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Abstract

In this paper, I propose a new method called the auxiliary state method (ASM) for solving highly nonlinear
dynamic stochastic general equilibrium (DSGE) models with state variables that exhibit a non-elliptical
ergodic distribution. The ASM method effectively avoids most improbable states that, while never visited,
can create issues for numerical methods. I then demonstrate the ASM method by applying it to a model
with highly asymmetric nominal rigidities, which are necessary to match the skewness of the U.S. inflation
distribution. The ASM method can handle the high level of asymmetry, whereas the standard projection
method cannot. Additionally, the ASM method is significantly faster than the standard projection method.
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1. Introduction

It is common in economics for a DSGE model to have a non-elliptical ergodic distribution for its
state variables (i.e., non-elliptical simulated domain or state space). This occurs due to the pres-
ence of an endogenous state that is highly nonlinear function of an exogenous state. For instance,
in a New Keynesian model, real wage is positively nonlinearly determined by productivity. When
real wage becomes an endogenous state, the ergodic set for state variables becomes non-elliptical,
particularly in models with high levels of nonlinearity. Figure 1 shows an example of non-elliptical
ergodic set for two state variables from a DSGE model with downward nominal wage rigidity:
an endogenous state that is the lagged real wage and an exogenous state that is the total factor
productivity (TFP).

It can be seen from Figure 1 that if we specify a rectangular grid for a numerical solution
method (e.g., the magenta area in this figure) based on this non-elliptical set (i.e., the blue area),
a large number of grid points will represent states that are never visited. More importantly, these
improbable states may create issues for numerical methods, especially when high nonlinearity is
present in our models. Therefore, to obtain a stable numerical solution, we need to avoid these
improbable states. For further discussion on this topic, see Judd et al. (2011), Judd et al. (2014),
and Maliar and Maliar (2015), among others.

It can also be seen from the graph that the endogenous state variable can be written as a nonlin-
ear function of the exogenous state variable plus a random variable.! Therefore, we can transform
the original non-elliptical ergodic set into an elliptical set by introducing an auxiliary state vari-
able. This elliptical ergodic set can be effectively approximated by a rectangular grid, which is
suitable for a projection method. This leads to the name of the new method proposed in this
paper: the Auxiliary State Method (ASM).

In this paper, I first formalize the ASM method and propose an ASM algorithm. I then apply
this method to solve a model with highly asymmetric nominal price and wage rigidities that the

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the
Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and
reproduction, provided the original article is properly cited.

https://doi.org/10.1017/5S1365100525000318 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100525000318
https://orcid.org/0009-0002-1765-7052
mailto:p.ngo@csuohio.edu
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/S1365100525000318

2 R. Ngo

0.94

0.02 | oo i xxx

o
©

o©
®
®

o
®
o

o
[ee]
~

o
®
N

o
o

Endogenous state (Lagged real wage)

o Ergodic set
“I = Numerical grid

0.78 - : )
-0.15 -0.1 -0.05 0 0.05 0.1 0.15

Exogenous state (TFP)

Figure 1. An example of non-elliptical simulated state space based on ergodic distribution from a DSGE model with
downward nominal rigidities.

standard projection method is not able to handle, especially when the asymmetry level is high, but
consistent with the U.S. inflation data. Another important result is that, when this high level of
downward nominal rigidities is absent, the two methods produce identical results and the ASM
method is considerably faster than the standard projection method given the same computing
power.

Note that for both methods, I update numerical grids frequently based on simulations. I also
use solutions from a lower level of asymmetry as initial guesses when solving the model with a
higher level of asymmetry. Additionally, I use solutions from the ASM method to compute ergodic
sets for original state variables, then use this information to update numerical grids and initial
guesses for the standard projection method.

Based on the level of asymmetry that is solved by the ASM method and that generates a result
consistent with the skewness of the U.S. inflation distribution, the impulse responses of some
selected macroeconomic variables are highly dependent on the size and the sign of fundamen-
tal shocks, indicating that the model is highly nonlinear. However, with the maximum level of
asymmetry solvable by the standard projection method, the responses display the propagation
mechanism of a nearly linear model, i.e., responses under a positive shock are mirror images of
those under a negative shock, and the magnitude of responses increases linearly with the size of
the shock. Thus, the ASM method is able to solve a highly nonlinear model, while the standard
projection method is not.

The paper is organized as follows. The rest of the introduction reviews briefly the related liter-
ature. Section 2 presents the ASM method and proposes an ASM algorithm. Section 3 applies
this method to solve a DSGE model with highly asymmetric nominal rigidities and compare
this method with the standard projection method. The appendixes provide additional results and
derivations.

Related Literature: My paper is related to Judd et al. (2011), who propose a method called
generalized stochastic simulation algorithm for computing numerical solutions focused on the
equilibrium-visited part of the state space—the ergodic set. Their approach primarily relies on
stochastic simulations.? The main distinction between my method and theirs is that my method
transforms the original non-elliptical ergodic set into an elliptical set by introducing an auxiliary
state variable, which allows the model to be solved using a standard projection method with a
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grid that is specified and updated based on the auxiliary ergodic set. In contrast, Judd et al., solve
the model directly on the original ergodic set without applying a projection method.’> However,
similar to them, I utilize stochastic simulations to update ergodic sets and, as a result, numerical
grids, enabling the model to be solved on high-probability areas of the ergodic sets.

This paper is closely related to Judd et al. (2014) and Maliar and Maliar (2015). Judd et al. (2014)
transform an initially rotated elliptical ergodic set of original state variables into a spherical set
using principal components. This spherical set can be reasonably approximated by a cubical grid.
They then use this adaptive cubical grid within a Smolyak-based projection method. Maliar and
Maliar (2015) use different techniques to construct a fixed grid for a projection method. However,
their techniques mainly apply to a spherical ergodic set that is derived from original rotated ellip-
tical ergodic set using the principal components method, as in Judd et al. (2014). They then use
this grid within a projection method.

The main difference between my method and the approaches in these papers lies in the trans-
formation technique: while they rely on a linear transformation via principal components, my
method uses a non-linear transformation. As a result, my method is effective for both rotated ellip-
tical or non-elliptical sets, whereas their methods may encounter limitations with non-elliptical
sets. Additionally, my method only translates endogenous state variables into auxiliary states,
while their approach transforms all original state variables into principal components and vice
versa. Overall, the ASM method serves as a useful complement to the methods presented in these

papers.

2. Auxiliary state method
2.1. ASM formalization

Suppose the equilibrium of a DSGE model is governed by the following system of nonlinear
rational expectation functions.

f (Xt: St E (g (X415 St+1) ISt)) =0,

where both functions f(-) and g(-) are known; X; is the vector of endogenous variables; S; =

(Z, Wy) € S is the vector of state variables with W; being endogenous, i.e., Wy € X;_1, and Z;

being exogenous;4 S is the original state space; E(- |S;) is the expectation conditional of state S;.
The transition equation for the exogenous state variables follows an autoregressive process:

Zi1 = pzZi + €741, where ez, ~ii.d N (0, aé) .

Suppose that we can write the endogenous state W; as function of Z; plus a normal random
variable W;:

Wi =h(Z) + W5

where function h(-) is known. ~ -
We can now define and work with an auxiliary state S; and auxiliary state space S:

gt = (Zt, Wt) € S~

Note that while the ergodic set for the original state variables (i.e., the original simulated state
domain or state space) may be rotatedly elliptical or even non-elliptical, the ergodic set for the
auxiliary state variables (i.e., the simulated auxiliary state domain or state space) is always, by con-
struction, elliptical. More importantly, this elliptical ergodic set can be effectively approximated
by a rectangular grid, making it suitable in a projection method. Consequently, the ASM method
operates as a projection method, utilizing grids that are specified and updated based on auxiliary
ergodic sets.

Figure 2 provides an example of the original ergodic set, original grid, auxiliary ergodic set,
auxiliary grid, function h(Z), and ASM-implied grid for two original states: one endogenous and
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Figure 2. An example of the original ergodic set (i.e., the blue non-elliptical area in panel A), original grid (i.e., the cyan
rectangular area in panel A), auxiliary ergodic set (i.e., the blue elliptical/spherical area in panel B), auxiliary grid (i.e., the
magenta rectangular area in panel B), function h(z), and ASM-implied grid for original states (i.e., the magenta parallelotope
area in panel A).

one exogenous. Specifically, the blue non-elliptical area in panel A represents the ergodic set for
the original state variables. Without transforming the original states, the grid used in a projection
method would be the cyan rectangular area in panel A. The solid red line in panel A shows an
example of the function h(Z). The blue elliptical/spherical area in panel B represents the ergodic
set for the auxiliary state variables. The magenta rectangular area in panel B is the numerical grid
that is specified and updated based on the auxiliary ergodic set and is used in a projection method.
The magenta parallelotope area in panel A illustrates the grid for the original state variables that
is implied by the ASM method. It is evident that the ASM-implied grid aligns much more closely
to the original ergodic set than the grid used in the standard projection method (e.g., the cyan
rectangular area in panel A). Consequently, the ASM method is more numerically stable than
the standard projection method that does not use auxiliary states, as the ASM method avoids
improbable states that the model cannot solve.
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2.2. An ASM algorithm
Let’s assume that the decision rule is a time invariant function of auxiliary state S:

X:q@.

We can use the following algorithm to find g (-) together with & (-).
Algorithm: Choose a numerical grid for the auxiliary state space S, then initialize functions
(0) () and h© (). In addition, discretize the distribution of shock innovation &7 into a vector of

] integration nodes £z = {82 Jj }J] with weight w = {a)] }J]
For each iteration i starting from 1, implement the following steps.

1. Step I: For each node S = (z, W) of the auxiliary grid, do the following:
(a) Compute

o X = q(ifl) (S)
«E(g (X41,541) IS) =Eq, (g (¢"V (§+1) ,S41)), where Ec, is the expectation com-

puted based on the discretized distribution of ez, S, = (Z+1,W+1) St1=
(Z41, W41), and

— Zy1=pZ+ €z
— Wi =Wy —hO D (Zy) and Wy, €X.
(b) Solve X from the equilibrium system f (X S,E (g (X415 8+1) |S)) =0, where S=
(Z,W)and W = h(=D (7) + W.
2. Step 2: Update q'” (-) using X that is found in Step 1.
3. Step 3: Simulate the model, calculate simulated data for W, W, and Z, then

« update h) () by regressing W on a constant, Z, and higher polynomials of Z if
needed. ~
« update the auxiliary grid based on simulated data for W.
4. Step 4: Stopping rule. If ||g? — g~V || + [|h®D — =D || < tol, go to Step 5. Otherwise,
increase i: = i + 1 and go back to Step 1.

5. Step 5: Exit and do simulations.

Algorithm discussion: The ASM method is basically a projection method that is implemented
based on an auxiliary state grid rather than the original state grid. As discussed above, the ASM
method allows us to solve the model within the high-probability area of the ergodic set for the
original state variables. Therefore, it helps stabilize the numerical solution method. This method
combines a projection method, stochastic simulations, and state variable transformation.

There are several key points that are worth noting. First, there are different options for selecting
a numerical grid/nodes for the auxiliary state space, including evenly spaced nodes, anisotropic
nodes, Chebyshev nodes, or Smolyak nodes. The choice of grid depends on researcher preferences
and the specific problem at hand. Second, various basis functions can be used for the numerical
functional forms of g (-) , such as monomials, Chebyshev’s, or splines. In this paper, I use equally
spaced nodes together with cubic spline basis functions to approximate functions ¢ (-). For those
who are interested in projection methods, more details can be found in Judd (1998) and Miranda
and Fackler (2002).

Additionally, similar considerations apply when initializing and updating the function k (-) .
In my application in the next section, I use a cubic function for h (-) and I initialize its coeffi-
cients to zeros. To update & (-) , I simulate the model for 100, 000 periods from the deterministic
steady state, then use the OLS method to update the coefficients of & (-). Readers interested in the
stochastic simulation literature can refer to Judd et al. (2011) for more information.
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3. Application
3.1. Model

The model is a standard New Keynesian model that incorporates downward nominal price and
wage rigidities as in Kim and Ruge-Murcia (2009) and Gourio and Ngo (2024).

3.1.1. Composite labor
Firms need to use composite labor to produce intermediate differentiated goods. Composite labor
can be created by aggregating a variety of differentiated labor indexed by h € [0, 1] using a CES

technology
1 &
Nt=<f N Ewldh> , )
0

where ¢,, determines the elasticity of substitution among differentiated types of labor. The profit
maximization problem is given by

1
max W;N; — / WIN!dh,
0

where W and N/ are the nominal wage and quantity of differentiated labor of type h.
Profit maximization and the zero-profit condition give the demand for labor of type h

n (W -
N' = — Ny, 2
t Wt t ( )

W, = (/ (Wﬁ)l_sw dh)w . (3)

and the aggregate wage level

3.1.2. Final consumption goods
To produce consumption goods, households buy and aggregate a variety of differentiated
intermediate goods indexed by i € [0, 1] using a CES technology

€

1 e—1 -1
Ytz(/ Y, () di) ,
0

where ¢ determines the elasticity of substitution among intermediate goods. The profit maximiza-
tion problem is given by

1
max P;Y; — f P; (i) Y; (i) di,
0

where P; (i) and Y; (i) are the price and quantity of intermediate good i.
Profit maximization and the zero-profit condition give the demand for differentiated interme-

diate good i
P, (i)\ "€
Y; (i)=< tpi’)) Y, @)

and the aggregate price level
1

P, = (/ P, (i) di)“ ) (5)
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3.1.3. Household h’s problem

There is a unit mass of households. Each household indexed by h € [0, 1] provides type-h labor
and is competitively monopolistic in the labor market. It is costly to adjust wages. Without loss of
generality, we assume that households pay wage adjustment costs which have a general form

h
ACl =0 ( Wi ) WIN
wh ’
t—1
where ®' () > 0 and ®” (-) > 0.

In this paper, we follow Kim and Ruge-Murcia (2009) and use the linex function to model wage
adjustment costs. Specifically,

o) oo [l ) )
P, =0 P

v

> (6)

t—1

where TI is the inflation used to index nominal wage in labor contracts, ¢, is the level parame-
ter and v, is the asymmetry parameter. If ¥, > 0, the wage adjustment cost is asymmetric. In
particular, the cost to lower a wage compared to the indexed wage in the contract is higher than
to increase it by the same amount. When 1, approaches 0, this function becomes a symmetric
quadratic function around the indexed inflation.

oo
Household / choose {C’f, NI, W, Bi’} to maximize the inter-temporal utility

Vi = u(Ch, N") + BE, (V{Ll)
with the flow utility

1—- 1+
Ct Y _XNt n

HC,N == >
(C, Ny) =y 1+7

subject to the labor demand (2) and the budget constraint as described below.
The budget constraint is:
PCh 4 RTIB! = WhND (1 - q>h) +BL + DT fort=1, ., 00, )
given Wy and B. (8)

A symmetric solution to this optimization problem, i.e., W = W; and N = N;, implies a New
Keynesian Phillips curve for wages and the Euler equation (see Appendix B for the derivation):

n+1

0=(1—gy) (1— @ (M})) Ny — @ (IT}) T"N; + &

o' (M1y,,) (") }
11— = 5

WtCt_y

)

R
o ()]
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where w; = W;/P; is the real wage; I1; = P;/P;_; is gross inflation; IT} = W;/W;_, is gross wage
inflation. Wage inflation and the stochastic discount factor are given by

My = ——T, (11)
Wr—1
Cri1\
Mmrl:ﬂ( tc+ ) . (12)
t

Note that when ¢, =0 and &, — 00, equation (9) becomes a standard marginal rate of
substitution between labor and consumption

XN/

c’

= Wt.

3.1.4. Intermediate goods producer i’'s problem
There is a unit mass of intermediate goods producers that are monopolistic competitors. Suppose
that each intermediate good i € [0, 1] is produced by one producer using the technology

= Z;N}, (13)
where N! is composite labor input used by firm i; and
In(Z) = pzIn (Zi—1) + ez (14)
ez; ~ iid N (0,07).

Following Rotemberg (1982), we assume that each intermediate goods firm i faces costs of
adjusting prices in terms of final goods. The adjustment cost function is in a general form

AC’ F< Pi )Y
- P t>
t—1
where IV (1) > 0and I'” () > 0.

We also use the linex function to model price adjustment costs. Specifically,

exp (—¥p (x—TI)) + 9, (x— ) — 1
I'(x)=dp p
v
where TT is the inflation used to index prices in contracts between intermediate good producers
and final good producers, and ¢, ¥, are parameters that determines the level and the asymmetry
of price adjustment costs. If 1, > 0, the price adjustment cost is asymmetric. Particularly, the cost
to lower a price compared to the indexed price is higher than to increase it by the same amount.

The linex function nests the symmetric quadratic cost when ¥, approaches 0, i.e., it becomes a
quadratic function around the indexed inflation:

2
T (x)= q;P(ﬁ 1),

which is popularly used in the literature.
The problem of firm i is given by

Pl : Py
maxr Et Z {Mt t+] |:( ]Ytl+] WtNtl) —-T (1_] Yt+j (16)
Y, Nt+j’P;+j}J 0 j=0 t+j Pt+] 1

subject to its demand (4) and production function (13).

, (15)
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In a symmetric equilibrium where all firms choose the same price and produce the same quan-
tity (i.e., P = Py and Y; = Y;). The optimal pricing rule then implies the New Keynesian Phillips
curve,

w
<1 —e+ SZt — I, I’ (Ht)> Y; + E (Meg1 T T (Tgy1) Yegr) =0. (17)
t

3.1.5. Monetary policy
The central bank conducts monetary policy by setting the interest rate using a simple Taylor rule:

GDP\? (11, \*"
R =R* )= (18)
GDP* IT*
where GDP; = C; denotes the gross domestic product (GDP); GDP* and IT* denote the target
GDP and inflation, respectively; R* denotes the intercept of the Taylor rule.

3.1.6. Equilibrium systems
With the Rotemberg price setting, the aggregate output satisfies

Ye=ZiN, (19)
Finally, the resource constraint is given by
Ci=01-T (1) Yy — wN,® (IT7) . (20)

The equilibrium system for the model consists of a system of seven nonlinear difference
equations (9), (10), (11), (17), (18), (19), (20) for seven variables wy, C;, Ry, I1;, IT}', Ny, and Y.
The system of equilibrium equations is summarized in Appendix A.

3.2. Parameter calibration

Table 1 presents the calibrated parameters. All of the parameters are taken from the New
Keynesian literature, except the asymmetry parameters for the price and wage adjustment cost
functions, v, and v, which I vary from 0 to 500. In particular, the subjective discount factor 8
is set to 0.99, the intertemporal elasticity of substitution (IES) of consumption 1/y to 0.5, and the
Frisch elasticity of labor supply 1/7 to 1.5. The gross markup for intermediate good producers is
set to 1.15, corresponding to the demand elasticity parameter ¢ = 7.66. The labor demand elastic-
ity parameter, &, is set to 6, giving the labor gross markup of 20%. The labor disutility parameter
x is calibrated to achieve the steady state labor of 1/3.

In addition, I set IT* (the so-called target inflation rate) and the inflation rate to be indexed IT to
the conventional value of 2%, the weight on inflation in the Taylor rule ¢, = 1.75, and the weight
on output gap ¢, = 0.065. The adjustment cost level for prices and wages, ¢, and ¢, are both set
to 100. The asymmetry level for the price adjustment cost function, ¥, and the asymmetry level
for the wage adjustment cost function, v,,, are allowed to vary. Except ¥, and ¥, all the values
are standard in the literature, e.g., Woodford (2003).

Finally, the persistence of the TFP shock is set at 0.97 and the standard deviation of TFP inno-
vations is 0.65%. These values help produce the standard deviation of real GDP growth being in
line with the U.S. data, which is 2.3% for the period of 1990q1-2019q4.

3.3. Quantitative results

I solve the fully nonlinear model using the ASM method with the algorithm described above.
I also solve the model using the standard projection method, as in Judd (1998), Miranda and
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Table 1. Model parameters

Parameter  Description Value
B Subjective discount factor 0.99
o Esis05 TN 200
S Fr|sch laborsupply elast|c|ty 5 0 67 .
X - Callbrated to ach|eve the steady state labor of 1/3 - ”33 88 |
s - leferentlated good gross markup is 1. 15 - 7 .66 '
SW D|fferent|ated laborgross markup|5120 .

Welght on |nflat|on in the Taylor rule ” 175 N

Welght on output in the Taylor rule 0.065

ntercept o Tay or Rule

e targetofz% peryear e
ﬁ - Inflatlon to bemdexed 2% peryear I 1005
¢p B Price adJuStment i level o
% R Pnce ad_]ustment o asymmetry e
¢>W - Wage adJustmentcost level - iOOH
1//W Wage adJustmentcostasymmetry e 0 500. |
pz e oftechnologyshock e 097 |
‘(sz - Std dev ofthe technologymnovatlons (%) - 0.65

Table 2.Key moments from the ASM method and the standard projection
method when there is no asymmetry, i.e., ¥, = ¥ = 0. The unit is (annual-
ized) percent

Moments Standard projection method ASM method
E(p) 2.02 2.02
”o'(r[p) e
Skewness(np) s . 007v e e
,.U(ﬂw) e m1.22” By
vskewnéss(nw)' e ,015, e 014. .

Fackler (2002), and Ngo (2014). To assess the accuracy of the ASM method, I solve the bench-
mark model without asymmetry, i.e., Yp = ¥y = 0, using both the ASM method and the standard
projection method.® The results are presented in Table 2. As seen in this table, the key moments
are nearly identical between the two methods, confirming that the ASM method is as accurate as
the standard projection method when the adjustment cost functions are symmetric.” Note that the
model remains fully nonlinear, so even in the absence of the asymmetry, there is still considerable
nonlinearity within the model.

Another important result is that, for the standard projection method to produce the same
results as the ASM method (as shown in Table 2), I need to substantially increase the number
of nodes along the endogenous state (lagged real wage) for the standard projection method. As a
result, the standard projection method converges more slowly than the ASM method.?

To determine which method is able to handle higher nonlinearity, I keep the price adjustment
cost asymmetry ¥, = 0 and vary the asymmetry level for the wage adjustment cost function v,
from 0 to 500. I find that the standard projection method can only solve the model with ,, up
to 36, while the ASM method can solve the model with r,, up to 221. With v, = 220, the skewness
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Figure 3. Adjustment cost function for prices and wages.

of the wage inflation is about 0.48, which is consistent with the U.S. wage inflation data during the
period 1990q1-2019q4.°

Another way to test the ASM method’s ability to handle nonlinearity is to set the wage adjust-
ment cost asymmetry ¥, = 0 and vary the asymmetry level for the price adjustment cost function
¥ from 0 to 500. The standard projection method can only solve the model with ¥, up to 61,
while the ASM method can solve the model with v, up to 491. With v, = 300, the skewness of
the price inflation is about 1.19, which is consistent with the U.S. price inflation data during the
period 1990q1-2019q4.!° In addition, the skewness of wage inflation is 0.55, which is also in line
with the U.S. data of 0.48, as discussed earlier in this paper.

It is worth noting that, for both methods, I update the grids frequently based on simulations. I
also use solutions from a lower level of asymmetry as initial guesses when solving the model with
a higher level of asymmetry. Moreover, I use solutions from the ASM method to compute ergodic
sets for the original state variables, then use this information to specify grids and to generate initial
guesses for the standard projection method.

The result confirms that the ASM method can handle the nonlinearity required to match the
U.S. data, while the standard projection method cannot. The main reason for the difference is that
the ergodic set of the original state variables is rotatedly non-elliptical, as shown in Figure 1 in the
previous section. When using the standard projection method, we need to specify a rectangular
grid that is large enough to cover this ergodic set. This leads to a significantly large set of improb-
able states—states that the model never visits but could cause problems for the numerical solution
method. For example, the model becomes unsolvable in a state with high lagged real wage and low
productivity. This state is improbable and in this state, two forces are at work, causing the current
nominal wage to be substantially smaller than the previous nominal wage: (i) the mean revert-
ing characteristic of real wage dynamics and (ii) lower productivity.!! The substantial decrease in
nominal wage would lead to unrealistically high wage/price adjustment cost, rendering the model
unsolvable in this state. However, using the ASM method, we are able to avoid most of these states.
As a result, the ASM method can solve the model with much more nonlinearity.

To illustrate the nonlinearity of the model regarding ¥, and v, I plot the linex function for
different values of asymmetry in Figure 3. Additionally, I plot the original ergodic set, the orig-
inal grid, the auxiliary ergodic set, and the auxiliary grid for the case of price asymmetry only,
¥p =300 and ¥, =0, as in Figure 2. It is important to note that, based on the simulated data
after solving the model using the ASM, the ergodic set for TFP and the real wage is rotatedly non-
elliptical, as shown by the blue area in panel A. Ideally, we should use a numerical grid, as shown
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Figure 4. Impulse response functions for the case of 1, = 300. The red lines show the responses of the policy rate, real GDP,
(price) inflation, wage inflation, and the real wage under a TFP shock of different magnitudes starting from the deterministic
steady state. The starred blue lines present the responses under negative shocks. The unit is annualized percent.

by the magenta parallelotope area in panel A, for the standard projection method. However, it is
nontrivial to do such a thing. By using the ASM method, we can transform the original rotated
non-elliptical ergodic set into an elliptical set that can be accurately approximated by a rectangu-
lar grid used in a projection method, as shown by the magenta rectangular area in panel B. By
doing so, we can avoid most improbable original states that the model never visits but can cause
problems for a numerical method.

Figure 4 displays the impulse response functions for selected macroeconomic variables in the
model with asymmetric price adjustment costs only, i.e., ¥, = 300 and v, = 0. The red lines rep-
resent the responses of the policy rate, real GDP, (price) inflation, wage inflation, and the real
wage under a positive TFP shock of different magnitudes, starting from the deterministic steady
state. The units are expressed in annualized percentages. The starred blue lines show the responses
under a negative shock.

From panels A, B, C of this figure, we can see that the responses are highly dependent on the
sign and the magnitude of TFP shocks. First, under a positive shock, prices decline due to lower
production cost, while under a negative shock, prices increase due to higher production cost.
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Figure 5. Impulse response functions for the case of ¥, =61 . The red lines show the responses of the policy rate, real GDP,
(price) inflation, wage inflation, and the real wage under a TFP shock of different magnitudes starting from the deterministic
steady state. The starred blue lines present the responses under negative shocks. The unit is annualized percent.

However, because of downward nominal price rigidities, it is more costly for firms to lower prices
than to raise them relative to the indexed price. As a result, the price inflation changes less under
a positive shock than under a negative shock of the same magnitude. Consequently, output and
the policy rate respond less under the positive shock than under the negative shock.

Second, the response of a selected variable (e.g., inflation) under a three-standard-deviation
shock is more than three time greater than the one under a one-standard-deviation shock.

Therefore, based on the level of asymmetry solved by the ASM method, which generates results
consistent with the skewness of the U.S. inflation distribution, the impulse responses of some
selected macroeconomic variables are highly dependent on the size and the sign of fundamental
shocks, indicating that the model is highly nonlinear. However, with the maximum level of asym-
metry solved by the standard projection method (i.e., ¥, = 61), the impulse responses, shown in
Figure 5, display a propagation mechanism close to those of a linear model. Specifically, responses
under a positive shock are mirror images of those under a negative shock, and the magnitude of
responses increases linearly with the size of the shock.
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Figure 6. Implied grids of the original state variables in the ASM method and the PC method.

3.4. Comparing the ASM method and the principal component method

In this subsection, I will provide some numerical results to show the difference between the
ASM method and the principal component (PC) method used in Judd et al. (2014) and Maliar
and Maliar (2015). As I explained in the previous section, the main difference between the two
methods lies in the transformation technique: while the PC method relies on a linear transfor-
mation, the ASM method uses a non-linear transformation. Additionally, the ASM method only
transforms endogenous state variables into auxiliary states, while the PC method transforms all
original state variables into principal components and vice versa.

Panel A of Figure 6 illustrates the ASM-implied grid and the PC-implied grid for the original
state variables of the benchmark model without asymmetry, i.e., Yp= Y = 0. Specifically, the
magenta rectangle shows the standard grid, i.e., a grid without any transformation. The area of
black diamonds represents the PC-implied grid, while the area of red circles is the grid implied
by the ASM method. We can see from this panel that the standard grid is much larger than the
ergodic set, the area of solid blue circles, leading to potential numerical problems related to a grid
point that the model never visits. In addition, compared to the standard grid, the grids implied
by the ASM and PC methods are much smaller. They are almost the same and they cover the
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Figure 7. Actual numerical grids in the ASM method and the PC method.

ergodic set neatly. It is also interesting that the implied grid points by the ASM method and the PC
method are systemically different, resulting from different transformation techniques. However,
the simulated results generated by the two methods are identical.

It is very important to report that the ASM is much faster than the PC method in this case.
Specifically, given everything the same (including the number of grid points, the number of nodes
on each state dimension, the number of simulations used to update policy function, the comput-
ing power), the time needed to solve the model using the ASM method is only 70% of the time
required by the PC method. The main reason is that the ASM method only transforms endogenous
state variables into auxiliary states, while the PC method transforms all original state variables into
principal components and vice versa. So, the PC method is more time consuming.

Panel B of Figure 6 presents the case of asymmetry, i.e., ¥, =300 and ¥, =0. The ASM-
implied grid does a slightly better job than the PC method in terms of enclosing the ergodic set. In
other words, the actual numerical grid used by the ASM method, shown by the rectangular area in
Panel B of Figure 7, is slightly smaller than the one used by the PC method, shown by Panel A of
Figure 7. As a result, the ASM method can handle a slightly larger level of asymmetry. Specifically,
the ASM method can solve the model with v, up to 491, compared to 461 by the PC method. Note
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that although the difference is relatively small in this example, it may be larger when the model
has more nonlinearity, such as more asymmetry or higher risk aversion.

It is also important to note that the time needed to solve the model using the ASM method
is only 63% of the time required by the PC method, even smaller than in the case of symmetry.
The reason for the ASM method to be faster than the PC method in the presence of asymmetry
is that the ASM method has a relatively smaller actual numerical grid that encloses the ergodic
set of the auxiliary states more neatly, as seen by Figure 7. Finally, the simulated moments for
macroeconomic variables are almost identical for the two methods. To save space, I do not report
them here. However, they are available upon request.

Overall, the ASM method is shown to be much faster and more accurate than the PC method,
at least based on the model in this paper. So, the ASM method is a valuable complement to the
PC method. It provides researchers with another useful tool to deal with high nonlinearity. Which
method should be used depends on researchers’ preferences and skills and the nonlinearity nature
of models.

4. Conclusion

In this paper, I propose a new method called the auxiliary state method (ASM) for solving highly
nonlinear dynamic stochastic general equilibrium (DSGE) models where state variables have a
non-elliptical ergodic distribution. The ASM method enables us to transform this ergodic set into
an elliptical shape that can be approximated by a rectangular grid, suitable for use in projection
methods. This approach avoids most improbable states that the model rarely visits but which,
due to high nonlinearity, can create difficulties for numerical methods. I then apply the ASM
method to a model with highly asymmetric nominal rigidities, necessary to capture the skewness
of the U.S. inflation distribution. The ASM method can effectively handles this high level of asym-
metry, whereas the standard projection method cannot. Additionally, when downward nominal
rigidities are absent, both methods yield identical results; however, the ASM method proves to be
significantly faster than the standard projection method.

There are several promising research directions for applying the ASM method. First, we could
use this method to solve a model that incorporates both high risk aversion and pronounced down-
ward nominal rigidities, which are essential for capturing U.S. equity and bond premia. This
model could then be used to study inflation dynamics and asset pricing. Additionally, it would
be beneficial to employ this method to examine optimal inflation targets or optimal monetary
policy within a comprehensive model that includes strong downward nominal rigidities, habit
formation, the zero lower bound, incomplete financial markets, and capital.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/
$1365100525000318
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Notes

1 The fact that an endogenous state variable can be cast in this form is quite common. Another example is that in the
neoclassical stochastic growth model, capital can be written as function of technology plus a random variable.

2 Readers interested in this stochastic simulation literature can read Judd et al. (2011) for more detail.

3 Readers interested in the standard projection method can refer to Judd (1998) and Miranda and Fackler (2002) for more
information.

4 7Z; and W; can be vectors

5 If W;isan m x 1 vector, Wet must be an m x 1 vector too.
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6 Again, the standard projection method uses a grid for the original state variables, while the ASM method uses an auxiliary
state grid.

7 The solution errors are smaller than le-7 in both methods.

8 Specifically, to produce the identical results as shown in Table 2, when I use 551 nodes for the auxiliary state grid in the
ASM method, I need to use 2,401 nodes for the original state grid in the standard projection method. As a result, it takes
longer time for the standard projection method to converge than for the ASM method. For both methods, I use the same
computing power

9 The annualized wage inflation is computed based on Average Hourly Earnings of All Employees, Total Private from the
FRED website (Series: CES0500000003).

10 The annualized price inflation is computed based on the CPI excluding Food and Energy from the FRED website (Series:
CPILFESL).

11 Even though the probability of this subset is extremely small, we still need to solve the model at these states if we use a
projection method.
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