
Combinatorics, Probability and Computing (2007) 16, 435–444. c© 2006 Cambridge University Press

doi:10.1017/S0963548306008212 First published online 3 November 2006 Printed in the United Kingdom

On a Class of Non-Regenerative

Sampling Distributions

MARTIN MÖHLE
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We show that the sampling formula induced from a Λ-coalescent process with multiple

collisions is regenerative if and only if the measure Λ is either concentrated in 0 (Kingman

case) or concentrated in 1 (star-shaped case). The Ewens sampling formula is the only

sampling formula in this class which also belongs to Pitman’s two-parameter family of

sampling distributions.

1. Introduction

We start by recalling some basic properties of regenerative composition structures going

back to Gnedin [4, 5] and Gnedin and Pitman [6, 7]. A composition of an integer

n ∈ N := {1, 2, . . . } is a vector n = (n1, . . . , nk) of positive integers with sum
∑k

j=1 nj = n.

The component nj is called the jth part of the composition. A random composition of n is

a random variable Cn with values in the set of all 2n−1 compositions of n. A composition

structure is a sequence (Cn)n=1,2,... of random compositions of n, which is consistent, i.e.,

if n balls are distributed into an ordered series of boxes according to Cn, then Cn−1 is

obtained by disregarding one of the balls picked uniformly at random, and deleting an

empty box in case one is created. A composition structure (Cn)n is called regenerative if,

for all 1 � m < n, given the first part Fn of Cn is m, the remaining composition of n − m

is distributed like Cn−m.

For a random composition Cn and for a composition n = (n1, . . . , nk) of n write c(n) :=

P (Cn = n) for convenience. The function c is called the composition probability function.

The corresponding symmetric composition probability function c∗ is defined via

c∗(n) :=
1

k!

∑
π

c(nπ1, . . . , nπk), (1.1)

where the sum extends over all permutations π of {1, . . . , k}. Gnedin and Pitman [7,

Proposition 3.1] showed that a composition structure (Cn)n is regenerative if and only if,
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for all n and all compositions n = (n1, . . . , nk) of n, we have the product formula

c(n) =

k∏
j=1

q(Nj, nj), (1.2)

where Nj := nj + · · · + nk , j ∈ {1, . . . , k}, and q(n, m) := P (Fn = m), 1 � m � n, i.e., q(n, .)

is the distribution of the first part Fn of Cn. The matrix (q(n, m))n�1,1�m�n is called

the decrement matrix. For more information on regenerative composition structures, in

particular on their asymptotics for large n, we refer to Gnedin, Pitman and Yor [8, 9]. We

present two simple, but important examples. For x ∈ R and for a non-negative integer n

we use the notation [x]0 := 1 and [x]n := x(x + 1) · · · (x + n − 1) for the rising factorial.

Example (Ewens composition structure). Fix θ � 0. It is well known that

c(n) :=
θk−1n!

[θ + 1]n−1N1 · · ·Nk

(1.3)

defines a regenerative composition structure with decrement matrix

q(n, m) =

(
n

m

)
[θ]n−mm!

[θ + 1]n−1n
(1.4)

and symmetric composition probability function

c∗(n) =
θk−1n!

[θ + 1]n−1k!n1 · · · nk
. (1.5)

For more information on the Ewens composition structure and its relation to the celebrated

Ewens sampling formula (ESF) we refer to Donnelly and Joyce [2], Ewens and Tavaré

[3], Gnedin [4, Section 2] and Gnedin and Pitman [7, Section 4, Example 2].

Example (hook composition structure). A composition n is called a hook if it has at most

one part larger than 1. Gnedin and Pitman [6, Section 6] showed that all regenerative

hook composition structures are of the following form. Fix a constant r ∈ [0,∞]. For

n ∈ N \ {1} define

q(n, 1) :=
nr

1 + nr
, q(n, n) :=

1

1 + nr
(1.6)

and q(n, m) := 0 for 1 < m < n. In agreement with (1.2) define, for 1 � k < n,

c( 1, . . . , 1︸ ︷︷ ︸
(k − 1)-times

, n − k + 1)

:= q(n, 1) q(n − 1, 1) · · · q(n − k + 2, 1) q(n − k + 1, n − k + 1)

=
1

1 + (n − k + 1)r

n∏
i=n−k+2

ir

1 + ir
=

n!rk−1

(n − k + 1)!

n∏
i=n−k+1

1

1 + ir
. (1.7)

For all other compositions n define c(n) := 0. For n ∈ N let Cn be a random composition

with composition probability function c. It is obvious that (Cn)n is a composition structure,

which by construction is regenerative with decrement matrix q. The symmetric composition
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probability function c∗ satisfies

c∗(n) =

⎧⎪⎪⎨
⎪⎪⎩

∏n
i=2 q(i, 1) if b(n) = 0,

q(n−k+1,n−k+1)
k

∏n
i=n−k+2 q(i, 1) if b(n) = 1,

0 if b(n) � 2,

(1.8)

where b(n) := #{j | nj > 1} denotes the number of j ∈ {1, . . . , k} with nj > 1. For more

examples on regenerative composition structures see Gnedin [4].

The aim of this article is not to extend the theory on regenerative composition structures

or to add a new regenerative structure to the literature. We rather focus on an important

class of sampling distributions related to coalescent processes. Surprisingly, all these

sampling distributions turn out to be non-regenerative (in the sense of Definition 1), except

for some well-known boundary cases which are related to the Ewens composition structure

and the hook composition structure. In Section 2 this class of sampling distributions is

introduced in terms of a recursion going back to Möhle [13]. The main result (Theorem 3.1)

is presented in Section 3.

2. Sampling formulas induced from coalescent processes

Let E denote the set of all equivalence relations on N. For n ∈ N let �n : E → En,

�n(ξ) := {(i, j) | 1 � i, j � n, (i, j) ∈ ξ}, denote the natural restriction to the (finite) set En

of all equivalence relations on {1, . . . , n}. The set E is equipped with the metric d(ξ, η) :=

inf{2−n | n ∈ N, �n(ξ) = �n(η)}, ξ, η ∈ E, and the associated Borel-σ-algebra generated by

the open subsets of E.

Let Λ be a finite measure on [0, 1]. The standard Λ-coalescent, independently studied

by Pitman [15] and Sagitov [16], is a Markovian process R = (Rt)t�0 with state space

E and initial state R0 = ∆ := {(i, i) | i ∈ N}, the diagonal relation having only blocks of

size 1 (singletons). The probabilistic structure of R depends on the measure Λ as follows.

For each n ∈ N, the restricted process (�nRt)t�0 is Markovian with state space En and

infinitesimal rates

qξη =

⎧⎪⎪⎨
⎪⎪⎩

∫
[0,1]

1−(1−x)b−1(1−x+bx)
x2 Λ(dx) if ξ = η,∫

[0,1]
xb−a−1(1 − x)a−1 Λ(dx) if ξ ≺ η,

0 otherwise,

(2.1)

where a := |η| and b := |ξ| are the number of blocks of the equivalence relations η ∈ En

and ξ ∈ En, and ξ ≺ η means (by definition) that exactly b − a + 1 equivalence classes of

ξ merge together to form one class of η, while all the other a − 1 classes of ξ remain

unchanged. If Λ = δ0 is the Dirac measure concentrated in 0, then the Λ-coalescent R

is Kingman’s coalescent (Kingman [11, 12]), which allows only for binary mergers of

ancestral lines. If Λ = U is uniformly distributed on [0, 1], then R is the Bolthausen–

Sznitman coalescent (Bolthausen and Sznitman [1]). If Λ is concentrated in 1, then the

process R is called a star-shaped coalescent. From (2.1) it follows that the block counting

process D = (Dt)t�0 is a death process with infinitesimal rates

gnk =

(
n

k − 1

)∫
[0,1]

xn−k−1(1 − x)k−1 Λ(dx) (2.2)
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(n, k ∈ N with k < n) and total rates

gn =

n−1∑
k=1

gnk =

∫
[0,1]

1 − (1 − x)n−1(1 − x + nx)

x2
Λ(dx), n ∈ N. (2.3)

The differences hn := gn − gn−1, n � 2, therefore satisfy

hn = (n − 1)

∫
[0,1]

(1 − x)n−2 Λ(dx), n � 2. (2.4)

Note that (2.2) and (2.4) imply that the rates gnk , 1 � k < n, are determined by the total

rates g1, g2, . . . via

gnk =

(
n

k − 1

) n∑
j=k+1

(−1)k+1−j

j − 1

(
n − k − 1

n − j

)
hj , 1 � k < n.

In particular, gn,n−1 = nhn/2, n � 2, a formula which will be useful later.

In population genetics the ancestry of n genes is often modelled by the restricted

coalescent process (�nRt)t�0. By definition, two genes i and j have the same ancestor at time

t in the past if and only if (i, j) ∈ �nRt. Mutations are superimposed on the genealogical

tree (�nRt)t�0 as follows. Conditional on the tree, mutations occur independently of the

tree at the points of a homogeneous Poisson process with rate r > 0 acting along each

branch of the tree. Usually, the infinitely-many-alleles model is assumed, i.e., each mutation

leads to a new type (allele) never seen before.

Assume there are k ∈ {1, . . . , n} types among the n genes and assume that you label

these k types randomly, i.e., in an exchangeable order. Let p(n) be the probability to see

a specific allele configuration n = (n1, . . . , nk), i.e., to see nj genes of (randomly labelled)

type j, j ∈ {1, . . . , k}. By definition, the probability p(n) is symmetric with respect to the

k coordinates n1, . . . , nk . Möhle [13, Theorem 3.1] showed that the sampling probabilities

p(n) satisfy the recursion p(1) = 1 and

p(n) =
nr

gn + nr

k∑
j=1
nj=1

1

k
p(ñj) +

n−1∑
i=1

gn,n−i

gn + nr

k∑
j=1
nj>i

nj − i

n − i
p(n − iej) (2.5)

for any composition n = (n1, . . . , nk) of n with n =
∑n

j=1 nj � 2, where ej = e(k)
j denotes

the jth unit vector in R
k , and ñj := (n1, . . . , nj−1, nj+1, . . . , nk).

For l ∈ N let al := #{j ∈ {1, . . . , k} | nj = l} denote the number of indices j ∈ {1, . . . , k}
with nj = l. In terms of the probabilities q(a) := k!/(n1! · · · nk!)p(n), a = (a1, a2, . . . ), the

recursion (2.5) becomes q(e1) = 1 and

(gn + nr)q(a) = nrq(a − e1) +

n−1∑
i=1

gni

i

i∑
j=1

j(aj + 1)q(a + ej − en−i+j), (2.6)

for n =
∑

i iai > 1, with the convention q(a) := 0 if at least one of the entries a1, a2, . . .

is negative. Here ej denotes the jth unit vector in R
∞. In terms of the probability

generating functions fn(s
(n)) :=

∑
a q(a)sa1

1 · · · sann , n ∈ N, s(n) := (s1, . . . , sn) ∈ R
n, where the
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sum extends over all a = (a1, a2, . . . ) with
∑

i iai = n, the recursion (2.6) is equivalent to

(gn + nr)fn(s
(n)) = nrs1fn−1(s

(n−1)) +

n−1∑
i=1

gni

i

i∑
j=1

jsn−i+j

∂

∂sj
fi(s

(i)), n > 1,

i.e., f1(s1) = s1, f2(s1, s2) = (2rs21 + g2s2)/(g2 + 2r) and so on.

Solutions of the recursion (2.5) or, equivalently, (2.6) are only known for special cases.

For the Kingman coalescent (Λ = δ0), the solution of the recursion (2.5) is the symmetric

composition probability function p = c∗ in (1.5) of the Ewens composition structure with

parameter θ = 2r. For the star-shaped tree (Λ = δ1), the solution p (see Möhle [13, Section

4]) is the symmetric composition probability function c∗ in (1.8) of the hook composition

structure. Thus, for both of these cases, there exists a regenerative composition structure

(Cn)n such that the corresponding symmetric composition probability function c∗ coincides

with p. The following definition is hence natural.

Definition 1. Let p be any real-valued function on the set of all compositions. Call

p regenerative if there exists a regenerative composition structure (Cn)n such that the

associated symmetric composition probability function c∗ (defined via (1.1)) coincides

with p, i.e., c∗(n) = p(n) for all compositions n.

Remark. The definition implies that only symmetric functions p can be regenerative.

By the above discussion it is tempting to conjecture, that all the sampling formulas

based on the recursion (2.5) are regenerative in the sense of Definition 1. We verify in

the following section the contrary (Theorem 3.1), which explains the complexity of the

sampling probabilities p, and as well the fact that not much is known about p, except for the

two boundary cases when the measure Λ is either concentrated in 0 or concentrated in 1.

3. Properties of sampling distributions induced from coalescents

For arbitrary finite measure Λ, the recursion (2.5) seems to be difficult to solve for

all compositions n. However, for certain compositions n = (n1, . . . , nk) of n, namely

for those satisfying k = n or k = n − 1, solutions can be derived easily. Define v(n) :=∑n
i=1 e(n)

i = (1, . . . , 1) ∈ R
n for convenience. For k = n, the recursion (2.5) reduces to

p(v(n)) = nrp(v(n−1))/(gn + nr), n � 2, with solution

p(1, . . . , 1︸ ︷︷ ︸
n-times

) = p(v(n)) =

n∏
i=2

ir

gi + ir
. (3.1)

Now consider v(k)
i := v(k) + e(k)

i , i.e., the ith component of v(k)
i is equal to 2 and all other

components of v(k)
i are equal to 1. Note that the sum of all components of v(k)

i is equal to

n := k + 1. The recursion (2.5) for the composition n := v(k)
1 reads

p(v(k)
1 ) =

nr

gn + nr

k − 1

k
p(v(k−1)

1 ) +
gn,n−1

gn + nr

1

n − 1
p(v(k)).
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From k = n − 1, gn,n−1 = nhn/2 and (3.1) it follows that

p(v(n−1)
1 ) =

nr

gn + nr

n − 2

n − 1
p(v(n−2)

1 ) +
n!hnr

n−2

2(n − 1)
∏n

i=2(gi + ir)
.

Now verify by induction on n that

p(2, 1, . . . , 1︸ ︷︷ ︸
(n − 2)-times

) = p(v(n−1)
1 ) =

n!gnr
n−2

2(n − 1)
∏n

i=2(gi + ir)
, n � 2. (3.2)

Thus, based on the solution (3.1) of the recursion (2.5) for k = n, we have found the

solution (3.2) of the recursion (2.5) for k = n − 1. Now proceed as follows to derive further

solutions. For i, j ∈ {1, . . . , k} define v(k)
ij := v(k) + e(k)

i + e(k)
j ∈ N

k . For the composition n :=

v(k)
12 of n = k + 2, the recursion (2.5) reads

p(v(k)
12 ) =

nr

gn + nr

k − 2

k
p(v(k−1)

12 ) +
gn,n−1

gn + nr

2

n − 1
p(v(k)

1 ).

From k = n − 2, gn,n−1 = nhn/2 and (3.2) it follows that

p(v(n−2)
12 ) =

nr

gn + nr

n − 4

n − 2
p(v(n−3)

12 ) +
n!gn−1hnr

n−3

2(n − 1)(n − 2)
∏n

i=2(gi + ir)
. (3.3)

Now verify by induction on n that

p(v(n−2)
12 ) = p(2, 2, 1, . . . , 1︸ ︷︷ ︸

(n − 4)-times

)

=
n!rn−3

2(n − 2)(n − 3)
∏n

i=2(gi + ir)

n−1∑
j=3

(j − 2)gjhj+1

j
, n � 4.

The complexity of such formulas for p(n) increases rapidly with the number of components

of n = (n1, . . . , nk) being larger than 1. We now present our main result.

Theorem 3.1. Let Λ be a finite measure on [0, 1] and let p(n) denote the sampling prob-

abilities induced from a Λ-coalescent with mutation rate r > 0, i.e., p(n) is defined via the

recursion (2.5). The following two conditions are equivalent.

(i) The sampling distribution p is regenerative in the sense of Definition 1.

(ii) Λ((0, 1]) = 0 or Λ([0, 1)) = 0, i.e., the measure Λ is either concentrated in 0 or concen-

trated in 1.

Proof. (ii) ⇒ (i) Without loss of generality, assume Λ �= 0. If Λ is concentrated in 0,

i.e., Λ = cδ0 for some 0 < c < ∞, then it is straightforward to verify that the solution p

of the recursion (2.5) coincides with the symmetric composition probability function c∗ in

(1.5) of the Ewens composition structure with parameter θ = 2r/c. If Λ is concentrated

in 1, i.e., Λ = cδ1 for some 0 < c < ∞, then the solution p of the recursion (2.5) coincides

with the symmetric composition probability function c∗ in (1.8) of a hook composition

structure (with r replaced by r/c). Both composition structures are regenerative.
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(i) ⇒ (ii) Assume that Λ([0, 1)) > 0. Then, by (2.4), hn > 0 for n � 2. The assumption (i)

ensures that there exists a regenerative composition structure (Cn)n with c∗(n) = p(n) for

all compositions n. As (Cn)n is regenerative, we have c(v(n)) = q(n, 1) c(v(n−1)), and hence

q(n, 1) =
c(v(n))

c(v(n−1))
=

c∗(v(n))

c∗(v(n−1))
=

p(v(n))

p(v(n−1))
=

nr

gn + nr
, n ∈ N, (3.4)

where the last equality follows from (3.1). In order to compute q(n, 2) consider the

composition v(k)
1 of n = k + 1 defined earlier. We have

k p(v(k)
1 ) =

k∑
i=1

c(v(k)
i ) = c(v(k)

1 ) +

k∑
i=2

c(v(k)
i )

= q(n, 2) c(v(k−1)) + q(n, 1)

k−1∑
i=1

c(v(k−1)
i )

= q(n, 2) p(v(k−1)) + q(n, 1) (k − 1) p(v(k−1)
1 ).

Using k = n − 1, (3.2) and (3.4) yield

q(n, 2) p(v(n−2)) = (n − 1) p(v(n−1)
1 ) − q(n, 1) (n − 2) p(v(n−2)

1 )

=
n!gnr

n−2

2
∏n

i=2(gi + ir)
− nr

gn + nr

(n − 1)!gn−1r
n−3

2
∏n−1

i=2 (gi + ir)

=
n!rn−2hn

2
∏n

i=2(gi + ir)
.

Dividing both sides by

p(v(n−2)) =

n−2∏
i=2

ir

gi + ir
=

(n − 2)!rn−3∏n−2
i=2 (gi + ir)

yields

q(n, 2) =

(
n
2

)
rhn

(gn + nr)(gn−1 + (n − 1)r)
, n � 2. (3.5)

For the composition v(k)
ij := v(k) + e(k)

i + e(k)
j ∈ N

k of the integer n = k + 2 we have

(
k

2

)
p(v(k)

12 ) =
∑

1�i<j�k

c(v(k)
ij ) =

k∑
j=2

c(v(k)
1j ) +

∑
2�i<j�k

c(v(k)
ij )

= q(n, 2)

k−1∑
i=1

c(v(k−1)
i ) + q(n, 1)

∑
1�i<j�k−1

c(v(k−1)
ij )

= q(n, 2) (k − 1) p(v(k−1)
1 ) + q(n, 1)

(
k − 1

2

)
p(v(k−1)

12 ).

From k = n − 2 we conclude that

p(v(n−2)
12 ) = q(n, 2)

2

n − 2
p(v(n−3)

1 ) + q(n, 1)
n − 4

n − 2
p(v(n−3)

12 ).

https://doi.org/10.1017/S0963548306008212 Published online by Cambridge University Press

https://doi.org/10.1017/S0963548306008212


442 M. Möhle

Plugging in the formulas (3.4) and (3.5) for q(n, 1) and q(n, 2), and the formula (3.2) for

p(v(n−3)
1 ) yields

p(v(n−2)
12 ) =

n!gn−2hnr
n−3

2(n − 2)(n − 3)
∏n

i=2(gi + ir)
+

nr

gn + nr

n − 4

n − 2
p(v(n−3)

12 ).

Comparing this recursion with the standard recursion (3.3) yields

n!gn−2hnr
n−3

2(n − 2)(n − 3)
=

n!gn−1hnr
n−3

2(n − 1)(n − 2)
, n � 4.

As hn > 0 and r > 0 we conclude that (n − 3)gn−1 = (n − 1)gn−2 for all n � 4. By induction

on n it follows that gn =
(
n
2

)
g2 for all n, i.e., up to the constant g2, the total rates are those

of the Kingman coalescent. Thus Λ = g2δ0 is concentrated in zero, i.e., Λ((0, 1]) = 0.

We finally present some results related to Pitman’s two-parameter family of sampling

distributions. For α, θ ∈ R such that either 0 � α < 1 and θ � −α or α < 0 and θ = −mα for

some fixed non-negative integer m ∈ N, Pitman [14] studied the two-parameter sampling

formula

pα,θ(n) =
n![θ + α]k−1,α

[θ + 1]n−1k!

k∏
j=1

[1 − α]nj−1

nj!
,

n = (n1, . . . , nk) ∈ N
k with n := n1 + · · · + nk , where [θ]k,α :=

∏k−1
i=0 (θ + jα). The case α <

0 was also studied by Keener, Rothman and Starr [10] with A = −α. The following

proposition shows that the Ewens sampling formula (α = 0) is the only case where

Pitman’s two-parameter sampling distribution coincides with a sampling distribution

induced from a coalescent with multiple collisions.

Proposition 3.2. Let Λ be a finite measure on [0, 1] and let p(n) be the sampling probabilities

given by the recursion (2.5). If pα,θ(n) = p(n) for all n = (n1, . . . , nk) ∈ N
k , then α = 0.

Remark. For the sub-range of parameters 0 � α < 1 and θ � 0, Proposition 3.2 follows

directly from the previous theorem, as in this case pα,θ is regenerative in the sense of

Definition 1 with decrement matrix entries

q(n, n) =
[1 − α]n−1

[θ + 1]n−1
and q(n, m) =

(
n

m

)
[1 − α]m−1

[θ + n − m]m

(n − m)α + mθ

n

for 1 � m < n. See Gnedin and Pitman [7, Section 8] for more details.

Proof. Define an :=p(v(n))=
∏n

i=2(ir/(gi + ir)) and bn := pα,θ(v
(n)) = [θ + 1]n−1,α/[θ + 1]n−1.

By assumption, an = bn for all n, i.e.,

nr

gn + nr
=

an

an−1
=

bn

bn−1
=

θ + (n − 1)α

θ + (n − 1)

or equivalently

gn

nr
=

(n − 1)(1 − α)

θ + (n − 1)α
.

https://doi.org/10.1017/S0963548306008212 Published online by Cambridge University Press

https://doi.org/10.1017/S0963548306008212


On a Class of Sampling Distributions 443

The recursion (2.5) implies that

p(2, 2) =
g43

g4 + 4r

2

3
p(2, 1).

From g43 = 2h4 = 2(g4 − g3) we conclude that

4

3

g4 − g3

g4 + 4r
=

p(2, 2)

p(2, 1)
=

pα,θ(2, 2)

pα,θ(2, 1)
=

2(1 − α)

θ + 3
,

where the last equality follows from Pitman’s sampling formula. Thus

(1 − α)(g4 + 4r)

θ + 3
=

2

3
(g4 − g3) =

2

3
g4 − 4r(1 − α)

θ + 2α
.

Division by 4r leads to

1 − α

θ + 3

g4 + 4r

4r
=

2

3

g4

4r
− 1 − α

θ + 2α
.

Plugging in (g4 + 4r)/(4r) = (θ + 3)/(θ + 3α) and g4/4r = 3(1 − α)/(θ + 3α), we see that

1 − α

θ + 3α
=

2

3

3(1 − α)

θ + 3α
− 1 − α

θ + 2α
,

or equivalently

1

θ + 3α
=

2

θ + 3α
− 1

θ + 2α
,

which finally yields α = 0.

Final remark. We have studied properties of sampling formulas induced from coalescent

processes with multiple collisions. There exists a wider class of sampling formulas (see

Möhle [13]), where the underlying coalescent process allows for simultaneous multiple

collisions of ancestral lineages. These coalescent processes are characterized in terms of a

sequence of measures Λn on the simplex ∆n := {x = (x1, . . . , xn) ∈ [0, 1]n | x1 + · · · + xn �
1}, n ∈ N. Similar methods as presented in this article should show that all these sampling

distributions are non-regenerative in the sense of Definition 1, except for the case when

Λj is the zero-measure for all j � 2 and Λ1 is either concentrated in 0 or concentrated

in 1.
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