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Dedicated to the memory of our dear friend Richard Schelp

Let 1 <p <r+1, with r > 2 an integer, and let G be a graph of order n. Let d(v) denote
the degree of a vertex v € V(G). We show that if
> dw) > (1 —1/rart,
veV(G)

then G has more than 1
26+ Dyr !
(r + 1)-cliques sharing a common edge. From this we deduce that if

> dw) > —1/rptt 4 C,
veV(G)

r—1

then G contains more than c

I'—p
P26+

cliques of order r + 1.
In turn, this statement is used to strengthen the Erdd&s—Stone theorem by using
ZI,EV(G) dP(v) instead of the number of edges.

1. Introduction and main results

Given a graph G and a vertex u € V(G), we write d(u) for the degree of u. The sum
f(G) =Y d(u),
uev(G)

is a much studied parameter in graph theory, especially for p = 2. In [4], Caro and Yuster
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raised a Turan-type problem for f,(G): Given p > 1, how large can f,(G) be if G has no
subgraph of a particular type? It turns out that such problems are usually more difficult
for p > 1 than for p = 1, and often lead to involved analytical questions. Problems of this
type have been subsequently studied by several authors: see, e.g., [2], [5] , [8], [11] and
[12]. In particular, in [2] it was shown that for every real p, 1 < p <r, if G is a graph of
sufficiently large order n and has no clique of order r + 1, then

fp(G) < fp(Tr(n))a

where T,(n) denotes the r-partite Turan graph of order n.

In this note we continue this line of investigation and strengthen the Erddés—Stone
theorem using f,(G) instead of the number of edges, that is to say, f1(G)/2. This result is
deduced from a number of other results about f,(G), which seem to be of some interest
on their own.

We start with a general theorem about hereditary properties. Recall that a graph
property is a class of graphs closed under graph isomorphisms. A graph property Q is
called hereditary if G € Q implies that every induced subgraph of G also belongs to Q. As
usual, we set Q, = {G € Q and V(G) = [n]}. We shall use both f,(G) and 3 .y, d ()
to improve readability.

Theorem 1.1. Let p > 1 and let Q be a hereditary property. Then the limit

. 1
}%Wmax{ Z a’(v) : G € Qn}

veV(G)

exists.

In particular, for the Turan graph T,(n) one can show that
fo(Trn) = (1= 1/r)Pn* 4 O(nP~").

Thus, writing K, for the complete graph of order r, for the hereditary property of being
K,,-free the limit in Theorem 1.1 is at least (1 — 1/r)?. It turns out that for p<r+1
there is also a matching upper bound.

Theorem 1.2. Letr >2 and 1 <p <r+ 1. If G is a K, 1-free graph of order n, then
S d) < (1 —1/rynrth, (1.1)

eV (G)

We shall deduce Theorem 1.2 from the following analytical inequality.

If xy,...,x, are non-negative numbers such that x; + -+ x, = 1, then
> xil—xy < (1 —1/ry*
i=1

unless xy =+ =x, = 1/r.
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What Theorem 1.2 tells us is that if » > 2, 1 <p <r+1, and G is a graph of order n
with

> dw)> (1 —1/rynrt, (1.2)
eV (G)
then K,1; € G. In fact, a stronger and subtler result holds. In order to state it, we need
the following definitions from [2].

An r-joint of size t is a union of t distinct r-cliques sharing an edge. The maximum size of
an r-joint in a graph G is called the r-jointsize of G and is denoted by js,(G).

The following theorem shows that condition (1.2) implies not only the existence of a
single K, 1, but that of large (r + 1)-joints as well.

Theorem 1.3. Letr >2, 1 <p<r+1, and let G be a graph of order n. If
> dw)> 1 —1/r)ynrt!

veV(G)
then

1 r—1

3841(G) > 6t

In the above theorem, the coefficient 2~ =1y~ is far from being optimal, but it makes
the statement valid for all n; this coefficient can be increased when n is sufficiently large.

Joints play a crucial role in extremal and spectral graph theory (see, e.g., [9] and [10]).
A typical use of them is in proving lower bounds on the number k,{(G) of (r + 1)-cliques,
as in the following theorem.

Theorem 14. Letr 22, 1 <p<r+1and C>0. If G is a graph of order n and
S dw > 1 —1/rartt 4 C,

uev(G)
then

Cc

r—p
> P26+ pr n

kr1+1(G)

Note that in this theorem C may depend on n; in particular, we shall be especially
interested in the case when it is in the range Q(n?) to o(n’*!). Denote by K,(s1,52,...,5:)
the complete r-partite graph with class sizes sy, s3,...,s,. Combining Theorem 1.4 with
a result in [7], we shall immediately obtain the following strengthening of the classical
Erd6és—Stone theorem.

Theorem 1.5. Let r, p, ¢ and n satisfy
¢

—1/(r+1)
26r(r+1)+1rr(r + 1) > (log n) :

r>2, 1<p<r+1,
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If G is a graph of order n and
> d(w) > (1—1/ryPatt 4 en?*,
ueV(G)

then G contains a K,11(s,...,s,t), where

Cr+1 e
§= {26;-3+12r2+7r+1,,r(r+1)(r T 1)+ log nJ and t=[n""]. (1.3)

As in Theorem 1.4, the parameter ¢ above may depend on #, e.g., letting ¢ = 1/ loglogn,
the conclusion is meaningful for sufficiently large n. Observe also the following peculiarity
of the graphs K, (s,...,s,t) in the conclusion of the theorem: if the statement holds for
some ¢, then it holds also for all positive ¢’ < ¢ provided n is large enough. That is to say,
when n increases, in addition to the graph K,;1(s,...,s,t) guaranteed by the theorem, we
can find other, larger and more lopsided graphs K, ((s,...,s,t') with & <s and t' > t.

It is possible that a version of Theorem 1.5 can be deduced from some results of
Pikhurko and Taraz [12] as well, but such a deduction does not seem too easy.

2. Proofs

Most of our notation is taken from [1]. Given a graph G, we write:

|G| for the number of vertices of G;

I'g(u) for the set of neighbours of a vertex u, and dg(u) for |T'g(u)|;
0(G) for the minimum degree of G;

G — u for the graph obtained by removing the vertex u € V(G);

G — uv for the graph obtained by removing the edge uv € E(G);
K(G) for the set of s-cliques of G, and ky(G) for |K(G)|;

K, for the complete graph of order r.

We shall need Lemma 5 of [3] and Theorem 1 of [7]: for ease of use we restate them here.

Lemma A. Let r > 2. If G is a graph of order n, containing a K,, and with

1 1

then
. n1
J8-41(G) > =y

Theorem B. Let r >3, (logn)™ /" < a < 1/2, and let G be a graph of order n. If k.(G) >
oan’”, then G contains a K,(s,...,s,t) with s = |« logn] and t > n'=*"".

In our proofs we shall use several versions of the inequality

(1+x)" > 1+px,
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which is valid for x > —1 and p > 1. In particular, one can easily deduce thatif k > p — 1
and p > 1, then

TIELE R A 2.1)
k k+1—p ’

Proof of Theorem 1.1.  Although our proof goes along familiar lines, we give it for the
sake of completeness.
Set

fp(Q,n) = max{f,(G) : G € Qu},

and let G € 9, be a graph such that f,(Q,n) = f,(G).
For every vertex u € V(G) we have

f@n—=1= > dg > +Z(de)—1

veV(G—u) veV (G—u)\I'( ) vel'(u
> fp(Qon) —dhu)—p > db
vel'(u)

Summing this inequality for all u € V(G), we obtain

nfp(Qn—1)=nfp)(Qn)— > dow—p Y Y di'©)=m—p—1f,(Qu). (22)

ueV(G) ueV(G) vel'(u)
When n > p+ 1 we see that
) P I 2 N UM S LA (et )ia
fr(@n—1) “n—p—1 n—p—1 n—p—1 U

Thus, for n > p the sequence

fp(Q,n)

(n—p)rt!
is non-increasing, and therefore it is converging; clearly, so is f,(Q,n)/n?*! as well,
completing the proof. U]

Proof of Theorem 1.2. For 1 < p <r+ 1, Jensen’s inequality implies that

{ ) i)
LY dws () > d w)

uev(G) ueV(G

so it suffices to prove inequality (1.1) for p =r + 1.

In [6] Erd6s showed that if G is a K,.i-free graph, then there exists an r-partite graph
H with V(H) = V(G) such that dg(u) < dy(u) for every u € V(G). Clearly this implies that
the maximum of f,;1(G) among the K, ;-free graphs G of order n is attained on some
complete r-partite graph, say the complete r-partite graph K,(ny,...,n,) of order n with
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part sizes ny,...,n,. In this case we have

r

frrt(Kp(msooonp)) = miln = niy ™,

—1

and so setting

we see that

f(6)

nr+2

< max{F(xi,...,x;) :x1+ +x,=land x; >0 fori=1,...,r}. (2.3)
We shall prove that
F(xi,...,x,) < (1 —1/r)y™,

with equality possible only if x; = -+ = x,.. Let (x;)] be a vector for which the maximum
in (2.3) is attained and assume that x; < x; < -+ < x;.

Assume first that r =2, and choose x so that x; = (1 —x)/2, x; = (1 + x)/2, where
0 < x < 1. Then

. 3
F(x1,x)) = (1 ;x) (1 ! ;x)) n (14 x) (1 Rt 42—x))

_i 2 )2 2_1 4
= 11 =1 =) + (1 +x) = g(1 =%,

Obviously F(x1,x;) is maximum when x = 0, and so x; = Xx;.

Let us now assume that > 3. Routine calculations show that the function x(1 — x)"+!
increases for 0 < x < 1/(r +2) and decreases for 1/(r +2) < x < 1; also, it is concave
for 0 < x <2/(r+2) and convex for 2/(r +2) < x < 1. If x, < 2/(r + 2), the concavity
of x(1 —x)*! implies that x, = x; and the proof is completed, so we shall assume
that x, > 2/(r + 2). Note that in fact x, < 1, for otherwise F(xy,...,x,) = 0. Thus, the
convexity of x(n — x)*! in the interval (2/(r + 2), 1) implies that only x, belongs to this
interval. Again, the concavity of x(1 —x)*! in the interval [0,2/(r +2)] implies that
X1 =+ = x,_1. Hence, setting x = x;, we see that x, =1 — (r — 1)x.

Using Lagrange multipliers, we find that

OF(x1,...,x;)  0F(x1,...,x;)

0x1 0x,

b

which in our case implies that
(r+2)x—D1—=x)=@F+1—=0F+2)Fr—1x)(r—1)x" (2.4)

We shall show that equality (2.4) is not possible. Assume for a contradiction that (2.4)
holds for some x. Clearly we have x > 1/(r +2), and from 1 —(r — 1)x > 2/(r +2) we
see that

,
2 S T —1)
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Write I for the open interval (1/(r +2),r/((r +2)(r — 1))] and note first that (2.4) is

equivalent to
2 1 1 g
—r+1 = ——1). 2.5
R P T (r—l)’(x > 23)

Let

2
- r4le—_—
s =—r+ I+ T

1 1 '
o=y (1)

and let L(x) be the linear function

i _ _ _ 2 — 7”
Lixy=r—1-=-2(r+2)r—1) (x (r+2)(r—1)>

r r , r
:g((r+2><r—1)> i ("_ r+2)( — 1>>g <(V—|—2)(r— 1)>-

Note that both g(x) and h(x) are decreasing convex functions in I. Hence, by Taylor’s
expansion, g(x) > L(x) for all x € I. We shall show that if r > 4 and x € I, then h(x) <
L(x), which contradicts (2.5) and completes the proof for r > 3. Indeed, if r > 4, we find

that
1\ 1y 1
h<r+2>_(r—1)"<3r 3_L<r+2>’

and for r > 3, we find that

r _ (r2—2)" _ r
h((r+2)(r—1)) o1y -1 _L<(r+2)(r—1)>'

For r = 3 we can apply the same method with a slight modification. Note that we have

h(x) < h(é) =3,

2(x) > g(6/25) = 8.

while for x > 6/25,

This means that if x is a solution to (2.5), then x > 6/25. To finish the proof note that

6859 22 6 6
Wo/28) = o0 < = —14—40-25—L<25>_

Therefore equation (2.5) has no solution in I, and the proof is completed. U]

Proof of Theorem 1.4. We shall deduce Theorem 1.4 from Theorem 1.3. Since f,(G) >
(1 —1/r)PnP*!, Theorem 1.3 implies that js,,(G) > n"~!/(250+D"), which means that
some edge of G is contained in at least n'~1/(26"0+Dr) cliques of order r + 1. Set k =0
and Gy = G, and perform the following procedure:
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repeat
find an edge uv in Gy that is contained in at least n'='/(20+Vr") cliques of order
r+1;
let Gy = G, —uv;
add 1 to k;

until £,(Gy) < (1 — 1/r)Pnr+t,

Note that at the beginning of each iteration we have f,(Gy) > (1 —1/r)Pn?*!, and by
Theorem 1.3, js,(Gy) > n"~1/(280+Dy") e, there is an edge uv contained in at least
n=1 /(280 +Dr) cliques of order r + 1. To estimate how the removal of uv affects f,(Gy),

we find that
Moo w= Y dl (W) + (de, () = 1Y + (dg, (u) — 1)
weV(G) weV(G)\{uv}
> Y dl (w) = pdl (v) — pdy (W) > Y db (w) —2pnP
weV(G) wev(G)

Therefore, upon exiting the procedure, we have
A=1/rPe > f(G) = Y dh (w)> Y df(w) — 2kpn™!
weV(G) wevV(G)
> (1 —1/r)n?*! + C — 2kpn*™!,

and so

C

k>——.
2pnp—1

Hence, by removing edges the procedure destroys at least

1 1 C .
r— r—p
ke > 2p26 T+
(r + 1)-cliques, implying the assertion. ]

To simplify the proof of Theorem 1.3, we give two preliminary lemmas. Although the
second one seems just a general version of the first, a number of different details require
two separate lemmas.

Lemma 2.1. Let G be a graph of order n, containing a Ks. If js;(G) < n/1500 and u is a
vertex with dg(u) = 0(G), then

499
§ 3 E 3 _ 3
deu(U) > dG(U) 1000” .

veV(G—u) velV(G)

Proof. Since js;(G) < n/1500 < n/32, Lemma A implies that 6(G) < 5n/12. Let u be a
vertex such that d(u) = 6(G), and note that
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Yoo &= Y &)+ D (delv) - 1)

veV(G—u) veV(G—u)\I'c(u) velg(u)
> > dyw) =81 =3 ) dy(
veV(G) velg(u)

In particular, if v € I'g(u), then |T'g(v) N Tg(u)| < js3(G) < n/1500, and therefore
dg(v) + 96 < n+n/1500.
Hence,

=3 > dgw) = =3 Y (n+n/1500 —5)* = —35(n + n/1500 — 5,

velg(u) velg(u)

implying that
> i Z d3(v) — 38(n 4+ n/1500 — 6)* —

veV(G—u) velV (G

Simple calculations show that —38(n + n/1500 — §)> — &3 is non-increasing in &, and so

S di o 0)> D div)—3(5/12)(1 4 1/1500 — 5/12)°n® — (5/12)*n
veV(G—u) vel(G)
1
3 - 3
> D do (2 1000>
veV(G)
completing the proof. U]

We find that proving Lemma 2.2 before the proof of Theorem 1.3 greatly simplifies the
latter. However, the logical position of Lemma 2.2 in our argument needs clarification
as it may seem to be circular reasoning. We use Lemma 2.2 to prove Theorem 1.3 by
induction on r, but to prove the lemma we apply Theorem 1.4 for ' < r, which in turn
is deduced from Theorem 1.3 for #’ < r. Therefore, the induction assumption makes our
argument logically correct.

Lemma 2.2. Let r > 3 and let G be a graph of order n, containing a K,,1. If

1

r—1
Wn 5 (26)

jsr-‘rl(G) <

and u is a vertex with dg(u) = 6(G), then

velV(G—u) veV(G)

Proof. Note that Lemma A, together with (2.6), implies that

1 1
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Set & = §(G) and let u be a vertex with d(u) = J; note that

Z d'*‘ W= > di' @+ Y (dew)— 1) (2.8)
veV(G veV(G—u)\I'g(u) vel'g(u)
> Y d' @)= =+ 1) > dg()
veV(G) vel(u)

It is easy to see that the assertion holds if 6 < n/8. Indeed, in view of (2.8), all we need
to show in this case is that

1
r+1 r _ r+1r+1
O+ (r+1) g d < 2}’2(;’4_1))(1 1/ry ™™

vel'(u

This inequality does hold, since by (2.7) and in view of (1 — 1/r)*! > 1/8, we find that

n'tl
O+ (r+1) Y dg(v)

vel'(u)

< g+ Don

< i(l 1/r)r+1nr+1 + (V + l)nrJrl
S 8

1
1——— J(1-=1 r+1_r+1 11 =1 r+1 r+1.
< ( FETe 1))( Sy (1= 1)
Therefore, to the end of the proof we may and shall assume that 6 > n/8.
Set H = G[I'g(u)]. Note first that

1 r
k. (H) < W" 5 (2.9)

for otherwise there would be a vertex in I'(u) that is common to at least

rky(H)
5 2602 pr

cliques in K,(H), and so
3 1 r—1
J8,41(G) > 67

contradicting (2.6).
We shall use inequality (2.9) to prove that for every k = 1,...,r,

U\ 20—y,

vel'(u)

Indeed, if this inequality fails for some k € [r], then applying Theorem 1.4 to the graph
H with p =k and

2(r — 1y

k
81‘+1 rr on ?

C =
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we find that
1 2(r — 1)1
k26r(r—1)+1(r _ 1)r—1 ' rtlpr
1 . n" S 1
Z 563l gk 2 6t

k.(H) > onker1-k

r

contradicting (2.9).

99

Now, using inequality (2.10) and the inequality dg(v) < n— 06 + dy(v) whenever v €

['s(u), we obtain

3 dy) < Z)(n — 3 +dy@) = (:) (n=0)y"" " dy(v)

vel'(u) vel'(u i=0 vel'(u)

r i _1y—1
—5)"+5Z <Z>(n—5)"i(<l _ ri1> o+ 2(r8+11r)n)
1 : i r_l - r i l
52()(71— (1_,,_1)5 Qr+1pr Z()

<5(n— 0 >r+2(r_1)"_15(2n—5)"

r—1 grtlyr
s\ 2(r—1y-! . 1\ .
<5(n—r_1> + T 2<l—r>n

5\ 1 =1y .,
=5(”—_1> tar e

A simple proof by induction shows that

1 (r—1y 1 0!
- < 1—-—
4+l prtl 2r2(r + 1)2 r

for r > 3, and so, in view of (2.8), we get

> dgt ) (2.11)
veV(G—u)
> 3 ditw) = —(r+1)8(n— N . 1! mnrﬂ
S G r—1 2r3(r + 1) r '

On the other hand, using calculus, one can show that the function

S (r+1)0 (n— 51)

is increasing in J, and so, recalling (2.7), we find that

S r 1 1 r+1
r+1 _ < - R
0 +(r+1)5<n r—l) b <1 r rz(r2—1)>

1 1 1 1 1 "
(-l (- ()
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1 1 r+1
-7 mon)

1 1 1 1 '
ween(1=3 = oy ) (3 )

To estimate the right-hand side of this inequality, let us divide both sides by (1 — 1/r)*1,
thus obtaining

<5r+1 +(r+1)9 <n — ri) ) (1—1/r)" 1 (2.12)

1 r+1
g(hva—wa+n>

1 1 !
+U+DO_NF%WH4J<HVO—WO+U>'

We shall estimate the two terms of the right-hand side above separately. Using inequality
(2.1) and some algebra, we see that

1 s r+1 1
- <1-— =l
r(r—1)2(r+1) rr—12r+1)+r+1 r(r—1)72+1

and also

r 1

1 r
(1+r(r—1)3(r+1)> <1+r(r—1)3(r+1)—r =1—i_(r—l)3(r-|—1)—1'

Furthermore, from the last inequality we obtain

1 1 r
U+UO_MF4W%HJ<HVO—WO+U>

1 1
<e0(1- =) (T o= rnsi)

_ 1 r—1)(r+1)
_(r+1)(1+(r—1)3(r+1)—1> =1+ D -1
<r+1+ rtl
h r((r—13r+1)—1)

1

Now, using the bounds for the two terms on the right-hand side of (2.12), we see that

(5’“ +(r+1)0 <n — &)) (1—1/r)"!

1 1 r+1
= (Hz 1P +1 +r(r—1)3—1)n

1
2 - r+1
<(r+ r2(r+1)>n s
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which gives

5\ 1
r+1 _ _ _ r+1,r+1
0 +(r—|—1)5(n r—l) < (r—|—2 r2(r+1)>(1 I/ry ™ n ™.

Hence, from (2.11) we obtain

Z d’”Gﬂ“(U) > Z erJrl(U) - (7’ + 2 — 21/-2(:_{_1))(1 _ l/r)r+1nr+l,

veV(G—u) veV(G)

completing the proof. |

Proof of Theorem 1.3. We shall apply induction on r, making use of the fact that if
Theorem 1.3 holds for some r, then Theorem 1.4 and Lemma 2.2 hold for the same r as
well.

Let us first prove the assertion for r = 2. We claim that in this case

1
23

as required. Assume for a contradiction that js;(G) < n/16000. Theorem 1.2 implies that
K5 < G, and so

is3(G) > n/16000 >

n > 16000js5(G) > 16000.

Set i = 0 and Gy = G, and let us perform the following procedure:

while js;(G;) < |G;]/1500 do begin
select a vertex in G; such that dg,(u) = 6(G;);
let Giy1 = G —u;
add 1 to i;

end

Note that
1 499 3o 1 4
¢~ 1000° > gk~ "
for k > 1500. Hence, we see that if |G;| > n/10 > 1500 and f3(G;) > |G;|*/8 at the
beginning of the while loop, then G; contains a Ki, and since js3(Gi) < |Gil/1500,
Lemma 2.1 implies that G, also satisfies f3(G11) > |Giy1]*/8.
We claim that at the beginning of the while loop we always have |G;| > n/10. Indeed,

otherwise at some iteration we would have |G;| = |n/10], and the following inequalities
would hold:
499 499 (n+ 1)*
4 _ (b B St
[n/10]" = |Gi|* > f3(Gi) > f3(G1) — 1000 E 1000 4

Hence,
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and so
3 499 nt 4 4
1u(G) — u(G = __400__ >l———>1——.
MO =G 98 = T — L) ~ 17 n+ 1 16000
This contradiction shows that, when the procedure stops, we have |G;| > n/10. Now, since
. 1
183(Gi) > 71500|Gi|»
we obtain
is5(G) = js5(Gi) > ! |G| > ! n
15345 2 185880 = 156011 = T6000™
as claimed.

Assume now that r > 3 and that the assertion holds for all integers between 2 and
r — 1. Assume for a contradiction that
. 1 }‘71
18:41(0) S S 1
Since Theorem 1.2 implies that K,,; = G, we see that
n> (26r(r+1)rrjsr+1(G))l/(r—l) > (26r(r+1)rr)1/(r—1) > 8"+2r.

Furthermore, as in the case r = 2, we set i =0, Gy = G, and perform the following
procedure:

while js,,(G) < 2751 7|G,/"~" do begin
select a vertex in G; such that dg,(u) = 6(G;);
let Git1 = G —u;
add 1 to i;

end

Note that if a number k satisfies k > 2r?(r + 1)(r + 2)?, then
_
2ri(r + 1)

Hence, if |G;| > n/8 and f,,1(G;) > (1 — 1/r)"*'|G;|"*? at the beginning of the while loop,
then G; contains a K, and since js,, {(G) < 276477 |G;|"~1, Lemma 2.2 implies that G
also satisfies f,,1(Git1) > (1 — 1/ry Gy |2, in view of

1Gi| > n/8 > 8y > 2r(r 4+ 1)(r + 2)%.

(1 _ l/r)r+1kr+2 _ <V + 2 )(1 _ l/r)r+1kr+1 > (1 _ l/r)1‘+1(k _ 1)r+2-

We claim that at the beginning of the while loop we always have |G;| > n/8. Indeed,

otherwise at some iteration we would have |G;| = |n/8], and the following inequalities
would hold:
n r+2 1 n
w . ; . _ - 1—-1 r+1 +1
(5) >G> funtGi = (r+2= s Ja—1/m >

(1= 1y ED

>(1—1/r)’+1n'+2—<r—|—2— P

>

1
2r2(r + 1))
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implying that
1 pap (4 1)F2 rl T N
<r+2 2}’2(;’_'_1))(1 1/r) P >((1—=1/r) 1/8™ )™,
and so,

{— % (1 1 nr+2
272r + 1)(r +2) 8§21 —1/ry " ) (n+ 1) 2

1 1 | r+2
>< _8<1—1/)>< ‘n+1>

o1 1 _r+2
821 —1/ry+1  n+1
1 r+2

Zlo g gy

It is easy to see that for » > 3 we have
1 - 1 " r+2
2r2(r + 1)(r +2) ~ 8+l g2y’

and this contradiction shows that, when the procedure stops, we have |G;| > n/8.

Therefore,
. . 1 ! 1 F
Js;'+1(G) 2 JSr+1(Gi) > 2612 pr F > 26r(r+1)rrn !
This completes the induction step and the proof of the theorem. U]

Proof of Theorem 1.5. The proof is an immediate consequence of Theorem 1.4 and
Theorem B. Indeed, setting

C = e,
Theorem 1.4 implies that

c c
R r+1
kiG> a2 e )"

Now, letting
c

x= 26D (4 1)

we see that « > (logn)~"/¢+1 and so Theorem B implies that G contains a K, (s/,...,5,t),

where
s = |« logn] and ¢ >n'""".

Note that here s' is equal to s in (1.3) and ¢ is greater than or equal to t in (1.3), so
Theorem 1.5 is proved. |

3. Concluding remarks

Here we formulate several open questions related to the general topic of this paper.
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Given an integer v > 2, what is the maximum p = p, such that if G is a K,-free graph,
then fy(G) < fp(T:(|G])) for every graph G?

Another, formally similar, but otherwise rather different, question was raised in [2] and
is reiterated here.

Given an integer r > 2, what is the maximum p = p). such that if G is a K,i-free graph,
then fp(G) < fp(T:(|G])) provided |G| is sufficiently large?

In [2], we have determined that p), = 3 and in general p, <r + \/Z Given the result of
Erdés [6] used in the proof of Theorem 1.2, this is an essentially analytical and number-
theoretical problem. However, contrary to the authors of [12], we believe that finding p|
is important, as it may have practical implications.

In fact, Pikhurko and Taraz [12] discuss even more general problems, namely, letting ¢
be a non-negative increasing real function and setting

folG) = > oldg(w),
uev(G)
they raise Turan-type and Erd6s-Stone-type extremal questions using f,(G) instead of
the number of edges. Under certain restrictions on ¢, they give several results in a rather
general set-up. Nonetheless, we believe that for possible applications it is important to
study concrete functions ¢, for which the results of [12] say nothing. We end up with one
such example.

Given an integer r > 2, what is the maximum integer k such that if G is a K,.1-free graph

of order n, then
() 5 ()

uev(G ueV(T:(n)
The combinatorial implications of this question are obvious, as
Z dg(u)
k
ueV(G)

counts the (k 4 1)-vertex subgraphs of G with a dominating vertex.
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