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A GENERAL METHOD TO ESTIMATE
CORRELATED DISCRETE
RANDOM VARIABLES

HANS VAN OPHEM
University of Amsterdam
and
Tinbergen Institute

In this paper a method is presented to estimate correlated discrete random variables
with known univariate distribution functions up to some paramet¥esalso present
an empirical illustration on Dutch recreational data

1. INTRODUCTION

In this paperwe consider multivariate count data mod#&l& introduce a method
to relate any two discrete random processes without having to assume zero
correlation

In a recent survey of count datd/inkelmann and Zimmerman{i995 p. 6)
only marginally discuss multivariate count data modelsey only mention the
bivariate Poisson regression model already described in Johnson and 86%
pp. 297-300. This model is based on the trivariate reduction metheobivar-
iate distribution of stochastic variablég and Y, with Poisson marginals is
generated by setting, = V; + Vs andY, = \, + V3, whereV,, V,, andV; are
independently Poisson distributefipplications of this model can be found in
Gourieroux Monfort, and Trognon1984), King (1989, and Jung and Winkel-
mann(1993. An obvious disadvantage of this method is that the correlation is
restricted to be strictly positivédssuming that the parameters of the Poisson
distribution ofV,, \,, andV; arey4, y,, andys, the correlation betwee¥,, and
Y, equalsys/((y1 + vs) (v2 + v3))®% which cannot exceegls/(ys + min(y1,v2))
(Johnson and Kotz1969 p. 298).

Berkhout and Plug1996 overcome this problem by introducing(eondi-
tional) bivariate Poisson model that is based on conditioning on(sagY;) of
the two Poisson distributed random variablBlse outcome of this random vari-
able is then used as a factor influencing the expectation of the second Poisson
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distributed variableY, ~ Poissor u,) with u, = exp(x’'B, + aY;), wherex is
a vector of explanatory variables agdand« are parameters to be estimated
They prove that ifY; and Y, conditional onY; are Poisson distributed with
expectationsu, = exp(x’B8;) and u, = exp(x’'B, + aY;), cov(Yy,Y,) =
(exp(a) — Dexp((exp(a) — L)exp(x'By) + X' (B1 + B>)). The sign of the cor-
relation betweery; andY, depends on the sign of. An obvious disadvantage
of this method is that two different estimates of the parameters in the model
can be generated by conditioning on either one of the random varidhles
particular two different estimates of the correlation betw&eandY, can be
obtained

For two continuous random variables with known marginal distributitmes
method proposed in L6&983 can be applied to generate a bivariate distribution
in which the random variables are allowed to correlAgsume that the contin-
uous stochastic variablég andY, have marginal cumulative distributiofs(-)
andF,(-). Then the transformed variables

y =@ HFY) =12

whered~1(.) is the inverse of the standard cumulative normal distribution func-
tion, are standard normal random variablesllowing Lee(1983), the probabil-
ity thatY; andY, do not exceed, ande,, respectivelyequals

Pr(Y; = &1,Y2 = &;) = H(ey,£2;p) = B(® 1 (Fy(e1)), @ H(Fa(e2)); p),

whereB(-,-; p) is the bivariate cumulative normal distribution function with means
0, variances land correlatiorp. The marginal distributions of this cumulative
distribution function ard=;(-) andF,(-).

In this paper we will generalize Lee’s method to include broad classes of dis-
crete random variabletn particular the method can be applied to ordered dis-
crete and count data

Section 2 discusses the generalization of Lee’s method to discrete varlables
Section 3 this method is applied to model bivariate count.dEta empirical
illustration deals with recreational activiti€Section 4 concludes

2. MODELING CORRELATED DISCRETE OBSERVATIONS

Consider two possibly correlated discrete stochastic variahlasdY, and de-
note the correlation by,,. The variableY; can take on values2,...,K andY,
1,2,...,M, whereK andM are finite or countablé We assume that the possible
outcomes are ranked in a logical manrarrthermorewe assume that the mar-
ginal distributions of botty; andY, are known up to vectors of parametéysnd
0,. Denote the marginal distributions ¥f andY, by

Pr(Y; = k) = pu(k;6,) k=1...,K,
Pr(Y, = m) = p,(m;6,) m=1,...,M, (1)
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To have a regular distribution function we require

K
> puki6) =1 and py(k;6;) =0 k=1...,K

-1

=~

Mz

p2(M;6;) =1 and p,(m;6,) =0 m=1...,M. 2)
1

m

Given the finite number of outcomes and under the assumptio@dtkeites on a
particular valugwe can always determine numbersn.,,...,nx_, such that

pi(k;01) = f ¢ (uy) duy k=2,...,K—-1, (3a)
Mk—1

whereg(-) is the density of the standard normal distribution functiBar ob-
servationk = 1 andk = K we specify

M1
p1(1;6,) :f_ ¢ (uq) duy,

p1(K;6;) :f ¢ (uy) duy. (3b)

Equationg3a) and(3b), given somé&l,, definen,n,,...,mx_1 uniquely andn
can be seen as a function &f The relation between the probabilitipgk; ;)
and then,/s can also be written as

P1(k;601)= @ (1) — P (mk-1), (4)

where®(-) denotes the standard normal cumulative distribution functitwie

that

Pr(Y, = k) = > pu(k; 1) = ®(m,), (5)
k=1

where we defing)x = +oco. Consequently

Me =71 ( > pl(k;61)>. (6a)
k=1

This relation defineg, (k=1,...,K — 1) uniquely for any value of, so clearly

7 is a function of6;: 1, (6,).

For the distribution ofY, and given some value é§ we defineA, in the same
manner

Au(62) = q)l< 21 pz(m§92)> p=1...,M—-1 (6b)
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andiy, = +oo. Suppose that we haww observations to estimate the parameter
vectorsd, andé, with the method of maximum likelihoodFor observation we
observeY;; =kandY,; =m(i=1...,Nk=1,...,K, m=1,...,M). The likeli-
hood contribution of this observation is

€i = Pr(Yli = k, Y2i = m). (7)

The problem now is that we do not want to assume that these stochastic variables
are uncorrelatedrhe solution is to apply the method described in (£883 to
the present discrete cageiven(6a) and(6b) we can write

Pr(Yy = Kk, Yo = m) = B(n, Am; p), (8)

whereB(-,-;p) is the bivariate normal cumulative distribution function with ex-
pectations equal to,@ariances equal to,-and correlatiorp. The marginal dis-
tributions ofY;; andY,; remain the original distributiong, (k; 6,) andp,(m;6,).
The likelihood contribution of observatiarequals

€ =Pr(Yy; =K Yo =m)
=Pr(Yy =k Y =m) —Pr(Y; =k—1 Y, =m)
—Pr(Yy =k Yy =m—-1+Pr(Y;=k—1 Y, =m-—-1)
= Bk Amip) = B(mk-1,Am;p) = B, Am-13p) + B(Mk-1,Am-13p) ()

To estimated,, 0,, and p the log-likelihood function needs to be maximized
Define adummy variablg (k, m) equal to 1 if we observe for observatiory;; =
kandY, = m. Then we maximize

N K M

logL(64,65,p) 2“;1 212 (k,m)log(Pr(Yy; =Kk, Yo = m))
N K M

= Z 2 2 z,(k,m)log(B(n(61), Am(62);p)

— B(n-1(01), Am(602); p) — B(mi(01), An—1(62); )
+ B(—1(01), Am-1(62); p)) (10)

To determine the relation betweprandp,, consider(8):

Mk Am
Pr(Yu =k, Yoy = m) = B(n, Am; p) :f f b(uy,uz; p) du, dus, (11)

whereb(-,-;p) is the bivariate normal density with meansv@riances jland
correlationp. Clearly p is the correlation between the underlying normally dis-
tributed variablesThe termp,, is the correlation betweeYj andY,, and it is not
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equal top in generalHowever it is related Consider the covariance betweén
andY,:

K M
cov(Yy,Yo) = > D) kmPr(Y, =k, y, = m)
k=1m=1

— (ﬁ KPr(Y, = k))( % mPr(Y, = m)>, (12)
k=1

m=1

where only the first probability is a function @f. From (9) it can be simply
deduced that ip = 0, cov(Y4,Y,) = 0, and consequently,, = 0. The expression

p = =1 indicating an exact linear relation between the underlying normally
distributed variablegdoes not translate inte,, being equal tat 1, as is obvious

in the case thad # M. Consequentlyin that case there exists some lower—1)

and upper boun@<+1) of pio. If K=M and¥Y; =Y,, clearlyp;,=p =1

Although (12) gives the relation between c6¥4,Y,) andp, it is very hard to
find the properties of this relatiomn particulay we would like to establish the
result thatp;,is an increasing function gf. The difficulty in proving this lies in
the first probability on the right-hand side @f2). It is the only element depend-
ing on p, but as is clear fron{9) it actually consists of four bivariate normal
probabilities all depending gm Given the analytical result thatf, =0, p = 0,
we only need to show th&V;Y, is an increasing function gf to establish the
required result in one directiofhis result was not obtained analyticalbow-
ever? To get some better insight numerical analysis was carried oTiable 1
contains the result©One thousand replications were performed for each entry
(differing in p). Each replication represents two correlated draws ¢da® ob-
servations from the Poisson distribution with expectatiordr every observa-
tion and for each replicatigtwo numbers were drawn from the normal distribution
with correlationp. By means of the probabilities following from the Poisson
distribution these numbers were converted to correlated Poisson distributed sto-
chastic variableSThe mean sample correlatiofid;») of the 1,000 replications of
the 1Q000 Poisson distributed pairs of observations created in this manner are
presented in Table.1

The results in Table 1 indicate thigd;,| is always smaller thajp| and that if
p is positive (negative the meanp,, is also positive(negative. Furthermore
there is a clear correspondence between the magnitugearmd p;,. Note that
the estimated sample correlations do not appear to be symmetric around O as the
input correlations are by definitiodnother striking result is that the standard
errors increase the closer one gets t&D in all, we can conclude that there
appears to exist a one to one relation betweeamdp,,.

In the case that individuals are observed to make choigemdY,; it is cus-
tomary to relate individual characteristics to the observed outcohesway to
proceed in that case is to make the characteristics of the distribution function
dependent on these individual characteristizs = 61(wy; and 6, = 05(Wy;),
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TaBLE 1. Simulation results for the Poisson
distribution withA =1

p Meanpi, Standard error
-09 —0.502 (0.005
-0.8 -0.474 (0.006)
-0.7 —0.441 (0.006)
-0.6 —0.400 (0.007)
-05 —0.351 (0.008
-04 —0.296 (0.008
-0.3 —0.232 (0.008
-0.2 —0.160 (0.009
—-0.1 —0.081 (0.010
0 0.000 (0.010
0.1 0.083 (0.010
0.2 0.167 (0.010
0.3 0.247 (0.010
0.4 0.322 (0.010
0.5 0.392 (0.009
0.6 0.454 (0.009
0.7 0.510 (0.008
0.8 0.559 (0.008
0.9 0.602 (0.007)

wherew,; andw,; are vectors of the individual characteristio®t necessarily
equal As a resulny, Ay, andp,, (cf. (6a), (6b), and(12)) differ across observa-
tions Note that this conclusion holds even thoygls constant across individu-
als This is another way to show that# py,.

Another interesting feature of the method to link correlated stochastic vari-
ables discussed previously is that different distributi@hscrete or continuous
can be combinedhis is in contrast with the usual approackiefs Kocherlakota
and Kocherlakotal992 Johnson and Kot21969.

The original approach of Le&983 differs from the present methotlee
discussed how a polychotomous choice selectivity model can be estimated by
combining a multinomial logit model and a linear equatible made use of the
well-known relation between utility maximization and the multinomial logit model
if utility contains a stochastic component that has a type | extreme-value distri-
bution Lee was then in a position to again use his method for combining two
continuous stochastic variabldis the present case things are quite similar except
that an intermediate step is needed as a result of the absence of an underlying
continuous proces#n particular in our case we do not need to make use of the
random components of utility being type | extreme-value distribiatiwe can
start from the logit probabilities directlffhese probabilities are related to the
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normal distribution as is shown ii6). An ordered probitlike approach is used to
relate a discrete process to the underlying continuous process

The discussed approach can in theory be extended to combining more than two
stochastic variableS he resulting problems will be of a computational nature
the bivariate distribution i1(10) will become a multivariate normal distribution
For higher dimensionghis probability needs to be evaluated by simulation es-
timation techniquesseeg e.g., Hajivassiliou and Ruudl994). Note that the in-
verse of the normal cumulative distribution functjioeeded to calculatg’s and
the A,,'s, remains one dimensional

In principleitis possible to utilize another continuous density function in trans-
forming the discrete probabilities to probabilities of a continuous stochastic vari-
able(cf. (3)). However the normal distribution has the advantage that it is easily
generalized to combinations of correlated normally distributed random variables
For other distributions such a generalization is often troubles@heohnson
and Kotz 1972.

In the next section an empirical illustration on the basis of count data will be
presented

3. EMPIRICAL ILLUSTRATION

In this section we make use of the data of Berkhout and P18§6. Their em-
pirical analysis deals with recreational or tourist behavioparticular the rec-
reational day-tripping behavior of the Dutch populatidime data are from a
survey held by the Dutch Central Bureau of StatisticBS) in the period Sep-
tember 1990—-August 199This year was divided into 25 two-week perio@n
average ;D00 respondents reported in each two-week period on all their day-trip
activities in the preceding two week& large number of different types of day
trips are distinguishedut we will concentrate on sightseeifitne number of
times the individual claimed to be engaged in sightseeamgl visits to tourist
attractiongzoos amusement parkexpositions. The total number of observa-
tions is 21034 The estimates presented in this paper are based on a 10% random
samplg2,103 observationsThe counts range from 0 up tddightseeingmean
0.217, variance 0.266) and 0 up to Ftourist attractionsmean 0.088 variance
0.128).

The distributions ofY; (sightseeingand Y, (tourist attractionswill be as-
sumed to be Poisson distributiod$e corresponding probabilities for each pos-
sible outcome are

exp(—A;)A¥

Poisson distributionPr(Y; = k) = m

k=0,12,..., (13)

where the\;’s are positive number3he expectation and variancejfare both
equal toA;. To allow individual specific characteristi¢eepresented by the vector
X;) to influence the probabilities we will specify; = exp(X;§;).
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The following twelve variables are used as explanatory variagkrsder(ref-
erence femalgslog age log income five dummies representing labor market
status(part-time worker full-time worker, full-time mother inactive student
(reference unemployed a dummy variable representing whether the respondent
has childrenand three dummies for seasonal effe@atumn winter, spring
(reference summer

Table 2 contains the estimation results based on maximizing the log-likelihood
function (10) under the assumption that the counts are Poisson distributed with
and without the restrictiop = 0.3

The number of times an individual went sightseeing and the number of tourist
attractions he or she visited during the two-week period before the moment the
interview took place are strongly positively correlatddparently sightseeing is
often combined with visiting an attractipor they are more or less considered to
be the same kind of recreational activitiAs was already noted in SectiontBe
estimated correlation is not an estimatepef. To obtain an estimate of this cor-
relation we estimated the covariance betwggandY, by calculating the sample
mean of the observation specific covarianc€lif). Dividing this number by the
standard errors of; andY, yields an estimate g, for every observationThe
mean of these estimates i804 The minimum and maximum values pf, are
0.176 and (654. Sq, the actual correlation is smaller than the correlation between
the underlying variables,; andu,. The assumption of uncorrelated counts does
not change the magnitude of the estimated coefficients very ninuttihe stan-
dard errors are considerably largAt a 10% leve] 17 out of 25 estimates are
significantly different from zero in the case with correlatiamereas this number
reduces to 11 out of 24 estimates in the uncorrelated Gaseestimation results
indicate that older people prefer to go sightseeing and the younger people prefer
visiting tourist attractionsSightseeing is more popular for individuals with higher
incomes whereas tourist attractions are more liked by individuals with lower
incomes Full-time workers spend less time on both recreational activifies
somewhat surprising result is that individuals having children do not signifi-
cantly visit tourist attractions more frequently than individuals without children
but they do go sightseeing more oftihe effect of the seasons is as we would
expect Summer is the reference categagd then both activities are more pop-
ular. Sightseeing or visiting tourist attractions in winter is much less liked

4. CONCLUSION

In this paper a simultaneous model was presented that allows the estimation of
the parameters of correlated discrete random variables with known univariate
distributions The univariate distribution functions are the marginals of the em-
ployed simultaneous distribution functiohhe method is a direct generalization

of the one discussed in Lé&983 for relating continuous variable€ombining

Lee’s approach and the method discussed here yields the possibility to combine
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TABLE 2. Estimation results on day trigfoisson distributions

With correlation Without correlation

Sightseeing Tourist attractions Sightseeing Tourist attractions
Intercept —3.186 (0.540 0.264 (0.705 —3.264 (0.609 —-0.329 (0.797)
Gender 0148 (0.104 —-0.188 (0.177) 0.099 (0.124) -0.283 (0.187)
Log age 0150 (0.087 —0.262 (0.107 0.128 (0.108 —0.233 (0.130
Log income 0172 (0.049 —0.150 (0.060 0.193 (0.055 —0.080 (0.062
Part-time 0116 (0.220 —-1.372 (0.677) 0.104 (0.236) —1.433 (0.766)
Full-time -0.375 (0.168 —0.462 (0.270 -0.344 (0.196) -0.362 (0.310
Inactive -0.097 (0.171) —0.626 (0.334) —0.096 (0.196) —0.597 (0.380
Student —0.147 (0.295 —0.622 (0.378 —-0.213 (0.328 —0.853 (0.449
Children 0616 (0.251) 0.413 (0.301) 0.655 (0.299 0.561 (0.370
Autumn -0.207 (0.121 -0.567 (0.170 —-0.220 (0.146) —0.605 (0.194)
Winter —0.902 (0.153 —2.207 (0.358 —0.896 (0.173 —2.154 (0.362
Spring —0.058 (0.117) —0.694 (0.193 —0.036 (0.144) —0.651 (0.219
o 0.699(0.028

Note:logL(p # 0) = —1,584001 logL(p = 0) = —1,744992 N = 2,103 Asymptotic standard errors are in parentheses
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any discrete and continuous random variablasan empirical illustration the
proposed method was shown to be feasible

NOTES

1. For some discrete distributionag., the Poisson distributigrihe stochastic variableg; and
Y,; are unbounde@K, M = +c0). This does not cause any problems in the estimation of the model
The log-likelihood function only contains the probabilities of actual observatamd these are al-
ways bounded

2. Lancaster and Hamddt964) (also see Kendall and Stuati967 p. 561) discussed a related
problem They introduced the polychoric method for estimation of the correlation coefficient in an
r X c contingency tableUnder the assumption of a bivariate normal distributitie estimate of the
correlation is a solution of a nonlinear equation that can only be calculated with numerical. means

3. All estimations are carried out with GAUSBhe numerical approximation of the inverse of the
cumulative normal distribution function is based on the algorithm presented in Kennedy and Gentle
(198Q p. 95). Itis rated to be accurate t0X110~ 7 but seems to be even more accurate than Faat
the case that = 0, the results of the estimation with the use of the method discussed in this paper are
compared to those of a direct estimation of the Poisson distrib(8&wSS-module COUNT. The
results do not differ up to the sixth digit of each estimate
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