuous map with f (X)= X . A pair (X, f ) is called a topological dynamical system.
We mainly consider the case in which X is zero-dimensional. When X is zero-dimensional,
we call (X, f ) a zero-dimensional system. Let C be the Cantor set. Topological spaces
that are homeomorphic to C are characterized as compact zero-dimensional perfect
metrizable spaces. A topological dynamical system (X, f ) is said to be a Cantor system
if X is homeomorphic to C . For a > b (a, b ∈ Z), we denote by [a, b] the segment
{a, a + 1, . . . , b}. A pair (V, E) consisting of a finite set V endowed with the discrete
topology and a relation E ⊆ V × V on V can be considered as a directed graph with
vertices V and an edge from u to v when (u, v) ∈ E . For every e = (u, v) ∈ E , u is called
the initial vertex, and v is the terminal vertex. The projection from e = (u, v) ∈ E to the
initial (respectively terminal) vertex u (respectively v) is denoted by i (respectively t). We
call E a surjective relation when both i and t are surjective. Thus, for every vertex v ∈ V ,
there exist edges (u1, v), (v, u2) ∈ E . In this paper, we call (V, E) a graph only if V is
finite and E is a surjective relation.

Definition 2.1. Let G = (V, E) be a graph and l ∈ N+. A sequence w = (v0, v1, . . . , vl)

of elements of V is a walk of length l if (vi , vi+1) ∈ E for all 0≤ i < l. The vertex v0 is
called the initial vertex, and is denoted as i(w); vl is called the terminal vertex, denoted
by t (w). A walk (v0, v1, . . . , vl) is a path if i 6= j implies vi 6= v j , and (v0, v1, . . . , vl)

is a cycle if v0 = vl . A cycle (v0, v1, . . . , vl) is a circuit if vi = v j (0≤ i < j ≤ l) only
when i = 0 and j = l. If p is a path of length l, then it is also considered to be a graph
with l + 1 vertices and l edges. If c is a circuit of length l, then it is also considered to be
a circuit graph with l vertices and l edges, and l is called the period of the circuit, denoted
as Per(c).

Notation 2.2. Let w = (v0, v1, . . . , vl) and w′ = (v′0, v′1, . . . , v′l ′) be two walks such that
the terminal vertex of w is the initial vertex of w′. Then, we denote the connected walk by
w + w′. Namely, w + w′ = (v0, v1, . . . , vl , v

′

1, v
′

2, . . . , v
′

l ′).

Notation 2.3. For a graph G, we denote the set of circuit graphs contained in G as

C (G) := {c | c is a circuit graph of G}.

Notation 2.4. Let l ∈ N+ and v ∈ V . We use the following notation:

Wv(G, l) := {w = (v0 = v, v1, v2, . . . , vl) | w is a walk of G (of length l)},

W (G, l) :=
⋃
v∈V

Wv(G, l), Wv(G) :=
⋃

l∈N+
Wv(G, l), and

W (G) :=
⋃

v∈V,l∈N+
Wv(G, l).
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Notation 2.5. Let l ∈ N+. For w = (v0, v1, v2, . . . , vl) ∈W (G, l), we denote

V (w) := {v0, v1, v2, . . . , vl} and E(w) := {(vi , vi+1) | 0≤ i < l}.

For a circuit graph c ∈ C (G), we similarly denote

V (c) := the set of all vertices of c and E(c) := the set of all edges of c.

Notation 2.6. Let X be a compact metrizable zero-dimensional space. The partition of
X by non-empty closed and open subsets is called a decomposition. The set of all
decompositions of X is denoted by D(X). Each U ∈D(X) is endowed with a discrete
topology.

For U ∈D(X) such that U 6= {X}, we define

dist(U) :=min{d(x, y) | x ∈ u ∈ U , y ∈ v ∈ U , and u ∩ v = ∅}.

When U = {X}, we define dist(U)=∞. Note that for U ∈D(X), dist(U)= sup{ε (∞≥
ε > 0) | d(x, y) < ε implies that x and y are in the same element of U}.

Notation 2.7. Let U , V ∈D(X). Then, we define U ∨ V := {U ∩ V |U ∈ U , V ∈ V ,
and U ∩ V 6= ∅} ∈D(X). We also define f −1U := { f −1(U ) |U ∈ U} ∈D(X).

We denote a carrier map as κU : X→ U , i.e. x ∈ κU (x) for all x ∈ X . Then, we get
U = κU−1(U ) for all U ∈ U . For an arbitrary covering A of X , we use the following
notation:

mesh(A) := sup{diam(A) | A ∈A}.

Notation 2.8. If f : X→ X is a surjective mapping and U is a finite covering of non-empty
sets, then a surjective relation f U on U is defined as

f U := {(u, v) | f (u) ∩ v 6= ∅}.

If the surjective map f : X→ X is regarded as a subset f ⊆ X × X and U is a
decomposition of X , then f U = (κU × κU )( f ). In general, (U , f U ) is a graph, because f
is a surjective relation.

Definition 2.9. Let (X, f ) be a zero-dimensional system and (V, E) be a graph. In this
paper, a continuous map ψ : X→ V is said to be a continuous homomorphism from
(X, f ) to (V, E) if (ψ × ψ)( f )⊆ E when f is regarded as a subset f ⊆ X × X . If a
continuous homomorphism ψ : (X, f )→ (V, E) satisfies (ψ × ψ)( f )= E , then we say
that ψ is a continuous edge-surjection, and we write ψ(X, f )= (V, E).

Let G = (V, E) and G ′ = (V ′, E ′) be graphs. A mapping ϕ : V → V ′ is said
to be a graph homomorphism if (u, v) ∈ E implies (ϕ(u), ϕ(v)) ∈ E ′. In this case,
we write ϕ : G→ G ′ or ϕ : (V, E)→ (V ′, E ′). A map ϕ : V → V ′ is a graph
homomorphism ϕ : (V, E)→ (V ′, E ′) if and only if (ϕ × ϕ)(E)⊆ E ′. We say that
ϕ is edge-surjective if (ϕ × ϕ)(E)= E ′. Suppose that a graph homomorphism
ϕ : (V1, E1)→ (V2, E2) satisfies the following condition:

(u, v), (u, v′) ∈ E1 implies that ϕ(v)= ϕ(v′).

Then, in this paper, ϕ is said to be +directional. If E2 is a map, then every graph
homomorphism ϕ is +directional.
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Definition 2.10. A graph homomorphism ϕ : G1→ G2 is called a cover if it is a
+directional edge-surjective graph homomorphism.

Let G1
ϕ1
←− G2

ϕ2
←− · · · be a sequence of graph homomorphisms. For m > n, let ϕm,n :=

ϕn ◦ ϕn+1 ◦ · · · ◦ ϕm−1. Then ϕm,n is a graph homomorphism. If every ϕi (i ∈ N+) is
edge-surjective, then every ϕm,n is edge-surjective, and if every ϕi (i ∈ N+) is a cover,
then every ϕm,n is a cover. To express a zero-dimensional system as the inverse limit
of a sequence of graph covers, we cite some lemmas and a theorem from [9]. If G
is a sequence G1

ϕ1
←− G2

ϕ2
←− · · · of covers, then we always attach the singleton graph

G0 = ({0}, {(0, 0)}) to the head. Thus, G is the sequence G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · . Let

us write Gi = (Vi , Ei ) for i ∈ N. Define

VG :=

{
(x0, x1, x2, . . . ) ∈

∞∏
i=0

Vi

∣∣∣∣ xi = ϕi (xi+1) for all i ∈ N
}

and

EG := {(x, y) ∈ VG × VG | (xi , yi ) ∈ Ei for all i ∈ N},

each equipped with the product topology. Let G be a sequence G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · ·

of covers. Then VG is a compact, metrizable zero-dimensional space, and the relation EG
determines a continuous mapping from VG onto itself [9, Lemma 3.5].

Definition 2.11. Let G be a sequence G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · of covers. The zero-

dimensional system (VG, EG) is called the inverse limit of G, denoted by G∞.

For each i ∈ N, the projection from VG to Vi is denoted by ϕ∞,i . We define

UG,i := {ϕ
−1
∞,i (u) | u ∈ Vi },

which we can identify with Vi itself. Let i ∈ N. Then we get UG,i ∈D(VG). Furthermore,
by the natural bijection u 7→ ϕ−1

∞,i (u) (u ∈ Vi ), (UG,i , EG
UG,i ) is graph isomorphic to Gi .

Fixing a metric on VG , we get mesh(Ui )→ 0 as i→∞.

THEOREM 2.12. [9, Theorem 3.9] A topological dynamical system is zero-dimensional if
and only if it is topologically conjugate to G∞ for some sequence of covers G0

ϕ0
←− G1

ϕ1
←−

G2
ϕ2
←− · · · .

Instead of a countable sequence of covers, we may use an inverse system that consists
of at most countable sets (see the discussion after Theorem 3.9 in [9]). In this paper, we
use a sequence of covers. Let G be a sequence G0

ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · of covers. We

define some notation and elementary properties of both G and the inverse limit G∞ for
later sections:
(N-1) we write G∞ = (X, f );
(N-2) we fix a metric on X ;
(N-3) for each i ∈ N, we write Gi = (Vi , Ei );
(N-4) for each i ∈ N, we define U (v) := ϕ−1

∞,i (v) for v ∈ Vi and UG,i := {U (v) | v ∈ Vi } ∈

D(X); and
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(N-5) for each i ∈ N, there exists a bijective map Vi 3 v↔U (v) ∈ UG,i . From this
bijection, we obtain a graph isomorphism Gi ∼= (UG,i , f UG,i ).

It follows that mesh(UG,i )→ 0 as i→ 0.

Notation 2.13. Let l ∈ N+ and x ∈ X . We denotew(x, l)= (x, f (x), f 2(x), . . . , f l(x)).
We also denote

W (G∞, l) := {w(x, l) | x ∈ X}, Wx (G∞) := {w(x, l) | l ∈ N+}, and

W (G∞) := {w(x, l) | x ∈ X, l ∈ N+}.

For every∞≥ m > n, a map ϕm,n :W (Gm)→W (Gn) is naturally defined.

Notation 2.14. Let ∞≥ m > n, l ∈ N+, and w = (v0, v1, . . . , vl) ∈W (Gm, l). We use
the following abbreviations:

Vn(w) := V (ϕm,n(w))= ϕm,n(V (w))⊆ Vn and

En(w) := E(ϕm,n(w))= ϕm,n(E(w))⊆ En .

In the same way, we abbreviate for a circuit graph c ∈ C (Gm) as

Vn(c) := ϕm,n(V (c))⊆ Vn and En(c) := ϕm,n(E(c))⊆ En .

Definition 2.15. Let m > n (m, n ∈ N) and v ∈ Vm . We say that a walk w ∈W (Gn)

is (m, v)-projective if there exists a walk w′ ∈W (Gm) starting from v such that
w = ϕm,n(w

′). A walkw ∈W (Gn) is said to be m-projective if there exists a vertex v ∈ Vm

such that w is (m, v)-projective. Let l ∈ N+ and x ∈ X . A walk w ∈W (Gn, l) is (∞, x)-
projective if w = ϕ∞,n(w(x, l)). A walk w ∈W (Gn, l) is ∞-projective if w is (∞, x)-
projective for some x ∈ X .

Clearly, for∞≥ m′ > m > n, an m′-projective walk in W (Gn) is m-projective. A walk
is∞-projective if and only if a real orbit is projected onto it.

LEMMA 2.16. Let m > n (m, n ∈ N), l ∈ N+, v ∈ Vm , and w ∈W (Gn, l). Suppose that
{w} = ϕm,n(Wv(Gm, l)), i.e. w is the only (m, v)-projective walk of length l. Then, w is
∞-projective.

Proof. Take some x ∈U (v). There exists an (∞, x)-projective walk w′ = (v0 =

v, v1, . . . , vl) ∈W (Gm, l). Then ϕm,n(w
′) is an (∞, x)-projective walk that is also

(m, v)-projective. Therefore, we get w = ϕm,n(w
′), and w is (∞, x)-projective. �

LEMMA 2.17. Let n ∈ N and l ∈ N+. Then, for all m ≥ n + l and v ∈ Vm ,
ϕm,n(Wv(Gm, l)) consists of a single element.

Proof. It is sufficient to show that, for all v ∈ Vn+l , ϕn+l,n(Wv(Gn+l , l)) consists of a
single element. We show this by induction on l. When l = 1, this lemma simply states that
ϕn+1,n is a cover. Suppose that this lemma is satisfied for l = k − 1. Let v ∈ Gn+k . Letw =
(v0 = ϕn+k,n+k−1(v), v1, v2, . . . , vk) ∈ ϕn+k,n+k−1(Wv(Gn+k, k)). Because ϕn+k,n+k−1

is a cover, v1 is determined independently of the choice of w. We denote this vertex as u ∈
Vn+k−1. We then obtain {(v1 = u, v2, . . . , vk) | (v0 = ϕn+k,n+k−1(v), v1, v2, . . . , vk) ∈

ϕn+k,n+k−1(Wv(Gn+k, k))} ⊆Wu(Gn+k−1, k − 1). Then, by the inductive hypothesis,
ϕn+k−1,n(Wu(Gn+k−1, k − 1)) consists of a single element. This concludes the proof. �
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PROPOSITION 2.18. Let n ∈ N, l ∈ N+ and m ≥ n + l. Then every w ∈ ϕm,n(W (Gm, l))
is∞-projective.

Proof. By assumption, there exists some v ∈ Vm such that w ∈ ϕm,n(Wv(Gm, l)). By
Lemma 2.17, w is the only (m, v)-projective walk of length l. Thus, by Lemma 2.16,
w is∞-projective. �

3. Minimal Cantor systems
A topological dynamical system (X, f ) is said to be minimal if there exist no closed
subsets ∅ 6= Y ( X that satisfy f (Y )= Y .

PROPOSITION 3.1. A minimal zero-dimensional system (X, f ) is a Cantor system or
consists of a single periodic orbit.

Proof. Suppose that there exists an isolated point x0. Because (X, f ) is minimal, the
ω-limit set ω(x0) is X itself. Because x0 is isolated, f n(x0)= x0 for some n > 0. By
minimality, (X, f ) consists of a single periodic orbit. It is well known that a compact,
metrizable zero-dimensional space is homeomorphic to a Cantor set if there exist no
isolated points. Therefore, if X does not have isolated points, it is homeomorphic to C . �

Definition 3.2. Let ε > 0. A (finite) subset A ⊆ X is ε-dense if, for all y ∈ X , there exists
some x ∈ A such that d(x, y) < ε.

Definition 3.3. Let (X, f ) be a topological dynamical system and l ∈ N. An x ∈ X is
(l, ε)-dense if { f i (x) | 0≤ i ≤ l} is ε-dense.

LEMMA 3.4. A topological dynamical system is minimal if and only if the following
condition is satisfied.
(M-1) For all ε > 0, there exists an l ∈ N such that every x ∈ X is (l, ε)-dense.

Proof. Suppose that (X, f ) satisfies condition (M-1). Then it is clear that every orbit of
(X, f ) is dense. Therefore, (X, f ) is minimal. Conversely, suppose that (X, f ) is minimal.
Then every orbit of (X, f ) is dense. Let ε > 0 and x ∈ X . Then there exists an lx ∈ N such
that x is (lx , ε)-dense. As this is an open condition, there exists a neighborhood U of x
such that, for all x ′ ∈U , x ′ is (lx , ε)-dense. Because X is compact, by a standard argument,
we can find an l ∈ N satisfying condition (M-1). �

Let G be a sequence G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · of covers. We use the notation of

(N-1)–(N-5) given in §2.

THEOREM 3.5. Let (X, f ) be a Cantor system. Then the following are mutually
equivalent:
(a) (X, f ) is minimal;
(b) for all n ∈ N, there exists N > n and there exists l ∈ N+, such that for all m ≥ N and

for all w ∈W (Gm, l), En(w)= En;
(c) for all n ∈ N, there exists N > n and there exists l ∈ N+, such that for all m ≥ N and

for all w ∈W (Gm, l), Vn(w)= Vn;
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(d) for all n ∈ N, there exists N > n such that for all m ≥ N and for all c ∈ C (Gm),
En(c)= En;

(e) for all n ∈ N, there exists N > n such that for all m ≥ N and for all c ∈ C (Gm),
Vn(c)= Vn;

(f) for all n ∈ N, there exists N > n, for all m ≥ N, there exists lm ∈ N+ such that for
all w ∈W (Gm, lm), En(w)= En , and

(g) for all n ∈ N, there exists N > n, for all m ≥ N, there exists lm ∈ N+ such that for
all w ∈W (Gm, lm), Vn(w)= Vn .

Proof. It is clear that (b) implies (c), (d) implies (e), and (f) implies (g). Let us show
that (a) implies (b). Suppose that (X, f ) is minimal. Let n ∈ N. Let U = UG,n ∨ f −1UG,n ,
which consists of non-empty sets by definition. Let u, u′ ∈ UG,n . Then we have that
u ∩ f −1(u′) 6= ∅ if and only if (u, u′) ∈ f UG,n . The map Vn 3 u 7→U (u) ∈ UG,n is
a graph isomorphism from (Vn, En) to (UG,n, f UG,n ). For every x ∈ X and k ∈ N+,
there exists a vi ∈ U (0≤ i ≤ k) such that f i (x) ∈ vi for every 0≤ i ≤ k. If we write
vi = ui ∩ f −1(u′i ) ∈ U for 0≤ i ≤ k, then every edge (ui , u′i ) (0≤ i ≤ k) is an element of
En(w(x, k + 1)). Let 0< ε ≤ dist(U). By Lemma 3.4, there exists an l ′ ∈ N+ such that all
x ∈ X are (l ′, ε)-dense. Thus, for every x ∈ X , w(x, l ′) passes through all elements of U .
Let l = l ′ + 1. Then En(w(x, l))= En for all x ∈ X . Because mesh(UG, j )→ 0 as j→∞,
there exists an N ′ > n such that mesh(UG,N ′) < ε. Hence, UG,N ′ refines U . Let N = N ′ + l
and m ≥ N , and take some arbitrary w ∈W (Gm, l). By Proposition 2.18, ϕm,N ′(w) is
∞-projective. Therefore there exists an x ∈ X such that ϕm,N ′(w)= ϕ∞,N ′(w(x, l)).
Hence, En(w)= En(ϕm,N ′(w))= En(ϕ∞,N ′(w(x, l)))= En(w(x, l))= En , as desired.
Because treading on a circuit is a special kind of walk, it is evident that (b) implies (d).
In the same way, (c) implies (e). Let us show that (d) implies (f). Suppose that (d)
is satisfied, and let n ∈ N. Then there exists an N > n such that, for all m ≥ N and
for all c ∈ C (Gm), En(c)= En . If we fix some m ≥ N and lm ≥ #Vm , then for every
w = (v0, v1, . . . , vlm ) ∈W (Gm, lm), there exists s, t ∈ [0, lm] (s < t) with vs = vt . Thus
there exists a c ∈ C (Gm) such that w passes through all edges of c. By the assumption,
it follows that En(c)= En . Therefore, as desired, we have En(w)⊇ En(c)= En . In the
same way, (e) implies (g). Let us show that (g) implies (a). Assume that condition (g) is
satisfied, and let ε > 0. Take n ∈ N such that mesh(UG,n) < ε. Then, by the assumption,
there exist l ∈ N+ and m > n such that, for all w ∈W (Gm, l), it follows that Vn(w)= Vn .
Let x ∈ X . Because ϕ∞,m(w(x, l)) ∈W (Gm, l), it then follows that Vn(w(x, l))= Vn .
Therefore, x is (l, ε)-dense. By Lemma 3.4, we have the desired result. �

4. Invariant measures
In the first half of §3 of [4], Gambaudo and Martens describe the combinatorial
construction of invariant measures in relation to graph covers. Following their work, we
examine this for our case of zero-dimensional systems and general graph covers. We
are forced to use the notion of the graph circuit explicitly. The system of graph circuits
will represent all invariant measures. In the second half of this section, we investigate
the conditions under which our graph circuit representations are able to represent ergodic
measures. Consequently, we can formalize the condition for a zero-dimensional system to
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be uniquely ergodic by means of graph covers. Let G be a sequence G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←−

· · · of covers. We use the notation of (N-1)–(N-5) given in §2. Let us denote the set of all
invariant Borel measures on (X, f ) as M f =M f (X), and the invariant Borel probability
measures as P f =P f (X). Both M f and P f are endowed with the weak topology. For
n ∈ N and v ∈ Vn , we denote

En,−(v) := {(u, v) | (u, v) ∈ En} and En,+(v) := {(v, u) | (v, u) ∈ En}.

For each e = (u, v) ∈ En , we denote a closed and open set U (e) :=U (u) ∩ f −1(U (v)).
Note that for e 6= e′ (e, e′ ∈ En), it follows that U (e) ∩U (e′)= ∅.

LEMMA 4.1. Let n ∈ N and µ ∈M f . Then for every v ∈ Vn , f −1(U (v)) (respectively
U (v)) can be written as

⋃
e∈En,−(v)

U (e) (respectively
⋃

e∈En,+(v)
U (e)). In particular, it

follows that ∑
e∈En,−(v)

µ(U (e))=
∑

e∈En,+(v)

µ(U (e)). (4.1)

Proof. It is easy to see that f −1(U (v))=
⋃

e∈En,−(v)
(U (e)) and U (v)=

⋃
e∈En,+(v)

(U (e)), and these are both disjoint unions. Therefore, we have the first statement. Because
µ is an invariant measure, the next statement follows. �

We denote OV := {U (v) | v ∈ Vn , n ∈ N} =
⋃

n∈N UG,n and OE := {U (e) | e ∈ En ,
n ∈ N}. Both OV and OE are open bases of the topology of X . For an arbitrary Borel
measure µ on X , it follows that

for all m > n and for all v ∈ Vn,
∑

u∈Vm ,ϕm,n(u)=v

µ(U (u))= µ(U (v)), (4.2)

for all m > n and for all e ∈ En,
∑

e′∈Em ,ϕm,n(e′)=e

µ(U (e′))= µ(U (e)). (4.3)

Conversely, suppose that non-negative real values µ(U ) are assigned to all U ∈ OV

(respectively U ∈ OE ) to satisfy (4.2) (respectively (4.3)). Then µ is a finitely additive
measure on OE . Therefore, as is well known, µ can be extended to the unique Borel
measure on X . A Borel measure µ on X , constructed in this way, is a probability measure
if and only if 1=

∑
v∈Vn

µ(v) for all n ∈ N.

LEMMA 4.2. Suppose that non-negative real valuesµ(U ) are assigned to all U ∈ OE such
that both (4.1) and (4.3) are satisfied. Then, the resulting µ is an invariant measure.

Proof. Because (4.3) is satisfied, µ is a Borel measure. Let U (v) ∈ OV with v ∈ Vn and
n ∈ N. As has been observed, we obtain U (v)=

⋃
e∈En,+(v)

(U (e)) and f −1(U (v))=⋃
e∈En,−(v)

(U (e)), both of which are disjoint unions. Therefore, by (4.1), we have
µ( f −1(U (v)))= µ(U (v)). Because v ∈ Vn and n ∈ N are arbitrary, a standard argument
shows that µ is an invariant measure. �

For a graph G = (V, E), we denote M(G) := {
∑

e∈E a(e)e | a(e)≥ 0 for all e ∈ E}.
For each v ∈ V , we consider the following equation:

Eq(v) :
∑

e∈En,−(v)

a(e)=
∑

e∈En,+(v)

a(e).
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We denote I(G) := {
∑

e∈E a(e)e ∈M(G) | Eq(v) is satisfied for all v ∈ V } ⊆M(G),
and P(G) := {

∑
e∈E a(e)e ∈ I(G) |

∑
e∈E a(e)= 1} ⊂ I(G).

LEMMA 4.3. Let ϕ : G ′ = (V ′, E ′)→ G = (V, E) be a cover and
∑

e∈E ′ a(e)e ∈ I(G ′).
Then a linear map ϕ∗ : I(G ′)→ I(G) is defined by ϕ∗(

∑
e∈E ′ a(e)e) :=

∑
e∈E ′ a(e)ϕ(e).

Furthermore, it follows that ϕ∗(P(G ′))⊆ P(G).

Proof. Let x ∈ I(G ′). We have to show that ϕ∗(x) ∈ I(G). For each v′ ∈ V ′, equation
Eq(v′) is satisfied. Let v ∈ V . The sum of the equations in Eq(v′) (v′ ∈ ϕ−1(v)) implies
equation Eq(v) for ϕ∗(x). Therefore, it follows that ϕ∗(x) ∈ I(G), as desired. Thus, it is
clear that ϕ∗(P(G ′))⊆ P(G). �

Notation 4.4. Let G = (V, E) be a graph, c ∈ C (G), and s ∈ R. Then we denote sc :=∑
e∈E(c) se. For c ∈ C (G), we consider c = 1 · c ∈M(G), and write c̃ = (1/Per(c)) · c.

For a subset C ⊆ C (G), we can define

Hull(C) :=
{∑

c∈C
s(c)c̃

∣∣∣∣ s(c)≥ 0 for all c ∈ C,
∑
c∈C

s(c)= 1
}
.

The following lemma is obvious, and we therefore omit a proof.

LEMMA 4.5. Let G = (V, E) be a graph and c ∈ C (G). It follows that c ∈ I(G) and
c̃ ∈ P(G).

As the next proposition shows, I(G) is spanned by C (G).

PROPOSITION 4.6. Let G = (V, E) be a graph and x ∈ I(G). Then there exists
{s(c)≥ 0}c∈C (G) such that x =

∑
c∈C (G) s(c)c.

Proof. Let x =
∑

e∈E x(e)e, where x(e)≥ 0 for all e ∈ E . Let n := #{e | x(e) > 0}. We
use induction on n. Suppose n = 1. Let e0 ∈ E be such that x(e0) > 0, and let v = t (e0).
Because n = 1, e0 is the only edge for which x(e0) > 0, and because Eq(v) is satisfied
by every v ∈ V , it follows that t (e0)= i(e0). Hence, a singleton graph ({v}, {e0 = (v, v)})

that is also a circuit is contained in G. Call this circuit c0. Then x = s(c0)c0, as desired. We
now assume that the claim is satisfied for n = k, and consider the case in which n = k + 1.
Let x ∈ I(G) be written as x =

∑
e∈E x(e) · e with x(e)≥ 0 for all e ∈ E and #{e | x(e) >

0} = k + 1. Then there exists an edge e0 ∈ E such that x(e0) is the smallest positive value,
i.e. x(e)≥ x(e0) or x(e)= 0 for all e ∈ E . We claim that we can select successive edges
ei (i = 0, 1, 2, . . . ) such that, if ei is determined, then ei+1 ∈ E satisfies t (ei )= i(ei+1),
and x(ei )≥ x(e0) for all i = 1, 2, . . . . To show this, suppose that ei has been selected.
Because E is a surjective relation, there exists a non-empty set of edges starting from t (ei ).
By Eq(t (ei )), there exists an edge e in this set with x(e) > 0. Once we have x(e) > 0, we
also have that x(e)≥ x(e0) from the minimality of x(e0). Because #E <∞, we have a
circuit c connecting some successive edges el , el+1, . . . , el ′ . Let α :=min{x(ei ) | l ≤ i ≤
l ′} and x(ei0)= α with some l ≤ i0 ≤ l ′. Let x ′ = x − α · c. Then the coefficient of ei0 in
the expression of x ′ is 0. Thus, if we write x ′ =

∑
e∈E x ′(e) · e, then #{e | x ′(e) > 0} ≤ k,

and the similar equations are satisfied for all vertices. By the inductive hypothesis, we have
the desired result. �
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An obvious consequence is the following, for which we omit a proof.

PROPOSITION 4.7. P(G)= Hull(C (G)).

Remark 4.8. For linearly independent C (G), the expression x =
∑

c∈C (G) x(c)c is unique
for every x ∈ I(G). Therefore, in this expression, x(c)≥ 0 for all c ∈ C (G).

Note that, in general, C (G)⊂ I(G) is not linearly independent. Therefore, even if
x ∈ I(G) is expressed as x =

∑
c∈C (G) s(c)c, there may be a c ∈ C (G) with s(c) < 0. By

Proposition 4.6, we can take a basis from C (G). Because ϕm,n : Gm→ Gn is a graph cover
for each m > n, there exists a linear map (ϕm,n)∗ : I(Gm)→ I(Gn). As has been shown
in Lemma 4.3, it follows that (ϕm,n)∗(I(Gm))⊆ I(Gn), and (ϕm,n)∗(P(Gm))⊆ P(Gn).

Notation 4.9. For each n ∈ N, we denote the dimension of I(Gn) as dn , and Cn := C (Gn).
We fix a basis Bn = {cn,1, cn,2, . . . , cn,dn } ⊆ Cn for I(Gn).

Notation 4.10. We write 1n := P(Gn) and, for each m > n, define an affine map as
ξm,n := (ϕm,n)∗|1m :1m→1n . If c ∈ Cn , then c̃ ∈1n .

Notation 4.11. We denote an inverse limit as follows:

I∞ := {(x0, x1, . . . ) | for all i ∈ N, xi ∈ I(Gi ),

and for all m > n, (ϕm,n)∗(xm)= xn}.

1∞ := {(x0, x1, . . . ) | for all i ∈ N, xi ∈1i ,

and for all m > n, ξm,n(xm)= xn}.

Both I∞ and 1∞ are endowed with the product topology, and these correspond to the
subspace topology. For each n ∈ N, we denote the projection as ξ∞,n :1∞→1n . It is
evident that ξ∞,n is continuous. For∞≥ k > j > i , it follows that ξ j,i ◦ ξk, j = ξk,i .

It is well known that P f is a compact, metrizable space. By definition, 1∞ is also a
compact, metrizable space. The following lemma is obvious, and so we omit a proof.

LEMMA 4.12. Let N⊆ N be an infinite subset. Let {xn}n∈N be a sequence such that
xn ∈1n for all n ∈ N. Then there exists a subsequence {ni }i∈N+ such that, for each m ∈ N,
the sequence {ξni ,m(xni )}ni>m converges to an element ym ∈1m . In this case, it follows
that (y0, y1, y2, . . . ) ∈1∞.

LEMMA 4.13. Let n ∈ N. Then the sequence 1n ⊇ ξn+1,n(1n+1)⊇ (ξn+2,n)(1n+2)⊇

· · · is non-increasing, and
⋂

m>n ξm,n(1m)= ξ∞,n(1∞).

Proof. Because ξ j,i ◦ ξk, j = ξk,i for k > j > i , the first statement is clear; so also is
the inclusion

⋂
m>n ξm,n(1m)⊇ ξ∞,n(1∞). We have to show the other inclusion. Let

n ∈ N, and let O ⊂1n be an open set such that ξ∞,n(1∞)⊂ O . Suppose that there
exists an element x ∈

⋂
m>n ξm,n(1m) ∩ Oc. Then there exists a sequence {xm}m>n such

that xm ∈1m (m > n) and ξm,n(xm)= x . Let xn = x and xi = ξn,i (x) for 0≤ i < n.
By Lemma 4.12, we have a contradiction. Thus,

⋂
m>n ξm,n(1m)⊆ O . Because O is

arbitrary, we reach the desired conclusion. �
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Notation 4.14. Let µ ∈M f . We write µ̄ := (µ0, µ1, µ2, . . . ), where µn =∑
e∈En

µ(U (e))e for all n ∈ N. Then it follows that µ̄ ∈ I∞. Furthermore, if µ ∈P f , we
have that µ̄ ∈1∞ and µn ∈1n for each n ∈ N. Following [4], we denote the map µ→ µ̄

as p∗. Thus, we have the maps p∗ :M f → I∞ and p∗ :P f →1∞.

We now check [4, Proposition 3.2] for our case.

PROPOSITION 4.15. The maps p∗ :M f → I∞ and p∗ :P f →1∞ are isomorphisms.

Proof. From Lemma 4.2, we have the bijectivity of these maps. Their linearity is clear. Let
us show that p∗ is a homeomorphism. For a closed and open subset U of X , let δU be the
characteristic function from X to R. Let µ ∈M f , n ∈ N, and e ∈ En . Then it follows that∫
δU (e) dµ= µ(U (e)). Thus, it is easy to see that convergence in M f implies convergence

in I∞. Conversely, convergence of each µ(U (e)) implies the convergence of
∫
δU (e) dµ.

Thus, by a standard argument, the map is a homeomorphism, as required. The second
statement is also clear. �

In Notation 4.9, we have fixed a basis Bn = {cn,1, cn,2, . . . , cn,dn } ⊆ Cn for I(Gn) for
each n ∈ N. Therefore, we can state the following proposition.

PROPOSITION 4.16. Let µ ∈M f . Then there exists a unique expression µn =∑
1≤i≤dn

sn,i c̃n,i (sn,i ∈ R, 1≤ i ≤ dn, n ∈ N).

Notation 4.17. Let {xni }i∈N+ be a sequence such that n1 < n2 < · · · , and xni ∈1ni for
all i ∈ N+. Suppose that, for all m ∈ N, limi→∞ ξni ,m(xni )= ym ∈1m . Then we denote
limi→∞ xni := (y0, y1, . . . ) ∈1∞.

From here on, we consider restrictions of the total set N to infinite subsets of N. Let
N⊆ N be an infinite subset. Because the restricted sequence {Gn}n∈N of G induces the
same inverse limit G∞, it is convenient to think of such restrictions. We believe this will
make it easier to manage expressions.

Definition 4.18. Let N⊆ N be an infinite subset. Let C = C(N) be a sequence {Cn}n∈N of
subsets Cn ⊆ Cn for all n ∈ N. We say that C is a system of circuits enumerated by N. We
denote as follows:

C∞ :=
{
{cn}n∈N

∣∣ cn ∈ Cn for all n ∈ N, lim
n→∞

c̃n exists
}
.

For each x = {cn}n∈N ∈ C∞, we denote x̄ = limn→∞ c̃n ∈1∞. We write C∞ := {x̄ | x ∈
C∞}. Note that it is evident from Lemma 4.12 that, for all sequences of circuits {cn}n∈N
with cn ∈ Cn for all n ∈ N, there exists a subsequence {ni }i∈N+ of N such that there exists
a limi→∞ c̃ni . Nevertheless, this does not directly imply that C∞ 6= ∅.

Definition 4.19. Let µ ∈M f be an invariant measure, and let N be an infinite subset of N.
Let C be a system of circuits enumerated by N. We say that C expresses µ if µ̄ is written
as (µ0, µ1, µ2, . . . ) with µn =

∑
c∈Cn

s(c)c̃ (s(c)≥ 0 for all c ∈ Cn) for all n ∈ N.

As a consequence of this definition, a system of circuits C expresses all measures if
and only if ξ∞,n(1∞)⊆ Hull(Cn) for all n ∈ N. Suppose that µ is an ergodic measure
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and C is a system of circuits that expresses µ. Then µ̄ is written as (µ0, µ1, µ2, . . . )

withµn =
∑

c∈Cn
s(c)c̃ (s(c)≥ 0 for all c ∈ Cn) for all n ∈ N. As Theorem 4.22 will show,

µ̄ is considered to be a limit of circuits in C. Some circuits of C may not contribute
to the limit µ̄. It may be possible to choose circuits from those that have positive
weights in the above expression, but, even if we take sequences of circuits that have
positive weights, the resulting measures may be far from µ̄. Should the sum of weights
of circuits that generate measures far from µ̄ be less than that of the circuits that generate
measures near µ̄? The next theorem answers this question in the affirmative. This seems
to be a repetition of the statement that the ergodicity is the coincidence of the time average
and the space average. The increase in n for a graph Gn gives a simultaneous increase
in time and refinement of space. The next theorem is essentially seen in its exact form in
[2, Theorem 3.3] in the context of Bratteli diagrams of finite rank. In our way, we think we
have to make rather vague description, as seen in the next theorem, because we are treating
general zero-dimensional systems or general sequences of graph covers.

THEOREM 4.20. Let µ ∈P f . Let N⊆ N be an infinite subset, and let C be a system
of circuits enumerated by N. Suppose that µ is expressed by C, and µ̄ is written
as (µ0, µ1, µ2, . . . ) with µn =

∑
c∈Cn

s(c)c̃ (s(c)≥ 0 for all c ∈ Cn) for all n ∈ N. For
n > m and ε > 0, let C(µ, m, n, ε) := {c ∈ Cn | d(µm, ξn,m(c̃))≤ ε}. Let us consider the
following conditions:
(a) µ is ergodic, and
(b) for all m ∈ N and all ε > 0, limn→∞

∑
c∈C(µ,m,n,ε) s(c)= 1.

Then (a) implies (b). Moreover, if each Cn (not Cn) is linearly independent for all n ∈ N,
then (a) and (b) are equivalent.

Proof. Let µ ∈P f . Let N and C be as above. Suppose that µ̄= (µ0, µ1, µ2, . . . ) ∈1∞
is written as µi =

∑
c∈Ci

s(c)c̃ with s(c)≥ 0 for all c ∈ Ci and for all i ∈ N. Let us show
that (a) implies (b). Suppose that µ is ergodic. Fix an arbitrary m and ε > 0. We prove
by contradiction. Suppose that there exists an ε′ > 0 such that there exist infinitely many
n > m (n ∈ N)with

∑
c∈D(n,ε) s(c)≥ ε′, where D(n, ε) := {c ∈ Cn | d(µm, ξn,m(c̃)) > ε}.

Let N′ be the set of all such n > m (n ∈ N). We write the space of unit vectors in
the hyperplane extending 1m as B1. We define V := {v ∈ B1 | there exists a small δ > 0
such that µm + δv ∈1m}. We need to consider the case in which 1m is not a singleton.
Because 1m is a convex combination in a Euclidean space, it follows that V 6= ∅. Let us
fix 0< θ < π/2. For every v ∈ V , let

V(v) :=
{

x ∈1m

∣∣∣∣ x 6= µm and
(x − µm) · v

|x − µm |
≥ cos θ

}
.

Then there exists a finite set {v1, v2, . . . , vK } ⊂ V such that1m \ {µm} =
⋃

1≤k≤K V(vk).
For n ∈ N′ and 1≤ k ≤ K , we define

D(n, ε, k) := {c ∈D(n, ε) | ξn,m(c̃) ∈ V(vk)}.

It follows that D(n, ε)=
⋃

1≤k≤K D(n, ε, k). For 1≤ k ≤ K , we define a(n, k) :=∑
c∈D(n,ε,k) s(c). Then, for all n ∈ N′, it follows that ε′ ≤

∑
1≤k≤K a(n, k). Therefore,

there exists a k0 (1≤ k0 ≤ K ), a subsequence {ni }i∈N+ , and an a > 0 such that
a(ni , k0)→ a as i→∞. Because vk0 and 0< θ < π/2 is fixed in a certain direction
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from µm , it is evident that a < 1. Let µ1(ni ) :=
∑

c∈D(ni ,ε,k0)
(s(c)/a(ni , k0))c̃ and

µ2(ni ) :=
∑

c∈Cni \D(ni ,ε,k0)
(s(c)/(1− a(ni , k0)))c̃ for sufficiently large i . It follows that

µni = a(ni , k0)µ1(ni )+ (1− a(ni , k0))µ2(ni ). Taking a subsequence if necessary, we
obtain the limits µ1 = limi→∞ µ1(ni ) ∈1∞ and µ2 = limi→∞ µ2(ni ) ∈1∞. It follows
that µ̄= aµ1 + (1− a)µ2. This contradicts the hypothesis that µ is ergodic. To show
the last statement, we assume that each Cn (n ∈ N) is linearly independent. It is enough
to show that (b) implies (a). The expression µi =

∑
c∈Ci

s(c)c̃ (i ∈ N) is extended to
µi =

∑
c∈Ci

s(c)c̃ (i ∈ N) with s(c)= 0 for all c ∈ Ci \ Ci (i ∈ N). We prove by
contradiction. Suppose that (b) is satisfied and µ is not ergodic. Then there exist
µ1, µ2 ∈P f and some t0 (0< t0 < 1) such that µ= (1− t0)µ1 + t0µ2. Let us write
µ̄α (α = 1, 2) as µ̄α = (µα,0, µα,1, µα,2, µα,3, . . . ) ∈1∞, where µα,i =

∑
c∈Ci

s(α, c)c̃
with s(α, c)≥ 0 for all c ∈ Ci and for all i ∈ N. The linear independence implies that
s(c)= (1− t0)s(1, c)+ t0s(2, c) for all c ∈ Ci (i ∈ N). There exists an m ∈ N such that
µ1,m 6= µ2,m . Connecting µ1,m and µ2,m , we get a line `(t) := (1− t)µ1,m + tµ2,m
(t ∈ R). Then there exists a point µmid := `(t0/2) between µ1,m and µm . Let p :1m→

` be a linear projection onto `, and let `(−∞, t0/2) be the half line. Then H :=
p−1(`(−∞, t0/2)) is a convex open set that contains µ1,m . Let ε > 0 be small enough that
the ε-ball aroundµm has no points in common with H . Take an arbitrary n > m, and define
D(n) := {c ∈ Cn | ξn,m(c̃) ∈ H}. Then it follows that D(n) ∩ C(µ, m, n, ε)= ∅. Because
ξn,m(

∑
c∈Cn

s(1, c)c̃)= µ1,m ∈ H , there exist constants ε1 > 0 and N > 0 such that∑
c∈D(n) s(1, c)≥ ε1 for all n ≥ N . As ε1 ≤

∑
c∈D(n) s(1, c)≤

∑
c∈Cn\C(µ,m,n,ε) s(c) for

all n ≥ N , it follows that
∑

c∈C(µ,m,n,ε) s(c)≤ 1− ε1 for all n > N . This contradicts
condition (b). �

Remark 4.21. In Example 6.3, we construct a sequence of graph covers such that Cn is
not linearly independent for each n ∈ N, in which case there exists a non-ergodic measure
such that condition (b) is satisfied.

THEOREM 4.22. Let µ ∈P f be an ergodic measure. Let N⊆ N be an infinite subset.
Suppose that C is a system of circuits that expresses µ. Then it follows that µ̄ ∈ C∞.

Proof. As a partial consequence of Theorem 4.20, for all m ∈ N, there exists an N (m) > m
such that, for all n with N (m)≤ n ∈ N, there is some cn ∈ Cn such that d(µi , ξn,i (c̃n))≤

1/m for all 0≤ i ≤ m. Therefore, we can find x ∈ C∞ such that x̄ = µ̄. �

COROLLARY 4.23. Let N⊆ N be an infinite subset. Let C be a system of circuits,
enumerated by N, which expresses all ergodic measures. Then, C∞ contains all ergodic
measures. In particular, C∞ 6= ∅.

As a consequence, we obtain an expression for unique ergodicity by means of a property
of the sequences of graph covers. The next corollary should be an addition to theorems that
state the relation between unique ergodicity and uniform convergence.

COROLLARY 4.24. For a zero-dimensional system (X, f ), the following are equivalent:
(a) (X, f ) is uniquely ergodic;
(b) for all systems of circuits enumerated by infinite sets that express all ergodic

measures, C∞ consists of a single element;
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(c) there exists a system of circuits enumerated by an infinite set that expresses all
ergodic measures such that C∞ consists of a single element, and

(d) for all circuits cn ∈ Cn (n ∈ N), ξn,m(c̃n) converges uniformly to an element of 1m .

Proof. The equivalence of (a), (b), and (c) are obvious from Corollary 4.23. Clearly, (d)
implies (b). We show that (b) implies (d). Let {cn} (cn ∈ Cn) be a sequence of circuits such
that ξn,m(c̃n) converges to some µm ∈1m for all m ∈ N. Suppose that the convergence is
not uniform with respect to the selection of {cn}. Then there exists an m ∈ N such that we
can find ε > 0, an arbitrarily large n > m, and some cn ∈ Cn such that d(ξn,m(c̃n), µm)

≥ ε. The contradiction is now obvious by Lemma 4.12. �

Let µ ∈P f and µ̄= (µ0, µ1, µ2, . . . ) ∈1∞. In Notation 4.9, we have fixed a system
of linearly independent bases Bn = {cn,1, cn,2, . . . , cn,dn } ⊆ Cn of I(Gn) for each n ∈ N.
Thus, for each n ∈ N, there exists a unique expression µn =

∑
1≤i≤dn

s(µ)n,i c̃n,i such that∑
1≤i≤dn

s(µ)n,i = 1. In this context, we obtain the following expression of the above
corollary.

COROLLARY 4.25. The zero-dimensional system (X, f ) is uniquely ergodic if and only if
there exists a sequence of real numbers sm,i (m ∈ N, 1≤ i ≤ dm) with

∑
1≤i≤dm

sm,i = 1
such that, for every circuit cn ∈ Cn (n ∈ N), ξn,m(c̃n) converges uniformly to

∑
1≤i≤dm

sm,i c̃m,i as n→∞.

5. Linear dependence of circuits
In this section, we discuss the conditions for the linear dependence of C (G) for a
graph G. Let G = (V, E) be a graph and c0 ∈ C (G). A linear combination of circuits∑

c∈C (G), c 6=c0
s(c)c is expressed simply as

∑
c 6=c0

s(c)c. Suppose that there exists a linear
combination ∑

1≤i≤d

s(ci )ci = 0 (s(ci ) ∈ R for all 1≤ i ≤ d).

Let e be an edge of ci with s(ci ) 6= 0. Then there exists a j 6= i such that c j contains e. We
show that the converse also holds.

THEOREM 5.1. Let G = (V, E) be a graph and c0 ∈ C (G). There exists a linear
combination of circuits

c0 =
∑
c 6=c0

s(c)c (s(c) ∈ R for all c 6= c0)

if and only if, for every edge e of c0, there exists a c ∈ C (G) \ {c0} that contains e. In this
case, the coefficients s(c) (c 6= c0) can be taken from the set of rational numbers.

Proof. From the remark above, if the equation in Theorem 5.1 holds, then each edge of c0

is contained in a circuit c 6= c0. We have to show the converse. Suppose that every edge of
c0 is contained by another circuit. Let C (c0) be the set of all circuits that have common
edges with c0, and let c ∈ C (c0).

Notation: Let P be a subset of the set of all paths of G, and p ∈ P . We say p is maximal
in P if there exists no path q ∈ P such that p is a proper sub-path of q.
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Let P(c0, c) := {p | p is a maximal common path of c0 and c}, P(c0) :=
⋃

c∈C (c0)

P(c0, c), and Pmax(c0) := {p ∈ P(c0) | p is maximal in P(c0)}.

Notation: For a circuit c and vertices a 6= b on it, the path on c from a to b is denoted
by p(c; a, b). For mutually distinct vertices x1, x2, . . . , xk of c0, we use the expression
x1 ≤ x2 ≤ · · · ≤ xk in the following sense: p(c0; xi , xi+2) contains xi+1 for all (1≤ i ≤
n − 2), i.e. we check the order for every three steps.

In the above notation, if x ≤ y and x 6= y, then we write x < y. We claim that, for every
2≤ n, there exists a sequence of paths {p1, p2, . . . , pn} ⊆ Pmax(c0) with pi =

p(c0; ai , bi ) for 1≤ i ≤ n such that the following is satisfied: ai < ai+1 ≤ bi < bi+1 for
all 1≤ i < n.

To show this by induction, take an arbitrary p1 ∈ Pmax(c0). Assume that pk is
determined for 1≤ k, and let e be the edge of c0 with i(e)= bk . We take some pk+1 ∈

Pmax(c0) that contains e. Because pk is maximal, it follows that ak < ak+1 ≤ bk < bk+1.
The induction is complete. There exists the minimal n ≥ 2 such that p(c0; an, bn) contains
a1. We fix such an n ≥ 2. Note that an < a1 ≤ bn . Because p(c0; a1, b1) is maximal, it
follows that a1 ≤ bn < b1. For each 1≤ i ≤ n, there exists a circuit ci such that one of
the maximal common paths with c0 is pi . In the next calculation of multiple walks, if we
encounter an expression p(c; v, v) for a circuit c and a vertex v, then we just delete it from
the list. We calculate

∑
1≤i≤n ci as

= p(c0; a1, bn)+ p(c0; bn, b1)+ p(c1; b1, a1) dec. c1

+ p(c0; a2, b1)+ p(c0; b1, b2)+ p(c2; b2, a2) dec. c2
...

+ p(c0; an, bn−1)+ p(c0; bn−1, bn)+ p(cn; bn, an) dec. cn

= p(c0; a1, bn)

+ p(c0; an, bn−1)+ p(c0; bn−1, bn)+ p(cn; bn, an) dec. cn

+ p(c0; an−1, bn−2)+ p(c0; bn−2, bn−1)+ p(cn−1; bn−1, an−1) dec. cn−1
...

+ p(c0; a2, b1)+ p(c0; b1, b2)+ p(c2; b2, a2) dec. c2

+ p(c0; bn, b1)+ p(c1; b1, a1)

= p(c0; a1, bn)

+ p(cn; bn, an)+ p(c0; an, bn−1) + p(c0; bn−1, bn) dec. cn

+ p(cn−1; bn−1, an−1)+ p(c0; an−1, bn−2) + p(c0; bn−2, bn−1) dec. cn−1
...

...

+ p(c2; b2, a2)+ p(c0; a2, b1) + p(c0; b1, b2) dec. c2

+ p(c1; b1, a1) +p(c0; bn, b1),

where ‘dec.’ stands for ‘decomposing’. In the final expression, the consecutive treading of
paths in the left-hand side forms a walk that begins and ends at a1. Therefore, it is a cycle.
On the other hand, the totality of the right-hand side equals c0. Therefore, we have that∑

1≤i≤n ci = (a cycle)+ c0. Generally, a cycle can be decomposed into a sum of circuits.
Thus, the coefficient of c0 on the right-hand side is positive. This concludes the proof. �
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The following is a direct consequence of Theorem 5.1.

THEOREM 5.2. Let G = (V, E) be a graph. Then, C (G) is linearly independent if and
only if, for every circuit c ∈ C (G), there exists an edge e of c such that no other circuits
have e as an edge.

LEMMA 5.3. Let G = (V, E) be a graph and c0 ∈ C (G). Suppose that there exists a linear
combination c0 =

∑
c 6=c0

s(c)c. Then there exists a c 6= c0 such that s(c) < 0.

Proof. Suppose that the equation c0 =
∑

c 6=c0
s(c)c is satisfied. Then there exists a circuit

c 6= c0 with s(c) > 0 that has a common edge with c0. It follows that c leaves c0 at some
vertex v with an edge e′ of c, i.e. i(e′)= v and e′ is not an edge of c0. Because we have to
subtract some circuit that has an edge e′ to obtain c0, we reach the conclusion. �

LEMMA 5.4. Let G = (V, E) be a graph and c0 ∈ C (G). Then there does not exist any
linear combination c0 =

∑
c 6=c0

s(c)c such that s(c)≥ 0 for all c 6= c0.

Proof. This is obvious from Lemma 5.3. �

PROPOSITION 5.5. Let G = (V, E) be a graph. Then for every c ∈ C (G), c̃ is an extremal
point of P(G).

Proof. This is obvious from Lemma 5.4. �

Example 5.6. In the case of graphs considered by Gambaudo and Martens [4], the sets
of all circuits are linearly independent. We examine another class of directed graphs for
which the sets of all circuits are again linearly independent. Nevertheless, we do not
know whether such graphs have covers that generate all minimal Cantor systems. Roughly
speaking, we consider graphs whose circuits form trees. Let G be a directed graph and
C be the set of all circuits of G. We assume that if c and c′ are distinct elements of C ,
then #(V (c) ∩ V (c′))≤ 1. We say a vertex v ∈ V (c) ∩ V (c′) is a connecting vertex if it
exists. We consider an undirected graph such that the set of vertices is C and the set of
edges is {{c, c′} | c 6= c′ and #(V (c) ∩ V (c′))= 1}. We assume that this undirected graph
is connected and has no cycle, i.e. it is a tree. Then there exists a cycle in G that passes all
the edges of G exactly once and all the connecting vertices exactly twice. Let {s(c)}c∈C
be an arbitrary set of positive integers. Then, for a circuit graph C with a suitable period,
there exists a homomorphism ϕ : C→ G such that ϕ∗(C)=

∑
c∈C s(c)c. Even if an initial

edge in C is fixed, the map ϕ can be taken such that the initial edge is mapped to an
arbitrary edge of G. Let G ′ be another directed graph of this type, and C ′ be the set of
all circuits of G ′. Let us choose the system of positive integers {mc′,c}c′∈C ,c∈C arbitrarily.
If we modify the path lengths of all circuits of G ′, we can construct a map ϕ : G ′→ G
such that ϕ∗(c′)=

∑
c∈C mc′,cc for all c′ ∈ C ′. Note that even if a circuit c′ of G ′ winds

round a circuit c of G only once, ϕ−1(c) may consist of fragmented paths. Let {dn}n∈N
be an arbitrary sequence of positive integers and Mn (n ∈ N) be an arbitrary system of
(dn+1, dn)-matrices such that each entry is a positive integer. By the above argument, we
can find a sequence of graph covers of this type that generate this system of ‘winding’
matrices with positive integer entries.
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6. Finite ergodicity and bounded combinatorics
In this section, we ensure that the argument of Gambaudo and Martens [4, Proposition
3.3] is still valid in our case, with an extension to the somewhat unbounded case for
[4, Proposition 3.3(b)]. Let G be a sequence G0

ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · of covers. We use

the notation of (N-1)–(N-5) given in §2, particularly (X, f )= G∞.

PROPOSITION 6.1. Let N be an infinite subset of N. Let C be a system of circuits
enumerated by N that generates all measures. Suppose that P f has at least k (1≤ k ≤∞)
ergodic measures. Then there exist k sequences {c(n, j) | n ∈ N, c(n, j) ∈ Cn} with
0≤ j < k such that x j = limn→∞ c̃(n, j) (0≤ j < k) are mutually distinct ergodic
measures.

Proof. Let µ0 be an ergodic measure. By Corollary 4.23, there exists a sequence
{c(n, 0)}n∈N such that µ̄0 = limn→∞ c̃ (n, 0). Suppose that there exists another ergodic
measure µ1. By Corollary 4.23, there exists a sequence {c(n, 1)}n∈N ∈ C∞ such that
µ̄1 = limn→∞ c̃ (n, 1). In this way, we can construct c(n, j) for 0≤ j < k and n ∈ N. �

We want to check [4, Proposition 3.3(a)] for our case.

THEOREM 6.2. Let N be an infinite subset of N. Let C be a system of circuits that
expresses all measures enumerated by N and k ∈ N+. Suppose that #Cn ≤ k for all n ∈ N,
and that there exist mutually distinct circuits c′(n, i) (1≤ i ≤ l) in Cn such that c̃′ (n, i)
converges to a non-ergodic measure for each 1≤ i ≤ l. Then, P f has at most k − l
ergodic measures.

Proof. Suppose that there exist k − l + 1 ergodic measures µ j (1≤ j ≤ k − l + 1).
Then, by Proposition 6.1, there exist sequences {c(n, j)}n∈N with c(n, j) ∈ Cn for each
1≤ j ≤ k − l + 1 such that µ̄ j = limn→∞ c̃ (n, j) for each 1≤ j ≤ k + 1. Let n ∈ N.
Because {c(n, j) | 1≤ j ≤ k − l + 1} ∪ {c′(n, i) | 1≤ i ≤ l} ⊆ Cn , one of the following
cases occurs:
(a) there exists a pair j < j ′ such that c(n, j)= c(n, j ′), or
(b) there exists a pair j and i such that c(n, j)= c′(n, i).
Obviously, the number of such combinations is bounded. Therefore, there exists a pair
j0 < j ′0 such that c(n, j0)= c(n, j ′0) for an infinite number of n, or there exists a pair
j0 and i0 such that c(n, j0)= c′(n, i0) for an infinite number of n. Thus, we have a
contradiction. �

Example 6.3. We construct a sequence of covers G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · that satisfies

all of the following:
• (X, f ) is minimal;
• each Cn (n ∈ N+) is linearly dependent;
• (X, f ) has exactly two ergodic measures, and
• there exists a non-ergodic measure µ and an expression of µ by Cn (n ∈ N) such

that (b) of Theorem 4.20 is satisfied.
Let n ∈ N+. Let vn,1, vn,2, vn,3 be distinct vertices. Construct two paths an,1 and bn,1

from vn,1 to vn,2, and two paths an,2 and bn,2 from vn,2 to vn,3. We assume that the lengths
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of an,1, bn,1, an,2, and bn,2 are the same. Construct a path dn from vn,3 to vn,1. We assume
that the paths above have no common vertices, except for the initial and terminal vertices.
Thus, Cn consists of four circuits, namely {an = an,1 + an,2 + dn, bn = bn,1 + bn,2 +

dn, cn = an,1 + bn,2 + dn, c′n = bn,1 + an,2 + dn}. Because the linear equation an + bn =

cn + c′n exists, C is linearly dependent. For a cover ϕn+1,n : Gn+1→ Gn , we assume that
ϕ(vn+1,i )= vn,1 (i = 1, 2, 3) and all paths an+1, j , bn+1, j ( j = 1, 2) and dn+1 are mapped
to circuits {an, bn, cn, c′n} with the following multiplicity. Let p(n)→+∞ sufficiently
quickly as n→+∞. The path an+1,1 is mapped to an p(n)-times and to bn once. The
first edge of an+1,1 is mapped to the direction of an . The first edge of the path bn+1,1

has to be mapped to the same direction as an+1,1. We assume that bn+1,1 is mapped to
an once and to bn p(n)-times. The path an+1,2 is mapped to an p(n)-times and to bn

once. The path bn+1,2 is mapped to an once and to bn p(n)-times. The path dn+1 is
mapped to cn once and to c′n once. Then, because the condition (d) in Theorem 3.5 is
satisfied, the inverse limit (X, f ) is minimal. All 1n (n ∈ N+) are convex quadrilaterals
with extremal points ãn, b̃n, c̃n , and c̃′n . It follows that ξn maps ãn+1 and b̃n+1 closer
to ãn and b̃n , respectively, as n→∞. On the other hand, ξn maps c̃n+1 and c̃′n+1
closer to (ãn + b̃n)/2 as n→∞. Because we have assumed that p(n)→+∞ sufficiently
quickly, ã∞ = limn→∞ ãn and b̃∞ = limn→∞ b̃n exist, and are distinct ergodic measures.
Moreover, we have that limn→∞ c̃n = limn→∞ c̃′n = (ã∞ + b̃∞)/2. By Theorem 6.2, there
exist exactly two ergodic measures. Let µ= (ã∞ + b̃∞)/2. This is not ergodic, and has
an expression µn = (

1
2 )ãn + (

1
2 )b̃n = (

1
2 )c̃n + (

1
2 )c̃
′
n for all n ∈ N+. Let ε > 0. Then we

have seen that, for sufficiently large n, cn, c′n ∈ C(µ, m, n, ε). Thus, condition (b) of
Theorem 4.20 is satisfied for a non-ergodic measure µ. Note that the resulting P f is one-
dimensional, and requires only two circuits an and bn to express all measures for n ∈ N. If
p(n)→+∞ too slowly, the system becomes uniquely ergodic.

In [4, Proposition 3.3(b)], Gambaudo and Martens showed that if f has bounded
combinatorics for a Cantor minimal system, then it is uniquely ergodic. We want to extend
this theorem in our case, and also loosen the condition to the somewhat unbounded case.
Let G be a sequence G0

ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · of covers for a zero-dimensional system.

We use the notation of (N-1)–(N-5) given in §2. Let n ∈ N. For a circuit c ∈ C (Gn+1),
there exists a representation (ϕn)∗(c)=

∑
c′∈Cn

s(c′)c′ with s(c′) ∈ N for all c′ ∈ Cn .
Generally, these representations are not unique. To make matters worse, some of the
s(c′) may be equal to 0, meaning that the argument in [4, Proposition 3.3(b)] fails in
our case. Nevertheless, we think it is not unnatural to restrict the systems of circuits
to those in which all values of s(c′) are positive. This is partly because, as shown in
Example 6.3, there exist cases in which not all circuits are needed to express all measures,
and partly because, as shown in Example 5.6, there exist cases in which all Cn (n ∈ N)
are linearly independent and all values of s(c′) become positive for certain covers of
minimal Cantor systems. As in the case of [4, Proposition 3.3(b)], we consider a ‘winding
matrix’ for all ϕn (n ∈ N). Let C be a system of circuits enumerated by N that expresses
all invariant measures. Suppose that there exist non-negative integers m(c, c′) (c ∈ Cn+1,

c′ ∈ Cn, n ∈ N) such that (ϕn)∗(c)=
∑

c′∈Cn
m(c, c′)c′ for all n ∈ N. We fix a numbering

{c(n, 1), c(n, 2), . . . , c(n, dn)} = Cn for all n ∈ N. For each n ∈ N, we define a
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matrix Mn whose entries are mn(i, j)= m(c(n + 1, i), c(n, j)) for all 1≤ i ≤ dn+1 and
1≤ j ≤ dn . Let n ∈ N, and let α ∈1n+1 be expressed as α =

∑
c∈Cn+1

s(c)c̃ with
∑

c∈C s(c)= 1. Then (ϕn)∗(α)=
∑

c∈Cn+1

∑
c′∈Cn

s(c) · (Per(c′)/Per(c))
· m(c, c′)) · c̃′. If we write αi := s(c(n + 1, i)) for 1≤ i ≤ dn+1 and ls(i) := Per(c(s, i))
for 1≤ i ≤ ds for all s ∈ N, then (ϕn)∗(α)=

∑dn+1
i=1

∑dn
j=1 αi · (ln( j)/ ln+1(i)) ·

mn(i, j) · c̃ (n, j). Therefore, we consider a matrix M̄n whose (i, j)-th entry is
m̄n(i, j)= (ln( j)/ ln+1(i)) · mn(i, j). The matrix M̄n acts on α from the right. We
say {M̄n}n∈N is the system of winding matrices of C. Note that

∑
1≤ j≤dn

m̄n(i, j)= 1 for
all 1≤ i ≤ dn+1.

Example 6.4. Let {dn}n∈N be a sequence of positive integers. Let M : {M̄n =

(m̄n(i, j))}n∈N be a sequence of (dn+1, dn)-matrices with positive, rational entries such
that

∑
j m̄n(i, j)= 1. As shown in Example 5.6, for any sequence mn(i, j) (n ∈ N, 1≤

i ≤ dn+1, 1≤ j ≤ dn) of positive integers, there exists a sequence of covers G : G0
ϕ0
←−

G1
ϕ1
←− · · · that generates such a sequence. Note that we are only concerned with the rate

mn(i, 1) : mn(i, 2) : · · · : mn(i, j) to obtain the desired M̄n . Therefore, we can construct
G such that, for each n ∈ N, all circuits in Gn have an equal period, and we can adjust
the values of mn(i, j) to generate the system of m̄n(i, j). Thus, we can realize M by a
sequence of covers.

Notation 6.5. Let M be a matrix whose entries are mi, j , and let ε be a real number. We
write ε < M if ε < mi, j for all i, j . We call M a positive matrix if 0< M .

LEMMA 6.6. Let s, t be positive integers and 1/t ≥ ε > 0. Let M = (mi, j )1≤i≤s, 1≤ j≤t be
a matrix that satisfies ε ≤ M and

∑
1≤ j≤t mi, j = 1 for all 1≤ i ≤ n. Both Rs and Rt are

endowed with the norm as |x | =
∑

i |xi |, where x = (x1, x2, . . . , xs) or (x1, x2, . . . , xt ).
Let 0 6= x = (x1, x2, . . . , xs) ∈ Rs be orthogonal, in the usual sense, to (1, 1, . . . , 1) ∈
Rs , i.e.

∑
1≤i≤s xi = 0. Let y = x M. Then it follows that |y| ≤ (1− tε)|x |.

Proof. Although the calculation is elementary, we list it here for completeness. We set
I = [1, s] and J = [1, t]. First,

∑
j∈J y j =

∑
i, j mi, j xi =

∑
i (
∑

j mi, j )xi =
∑

i xi = 0,
and y is also orthogonal to (1, 1, . . . , 1). Let I1 := {i ∈ I | xi ≥ 0} and I2 := [1, s] \
I1 and J1 := { j ∈ J | y j ≥ 0} and J2 := [1, t] \ J1. Then |x | =

∑
i∈I1

xi −
∑

i∈I2
xi and

|y| =
∑

j∈J1
y j −

∑
j∈J2

y j . Because
∑

i∈I xi = 0, we also have |x | = 2
∑

i∈I1
|xi | =

2
∑

i∈I2
|xi |. It follows that

|x | − |y| =
∑
i∈I1

xi −
∑
i∈I2

xi −

(∑
j∈J1

y j −
∑
j∈J2

y j

)

=

∑
j∈J

(∑
i∈I1

mi, j xi −
∑
i∈I2

mi, j xi

)

−

∑
j∈J1

(∑
i∈I1

mi, j xi +
∑
i∈I2

mi, j xi

)
+

∑
j∈J2

(∑
i∈I1

mi, j xi +
∑
i∈I2

mi, j xi

)
= 2

∑
i∈I1, j∈J2

mi, j xi − 2
∑

i∈I2, j∈J1

mi, j xi
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= 2
∑

i∈I1, j∈J2

mi, j |xi | + 2
∑

i∈I2, j∈J1

mi, j |xi |

≥ 2
∑

i∈I1, j∈J2

ε|xi | + 2
∑

i∈I2, j∈J1

ε|xi |

= (#J2) · ε · 2
∑
i∈I1

|xi | + (#J1) · ε · 2
∑
i∈I2

|xi |

= (#J2) · ε · |x | + (#J1) · ε · |x | = tε|x |.

Therefore, we have that (1− tε)|x | ≥ |y|, as desired. �

The next theorem extends [4, Proposition 3.3(b)]. In [2, Theorem 4.11], the next
theorem is referred in its complete form in the context of Bratteli diagrams of finite rank.

THEOREM 6.7. Let C be a system of circuits enumerated by N that expresses all invariant
measures. Suppose that C has the system of winding matrices {M̄n}n∈N. Let M̄n be a
(dn+1, dn)-matrix for each n ∈ N. Suppose that there exists a series of positive numbers
0< εn (n ∈ N) such that εn ≤ M̄n for all n ∈ N. Suppose that

∏
∞

i=n(1− diεi )= 0 for all
n ∈ N. Then, (X, f ) is uniquely ergodic.

Proof. It is enough to show that diam(ξ∞,n(1∞))= 0 for all n ∈ N. Fix n ∈ N. By
Lemma 6.6, diam(ξm,n(1m))≤ (diam(1m))

∏m−1
i=n (1− diεi ). Therefore, we have

that diam(ξm,n(1m))→ 0 as m→∞. By Lemma 4.13, 1n ⊇ ξn+1,n(1n+1)⊇

(ξn+2,n)(1n+2)⊇ · · · , and
⋂

m>n ξm,n(1m)= ξ∞,n(1∞). Therefore, we obtain
diam(ξ∞,n(1∞))= 0, as desired. �

7. A simple link to Bratteli diagrams

We shall form a sequence of graph covers G0
ϕ0
←− G1

ϕ1
←− G2

ϕ2
←− · · · such that the inverse

limit G∞ = (X, f ) is a Cantor minimal system. This set of examples is clearly linked with
some simple Bratteli diagrams, and has maximal equicontinuous factors that are odometer
systems. Applying Theorem 6.7, certain general cases of these examples are uniquely
ergodic. Therefore, some set of Bratteli–Vershik systems will also be uniquely ergodic.
We refer to Gjerde and Johansen [5] for details of Bratteli diagrams.

Definition 7.1. Consider a simple Bratteli diagram with top vertex v0. Let n ≥ 1 be a level,
and v be a vertex of level n. If the number of paths from v0 to v is independent of the
choice of v, then we say that the diagram has the equal path number property.

In [5], Gjerde and Johansen showed that the family of expansive Bratteli–Vershik
systems associated with simple Bratteli diagrams that have the equal path number property
coincides with the family of Toeplitz flows up to conjugacy. We shall construct a set of
sequences of graph covers such that the corresponding Bratteli diagrams are simple and
have the equal path number property. We are unsure of the condition when the resulting
zero-dimensional system is expansive. Let G0 be the singleton graph that corresponds
to the top vertex of the Bratteli diagram. We shall construct a sequence {pn}n≥1 of
positive integers. We assume that p1 ≥ 2. We shall construct graphs Gn with n ≥ 1 that are
generalized figure-8s. The figure-8 is a graph that has a unique central vertex, and distinct
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circuits that start and end at the central vertex. We denote the central vertex as vn,0, and ln
distinct circuits as {cn,1, cn,2, . . . , cn,ln }. We assume that each circuit cn,i with 1≤ i ≤ ln
has the same period pn for each n ≥ 1. Thus, we write

cn,i = (vn,i,0 = vn,0, vn,i,1, vn,i,2, . . . , vn,i,pn = vn,0)

for n ≥ 1 and 1≤ i ≤ ln . As we are constructing each Gn as a figure-8, we assume that
V (cn,i ) ∩ V (cn, j )= {vn,0} for all n ≥ 1 and i 6= j . In the corresponding Bratteli diagram,
these circuits correspond to vertices of level n. To simplify the following statements, we
assume that ln ≥ 3. Note that we include the case in which ln→+∞ as n→∞. We shall
construct covers by adjusting pn for every n ≥ 2.

Notation 7.2. Letw = (v0, v1, . . . , vl) andw′ = (u0, u1, . . . , ul ′) be two walks. Suppose
that vl = u0. Then a new walk ww′ := (v0, v1, . . . , vl , u1, u2, . . . , ul ′) is well defined. If
c is a cycle of length l, then for any positive integer n, a cycle cn of length ln is similarly
defined. When a walk wcw′ can be constructed, a walk wc0w′ is identified with ww′.

Let {m(n, j, i)}1≤n,1≤ j≤ln+1,1≤i≤ln be a sequence of positive integers such that
m(n, j, i)≥ 2 for all n, j and i . We assume that mn :=

∑ln
i=1 m(n, j, i) is independent

of j . We assume that

ϕn(cn+1,1) := cm(n,1,1)
n,1 cm(n,1,2)

n,2 cm(n,1,3)
n,3 · · · cm(n,1,ln)

n,ln

ϕn(cn+1,2) := cn,1cm(n,2,2)
n,2 cm(n,2,1)−1

n,1 cm(n,2,3)
n,3 · · · cm(n,2,ln)

n,ln ,

ϕn(cn+1, j ) := cm(n, j,1)
n,1 cm(n, j,2)

n,2 · · · cm(n, j,ln)
n,ln for j ≥ 3.

(7.1)

To satisfy this assumption, we claim that pn+1 = pnmn . Because each ϕn(cn+1, j ) starts
with cn,1 and ends with cn,ln , the covers defined above are bidirectional, and the inverse
limit is a homeomorphism. See §3 of [9] for a detailed discussion. Using the notation
described in §2, we write the inverse limit as (X, f ). It is clear that (X, f ) is a Cantor
system. In this set of examples, we can make the link with the Bratteli diagram as follows.
For each level n ≥ 1, the partition

{V (vn,i,k) | 1≤ i ≤ ln, 1≤ k < pn} ∪ { f (V (vn,i,pn−1)) | 1≤ i ≤ ln}

is the Kakutani-Rohlin partition. Therefore, the set of vertices of level n in the
Bratteli diagram is identified with {cn,1, cn,2, . . . , cn,ln }, and there exist m(n, j, i) edges
connecting cn+1, j and cn,i . The order of the edges is the order that appears in the equation.
In the Bratteli diagram, the number of paths from v0 to cn,i is pn , which is independent of i .
Thus, we have the equal path number property. A similar point holds even if the order of
cn,i is changed in the defining equation (7.1). We need only ensure that the initial circuits
and the last circuits are the same. We have selected a set of examples that have simple
orders such that we can easily find a proximal pair (see Lemma 7.8).

LEMMA 7.3. Let n ∈ N, and let M̄n be the winding matrix. Then this is a (ln+1, ln)-matrix
for each n ∈ N. For 1≤ j ≤ ln+1 and 1≤ i ≤ ln , the ( j, i)-th entry of M̄n is m(n, j, i)/mn .
The arbitrary positive stochastic matrices with ln ≥ 3 and rational coefficients are attained
by selecting suitable values of m(n, j, i).
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Proof. The statement is obvious from the definitions. �

Remark 7.4. To ensure the sequence of winding matrices satisfy the condition of unique
ergodicity in the statement of Theorem 6.7, the selection of the m(n, j, i) is easy.

LEMMA 7.5. The homeomorphism (X, f ) is a minimal Cantor system.

Proof. Because the above sequence of graph covers satisfies condition (d) of Theorem 3.5,
the conclusion is obvious. �

In [3], Ellis and Gottschalk showed that for any minimal homeomorphism on a
compact metrizable space, there exists a maximal equicontinuous factor. In [8], Paul
showed that if an equicontinuous factor is almost one-to-one (or has a point of one-to-
one correspondence), then it is maximal.

Notation 7.6. A graph cover c1,1
φ1
←− c2,1

φ2
←− · · · is defined such that φn(vn+1,0)= vn,0

for all n ∈ N+. We denote the corresponding odometer system as (Od, ρ).

LEMMA 7.7. There exists a maximal equicontinuous factor π : (X, f )→ (Od, ρ) such
that π is almost one-to-one. This holds even if the order of circuits in the defining equation
is changed.

Proof. There exists a natural graph homomorphism πn : Gn→ cn,1 such that πn(vn,0)=

vn,0 for all n ∈ N. This graph homomorphism commutes with the graph covers on each
side. Therefore, there exists a factor π : (X, f )→ (Od, ρ). Because both (X, f ) and
(Od, ρ) are minimal, we need to show that there exists a point p ∈ Od such that the
element of π−1(p) is unique. We define p := (v0,0, v1,0, v2,0, . . . ) ∈ Od. Then π−1(p)=
{(v0,0, v1,0, v2,0, . . . ) ∈ X} as desired. The maximality also follows from this. The last
statement is clear. �

A pair x 6= y is said to be proximal if lim infn→+∞ d( f n(x), f n(y))= 0.

LEMMA 7.8. The Cantor system (X, f ) has a proximal pair. Therefore, it is not an
odometer.

Proof. Fix N > 0. From equation (7.1) and the assumption that m(n, j, i)≥ 2 for
all n, j and i , we have that ϕN (vN+1,1,2pN+1)= vN ,1,1 and ϕN (vN+1,2,2pN+1)=

vN ,2,1. Let kN = 1 and kN+1 = 2pN + 1. If kn is defined for n ≥ N such that
ϕn(vn+1,1,kn+1)= vn,1,kn and ϕn(vn+1,2,kn+1)= vn,2,kn , the kn+2 is defined similarly. Note
that pn − kn→+∞ as n→+∞. We define x := (. . . , vN ,1,kN , vN+1,1,kN+1 , . . .) and
y := (. . . , vN ,2,kN , vN+1,2,kN+1 , . . .). Then we have f pn−kn (x), f pn−kn (y) ∈ V (vn,0) for
all n ≥ N . Thus, we obtain the desired conclusion. �

Combining the lemmas and the arguments in this section, we get the next theorem.

THEOREM 7.9. The homeomorphisms (X, f ) are minimal Cantor systems that are not
odometer systems, and have odometer systems as their maximal equicontinuous factors.
Some of them are uniquely ergodic. These Cantor minimal systems are expressed by simple
Bratteli diagrams with the equal path number property.
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