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Abstract

Across a wide variety of applications, the self-exciting Hawkes process has been used to
model phenomena in which the history of events influences future occurrences. However,
there may be many situations in which the past events only influence the future as long
as they remain active. For example, a person spreads a contagious disease only as long
as they are contagious. In this paper, we define a novel generalization of the Hawkes
process that we call the ephemerally self-exciting process. In this new stochastic process,
the excitement from one arrival lasts for a randomly drawn activity duration, hence the
ephemerality. Our study includes exploration of the process itself as well as connections
to well-known stochastic models such as branching processes, random walks, epidemics,
preferential attachment, and Bayesian mixture models. Furthermore, we prove a batch
scaling construction of general, marked Hawkes processes from a general ephemerally
self-exciting model, and this novel limit theorem both provides insight into the Hawkes
process and motivates the model contained herein as an attractive self-exciting process
in its own right.
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models
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1. Introduction

What’s past is prologue—unavoidably, the present is shaped by what has already occurred.
The current state of the world is indebted to our history. Our actions, behaviors, and decisions
are both precursory and prescriptive to those that follow, and this can be observed across a
variety of different scenarios. For example, the spread of an infectious disease is accelerated as
more people become sick and dampened as they recover. In finance, a flurry of recent transac-
tions can prompt new buyers or sellers to enter a market. On social media platforms, as more
and more users interact with a post it can become trending or viral and thus be broadcast to an
even larger audience.

Self-exciting processes are an intriguing family of stochastic models in which the
history of events influences the future. The paper [36] introduced the concept of
self-excitement—defining what is now known as the Hawkes process, a model in which ‘the

Received 21 August 2019; revision received 29 June 2021.
∗ Postal address: Marshall School of Business, University of Southern California, 401B Bridge Hall, Los Angeles, CA
90089. Email address: andrew.daw@usc.edu
∗∗ Postal address: School of Operations Research and Information Engineering, Cornell University, 228 Rhodes Hall,
Ithaca, NY 14853.

© The Author(s), 2022. Published by Cambridge University Press on behalf of Applied Probability Trust.

340

https://doi.org/10.1017/apr.2021.35 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2021.35
https://orcid.org/0000-0003-1758-0200
https://orcid.org/0000-0002-5418-6918
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/apr.2021.35&domain=pdf
https://doi.org/10.1017/apr.2021.35


An ephemerally self-exciting point process 341

current intensity of events is determined by events in the past’. That is, the Hawkes process
is a stochastic-intensity point process that depends on the history of the point process itself.
The rate of new event occurrences increases as each event occurs. As time passes between
occurrences, the intensity is governed by a deterministic excitement kernel. Most often, this
kernel is specified so that the intensity jumps upward at event epochs and strictly decreases
in the interim. In this way, occurrences beget occurrences; hence the term ‘self-exciting’.
Unlike in the Poisson process, disjoint increments are not independent in sample paths of
the Hawkes process. Instead, they are positively correlated and, by definition, the events of
the former influence the events of the latter. Furthermore, the Hawkes process is known to be
over-dispersed—meaning that its variance is larger than its mean—which is commonly found
in real-world data, whereas the Poisson process has equal mean and variance.

Because of the practical relevance of these model features, self-exciting processes have been
used in a wide variety of applications, many of which are quite recent additions to the literature.
Seismology was among the first domains to incorporate these models, for example in [51], as
the occurrence of an earthquake increases the risk of subsequent seismic activity in the form of
aftershocks. Finance has since followed as a popular application and is now perhaps the most
active area of work. In these studies, self-excitement is used to capture the often contagious
nature of financial activity; see e.g. [2, 4, 5, 7, 15, 24, 28, 53, 62]. Similarly, there have been
many recent internet and social media scenarios that have been modeled using self-exciting
processes, drawing upon the virality of modern web traffic. For example, see [26, 54, 55].
Notably, this also includes use of Hawkes processes for constructing data-driven methods in the
artificial intelligence and machine learning literatures, e.g. [22, 50, 63]. In an intriguing area of
work, self-excitement has also been used to model interpersonal communication, for example
in application to conversation audio recordings in [49] or in studying email correspondence in
[34, 47]. Hawkes processes have also recently been used to represent arrivals to service systems
in queueing models, e.g. in [20, 29, 30, 41]. This is of course not an exhaustive list of works
in these areas, nor is it a complete account of all the modern applications of self-excitement.
Examples of other notable uses include neuroscience [42, 57], environmental management
[32], public health [68], movie trailer generation [64], energy conservation [44], and industrial
preventative maintenance [65].

As the variety of uses for self-excitement has continued to grow, the number of Hawkes
process generalizations has kept pace. By modifying the definition of the Hawkes process in
some way, the works in this generalized self-exciting process literature provide new perspec-
tives on these concepts while also empowering and enriching applications. For example, [13]
introduces a nonlinear Hawkes process that adapts the definition of the process intensity to
feature a general, nonnegative function of the integration over the process history, as opposed
to the linear form given originally. Similarly, the quadratic Hawkes process model given by
[11] allows for excitation kernels that have quadratic dependence on the process history, rather
than simply linear. This is also an example of a generalization motivated by application, as
the authors seek to capture time-reversal asymmetry observed in financial data. As another
finance-motivated generalization, [17] proposes the dynamic contagion process. This model
can be thought of as a hybrid between a Hawkes process and a shot-noise process, as the
stochastic intensity of the model features both self-excited and externally excited jumps. The
authors take motivation from an application in credit risk, in which the dynamics are shaped
both by the process history and by exogenous shocks. The affine point processes studied in e.g.
[24, 66, 67] are also motivated by credit risk applications. The models in these works combine
the self-exciting dynamics of Hawkes process with those of an affine jump-diffusion process,
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imbedding modeling concepts of feedback and dependency into the process intensity. An exact
simulation procedure for the Hawkes process with Cox–Ingersoll–Ross (CIR) intensity, a gen-
eralization of the Hawkes process that is a special case of the affine point process, is shown
in [18]. In that case, the authors discuss an application to portfolio loss processes.

There have also been several Hawkes process generalizations proposed in social media
and data analytics contexts. For example, [54] introduces a finite-population Hawkes process
that couples self-excitement dynamics with those of the susceptible–infected–recovered (SIR)
process. Drawing upon the use of the SIR process for the spread of both disease and ideas,
the authors propose this SIR–Hawkes process as a method of studying information cascades.
Similarly, [50] introduces the neural Hawkes process as a new point process model in the
machine learning literature. As the name suggests, this model combines self-excitement with
concepts from neural networks. Specifically, a recurrent neural network effectively replaces the
excitation kernel, governing the effect of the past events on the rate of future occurrences. In the
literature for Bayesian nonparametric models, [22] presents the Dirichlet–Hawkes process for
topic clustering in document streams. In this case, the authors combine a Hawkes process and
a Dirichlet process, so that the intensity of the stream of new documents is self-exciting while
the type of each new document is determined by the Dirichlet process, leading to a preferential
attachment structure among the document types.

In this paper, we propose the ephemerally self-exciting process (ESEP), a novel general-
ization of the Hawkes process. Rather than regulating the excitement through the gradual,
deterministic decay provided by an excitation kernel function, we instead incorporate ran-
domly timed down-jumps. We will refer to this random length of time as the arrival’s activity
duration. The down-jumps are equal in size to the up-jumps, and between events the arrival rate
does not change. Thus, this process increases in arrival rate upon each occurrence, and these
increases are then mirrored some time later by decreases in the arrival rate once the activity
duration expires. In this way, the self-excitement is ephemeral: it is only in effect as long as the
excitement is active. Much of the body of this work will discuss how this ephemeral, piece-
wise constant self-excitement compares to the eternal but ever-decaying notion from Hawkes’s
original definition. As we will see in our analysis, this new process is both a promising model
of self-excitement and an explanation of its origins in natural phenomena.

1.1. Practical relevance

While this paper will not be focused on any one application, in this subsection we summa-
rize several domain areas in which the models in this work can be applied. A natural example
is in public health and the management of epidemics. For example, consider influenza. When
a person becomes sick with the flu, she increases the rate of spread of the virus through her
contact with others. This creates a self-exciting dynamic in the spread of the virus. However, a
person only spreads a disease as long as she is contagious; once she has recovered she no longer
has a direct effect on the rate of new infections. From a system-level perspective, the ESEP can
thus be thought of as modeling the arrivals of new infections, capturing the self-exciting and
ephemeral nature of sick patients. This motivates the use of this model as an arrival process to
queueing models for healthcare, as the rate of arrivals to clinics serving patients with infectious
diseases should depend on the number of people currently infected. The healthcare service can
also be separately modeled, as an infinite-server queue may be a fitting representation for the
number of infected individuals but the clinic itself likely has limited capacity. This concept of
course extends to the modeling and management of any other viral disease, including the novel
coronavirus that has caused the COVID-19 pandemic.
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Of course, epidemic models need not be applied exclusively to disease spread. These same
ideas can be used for information spread and product adoption, such as in the aforementioned
Hawkes-infused models in [54, 68]. In these contexts, one can think of the duration in system
as being the time a person actively promotes a concept or product. A single person only
affects the self-excitement of the idea or product spread as long as she is in the system, which
distinguishes this model from those in the aforementioned works. Epidemic models have also
been used to study social issues, such as the contagious nature of imprisonment demonstrated
by [46]. We discuss the relevance of ephemeral self-excitement for epidemics in detail in
Subsection 3.3 by relating this model to the susceptible–infected–susceptible (SIS) process
through a convergence in distribution. In fact, throughout Section 3 we establish connections
from this process to other relevant stochastic models. This includes classical processes such
as branching processes and random walks, as well as models popular both in Bayesian
nonparametrics and in preferential attachment settings, such as the Dirichlet process and the
Chinese restaurant process (CRP).

In the context of service systems, self-excitement can be motivated by the same rationale
that inspires restaurants to seat customers at the tables by the windows. Potential new cus-
tomers could choose to dine at the establishment because they can see others already eating
there, taking an implicit recommendation from those already being served. This same example
also motivates the ephemerality. After a customer seated by the window finishes her dinner and
departs, any passing potential patron only sees an empty table; the implicit recommendation
vanishes with the departing customer. A similar dynamic can be observed in online streaming
platforms. For example, on popular music streaming services like Spotify and Apple Music,
users can see what songs and albums have been recently played by their friends. If a user sees
that many of her friends have listened to the same album recently, she may be more inclined
to listen to it as well. However, this applies only as long as the word ‘recently’ does. If her
friends don’t play the album within a certain amount of time, the platform will no longer pro-
mote the album to her in that fashion. Again, this displays the ephemerality of the underlying
self-excitement: the album grows more attractive as more users listen to it, but only as long as
those listens are ‘recent’ enough.

In finance, limit order books (LOBs) are among the many concepts that have been modeled
using Hawkes process, for example in [6, 53]. LOBs have also been studied through queue-
ing models, where one can model the state of the LOB (or, more specifically, the number of
unresolved bids and asks) as the length of a queueing process. Moreover, there has been recent
work that models this process as not just a queue, but a queue with Hawkes process arrivals;
for example see [29, 31]. Conceptually, the self-excitement may arise from traders reacting to
the activity of other traders, creating runs of transactions. However, the desire not to act on
stale information may mean that this excitement lasts only as long as trades are actively being
conducted. In fact, the idea of the self-excitement in LOB models being ‘queue-reactive’ has
just very recently been considered by [62], a work related to this one.

One can also consider failures in a mechanical system as an application of this model. For
example, consider a network of water pipes. When one pipe breaks or bursts, it can place
stress on the pipes connected to it. This stress may then cause further failures within the
pipe network. However, once the pipe is properly repaired, it should no longer place strain
on the surrounding components. Thus, the increase in pipe failure rate caused by a failure is
only in effect until the repair occurs, inducing ephemeral self-excitement. The self-excitement
(albeit without the ephemerality) arising in this scenario was modeled using Hawkes processes
in [65], which includes an empirical study. A similar problem for electrical systems is
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considered in [25]. The reactive point process considered in that work is perhaps the model
most similar to the ones studied herein, as the rate of new power failures both increases at the
prior failure times and decreases upon inspection or repair. However, a key difference is that in
[25], the authors treat the inspection times as controlled by management, whereas in this paper
the model is fully stochastic and thus the repair durations are random. Regardless, that work is
an excellent example of how generalized self-exciting processes can be used to shape practical
policy. Because power outages have significant and wide-reaching consequences, it is critical
to understand the interdependency between electrical grid failures and to study the ESEP that
arises from them.

1.2. Organization and contributions of paper

Let us now detail the remainder of this paper’s organization, as well as the contributions
therein.

• In Section 2, we define the ephemerally self-exciting process (ESEP), a Markovian
model for self-excitement that lasts for only a finite amount of time. After defining the
model, we develop fundamental distributional quantities and compare the ESEP to the
Hawkes process.

• In Section 3, we relate the ESEP to many other important and well-known stochastic pro-
cesses. This includes branching processes, which gives us further comparisons between
the Hawkes process and the ESEP, models for preferential attachment and Bayesian
statistics, and epidemic models. The lattermost of these motivates the ESEP as a repre-
sentation for the times of infection within an epidemic, and this also provides a formal
link between the conceptually similar concepts of epidemics and self-excitement.

• In Section 4, we broaden our exploration of ephemeral self-excitement to non-
Markovian models with general activity durations and batches of arrivals. In this general
setting, we establish a limit theorem providing an alternate construction of general
Hawkes processes. This batch scaling limit thus yields intuition for the observed occur-
rence of self-excitement in natural phenomena and stands as a fundamental cornerstone
for studying such processes.

In addition to these main avenues of study, we also have extensive auxiliary analysis housed in
this paper’s appendix. Appendix A contains lemmas and side results that support our analysis
but are outside the main narrative. In Appendix B, we explore a model that is a hybrid between
the ESEP and the Hawkes process, in that it regulates the excitement with both down-jumps
and decay. Appendix C is devoted to a finite-capacity version of the ESEP, in which arrivals
that would put the active number in system above the capacity are blocked from occurring.
Finally, Appendix D contains an algebraically cumbersome proof of a result from Section 2.

2. Modeling ephemeral self-excitement

We begin this paper by defining our ephemerally self-exciting model and conducting an
initial analysis of some fundamental quantities, including the transient moment generating
function and the steady-state distribution. Before doing so, though, let us first review the
Hawkes process, which is the original self-exciting probability model.
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2.1. Preliminary models and concepts

Introduced and pioneered through the series of papers [35–37], the Hawkes process is a
stochastic-intensity point process in which the current rate of arrivals is dependent on the his-
tory of the arrival process itself. Formally, this is defined as follows: let (λt, Nt,λ) be an intensity
and counting process pair such that

P
(
Nt+�,λ − Nt,λ = 1 |FN

t

)= λt� + o(�),

P
(
Nt+�,λ − Nt,λ > 1 |FN

t

)= o(�),

P
(
Nt+�,λ − Nt,λ = 0 |FN

t

)= 1 − λt� + o(�),

where FN
t is the filtration of Nt,λ up to time t and λt is given by

λt = λ∗ +
∫ t

−∞
g(t − u)dNu,λ,

where λ∗ > 0 and g : R+ →R
+ is such that

∫∞
0 g(x)dx < 1. Through this definition, the inten-

sity λt captures the history of the arrival process up to time t. Thus, λt encapsulates the
sequence of past events and uses it to determine the rate of future occurrences. We refer to
λ∗ as the baseline intensity and g(·) as the excitation kernel. The baseline intensity represents
an underlying stationary arrival rate, and the excitation kernel governs the effect that the history
of the process has on the current intensity. A common modeling choice is to set g(x) = αe−βx,
where β > α > 0. This is often referred to as the ‘exponential’ kernel, and it is perhaps the most
widely used form of the Hawkes process. In this case, (λt, Nt,λ) is a Markov process obeying
the stochastic differential equation

dλt = β(λ∗ − λt)dt + αdNt,λ.

That is, at arrival epochs λt jumps upward by the amount α and the Nt,λ increases by 1; between
arrivals λt decays exponentially at rate β towards the baseline intensity λ∗. Thus, each arrival
increases the likelihood of additional arrivals occurring soon afterwards—hence, it self-excites.
This form of the Hawkes process is also often alternatively stated with an initial value for λt,
say λ0 ≥ λ∗. In this case, the intensity can be expressed as

λt = λ∗ + (λ0 − λ∗)e−βt + α

∫ t

0
e−β(t−u)dNu,λ.

Additional overview of the Hawkes process with the exponential kernel can be found in
Section 2 of [20]. Another common choice for excitation kernel is the ‘power-law’ ker-
nel g(x) = k

(c+x)p , where k > 0, c > 0, and p > 0. This kernel was originally popularized in
seismology [51].

2.2. Defining the ephemerally self-exciting process

As we have discussed in the introduction, a plethora of natural phenomena exhibit self-
exciting features but only for a finite amount of time. This prompts the notion of ephemeral
self-excitement. By comparison to the traditional Hawkes process we have reviewed in
Subsection 2.1, we seek a model in which a new occurrence increases the arrival rate only
so long as the newly entered entity remains active in the system. Thus, we now define the
ephemerally self-exciting process (ESEP), which trades the Hawkes process’s eternal decay for
randomly drawn expiration times. Moreover, in the following Markovian model, exponential
decay is replaced with exponentially distributed durations. In Section 4, we extend these
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concepts to generally distributed service. As another generalization, in Appendix B we con-
sider a Markovian model with both decay and down-jumps. For now, we explore the effects of
ephemerality through the ESEP model in Definition 1.

Definition 1. (Ephemerally self-exciting process.) For times t ≥ 0, a baseline intensity η∗ > 0,
intensity jump size α > 0, and expiration rate β > 0, let Nt be a counting process with stochastic
intensity ηt such that

ηt = η∗ + αQt, (1)

where Qt is incremented with Nt and then is depleted at unit down-jumps according to the rate
βQt. We say that (ηt, Nt) is an ephemerally self-exciting process (ESEP).

We will assume that η0 and Q0 are known initial values such that η0 = η∗ + αQ0. In addition
to this definition, one could also describe the ESEP through its dynamics. In particular, the
behavior of this process can be summarily cast through the life cycle of its arrivals:

i. At each arrival, the arrival rate ηt increases by α.

ii. Each arrival remains active for an activity duration drawn from an independent and
identically distributed (i.i.d.) sequence of exponential random variables with rate β.

iii. At the expiration of a given activity duration, ηt decreases by α.

The ephemerality of the ESEP is embodied by this cycle. Because arrivals only contribute to
the intensity for the length of their activity duration, their effect on the process’s excitation van-
ishes when this clock expires. Furthermore, there is an affine relationship between the number
of active ‘exciters’—meaning unexpired arrivals still causing excitation—and the intensity, i.e.
ηt = η∗ + αQt. Thus, we could also track the arrival rate through Qt in place of ηt and still
have full understanding of this process. This also means that results are readily transferrable
between these two processes; we will often make use of this fact.

Because the ESEP is quite parsimonious, there are many alternative perspectives we could
take to gain additional understanding of it. For example, one could consider Qt a Markovian
queueing system with infinitely many servers and a state-dependent arrival rate. Equivalently,
one could also describe the ESEP as a Markov chain on the nonnegative integers where tran-
sitions at state i are to i + 1 at rate η∗ + αi and to i − 1 at rate μi, with the counting process
then defined as the epochs of the upward jumps in this chain. This Markov chain perspective
certifies the existence and uniqueness of Definition 1. A visualization of this linear birth–death–
immigration process is given in Figure 1. Stability for this chain occurs when β > α; we will
assume this henceforth, although of course it is not necessary for transient results. One could
also view the ESEP as a generalization of Hawkes’s original definition where the excitation
kernel function g(·) is replaced with a randomly drawn indicator function that is different for
each arrival. Each indicator function compares time to an independently drawn exponential
random variable, and this perspective is closely aligned with our analysis in Section 3.

In the remainder of this subsection, let us now develop a few fundamental quantities for this
stochastic process, particularly its intensity and active number in system, as these capture the
self-exciting behavior of the process. First, in Proposition 1 we compute the transient moment
generating function for the intensity ηt. As we have noted, this can also be used to immediately
derive the same transform for Qt, and the proof makes use of this fact.

Proposition 1. Let ηt = η∗ + αQt be the intensity of an ESEP with baseline intensity η∗ > 0,
intensity jump α > 0, and expiration rate β > α. Then the moment generating function for ηt

is given by
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FIGURE 1. The transition diagram of the Markov chain for Qt.

E
[
eθηt

]=
(

β − αeαθ − β
(
1 − eαθ

)
e−(β−α)t

β − αeαθ − α
(
1 − eαθ

)
e−(β−α)t

)η0−η∗
α

·
(

βeαθ

β − αeαθ
− αeαθ

β − αeαθ

(
β − αeαθ − β

(
1 − eαθ

)
e−(β−α)t

β − αeαθ − α
(
1 − eαθ

)
e−(β−α)t

))η∗
α

,

for all t ≥ 0 and θ < 1
α

log
(

β
α

)
.

Proof. We will approach this through the perspective of the active number in system, Qt.
Using Lemma 2, we have that the probability generating function for Qt, say P(z, t) =E

[
zQt
]

for z ∈ [0, 1], is given by the solution to the following partial differential equation (PDE):

∂

∂t
E
[
zQt
]=E

[(
η∗ + αQt

) (
z2 − z

)
zQt−1 + βQt (1 − z) zQt−1

]
,

which is equivalently expressed by

∂

∂t
P(z, t) = η∗ (z − 1)P(z, t) +

(
α
(

z2 − z
)

+ β(1 − z)
) ∂

∂z
P(z, t),

with initial condition P(z, 0) = zQ0 . The solution to this initial value problem is given by

P(z, t) =
(

β − αz − β(1 − z)e−(β−α)t

β − αz − α(1 − z)e−(β−α)t

)Q0

·
(

β

β − αz
− α

β − αz

(
β − αz − β(1 − z)e−(β−α)t

β − αz − α(1 − z)e−(β−α)t

))η∗
α

,

yielding the probability generating function for Qt. By setting z = eθ we obtain the moment
generating function. Finally, using the affine relationship ηt = η∗ + αQt, we have that

E
[
eθηt

]=E

[
eθ(η∗+αQt)

]
= eθη∗

E

[
eαθQt

]
,

with η0 = η∗ + αQ0. �
As we have mentioned, this Markov chain can be shown to be stable for β > α through

standard techniques. Thus, using the moment generating function from Proposition 1, we can
find the steady-state distributions of the intensity and the active number in system by taking
the limit of t. We can quickly observe that this leads to a negative binomial distribution, as we
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state in Theorem 1. Because of the varying definitions of the negative binomial distribution,
we state the probability mass function explicitly.

Theorem 1. Let ηt = η∗ + αQt be an ESEP with baseline intensity η∗ > 0, intensity jump
α > 0, and expiration rate β > α. Then the active number in system in steady state follows a
negative binomial distribution with parameters α

β
and η∗

α
, which is to say that the steady-state

probability mass function is

P (Q∞ = k) =
	
(

k + η∗
α

)
	
(

η∗
α

)
k!

(
β − α

β

)η∗
α
(

α

β

)k

. (2)

Consequently, the steady-state distribution of the intensity is given by a shifted and scaled
negative binomial with parameters α

β
and η∗

α
, shifted by η∗ and scaled by α.

Proof. Using Proposition 1, we can see that the steady-state moment generating function of
Qt is given by

lim
t→∞ E

[
eθQt

]
=
(

β − α

β − αeθ

)η∗
α

.

We can observe that this steady-state moment generating function is equivalent to that of
a negative binomial. By the affine transformation ηt = η∗ + αQt, we find the steady-state
distribution for the intensity. �

The negative binomial distribution presented in Theorem 1 allows for η∗
α

to take on any

positive real value; integrality is not required. If η∗
α

is in fact an integer, then the gamma func-
tions will match the corresponding factorial functions and this ratio of factorials will simplify
to a binomial coefficient, reproducing the most familiar form of the negative binomial distri-
bution. In this case, η∗

α
can be interpreted as the number of failures upon which an experiment

is stopped, where the success probability is α
β

and k + η∗
α

is the total number of trials.
Let us pause to note that this explicit characterization of the steady-state intensity is already

an advantage of the ESEP over the traditional Markovian Hawkes process, for which there is
not a closed-form intensity stationary distribution available. As a consequence of Theorem 1,
we can observe that the steady-state mean of the intensity is η∞ := βη∗

β−α
. Interestingly, this

would also be the steady-state mean of the Hawkes process when given the same baseline
intensity, the same intensity jump size, and an exponential decay rate equal to the rate of
expiration. This leads us to ponder how the processes would otherwise compare when given
equivalent parameters. In Proposition 2 we find that although this equivalence of means extends
to transient settings, for all higher moments the ESEP dominates the Hawkes process in terms
of both the intensity and the counting process.

Proposition 2. Let (ηt, Nt,η) be an ESEP intensity and counting process pair with jump size
α > 0, expiration rate β > α, and baseline intensity η∗ > 0. Similarly, let (λt, Nt,λ) be a Hawkes
process intensity and counting process pair with jump size α > 0, decay rate β > 0, and
baseline intensity η∗ > 0. Then, if the two processes have equal initial values, their means
will satisfy

E[λt] =E[ηt], E
[
Nt,λ

]=E
[
Nt,η

]
, (3)
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and for m ≥ 2 their mth moments are ordered so that

E
[
λm

t

]≤E
[
ηm

t

]
, E

[
Nm

t,λ

]≤E

[
Nm

t,η

]
, (4)

for all time t ≥ 0.

Proof. Let us start with the means. For the intensities, we can note that these are given by
the solutions to

d

dt
E[λt] = αE[λt] − β(E[λt] − η∗) and

d

dt
E[ηt] = αE[ηt] − βα

(
E[ηt] − η∗

α

)
,

and through simplification one can quickly observe that these two ordinary differential equa-
tions (ODEs) are equivalent. Thus, because we have assumed that the processes have the same
initial values, we find that E[λt] =E[ηt]. Since

d

dt
E
[
Nt,λ

]=E[λt] and
d

dt
E
[
Nt,η

]=E[ηt],

this equality immediately extends to the means of the counting processes as well. We will now
use these equations for the means as the base cases for inductive arguments, beginning again
with the intensities. For the inductive step, we will assume that the intensity moment ordering
holds for moments 1 to m − 1. The mth moment of the Hawkes process intensity is thus given
by the solution to

d

dt
E
[
λt

m]=
m−1∑
k=0

(
m
k

)
E

[
λt

k+1
]
αm−k − mβE

[
λt

m]+ mβη∗
E

[
λt

m−1
]

:= fλ
(
t,E

[
λt

m]) ,

where fλ
(
t,E

[
λm

t

])
is meant to capture that this ODE depends on the value of the mth moment

and of the lower moments, which by the inductive hypothesis we take as known functions of
the time t. Then, the mth moment of the ESEP intensity will satisfy

d

dt
E
[
ηt

m]=
m−1∑
k=0

(
m
k

)
E

[
ηt

k+1
]
αm−k + β

α

m−1∑
k=0

(
m
k

)
E

[
ηt

k+1
]
(−α)m−k

− βη∗

α

m−1∑
k=0

(
m
k

)
E

[
ηt

k
]
(−α)m−k.

By pulling the k = m − 1 terms off the top of each summation, we can re-express this ODE as

d

dt
E
[
ηm

t

]=
m−1∑
k=0

(
m
k

)
E

[
ηk+1

t

]
αm−k − mβE

[
ηm

t

]+ mβη∗
E

[
ηm−1

t

]

+ β

α

m−2∑
k=0

(
m
k

)
(−α)m−k

(
E

[
ηk+1

t

]
− η∗

E

[
ηk

t

])
,

and through the definition of fλ(·) and the inductive hypothesis, we can find the following lower
bound:

d

dt
E
[
ηm

t

]≥ fλ
(
t,E

[
ηm

t

])+ β

α

m−2∑
k=0

(
m
k

)
(−α)m−k

(
E

[
ηk+1

t

]
− η∗

E

[
ηk

t

])
.
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This rightmost term can then be expressed as

β

α

m−2∑
k=0

(
m
k

)
(−α)m−k

(
E

[
ηk+1

t

]
− η∗

E

[
ηk

t

])

= β

α
E

[
(ηt − η∗)

(
(ηt − α)m − ηm

t + mαηm−1
t

)]
,

and we can now reason about the quantity inside the expectation. By definition, we have
that ηt ≥ η∗ with probability one, and furthermore we can observe that if ηt − η∗ > 0, then

ηt ≥ η∗ + α > α. Thus, let us consider (ηt − α)m − ηm
t + mαηm−1

t assuming ηt > α. Dividing
through by ηm

t , we have the expression(
1 − α

ηt

)m

− 1 + mα

ηt
. (5)

Since (1 − x)m − 1 + mx is equal to 0 at x = 0 and is non-decreasing on x ∈ [0, 1) via a first-
derivative check, we can note that (5) is nonnegative for all ηt > η∗. Thus, we have that

E

[
(ηt − η∗)

(
(ηt − α)m − ηm

t + mαηm−1
t

)]
≥ 0,

and by consequence,

d

dt
E
[
ηm

t

]≥ fλ
(
t,E

[
ηm

t

])
,

completing the proof of the intensity moment ordering via Lemma 3. For the counting pro-
cesses, let us again assume as an inductive hypothesis that the moment ordering holds for
moments 1 through m − 1, with the mean equality serving as the base case. Then, the mth
moment of the ESEP counting process will satisfy

d

dt
E

[
Nm

t,η

]
=

m−1∑
k=0

(
m
k

)
E

[
ηtN

k
t,η

]
,

and the ODE for the mth Hawkes counting process moment is analogous. By the Fortuin–
Kasteleyn–Ginibre inequality, we can observe that

m−1∑
k=0

(
m
k

)
E

[
ηtN

k
t,η

]
≥

m−1∑
k=0

(
m
k

)
E[ηt] E

[
Nk

t,η

]
.

By the inductive hypothesis, we have that E
[
Nk

t,η

]
≥E

[
Nk

t,λ

]
for each k ≤ m − 1, and thus we

can observe that

m−1∑
k=0

(
m
k

)
E[ηt] E

[
Nk

t,η

]
≥

m−1∑
k=0

(
m
k

)
E[λt] E

[
Nk

t,λ

]
.

Finally, by another application of Lemma 3, we have E

[
Nm

t,λ

]
≤E

[
Nm

t,η

]
. �

The fact that the ESEP variance dominates the Hawkes variance should not be surprising,
since the presence of both up- and down-jumps means that the ESEP sample paths should
be subject to more abrupt changes. Nevertheless, this also shows that the ESEP is more
over-dispersed than the Hawkes process is. This may be an attractive feature for data modeling.
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It is worth noting that matrix computations are available for all moments of these intensities
via [21], through which one could use the method of moments to fit the processes to data.

2.3. The ephemerally self-exciting counting process

Thus far we have studied the intensity of the ESEP, as this process is by definition tracking
the self-excitement. However, this excitation is manifested in the actual arrivals from the pro-
cess, which are counted in Nt. We now turn our attention to developing fundamental quantities
for this counting process. To begin, we give the probability generating function of the counting
process in closed form below in Proposition 3. One can note that by comparison, the generat-
ing functions of the Hawkes process are instead only expressible as functions of ODEs with no
known closed-form solutions; see for example Subsection 3.5 of [20].

Proposition 3. Let Nt be the number of arrivals by time t ≥ 0 in an ESEP with baseline inten-
sity η∗ > 0, intensity jump α > 0, and expiration rate β > α. Then, for z ∈ [0, 1], the probability
generating function of Nt is given by

E
[
zNt
]= e

η∗(β−α)
2α

t

⎛
⎜⎜⎝ 2e

t
2

√
(β+α)2−4αβz

1 − β+α−2αz√
(β+α)2−4αβz

+
(

1 + β+α−2αz√
(β+α)2−4αβz

)
et

√
(β+α)2−4αβz

⎞
⎟⎟⎠

η∗
α

·

⎛
⎜⎜⎝β + α

2α
+
√

(β + α)2 − 4αβz

2α

⎛
⎜⎜⎝

1 − β+α−2αz√
(β+α)2−4αβz

−
(

1 + β+α−2αz√
(β+α)2−4αβz

)
et

√
(β+α)2−4αβz

1 − β+α−2αz√
(β+α)2−4αβz

+
(

1 + β+α−2αz√
(β+α)2−4αβz

)
et

√
(β+α)2−4αβz

⎞
⎟⎟⎠
⎞
⎟⎟⎠

Q0

,

(6)

where Q0 is the active number in system at time 0.

Proof. Because of the cumbersome length of some equations, the proof is given in
Appendix D. �

In addition to calculating the probability generating function, we can also find a matrix
calculation for the transient probability mass function of the counting process. To do so, we
recognize that the time until the next arrival occurs can be treated as the time to absorption in a
continuous-time Markov chain. By building from this idea to construct a transition matrix for
several successive arrivals, we find the form for the distribution given in Proposition 4.

Proposition 4. Let Nt be the number of arrivals by time t in an ESEP with baseline inten-
sity η∗ > 0, intensity jump α > 0, and expiration rate β > α. Further, let Q0 = k be the
initial active number in system. Then for i ∈N, define the matrices Di ∈R

k+i+1×k+i+1 and
Si ∈R

k+i+1×k+i+2 as

Di =

⎡
⎢⎢⎢⎢⎢⎣

−(η∗ + (k + i)(α + β)) (k + i)β
−(η∗ + (k + i − 1)(α + β))

. . .

−(η∗ + α + β) β

−η∗

⎤
⎥⎥⎥⎥⎥⎦
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and

Si =

⎡
⎢⎢⎢⎢⎢⎣

η∗ + α(k + i) 0
η∗ + α(k + i − 1) 0

. . .
...

η∗ + α 0
η∗ 0

⎤
⎥⎥⎥⎥⎥⎦ .

Further, let Zn ∈R
d̂n×d̂n for d̂n = n(n+1)

2 + (n + 1)(k + 1) be a matrix such that

Zn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

D0 S0
D1 S1

. . .
. . .

. . . Sn−2
Dn−1 Sn−1

Dn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Then the probability that Nt = n is given by

P (Nt = n) = v1
TeZntv: (7)

where vj ∈R
d̂n is the unit column vector for the jth coordinate, and v: =∑k+n

j=0 vd̂n−j.

Proof. This follows directly from viewing Zn as a sub-matrix of the generator matrix
of a continuous-time Markov chain, much as one can do to calculate probabilities of
phase-type distributions. Specifically, the sub-generator matrix is defined on the state space
S =⋃n

i=0{(0, i), (1, i), . . . , (k + i − 1, i), (k + i, i)}. In this scenario, the state (s1, s2) rep-
resents having s1 entities in system and having seen s2 arrivals since time 0. Then, Di

is the sub-generator matrix for transitions among the sub-state space {(k + i, i), (k + i −
1, i), . . . , (1, i), (0, i)} to itself (where the states are ordered in that fashion). Similarly, Si is
for transitions from states in {(k + i, i), (k + i − 1, i), . . . , (1, i), (0, i)} to states in {(k + i + 1,

i + 1), (k + i, i + 1), . . . , (1, i + 1), (0, i + 1)}. One can then consider this from an absorbing
continuous-time Markov chain perspective, since if n + 1 arrivals occur it is not possible to
transition back to any state in which n arrivals had occurred. Hence, we only need to use the
matrix Zn to consider up to n arrivals. Then, eZnt is the sub-matrix for probabilities of transi-
tions among states in S , where the rows will sum to less than 1 as it is possible that the chain
has experienced more than n arrivals by time t. Finally, because Q0 = k we know that the chain
starts in state (k,0); further, because we are seeking the probability that there have been exactly
n arrivals by time t, we want the probability of transitions from (k, 0) to any of the states in
{(k + n, n), (k + n − 1, n), . . . , (1, n), (0, n)}. �

With these fundamental quantities in hand, let us now turn to explore more nuanced con-
nections between the ESEP and other stochastic processes in the following section. Doing so
will provide further comparison between the Hawkes process and the ESEP, and moreover will
formally connect the notion of self-excitement to similar concepts such as contagion, virality,
and rich-get-richer effects.
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3. Relating ephemeral self-excitement to branching processes, random walks,
and epidemics

Aside from the original definition, the most frequently utilized result for Hawkes processes
is perhaps the immigration–birth representation first shown in [37]. By viewing a portion
of arrivals as immigrants—externally driven and stemming from a homogeneous Poisson
process—and then viewing the remaining portion as offspring—excitation-driven descendants
of the immigrants and the prior offspring—one can take new perspectives on self-exciting
processes. From this position, if an arrival is a descendant then it has a unique parent, the excite-
ment of which spurred this arrival into existence. Every entity has the potential to generate
offspring. This viewpoint takes on added meaning in the context of ephemeral self-excitement,
as an entity only has the opportunity to generate descendants so long as it remains in the system.
In this section, we will use this idea to connect self-exciting processes to well-known stochastic
models that have applications ranging from public health to Bayesian statistics. Furthermore,
these connections will also help us form comparisons between the Hawkes process and the
model we have introduced, the ESEP. The different dynamics are at the forefront of this pro-
cess comparison, as the branching structure is dictated by the self-excitation caused by a single
arrival. For the Hawkes process, this increase in the arrival rate is eternal but ever-diminishing,
whereas in the ESEP the jump is ephemeral but constant when it does exist.

3.1. Discrete-time perspectives through branching processes

Let us first view these processes through a discrete-time lens as branching processes. In
this subsection we will interpret classical branching process results in application to these
self-exciting processes. Taking the immigration–birth representation as inspiration, we start by
considering the distribution of the total number of offspring of a single arrival. That is, we
want to calculate the probability mass function for the number of arrivals that are generated
directly from the excitement caused by the initial arrival. To constitute the total number of
offspring, we will consider all the children of this initial entity across all time. For the ESEP,
this equals the number of arrivals generated by the entity throughout its duration in the system;
in the Hawkes process this counts the number of arrivals spurred by the entity as time goes
to infinity. Given that the stability conditions are satisfied throughout, in Proposition 5 we
calculate these distributions by way of inhomogeneous Poisson processes, yielding a Poisson
mixture form for each.

Proposition 5. Let β > α > 0. Let Xη be the number of new arrivals generated by the excite-
ment caused by an arbitrary initial arrival throughout its duration in the system in an ESEP
with jump size α and expiration rate β. Then this offspring distribution is geometrically
distributed with probability mass function

P
(
Xη = k

)=
(

β

α + β

)(
α

α + β

)k

. (8)

Similarly, let Xλ be the number of new arrivals generated by the excitement caused by an
arbitrary initial arrival in a Hawkes process with jump size α and decay rate β. This offspring
distribution is then Poisson distributed with probability mass function

P
(
Xλ = k

)= e− α
β

k!
(

α

β

)k

, (9)

where all k ∈N.
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Proof. Without loss of generality, we assume that the initial arrival in each process occurred
at time 0. Then, at time t ≥ 0, the excitement generated by these initial arrivals has intensi-
ties given by αe−βt and α1{t < S} for the Hawkes and ESEP processes, respectively, where
S ∼ Exp(β). Using [16], one can note that the offspring distributions across all time can then
be expressed as

Xλ ∼ Pois

(
α

∫ ∞

0
e−βtdt

)
and Xη ∼ Pois

(
α

∫ ∞

0
1{t < S}dt

)
,

which are equivalently stated as Xλ ∼ Pois (α/β) and Xη ∼ Pois (αS). This now immediately
yields the stated distributions for Xλ and Xη, as the Poisson–exponential mixture is known to
yield a geometric distribution; see for example the overview of Poisson mixtures in [39]. �

We now move towards considering the total progeny of an initial arrival, meaning the total
number of arrivals generated by the excitement of an initial arrival and the excitement of its
offspring, and of their offspring, and so on across all time. It is important to note that in contrast
to the number of offspring, the progeny includes the initial arrival itself. As we will see, the
stability of the self-exciting processes implies that this total number of descendants is almost
surely finite. This demonstrates the necessity of immigration for these processes to survive.
From the offspring distributions in Proposition 5, the Hawkes descendant process is a Poisson
branching process, and similarly the ESEP is a geometric branching process. These are well-
studied models in branching processes, so we have many results available to us. In fact, we now
use a result for random walks with potentially multiple simultaneous steps forward to derive
the progeny distributions for these two processes. This is through the well-known hitting time
theorem, stated below in Lemma 1.

Lemma 1. (Hitting time theorem.) The total progeny Z of a branching process with descendant
distribution equivalent to X1 is

P (Z = k) = 1

k
P (X1 + X2 + · · · + Xk = k − 1) ,

where X1, . . . , Xk are i.i.d. for all k ∈Z
+.

Proof. See [52] for the original statement and proof in terms of random walks; a review and
elementary proof are given in the brief note [58]. �

We now use the hitting time theorem to give the progeny distributions for the Hawkes pro-
cess and the ESEP in Proposition 6. This is a common technique for branching processes, and
it now yields valuable insight into these two self-exciting models.

Proposition 6. Let β > α > 0. Let Zη be a random variable for the total progeny of an arbi-
trary arrival in an ESEP with intensity jump α and expiration rate β. Likewise, let Zλ be a
random variable for the total progeny of an arbitrary arrival in a Hawkes process with inten-
sity jump α and decay rate β. Then the probability mass functions for Zη and Zλ are given by

P
(
Zη = k

)= 1

k

(
2k − 2
k − 1

)(
β

β + α

)k (
α

β + α

)k−1

and P
(
Zλ = k

)= e− α
β

k

k!
(

αk

β

)k−1

,

(10)

where k ∈Z
+.
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FIGURE 2. Progeny distributions for the ESEP and the Hawkes process with matching parameters.

Proof. This follows from applying Lemma 1 to Proposition 5. Because the sum of indepen-
dent Poisson random variables is Poisson distributed with the sum of the rates, we have that

1

k
P
(
Xλ

1 + Xλ
2 + . . . Xλ

k = k − 1
)= 1

k
P (K1 = k − 1) ,

where K1 ∼ Pois
(

αk
β

)
. This now yields the expression for the probability mass function for

Zλ. Similarly for Zη we note that the sum of independent geometric random variables has a
negative binomial distribution, which implies that

1

k
P
(
Xη

1 + Xη
2 + . . . Xη

k = k − 1
)= 1

k
P (K2 = k − 1) ,

where K2 ∼ NegBin
(

k, α
β+α

)
, and this completes the proof. �

For a visual comparison of the descendants in the ESEP and the Hawkes process, we plot
these two progeny distributions for equivalent parameters in Figure 2. As suggested by the
variance ordering in Proposition 2, the tail of the ESEP progeny distribution is heavier than
that of the Hawkes process.

We can note that while one can calculate the mean of each progeny distribution via the
probability mass functions in Proposition 6, it can also easily be found using Wald’s iden-
tity. Through standard infinitesimal generator approaches, one can calculate that the expected
number of arrivals (including by immigration) in the ESEP is

E[Nt] = βη∗t

β − α
+ η0 − η∞

β − α
(1 − e−(β−α)t).

However, using these branching process representations, we can also express this as

E[Nt] =E

[ Mt∑
i=1

Zi(t)

]
,
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where Mt is a Poisson process with rate η∗ and Zi(t) are the total progeny up to time t ≥ 0 that
are descended from the ith immigrant arrival. Now, by applying Wald’s identity to the limit of
1
t E[Nt] as t → ∞, we see that

βη∗

β − α
= lim

t→∞
E[Nt]

t
= lim

t→∞
1

t
E

[ Mt∑
i=1

Zi(t)

]
= η∗

E
[
Zη
]
,

and so E[Zη] = β
β−α

. By analogous arguments for the Hawkes process, we see that E
[
Zλ
]=

β
β−α

.
As a final branching process comparison between these two processes, we calculate the dis-

tribution of the total number of generations of descendants of an initial arrival in the ESEP and
the Hawkes process. That is, let the first entity be the first generation, its offspring the second
generation, their offspring the third, and so on. In Proposition 7 we find the probability mass
function for the ESEP in closed form and a recurrence relation for the cumulative distribution
function for the Hawkes process.

Proposition 7. Let β > α > 0. Let Gη be the number of distinct arrival generations across the
full progeny of an initial arrival in an ESEP with intensity jump α and service rate β. Then the
probability mass function for Gη is given by

P
(Gη = k

)= αk−1(β − α)

βk − αk
− αk(β − α)

βk+1 − αk+1
. (11)

Likewise, let Gλ be the number of distinct arrival generations in the full progeny of an ini-
tial arrival for a Hawkes process with intensity jump α > 0 and decay rate β. Then Gλ has
cumulative distribution function FGλ (k) = P

(Gλ ≤ k
)

satisfying the recursion

FGλ (k) = e
− α

β

(
1−FGλ (k−1)

)
, (12)

where FGλ (0) = 0 and all k ∈Z
+.

Proof. Let Yλ
k and Yη

k be Galton–Watson branching processes defined as

Yλ
k =

Yλ
k−1∑

i=1

X(k)
λ,i, Yη

k =
Yη

k−1∑
i=1

X(k)
η,i, (13)

with X(k)
λ,i

i.i.d.∼ Pois
(

α
β

)
, X(k)

η,i
i.i.d.∼ Geo

(
α

α+β

)
, and Yλ

0 = Yη
0 = 1. These processes then have

probability generating functions

Pλ
k (z) =

∞∑
j=0

zj
P
(
Yλ

k = j
)

and Pη
k (z) =

∞∑
j=0

zj
P
(
Yη

k = j
)

that are given by the recursions Pλ
k+1(z) =PXλ

(Pλ
k (z)

)
and Pλ

k+1(z) =PXη

(Pη
k (z)

)
with

Pλ
1 (z) =PXλ (z) and Pη

1 (z) =PXη (z), where PXλ (z) and PXη (z) are the probability generating

functions of X(1)
λ,1 and X(1)

η,1, respectively; see e.g. Section XII.5 of [27]. One can then use
induction to observe that
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Pη
k (z) = 1 − αk(1 − z)

βk +∑k
j=1 αjβk−j(1 − z)

,

whereas Pλ
k (z) = e

− α
β

(
1−Pλ

k−1(z)
)
, with Pλ

1 (z) = e− α
β

(1−z). Because of their shared offspring dis-
tribution constructions, the number of the progeny in the kth arrival generations of the Hawkes
process and the ESEP are equivalent in distribution to Yλ

k and Yη
k , respectively. In this way, we

can express Gλ and Gη as

Gλ = inf{k ∈Z
+ | Yλ

k = 0} and Gη = inf{k ∈Z
+ | Yη

k = 0}.
This leads us to observe that the events {Gλ = j} and {Yλ

j = 0, Yλ
j−1 > 0} are equivalent, as are

{Gη = j} and {Yη
j = 0, Yη

j−1 > 0}. Focusing for now on Gλ, we have that

P

(
Yλ

j = 0, Yλ
j−1 > 0

)
=

∞∑
i=1

P

(
X(1)

λ,1 = 0
)i

P

(
Yλ

j−1 = i
)

=Pλ
j−1

(
P

(
X(1)

λ,1 = 0
))

− P

(
Yλ

j−1 = 0
)

,

and since P (K = 0) =P(0) for any nonnegative discrete random variable K with probability
generating function P(z), this yields

P
(Gλ = j

)=Pλ
j (0) −Pλ

j−1(0).

Using Pλ
0 (0) = 0, this telescoping sum now produces the stated form of the cumulative

distribution function for Gλ. By analogous arguments for Gη, we complete the proof. �
In the following subsection we focus on the ESEP, using the insight we have now

gained from branching processes to connect this process to stochastic models for preferential
attachment that are popular in the Bayesian nonparametric and machine learning literatures.

3.2. Similarities with preferential attachment and Bayesian statistics models

In the branching process perspective of the ESEP, consider the total number of active fami-
lies at one point in time. That is, across all the entities present in the system at a given time, we
are interested in the number of distinct families to which these entities belong. As each arrival
occurs, the new entity either belongs to one of the existing families, meaning that the entity
is a descendant, or it forms a new family, which is to say that it is an immigrant. If the entity
is joining an existing family, it is more likely to join families that have more presently active
family members.

We can note that these dynamics are quite similar to the definition of the Chinese restaurant
process (CRP); see Chapter 11 in [3]. The CRP models the successive arrivals of customers
to a restaurant with infinitely many tables that each have infinitely many seats. Each arriving
customer chooses which table to join based on the decisions of those before. Specifically, the
nth customer to arrive joins table i with probability ci

n−1+λ
or otherwise starts a new table with

probability λ
n−1+λ

, where ci is the number of customers at table i and λ > 0. As the number
seated at table i grows larger, it is increasingly likely that the next customer will choose to sit
at table i. In the ESEP, a new arrival at time t ≥ 0 is generated as part of active excitement fam-
ily i with probability αQt,i

αQt+η∗ and otherwise is an externally generated arrival with probability
η∗

αQt+η∗ , where Qt,i is the number of active exciters in the system at time t in the ith excitement
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family with Qt =∑
i Qt,i. By normalizing the numerator and denominator of these probabili-

ties by 1
α

, we see that these dynamics match the CRP almost exactly. The difference is hardly a
novel idea for restaurants—in the ESEP diners eventually leave. This departure then decreases
the number of customers at the table, making it less attractive to the next person to arrive.

In addition to being an intriguing stochastic model, the CRP is also of interest for Bayesian
statistics and machine learning through its connection to Bayesian nonparametric mixture
models, specifically Dirichlet process mixtures. By consequence, the CRP then also has
commonality with urn models and models for preferential attachment; see e.g. [10]. The CRP
is also established enough to have its own generalizations, such as the distance-dependent
CRP in [12], in which the probability that a customer joins a table is dependent on a distance
metric, and the recurrent CRP in [1], in which the restaurant closes at the end of each day,
forcing all of that day’s customers to simultaneously depart. Drawing inspiration from the
CRP and from the branching process perspectives of the ESEP, we investigate the distribution
of the number of active families in the ESEP. This is equivalently stated as the number of
active tables in a continuous-time CRP in which customers leave after their exponentially
distributed meal durations. To begin, we first find the expected amount of time until a newly
formed table becomes empty.

Proposition 8. Suppose that an ESEP receives an initial arrival at time 0. Let Xt be the number
of entities in the system at time t ≥ 0 that are progeny of the initial arrival, and let τ be a
stopping time such that τ = inf{t ≥ 0 | Xt = 0}. Then the expected value of τ is

E[τ ] = 1

α
log

(
β

β − α

)
, (14)

where α > 0 is the intensity jump size and β > α is the expiration rate.

Proof. To observe this, we note that Xt can be viewed as the state of an absorbing
continuous-time Markov chain on the nonnegative integers. State 0 is the single absorbing
state; in any other state j, the two possible transitions are to j + 1 at rate αj and to j − 1 at rate
μj, as visualized below.

Then, τ is the time of absorption into state 0 when starting in state 1, and so E[τ ] can be
calculated by standard first-step analysis approaches, yielding

E[τ ] =
∞∑

i=1

1

αi

i∏
j=1

αj

βj
= 1

α

∞∑
i=1

1

i

(
α

β

)i

= 1

α
log

(
1

1 − α
β

)
,

and this simplifies to the stated result. �
Proposition 8 gives the expectation of the total time an excitement family is active in the

system. Using this, in Proposition 9 we now employ a classical queueing theory result to find
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the exact distribution of the number of active families simultaneously in the system in steady
state.

Proposition 9. Let B be the number of distinct excitement families that have progeny active in
the system in steady state of an ESEP with baseline intensity η∗ > 0, intensity jump α > 0, and

expiration rate β > α. Then B ∼ Pois
(

η∗
α

log
(

β
β−α

))
.

Proof. We first note that new excitement families are started when a baseline-generated
arrival occurs, which follows a Poisson process with rate ν∗. The duration of the excitement
family’s time in system then has mean given by Proposition 8. Because there is no limitation
on the number of possible families in the system at once, this is equivalent to an infinite-server
queue with Poisson process arrivals and generally distributed service, an M/G/∞ queue in
Kendall notation. This process is known to have Poisson distributed steady-state distribution
(see e.g. [23]), with mean given by the product of the arrival rate and the mean service duration,
which yields the stated form for B. �

An interesting consequence of the number of active families being Poisson distributed and
the total number in system being negative-binomially distributed is that it suggests that the
number of simultaneously active family members is logarithmically distributed. We observe
this via the known compound Poisson representation of the negative binomial distribution [60].

For B ∼ Pois
(

η∗
α

log
(

β
β−α

))
, Q ∼ NegBin

(
α
β
,

η∗
α

)
, and Li

i.i.d.∼ Log
(

α
β

)
, one can observe

that

Q
D=

B∑
i=1

Li,

where P (L1 = k) =
(

α
β

)k (
k log

(
β

β−α

))−1
for all k ∈Z

+. Thus, the idea that the number of

active members of each family is logarithmically distributed follows from the fact that this is a
sum of positive integer-valued random variables, of which there are as many as there are active
families, and this sum is equal to the total number in system.

3.3. Connections to epidemic models

As a final observation regarding the ESEP and its connections to other stochastic mod-
els, consider disease spread. As we discussed in the introduction to this paper, when a person
becomes sick with a contagious disease she increases the rate of new infections through her
contact with others. Furthermore, when a person recovers from a disease such as the flu, she
is no longer contagious and thus no longer contributes to the rate of disease spread. While we
have discussed in the introduction that this scenario has the hallmarks of self-excitement qual-
itatively, a classic model for studying this phenomenon is the susceptible–infected–susceptible
(SIS) process.

In the SIS model there is a finite population of N ∈Z
+ individuals. Each individual takes on

one of two states, either infected or susceptible. Let It be the number infected at time t ≥ 0, and
let St be the number susceptible. In the continuous-time stochastic SIS model, each infected
individual recovers after an exponentially distributed duration of the illness. Once a person
recovers from the disease, she becomes susceptible again. Because there is a finite population,
the rate of new infections depends on both the number infected and the number susceptible;
a new person falls ill at a rate proportional to It · St

N . Because this continuous-time Markov
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FIGURE 3. Stochastic SIS model with exogenous infections.

chain would be absorbed into state It = 0, it is common to include an exogenous infection
rate proportional to just St

N . We will refer to this model as the stochastic SIS with exogenous
infections; Figure 3 shows the rate diagram for the transitions from infected to susceptible and
from susceptible to infected. For the sake of comparison, we set the exogenous infection rate
as η∗, the epidemic infection rate as α, and the recovery rate as β.

One can note that there are immediate similarities between this process and the ESEP. That
is, new infections increase the infection rate while recoveries decrease it, and infections can
be the result of either external or internal stimuli. However, the primary difference between
these two models is that the SIS process has a finite population, whereas the ESEP does not.
In Proposition 10 we find that as this population size grows large the difference between these
models fades, yielding that the distribution of the number infected in the exogenously driven
SIS model converges to the distribution of the queue length in the ESEP.

Proposition 10. Let It be the number of infected individuals at time t ≥ 0 in an exogenously
driven stochastic SIS model with population size N ∈Z

+, exogenous infection rate η∗ > 0,
epidemic infection rate α > 0, and recovery rate β > 0. Then, as N → ∞,

It
D=⇒ Qt,

where Qt is the active number in system at time t for an ESEP with baseline intensity η∗,
intensity jump α, and expiration rate β.

Proof. Because the SIS model is a Markov process, one can use the infinitesimal generator
approach to find a time derivative for the moment generating function of the number of infected
individuals at time t ≥ 0. Thus, by noting that St = N − It we have that

d

dt
E
[
eθIt

]=E

[
αItSt

N

(
eθ − 1

)
eθIt + βI

(
e−θ − 1

)
eθIt + η∗St

N

(
eθ − 1

)
eθIt

]

=E

[
αIt(N − It)

N

(
eθ − 1

)
eθIt

]
+E

[
βIt

(
e−θ − 1

)
eθIt

]
+E

[
η∗(N − It)

N

(
eθ − 1

)
eθIt

]
,

which we can re-express in PDE form as

∂E
[
eθIt

]
∂t

=
(

α
(
eθ − 1

)+ β
(
e−θ − 1

)− η∗

N

(
eθ − 1

)) ∂E
[
eθIt

]
∂θ

− α

N

(
eθ − 1

) ∂2
E
[
eθIt

]
∂θ2

+ η∗ (eθ − 1
)
E
[
eθIt

]
.
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FIGURE 4. Steady-state distribution of the number infected in the exogenously driven SIS model for
increasing population size N, where η∗ = 10, α = 2, and β = 3.

Now as the population size N → ∞, this converges to

∂E
[
eθIt

]
∂t

= (
α
(
eθ − 1

)+ β
(
e−θ − 1

)) ∂E
[
eθIt

]
∂θ

+ η∗ (eθ − 1
)
E
[
eθIt

]
,

which we can recognize as the PDE for the moment generating function of the ESEP through
its own infinitesimal generator. �

As a demonstration of this convergence, we plot the empirical steady-state distribution of
the SIS process for increasing population size below in Figure 4. Note that in this example the
distributions appear fairly close for populations of size N = 1, 000. On the scale of the popu-
lations of cities or even some larger high schools, this is quite small. At a medium university
size of N = 10, 000, the distributions are essentially indistinguishable.

We would be remiss if we did not note that connections from epidemic models to birth–
death processes are not new. For example, [8] demonstrated that epidemic models converge to
birth–death processes, and [56] even noted that the exogenously driven susceptible–infected–
recovered (SIR) model—in which people cannot become reinfected—converges to a linear
birth–death–immigration process; however, these works did not outright form connections to
self-exciting processes. In [54], the similarities between the Hawkes process and the SIR pro-
cess are shown and formal connections are made, although this is through a generalization of
the Hawkes process defined on a finite population rather than through increasing the epidemic
model population size. Regardless, these prior works serve to expand the practical relevance
of the ESEP, as they show that such epidemic models are also of use outside of public health.
For example, these models have been used to study the phenomenon of contagion in areas
such as product adoption, idea spread, and social influence. These all also naturally relate to
the concept of self-excitement, and in Proposition 10 we observe that this connection can be
formalized.

These connections take on added importance in the contemporary context of the COVID-19
public health crisis. It is worth noting that the convergence of distributions in Proposition 10
does not require our commonly assumed stability condition β > α. Thus, this convergence
also covers potential pandemic scenarios in which α ≥ β. In such settings, one can quickly
observe that the mean number infected by time t is such that E[Nt] ∈ O(e(α−β)t), reproducing

https://doi.org/10.1017/apr.2021.35 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2021.35


362 A. DAW AND J. PENDER

the exponential growth exhibited by the novel coronavirus in these early stages. The ESEP
arrival process then captures the times of new infections, some portion of which may then be
used as the arrival process to a queueing model for the cases that require hospitalization.

4. Constructing eternal self-excitement from ephemeral self-excitement

Thus far we have exclusively considered a Markovian model for ephemeral self-excitement.
However, just as the Hawkes process need not be Markovian, we do not have to restrict our-
selves to settings in which the Markov property holds. Recall from Subsection 2.1 that the
general definition from [36] described the intensity as

λt = λ∗ +
∫ t

−∞
g(t − u)dNu,λ = λ∗ +

Nt∑
i=1

g(t − Ai),

where g : R+ →R
+ and

∫∞
0 g(x)dx < 1 for stability. One could also consider a marked Hawkes

process that draws jump sizes from a sequence of i.i.d. positive random variables {Mi | i ∈Z
+},

in which case the summation form of intensity would instead be expressed as

λt = λ∗ +
Nt∑

i=1

Mig(t − Ai).

The ESEP model has provided us a natural comparison for the popular Markovian case where
g(x) = αe−βx (with no marks), but let us now consider more general excitation kernels and
jump sizes. To do so, we will make two main generalizations while preserving the other key
elements of the ESEP, such as the affine relationship between the intensity and the number of
active exciters. First, we will change the activity duration to be a general distribution, mim-
icking the general excitation kernel. Second, we also change from solitary arrivals to batch
arrivals, meaning groups of events that occur simultaneously at each arrival epoch. The sizes
of these batches may be drawn from an i.i.d. sequence of positive integer random variables,
so we will use the parameter n to represent the relative size of this batch through the mean
of the batch size distribution. This leads us to the definition of the nth general ephemerally
self-exciting process (n-GESEP).

Definition 2. (The nth general ephemerally self-exciting process.) For times t ≥ 0, a baseline
intensity η∗ > 0, a cumulative distribution function G : R+ → [0, 1], an i.i.d. sequence of pos-
itive random variables {Bi | i ∈Z

+}, and n ∈Z
+ such that E[Bi] ∈ O(n), let Nt(n) be a counting

process for the arrival epochs occurring according to the stochastic intensity ηt(n), defined to
be such that

ηt(n) = η∗ + α

n
Qt(n), (15)

where Qt(n) is incremented by Bi(n) at the ith arrival epoch in Nt(n) and then is depleted at unit
down-jumps at the expiration times of the individual arrivals’ activity durations, which are i.i.d.
draws from the distribution G(·) across all batches and all epochs. We say that (ηt(n), Nt(n)) is
the nth general ephemerally self-exciting process (n-GESEP).

It is important to note that in this definition, a batch of size n occurring at the current time
would increase the present arrival rate by α. However, these n activity durations are mutually
independent. Thus, despite the common arrival epoch, each expiration should cause an instan-
taneous decrease of just α/n if the activity duration distribution is continuous. It is also worth
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noting that this n-GESEP model encapsulates the simple generalization of the ESEP with gen-
eral service durations, as this is given by (ηt(1), Nt(1)) with P (B1(1) = 1). Just as the ESEP
could be viewed as a Markovian infinite-server queue with a state-dependent arrival rate, the n-
GESEP can be seen as an MB/G/∞ queue with a state-dependent arrival rate. This perspective
implies the existence and uniqueness of Definition 2.

Just as it is often beneficial to think of the length of an infinite-server queue as a sum over
all customers that remain in service, it will be quite useful for us to think about the number
active within the n-GESEP as the sum of all arrivals that have not yet expired. For Ai as the ith
arrival epoch and Si,j as the jth activity duration within the ith batch, this can be expressed as

Qt(n) =
Nt(n)∑
i=1

Bi∑
j=1

1{t < Ai + Si,j},

or equivalently for the intensity,

ηt = η∗ + α

n

Nt(n)∑
i=1

Bi∑
j=1

{t < Ai + Si,j}.

A nice consequence of this representation is that the ephemerality is at the forefront. Because
the event within the indicator is that the current time t is less than the sum of a given arrival
time and activity duration, this indicator counts whether that particular excitement is currently
active. Thus, this indicator will switch from 1 to 0 when the present time passes a given expira-
tion time, causing the intensity to drop by α/n. From this point forward, the excitement brought
by this particular arrival no longer has a direct effect on the system.

We will now use the n-GESEP to establish a main result of this work, in which we con-
nect this general form of ephemeral self-excitement to general forms of the traditional, eternal
notion of self-excitement. In Theorem 2, we prove a scaling limit that incorporates random
batch distributions and general service to construct marked, general decay Hawkes processes.
We refer to this limit as a ‘batch scaling’, as we are letting the relative batch size n grow large,
which simultaneously shrinks the size of the excitement generated by each individual entity
within a batch of arrivals. Thus, while the effect of one individual exciter shrinks, the collec-
tive effect of a batch arrival remains fixed. In the limit, this provides an alternate construction
of the Hawkes process.

Theorem 2. For t ≥ 0 and n ∈Z
+, let (ηt(n), Nt(n)) be an n-GESEP with baseline intensity

η∗ > 0, intensity jump size α > 0, activity duration cumulative distribution function G(·), and
i.i.d. batch size sequence of nonnegative, discrete random variables {Bi | i ∈Z

+}. Additionally,
let η0(n) = η∗, i.e. Q0(n) = 0. Then, for all t ≥ 0, this n-GESEP process is such that

ηt(n)
D=⇒ λt and Nt(n)

D=⇒ Nt,λ (16)

as n → ∞, where (λt, Nt,λ) is the general Hawkes process intensity and counting process pair
such that

λt = η∗ +
Nt,λ∑
i=1

MiḠ(t − Ai), (17)

where {Ai | i ∈Z
+} are the Hawkes process arrival epochs, Ḡ(x) = 1 − G(x) for all x ≥ 0, and

{Mi | i ∈Z
+} is an i.i.d. sequence of positive real random variables such that αB1/n

D=⇒ M1

and B1/n2 p−→ 0.
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Proof. We will organize the proof into two parts. Each part is oriented around the process
arrival times, as these fully determine the sample path of the Hawkes process. We will first
show through induction that the distributions of inter-arrival times converge. Then we will
demonstrate that given the same arrival times, the dynamics of the processes converge.

To begin, let Aη
i for i ∈Z

+ be the time of the ith arrival in the n-GESEP, and similarly let
Aλ

i be the ith arrival time for the Hawkes process. We start with the base case: for the time of
the first arrival, we can note that for all n-GESEP models,

P
(
Aη

1 > x
)= e−η∗x,

as Q0(n) = 0 and thus the first arrival is driven by the external baseline rate. Likewise, for the
Hawkes process, since (17) implies that λt = ν∗ for 0 ≤ t < Aλ

1, we can see that

P
(
Aλ

1 > x
)= e−η∗x,

and thus P
(
Aλ

1 > x
)= P

(
Aη

1 > x
)
. As an inductive hypothesis, we now assume that

{Aη
1, . . . , Aη

k } converge in joint and marginal distributions to {Aλ
1, . . . , Aλ

k } where k ∈Z
+. Now,

for the Hawkes process we can observe that

Pk
(
Aλ

k+1 − Aλ
k > x

)
:= P

(
Aλ

k+1 − Aλ
k > x | {Aλ

1, . . . , Aλ
k })= Ek

[
e
− ∫ x

0 λ
Aλ

k +t
dt
]

,

because when conditioned on the arrival history, the Hawkes process behaves like an
inhomogeneous Poisson process until the next arrival occurs. Using (17), we can express
this as

Ek

[
e
− ∫ x

0 λ
Aλ

k +t
dt
]

= e−η∗xEk

[
e− ∫ x

0
∑k

i=1 MiḠ
(
Aλ

k −Aλ
i +t

)
dt
]

= e−η∗x
k∏

i=1

Ek

[
e−Mi

∫ x
0 Ḡ

(
Aλ

k −Aλ
i +t

)
dt
]
.

Turning to the ESEP epochs, we define Nη
i,j ((t, t + s]) as the number of arrivals on the time

interval (t, t + s] that are generated by the excitement caused by the jth entity within the ith
batch. Furthermore, let Nη∗ ((t, t + s]) be the number of arrivals on (t, t + s] that are generated
by the external, baseline rate η∗. Then, using this notation, we have that

Pk
(
Aη

k+1 − Aη
k > x

)
:= P

(
Aη

k+1 − Aη
k > x | {Aη

1, . . . , Aη
k }
)

= Pk

⎛
⎝ k⋂

i=1

Bi⋂
j=1

{
Nη

i,j

(
(Aη

k , Aη
k + x]

)= 0
}

∩ {
Nη∗

(
(Aη

k , Aη
k + x]

)= 0
}⎞⎠

= Ek

⎡
⎣ k∏

i=1

Bi∏
j=1

1
{

Nη
i,j

(
(Aη

k , Aη
k + x]

)= 0
}

1
{
Nη∗

(
(Aη

k , Aη
k + x]

)= 0
}⎤⎦.

From the independence of each of these arrival processes, we can move the probability for
no arrivals in the external arrival process and the product over i outside of the expectation to
obtain
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Ek

⎡
⎣ k∏

i=1

Bi∏
j=1

1
{

Nη
i,j

(
(Aη

k , Aη
k + x]

)= 0
}

1
{
Nη∗

(
(Aη

k , Aη
k + x]

)= 0
}⎤⎦

= e−η∗x
k∏

i=1

Ek

⎡
⎣ Bi∏

j=1

1
{

Nη
i,j

(
(Aη

k , Aη
k + x]

)= 0
}⎤⎦.

Consider an arbitrary entity, say the jth entity in the ith batch. Let Si,j be its service duration. If
this entity has departed from the queue before Aη

k , then it cannot generate further arrivals, and
thus

Pk

(
Nη

i,j

(
(Aη

k , Aη
k + x]

)= 0 | Si,j ≤ Aη
k − Aη

i

)
= 1.

Likewise, if it does not depart until after Aη
k + x, then the probability that it generates an arrival

on (Aη
k , Aη

k + x] is

Pk

(
Nη

i,j

(
(Aη

k , Aη
k + x]

)= 0 | Si,j ≥ Aη
k − Aη

i + x
)

= e− α
n x.

Finally, if the entity departs in the interval (Aη
k , Aη

k + x], the probability that it generates an
arrival before departing is

Pk

(
Nη

i,j

(
(Aη

k , Aη
k + x]

)= 0 | Si,j = Aη
k − Aη

i + z
)

= e− α
n z,

where 0 < z < x. Therefore, through conditioning on each entity’s service duration, we have
that

e−η∗x
k∏

i=1

Ek

⎡
⎣ Bi∏

j=1

1
{

Nη
i,j

(
(Aη

k , Aη
k + x]

)= 0
}⎤⎦

= e−η∗x
k∏

i=1

Ek

⎡
⎣ Bi∏

j=1

(
G(Aη

k − Aη
i ) + e− α

n xḠ(Aη
k − Aη

i + x) +
∫ x

0
e− α

n zg(Aη
k − Aη

i + z)dz

)⎤⎦ ,

where g(·) is the density corresponding to G(·). Since the term inside the inner product does
not depend on the specific entity within a batch but only on the batch itself, we can evaluate
this inside the expectation as

e−η∗x
k∏

i=1

Ek

⎡
⎣ Bi∏

j=1

(
G(Aη

k − Aη
i ) + e− α

n xḠ(Aη
k − Aη

i + x) +
∫ x

0
e− α

n zg(Aη
k − Aη

i + z)dz

)⎤⎦
= e−η∗x

k∏
i=1

Ek

[(
G(Aη

k − Aη
i ) + e− α

n xḠ(Aη
k − Aη

i + x) +
∫ x

0
e− α

n zg(Aη
k − Aη

i + z)dz

)Bi
]

.

Since the base term of this exponent is deterministic, we will simplify it as follows. Using
integration by parts on

∫ x
0 e− α

n zg(Aη
k − Aη

i + z)dz and expanding Ḡ(x) = 1 − G(x), we obtain

G(Aη
k − Aη

i ) + e− α
n xḠ(Aη

k − Aη
i + x) +

∫ x

0
e− α

n zg(Aη
k − Aη

i + z)dz

= e− α
n x + α

n

∫ x

0
e− α

n zG(Aη
k − Aη

i + z)dz.
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If we express e− α
n x in integral form via e− α

n x = 1 − α
n

∫ x
0 e− α

n zdz, we can further simplify this
expression for the base to

e− α
n x + α

n

∫ x

0
e− α

n zG(Aη
k − Aη

i + z)dz = 1 − α

n

∫ x

0
e− α

n zḠ(Aη
k − Aη

i + z)dz.

This form makes it quick to observe that this base term is at most 1. Thus we are justified
in taking the expectation of this term raised to Bi, since that is equivalent to the probability
generating function of the batch size, and this exists for all discrete random variables when
evaluated on values less than or equal to 1 in absolute value. Returning to this expectation, we
first note that for all x, rearranging the Taylor expansion of ex produces

1 + x = ex −
∞∑

j=2

xj

j! = ex

⎛
⎝1 − e−x

∞∑
j=2

xj

j!

⎞
⎠= e

x+log
(

1−e−x ∑∞
j=2

xj
j!
)
.

Thus we re-express the expectation in exponential function form as

e−η∗x
k∏

i=1

Ek

[(
G(Aη

k − Aη
i ) + e− α

n xḠ(Aη
k − Aη

i ) +
∫ x

0
e− α

n zg(Aη
k − Aη

i + z)dz

)Bi
]

= e−η∗x
k∏

i=1

Ek

[
e
− α

n Bi
∫ x

0 e− α
n zḠ(Aη

k −Aη
i +z)dz+O

(
Bi
n2

)]
.

Through use of a Taylor expansion on e− α
n z and absorbing higher terms into the O

(
Bi
n2

)
notation, we can further simplify to

e−η∗x
k∏

i=1

Ek

[
e
− α

n Bi
∫ x

0 e− α
n zḠ(Aη

k −Aη
i +z)dz+O

(
Bi
n2

)]

= e−η∗x
k∏

i=1

Ek

[
e
− α

n Bi
∫ x

0 Ḡ(Aη
k −Aη

i +z)dz+O
(

Bi
n2

)]
.

We can now take the limit as n → ∞ and observe that

e−η∗x
k∏

i=1

Ek

[
e
− α

n Bi
∫ x

0 Ḡ(Aη
k −Aη

i +z)dz+O
(

Bi
n2

)]
−→ e−η∗x

k∏
i=1

Ek

[
e−Mi

∫ x
0 Ḡ(Aη

k −Aη
i +z)dz

]
,

as we have that α
n B1

D=⇒ M1 and Bi
n2

D=⇒ 0. This is equal to the Hawkes process inter-arrival

probability Pk
(
Aλ

k+1 − Aλ
k > x

)
. Hence by induction and total probability the arrival times

converge, completing the first part of the proof.
For the second part of the proof, we show that the dynamics of the processes converge when

we condition on having the same fixed arrival times, which we now denote by {Ai | i ∈Z
+} for

both processes. Since Nt(n) is defined as the counting process of arrival epochs rather than total
number of arrivals, Nt(n) = Nt,λ for all n and all t. We now treat the intensity in two cases, the
jump at arrivals and the dynamics between these times. For the first case, we take k ∈Z

+ and
let λAk− = infAk−1≤t<Ak λt and ηAk− (n) = infAk−1≤t<Ak ηt(n) for all n, where A0 = 0. Then the
jump in the n-GESEP intensity at the kth jump is such that

ηAk (n) − ηAk− (n) = α

n
Bk

D=⇒ Mk = λAk − λAk−
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as n → ∞. For the behavior between arrival times we first note that for Sj independent and
distributed with cumulative distribution function G(·) for all j ∈Z

+, the probability generating
function of 1

n

∑B1
j=1 1{y < Sj} is

E

[
z

1
n

∑B1
j=1 1{y<Sj}

]
=E

[(
G(y) + Ḡ(y)z

1
n

)B1
]

=E

[(
1 − Ḡ(y)

(
1 − e

1
n log z

))B1
]
,

and by a Taylor expansion approach similar to what we used in the first part of the proof, we
can see that

E

[(
1 − Ḡ(y)

(
1 − e

1
n log z

))B1
]

=E

⎡
⎣e

−B1Ḡ(y)

(
1−e

1
n log z

)
+O

(
B1
n2

)⎤⎦
=E

[
e

1
n B1Ḡ(y) log (z)+O

(
B1
n2

)]
.

Taking the limit as n → ∞, this yields

E

[
z

1
n

∑B1
j=1 1{y<Sj}

]
−→E

[
zḠ(y)M1

]
,

which is to say that

1

n

B1∑
j=1

1{y < Sj} D=⇒ Ḡ(y)M1.

Using this, we can now see that for k ∈Z
+ and 0 ≤ x < Ak+1 − Ak, the intensity of the

n-GESEP satisfies

ηAk+x(n) = η∗ + α

n

k∑
i=1

Bi∑
j=1

1{Ak + x < Ai + Si,j}

D=⇒ η∗ +
k∑

i=1

MiḠ(Ak − Ai + x)

= λAk+x

as n → ∞. Thus, both the jump sizes of ηt(n) and the behavior of ηt(n) between jumps converge
to those of λt, completing the proof. �

For an empirical demonstration of this convergence, in Figure 5 we plot cumulative dis-
tribution functions for the intensities and counts of the n-GESEP across increasing batch
sizes and multiple expiration distributions and compare them to the empirical distributions
of the corresponding general Hawkes processes. Specifically, we consider three different
choices of Ḡ(·), all with a unit mean expiration time: a standard exponential Ḡ(x) = e−x, a
two-phase Erlang distribution Ḡ(x) = (1 + 2x)e−2x, and a two-phase hyper-exponential Ḡ(x) =
(e−2x + e−2/3x)/2. Each experiment is conducted for deterministic batch sizes in the n-GESEP
models and deterministic marks in the Hawkes processes. Similar performance was observed
for other distributions such as the geometric (or exponential in limiting form) and are thus
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TABLE 1. Overview of convergence details in the batch scaling of the ESEP.

n −→ ∞
Batch =⇒ Mark
Expire =⇒ Decay
ESEP =⇒ Hawkes

omitted for brevity. In each of the three distribution settings with batch size n = 8 in the
n-GESEP model, the distribution of the intensity is quite close to that of the Hawkes intensity,
as can be seen in the left-hand column. On the right, one can note that the count distributions are
quite close in all the various settings, and again the performance is particularly strong by n = 8.
The visible closeness of these count distributions—indeed, they are nearly indistinguishable—
lends added importance to the calculations in Proposition 4. Given these observations, it is of
particular interest to study the convergence rates of these models in future work.

As a reference, we list the components of the ephemerally self-exciting models and their
corresponding limiting quantities in the general Hawkes process below in Table 1. We can
note that because the limiting excitation kernel given in Theorem 2 is a complementary cumu-
lative distribution function it is exclusively non-increasing, meaning that the excitement after
each arrival immediately decays. It can be observed that this includes the two most popular
excitation kernels, the exponential and power-law forms that we detailed in Subsection 2.1.
However, it does not include kernels that have the ‘hump remote from the origin’ that Hawkes
mentions briefly in the original paper [36]. If desired, this can be remedied through extension
to multi-phase service in the n-GESEP, with the intensity defined as an affine relationship with
one of the later phases.

Before concluding, let us remark that in addition to providing conceptual understanding into
the Hawkes process itself, the alternate construction through the batch scaling in Theorem 2
is also of practical relevance in explaining the use of the Hawkes process in many applica-
tions. For example, in biological applications such as the environmental management problem
considered in [32], one of the invasive species studied may produce multiple offspring simul-
taneously but only for the duration of its life cycle. That is, many species give birth in litters,
creating batch arrivals, but of course reproduce only during their lifetimes, yielding ephemer-
ality. Furthermore, the numerical experiments in Figure 5 suggest that n need not be overly
large for the n-GESEP and the Hawkes process to be comparable in distribution.

As another example, consider the spread of information on communication and social media
platforms. This setting has recently been a popular application of Hawkes processes; see e.g.
[22, 26, 34, 54, 55]. When a user shares a post on these platforms, it is immediately and
simultaneously dispatched to the real-time feeds of many other users, creating a batch increase
of the response rate from the other users. The post then will typically only be seen on news
feeds for a short period of time, as new content comes in to replace it. On top of this, social
media administrators have been adopting a trend of intentionally introducing ephemerality
into their platforms. For example, the expiration of posts and messages has been a defining
feature of Snapchat since its inception. Facebook and Instagram have recently adopted the
same behavior with ‘stories’, and Twitter has responded in kind with the appropriately named
‘fleets’. Just as in the case of biological offspring processes, Theorem 2 offers an explanation of
why the Hawkes process has become a popular and successful model in this space. Moreover,
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FIGURE 5. Empirical transient distributions of the intensities (left) and counts (right) of n-GESEP with
increasing batch size and for general Hawkes process simulations with t = 5, η∗ = 1, α = 0.5, and varying
expiration distributions. These distributions are calculated from 222 replications.
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the insights from these connections can be deepened through the additional model relationships
that we have discussed in Section 3.

5. Conclusion

Time is fleeting; excitement is ephemeral. In this paper we have introduced the ephemerally
self-exciting process (ESEP), a point process driven by the pieces of its history that remain
presently active. That is, each arrival excites the arrival rate until the expiration of its ran-
domly drawn activity duration, at which point its individual influence vanishes. Throughout
this work we have compared ephemeral self-excitement to eternal self-excitement through
contrast with the well-known Hawkes process. These comparisons include an ordering of the
moments of the two processes in Proposition 2 and a study of each process’s branching struc-
ture in Subsection 3.1. We have also used the ESEP to relate ephemeral self-excitement to
other well-known stochastic models, including preferential attachment, random walks, and epi-
demics. Finally, we have also considered a generalized model with batch arrivals and general
activity duration distributions, which we refer to as the nth general ephemerally self-exciting
process (n-GESEP). The n-GESEP model provides an alternate construction of general marked
Hawkes processes through a batch scaling limit. ln Theorem 2 we prove that the n-GESEP
model converges to a Hawkes process as its batch arrival size grows large, with the limiting
Hawkes process having an excitation kernel matching the tail cumulative distribution func-
tion of the activity duration distribution, and having marks given by the scaled limit of the
batch sizes. As we have discussed, this limit both provides intuition for the occurrence of self-
excitement in natural phenomena and relates the Hawkes process to the other stochastic models
we connected to ephemeral self-excitement.

This presents many directions for future research. First, we have frequently emphasized in
this work that our results motivate the ESEP (and by extension the n-GESEP) as a promising
model for self-excitement in its own right. This follows from its tractability for analysis and its
amenability to connection with other models. Because of this promise, we believe that further
exploration and application of the ESEP holds great potential. Another natural and relevant
avenue would be to continue to explore the connection between ephemeral self-excitement
and the other stochastic models we have discussed. For example, one could study the connec-
tion between ESEP and epidemic models on more complex networks or with more complex
dynamics. Doing so would give a point process representation for the times of infection in a
more realistic epidemic model, which could be quite useful in practice for resource allocation
and policy design. Similar deepened connections could also be pursued for other models, such
as preferential attachment. In general, we believe the concept of ephemeral self-excitement
merits further theoretical exploration and detailed empirical application, both of which we
look forward to pursuing. Finally, to empower this model for full practical use, it is of great
interest to study the estimation of the ESEP and n-GESEP processes. For example, likelihood-
based estimation could be pursued in a manner similar to that used for the traditional Hawkes
process, since the processes are also conditionally non-stationary Poisson when given the full
history. In fact, similar estimation techniques may be achievable even if the data contains only
arrival epochs (and not expiration times), perhaps through missing data techniques such as
expectation–maximization algorithms. These methods have been applied successfully both for
Hawkes processes and generally for branching processes (see, e.g., [43, 59]), and thus also
hold potential for the ephemerally self-exciting models we have studied here.
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Appendix A. Lemmas and auxiliaries

In this section of the appendix we give technical lemmas to support our analysis and brief
auxiliary results that are of interest but not within the narrative of the body of this report. We
begin by giving the infinitesimal generator form for time derivatives of the expectations of
functions of our process. This is a valuable tool available to us because the ESEP is Markov,
and it supports much of our analysis throughout this work.

Lemma 2. For a sufficiently regular function f :
(
R

+ ×N
)→R, the generator of the ESEP is

given by

Lf (ηt, Nt) =
n∑

i=1

ηt (f (ηt + α, Nt + 1) − f (ηt, Nt))

︸ ︷︷ ︸
Arrivals

+ β

(
ηt − η∗

α

)
(f (ηt − α, Nt) − f (ηt, Nt))︸ ︷︷ ︸

Expirations

. (18)

Then, the time derivative of the expectation of f (ηt, Nt) is given by

d

dt
E
[
f (ηt, Nt)

]=E
[Lf (ηt, Nt)

]
(19)

for all t ≥ 0.

Proof. This is a direct result of the ESEP belonging to the family of piecewise deterministic
Markov processes, as defined in [19]. Moreover, the specific regularity conditions are given in
Theorem 5.5 of that work. �

Note that this is also immediately applicable to the active-number-in-system process per-
spective on the ESEP, as Qt = (ηt − η∗)/α. Thus, we leverage this infinitesimal generator to
study each of ηt, Qt, and Nt throughout both the main body of the text and these appendices.

As another supporting lemma, let us summarize a result that can be used with the infinites-
imal generator to relate two different Markov processes. Throughout this work we make
comparisons between different processes, in particular between the ESEP and the Hawkes
process. One way that we do this is by investigating the differential equations found with the
use of Lemma 2. In Lemma 3 we provide the method by which we make such comparisons.

Lemma 3. (A comparison lemma.) Let f : R2 →R be a continuous function in both variables.
If we assume that the initial value problem

dx(t)

dt
= f (t, x(t)), x(0) = x0 (20)

has a unique solution for the time interval [0, T], and

dy(t)

dt
≤ f (t, y(t)) for t ∈ [0, T] and y(0) ≤ x0, (21)

then x(t) ≥ y(t) for all t ∈ [0, T].

Proof. The proof of this result is given in [33]. �
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For a result that is auxiliary on the surface but also beneficial in proofs, in Proposition 11 we
give the probability generating function for the number in system and the number of departures,
or expirations, in the ESEP. The departure process is largely outside of the scope of this work,
but this result is instrumental in the proof (found in Appendix D) of Proposition 3, which gives
the probability generating function for the counting process.

Proposition 11. Let Qt be the active number in system at time t ≥ 0 of an ESEP with baseline
intensity η∗ > 0, intensity jump size α > 0, and expiration rate β > α. Let Dt be the number of
arrivals by time t that are no longer active. Then the joint probability generating function of

Qt and Dt, denoted by G(z1, z2, t) ≡E

[
zQt

1 zDt
2

]
, is given by

G(z1, z2, t) =
⎛
⎝1 −

(
tanh

(
t

2

√
(β + α)2 − 4αβz2 + tanh−1

(
β + α − 2αz1√

(β + α)2 − 4αβz2

)))2
⎞
⎠

η∗
2α

·
(

β + α

2α
−
√

(β + α)2 − 4αβz2

2α
tanh

(
t

2

√
(β + α)2 − 4αβz2 + tanh−1

(
β + α − 2αz1√

(β + α)2 − 4αβz2

)))Q0

·
(

cosh

(
tanh−1

(
2αz1 − β − α√

(β + α)2 − 4αβz2

)))η∗
α

zD0
2 e

η∗(β−α)
2α

t, (22)

where Q0 and D0 are the active number in the system and the count of departures at time 0,
respectively.

Proof. We will show this through the method of characteristics. We can first observe
through Lemma 2 that

d

dt
E

[
zQt

1 zDt
2

]
=E

[
(η∗ + αQt)(z1 − 1)zQt

1 zDt
2 + βQt

(
z2

z1
− 1

)
zQt

1 zDt
2

]
,

and so G(z1, z2, t) is given by the following PDE:

∂

∂t
G(z1, z2, t) +

(
α(z1 − z2

1) + β(z1 − z2)
) ∂

∂z1
G(z1, z2, t) = η∗(z1 − 1)G(z1, z2, t).

To simplify our analysis, we will instead solve for log (G(z1, z2, t)), which through the chain
rule will be given by the solution to the PDE expressed as

∂

∂t
log (G(z1, z2, t)) +

(
α(z1 − z2

1) + β(z1 − z2)
) ∂

∂z1
log (G(z1, z2, t)) = η∗(z1 − 1),

with initial condition log (G(z1, z2, 0)) = log (zQ0
1 zD0

2 ). This gives us the characteristic equa-
tions as follows:

dz1

ds
(r, s) = α(z1 − z2

1) + β(z1 − z2), z1(r, 0) = r,

dt

ds
(r, s) = 1, t(r, 0) = 0,

dg

ds
(r, s) = η∗(z1 − 1), g(r, 0) = log (rQ0 zD0

2 ).
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Solving the first two equations, we see that

z1(r, s) = β + α

2α
+
√

(β + α)2 − 4αβz2

2α
tanh

(
s

2

√
(β + α)2 − 4αβz2

− tanh−1

(
β + α − 2αr√

(β + α)2 − 4αβz2

))

t(r, s) = s,

which allows us to solve for g(r, s). Using the solution to z1(r, s), the ODE for g(r, s) is given by

dg

ds
(r, s) = η∗√(β + α)2 − 4αβz2

2α
tanh

(
s

2

√
(β + α)2 − 4αβz2

− tanh−1

(
β + α − 2αr√

(β + α)2 − 4αβz2

))
+ η∗(β − α)

2α
,

which yields a solution of

g(r, s) = log (rQ0zD0
2 ) + η∗(β − α)

2α
s + η∗

2α
log

(
1 − (β + α − 2αr)2

(β + α)2 − 4αβz2

)

+ η∗

α
log

(
cosh

(
s

2

√
(β + α)2 − 4αβz2 − tanh−1

(
β + α − 2αr√

(β + α)2 − 4αβz2

)))
.

Now, from these equations we can express the characteristic variables in terms of the original
arguments as s = t and

r = β + α

2α
−
√

(β + α)2 − 4αβz2

2α
tanh

(
t

2

√
(β + α)2 − 4αβz2

− tanh−1

(
2αz1 − β − α√

(β + α)2 − 4αβz2

))
.

Then, by performing the substitution G(z1, z2, t) = eg(r(z1,z2,t),s(z1,z2,t)) and simplifying, we
achieve the stated result. �

As another auxiliary result, in Proposition 12 we give the steady-state moment generating
function for the 2-GESEP with exponentially distributed activity durations and deterministic
batch sizes, meaning pairs of arrivals.

Proposition 12. Consider the following 2-GESEP: arrivals occur at rate ηt(2) = η∗ + α
2 Qt(2),

where Qt(2) receives arrivals in batches of size 2. Each activity duration is independent
and exponentially distributed with rate β > α > 0. Then the steady-state moment generating
function of Qt(2) is given by
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E

[
eθQ∞(2)

]
≡ lim

t→∞ E

[
eθQt(2)

]
= exp

(
2η∗

√
α(α + 8β)

(
tanh−1

((
2eθ + 1

) √ α

α + 8β

)
− tanh−1

(
3
√

α

α + 8β

)))

·
(

2β − 2α

2β − α(eθ + e2θ )

)η∗
α

. (23)

Proof. Using Lemma 2, we see that the moment generating function will be given by the
solution to

d

dt
E

[
eθQt(2)

]
=E

[(
η∗ + αQt(2)

2

) (
eθ(Qt(2)+2) − eθQt(2)

)
+ βQt(2)

(
eθ(Qt(2)−1) − eθQt(2)

)]
,

which can be equivalently expressed in PDE form as

∂

∂t
M2(θ, t) = η∗ (e2θ − 1

)
M2(θ, t) +

(α

2

(
e2θ − 1

)
+ β

(
e−θ − 1

)) ∂

∂θ
M2(θ, t),

where M2(θ, t) =E
[
eθQt(2)

]
. To solve for the steady-state moment generating function we

consider the ODE given by

d

dθ
M2(θ, ∞) = η∗ (1 − e2θ

)M2(θ, ∞)
α
2

(
e2θ − 1

)+ β
(
e−θ − 1

) ,
with the initial condition that M2(0, ∞) = 1. By taking the derivative of the expression in (23),
we verify the result. �

Appendix B. Exploring a hybrid self-exciting model

In the main body of the text we have defined the ESEP, a model that features arrivals that
self-excite but only for a finite period of time. In contrast to the traditional Hawkes process
models for self-excitement, in the ESEP the effect from one arrival does not decay through
time but is fixed at a constant value for as long as it remains active. Thus, the ESEP features
ephemeral but piecewise constant self-excitement, whereas the Hawkes process has eternal but
ever decreasing self-excitement. One can note, though, that ephemeral self-excitement need
not be piecewise constant. A model could feature both decay and down-jumps as ways of
regulating its self-excitement. In this section of the appendix, we will consider such a model,
specifically a Markovian one. To begin, let us now define the hybrid ephemerally self-exciting
process (HESEP).

Definition 3. (Hybrid ephemerally self-exciting process.) Let t ≥ 0 and suppose that ν∗ > 0,
α > 0, β ≥ 0, and μ ≥ 0. Define νt, Nt,ν , and Qt,ν such that the following hold:

i. Nt,ν is an arrival process driven by the intensity νt;

ii. Qt,ν is the number of arrivals from Nt,ν that have not yet expired according to their i.i.d.
Exp(μ) activity durations;

iii. νt is governed by

dνt = β(ν∗ − νt)dt + αdNt,ν − νt − ν∗

Qt,ν
dDt,ν ,

where Dt,ν = Nt,ν − Qt,ν .
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We say that the intensity–queue–counting-process triplet (νt, Qt,ν , Nt,ν) is a hybrid ephemer-
ally self-exciting process (HESEP) with baseline intensity ν∗, intensity jump size α, decay rate
β, expiration rate μ, and initial values (ν0, Qν

0, Nν
0 ).

By definition, one can view the HESEP as a hybrid between the ESEP and Hawkes process
models. If β = 0 then we recover the ESEP; if μ = 0 then we recover the Hawkes process.
Hence the dynamics are largely quite familiar: up-jumps of size α at each arrival, exponen-
tial decay between events at rate β, and down-jumps upon each activity duration expiration.
Perhaps the least intuitive part of this definition is the size of the down-jump, as this depends
on the current levels of the intensity and the number of active exciters in the system. This draws
inspiration from Markovian infinite-server queues. In an M/M/∞ queue, all jobs currently in
the system are equally likely to be the next to leave, regardless of the order in which they
entered the system. Similarly, in the HESEP, each exciter in the system is equally likely to be
the next to leave. Moreover, the down-jump size is the same regardless of which exciter is the
next to leave. When the expiration of an activity duration means that there are no longer any
presently active exciters, by definition the intensity will return to the baseline value. One can
note that this down-jump size is actually always bounded below by 0, since the intensity decays
down towards the baseline ν∗, and is bounded above by α, since νt − ν∗ ≤ αQt,ν because each
arrival increases νt by α before it decays. As a quick interesting fact regarding this process,
in Proposition 13 we show that the size of a down-jump, (νt − ν∗)/Qt,ν , does not itself have
down-jumps.

Proposition 13. Let φt = νt−ν∗
Qt,ν

be the size of a down-jump occurring at time t ≥ 0. Suppose
that b ≥ a ≥ 0 is such that Qt,ν is positive for all t ∈ [a, b]. Then φt has no downward jumps on
[a, b].

Proof. Suppose that [a, b] is such an interval; then for t ∈ [a, b] we note that

νt − νt−ν∗
Qt,ν

− ν∗

Qt,ν − 1
= Qtνt − νt + ν∗ − Qt,νν

∗

Qt,ν(Qt,ν − 1)
= νt − ν∗

Qt,ν
,

and this is equal to φt. �

B.1. Sandwiching the hybrid model

As one might expect for a so-called ‘hybrid’ model, the HESEP can be connected to the
ESEP and the Hawkes process in many different ways. In Proposition 14, we show that one
can actually sandwich this model between its two extremes. That is, we show that the means
of the processes are equal when given the same parameters, whereas the variances are ordered
with Hawkes as the smallest and ESEP as the largest.

Proposition 14. Let α > 0, β > 0, and μ > 0 be such that μ + β > α > 0. Additionally, let
ν∗ > 0. Let νt be an HESEP with baseline intensity ν∗, intensity jump size α, decay rate β, and
service rate μ. Similarly, let λt be the intensity of a Hawkes process with baseline intensity
ν∗, intensity jump α, and decay rate μ + β. Finally, let ηt be the intensity of an ESEP with
baseline intensity ν∗, intensity jump α, and service rate μ + β. Then the means of these process
intensities are all equal:

E[λt] =E[νt] =E[ηt]. (24)
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Furthermore, the process variances are ordered as follows:

Var (λt) ≤ Var (νt) ≤ Var (ηt). (25)

Additionally, let Nt,ν , Nt,λ, and Nt,η be the counting processes of the HESEP, Hawkes process,
and ESEP, respectively. Then the means of these counting processes are equal, i.e.

E
[
Nt,λ

]=E
[
Nt,λ

]=E
[
Nt,η

]
, (26)

and the variances of the counting processes are again ordered as follows:

Var
(
Nt,λ

)≤ Var
(
Nt,ν

)≤ Var
(
Nt,η

)
. (27)

Finally, the covariances between the intensity and counting process pairs are likewise ordered
as follows:

Cov[λt, Nt,λ] ≤ Cov[νt, Nt,ν] ≤ Cov[ηt, Nt,η], (28)

where t ≥ 0 and where all intensities have the same initial value.

Proof. By a quick check of the differential equations for each mean, we can directly observe
that E[νt] =E[ηt] =E[λt]. To show the variance ordering we begin by considering the ODE
for the second moment of νt:

d

dt
E

[
ν2

t

]
= 2β

(
ν∗
E[νt] −E

[
ν2

t

])
+ α2

E[νt] + 2αE
[
ν2

t

]
+ μE

[((
νt − νt − ν∗

Qt,ν

)2

− ν2
t

)
Qt,ν

]
.

Now, let us observe that

E

[((
νt − νt − ν∗

Qt,ν

)2

− ν2
t

)
Qt,ν

]
= 2

(
ν∗
E[νt] −E

[
ν2

t

])
+E

[
(νt − ν∗)2

Qt,ν

]
,

which follows from expanding the squared term. Because (νt−ν∗)2

Qt,ν
≥ 0, this gives us that

E

[((
νt − νt − ν∗

Qt,ν

)2

− ν2
t

)
Qt,ν

]
≥ 2

(
ν∗
E[νt] −E

[
ν2

t

])
. (29)

This inequality now allows us to directly compare d
dtE

[
ν2

t

]
to d

dtE
[
λ2

t

]
and d

dtE
[
η2

t

]
. First, we

can use (29) to see that

d

dt
E

[
ν2

t

]
= 2β

(
ν∗
E[νt] −E

[
ν2

t

])
+ α2

E[νt] + 2αE
[
ν2

t

]
+ μE

[((
νt − νt − ν∗

Qt,ν

)2

− ν2
t

)
Qt,ν

]

≥ 2(μ + β)
(
ν∗
E[νt] −E

[
ν2

t

])
+ α2

E[νt] + 2αE
[
ν2

t

]
.
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Because we have already shown that E[λt] =E[νt], we see that d
dtE

[
λ2

t

]≤ d
dtE

[
ν2

t

]
when eval-

uated at the same point, and thus by Lemma 3, Var (λt) ≤ Var (νt). By analogous arguments
for ηt, we achieve the stated result. For the counting process means, we can now observe that
all the differential equations are such that

d

dt
E
[
Nt,λ

]=E[λt] = d

dt
E
[
Nt,ν

]=E[νt] = d

dt
E
[
Nt,η

]=E[ηt].

We assume that all counting processes start at 0, and thus we have that the counting process
means are equal throughout time. This also implies that the products of means, E[λt]E

[
Nt,λ

]
,

E[νt]E
[
Nt,ν

]
, and E[ηt]E

[
Nt,η

]
, are equal. Hence, to show the ordering of the covariances, we

will focus solely on the expectations of the products. This differential equation is given by

d

dt
E
[
νtNt,ν

]= −(μ + β − α)E
[
νtNt,ν

]+ (μ + β)ν∗
E
[
Nt,ν

]+ αE[νt] +E

[
ν2

t

]
,

and we can note that the coefficients are the same for each of the processes. Not including
the function for which we want to solve, E

[
νtNt,ν

]
, we can also observe that every function

is equivalent across the processes, apart from the second moments of the intensities. We have
shown that these second moments are in fact ordered, and therefore we arrive at the stated
ordering of the covariances. Finally, we observe that the differential equation for the second
moment of each counting process is of the form

d

dt
E

[
(Nt,ν)2

]
=E[νt] + 2E

[
νtNt,ν

]
.

From the ordering of the covariances and the equivalences of the means, we can conclude the
proof. �

As a simple consequence of Proposition 14, we can note that because the Hawkes process is
over-dispersed, i.e. its variance is larger than its mean, so too are the ESEP and HESEP. These
bounds on the variance of the HESEP are not only useful for comparison but also practical for
the study of the HESEP itself, as the system of differential equations for the variance obtained
via the infinitesimal generator is not closed.

B.2. Strong convergence of the HESEP counting process

In the final three subsections on the analysis of the HESEP, we obtain a trio of limiting
results. We begin with the almost sure convergence of the ratio of the HESEP counting pro-
cess and time, which is an elementary renewal result in the style of [9] or [45], for example.
However, in contrast to the context of such works, we can bound the mean and variance of
the HESEP via the ESEP, and we are instead interested solely in establishing the conver-
gence, as we will obtain additional results by consequence. Using these expressions for the first
two moments, the proof of Theorem 3 follows standard approaches using the Borel–Cantelli
lemma. In Corollary 1 we use this renewal result to find a strong law of large numbers for
the dependent and non-identically distributed inter-arrival times of the HESEP by way of the
continuous mapping theorem, which is another standard technique.

Theorem 3. Let (νt, Qt,ν , Nt,ν) be an HESEP with baseline intensity ν∗, intensity jump α > 0,
intensity decay rate β ≥ 0, and rate of exponentially distributed service μ ≥ 0, where
μ + β > α. Then

Nt,ν

t
a.s.−→ ν∞ (30)

as t → ∞, where ν∞ = (μ+β)ν∗
μ+β−α

.
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Proof. We will show this through use of the Borel–Cantelli lemma. Let ε > 0 be arbitrary,
and define the event Es for s ∈N as

Es =
{

sup
t∈(s2,(s+1)2]

∣∣Nt,ν −E
[
Nt,ν

]∣∣
t

> ε

}
.

We now note that Nt,ν −E
[
Nt,ν

]
is a martingale by definition, and so |Nt,ν −E

[
Nt,ν

]| is a
sub-martingale. Additionally, we can observe that

P (Es) ≤ P

(
sup

t∈(s2,(s+1)2]

∣∣Nt,ν −E
[
Nt,ν

]∣∣> s2ε

)
,

because s2 ≤ t for any t. By Doob’s martingale inequality, we have

P

(
sup

t∈(s2,(s+1)2]

∣∣Nt,ν −E
[
Nt,ν

]∣∣> s2ε

)
≤

E

[∣∣N(s+1)2,ν −E
[
N(s+1)2,ν

]∣∣2]
s4ε2

= Var
(
N(s+1)2,ν

)
s4ε2

.

From Proposition 14, we note that the variance of an HESEP counting process with baseline
intensity ν∗, intensity jump size α, decay rate β, and service rate μ is bounded above by the
variance of an ESEP counting process with baseline ν∗, jump size α, and service rate μ + β.
Using the explicit form of the ESEP counting process variance as computed through Lemma 2,
we have the bound

Var
(
N(s+1)2,ν

)≤ Var
(
N(s+1)2,η

)
= ((μ + β)2 + α2)ν∞

(μ + β − α)2
(s + 1)2

− 2αμ(ν0 − ν∞)

(μ + β − α)3

(
e−(μ+β−α)(s+1)2 + (μ + β − α)(s + 1)2e−(μ+β−α)(s+1)2

)

+
(

ν0 − ν∞
μ + β − α

− αμν∞
(μ + β − α)3

− (α2 + α(μ + β))ν0

(μ + β − α)3

)(
1 − e−(μ+β−α)(s+1)2

)

+
(

(α2 + α(μ + β))ν0

2(μ + β − α)3
− α(μ + β)ν∞

2(μ + β − α)3

) (
1 − e−2(μ+β−α)(s+1)2

)
.

Together, this implies that P (Es) ∈ O
(

1
s2

)
. Therefore

∑∞
s=0 P (Es) < ∞, and so by the Borel–

Cantelli lemma, ∣∣Nt,ν −E
[
Nt,ν

]∣∣
t

a.s.−→ 0.

Since limt→∞ E[Nt,ν]
t = ν∞, this completes the proof. �
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As an immediate consequence of this, we achieve a law of large numbers for the dependent
inter-arrival times.

Corollary 1. Let (νt, Qt,ν , Nt,ν) be an HESEP counting process with baseline intensity ν∗ > 0,
intensity jump α > 0, intensity decay rate β ≥ 0, and rate of exponentially distributed service
μ ≥ 0, where μ + β > α. Further, let Sν

k denote the kth inter-arrival time for k ∈Z
+. Then

1

n

n∑
k=1

Sν
k

a.s.−→ 1

ν∞
(31)

as n → ∞, where ν∞ = (μ+β)ν∗
μ+β−α

.

Proof. Let Aν
n denote the time of the nth arrival for each n ∈Z

+, which is to say that Aν
n =∑n

k=1 Sν
k . Now, observe that the time of the most recent arrival up to time t, Aν

Nt,ν
, can be

bounded as

t − Sν
Nt,ν+1 ≤ Aν

Nt,ν
≤ t,

since if

t − Sν
Nt,ν+1 > Aν

Nt,ν
,

then arrival Nt,ν + 1 would have occurred before time t. We also note that because ν∗ > 0, we
have Nt,ν → ∞ as t → ∞, and this implies that

SNt,ν+1

Nt,ν

a.s.−→ 0

as t → ∞. From Proposition 3 and the continuous mapping theorem, we know that

t

Nt,ν
→ 1

ν∞
and

t − SNt,ν+1

Nt,ν
→ 1

ν∞
almost surely. By the sandwiching of ANt,ν , this yields the stated result. �

Because the Hawkes process and the ESEP are special cases of this hybrid model, we can
note that both the renewal result and the law of large numbers apply directly to each.

Corollary 2. Let (λt, Nt,λ) be the intensity and count of a Hawkes process with baseline inten-
sity λ∗ > 0, intensity jump α > 0, and decay rate β > α. Similarly, let (ηt, Nt,η) be the intensity
and counting process pair for an ESEP with baseline intensity ν∗ > 0, intensity jump α > 0,
and rate of exponentially distributed service μ > α. Then, for Sλ

k and Sη
k as the kth inter-arrival

times for the Hawkes process and the ESEP process, respectively, we have that

Nt,λ

t
a.s.−→ λ∞,

Nt,η

t
a.s.−→ η∞, (32)

and

1

n

n∑
k=1

Sλ
k

a.s.−→ 1

λ∞
,

1

n

n∑
k=1

Sη
k

a.s.−→ 1

η∞
, (33)

where λ∞ = βλ∗
β−α

and η∞ = μν∗
μ−α

.
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B.3. Baseline fluid limit of the HESEP

In this subsection and in the sequel, we consider a baseline scaling of the HESEP. That
is, we investigate limiting properties of the process as the baseline intensity grows large
and the intensity and queue length are normalized in some fashion. To begin, we take the
normalization as directly proportional to the baseline scaling, which is the fluid limit. The
derivation of this is empowered by the following lemma, which allows us to make use of Taylor
expansions.

Lemma 4. Suppose that for some b > 0, −b ≤ zn(t) ≤ 0 for all values of n. Then there exist
constants C1 and C2, where C1 ≤ C2, which imply the following bounds for sufficiently large
values of n:

zn(t) + C1

n
≤ n ·

(
e

zn(t)
n − 1

)
≤ zn(t) + C2

n
. (34)

Proof. The proof follows from performing a second-order Taylor expansion for the expo-
nential function and observing that since zn(t) lies in a compact interval, we can construct
uniform lower and upper bounds for the exponential function. �

With this lemma in hand, we now proceed to finding the fluid limit in Theorem 4. In this
case, we scale the baseline intensity by n, whereas we scale the intensity and the queue length
by 1

n . As one would expect, we find that the fluid limit converges to the means of the intensity
and queue.

Theorem 4. For n ∈Z, let the nth fluid-scaled HESEP (νt(n), Qt,ν(n)) be defined so that the
baseline intensity is nν∗, the intensity jump size is α > 0, the intensity decay rate is β ≥ 0, and
the rate of exponentially distributed service is μ > 0, where μ + β > α. Then, for the scaled
quantities (

νt,ν(n)

n
,

Qt,ν(n)

n

)
,

the limit of the moment generating function,

M̃∞(t, θν, θQ) ≡ lim
n→∞ E

[
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]
, (35)

is given by

M̃∞(t, θν, θQ) = eθνE [νt]+θQE [Qt,ν] (36)

for all t ≥ 0.

Proof. The proof has two steps. The first step is to show that the limiting moment generating
function converges to a PDE given by M̃∞ using properties of the exponential function and
Lemma 4. The second step is to solve this PDE using the method of characteristics. Finally,
by the uniqueness of moment generating functions, we can assert that the random variables
to which our limit converges are deterministic functions of time, which are also known as the
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fluid limit. We begin with the infinitesimal generator form, which is simplified through the
linearity of expectation as

∂

∂t
M̃n (t, θν, θQ

)≡ ∂

∂t
E

[
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

=E

[
β(ν∗n − νt(n))

θν

n
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

+E

[
νt(n)

(
e

αθν
n + θQ

n − 1

)
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

+E

[
μQt,ν(n)

(
e
− θν (νt (n)−ν∗n)

nQt,ν (n) − θQ
n − 1

)
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

= βν∗θνE

[
e

θν
n νt(n)+ θQ

n Qt(n)
]

− βθνE

[
νt(n)

n
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

+ n

(
e

αθν
n + θQ

n − 1

)
E

[
νt(n)

n
e

θν
n νt(n)+ θQ

n Qt(n)
]

+ μ

n
E

[
Qt,ν(n)n

(
e
− θν (νt (n)−ν∗n)

nQt,ν (n) − θQ
n − 1

)
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

= βν∗θνM̃(t, θν, θQ) +
(

n

(
e

αθν
n + θQ

n − 1

)
− βθν

)
∂

∂θν

M̃(t, θν, θQ)

+ μ

n
E

[
Qt,ν(n)

(
−θν(νt(n) − ν∗n)

Qt,ν(n)
− θQ + εn

n

)
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]
,

where the last equality holds for sufficiently large n, with εnin some bounded interval as
according to Lemma 4. Then, by rearranging further, we can see that in the limit this becomes

∂

∂t
M̃n(t, θν, θQ)

= βν∗θνMn(t, θν, θQ) +
(

n

(
e

αθν
n + θQ

n − 1

)
− βθν

)
∂

∂θν

M̃n(t, θν, θQ)

− μθνE

[
νt(n)

n
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

+ μθνν
∗
E

[
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

− μθQE

[
Qt,ν(n)

n
e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

+ μεn

n
E

[
Qt,ν(n)e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

= (μ + β)ν∗θνM̃n(t, θν, θQ) +
(

n

(
e

αθν
n + θQ

n − 1

)
− (μ + β)θν

)
∂

∂θν

M̃n(t, θν, θQ)

− μθQ
∂

∂θQ
M̃n(t, θν, θQ) + μεn

n2
E

[
Qt,ν(n)e

θν
n νt(n)+ θQ

n Qt,ν (n)
]

n→∞−→ (μ + β)ν∗θνM̃∞(t, θν, θQ) + (
θQ − (μ + β − α)θν

) ∂

∂θν

M̃∞(t, θν, θQ)

− μθQ
∂

∂θQ
M̃∞(t, θν, θQ).

We now solve this PDE for M̃∞(t, θν, θQ) through the method of characteristics. For simplic-

ity’s sake we will instead use this procedure to solve for G(t, θν, θQ) = log
(
M̃∞(t, θν, θQ)

)
.
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This PDE is given by

(μ + β)ν∗θν = ∂

∂t
G(t, θν, θQ) + μθQ

∂

∂θQ
G(t, θν, θQ) + (

(μ + β − α)θν − θQ
) ∂

∂θν

G(t, θν, θQ),

with boundary condition G(0, θν, θQ) = θQQ0 + θνν0. This corresponds to the following
system of characteristic equations:

dθQ

dz
(x, y, z) = μθQ, θQ(x, y, 0) = x,

dθν

dz
(x, y, z) = (μ + β − α)θν − θQ, θν(x, y, 0) = y,

dt

dz
(x, y, z) = 1, t(x, y, 0) = 0,

dg

dz
(x, y, z) = (μ + β)ν∗θν = (μ + β − α)ν∞θν, g(x, y, 0) = xQ0 + yν0.

If β 
= α, the solutions to these initial value problems are given by the following:

θQ(x, y, z) = xeμz,

θν(x, y, z) = ye(μ+β−α)z + x

β − α

(
eμz − e(μ+β−α)z

)
=
(

y − x

β − α

)
e(μ+β−α)z + xeμz

β − α
,

t(x, y, z) = z,

g(x, y, z) = xQ0 + yν0 + ν∞
(

y − x

β − α

) (
e(μ+β−α)z − 1

)
+ xν∞(μ + β − α)(eμz − 1)

μ(β − α)
.

Now we can solve for the characteristic variables in terms of the original variables and find
x = θQe−μt,

y = θνe−(μ+β−α)t + θQ

β − α

(
e−μt − e−(μ+β−α)t

)
,

and z = t, so this gives a PDE solution of

G(t, θQ, θν) = g

(
θQe−μt, θνe−(μ+β−α)t + θQ

β − α

(
e−μt − e−(μ+β−α)t

)
, t

)

= Q0θQe−μt + ν0

(
θνe−(μ+β−α)t + θQ

β − α

(
e−μt − e−(μ+β−α)t

))

+ ν∞
(

θν − θQ

β − α

) (
1 − e−(μ+β−α)t

)
+ θQν∞(μ + β − α)(1 − e−μt)

μ(β − α)
.

If instead β = α, the solutions to the characteristic ODEs are as follows:

θQ(x, y, z) = xeμz,

θν(x, y, z) = eμz (y − xz) ,

t(x, y, z) = z,

g(x, y, z) = xQ0 + yν0 + ν∞y
(
eμz − 1

)− xν∞
μ

(
eμz(μz − 1) + 1

)
.
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This makes our expressions for the characteristic variables x = θQe−μt, y = θνe−μt + θQte−μt,
and z = t. This leads to the PDE solution

G(t, θQ, θν) = g
(
θQe−μt, θνe−μt + θQte−μt, t

)
= Q0θQe−μt + ν0θνe−μt + ν0θQte−μt + ν∞

(
θν + θQt

) (
1 − e−μt)

− ν∞θQ

μ

(
μt − 1 + e−μt) ,

and we can observe that each of these cases simplifies to the corresponding means of the queue
and the intensity, which yields the stated result. �

B.4. Baseline diffusion limit of the HESEP

Now, to consider a diffusion limit, we still scale the baseline intensity by n, but we scale the
process intensity and the queue length by 1√

n
instead. More specifically, we scale the centered

versions of the processes by 1√
n

. While we can make use of some of the techniques used
for the fluid limit in Theorem 4, the diffusion scaling also involves second-order terms. It is
challenging to calculate such quantities for the HESEP. Thus, we will use the same idea to
bound the quantities above and below via

0 ≤ (νt − ν∗)2

Qt,ν
≤ α(νt − ν∗), (37)

which follows from our previously discussed bounds on the down-jump size. By doing so, we
create upper and lower bounds for the true diffusion limit of the HESEP. To facilitate a variety
of approximations that fit within these bounds, we introduce the parameter γ ∈ [0, 1], with
γ = 0 corresponding to the lower bound and γ = 1 to the upper.

Theorem 5. For n ∈Z, let the nth diffusion-scaled HESEP (νt(n), Qt,ν(n)) be defined so that
the baseline intensity is nν∗, the intensity jump size is α > 0, the intensity decay rate is β ≥ 0,
and the rate of exponentially distributed service is μ > 0, where μ + β > α. For the scaled

quantities
(

νt(n)√
n

,
Qt,ν (n)√

n

)
, let M̂∞(t, θν, θQ) be defined by

M̂∞(t, θν, θQ) ≡ lim
n→∞ E

[
e

θν√
n
(νt(n)−nν∞)+ θQ√

n

(
Qt,ν (n)− nν∞

μ

)]
, (38)

if the limit converges. Then for β 
= α, this is bounded above and below by B0(t, θν, θQ) ≤
M̂∞(t, θν, θQ) ≤B1(t, θν, θQ), where Bγ (t, θν, θQ) is given by

Bγ (t, θν, θQ) = eν0θνe−(μ+β−α)t+ ν0θQ
β−α

(
e−μt−e−(μ+β−α)t

)+Q0θQe−μt

· e

(
θν− θQ

β−α

)2
(

γαμ(ν∞−ν∗)
2 + α2ν∞

2

)
1−e−2(μ+β−α)t

2(μ+β−α)

· e

(
θνθQ− θ2

Q
β−α

)((
γαμ
β−α

+μ
)

(ν∞−ν∗)+ αβν∞
β−α

)
1−e−(2μ+β−α)t

2μ+β−α

· e
θ2

Q

(
γαμ(ν∞−ν∗)

2(β−α)2
+ μ(ν∞−ν∗)

β−α
+ ν∞

2 + ν∞β2

2(β−α)2

)
1−e−2μt

2μ
, (39)
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whereas if β = α, it is instead

Bγ (t, θν, θQ) = e
ν0θνe−μt+ν0θQte−μt+Q0θQe−μt+

((
γα(θν+θQt)2

2 +θνθQ+θ2
Qt

)
1−e−2μt

2

· e
−
(
γα(θνθQ+θ2

Qt)+θ2
Q

)
2μt−1+e−2μt

4μ
+ γαθ2

Q
2

(
2μt(μt−1)+1−e−2μt

4μ2

))
(ν∞−ν∗)

· e

ν∞
2

((
θ2

Q+(θQ+αθν )2+2
(
α2θνθQ+αθ2

Q

)
t+α2θ2

Qt2
)

1−e−2μt
2μ

· e
−2

(
α2θνθQ+αθ2

Q+α2θ2
Qt
)(

2μt−1+e−2μt

4μ2

)
+α2θ2

Q

(
2μt(μt−1)+1−e−2μt

4μ3

))
, (40)

for γ ∈ [0, 1] with t ≥ 0 and ν∞ = (μ+β)ν∗
μ+β−α

.

Proof. We begin by bounding the quantity Qt,ν(n)
(

νt(n)−nν∗
Qt,ν (n)

)2
above and below by

observing

0 ≤ Qt,ν(n)

(
νt(n) − nν∗

Qt,ν(n)

)2

= (νt(n) − nν∗)

(
νt(n) − nν∗

Qt,ν(n)

)
≤ α(νt(n) − nν∗).

To consolidate the development of the two bounds into one approach, we introduce the extra
parameter γ ∈ {0, 1} and replace

Qt,ν(n)

(
νt(n) − nν∗

Qt,ν(n)

)2

by γα(νt(n) − nν∗) in the following diffusion limit derivation. In this notation, γ = 0 yields
the lower bound and γ = 1 the upper. These two cases share the same start—identifying the
moment generating function form of the pre-limit object. By Lemma 2, this is

∂

∂t
M̂n(θν, θQ, t) = ∂

∂t
E

⎡
⎣e

θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

=E

⎡
⎣νt(n)

(
e

αθν+θQ√
n − 1

)
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+E

⎡
⎣μQt,ν(n)

(
e
− θν√

n

(
νt (n)−nν∗

Qt,ν (n)

)
− θQ√

n − 1

)
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+E

⎡
⎣βθν√

n

(
nν∗ − νt(n)

)
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦.

As a first step, we simplify this expression through the linearity of expectation. Moving
deterministic terms outside of the expectation and rescaling, we have
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∂

∂t
M̂n(θν, θQ, t) = √

n

(
e

αθν+θQ√
n − 1

)
E

⎡
⎣νt(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+E

⎡
⎣μQt,ν(n)

(
e
− θν√

n

(
νt (n)−nν∗

Qt,ν (n)

)
− θQ√

n − 1

)
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ βθνν
∗√nE

⎡
⎣e

θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

− βθνE

⎡
⎣νt(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦.

For the terms on the first, third, and fourth lines in the right-hand side of the above equation,
we are able to re-express the expectation in terms of the moment generating function or its
derivatives. For the first and second lines, we perform Taylor expansions and truncate terms
from the third order and above. This yields

∂

∂t
M̂n(θν, θQ, t) =

(
αθν + θQ + (αθν + θQ)2

2
√

n
+ O

(
1

n

))(
∂

∂θν

M̂n(θν, θQ, t)

+ ν∞
√

nM̂n(θν, θQ, t)

)
+E

[
μQt,ν(n)

(
− θν√

n

(
νt(n) − nν∗

Qt,ν(n)

)
− θQ√

n

+ 1

2n

(
θν

(
νt(n) − nν∗

Qt,ν(n)

)
+ θQ

)2

+ O
(

n− 3
2

) )
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)]

+ βθνν
∗√nM̂n(θν, θQ, t) − βθν

(
∂

∂θν

M̂n(θν, θQ, t) + ν∞
√

nM̂n(θν, θQ, t)

)
.

We now begin distributing and combining like terms through linearity of expectation.
Moreover, we distribute within the expectation on the second line and cancel Qt,ν(n) across
the numerator and denominator where possible, obtaining

∂

∂t
M̂n(θν, θQ, t) =

(
αθν + θQ + (αθν + θQ)2

2
√

n
− βθν + O

(
1

n

))(
∂

∂θν

M̂n(θν, θQ, t)

+ ν∞
√

nM̂n(θν, θQ, t)

)
− μθνE

⎡
⎣νt(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ μθνν
∗√nE

⎡
⎣e

θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

− μθQE

⎡
⎣Qt,ν(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ μθ2
ν

2n
E

⎡
⎣Qt,ν(n)

(
νt(n) − nν∗

Qt,ν(n)

)2

e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦
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+ μθνθQ√
n

E

⎡
⎣νt(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

− μθνθQν∗
E

⎡
⎣e

θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ μθ2
Q

2
√

n
E

⎡
⎣Qt,ν(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ O

(
1

n

)
E

⎡
⎣Qt,ν(n)√

n
e
θν

(
νt (n)−nν∞√

n

)
+θQ

(
Qt,ν (n)− nν∞

μ√
n

)⎤
⎦

+ βθνν
∗√nM̂n(θν, θQ, t).

For all remaining components of this equation that are still expressed in terms of the expecta-
tion, we substitute equivalent forms in terms of the moment generating function or its partial
derivatives. Furthermore, we will now replace

Qt,ν(n)

(
νt(n) − nν∗

Qt,ν(n)

)2

by γα(νt(n) − nν∗) inside the expectation and re-express the expectation in terms of the
moment generating function accordingly. To denote that we have now made this replacement
and changed the function, we add γ as a subscript to the moment generating function, i.e.
M̂n

γ (θν, θQ, t). We now have

∂

∂t
M̂n

γ (θν, θQ, t) =
(

αθν + θQ + (αθν + θQ)2

2
√

n
− βθν + O

(
1

n

))(
∂

∂θν

M̂n
γ (θν, θQ, t)

+ ν∞
√

nM̂n
γ (θν, θQ, t)

)
− μθν

(
∂

∂θν

M̂n
γ (θν, θQ, t) + ν∞

√
nM̂n

γ (θν, θQ, t)

)

+ μθνν
∗√nM̂n

γ (θν, θQ, t) − μθQ

(
∂

∂θQ
M̂n

γ (θν, θQ, t) + ν∞
√

n

μ
M̂n

γ (θν, θQ, t)

)

+ γαμθ2
ν

2
√

n

(
∂

∂θν

M̂n
γ (θν, θQ, t) + ν∞

√
nM̂n

γ (θν, θQ, t)

)
− γαμν∗θ2

ν

2
M̂n

γ (θν, θQ, t)

+ μθνθQ√
n

(
∂

∂θν

M̂n
γ (θν, θQ, t) + ν∞

√
nM̂n

γ (θν, θQ, t)

)
− μθνθQν∗M̂n

γ (θν, θQ, t)

+ μθ2
Q

2
√

n

(
∂

∂θQ
M̂n

γ (θν, θQ, t) + ν∞
√

n

μ
M̂n

γ (θν, θQ, t)

)
+ βθνν

∗√nM̂n
γ (θν, θQ, t)

+ O

(
1

n

)(
∂

∂θQ
M̂n

γ (θν, θQ, t) + ν∞
√

n

μ
M̂n

γ (θν, θQ, t)

)
.
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Before we find the limiting object, we first combine like terms of the moment generating
function, consolidating coefficients and absorbing into O(·) notation where possible:

∂

∂t
M̂n

γ (θν, θQ, t) =
(

θQ − (μ + β − α)θν + O

(
1√
n

))
∂

∂θν

M̂n
γ (θν, θQ, t)

−
(

μθQ − O

(
1√
n

))
∂

∂θQ
M̂n

γ (θν, θQ, t)

(
γαμ(ν∞ − ν∗)θ2

ν

2
+ μθνθQ(ν∞ − ν∗)

+ θ2
Qν∞
2

+ (αθν + θQ)2ν∞
2

+ O

(
1√
n

))
M̂n

γ (θν, θQ, t).

Taking the limit as n → ∞, we get

∂

∂t
M̂∞

γ (θν, θQ, t) = (
θQ − (μ + β − α)θν

) ∂

∂θν

M̂∞
γ (θν, θQ, t) − μθQ

∂

∂θQ
M̂∞

γ (θν, θQ, t)

+
(

γαμ(ν∞ − ν∗)θ2
ν

2
+ μθνθQ(ν∞ − ν∗) + θ2

Qν∞
2

+ (αθν + θQ)2ν∞
2

)
M̂∞

γ (θν, θQ, t).

We will now solve this limiting PDE through the method of characteristics. To simplify

this approach, we let Gγ (θν, θQ, t) = log
(
M̂∞

γ (θν, θQ, t)
)

, which is the cumulant generating

function. The resulting PDE for the cumulant generating function is then

∂

∂t
Gγ (θν, θQ, t) + (

(μ + β − α)θν − θQ
) ∂

∂θν

Gγ (θν, θQ, t) + μθQ
∂

∂θQ
Gγ (θν, θQ, t)

= γαμ(ν∞ − ν∗)θ2
ν

2
+ μθνθQ(ν∞ − ν∗) + θ2

Qν∞
2

+ (αθν + θQ)2ν∞
2

,

with initial condition Gγ (θν, θQ, 0) = θνν0 + θQQ0. Thus, the resulting system of characteristic
equations is

dt

dz
(x, y, z) = 1,

t(x, y, 0) = 0,

dθν

dz
(x, y, z) = (μ + β − α)θν − θQ,

θν(x, y, 0) = x,

dθQ

dz
(x, y, z) = μθQ,

θQ(x, y, 0) = y,

dg

dz
(x, y, z) =

(
γαμθ2

ν

2
+ μθνθQ

)
(ν∞ − ν∗) +

(
θ2

Q + (αθν + θQ)2
) ν∞

2
,

g(x, y, 0) = xν0 + yQ0.

Assuming β 
= α, we can solve these first three ODEs to find that

t = z, θQ = yeμz, θν =
(

x − y

β − α

)
e(μ+β−α)z + y

β − α
eμz,
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which we now use to solve the remaining equation. Rewriting the characteristic equation for
g, we have

dg

dz
(x, y, z) = γαμ(ν∞ − ν∗)

2

((
x − y

β − α

)2

e2(μ+β−α)z + y2

(β − α)2
e2μz

+ 2

β − α

(
xy − y2

β − α

)
e(2μ+β−α)z

)
+ μ(ν∞ − ν∗)

((
xy − y2

β − α

)
e(2μ+β−α)z

+ y2

β − α
e2μz

)
+ ν∞

2

(
α2
(

x − y

β − α

)2

e2(μ+β−α)z +
(

1 + β2

(β − α)2

)
y2e2μz

+ 2αβ

β − α

(
xy − y2

β − α

)
e(2μ+β−α)z

)
,

and so by grouping coefficients of like exponential functions and then integrating with respect
to z, we obtain the solution

g(x, y, z) = xν0 + yQ0 +
(

x − y

β − α

)2 (
γαμ(ν∞ − ν∗)

2
+ α2ν∞

2

)
e2(μ+β−α)z − 1

2(μ + β − α)

+
(

xy − y2

β − α

)((
γαμ

β − α
+ μ

)
(ν∞ − ν∗) + αβν∞

β − α

)
e(2μ+β−α)z − 1

2μ + β − α

+ y2
(

γαμ(ν∞ − ν∗)

2(β − α)2
+ μ(ν∞ − ν∗)

β − α
+ ν∞

2
+ ν∞β2

2(β − α)2

)
e2μz − 1

2μ
.

From the solutions to the characteristic equations, we can express each of x, y, and z in terms
of the three cumulant generating function parameters:

z = t, y = θQe−μt, x = θνe−(μ+β−α)t + θQ

β − α

(
e−μt − e−(μ+β−α)t

)
.

Thus, we can solve for Gγ (θν, θQ, t) via

Gγ (θν, θQ, t) = g

(
θνe−(μ+β−α)t + θQ

β − α

(
e−μt − e−(μ+β−α)t

)
, θQe−μt, t

)

= ν0θνe−(μ+β−α)t + ν0θQ

β − α

(
e−μt − e−(μ+β−α)t

)
+ Q0θQe−μt

+
(

θν − θQ

β − α

)2 (
γαμ(ν∞ − ν∗)

2
+ α2ν∞

2

)
1 − e−2(μ+β−α)t

2(μ + β − α)

+
(

θνθQ − θ2
Q

β − α

)((
γαμ

β − α
+ μ

)
(ν∞ − ν∗) + αβν∞

β − α

)
1 − e−(2μ+β−α)t

2μ + β − α

+ θ2
Q

(
γαμ(ν∞ − ν∗)

2(β − α)2
+ μ(ν∞ − ν∗)

β − α
+ ν∞

2
+ ν∞β2

2(β − α)2

)
1 − e−2μt

2μ
.

By Lemma 3, we have that M̂∞
0 (θν, θQ, t) ≤ M̂∞(θν, θQ, t) ≤ M̂∞

1 (θν, θQ, t), and since

M̂∞
γ (θν, θQ, t) = eGγ (θν ,θQ,t), we have completed the proof of the joint moment generating
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function bounds when β 
= α. We now apply this to the two marginal generating func-
tions by setting the opposite space parameter to 0. That is, for the intensity we let θQ = 0,
yielding

M̂∞
γ (θν, 0, t) = exp

(
ν0θνe−(μ+β−α)t + θ2

ν

2

(
γαμ(ν∞ − ν∗) + α2ν∞

) 1 − e−2(μ+β−α)t

2(μ + β − α)

)
,

whereas for the queue we take θν = 0 and obtain

M̂∞
γ (0, θQ, t) = e

ν0θQ
β−α

(
e−μt−e−(μ+β−α)t

)+ θ2
Q

(β−α)2

(
γαμ(ν∞−ν∗)

2 + α2ν∞
2

)
1−e−2(μ+β−α)t

2(μ+β−α)

· e
Q0θQe−μt− θ2

Q
β−α

((
γαμ
β−α

+μ
)

(ν∞−ν∗)+ αβν∞
β−α

)
1−e−(2μ+β−α)t

2μ+β−α

· e
θ2

Q

(
γαμ(ν∞−ν∗)

2(β−α)2
+ μ(ν∞−ν∗)

β−α
+ ν∞

2 + ν∞β2

2(β−α)2

)
1−e−2μt

2μ
.

Now if β = α, the solution to the characteristic ODE for θν is instead

θν = xeμz − yzeμz,

whereas the solutions for θQ and t are unchanged: θQ = yeμz and t = z. This implies that the
ODE for g is given by

dg

dz
(x, y, z) =

(γαμ

2

(
x2e2μz − 2xyze2μz + y2z2e2μz

)
+ μ

(
xye2μz − y2ze2μz

))
(ν∞ − ν∗)

+ ν∞
2

(
(2y2 + α2x2 + 2αxy)e2μz − 2(α2xy + αy2)ze2μz + α2y2z2e2μz

)
,

which yields a solution of

g(x, y, z) = xν0 + yQ0 +
((

γαx2

2
+ xy

)
e2μz − 1

2
−
(
γαxy + y2

) e2μz(2μz − 1) + 1

4μ

+ γαy2

2

(
e2μz (2μz(μz − 1) + 1) − 1

4μ2

))
(ν∞ − ν∗) + ν∞

2

( (
2y2 + α2x2 + 2αxy

) e2μz − 1

2μ

− 2(α2xy + αy2)

(
e2μz(2μz − 1) + 1

4μ2

)
+ α2y2

(
e2μz (2μz(μz − 1) + 1) − 1

4μ3

))
.

In this case the inverse solutions are

z = t, y = θQe−μt, x = θνe−μt + θQte−μt,
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and so Gγ (θν, θQ, t) is given by

Gγ (θν, θQ, t) = g(θνe−μt + θQte−μt, θQe−μz, t)

= ν0θνe−μt + ν0θQte−μt + Q0θQe−μt +
((

γα(θν + θQt)2

2
+ θνθQ + θ2

Qt

)
1 − e−2μt

2

−
(
γα(θνθQ + θ2

Qt) + θ2
Q

) 2μt − 1 + e−2μt

4μ
+ γαθ2

Q

2

(
2μt(μt − 1) + 1 − e−2μt

4μ2

))
(ν∞ − ν∗)

+ ν∞
2

( (
2θ2

Q + α2θ2
ν + 2α2θνθQt + α2θ2

Qt2 + 2αθνθν + 2αθ2
Qt
) 1 − e−2μt

2μ

− 2
(
α2θνθQ + α2θ2

Qt + αθ2
Q

) (2μt − 1 + e−2μt

4μ2

)
+ α2θ2

Q

(
2μt(μt − 1) + 1 − e−2μt

4μ3

))
.

By taking M̂∞
γ (θν, θQ, t) = eGγ (θν ,θQ,t), we complete the proof. �

As a consequence of these diffusion approximations, we can give normally distributed
approximations for the steady-state distributions of the HESEP intensity and queue length.
These are stated below in Corollary 3, again in terms of γ . One can note that the approxi-
mate intensity variance in (41) can be used to provide upper and lower bounds on the HESEP
variance that may be tighter than the bounds from the ESEP and the Hawkes process in
Proposition 14.

Corollary 3. Let (νt, Qt,ν) be an HESEP with baseline intensity ν∗ > 0, intensity jump α > 0,
decay rate β > 0, and rate of exponential service μ > 0, with μ + β > α. Then the steady-
state distributions of the processes νt and Qt,ν are approximated by the random variables
Xν(γ ) ∼ N(ν∞, σ 2

ν (γ )) and XQ(γ ) ∼ N
(

ν∞
μ

, σ 2
Q(γ )

)
, respectively, where

σ 2
ν (γ ) = γαμ(ν∞ − ν∗) + α2ν∞

2(μ + β − α)
, (41)

and if β 
= α then

σ 2
Q(γ ) = γαμ(ν∞ − ν∗) + α2ν∞

2(β − α)2(μ + β − α)
− (2γαμ + 2μ(β − α)) (ν∞ − ν∗) + 2αβν∞

(β − α)2(2μ + β − α)

+ γαμ(ν∞ − ν∗) + ν∞β2

2μ(β − α)2
+ ν∞ − ν∗

β − α
+ ν∞

2μ
, (42)

whereas if β = α then

σ 2
Q(γ ) =

(
1

2μ
+ γα

4μ2

)
(ν∞ − ν∗) +

(
1

μ
+ α

2μ2
+ α2

4μ3

)
ν∞, (43)

with ν∞ = (μ+β)ν∗
μ+β−α

and γ ∈ [0, 1].

In Figures 6 and 7 we plot the simulated steady-state distributions of an HESEP with large
baseline intensities, as calculated from 100,000 replications. We then also plot the densities
corresponding to the upper and lower approximate diffusion distributions as well as an addi-
tional candidate approximation with γ = μ

μ+β
. We motivate this choice by a ratio of mean
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FIGURE 6. Histogram comparing the simulated steady-state HESEP intensity (left) and queue (right)
to their diffusion approximations evaluated at multiple values of γ , where ν∗ = 100, α = 3, β = 2, and
μ = 2.

FIGURE 7. Histogram comparing the simulated steady-state HESEP intensity (left) and queue (right) to
their diffusion approximations evaluated at multiple values of γ , where ν∗ = 1, 000, α = 3, β = 2, and
μ = 2.

approximations of the terms in (37):

(ν∞−ν∗)2
ν∞
μ

α(ν∞ − ν∗)
= μ(ν∞ − ν∗)

αν∞
= μ

μ + β
.

In Figure 6 the baseline intensity is equal to 100, whereas in Figure 7 it is 1,000. While there
are known limitations of Gaussian approximations for queueing processes, such as those dis-
cussed in [48], we see that these approximations appear to be quite close, particularly for the
ν∗ = 1,000 case. The upper and lower bounds predictably over- and under-approximate the
tails, while the case of γ = μ

μ+β
closely mimics the true distribution.

Appendix C. An ephemeral self-exciting process with finite capacity and blocking

Drawing inspiration from the works that originated queueing theory, we will now consider
the change in the ESEP if there is an upper bound on the total number of active exciters. That is,
we suppose that there is a finite capacity and no excess buffer beyond them, so that any entities
that arrive and find the system full are blocked from entry, thus neither registering an arrival nor
causing any excitement. As an employee of the Copenhagen Telephone company, A. K. Erlang
developed these pioneering queueing models to determine the probability that a call would be
blocked based on the capacity of the telephone network trunk line. Often referred to as the
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Erlang-B model, this queueing system remains relevant not just to modern telecommunication
systems, but broadly across industries as varied as healthcare operations and transportation.
(For English translations of the seminal Erlang papers and a biography of the author, see [14].)

In those original works, Erlang supposed that calls arrive perfectly independently, that they
have no influence on or relationship with one another. In the remainder of this subsection we
investigate the scenario where the calls instead exhibit self-excitement, which is a potential
explanation for the over-dispersion that has been seen in industrial call center data, as detailed
in e.g. [38]. Another potential application for this model is a website that may receive viral
traffic but is also liable to crash if there are too many simultaneous visitors. Additionally, the
finite-capacity model could be used to represent a restaurant that becomes more enticing the
more patrons it has in its limited seating area, as we discussed in the introduction.

To begin, we find the steady-state distribution of this process in Proposition 15. Drawing
further inspiration from Erlang’s work, we will refer to this finite-capacity ESEP model as the
blocking ephemerally self-exciting process (ESEP-B).

Proposition 15. Let ηB
t = η∗ + αQB

t be an ESEP-B, with baseline intensity η∗ > 0, intensity
jump α > 0, expiration rate β > α, and capacity c ∈Z

+. That is, if QB
t = c, any arrivals that

occur will be blocked and not recorded. Then the steady-state distribution of the active number
in system is given by

P
(
QB∞ = n

)= P
(
Qη∞ = n

)
1 − I α

β

(
c + 1,

η∗
α

) =
	
(

n + η∗
α

) (
β−α

β

)η∗
α
(

α
β

)n

	
(

η∗
α

)
n!
(

1 − I α
β

(
c + 1,

η∗
α

)) (44)

for 0 ≤ n ≤ c and 0 otherwise, where P
(
Qη∞ = n

)
is as stated in Theorem 1. Furthermore, the

mean and variance of the number in system are given by

E
[
QB∞

]= η∞
β

⎛
⎝ 1 − I α

β

(
c, η∗+α

α

)
1 − I α

β

(
c + 1,

η∗
α

)
⎞
⎠ , (45)

Var
(
QB∞

)= η∞
β

(
η∞
β

+ α

β − α

)⎛⎝1 − I α
β

(
c − 1,

η∗+2α
α

)
1 − I α

β

(
c + 1,

η∗
α

)
⎞
⎠− η2∞

β2

⎛
⎝ 1 − I α

β

(
c, η∗+α

α

)
1 − I α

β

(
c + 1,

η∗
α

)
⎞
⎠

2

+ η∞
β

⎛
⎝ 1 − I α

β

(
c, η∗+α

α

)
1 − I α

β

(
c + 1,

η∗
α

)
⎞
⎠ , (46)

where η∞ = βη∗
β−α

and

Iz(a, b) = 	(a + b)

	(a)	(b)

∫ z

0
xa−1(1 − x)b−1dx

for z ∈ [0, 1], a > 0, and b > 0 is the regularized incomplete beta function.

Proof. To prove each of these statements, we first note that for k ∈Z
+, x > 0, and p ∈ (0, 1),

k∑
n=0

	 (n + x)

	 (x) n! (1 − p)x pn = 1 − Ip (k + 1, x). (47)
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Hence, we can use (47) to see that

c∑
n=0

P
(
Qη∞ = n

)=
c∑

n=0

	
(

n + η∗
α

)
	
(

η∗
α

)
n!

(
β − α

β

)η∗
α
(

α

β

)n

= 1 − I α
β

(
c + 1,

η∗

α

)
.

Because the ESEP is a birth–death process, it is reversible. Thus, by truncation we achieve
the steady-state distribution; see e.g. Corollary 1.10 in [40]. Then the steady-state mean of the
number in system is given by

E
[
QB∞

]=
c∑

n=1

n	
(

n + η∗
α

) (
β−α

β

)η∗
α
(

α
β

)n

	
(

η∗
α

)
n!
(

1 − I α
β

(
c + 1,

η∗
α

))

=
η∗

β−α

1 − I α
β

(
c + 1,

η∗
α

) c∑
n=1

	
(

n − 1 + η∗+α
α

) (
β−α

β

)η∗+α
α

(
α
β

)n−1

	
(

η∗+α
α

)
(n − 1)!

= η∞
β

⎛
⎝ 1 − I α

β

(
c, η∗+α

α

)
1 − I α

β

(
c + 1,

η∗
α

)
⎞
⎠ ,

where we have again used (47) to simplify the summation. Likewise, the second moment in
steady state can be written as

E

[(
QB∞

)2
]
=

c∑
n=1

n2	
(

n + η∗
α

) (
β−α

β

)η∗
α
(

α
β

)n

	
(

η∗
α

)
n!
(

1 − I α
β

(
c + 1,

η∗
α

))

=
c∑

n=2

	
(

n + η∗
α

) (
β−α

β

)η∗
α
(

α
β

)n

	
(

η∗
α

)
(n − 2)!

(
1 − I α

β

(
c + 1,

η∗
α

))

+
c∑

n=1

	
(

n + η∗
α

) (
β−α

β

)η∗
α
(

α
β

)n

	
(

η∗
α

)
(n − 1)!

(
1 − I α

β

(
c + 1,

η∗
α

))

= η∗(η∗ + α)

(β − α)2

c∑
n=2

	
(

n − 2 + η∗+2α
α

) (
β−α

β

)η∗+2α
α

(
α
β

)n−2

	
(

η∗+2α
α

)
(n − 2)!

(
1 − I α

β

(
c + 1,

η∗
α

)) +E
[
QB∞

]

= η∞
β

(
η∞
β

+ α

β − α

) 1 − I α
β

(
c − 1,

η∗+2α
α

)
1 − I α

β

(
c + 1,

η∗
α

) +E
[
QB∞

]
,

where once more these sums have been simplified through (47). �
As an illustration of these findings, we now plot both the steady-state distribution and the

mean and variance of this blocking system in Figure 8. As can be observed in the figure, the
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FIGURE 8. Steady-state distribution (left) and mean and variance (right) of the ESEP-B with η∗ = 5,
α = 2, β = 3, and c = 8, based on 10,000 replications.

system remains over-dispersed even when truncated. We can observe further that this holds in
generality as follows. For this, we state two known properties of the regularized incomplete
beta function:

Iz(a, b) = Iz(a + 1, b) + za(1 − z)b

aB(a, b)
, Iz(a, b + 1) = Iz(a, b) + za(1 − z)b

bB(a, b)
, (48)

where B(a, b) = 	(a+b)
	(a)	(b) is the beta function. Using these together, we can observe that

Iz(a, b) > Iz(a + 1, b − 1).

Thus, we can see that

I α
β

(
c + 1,

η∗

α

)
< I α

β

(
c,

η∗ + α

α

)
< I α

β

(
c − 1,

η∗ + 2α

α

)
< 1,

which implies

1 >
1 − I α

β

(
c, η∗+α

α

)
1 − I α

β

(
c + 1,

η∗
α

) >
1 − I α

β

(
c − 1,

η∗+2α
α

)
1 − I α

β

(
c + 1,

η∗
α

) .

We now note that the variance is written as the sum of the mean and a positive term and is thus
over-dispersed.

We can also note that in the classical Erlang-B model, the famous ‘Poisson arrivals see time
averages’ (PASTA) result implies that the steady-state fraction of arrivals that are blocked is
equal to the probability that the queue is at capacity in steady-state; see [61]. This is not so
for the ESEP-B, as the arrival rate is state-dependent and, more specifically, increases with the
queue length. However, in Proposition 16 we find that an equivalent result holds asymptotically
as the baseline intensity and the capacity grow large simultaneously. We note that large base-
line intensity and capacity are realistic scenarios for many practically relevant applications,
including the aforementioned website-crashing scenario.

Proposition 16. Let ηB
t = η∗ + αQB

t be an ESEP-B, with baseline intensity η∗ > 0, intensity
jump α > 0, exponential service rate β > α, and capacity c ∈Z

+. Then the fraction of arrivals
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in steady-state that are blocked, πB, is given by

πB = (η∗ + αc)P
(
Qη∞ = c

)∑c
k=0 (η∗ + αk)P

(
Qη∞ = k

) = (η∗ + αc)P
(
QB∞ = c

)
η∗ + αE

[
QB∞

] , (49)

where P
(
Qη∞ = k

)
is as given in Theorem 1 and P

(
QB∞ = c

)
and E

[
QB∞

]
are as given in

Proposition 15. Moreover, if the baseline intensity and the capacity are redefined to be η∗n
and c n for n ∈Z

+, then

πB

P
(
QB∞ = c

) −→ 1 (50)

as n → ∞.

Proof. The expression for the steady-state fraction of arrivals blocked, πB, in (49) follows
as a direct consequence from observing that η∗ + αk is the arrival rate when the queue is
in state k. We are thus left to prove (50). By use of (49), we have that the ratio of πB and
P
(
QB∞ = c

)
is

πB

P
(
QB∞ = c

) = η∗ + αc

η∗ + αE
[
QB∞

] = η∗ + αc

η∗ + αη∗
β−α

(
1−I α

β

(
c, η∗

α
+1

)
1−I α

β

(
c+1,

η∗
α

)
) ,

by Proposition 15. Substituting in the scaled forms of the baseline intensity and capacity, η∗n
and cn, and then dividing the numerator and denominator by cn, this is

η∗n + αcn

η∗n + αη∗n
β−α

(
1−I α

β

(
cn,

η∗n
α

+1
)

1−I α
β

(
cn+1,

η∗n
α

)
) =

η∗
c + α

η∗
c + η∗

c

(
α

β−α

) ( 1−I α
β

(
cn,

η∗n
α

+1
)

1−I α
β

(
cn+1,

η∗n
α

)
) .

From the definition and symmetry of the regularized incomplete beta function, we can note
that the ratio of these functions is such that

1 − I α
β

(
cn,

η∗n
α

+ 1
)

1 − I α
β

(
cn + 1,

η∗n
α

) =
I1− α

β

(
η∗n
α

+ 1, cn
)

I1− α
β

(
η∗n
α

, cn + 1
) = αc

η∗

⎛
⎝∫ 1− α

β

0 x
nη∗
α (1 − x)cn−1 dx∫ 1− α

β

0 x
nη∗
α

−1 (1 − x)cn dx

⎞
⎠.

Now, recognizing an identity for the hypergeometric function 2F1(a, b; c; z), we can re-express
this ratio as

αc

η∗

⎛
⎝∫ 1− α

β

0 x
nη∗
α (1 − x)cn−1 dx∫ 1− α

β

0 x
nη∗
α

−1 (1 − x)cn dx

⎞
⎠

= αc

η∗

⎛
⎜⎜⎜⎝

1
η∗n
α

+1

(
1 − α

β

)η∗n
α

+1 (
α
β

)cn
2F1

(
c + η∗n

α
+ 1, 1;cn + 2;1 − α

β

)
1

η∗n
α

(
1 − α

β

)η∗n
α
(

α
β

)cn+1
2F1

(
c + η∗n

α
+ 1, 1;cn + 1;1 − α

β

)
⎞
⎟⎟⎟⎠

= αc

η∗

(
η∗n

η∗n + α

)(
β − α

α

)
2F1

(
c + η∗n

α
+ 1, 1;cn + 2;1 − α

β

)
2F1

(
c + η∗n

α
+ 1, 1;cn + 1;1 − α

β

) .
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FIGURE 9. Comparison of the ratio of blocked arrivals (BR) and the probability of system being at
capacity (CP) when η∗ and c are increased simultaneously, for α = 2 and β = 3.

As n → ∞, this yields

αc

η∗

(
η∗n

η∗n + α

)(
β − α

β

)
2F1

(
c + η∗n

α
+ 1, 1;cn + 2;1 − α

β

)
2F1

(
c + η∗n

α
+ 1, 1;cn + 1;1 − α

β

) −→ αc

η∗

(
β − α

α

)
,

which implies that

η∗
c + α

η∗
c + η∗

c

(
α

β−α

) ( 1−I α
β

(
cn,

η∗n
α

+1
)

1−I α
β

(
cn+1,

η∗n
α

)
) −→

η∗
c + α

η∗
c + η∗

c

(
α

β−α

)
αc
η∗
(

β−α
α

) = 1.

This completes the proof. �
As an example of the convergence stated in Proposition 16, we compare the probability of

the system being at capacity and the fraction of blocked arrivals below in Figure 9. In this
figure, η∗ and c are increased simultaneously according to a fixed ratio. Although at the initial
values it is clear that a PASTA-esque result does not hold, as the baseline intensity and capacity
both increase one can see that the two curves tend toward one another in each of the different
parameter settings.
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Appendix D. Proof of Proposition 3

Proof. Using Proposition 11, we proceed through use of exponential identities for the
hyperbolic functions. Specifically, we will make use of the following:

tanh (x) = ex − e−x

ex + e−x
, (51)

cosh (x) = ex + e−x

2
, (52)and

tanh−1 (x) = 1

2
log

(
1 + x

1 − x

)
. (53)

Using these identities we can further observe that

cosh
(

tanh−1 (x)
)

= etanh−1 (x) + e− tanh−1 (x)

2
=
(

1+x
1−x

)1
2 +

(
1−x
1+x

)1
2

2
.

Now, for any time t ≥ 0 we can note that Nt = Qt + Dt. Thus, we have that

E
[
zNt
]=E

[
zQt zDt

]
= G(z, z, t),

where G(z1, z2, t) is as given in Proposition 11. Setting z1 = z2 = z and D0 = N0 − Q0, this is

G(z, z, t) =
⎛
⎝1 −

(
tanh

(
t

2

√
(β + α)2 − 4αβz + tanh−1

(
β + α − 2αz√

(β + α)2 − 4αβz

)))2
⎞
⎠

η∗
2α

·
(

β + α

2α
−
√

(β + α)2 − 4αβz

2α
tanh

(
t

2

√
(β + α)2 − 4αβz

+ tanh−1

(
β + α − 2αz√

(β + α)2 − 4αβz

)))Q0

·
(

cosh

(
tanh−1

(
2αz − β − α√

(β + α)2 − 4αβz

)))η∗
α

zN0−Q0 e
η∗(β−α)

2α
t. (54)

Using the hyperbolic identities and simplifying, this is

G(z, z, t) = zN0−Q0 e
η∗η∗(β−α)

2α
t

⎛
⎜⎜⎝ 2e

t
2
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)
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·
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⎞
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⎞
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,
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which is the stated result. However, the simplifications used to reach this form require several
steps, which we present individually now. We start with the hyperbolic tangent function that
appears on the first and second lines of (54). Using (51) and (53), this is

− tanh

(
t

2

√
(β + α)2 − 4αβz + tanh−1

(
β + α − 2αz√

(β + α)2 − 4αβz

))

= −e

⎛
⎜⎝ t

2

√
(β+α)2−4αβz+ 1

2 log

⎛
⎜⎝
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2 log

⎛
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⎞
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⎞
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−
⎛
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2

√
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⎛
⎜⎝
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⎞
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⎞
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⎛
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⎞
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⎞
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.

Thus, the second line of (54) can be simplified to

(
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=

⎛
⎜⎜⎝
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Following the same approach, the first line of (54) can be rearranged to⎛
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Finally, the third line of (54) is simplified through use of (52) and (53). This expression is then
given by ⎛
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Together these forms give the stated result. �
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