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Abstract Let G and H be locally compact groups. Assume th@tacts on a standard
probability space(S, u), u being G-invariant. We prove that if there exists a Borel
cocyclea : S x G —> H which is proper in an appropriate sense, th@nnherits
some approximation properties #f, for instance amenability or the so-called Haagerup
Approximation Property. On the other hand,Gf is a closed subgroup df, if the

pair (G, Go) has the relative property (T) of Marguli&9] and if either H has Haagerup
Approximation Property, or if it is the unitary group of a finite von Neumann algebra with
a similar property, then we give rigidity results analogous to tha2&dnd [1].

1. Introduction

All locally compact groups considered here are assumed to be second countable, and von
Neumann algebras are assumed to have separable predu@lbketuch a group. Assume
thatG acts on a standard probability space i), the measure being G-invariant. We

are mainly interested here in questions of the following type:

If « is a Borel cocycle fron§ x G to some second countable groHp under
which conditions orn properties ofd are inherited byG? Conversely, ilG
has some rigidity properties, what does this implysror ona?

Concerning the second question, Zimmer proved in Chapter 24ftfiat if G has
property T, if it acts ergodically ofi and if H is a Icsc amenable group, theris equivalent
to a cocycle into a compact subgroup. Adams and Spatzier got analogous results when
is discrete and wheH is a subgroup of the automorphism group of a tree (for instance a
free group) or when it is a Coxeter groufj.[

The aim of our article is mainly to give simpler and unified proofs of results taken from
[1, 12 and [23].

82 is devoted to approximation properties: we recall the definition of the Haagerup
Approximation Property (HAP) (also known as a-T-menability), and we prove some
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stability results concerning that property: for instanc&ifcontains a closed subgroup
H possessing that property, andlif®(G/H) has aG-invariant state (for instance, i

is normal and ifG/H is amenable or if{ is a lattice) thernG also has the same property.
It turns out that this follows from a more general result concerpioger Borel cocycles
(see 82 for a definition).

THEOREMA. Leta : § x G — H be such a cocycle and assume tliahas property
HAP and that the paiKS, G) is an amenable pair in the sense [df8]. ThenG has the
same property.

Notice thatu need not b& -invariant. In the same section, we also extend Theorem 5.6
of [12] for proper Borel cocycles.

THEOREM B. Letwa, S and G be as in Theorem A. Assume furthermore thais G-
invariant. Then the Cowling—Haagerup constantg&;oand H satisfy:

A(G) < A(H).
In 83, we unify and slightly generalize results frod] pnd from 3] in proving the
following.

THEOREM C. Suppose thag is a closed subgroup af, that the pair(G, Go) has the
relative property T, thaGo acts ergodically ors and thatH is a Icsc group with the HAP.
Then for every arbitrary Borel cocycle as abovex|S x Go is equivalent to a cocycle
with values in a compact subgroup.

Here we do not assume thais proper any more. Finally, in 84 we recall the definition
of the HAP for finite von Neumann algebras and we prove a result analogous to Theorem C
for cocycles with values in the unitary grodp(M) of a finite von Neumann algebrd
which has the above approximation property; this slightly extends Theoremad]of [

THEOREMD. Leta : S x G — U(M) be a Borel cocycle, and assume that the pair
(G, Go) has the relative property T and that is as above. For every Borel function
u:S— UM),set

au(g) = /S u(s)als, Qu(sg) ™ du(s),
which is the mean value gtof the equivalent cocycle
B(s, g) = u(s)als, @ulsg) .
Then the sefw, (g) : g € Go} has compact closure for the topology induced|byj2.

In particular, this implies that groups lik§L,(Z) x Z" cannot have a faithful
representation with discrete range in such a grogpf).

2. Proper Borel cocycles and approximation properties
Let us recall the following definition (se&][and [3]).
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Definition 2.1. A locally compact, second countable groHphas the HAP if the abelian
C*-algebraCo(H) of all continuous functions orf tending to O at infinity has an
approximate unit made with positive definite functions.

Notice that it is equivalent to the existence of a sequeiggé,>1 of (continuous)
positive definite functions o such that:
(1) ¢n(1) =1, foreveryn > 1;
(2) ¢, € Co(H), for everyn > 1;
(3) ¢, — 1uniformly on compact subsets #f.

These groups have played an important role recently: 2eé,[ 15 and Higson
and Kasparov proved that if such a group is discrete, it satisfies the Connes—Kasparov
conjecture (see als®f)). Moreover, they may be characterized in many ways. The
following theorem gathers known conditions equivalent to the HAP.

THEOREM2.2. Let H be a lcsc group. Then the following properties are equivalent:

(1) H hasthe HAP;

(2) thereis a continuous, conditionally negative definite functionH — R, which
is properin the following sense: for evey > 0, one can find a compact sEtC H
with ¥ (x) > M for everyx ¢ K [2];

(3) H isa-T-menablel5]: there exists an affine, isometric, continuous actioaf H
on some Hilbert spac® such that for all bounded subseks C of H, the set:

{x e H:(a(x)B)NC # @}
is relatively compact.

The equivalence between (1) and (2) is due to Akemann and Wé&leahd the
equivalence between (2) and (3) is taken frddvfhere it is proved for countable groups,
but the extension of the proof of Bekledal [5] to the general case is straightforward.

Before showing (old and new) examples of such groups, we prove a fourth condition
equivalent to the HAP that will be used later on; we recall first a definition taken from
[6]: if (m, Hy) is a unitary representation &f, we say thatr is of classCy if, for all
&, n € Hy, the coefficient functioth — (7 (h)&, n) belongs toCo(H).

PROPOSITION2.3. Let H be a Icsc group; ther has the HAP if and only if it has a

unitary representatiorir, H, ) such that:

(@) H, is separable andy < = (i.e. the trivial representation is weakly contained
in);

(b) = is of classCop.

Proof. The existence of such a representation clearly implies the existence of a sequence
(¢n)n>1 satisfying conditions (1)—(3) in Definition 2.1.

Conversely, if such a sequence exists, (&t, H,, &) be the cyclic representation
associated withp,. Then eachH, is separable, and = p,., 7, is a separable
representation of/. Then 1y < = sinceg, — 1 uniformly on co?npact sets, and every
coefficient ofr belongs taCo(H) because alp, do. O

Examples 2.4Each group in the families below has the HAP.
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(1) Free groups on finitely many generators: Haagerup proveddntfiat the word
length function - | on such a group is conditionally negative definite; this motivates
our terminology because then the seque(reéel"'),,zl satisfies required properties
of Definition 2.1.

(2) Amenable Icsc groups: indeed, the left regular representation fulfills conditions (a)
and (b) of Proposition 2.3; see alsg] for the case of discrete amenable groups,
where an affine proper action is constructed.

(3) Finitely generated Coxeter groups: the natural word length function is conditionally
negative definiteg].

(4) The rank one Lie group$O (1, n) and SU (1, n): this follows from [L4]; see also
[13], and the recent nice proof f&fO (1, n) in [20].

(5) All groups that act properly and isometrically on some cube complex CA®[0) [

(6) Direct products and free products of finitely many groups with the HAP: e
Proposition 2.5(3) below.

(7) Every closed subgroup of a group with the HAP: this follows trivially from
Proposition 2.3.

We are going to prove the following result which seems to be new; its proofis postponed
after Theorem 2.7 since the proof of statements (1) and (2) is based onit.

PROPOSITION2.5. If alcsc groupG satisfies one of the conditions below, then it has the
HAP.
(1) G contains a closed subgrou having the HAP and the homogeneous spagél
is amenable in the sense of Eymard (see below).
(2) G isthe middle term of a short exact sequence

1—K—G—H—1,

whereK is compact andd has the HAP.
(3) G = TI'1 x4 I'> is an amalgamated product of two countable groups with the HAP
containing a common finite subgroup

Remark.For example, iff has the HAP and it is an amenable group acting continuously
on H, then the semidirect product grodpx H has the same property.

Notice also that compactness of the normal subgr&upbove cannot be removed:
indeed,SL2(R) has the HAP, and it is a quotient grouplay of SL,(R) x R? which does
not have the HAP.

It turns out that the two above conditions are particular cases of a more general situation
that we describe now: lef and H be Icsc groups. Assume that acts on a standard
probability spacés, 1) in a measure class preserving way, but we do not assumg that
G-invariant. Lety (s, g) = du(sg)/du(s) be the corresponding Radon—Nikodym cocycle.
Leta : S x G — H be a Borel cocycle: for al§, h € G, one has

a(s, gh) = a(s, ga(sg, h)

for u-almost every € S. Recall also that two cocyclesand 8 areequivalentf there
exists a Borel functiop : S — H such that, for every € G,

B(s, g) = p(s)als, gp(sg)~t
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fora.es € S (see p4]). Finally, let(;r, H) be a unitary representation Hf. One associates
arepresentation, of G on L?(S, 1) ® H by

(1(8)8)(s) = m(a(s, 8))5(sg)y/ x (5. &)

foreverye € L2(S, u) @ H = L%(S, u, H).
For instance, the representation: G — U (L?(S, 1)) given by

(5(8)6)(s) = &(sg)v/ x (5. 8)

and associated with the action 6fon S is the special case corresponding to the trivial
representation off .

Moreover, if H is a closed subgroup ofs, if «(s,g) = y(s)gy(sg)~t, where
y : G/H — H is aBorel cross-section for the canonical projection, theis equivalent
to the induced representation @dr).

Thus the representation, is an induced representationffrom H to G througha.

Definition 2.6.Leta : S x G — H be as above. Them is aproper Borel cocycléf

there exists a generating famil of Borel subsets of such that:

(1) Sisacountable union of elements.df

(2) for everyA € A and for every compact subs&t of G, «(A x K) is relatively
compact;

(3) foreveryA e A and for every compact subsetof H, the setk (A, L) of elements
g € Gsuchthap({s € AN Ag~1:a(s, g) € L}) > Ois relatively compact.

Remarks.
(1) We chose the adjectiveroper because condition (3) above can be interpreted as
follows: for A € AandL C H compact, set

K'(A,Ly={geG:3sc AnAg twitha(s, g) € L}
and defing8 : A x G — S x H by

B(s, g) = (sg, als, g).

ThenK’(A, L) containsk (A, L) andK’(A, L) = pra(B~1(A x L)).

(2) We will see in the proof of Proposition 2.5 how to define proper Borel cocycles in
the presence of a group and a closed subgroup of G.

(3) One also gets examples of Borel cocycles coming from geometry (this is inspired
by [12]). Suppose thal is a countable group that acts (on the right) on a compact
manifold X, preserving a connection and@&structure, wheré&; is a suitable Lie
group. Denote byP the associated frame bundle. Using a bounded measurable
section of the projectio® — X, we get a trivialization ofP = X x G, under
which the corresponding action Bfon X x G is given by

(x, )y = (xy, ga(x, y)),

wherex : X x I' — G is a Borel cocycle. Then, if the action bfon P is proper,
« is a proper cocycle (see p. 232 df7]). We will return to such a situation in
Theorem 2.10.
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Recall from [Lg] that (S, G) is anamenable paiif 15 < mg; this is equivalent to the
existence of a-invariant state or.*° (S, u), and whenS is a homogeneous space H,
it corresponds to Eymard’s amenability for homogeneous spaces.

THEOREM2.7. Leta : S x G —> H be a proper Borel cocycle and assume th&tG)
is an amenable pair.

(1) If H isamenable, the is also amenable.

(2) If H has the HAP, then so doés

We need the following proposition for the proof of statement (1).

PROPOSITION2.8. Let (S, ) be aG-space and le : S x G — H be a proper Borel

cocycle. Denote by the left regular representation dff, and bya, the representation
of G corresponding ta. anda. Then every coefficient af, is a coefficient of the regular
representationi.g of G. In particular, A, is quasi-equivalent to a subrepresentatiori.gf

Before giving the proof of Proposition 2.8, we need to recall definitions of Fourier—
Stieltjes and Fourier algebras of locally compact groups (see for instafipe lpt G be
as above;B(G) denotes the algebra of all coefficients of unitary representatiorns, of
and A(G) denotes the subspace (in fact, the closed ideal) consisting of all coefficients of
the regular representation 6f. More precisely,A(G) is the norm closure irB(G) of
the subspac€.(G) N B(G), whereC.(G) is the space of all continuous and compactly
supported functions oG.

Proof of Proposition 2.8For&, n € H = L?(S) ® L?>(H) andg € G, set

0en(8) = (Aa(8)é, ).

It is sufficient to prove thap:, € A(G) for £ andn in a total subse? of H. In
order to choose it, observe that conditions (2) and (3) of Definition 2.6 are still satisfied
by every setA belonging to the algebra generated My This implies that the family

T ={xa®&: A e Aand¢ € C.(G)} is a total subset o{. Fix A,B € A and

&,n € Ce.(G). Then set

@(h) = (A(h)§,n) Vh € H,

and
Y(g) = (Ma(@)xa®E xp®n) Vgedl.

We claim thatys has compact support; indeed,has compact support, and one checks
easily that

V(g = / ot pals, g)v x(s,8)du(s) VgeG.
BNAg—
If L = supfg), then itis straightforward to check that
suppy) C K(AUB,L).

This proves thaty € C.(G) N B(G). ]
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Proof of Theorem 2.7We prove statement (2) first because arguments are needed in the
proof of the first part.

Let (;r, H) be a representation & such that }; < = andx is of classCo. We are
going to prove that the corresponding representatjpof G satisfies these conditions.

(1) =, weakly contains &. Since(S, G) is an amenable pair, one hag k 7g. Thus
we prove thatrs < 7. It suffices to show that ip € L2(S, u) is a unit vector which is
a simple function with support in a sét € A, then for every > 0 and every compact
subsetk C G, there exists a unit vectgre L2(S, i, H) such that

supl(rs(ge, @) — (1« (g)§, &) < e.
gek

SetL = (A x K), which is a compact subset &f.
There exists a unit vectar € H such that

supl{(w(h)n, n) — 1| < e.
helL

Then set = ¢ ® 5, which is a unit vector oL.2(S, i, H). We get forg € K

(s ()¢, ¢) — (ma(g)E, &) = ‘/A(l— (7 (s, @)n, M@ (s)(s)y/ x (s, &) du(s)
< /A [1— (m(als, gDn, Mooy x (s, g) duls)
e /S 0 o) VX G ) dus)

< elms@lelll2llell2

= E.

IA

This proves (1).

(2) The representatiom, is of classCp. Indeed, as in the proof of Proposition 2.8, we
assume thatl is an algebra of Borel sets. This implies that the farflily= {x4 ® £ : A €
A, & € H} is a total subset of.2(S, uu, H). So let us prove that for fixed, B € A and
&, n € H, the coefficient function

08> (Ta(@xa®E xB®n)

belongs taCo(G).
If ¢ > 0 is given, there exists a compact subset H such that

{m(h)§,m)l <e Vh¢L.

Let us show thatfog ¢ K = K(A U B, L), one has

lp(g)] < e.
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Indeed, ifg ¢ K, thenu(X,) = 0, whereX, = {s € BN Ag™1: a(s, g) € L}; thus
lp(@)| = ’/S(n(a(s,g))é, mMxa () xSV x(s, g) du(s)

< / [ (s, 8§, v x (s, 8) diu(s)
BNAg—InXg

1/2
58#(5)1/2(/ Mdu(s))
s du(s)

= £.

To prove statement (1), observe thatifis amenable then the regular representatiaf
H has the same propertiesaasabove. In particular,d < A, and by Proposition 2.8,,
is quasi-equivalent to the regular representatio@ of his proves thaG is amenable. O

Proof of Proposition 2.5(1) TakeS = G/H gifted with a quasi-invariant probability
measure:. Let p : G —> S be the canonical projection— Hg andlety : S — G be
a regular Borel cross-section fpr: p(y(s)) = s Vs, andy (S) N p~1(p(K)) is relatively
compact for every compact s& C G; moreover, for every compact s€t C S, there
exists a compact sét; C G such thatC = p(Cy).

Let A be the family of all compact subsets f Using regularity ofy, it is easy to see
thaty (C) is compact for every € A.

Definea : S x G — H by

als, ) = y(s)gy(sg) .
Let us check that satisfies conditions of Definition 2.6: condition (1) is obvious§ iE A
andifK c G is compact, them(A x K) C y(A)Ky(AK)~ 1 which is relatively compact
becaused K is compact; thus condition (2) is satisfied.
Finally, if A € Aandif L C H is compact, then it is easy to see tHatA, L) C
y(A)~1Ly (A) which is relatively compact.

(2) TakeS = K with its normalized Haar measuge; G acts onkK by conjugation and
w is G-invariant. Take fot4 all Borel subsets oK and definex : K x G — H by

ak, g) = p(g),
wherep : G —> H is the canonical projection.
Then conditions (1) and (2) of Definition 2.6 are obviously fulfilled. Let nbvbe
a compact subset aff; since p is a continuous homomorphism with compact kernel,
it is proper. Hencex1(L) = K x p~1(L) is compact. This implies condition (3) of
Definition 2.6.

(3) Choose foi = 1, 2 a representing sét > 1 for classeg A in the groupl’;. Recall
that everyg € G admits a unique normal form
g =s1(8)...sk(g)a(g),

with a(g) € A, s;(g) € Si; \ {1}, and, ifk > 2,i;j #i;+1forl < j < k— 1. Then we
claim that fori = 1, 2, we can choose a proper, real-valued, conditionally negative definite
functiony; onT'; satisfying:
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(@ vilA=0;
(b) YilTi\A=1
Indeed, asA is a finite subgroup of; and adl"; has the HAP, using suitable averages on
A, there exists a sequeng@g ,),>1 C Co(I';) such that:
(i) @inlA =1Vn;
(i)  ¢in is positive definite;
(i) @in(y) > 1lasn - coVy €T.
Then the proper, conditionally negative definite functignhconstructed by Akemann and
Walter in Theorem 10 of]] satisfies condition (a) above. If it does not satisfy condition
(b), simply replace it by); + (1 — xa).
Now definey : G — RT by

V(s1...ska) = Yip (s1) + -+ + ¥ig (s),
for every normal forns; . .. sya € G. Thenyr is obviously proper, and for every> 0,

exp(—ty) = exp(—tyr1) * eXp(—1vr2)

in the sense off]. Hence exp—ry) is positive definite for all > 0, which implies that)
is conditionally negative definite. a

We are going to exhibit another property@finherited byG in the presence of a proper
Borel cocycle. To do this, we need a definition taken frdri] [ Denote byMpA(G) the
space ofcompletely bounded multipliesf A(G); it admits various definitions, but we
quote the one to be used here: a functioon G belongs toMpA(G) if and only if there
exist a Hilbert spacé{ and continuous functions n : G — 'H such that

() = (@), n(y) Vx,yeG.

Itis a little tedious, but not difficult, to see thaitandn above need only be measurable to
ensure thaty is an element oMpA(G). Moreover,|| Y[ sga = MIN{[[€ [loo, INllcc}, Where
the minimum is taken over all pairs as above.

Definition 2.9.The Cowling—Haagerup constani (G) is the infimum of all numbers
L > 1 for which there exists a n€i;);c; C A(G) satisfying: [|[¥;[lmpa < L Vi and
¥; — 1 uniformly on compact sets. Moreoveg, is said to beweakly amenabléf
A(G) < 0.

For instance the main theorem df]] states that ifG = SO (1, n) or SU(1, n) then
A(G) =1, andifG = Sp(1, n) thenA(G) = 2n — 1.

In Theorem 5.6 of 12], Cowling and Zimmer proved that if" is a (countable)
discrete group acting on a measure sp@aceuw), wherep is finite andr'-invariant, and
if « : X x ' — G is a Borel cocycle satisfying some technical conditions (that imply
properness in our sense), th&(l') < A(G). An example of such a situation is discussed
in Remark (3) after Definition 2.6.

We present here a more general result with a simpler proof.

THEOREM2.10. Let G, H be Icsc groups, and l€iS, ) be a standards-space with a
G-invariant probability measure. If there exists a proper Borel cocycleS x G — H
thenA(G) < A(H).
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This result should also be compared with Examples 4.18]of [
The following lemma is inspired bylf].

LEMMA 2.11. With the above assumptions, {e€ MpA(H). Definep : G — C by

P(g) = [Sw(a(s, 8)) du(s).

Theny € MoA(G), and||@llmga < ll@llmoa-

Proof. Let H be a Hilbert space angl, : H — H be bounded continuous functions
such that

o(y ) = (€M@, n(y) Vx,y e H.

As H is second countable, we assume tHais separable, so that we have no problem of
measurability below. Then skt = L2(S, H) and defing and; : G — K by

E(9)(s) = £(a(s, )

and
() (s) = n(a(s, g)).

Then, using for fixe@, & € G, the identity

als, g) = a(s, ha(sh, h"tg) u-ae,

we get:
E(g). ) = /S (E(as. ). n(as, 1) dpu(s)
_ /S oals, ) La(s, 8) du(s)
_ /S oa(sh, h™2g)) du(s)
_ /S o(als, h~ ) du(s)
=p(h~ty),
sinceu is G-invariant. H

Proof of Theorem 2.10As in the proof of Theorem 2.7, we assume thais an algebra
of subsets of. Fix a compact seK C G, anumbelC > A(H) ande > 0. LetA € A
be such thate (S \ A) < ¢/2(C + 1). ThenL = a(A x K) is a compact subset ¢, and
there existg € A(H) such that

lollpmga < C

and
lelL — 1o < &/2.
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Forg € K we get
lp(g) — 1] = ’/S<p(a(s, g)du(s) — 1‘

5/ lp(a(s, g) — 1] du(S)+/ lp(a(s, ) — 1 du(s)
A S\A

<e.

Observe finally thaty € A(G) since, as in the proof of Proposition 2.8, ¢fh) =
(A&, ), thenp(g) = (e (g)§', '), where&'(s) =& andn’(s) = Vs € S. U

COROLLARY 2.12. If G is locally isomorphic taSp(1, n), if H is locally isomorphic to
Sp(1, m), if (S, n) is a G-space with invariant measure and if there is a proper cocycle
o:SxG— H,thenn < m.

(Compare with Theorem 1.1 01 ].)

3. Cocycles and relative property T

As in the previous sectiong; denotes a Icsc group; l€ig be a closed subgroup «f.

Recall from Theorem 1.1 of4] that the following conditions on the paiiG, Go) are

equivalent:

(1) (G, Go) has the relative property T: {fr, H,) is a unitary representation 6f such
that 15 < 7, then’H,; contains a non-zerfl -invariant vector;

(2) for every sequencgp,) of continuous, positive definite functions @n such that
¢n — 1 uniformly on compact sets, one has

l¢nlGo — Lo — O;

(3) every continuous, conditionally negative definite functiorGois bounded orGo.
We will use this result in the next section, as well as the following proposition which
can be compared to Theorem 1.4 4f |

PrROPOSITION3.1. Let G be a Icsc group and leGg and G1 be closed subgroups of.
SetG> = GoN G1, and assume thak, is of finite covolume it7, that G is normal inG
and that the pai(G, Go) has the relative property T. Then so does the péif, G>).

Proof. Let (i, H) be a unitary representation 6f; such that §, < =. Denote byp the
induced representation af. Then k; < p by continuity of inducing, and there exists a
non-zeroGo-invariant vector irf{,. Realizingp as in Chapter 3, pp. 31-32 dfJ], there
exists a non-zero Borel functign: G — H such that:
(1) Vg1 Ga &(ggr) = m(gy DE(R). dg-ae:;
(2) Vgo € Go,§(gog) =&(g),dg-a.e.
By Lemma 2.2.16 0f24], there exists a leftio-invariant conul subset; of G and a Borel
functioné1 : G — 'H such that:
(3) &lS1=&[51andé1(gog) = £1(g) Ygo € Go, Vg € G.
Observe thatS; is also rightGo-invariant: indeed, ify € Go, if s € S1, then
sy = (sys—1)s belongs taS; becauseys— € Go.
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Now we claim that for every € G», one has

n(y)é(g) =41(g) dg-a.e.

Indeed, fixy € G, and set

S(y) =S1NS1y N{g : &gy ™) = n(E(D)),

which is a conul subset @f. If g € S(y), we get

7 (y)é1(g) = w(y)§(g)
=&@gr ™
=£1(gy ™Y sincegy”
=&((gv g He)
=£1(9) sinceg)/*lg*l € Go.

1€S1

Thus, using again Lemma 2.2.16 @], there exists a Borel functiofp : G — H such

that:

(4) &2(g) = m(y)é2(g) Vy € G2,Vg € G and&y = &1 a.e. Asgr # 0, we can find a
g € G such thata(g) # 0, and we sety = &£2(g), which is a non-zerdsz-invariant
vector of H. a

We end the present section with a generalization of Theorem 9.124pb&hd of the
main results of I].

THEOREM3.2. Let(G, Go) be a pair with the relative property T. Assume tidaacts on
(S, ) in such a way that. is G-invariant and thatGg acts ergodically ors. Let H be a
Icsc group with the HAP and let : S x G —> H be a Borel cocycle. Then the restriction
ap of ¢ to S x Gg is equivalent to a cocycle with range in a compact subgroufd of

Proof. Let (7, H) be a representation off satisfying conditions (a) and (b) of
Proposition 2.3. Since is of classCo, the orbitz (H)& is closed inH for everyé;
moreover, if # 0, its stabilizer inH is a compact subgroup &f.

Now, arguing exactly as in the proof of Lemma 9.1.224]] we see thaty is equivalent
to a cocycle with range in a compact subgrouprbfif and only if there is a function
¢ : § —> Hi1, the norm one vectors iK, such that for every € Go,

w(a(s, g)e(sg) = ¢(s) u-a.e.

Next, as in the proof of Theorem 9.1.1 &4, we show that for every > 0 and every
compact seK C G there is a unit vectay € L2(S, u, H) such that

7a(8)§ —&ll <& VgeK.

(We use the fact thatil < .)
Since(G, Go) has the relative property T, it follows that there exists a«g-invariant
functiong as required above. ]
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4. Cocycles with values in finite von Neumann algebras
We begin this section by recalling the definition of the HAP for finite von Neumann
algebras (with separable predual).
Let M be such an algebra and let tr be a fixed faithful, normal, normalized tragg; on
the associated norm is
lxll2 = /tr(x*x) Vx e M.

Completing(M, || - ||2), we obtain the Hilbert space?(M) on whichM acts naturally on
the left and on the right.

If A, B areC*-algebras, a linear map : A — B is completely positivéin short, cp)
if foreveryn > 1, themapd ®i, : A ® M,(C) — B ® M, (C) is positive. Observe that
if @ is acp map orM such thattb® < tr, then it extends to a linear bounded operator on
L2(M), still denoted byd, because

P(x)*P(x) < |P|P(x*x) Vx e M.
The following definition is taken fromi[0] and [3].

Definition 4.1.Let M be as above. We say that it possesses the HAP if there exists a
sequencéd,),>1 of cp, normal, unital maps oW with the following properties:

(1) trod, <trVvn>1,

(2) eachd, extends to a compact operator bA(M);

(3) foreveryx e M, |®,(x) — x|l2 —> 0asn — oo.

Examples 4.2.

(1) LetI be a countable group and IE{T") be the von Neumann algebra generated by
the regular representation bf ThenZL(I") has the HAP if and only if” does [L{].

(2) If M is (finite and) injective, then it has property HAP, and edghcan be taken of
finite rank.

(3) If M hasthe HAP and iV is a von Neumann subalgebraf, then it has the same
property: use the natural normal conditional expectation fiéranto N .

(4) ltis straightforward to check thatM andN have the HAP, then so does their tensor
product von Neumann algebi @ N.

Let (G, Go) and(S, u) be as above, but we do not assume thaiacts ergodically on
S anymore. Let alsad/ be a finite von Neumann algebra with separable predual and gifted
with a faithful, normal, normalized trace tr.

Let us recall Theorem C o2f] (which was stated for property T only, but the extension
to the relative property T is straightforward).

THEOREMA4.3. Let (G, Gp) be a pair with the relative property T, le¥ be a finite
von Neumann algebra with the HAP and let: G — U(M) be a (continuous)
homomorphism. Then the setGo) is relatively compact with respect to the topology
induced by - ||2.

For instance, this proves th8L,(Z) x Z" cannot have a faithful representation with
discrete range into the unitary group of such an algebra.
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Taking into account Theorem 3.2, one could expect that &bove is replaced by a
cocyclex : S x G — U (M), thenx|S x Gg has relatively compact range. Unfortunately,
we do not know if this is true in full generality. Nevertheless, we have the following result
concerning transitive actions.

COROLLARY 4.4. Let G,Gg and G1 be as in Proposition 3.1, wit/g C G1, and set

S = G/G1. Let M be a finite von Neumann algebra with the HAP. Then every Borel
cocyclex : S x G —> U (M) is equivalent to a cocyclg : S x G —> U (M) such that
B(S x Go) is relatively compact.

Proof. By Proposition 4.2.13 ofJ4], « equivalentto a strict cocyclg: Sx G —> U(M)
of the form:B(s, g) = o (v (s)gy (sg) 1), wherey : S — G is a Borel cross-section and
o : G1 —> U(M) is a continuous homomorphism. The(Gy) is relatively compact and
B(S x Go) is contained iny (Go) sincey (s)gy(sg)~ L = y(s)gy(s)~1 € Gg for every
s € § and everyg € Gy, using the fact thaf g is normal and contained iG'. O

In the general case, we have the following.

THEOREMA4.5. Let(G, Go) be a pair with the relative property T, I1€§, 1) be a standard
G-space withG-invariant probability measure and I be as in Corollary 4.4. For every
Borel functioru : S — U (M) and every Borel cocycle : S x G — U (M), set

au(g) = /S u(s)a(s, Qulsg) L du(s),

forg € G.
Then the sefw, (g) : g € Go} is relatively compact il

LEMMA 4.6. Let G, M anda be as above. Leb be a normal cp map o such that
®(1) = 1. Set

Pa(g) = /Stf(cb(a(& 2)a(s,g) N du(s) Vg eG.

Thengge is a unital, continuous, positive definite function@n

Proof. Asa(s,1) = 1 fora.es € S, we get thatpp (1) = 1.

Let us prove thape is a coefficient of a unitary representation H) of G: let Hg be
the correspondence froM to M associated withb (see R1, p. 550]). He is a normal
M-bimodule with a unit vectofe which is cyclic in the following sense: the set of vectors
x&py, With x, y € M is total inH¢. Moreover, the scalar product is determined by

(X160 y1, X280 y2) = tr(P(x5x1)y1y5) Vxi,yi € M.
Now setH = L2(S, u, He) and definer : G —> U (H) by
T(9)E(s) = a(s, Q)E(sg)als, g) ™t VE € H.

Thenx is a Borel homomorphism, and sinéé is separablex is continuous. Define
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£ e Hbyé&(s) = &€ Vs € S. Itis a unit vector and we have

(7(9)k, &) = fs ((T(9)E)(5), £(s)) dpu(s)
= /S (a(s, 9)Epals, &)L, £o) du(s)

_ /S (P (s, g))arls, ) D) dus)

= ¢o(8),
which proves the lemma. |

Proof of Theorem 4.5SetB(s, g) = u(s)a(s, g)u(sg)~L, for (s, g) € S x G, which is
a Borel cocycle. Letd,),>1 be as in Definition 4.1 and set, = ¢, as in Lemma 4.6
above, witha replaced bys.

For fixed(s, g) € S x G, the sequence, (B(s, g))B(s, g)~ 1) tends to 1 ag — oo,
hencep,(g) — 1 for everyg € G. Arguing as in the proof of Proposition 2.2 &f]], we
see thaty, — 1 uniformly on compact subsets 6f. As (G, Go) has the relative property

T, we get
||§0n|GO - 1”00 -0
asn — oo.
In order to prove thafa, (g) : g € Go} is relatively compact, it suffices to check that
for everye > 0, there exisky, ..., x,, € M such that

{eu(g) : g € Go} | B(xj. ),
j=1

whereB(x,e) ={ye M : ||x — y|l2 < &}.
Then fixe > 0 and choose large enough so thdp,|Go — 1] < £2/8.
By compactness ob,,, there exisky, ..., x,, € M such that

m

®,(M1) C | J B(xj. £/2),
j=1

whereM is the unit ball ofM for the operator norm.
Let g € Go be arbitrary; asy,(g) € Mi, there exists 1< j < m such that
®,(ay(g)) € B(xj, e/2). Butone has
2
llotu (8) — @l ()13 < (/S 1B(s, &) — Pu(B(s, g))l2 du(S))

2
— ( /S 11— B (Bls. £)BGs, g)lllzdu(S)>
< /S 11— @, (B(s, £)B(s, &) LI5du(s)

- /S [1— 20 tr(Dp (B(s., £)B(s, £) )

+tr(@n (B(s, £))* Pu(B(s, )N d(s)
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<201 - ou(g)
2|11 - pu(9)l
82/4.

IA

IA

This shows that, (g) € B(x;, ). O

Remark.Retain hypotheses of Theorem 4.5.alfis equivalent to some homomorphism
m: G — U(M)thena|S x Gois equivalent to a cocycle with relatively compact range,
by Robertson’s theorem.

The following example shows the existence of a cocycleS x G —> U (M) which
is not equivalent to a homomorphism: Sgt= SL»(R) x R?, I' = SL»(Z) x Z? and
S = G/T'. SetalsoM = A(SL2(Z))”, which is a finite von Neumann algebra with
property HAP. Now define a homomorphism I' — U (M) by

o(y,v) =A(y), fory e SLa(Z) andv € Z2.

Let alsoc : § —> G be a regular Borel cross-section for the canonical projection
p:G— S,sothaty : S x G — U (M), defined by

as, g) = o(c(s)ge(sg) ™),

is a Borel cocycle. I were equivalent to some homomorphism G — U (M) then by
Proposition 4.2.16 ofZ4], o would extend to a homomorphism fro6 to U (M) which
would be non-trivial, but this is impossible.
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