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Waves in a magnetized electron—positron plasma, supporting a large-amplitude
electric field Ey of superluminal phase speed, are considered. The case of pertur-
bations with the same phase speed as the large-amplitude wave can be treated
exactly, and we restrict our attention to this case, obtaining analytical results. The
exact analytical results provide insight into the effect of the magnetic field and
the large-amplitude wave on the harmonic structure of the perturbations. Three
solutions are found for waves polarized perpendicular to E). Waves are amplitude-
modulated for weak magnetic fields (relative to the strength of the large-amplitude
wave) and frequency-modulated for strong magnetic fields. This suggests that fre-
quency modulation may be relevant to pulsars.

1. Introduction

Large-amplitude nonlinear waves in plasmas have been studied in considerable de-
tail. Akhiezer and Polovin (1956) considered nonlinear wave modes in a cold elec-
tron plasma and obtained solutions for the longitudinal and transverse cases, and
established some relations for the more general longitudinal-transverse case. Max
and Perkins (1971) investigated the case of linearly polarized transverse waves in
a homogeneous cold unmagnetized plasma with fixed ions, and also considered the
penetration of the waves into a plasma of varying density. That work was extended
by Max (1973) to circularly polarized electromagnetic waves, including ion mo-
tion. Kennel and Pellat (1976) discussed relativistic nonlinear plasma waves in a
magnetic field including transverse circularly polarized waves, longitudinal super-
luminal waves, transverse superluminal waves (in zero magnetic field) and Alfvén
waves. Janicke (1977) considered the superluminal-wave case from a formal point of
view, and discussed the general form (and some properties) of solutions in the case
of arbitrary particle distribution functions. While no additional explicit solutions
were obtained, expansions in the wave strength parameter (eFy/m.Q, where Q is
the wave frequency) were developed.

In order to account for the effect of a large-amplitude wave on the wave modes
supported by the medium, a perturbation approach is required. The large-amplitude
wave is included explicitly in the description of the equilibrium of the system,
which, in general, has temporal (and/or spatial) dependence. Such an approach was
adopted in the weakly nonlinear case by, for example, Lakhina and Buti (1981),
Weatherall et al. (1981), who gave a numerical treatment of the longitudinal-wave
case, and Freund and Papadopoulos (1980), who used an analytical treatment. In
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these cases the large-amplitude wave was assumed to be monochromatic, with at
most a relatively low-frequency amplitude modulation. Pustovalov et al. (1978)
also considered parametric instabilities in an unmagnetized plasma subject to a
laser, modelled either as weakly amplitude-modulated or phase-modulated. The
large-amplitude wave considered here contains more harmonic structure than is
retained in these calculations.

The fully nonlinear case was considered for a linearly polarized large-amplitude
wave in unmagnetized and magnetized plasmas by Luheshi and Stewart (1978a, b)
and extended to two-dimensional large-amplitude waves by Luheshi and Stewart
(1979). These works involved numerical calculations of Floquet exponents, giving
the exponential growth rates for waves in the plasma. However, this approach
cannot address the harmonic structure of the waves. An analytical calculation was
performed by Asséo et al. (1980) for the case of a large-amplitude triangular wave. A
Fourier technique was applied; however, this assumed that the unperturbed particle
energy is constant throughout the orbit, which in fact is not the case. It is unclear
to what extent constant energy is a good approximation, but clearly information
on the harmonic structure of the perturbations is lost.

A motivation for this work, not dealt with here, is a continuing study of linear
acceleration emission (LAE) applied to pulsars. LAE has been proposed as one of
a myriad of candidates for the radio-pulsar emission mechanism (see e.g. Melrose
1978). In the LAE model it is assumed that a large-amplitude longitudinal wave
is present in the pulsar magnetosphere after the pair-creation cascade has taken
place. Radio emission is then due to instabilities in this pair plasma. Some form
of maser action is required to explain the high brightness temperatures (10*° K)
of radio pulsar emission, and previous calculations (Rowe 1995) using a single-
particle approach, suggest that this is indeed possible. A shortcoming of the single-
particle approach is that the refractive index of the medium is undetermined (in
the calculations it is assumed to be close to unity) and the large-amplitude wave is
assumed not to alter the properties of the plasma. The present approach obviates
this assumption. However, we do not specifically seek instabilities here, nor do we
treat pulsar radio emission in detail.

In this paper we consider waves in an electron—positron pair plasma support-
ing a large-amplitude superluminal wave polarized along an ambient magnetic
field, in the special case in which the perturbation has the same phase speed as
the large-amplitude wave. To the best of the author’s knowledge, no exact analy-
tical results have previously been presented, and in this case an exact analytical
calculation can be performed, giving insight into the full harmonic structure of
the waves (which is our main interest here). In general, this structure depends in
a non-trivial way on both the ambient magnetic field strength and the strength
of the large-amplitude wave, and the analytical results show the full scope of
behaviours possible. More generally, these behaviours should also be relevant in
a qualitative sense to the k # 0 case, which is, however, not amenable to an
exact analytical treatment. In Sec. 2 we describe the large-amplitude wave taken
as present in our ‘equilibrium’. It is identical to the longitudinal case of Akhiezer
and Polovin (1956), although we express it here in a more transparent form.
In Sec. 3 we develop the appropriate linearized equations, while in Sec. 4
we detail the waves supported by the equilibrium and give analytical solutions.
In Sec. 5 we consider the behaviour of these waves in various limits, including
the weak- and strong-magnetic-field limits, in which amplitude modulation
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and frequency modulation respectively are exhibited. We use units with ¢ = 1
throughout.

2. The equilibrium

For a cold electron—positron plasma, the relevant MHD equations are the continuity
equation and the equation of motion for each species. These are respectively

O 9 (Nava) =0, 1)
at
P
% +vi Vp, = 2e(E+ vy x B), (2.2)

where a + sign labels positron quantities and a — sign those for the electrons. The
plasma is subjected only to the Lorentz force, and we have assumed that there is no
net pair creation. Together with Maxwell’s equations, these equations completely
specify our system.

The assumption of a collisionless plasma means that we can neglect the effects of
viscosity, and the cold-plasma assumption implies that no pressure terms appear.
In this case the equations of motion for the plasma are just the single-particle
equations of motion. The cold-plasma approximation appears to be valid if the
plasma is in the presence of a strong electric field (see e.g. Rowe 1992), as is the
case discussed here. In essence, the strong electric field minimizes any effect due to
disparate particle velocities.

For the equilibrium, we shall take a homogeneous, cylindrically symmetric sys-
tem with electrons and positrons moving along a uniform and static ambient mag-
netic field By2, together with a time-dependent electric field Ey(¢)Z. In this case, the
ambient magnetic field has no effect on the large-amplitude wave derived below;
however, it is relevant to the wave perturbations introduced in Sec. 3. Homogeneity
implies, given (2.1) and charge neutrality, that Ny = N_ = N, (a constant). The
equations of motion (2.2) become

d’yivi cE
=+ 2.3
dt Me (2.3)
and Ampere’s law can be written in the form
dE _ mew,
— =- —v_ 2.4
==V, (2.4

where w;‘; = 2Nye? /egme is the total plasma frequency. Equation (2.4) indicates that
the electric field is entirely determined by the time dependence of the current.
Equations (2.3) and (2.4) furnish a couple of auxiliary equations
d'yi Evy - E

= -4 2.5
7 —— (2.5)

LeoE® +meNy(vys +v-) = const, (2.6)
the latter expressing conservation of energy for the wave—particle system. Special
cases involve assuming that either v4 - E = 0 or vi - E = v3 E. In the first case
the electric field describes circularly polarized simple harmonic waves, and in the
second case plane waves with profiles described by elliptic integrals. The system we
consider here fits into the second category.
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In order to obtain a symmetric waveform (with respect to time inversion or
charge conjugation), we shall further assume that the electrons and positrons have
the same energy, so that v+ = y_ = ~, and then (2.6) implies that
_ 2mliw

,
E? = — (v, — ), (2.7)

€

where 7, is the maximum attained particle Lorentz factor.
In writing out the solution, it is convenient to define the dimensionless quantity

1/2
’Ym_l ‘
= 2.
! <vm+1) ’ 25

and to write 7y in terms of a variable ¢, such that

_1+n? sin® ¢

= 2.9
1 —n2 sin® ¢ (29)

Equation (2.7) can now be written in the form
e 2Mewy, n coscb; (2.10)

e (1=n3)V2 (1 —n2sin® ¢)1/27

indicating that the nonlinear equilibrium solution is a periodic function of ¢. The
variable ¢ appears naturally in the integration of (2.5), and we find that it is related
to the time ¢ by

1

L= e 2R — (=@ ) -

n? sin 2¢
(1 —n? sin® ¢)1/2]’
with ¢ = 0 when ¢ = 0. The functions F(¢,n) and E(¢,n) are elliptic integrals of
the first and second kinds respectively (see e.g. Byrd and Friedman 1971), and are

monotonically increasing functions of ¢. There is an oscillatory component to ¢;
nevertheless, it is also a monotonically increasing function of ¢. As a function of

(2.11)

time, the waveform resembles a cosine wave for small n and a triangle wave for

n ~ 1. Thus, as v, increases, higher harmonics become important. The solution

given here is an alternative form to that given by Akhiezer and Polovin (1956).
The frequency of the wave oscillation is given by

Q- Twy (1 —n?)!/?
2[2E(n) — (1 —n?)K(n)]’

(2.12)

where E(n) and K(n) are complete elliptic integrals, and is a decreasing function
of v (or of wave amplitude), as depicted in Fig. 1. In the small-amplitude limit
(n — 0) it approaches wp, and in the large-amplitude limit (n — 1) it takes the
form

Q ~ mw, /272172, (2.13)

The solution given here represents a wave with infinite phase speed in this par-
ticular reference frame (since Ej has only time dependence). In any other reference
frame the phase speed is finite but greater than that of light (the wave is super-
luminal), and, depending upon the reference frame, this wave may be transverse,
longitudinal or longitudinal-transverse. In the application to pulsars envisaged (but
not treated here) a particularly relevant Lorentz transform is one parallel to the
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Figure 1. The frequency of a large-amplitude wave, as a function of the parameter n.

magnetic field, such that in the new reference frame there is bulk pair plasma flow
along the magnetic field lines (as expected in pulsar magnetospheres). In this case
the large-amplitude wave is a longitudinal wave, polarized along the magnetic field.

3. Linearized equations

We now linearize the system and consider the waves supported by the electron—
positron plasma in the presence of the large-amplitude wave derived in Sec. 2. We
perform all calculations in the same reference frame as in Sec. 2. All equilibrium
quantities are henceforth labelled with a subscript 0, while first-order quantities
have no subscript. Here we consider only perturbations with k = 0 (homogeneous).
While this is restrictive, in this case the allowed waves can be described analyti-
cally, allowing for detailed analysis — in particular of their dependence on both the
magnetic field and Ey(t). This choice implies that the perturbations are also su-
perluminal. In this particular reference frame the waves have infinite phase speed
(or wavelength), but in an arbitrary reference frame they have finite (superlumi-
nal) phase speed and finite wavelength. We shall show in Sec. 5.1 how these waves
(derived in Sec. 4) are related to the pair-plasma analogues of the magnetoionic
modes.

The linearized equation corresponding to (2.1), together with charge neutrality
(from Gauss’ law), then implies that Ny = N_ = N (a constant). Without loss of
generality, we may set N = 0. Equation (2.2) leads to

d B
L4 20 v =+ S (E+v, x B), (3.1a)
dt meYo Me
Yo 0 0
Ir= 0 v O y (Slb)
0 0
where vyy = —v_y = vy. The appearance of ’y(g, in the last element of I' is a mani-
festation of the fact that the z component of the equilibrium particle velocity vy is

non-zero.
The induction equation for the magnetic field implies that the perturbed magnetic
field B is uniform and constant. As such, we are free to incorporate it into the
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ambient field By, and thus we further assume B = 0. The linearized version of
Ampere’s law takes the same form as (2.4), with E, v and v_ regarded as first-
order quantities.

There are two cases that we can treat separately: E polarized perpendicular to
By, and E polarized along By. In the first case we use (3.1) to find

d B 2
%['Y(i(vﬁ- Tvo)|+ in:i X (ve —v_) = meevoi x B =0, (3.2a)
d B 2

E#MNV+—V_H+-Z;%><W++V_):WZE. (3.2b)

On multiplying (2.4) by 7o and differentiating, we use (3.2) to remove the derivative
on the particle velocities. Repeating the procedure gives an equation that we can
integrate once immediately. We find

mewz Qp

YoEL +7E + (wé + B)EJ_ = Vv, (3.3)
Yo € Y

where V is an arbitrary constant vector with units of velocity, Qp = eBy/m, is the
electron cyclotron frequency, and the dots represent total derivatives in time.

In the case E || By we rewrite (2.4) as an integro-differential equation for Ej,
which we then differentiate a sufficient number of times to obtain an ordinary
differential equation. We find in this case

WE: + 3% E: + wiE, =0, (3.4)

We consider solutions to the E| case alone in this paper.

4. Solutions of the linearized equations for E |

Equation (3.3) can be separated into its two component scalar equations, and two
linearly independent solutions of the homogeneous scalar equations can then be
written in terms of ¢ in the form

E"(¢) = A(¢) cos f(9), (4.1a)
E™(¢) = A(¢) sin f(¢), (4.1b)
with

1 — 2n2sin2 o \/?

AW=(1€A$5), (4.2a)
5 20+, +1 "
¢ = bty — 17 (4.2b)
2
b_ch) (4.2¢)
Wp
20 \/*1 2 ,

f(@) = (%n " 1) C[F((b’ n) + m“(qﬁ, ¢n®n)|, (4.2d)

and where positive square roots are implied. We shall use f(¢) and f(¢) interchange-
ably, depending on whether we wish to emphasize the form of f in terms of ¢ or ¢,
and similarly for other functions of ¢ or ¢. The solution E~ is illustrated in Fig. 2
for various choices of parameters, E* being merely a half-period out of phase with
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E~. The solutions are both discussed more fully in Sec. 5. A further solution is

described by the special solution of (3.3). A closed form cannot be obtained; how-

ever a Green-function approach provides a form involving two single quadratures.

Denoting this third solution by a superscript s, we have

~w [ E'(¢) o [Py E@)
S — /
E'9)=E"(9) 0 dé (1 — n2sin2 ¢/)1/2 tE (¢)/¢ d¢ (1 — n2sin2 ¢/)1/2"

(4.3)

The general solution of (3.3) is an arbitrary linear combination of these three solu-

tions, each with independent, arbitrary orientation in the L plane:

E|(¢) = A+E"(¢) + A_E™(9) + A E°(9), (4.4)
where A., A_ and A, are all arbitary constant vectors in the L plane and
1/2
2 e
A, = My, (4.5)
Ym T 1 g

In addition, we may solve for the particle velocities using (2.4) and (3.2), intro-
ducing a constant of integration. We have
eQ e . xV C(Cz
vi=———axETF SE - + =, (4.6)
MeWpYo MeWp Yo Yo

where C is an arbitrary constant. All solutions imply a charge-sign-dependent oscil-
lation along E together with a sign-independent E X B oscillation and an arbitrary
streaming motion along B. The V' # 0 solution has in addition a sign-independent
E x B drift term.

5. Discussion

In general, the behaviours of the solutions E*, E~ and E* are hidden within the
functions A(¢) and f(¢). These behaviours depend upon the choice of b and ~,,,
as illustrated in Fig. 2, and there are several cases for which further elaboration is
possible.

5.1. The limit as vy, — 1

This limit is a useful check on our results, and reproduces standard results for
magnetoionic-like waves in a cold magnetized pair plasma, in the absence of the
large-amplitude wave. In this case one has n — 0 and

e (Y] 51
¢ o) (5.1)

The elliptic functions F(¢,n) and II(¢,(*n* n) then both tend to ¢ (= wyt from
(2.11)). Thus

E*(¢) — cos|(Q% + w§)1/2t|, (5.2a)
E™(¢) — sin[(Q} +w3)'/t], (5.2b)

as expected for waves in a cold magnetized electron—positron plasma (with k = 0).
In this particular reference frame k = 0 implies that the waves are at the cutoff
frequency of the z- and o-mode equivalents in the pair plasma (i.e they have the
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Figure 2. £~ (t) for various choices of v, and b. In (a), (b) and (¢) v, = 10 and b = 0.05, 10
and 500 respectively. In (d), (e) and (f) vm = 100 and b = 0.2, 50 and 2000 respectively. In
each column the period of the equilibrium waveform is indicated by the width of the lowest
panel. Thusin (a) and (d) E™ (¢) consists of the equilibrium waveform, amplitude-modulated,
with modulation frequency given by the width of the panels. In (c¢) and (f) the waveform is
frequency-modulated with modulation frequency twice the frequency Q. (b) and (e) show
evidence of both frequency and amplitude modulation.

lowest frequency possible for such waves). Lorentz transforming to another refer-
ence frame implies that k' 7 0, and the waves are above cutoff in the new frame.
Equation (4.3) implies that

5 w . , T
E*(¢p) — P )]/2{1 —cos[(w;-l-QQB)'/ S

o S osl(W? + Q)12 53
(W2 + Q3 wp X cos|(w, + Q) 7t ¢, (5.3)

which contains E*(¢) and a static term related to the non-zero E x B drift of
particles appearing in (4.6).
5.2. The limit b < vy, — 1

The plots of E~(¢) in this limit show that the waveform consists of a relatively
high-frequency wave, with amplitude modulation at a lower frequency (see Fig. 2).
Generally, we may write

f(t) = Qt + P(t) + AQt, (5.4)
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Figure 3. The modulation frequency AQ in units of b'/2Q) for the case b <€ vm — 1 (sce (5.8)),
as a function of 7. For 4, ~ 1. one has AQ/b'?Q ~ (y, — 1)'/2/8'/2 while for 7, > 1.
the function decreases as AQ/b'/?Q ~ 2!/%1n ’ym/n’y,],{2.

where Q is given by (2.12), AQ is given by
1/2
AQ = Q{i (7;1; 1>/ % {K(n) + Miﬂ_ln(gznz,n)} - 1}, (5.5)
and P(t) is a purely periodic function with period ©/€Q, thus explicitly separating
out the secular part of f(t). Hence
E*(¢) = A(¢) {cos|Qt + P(t)] cos AQt — sin[Qt + P(t)|sin AQt},  (5.6a)
E~ (@) = A(¢) {sin[Qt + P(t)] cos AQt + cos[Qt + P(t)] sin AQt} . (5.6b)

In the Appendix it is shown that in the limit b < v, — 1
E*(¢) — {E; + O(b'/?)} cos AQt + O(b'/?) sin AQt, (5.7a)
E~(¢) — {E: + O(b"/?)} sin AQt + O(b'/?) cos AQt, (5.7b)

where I has the form of (2.10) but normalized to unit amplitude. The waves thus
have the same form as the equilibrium waveform (2.10), with frequency Q but
modulated by a low-frequency wave of frequency AQ.

In our limit of interest (see the Appendix)

AQ b 17

o~ || o - B 5.9
gives the envelope frequency, as depicted in Fig. 3. We expect the above approxi-
mations to hold as long as AQ/Q < 1, so that the modulations occur over many
periods of the high-frequency component.

If b — 0, our results must satisfy the second-order ordinary differential equation
(3.3) with Qp = 0. In this case £ is invalid, since it specifically requires a non-zero
constant on the right-hand side of (3.3), and E*(¢) — E; as AQ — 0. In the case
of E~(¢) we need to retain terms to order b'/%. Specifically

2b
Vm_]

1/2
E<@~< >{mwmm—m¢m+m@, (5.9)

as shown in the Appendix. These solutions are indeed solutions of (3.3) with Qp = 0.
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The last result has a term that grows secularly with time. Although the waves are
clearly stable in the magnetized case, we cannot be certain that this mode in the
unmagnetized case is unstable. Secular terms probably indicate the failure of the
perturbation analysis to aptly describe the nature of the wave modes in this case.

5.3, The limit b > ~,,, — 1

In this limit Fig. 2 indicates that the waveforms are frequency-modulated, rather
than amplitude modulated. We write

t
1t = / wit'ydt, (5.10)

where w(t’) = f/(t') generalizes the notion of frequency, allowing for time depen-
dence. We find generally that

w(¢) (1 — n?sin? ¢)?
=¢ CYEREREIIRS (5.11)
Qp (1 +n?sin? ¢)(1 — n2¢2sin? @)
A maximum and a minimum occur at ¢ = 0 and ¢ = %n respectively and the
function has period ¢t = ©/Q. We find that
0
L;Z(B) =(, (5.12a)
wEm) _ @ AU R )
= = - 2( — ) + —1 5.12b
0 NS o, ) T m ; (5.12b)

and in our limit of interest w(0) — Qp and w(%n) — Qp/vm. Waveforms have
relatively high frequency near maxima of w(t) and relatively low frequency near
minima, and the frequency modulation has period n/Q. For b > ~,,, — 1,

w(e) 1 —n?sin? ¢
Qp  1+n?sin2¢’

(5.13)

which tends to a square-well profile as 7, increases, as shown in Fig. 4. This im-
plies that the high-frequency phase is short-lived compared with the low-frequency
phase, as is also indicated by Figs 2(c,f).

We expect this limit to give a valid description of the waveform as long as the
lower frequency is higher than that of the equilibrium waveform (and of the under-
lying periodicity), Qp/vm > Q. This implies that

2

b QN g

N
Tm Wp max

is required.

Approximate forms for E*(¢), E~(¢) and E%(¢) can be derived in this limit. We

have ¢ — 1, and since there is no singularity in I1(¢, (*n*, n) for ¢ = 1, we find

. 1/2
10— (=25) Fen. (5.15)

and A(¢) — 1, the forms for E*(¢) and E~(¢) following from (4.1). The func-
tion f(¢) may be split into a periodic part and a secular part in ¢. We write this
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Figure 4. w/Qp as a function of time for v, = 2 (upper curve), 10 (middle curve) and 100
(bottom curve). The period T' of the frequency modulation is different in each case, and for
Ym = 10 and 7, = 100 may be obtained from Figs 2(c,f).

explicitly as

20 \*[2K(n) 2K (n) .
f(¢)—>(%+l) { ¢+{ (¢, n) — - qs” (5.16)

Similarly, separating ¢ explicitly into a secular term in ¢ and a periodic term ¢(t) =

Qt + [¢p(t) — Qt], we find

2 \'?(2K(n) 2K (n) i
f(o) — <vm+1> { - Qt + {F(aﬁ,n)—ngt”. (5.17)

Hence the waves consist of a high-frequency part (relative to Q) with frequency

2 VoK
W= ( ) Mq (5.18)
Ym T 1 T
and a periodically varying phase shift
2\ 2K
® = ( ) {F(qﬁ(t), s (5.19)
Ym T 1 1L

The above furnishes an alternative description (though less convenient) for the
frequency modulation appearing in this limit.

We may also derive an approximate form for E°(¢). The integrals involved in
(4.3) become

¢ cos[aF (¢, )
/ a9’ (1 — n?sin? ¢')
n)

)

/ ag MO 1t cosfaF(6.m)  coslaK )}, (5.200)

1—7125111 @)/?

with o = {2b/(yy, + 1)}/%. Thus

1] 72 ésin[aF (¢,n)], (5.20a)

1/2
E*(¢) — (7’"2;]) {1 — cos[aK (n)] cos|aF (¢, n)]}, (5.21)
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with decreasing amplitude as b increases. As in the 7, — 1 limit, this third mode
involves a DC component.

6. Conclusions

We have considered a magnetized electron—positron plasma subject to a large-
amplitude time-dependent electric field, and have sought analytical results for the
waves that may propagate in such a system. We have used a perturbation approach
and restricted consideration to the case k = 0 (superluminal waves). While this is
restrictive, we have been able to investigate analytically the effects of both a mag-
netic field and a large amplitude electric oscillation on the pair plasma. In the limit
of no large-amplitude wave, the perturbations reduce to waves in the pair-plasma
analogues of the magnetoionic  and o modes. Most importantly, in the presence
of a large-amplitude wave we find evidence of both amplitude-modulated waves
and frequency-modulated waves. These are limiting cases of the same wave modes,
depending on the relative strength of the magnetic field and the large-amplitude
wave, and qualitatively this result is expected to be relevant to the more general
k # 0 case. This more general case appears not to be amenable to an exact ana-
lytical treatment as is used here, but it may be possible, for example, to assume a
frequency-modulated perturbation (for the strong-magnetic-field case) and obtain
approximate results.

We have not considered applications here. However, a possible application to
consider is to the pulsar magnetosphere, in which strong magnetic fields and electric
fields or waves are expected. The value of b near the star would be of order 10
for a magnetic field of 10° T and a particle number density of the order of the
Goldreich—Julian density, which is ngy ~ 10'7 m~ for the same magnetic field
and a rotation period of the order of 1 s. Thus, for conservative values of ~,,, the
frequency-modulated case may be of interest.
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Appendix. Derivation of the results in the limit b < v,,, — 1
In this appendix we derive (5.7), (5.8) and (5.9). In the limit b < v,, —1 the quantity
¢ — 1/n. We write

G~ (Ala)

4b
0= ———, Alb
(o — 17 A

which is obtained from (4.2), for small b. We now find

1/2 . .
fwwv( 2 >v{F@mw 2 <L— 2 )an-nmm@7 (A2)
rym+] ’Ym_l 'Ym_]

correct to O(b'/?).
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The function TI(¢, 1 — n?6,n) has a singularity at ¢ = %TE if & = 0. Using the
addition rule (see e.g. Byrd and Friedman 1971)

(¢, o® k) + (¢, k*/a® k)

_ o? S N Ot ,
_F(¢’k)+{<1—a2><af—k2>} o Ha?(l—min%)] mw}’ 4

with k and a replaced by n and ™! respectively, we obtain

H(¢» 1- 'I’L2(S, TL) ~ F(¢7 n) - H(¢7 nzv TL)

1 . nl(l_n2)6 1/2
o [ dg) tmof (40

where we have retained terms to O(b") only, except inside the tan~! function, for
which the lowest non-zero order is b'/2.

At ¢ = 37, the tan~! function evaluates to %TC and the singularity for 6 = 0 is
explicit and O(b~'/?). For ¢ =+ %n, the tan~! function may be expanded for small
8, and there is no singularity. The definition of the tan™' function used here is
that it is the branch of the multivalued function that takes values in the interval
[7,]515, %n] The addition formula is thus valid for —%n < ¢ < %n The elliptic
integrals are defined for values outside this range, and so we need to extend the
range of validity of the addition formula. This is achieved by taking a different
branch of the multivalued tan~! for each interval [—%n + nm, %TC + nn|, where n
is an integer. We make this explicit by regarding tan™! as the usual single-valued
function and making the following replacement for ¢ > 0:

tan=" (4 tan ¢) — tan~! (5 tan ¢) + 1':7;)H(n7 o) (P =+ %n +nm), (A5)

%n(n+ 1) (¢ = %n+mt),

where H(n,¢) = H(¢p — %(Zn + 1)n), H is the Heaviside step function and g is an
arbitrary positive-definite quantity. Alternatively, we may notionally absorb the
values at ¢ = %n + nm into the step functions (effectively defining H(0) = %) and
consider tan~!(400) to be undefined or zero. We shall adopt this convention.

We now use (see e.g. Byrd and Friedman 1971)

9 _ n? sin ¢ cos ¢ .
(¢,n",n) = 5 — {E(Qﬁa”)(l_nzsw], (A6)
and find
2 \/? I P> N n? sin ¢ cos ¢
f(@) ~ <7m — 1) [ (¢, n) — E(o,n) MW}
+tan ™! { { 8 } v tan ¢ }
(Ym = Dlym + 12| (1 —n?sin? ¢)!/2
+n Y Hn, o). (A7)
n=0

The singularity found earlier is removed by the premultiplying factor O(b'/?) ap-
pearing in (A 2). A similar procedure to the above is used to derive (5.8) from (5.5).
In this case the relevant form for the function IT(¢?n?, 1) appearing in (5.5) is ob-
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tained directly from (A 4) evaluated at ¢ = %n, and, together with (A 6), we finally
obtain (5.8).

The quantity Qt + P(t) = f(¢) — AQt appearing in (5.6) can now be written out
in full:

~ 0o o Sb 1/2 tan ¢ }
Qt+P(t)—TCZH(na¢)+t‘dn {[(Vm_l)(7m+1)2 (1 _nzsm2¢)1/2

n=0

1/2 in ¢ cos :
+< 2 ) {F((ﬁ’n)_E((b’n)JrM_ZQ[K(n)—E(n)]t},

Ym — 1 (1 —n2sin2¢)'/2  x
=ny H(n,¢)+D(g), (A8)
n=0

where D(¢) = O(b'/?).

Here, to lowest order, the function is a ‘staircase’ of step functions, with step
height and width ©. The higher-order terms represent a deviation from perfectly
‘square steps’. We thus write

cos|Qt + P(t)] = cos[n > Hin, q/))} cos D(¢) — sin[n > Hin, ¢)] sin D(¢), (A 9a)

n=0 n=0
sin[Qt + P(t)] = sin[n > Hin, qS)} cos D(¢) + cos[n > Hin, (b)} sin D(¢). (A9b)
n=0 n=0
Moreover, we have
1 (¢ < 3@2n+D)m),
cos[ntH (n, 9)] = 0 (p= %(Zn + 1)m), (A 10a)
-1 (¢ > 3@2n+1)n),

sin[nH (n, ¢)] = { (A 10b)

keeping in mind that we have defined H(0) = % and we can prove by induction
that

N N
cos [nZH(n, ¢)1 =[] cosinH(n, ¢)| (A11)
n=0 n=0

for any positive integer N. This result gives a representation of a finite train of a
square wave, with the step functions implying a sign flip at ¢ = %(Zn +1)w for each
n. Similarly, we find by induction that

N N
sin[n > Hin, q&)] = (=1)"sin[nH(n, ¢)], (A12)

n=0 n=0

representing a finite segment of an alternating Dirac comb with teeth of unit height.
The above results also hold for N — oo.
We next consider A(¢). Using (A1), we have

_, 1/2
A() = (M) + o), (A13)

1 —n?sin’¢
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where the square root is taken to be strictly positive. This is a natural choice, since
then 0 < A(¢) < 1in (4.2). We now have

N cos? ¢ /2 2 N
E*(¢) = {<l—n’m12¢) gcos[nH(n,qb)] +0("/ )}cosAQt

cos® ¢ V2 & n o 120 | o
_{(lnzqmqu) ;(—1) sin[nH (n, )] + O(b )}smAQt. (A14)

As stated above, the product of cosine functions is a square wave with sign flips

at ¢ = %n, ch, gn, ..., at which points cos ¢ vanishes. Hence we have
o0
(cos® ¢)1/2 H cos|[tH (n, ¢)] = cos ¢. (A15)
n=0

The effect of the sum over sine terms is to select out values at ¢ = %TE, %n, Im,. ..

only. Thus

(cos? ¢)'/2> " (=1)" sin[nH (n, ¢)| = 0. (A16)
n=0
Hence, finally,

- cos ¢ 1/2 . 1/2y
E*(¢) = LI_MW +0(b"/ )} cos AQt + O(b'/?) sin AQE,
= [E:; + O(b‘/z)] cos AQt + O(b'/?) sin AQt, (A17)

as required. We derive the second of (5.7) in a similar fashion.
A. 1. The limit as b — 0

In the limit as b — 0, E~(¢) as given by (5.7) vanishes. However, the ordinary
differential equation from which E*(¢), E~(¢) and E%(¢) are derived, (3.3), becomes

YEL +EL + wf,E¢ =0, (A18)

and has two solutions. One solution is Ej(¢), which is readily derived from E*(¢)
in this limit. To derive the other solution from (5.7). we need to retain all terms of
O(b'/?). A constant factor of O(b'/?) can then be regarded as part of an arbitrary
constant of integration.

The first O(b'/?) term in (5.7) falls away, since sin AQt is itself of O(b'/?). The
second O(b'/?) term, premultiplying cos AQt, is to be retained. Thus we use (A 9)
and write, to O(b'/?)

sin[Qt + P(t)] = sinln > Hin, qb)] + D(¢) cos|jt > Hin, qﬁ)] . (A19)
n=0 n=0
Equation (5.6b) to O(b'/?) is then
E™ (¢) — Ej[AQt + D(¢)]. (A 20)
Expanding the tan~" in D(¢) to O(b'/?) and simplifying, we finally obtain
YERE:
E~(¢) — ( _]> {EGIF(¢,n) — E(¢,n)] + sin ¢}, (Azl)

which is a solution of (A 18).
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