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We consider all-terminal reliabilityone of the more popular models in the field
of network reliability A graph withn nodes ance edges where the nodes are
perfectly reliable and the edges survive independently with equal probahilgy
said to be a uniformly optimally reliable graph if it has for all valuespdi0 =

p = 1) an equal or higher reliability among all graphs with the same number of
nodes and edgeBoesch et al[4] verified the existence of uniformly optimally
reliable graphs foe=n—-1 e=n,e=n+ 1 ande = n + 2; he has also given

a conjecture foe = n + 3. Wang[8] proved this conjecturdn this article we
present four new infinite families of graphs that we conjecture to be uniformly
optimal

1. INTRODUCTION

A network is an undirected simple gra@= (n,e). We model a network whose
edges are subject to independent component failure in some fixed time pdrjod

an undirected probabilistic graph where vertices represent communication centers
(or telephonesand edges represent communication links between.tkelges are
assumed to operate independerglyrvive with common probabilitg, and fail with
probabilityq =1 — p; vertices do not fail in this modeT he reliability of a grapit,

rel(G), is simply the probability tha® remains connected after the fixed time period
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T. Colbourn’s monograpfb] is an excellent starting point for a researcher interested
in the combinatorics of network reliabilith standard formula for the reliability of
a given graphG [denoted by rdlG) and called the reliability polynomials

rel(G) = go N(G)p'1-p°'=1- goci (G)p*'(1-p), (1.1)

whereN, (G), or N;, denotes the number ofedge connected spanning subgraphs of
G and the total number of cutsets of size G is denoted byC; (G); note that

e

Ci(G) = <|> —Ne_i(G). (1.2)

LetQ(n, e) denote the set of all connected graphs wittodes an@ edgeswith
no loops or multiple edges graphG € Q(n, e) is uniformly bestor most reliable
ifrel(G) >rel(H) forallH € Q(n, e) and for all edge-surviving probabilitigg 0 <
p = 1); here we are using the symboP*” to indicate a uniform result for app (0 =
p=1).

The following two theorems are obvious results about uniformly most reliable
graphs

TaeoreM 1.1: If N;(G) =N;(H) fori=0,12,...,kand N.;1(G) > N.,(H), then
G is more reliable than H for p close to zefwhen the edges are easéry unreliablg.

THEOREM 1.2: If N;(G)=N;(H)fori=g,e—Le—2,...,e—k and N_,_1(G) >
Ne_r_1(H), then G is more reliable than H for p close to ofwehen the edges are
eachvery reliable.

The following corollaries of the above theorems were originally proved by Bauer
et al [2] and also presented by Boed&).

CoroLLARY (of Theorem 11): If G has more spanning trees thantden G is more
reliable than H for p close to zero

Define A(G) to be the common size of the minimal cutset$GoaandC,(G) to
be the number of minimal cutsets Gf

CoroLLARY (of Theorem 12): If either[A(G) > A(H)] or [C,(G) < C,(H) and
A(G) = A(H)], then G is more reliable than H for p close to one

2. KNOWN RESULTS AND FOUR NEW INFINITE SEQUENCES
CONJECTURED TO BE UNIFORMLY OPTIMAL GRAPHS

We useK, to denote the complete graph withvertices in which each vertex is
connected to each of the othdkgith one edge between each pair of vertijcés
graph is bipartite if its vertices can be partitioned into two disjoint subseisdB
such that each edge connects a vertex ffota one fromB. A bipartite graph is a
complete bipartite graph if every vertexAns connected to every vertex B If A
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TaBLE 2.1. Graphs Whose Optimal Results Are Known

(n,e) Best Graphs Ref
(n,n—1) Anytree

(n,n) Any n-cycle

(n,n+1) ATheta-graph with path lengths close to equality 9
(n,n+2) A particular subdivision oK, (see Fig2.1) 7
(n,n+3) Aparticular subdivision oK3 3 (see Fig2.2)4 4

hasn elements an&8 hasmelementsthen we denote the resulting complete bipartite
graph byK, . A Theta-graphs = 6(a, b, ¢) has two vertices of degree 3 and paths
between these vertices of lengtyd, andc. Theta-graphs hava b, andc as close
to equal as possiblg.e., the difference between any pair is at mostpne

For graphs witm nodes and having up to+ 3 edgesmany results are known
It has been proved that these graphs are uniformly-most reliable by Boeschiét al
for up ton + 2 edges and by Wan@] for n + 3 edgesThese known results on
optimality are summarized in Table12

Although any one of the six indicated nodes in Figurg @an be added for
n= 15, the order of these additions is not entirely irrelevantfar6. Thus according
to [4], for n = 6 the two added nodes can AendB in Figure 21 but notA andC
and notA andD. However the order suggested in Figureldoes satisfy the con-
ditions in[4] for an optimal result for any = 4. Forn = 11, we complete the set of
six additions(A, B,C, D, E, F) and add one neighbor tsay A; for n= 12, we add
one neighbor to each é&andB, and so forth

In Figure 22 again the order is irrelevant for adding one néde, for n= 7) but
not forn = 8. Thus according td 8], we can add the two nodé# andC) but not
(say AandD. Howeverthe order suggested in Figur22ioes satisfy the conditions

FiGcURrE 2.1. The optimal graph om + 2 edgegn = 4,5,6,...). The increase im
from 4 is carried out by subdividing edges and adding points one by one as indicated
by the lettersA, B, C, ....
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FIGURE 2.2. The optimal graph om + 3 edgegn = 6,7,8,...). The increase im
from 6 is carried out by subdividing edges and adding points one by one as indicated
by the lettersA, B, C,....

in [8] for an optimal result for anyp = 6. After n = 15, we add a neighbor té and
continue as in Figure.2.

In Figure 23, we present four new infinite classés,n + 4), (n,n + 5), (n,
n+ 6), and(n,n + 7). Every member of each of these four classes is conjectured to
be uniformly most reliable in the class of graphs with same (@a&). The remarks
given after both Figures.2 and 22 about the continuation in(n — o) also apply
to each of our four families belaw

It is curious to note that we can also define a “superfamily” of optimal graphs
(2n,3n),n= 2. Thus for n= 2, we start with(4,6), which is in Figure 21, go to(6,9),
which is in Figure 22, then go ta(8,12), which is in the first of the four families in
Figure 23, and so on through all four familie# is not known whether this phe-
nomenon continues indefinitely

From(1.1), the smallest number of edges that a spanning subgraph i@ aag
have isn — 1, and thesen — 1 edges form a spanning tree@ Hence N,_, is the
number of spanning trees in the graphand the reliability polynomial presented at
(1.1) can be also written as

_2 N(G)P' (1= p° ' = N,a(G)p" 11— p) "+ D N(G)p'(1—p°,

i 1 i=n

0=p=L (2.1)

For exampleconsider the clas@(n,n+ 4),n=8,9,10,.... From(2.1), we can
find the reliability function(in terms of the common probabilify of an edge sur-
viving) either by hand calculation or by the Maple V packégeby Myrvold's code
and we obtain the results shown in Tablg.2

Withoutloss of generalityve are using only the coefficients of the reliability poly-
nomials foreach member &< Q(n, n+ 4); thatis we write[ N, _1, N, Nt 1, ..+, Ne .
Using(1.2), we also obtain the results for the cutset vector for each memligof
Q(n, n+4);thatis we write[ Ce—(n—1), Ce—n, Ce—(n+1), - - - » Co]. The corresponding re-
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Q (n, n+6) Q(n,n+7)

Ficure 2.3. Four infinite families of optimal graph#n each of the graphsor the
starting value oh we omit all points corresponding t#, B,C,...; for the nextn
valug we add onlyA to the indicated unlettered nodédsr the thirdn valug we
includeA andB only, and so onad infinitum.

sults for each membé& in the other three class€@4n, n+ 5), Q(n, n+ 6), andQ.(n,
n+ 7) are given in Tables.3, 2.4, and 25, respectively

3. ADDITIONAL REMARK

The problem of finding the optimally reliable graph for givarande is highly
intractable and is not well known in probabilistic or statistical circlése literature
contains a number of conjectures on optimaliy. [1])—some proved and others
disproved|lt is our hope that future researchers will find our results useful and will
try to prove or extend thenAlthough this field has much literaturthe main prob-
lems of finding the optimal graph for any given p&i; e) and proving the optimality
have not been solved hese are challenging problems with great potential for ap-
plications we would like to see more probabilists and statisticians interested in
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TABLE 2.2. Members of the Famil§)(n,n + 4) (see Fig2.3)

(n=#nodes Reliability Polynomial Alternative Cutset
e=# edges (Short Notation Vector Notation

(n» e) [anly Nna Nn+1,~-, Ne] [Cef(nfl)v Cefm Cef(n+1),~~,CO]
(8,12 [39240921266,121] [40086,8,0,0,0]
(9,13 [56054626577,13,1] [727,16921,1,0,0]
(10,14) [800724,32889,14,1] [1202277,36,2,0,0]
(11,15) [112Q94840210215,1] [1883417,53,3,0,0]
(12,16) [15681232488116,16,1] [280058872,4,0,0]
(1317) [210Q1564585131,17,1] [408881695,5,0,0]
(14,18) [27881970696147,18,1] [578010901206,0,0]
(15,19 [37232471,822164191] [79051405147,7,0,0]
(16,20 [4838304996218220,1] [1066617961788,0,0]
(17,21 [624037381119201,21,1] [141092247211,9,0,0]
(18,22 [791245281292221,221] [184222787,24810,0,0]
(19,23 [99685456148424223,1] [236813399287,11,0,0]

(20,29)

[1254465441696264,24,1]

[2996Q408232812,0,0]

TABLE 2.3. Members of the Famil§)(n,n + 5) (see Fig2.3)

(n=#nodes Reliability Polynomial Alternative Cutset
e= #edge}p (Short Notation Vector Notation

(n» e) [anly Nn» Nn+1»~-, Ne] [Cef(nfl)7cefn,ce7(n+l),~~,CO]
(10,15 [200Q2172123Q044510515/1] [3005831,13510,0,0,0]
(1116) [280Q02896155853411916,1] [5208147226226,1,0,0]
(1217) [39203844196063613417,1] [84562344420,44,2,0,0]
(1318 [543250592446752150,18 1] [131323509614,64,3,0,0]
(14,19 [748866143030883167,19,1] [19644501484686,4,0,0]
(15,20) [1016885293714102918520,1] [2859269751131,1115,0,0]
(16,22 [13623109014520119220421,1] [40641944814651386,0,0]
(17,22 [180951379Q5454137222422,1] [565181254418611687,0,0]
(18,23 [237771731265391571,24523 1] [7717Q0163372316200,8,0,0]
(19,24) [31125216347799179Q0267,24,1] [1034712087Q2827,234,9,0,0]
(20,25 [401382669192192028290,25,1] [136962264393431,27210,0,0]
(21,26) [5140832758108452288314,26,1] [17882233022410531211,0,0]
(22,27) [650243978812664256933927,1] [23098640942488635612,0,0]

(2328 [8160048072147242874365281] [29514050208575140213,0,0]
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TABLE 2.4. Members of the Famil§2(n,n + 6) (see Fig2.3)

(n=#nodese = # edge}
(n,e)

Reliability Polynomial(Short Notation
[Nn*la Nn’ Nn+1, [EXE] Ne]

Alternative Cutset Vector Notation
[Cef(nfl)y Cefna Cef(n+1)7 ceey CO]

(12,19
(1319
(14,20)
(15,21)
(16,22)
(17,23
(18,24)
(19,25)
(20,26)
(21,27)
(22,29
(23.29)
(24,30)
(25,31)

[980Q114447048286280415318,1]
[13615152619006349893817019,1]
[1896320272114414249108818820,1]
[26411268471446151311255207,21,1]
[36260352591815861591440227,22,1]
[4958146049226627350164424823 1]
[66490592432797587041867,270,24,1]
[88911759293437110257211129325,1]
[1169099611141853120092376317,26,1]
[1534401212405074Q13998266434227,1]
[1991361515886111216238297636828,1]
[2569911887577331118761331339529,1]
[3309922342778759821591367642330,1]
[41713628574610341124665406245231,1]

[220247120152Q019812,0,0,0]
[3677311871262237831,1,0,0]
[5855718488406359652,2,0,0]
[89869274175888854,75,3,0,0]
[13428439354817611561004,0,0]
[19557654898109871505127,5,0,0]
[27961475353145291922157,6,0,0]
[3917891011711875923931897,0,0]
[540891134119239272941,224,8,0,0]
[73459Q174770299903552261,9,0,0]
[984904225152371684237,300,10,0,0]
[1303789286263454444990341,11,0,0]
[1704808359498549085814384,12,0,0]
[221243%5053566500680043313,0,0]
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TABLE 2.5. Members of the Familf)(n,n + 7) (see Fig2.3)

(n=# nodese = # edge}

(n,e)

Reliability Polynomial(Short Notation
[Nn—l> Nn7 Nn+17 ey Ne]

Alternative Cutset Vector Notation
[Ce—(n—l) i Ce—ny Ce—(n+ 1) CO]

(14,21)
(15,22)
(16,23)
(17,24)
(18,25)
(19,26)
(20,27)
(21,28
(22,29)
(23,30
(24,31)
(25,32)
(26,33)
(27,34)

[504216109240096178505712131621021,1]
[6962981456515522210068001504230,22,1]
[96040108303660132723180551711,251,23 1]
[13230014356884171333909495193827324,1]
[1807401889501066464071111137218629625,1]
[24640024785613454049402130032456320,26,1]
[3292003201601678205946Q015093274834527,1]
[43920041227220847671254174473064371,28,1]
[5819005273492575118497720086340539829,1]

[77055267297031696610094423037377242630,1]
[100655484967538696311917126301416545531,1]
[1312740106962847071114016629925458648532,1]
[1690920133493656905216410533929503651633,1]
[2178000166300868594019150238349551654834,1]

[1530695518814168249927314,0,0,0]
[2501418908823061423451536,1,0,0]
[394274136854349346418800,60,2,0,0]
[603171202536504259114113186,3,0,0]
[90083529175Q070454124191513114,4,0,0]
[131587540994495690163781947,1445,0,0]
[18908755678701281902127Q2457,177,6,0,0]
[26689057717681682642702630282127,0,0]
[371024510334312175093377836652498,0,0]
[508237313628302768094156243682889,0,0]
[68821711779900349318507405164330,10,0,0]
[9205560229622843548161210603537411,0,0]
[12193236293711253851673231699142012,0,0]
[15978204371660865896486754802746813,0,0]
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them The report by Myrvold et al[6] gives a useful recent history of progress in
optimal reliability and is a good starting point for research in this.area
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