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Abstract. Let G andH be locally compact groups. Assume thatG acts on a standard
probability space(S, µ), µ being G-invariant. We prove that if there exists a Borel
cocycleα : S × G −→ H which is proper in an appropriate sense, thenG inherits
some approximation properties ofH , for instance amenability or the so-called Haagerup
Approximation Property. On the other hand, ifG0 is a closed subgroup ofG, if the
pair (G,G0) has the relative property (T) of Margulis [19] and if eitherH has Haagerup
Approximation Property, or if it is the unitary group of a finite von Neumann algebra with
a similar property, then we give rigidity results analogous to that in [23] and [1].

1. Introduction
All locally compact groups considered here are assumed to be second countable, and von
Neumann algebras are assumed to have separable predual. LetG be such a group. Assume
thatG acts on a standard probability space(S, µ), the measureµ beingG-invariant. We
are mainly interested here in questions of the following type:

If α is a Borel cocycle fromS ×G to some second countable groupH , under
which conditions onα properties ofH are inherited byG? Conversely, ifG
has some rigidity properties, what does this imply onH or onα?

Concerning the second question, Zimmer proved in Chapter 9 of [24] that if G has
property T, if it acts ergodically onS and ifH is a lcsc amenable group, thenα is equivalent
to a cocycle into a compact subgroup. Adams and Spatzier got analogous results whenG

is discrete and whenH is a subgroup of the automorphism group of a tree (for instance a
free group) or when it is a Coxeter group [1].

The aim of our article is mainly to give simpler and unified proofs of results taken from
[1, 12] and [23].

§2 is devoted to approximation properties: we recall the definition of the Haagerup
Approximation Property (HAP) (also known as a-T-menability), and we prove some
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stability results concerning that property: for instance ifG contains a closed subgroup
H possessing that property, and ifL∞(G/H) has aG-invariant state (for instance, ifH
is normal and ifG/H is amenable or ifH is a lattice) thenG also has the same property.
It turns out that this follows from a more general result concerningproper Borel cocycles
(see §2 for a definition).

THEOREM A. Let α : S × G −→ H be such a cocycle and assume thatH has property
HAP and that the pair(S,G) is an amenable pair in the sense of[18]. ThenG has the
same property.

Notice thatµ need not beG-invariant. In the same section, we also extend Theorem 5.6
of [12] for proper Borel cocycles.

THEOREM B. Let α, S and G be as in Theorem A. Assume furthermore thatµ is G-
invariant. Then the Cowling–Haagerup constants ofG andH satisfy:

3(G) ≤ 3(H).

In §3, we unify and slightly generalize results from [1] and from [23] in proving the
following.

THEOREM C. Suppose thatG0 is a closed subgroup ofG, that the pair(G,G0) has the
relative property T, thatG0 acts ergodically onS and thatH is a lcsc group with the HAP.
Then for every arbitrary Borel cocycleα as above,α|S × G0 is equivalent to a cocycle
with values in a compact subgroup.

Here we do not assume thatα is proper any more. Finally, in §4 we recall the definition
of the HAP for finite von Neumann algebras and we prove a result analogous to Theorem C
for cocycles with values in the unitary groupU(M) of a finite von Neumann algebraM
which has the above approximation property; this slightly extends Theorem C of [21].

THEOREM D. Let α : S × G −→ U(M) be a Borel cocycle, and assume that the pair
(G,G0) has the relative property T and thatM is as above. For every Borel function
u : S −→ U(M), set

αu(g) =
∫

S

u(s)α(s, g)u(sg)−1 dµ(s),

which is the mean value atg of the equivalent cocycle

β(s, g) = u(s)α(s, g)u(sg)−1.

Then the set{αu(g) : g ∈ G0} has compact closure for the topology induced by‖ · ‖2.

In particular, this implies that groups likeSLn(Z) n Zn cannot have a faithful
representation with discrete range in such a groupU(M).

2. Proper Borel cocycles and approximation properties
Let us recall the following definition (see [5] and [3]).
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Definition 2.1.A locally compact, second countable groupH has the HAP if the abelian
C∗-algebraC0(H) of all continuous functions onH tending to 0 at infinity has an
approximate unit made with positive definite functions.

Notice that it is equivalent to the existence of a sequence(ϕn)n≥1 of (continuous)
positive definite functions onH such that:
(1) ϕn(1) = 1, for everyn ≥ 1;
(2) ϕn ∈ C0(H), for everyn ≥ 1;
(3) ϕn→ 1 uniformly on compact subsets ofH .

These groups have played an important role recently: see [2, 5, 15] and Higson
and Kasparov proved that if such a group is discrete, it satisfies the Connes–Kasparov
conjecture (see also [22]). Moreover, they may be characterized in many ways. The
following theorem gathers known conditions equivalent to the HAP.

THEOREM 2.2. LetH be a lcsc group. Then the following properties are equivalent:
(1) H has the HAP;
(2) there is a continuous, conditionally negative definite functionψ : H −→ R+ which

is properin the following sense: for everyM > 0, one can find a compact setK ⊂ H

with ψ(x) > M for everyx 6∈ K [2];
(3) H is a-T-menable [15]: there exists an affine, isometric, continuous actionα of H

on some Hilbert spaceH such that for all bounded subsetsB,C ofH, the set:

{x ∈ H : (α(x)B) ∩ C 6= ∅}
is relatively compact.

The equivalence between (1) and (2) is due to Akemann and Walter [2], and the
equivalence between (2) and (3) is taken from [5] where it is proved for countable groups,
but the extension of the proof of Bekkaet al [5] to the general case is straightforward.

Before showing (old and new) examples of such groups, we prove a fourth condition
equivalent to the HAP that will be used later on; we recall first a definition taken from
[6]: if (π,Hπ ) is a unitary representation ofH , we say thatπ is of classC0 if, for all
ξ, η ∈ Hπ , the coefficient functionh 7→ 〈π(h)ξ, η〉 belongs toC0(H).

PROPOSITION2.3. Let H be a lcsc group; thenH has the HAP if and only if it has a
unitary representation(π,Hπ ) such that:
(a) Hπ is separable and1H ≺ π (i.e. the trivial representation is weakly contained

in π);
(b) π is of classC0.

Proof. The existence of such a representation clearly implies the existence of a sequence
(ϕn)n≥1 satisfying conditions (1)–(3) in Definition 2.1.

Conversely, if such a sequence exists, let(πn,Hn, ξn) be the cyclic representation
associated withϕn. Then eachHn is separable, andπ = ⊕

n≥1 πn is a separable
representation ofH . Then 1H ≺ π sinceϕn → 1 uniformly on compact sets, and every
coefficient ofπ belongs toC0(H) because allϕn do. 2

Examples 2.4.Each group in the families below has the HAP.
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(1) Free groups on finitely many generators: Haagerup proved in [17] that the word
length function| · | on such a group is conditionally negative definite; this motivates

our terminology because then the sequence(e− 1
n
|·|)n≥1 satisfies required properties

of Definition 2.1.
(2) Amenable lcsc groups: indeed, the left regular representation fulfills conditions (a)

and (b) of Proposition 2.3; see also [5] for the case of discrete amenable groups,
where an affine proper action is constructed.

(3) Finitely generated Coxeter groups: the natural word length function is conditionally
negative definite [8].

(4) The rank one Lie groupsSO(1, n) andSU(1, n): this follows from [14]; see also
[13], and the recent nice proof forSO(1, n) in [20].

(5) All groups that act properly and isometrically on some cube complex CAT(0) [9].
(6) Direct products and free products of finitely many groups with the HAP: see [2] and

Proposition 2.5(3) below.
(7) Every closed subgroup of a group with the HAP: this follows trivially from

Proposition 2.3.
We are going to prove the following result which seems to be new; its proof is postponed

after Theorem 2.7 since the proof of statements (1) and (2) is based on it.

PROPOSITION2.5. If a lcsc groupG satisfies one of the conditions below, then it has the
HAP.
(1) G contains a closed subgroupH having the HAP and the homogeneous spaceG/H

is amenable in the sense of Eymard (see below).
(2) G is the middle term of a short exact sequence

1−→ K −→ G −→ H −→ 1,

whereK is compact andH has the HAP.
(3) G = 01 ∗A 02 is an amalgamated product of two countable groups with the HAP

containing a common finite subgroupA.

Remark.For example, ifH has the HAP and ifA is an amenable group acting continuously
onH , then the semidirect product groupAnH has the same property.

Notice also that compactness of the normal subgroupK above cannot be removed:
indeed,SL2(R) has the HAP, and it is a quotient group byR2 of SL2(R)nR2 which does
not have the HAP.

It turns out that the two above conditions are particular cases of a more general situation
that we describe now: letG andH be lcsc groups. Assume thatG acts on a standard
probability space(S, µ) in a measure class preserving way, but we do not assume thatµ is
G-invariant. Letχ(s, g) = dµ(sg)/dµ(s) be the corresponding Radon–Nikodym cocycle.
Let α : S ×G −→ H be a Borel cocycle: for allg, h ∈ G, one has

α(s, gh) = α(s, g)α(sg, h)

for µ-almost everys ∈ S. Recall also that two cocyclesα andβ areequivalentif there
exists a Borel functionϕ : S −→ H such that, for everyg ∈ G,

β(s, g) = ϕ(s)α(s, g)ϕ(sg)−1
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for a.e.s ∈ S (see [24]). Finally, let(π,H) be a unitary representation ofH . One associates
a representationπα of G onL2(S, µ)⊗H by

(πα(g)ξ)(s) = π(α(s, g))ξ(sg)
√

χ(s, g)

for everyξ ∈ L2(S, µ)⊗H = L2(S, µ,H).
For instance, the representationπS : G −→ U(L2(S, µ)) given by

(πS(g)ξ)(s) = ξ(sg)
√

χ(s, g)

and associated with the action ofG on S is the special case corresponding to the trivial
representation ofH .

Moreover, if H is a closed subgroup ofG, if α(s, g) = γ (s)gγ (sg)−1, where
γ : G/H −→ H is a Borel cross-section for the canonical projection, thenπα is equivalent
to the induced representation IndG

H(π).
Thus the representationπα is an induced representation ofπ from H to G throughα.

Definition 2.6.Let α : S × G −→ H be as above. Thenα is a proper Borel cocycleif
there exists a generating familyA of Borel subsets ofS such that:
(1) S is a countable union of elements ofA;
(2) for everyA ∈ A and for every compact subsetK of G, α(A × K) is relatively

compact;
(3) for everyA ∈ A and for every compact subsetL of H , the setK(A,L) of elements

g ∈ G such thatµ({s ∈ A ∩ Ag−1 : α(s, g) ∈ L}) > 0 is relatively compact.

Remarks.
(1) We chose the adjectiveproper because condition (3) above can be interpreted as

follows: for A ∈ A andL ⊂ H compact, set

K ′(A,L) = {g ∈ G : ∃s ∈ A ∩ Ag−1 with α(s, g) ∈ L}
and defineβ : A×G −→ S ×H by

β(s, g) = (sg, α(s, g)).

ThenK ′(A,L) containsK(A,L) andK ′(A,L) = pr2(β
−1(A× L)).

(2) We will see in the proof of Proposition 2.5 how to define proper Borel cocycles in
the presence of a groupG and a closed subgroupH of G.

(3) One also gets examples of Borel cocycles coming from geometry (this is inspired
by [12]). Suppose that0 is a countable group that acts (on the right) on a compact
manifoldX, preserving a connection and aG-structure, whereG is a suitable Lie
group. Denote byP the associated frame bundle. Using a bounded measurable
section of the projectionP −→ X, we get a trivialization ofP ∼= X × G, under
which the corresponding action of0 onX ×G is given by

(x, g)γ = (xγ, gα(x, γ )),

whereα : X × 0 −→ G is a Borel cocycle. Then, if the action of0 onP is proper,
α is a proper cocycle (see p. 232 of [12]). We will return to such a situation in
Theorem 2.10.
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Recall from [18] that (S,G) is anamenable pairif 1G ≺ πS ; this is equivalent to the
existence of aG-invariant state onL∞(S, µ), and whenS is a homogeneous spaceG/H ,
it corresponds to Eymard’s amenability for homogeneous spaces.

THEOREM 2.7. Letα : S ×G −→ H be a proper Borel cocycle and assume that(S,G)

is an amenable pair.
(1) If H is amenable, thenG is also amenable.
(2) If H has the HAP, then so doesG.

We need the following proposition for the proof of statement (1).

PROPOSITION2.8. Let (S, µ) be aG-space and letα : S ×G −→ H be a proper Borel
cocycle. Denote byλ the left regular representation ofH , and byλα the representation
of G corresponding toλ andα. Then every coefficient ofλα is a coefficient of the regular
representationλG of G. In particular,λα is quasi-equivalent to a subrepresentation ofλG.

Before giving the proof of Proposition 2.8, we need to recall definitions of Fourier–
Stieltjes and Fourier algebras of locally compact groups (see for instance [11]): let G be
as above;B(G) denotes the algebra of all coefficients of unitary representations ofG,
andA(G) denotes the subspace (in fact, the closed ideal) consisting of all coefficients of
the regular representation ofG. More precisely,A(G) is the norm closure inB(G) of
the subspaceCc(G) ∩ B(G), whereCc(G) is the space of all continuous and compactly
supported functions onG.

Proof of Proposition 2.8.For ξ, η ∈ H = L2(S)⊗ L2(H) andg ∈ G, set

ϕξ,η(g) = 〈λα(g)ξ, η〉.
It is sufficient to prove thatϕξ,η ∈ A(G) for ξ and η in a total subsetT of H. In
order to choose it, observe that conditions (2) and (3) of Definition 2.6 are still satisfied
by every setA belonging to the algebra generated byA. This implies that the family
T = {χA ⊗ ξ : A ∈ A andξ ∈ Cc(G)} is a total subset ofH. Fix A,B ∈ A and
ξ, η ∈ Cc(G). Then set

ϕ(h) = 〈λ(h)ξ, η〉 ∀h ∈ H,

and

ψ(g) = 〈λα(g)χA ⊗ ξ, χB ⊗ η〉 ∀g ∈ G.

We claim thatψ has compact support; indeed,ϕ has compact support, and one checks
easily that

ψ(g) =
∫

B∩Ag−1
ϕ(α(s, g))

√
χ(s, g) dµ(s) ∀g ∈ G.

If L = supp(ϕ), then it is straightforward to check that

supp(ψ) ⊂ K(A ∪ B,L).

This proves thatψ ∈ Cc(G) ∩ B(G). 2
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Proof of Theorem 2.7.We prove statement (2) first because arguments are needed in the
proof of the first part.

Let (π,H) be a representation ofH such that 1H ≺ π andπ is of classC0. We are
going to prove that the corresponding representationπα of G satisfies these conditions.

(1) πα weakly contains 1G. Since(S,G) is an amenable pair, one has 1G ≺ πS . Thus
we prove thatπS ≺ πα. It suffices to show that ifϕ ∈ L2(S, µ) is a unit vector which is
a simple function with support in a setA ∈ A, then for everyε > 0 and every compact
subsetK ⊂ G, there exists a unit vectorξ ∈ L2(S, µ,H) such that

sup
g∈K
|〈πS(g)ϕ, ϕ〉 − 〈πα(g)ξ, ξ〉| ≤ ε.

SetL = α(A×K), which is a compact subset ofH .

There exists a unit vectorη ∈ H such that

sup
h∈L
|〈π(h)η, η〉 − 1| ≤ ε.

Then setξ = ϕ ⊗ η, which is a unit vector ofL2(S, µ,H). We get forg ∈ K

|〈πS(g)ϕ, ϕ〉 − 〈πα(g)ξ, ξ〉| =
∣∣∣∣ ∫

A

(1− 〈π(α(s, g))η, η〉)ϕ(sg)ϕ(s)
√

χ(s, g) dµ(s)

∣∣∣∣
≤
∫

A

|1− 〈π(α(s, g))η, η〉||ϕ(sg)||ϕ(s)|√χ(s, g) dµ(s)

≤ ε

∫
S

|ϕ(sg)| |ϕ(s)|√χ(s, g) dµ(s)

≤ ε‖πS(g)|ϕ|‖2‖ϕ‖2
= ε.

This proves (1).

(2) The representationπα is of classC0. Indeed, as in the proof of Proposition 2.8, we
assume thatA is an algebra of Borel sets. This implies that the familyT = {χA ⊗ ξ : A ∈
A, ξ ∈ H} is a total subset ofL2(S, µ,H). So let us prove that for fixedA,B ∈ A and
ξ, η ∈ H, the coefficient function

ϕ : g 7→ 〈πα(g)χA ⊗ ξ, χB ⊗ η〉

belongs toC0(G).

If ε > 0 is given, there exists a compact subsetL ⊂ H such that

|〈π(h)ξ, η〉| ≤ ε ∀h 6∈ L.

Let us show that forg 6∈ K = K(A ∪ B,L), one has

|ϕ(g)| ≤ ε.
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Indeed, ifg 6∈ K, thenµ(Xg) = 0, whereXg = {s ∈ B ∩Ag−1 : α(s, g) ∈ L}; thus

|ϕ(g)| =
∣∣∣∣ ∫

S

〈π(α(s, g))ξ, η〉χA(sg)χB(s)
√

χ(s, g) dµ(s)

∣∣∣∣
≤
∫

B∩Ag−1∩Xc
g

|〈π(α(s, g))ξ, η〉|√χ(s, g) dµ(s)

≤ εµ(S)1/2
(∫

S

dµ(sg)

dµ(s)
dµ(s)

)1/2

= ε.

To prove statement (1), observe that ifH is amenable then the regular representationλ of
H has the same properties asπ above. In particular, 1G ≺ λα and by Proposition 2.8,λα

is quasi-equivalent to the regular representation ofG. This proves thatG is amenable. 2

Proof of Proposition 2.5.(1) TakeS = G/H gifted with a quasi-invariant probability
measureµ. Let p : G −→ S be the canonical projectiong 7→ Hg and letγ : S −→ G be
a regular Borel cross-section forp : p(γ (s)) = s ∀s, andγ (S) ∩ p−1(p(K)) is relatively
compact for every compact setK ⊂ G; moreover, for every compact setC ⊂ S, there
exists a compact setC1 ⊂ G such thatC = p(C1).

LetA be the family of all compact subsets ofS. Using regularity ofγ , it is easy to see
thatγ (C) is compact for everyC ∈ A.

Defineα : S ×G −→ H by

α(s, g) = γ (s)gγ (sg)−1.

Let us check thatα satisfies conditions of Definition 2.6: condition (1) is obvious; ifA ∈ A
and ifK ⊂ G is compact, thenα(A×K) ⊂ γ (A)Kγ (AK)−1 which is relatively compact
becauseAK is compact; thus condition (2) is satisfied.

Finally, if A ∈ A and if L ⊂ H is compact, then it is easy to see thatK(A,L) ⊂
γ (A)−1Lγ (A) which is relatively compact.

(2) TakeS = K with its normalized Haar measureµ ; G acts onK by conjugation and
µ is G-invariant. Take forA all Borel subsets ofK and defineα : K ×G −→ H by

α(k, g) = p(g),

wherep : G −→ H is the canonical projection.
Then conditions (1) and (2) of Definition 2.6 are obviously fulfilled. Let nowL be

a compact subset ofH ; sincep is a continuous homomorphism with compact kernel,
it is proper. Henceα−1(L) = K × p−1(L) is compact. This implies condition (3) of
Definition 2.6.

(3) Choose fori = 1, 2 a representing setSi 3 1 for classesgA in the group0i . Recall
that everyg ∈ G admits a unique normal form

g = s1(g) . . . sk(g)a(g),

with a(g) ∈ A, sj (g) ∈ Sij \ {1}, and, ifk ≥ 2, ij 6= ij+1 for 1 ≤ j ≤ k − 1. Then we
claim that fori = 1, 2, we can choose a proper, real-valued, conditionally negative definite
functionψi on0i satisfying:
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(a) ψi |A = 0;
(b) ψi |0i \A ≥ 1.
Indeed, asA is a finite subgroup of0i and as0i has the HAP, using suitable averages on
A, there exists a sequence(ϕi,n)n≥1 ⊂ C0(0i) such that:
(i) ϕi,n|A = 1 ∀ n;
(ii) ϕi,n is positive definite;
(iii) ϕi,n(γ )→ 1 asn→∞ ∀γ ∈ 0i .
Then the proper, conditionally negative definite functionψi constructed by Akemann and
Walter in Theorem 10 of [2] satisfies condition (a) above. If it does not satisfy condition
(b), simply replace it byψi + (1− χA).

Now defineψ : G −→ R+ by

ψ(s1 . . . ska) = ψi1(s1)+ · · · + ψik (sk),

for every normal forms1 . . . ska ∈ G. Thenψ is obviously proper, and for everyt > 0,

exp(−tψ) = exp(−tψ1) ∗ exp(−tψ2)

in the sense of [7]. Hence exp(−tψ) is positive definite for allt > 0, which implies thatψ
is conditionally negative definite. 2

We are going to exhibit another property ofH inherited byG in the presence of a proper
Borel cocycle. To do this, we need a definition taken from [11]. Denote byM0A(G) the
space ofcompletely bounded multipliersof A(G); it admits various definitions, but we
quote the one to be used here: a functionψ onG belongs toM0A(G) if and only if there
exist a Hilbert spaceH and continuous functionsξ, η : G −→ H such that

ψ(y−1x) = 〈ξ(x), η(y)〉 ∀x, y ∈ G.

It is a little tedious, but not difficult, to see thatξ andη above need only be measurable to
ensure thatψ is an element ofM0A(G). Moreover,‖ψ‖M0A = min{‖ξ‖∞, ‖η‖∞}, where
the minimum is taken over all pairs as above.

Definition 2.9.The Cowling–Haagerup constant3(G) is the infimum of all numbers
L ≥ 1 for which there exists a net(ψi)i∈I ⊂ A(G) satisfying: ‖ψi‖M0A ≤ L ∀i and
ψi → 1 uniformly on compact sets. Moreover,G is said to beweakly amenableif
3(G) <∞.

For instance the main theorem of [11] states that ifG = SO(1, n) or SU(1, n) then
3(G) = 1, and ifG = Sp(1, n) then3(G) = 2n− 1.

In Theorem 5.6 of [12], Cowling and Zimmer proved that if0 is a (countable)
discrete group acting on a measure space(X,µ), whereµ is finite and0-invariant, and
if α : X × 0 −→ G is a Borel cocycle satisfying some technical conditions (that imply
properness in our sense), then3(0) ≤ 3(G). An example of such a situation is discussed
in Remark (3) after Definition 2.6.

We present here a more general result with a simpler proof.

THEOREM 2.10. Let G, H be lcsc groups, and let(S, µ) be a standardG-space with a
G-invariant probability measure. If there exists a proper Borel cocycleα : S ×G −→ H

then3(G) ≤ 3(H).

https://doi.org/10.1017/S0143385700000237 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000237


492 P. Jolissaint

This result should also be compared with Examples 4.10 of [3].
The following lemma is inspired by [16].

LEMMA 2.11. With the above assumptions, letϕ ∈ M0A(H). Defineϕ̂ : G −→ C by

ϕ̂(g) =
∫

S

ϕ(α(s, g)) dµ(s).

Thenϕ̂ ∈ M0A(G), and‖ϕ̂‖M0A ≤ ‖ϕ‖M0A.

Proof. Let H be a Hilbert space andξ, η : H −→ H be bounded continuous functions
such that

ϕ(y−1x) = 〈ξ(x), η(y)〉 ∀x, y ∈ H.

As H is second countable, we assume thatH is separable, so that we have no problem of
measurability below. Then setK = L2(S,H) and definêξ andη̂ : G −→ K by

ξ̂ (g)(s) = ξ(α(s, g))

and

η̂(g)(s) = η(α(s, g)).

Then, using for fixedg, h ∈ G, the identity

α(s, g) = α(s, h)α(sh, h−1g) µ-a.e.,

we get:

〈̂ξ(g), η̂(h)〉 =
∫

S

〈ξ(α(s, g)), η(α(s, h))〉 dµ(s)

=
∫

S

ϕ(α(s, h)−1α(s, g)) dµ(s)

=
∫

S

ϕ(α(sh, h−1g)) dµ(s)

=
∫

S

ϕ(α(s, h−1g)) dµ(s)

= ϕ̂(h−1g),

sinceµ is G-invariant. 2

Proof of Theorem 2.10.As in the proof of Theorem 2.7, we assume thatA is an algebra
of subsets ofS. Fix a compact setK ⊂ G, a numberC > 3(H) andε > 0. LetA ∈ A
be such thatµ(S \ A) ≤ ε/2(C + 1). ThenL = α(A×K) is a compact subset ofH , and
there existsϕ ∈ A(H) such that

‖ϕ‖M0A ≤ C

and

‖ϕ|L− 1‖∞ ≤ ε/2.
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Forg ∈ K we get

|ϕ̂(g)− 1| =
∣∣∣∣ ∫

S

ϕ(α(s, g)) dµ(s) − 1

∣∣∣∣
≤
∫

A

|ϕ(α(s, g)) − 1| dµ(s)+
∫

S\A
|ϕ(α(s, g)) − 1| dµ(s)

≤ ε.

Observe finally that̂ϕ ∈ A(G) since, as in the proof of Proposition 2.8, ifϕ(h) =
〈λ(h)ξ, η〉, thenϕ̂(g) = 〈λα(g)ξ ′, η′〉, whereξ ′(s) = ξ andη′(s) = η ∀s ∈ S. 2

COROLLARY 2.12. If G is locally isomorphic toSp(1, n), if H is locally isomorphic to
Sp(1,m), if (S, µ) is a G-space with invariant measure and if there is a proper cocycle
α : S ×G −→ H , thenn ≤ m.

(Compare with Theorem 1.1 of [12].)

3. Cocycles and relative property T
As in the previous sections,G denotes a lcsc group; letG0 be a closed subgroup ofG.
Recall from Theorem 1.1 of [4] that the following conditions on the pair(G,G0) are
equivalent:
(1) (G,G0) has the relative property T: if(π,Hπ) is a unitary representation ofG such

that 1G ≺ π , thenHπ contains a non-zeroH -invariant vector;
(2) for every sequence(ϕn) of continuous, positive definite functions onG such that

ϕn→ 1 uniformly on compact sets, one has

‖ϕn|G0− 1‖∞ → 0;
(3) every continuous, conditionally negative definite function onG is bounded onG0.

We will use this result in the next section, as well as the following proposition which
can be compared to Theorem 1.4 of [4].

PROPOSITION3.1. Let G be a lcsc group and letG0 andG1 be closed subgroups ofG.
SetG2 = G0 ∩G1, and assume thatG1 is of finite covolume inG, thatG0 is normal inG

and that the pair(G,G0) has the relative property T. Then so does the pair(G1,G2).

Proof. Let (π,H) be a unitary representation ofG1 such that 1G1 ≺ π . Denote byρ the
induced representation ofπ . Then 1G ≺ ρ by continuity of inducing, and there exists a
non-zeroG0-invariant vector inHρ . Realizingρ as in Chapter 3, pp. 31–32 of [13], there
exists a non-zero Borel functionξ : G −→ H such that:
(1) ∀g1 ∈ G1, ξ(gg1) = π(g−1

1 )ξ(g), dg-a.e.;
(2) ∀g0 ∈ G0, ξ(g0g) = ξ(g), dg-a.e.
By Lemma 2.2.16 of [24], there exists a leftG0-invariant conul subsetS1 of G and a Borel
functionξ1 : G −→ H such that:
(3) ξ1|S1 = ξ |S1 andξ1(g0g) = ξ1(g) ∀g0 ∈ G0,∀g ∈ G.

Observe thatS1 is also rightG2-invariant: indeed, ifγ ∈ G2, if s ∈ S1, then
sγ = (sγ s−1)s belongs toS1 becausesγ s−1 ∈ G0.
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Now we claim that for everyγ ∈ G2, one has

π(γ )ξ1(g) = ξ1(g) dg-a.e.

Indeed, fixγ ∈ G2 and set

S(γ ) = S1 ∩ S1γ ∩ {g : ξ(gγ−1) = π(γ )ξ(g)},
which is a conul subset ofG. If g ∈ S(γ ), we get

π(γ )ξ1(g) = π(γ )ξ(g)

= ξ(gγ−1)

= ξ1(gγ−1) sincegγ−1 ∈ S1

= ξ1((gγ−1g−1)g)

= ξ1(g) sincegγ−1g−1 ∈ G0.

Thus, using again Lemma 2.2.16 of [24], there exists a Borel functionξ2 : G −→ H such
that:
(4) ξ2(g) = π(γ )ξ2(g) ∀γ ∈ G2,∀g ∈ G andξ2 = ξ1 a.e. Asξ1 6= 0, we can find a

g ∈ G such thatξ2(g) 6= 0, and we setη = ξ2(g), which is a non-zeroG2-invariant
vector ofH. 2

We end the present section with a generalization of Theorem 9.1.1 of [24] and of the
main results of [1].

THEOREM 3.2. Let (G,G0) be a pair with the relative property T. Assume thatG acts on
(S, µ) in such a way thatµ is G-invariant and thatG0 acts ergodically onS. LetH be a
lcsc group with the HAP and letα : S×G −→ H be a Borel cocycle. Then the restriction
α0 of α to S ×G0 is equivalent to a cocycle with range in a compact subgroup ofH .

Proof. Let (π,H) be a representation ofH satisfying conditions (a) and (b) of
Proposition 2.3. Sinceπ is of classC0, the orbitπ(H)ξ is closed inH for every ξ ;
moreover, ifξ 6= 0, its stabilizer inH is a compact subgroup ofH .

Now, arguing exactly as in the proof of Lemma 9.1.2 of [24], we see thatα0 is equivalent
to a cocycle with range in a compact subgroup ofH if and only if there is a function
ϕ : S −→ H1, the norm one vectors inH, such that for everyg ∈ G0,

π(α(s, g))ϕ(sg) = ϕ(s) µ-a.e.

Next, as in the proof of Theorem 9.1.1 of [24], we show that for everyε > 0 and every
compact setK ⊂ G there is a unit vectorξ ∈ L2(S, µ,H) such that

‖πα(g)ξ − ξ‖ ≤ ε ∀g ∈ K.

(We use the fact that 1H ≺ π .)
Since(G,G0) has the relative property T, it follows that there exists aπ ◦ α0-invariant

functionϕ as required above. 2
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4. Cocycles with values in finite von Neumann algebras
We begin this section by recalling the definition of the HAP for finite von Neumann
algebras (with separable predual).

Let M be such an algebra and let tr be a fixed faithful, normal, normalized trace onM;
the associated norm is

‖x‖2 =
√

tr(x∗x) ∀x ∈ M.

Completing(M, ‖ · ‖2), we obtain the Hilbert spaceL2(M) on whichM acts naturally on
the left and on the right.

If A,B areC∗-algebras, a linear map8 : A −→ B is completely positive(in short, cp)
if for everyn ≥ 1, the map8⊗ in : A⊗Mn(C) −→ B⊗Mn(C) is positive. Observe that
if 8 is a cp map onM such that tr◦8 ≤ tr, then it extends to a linear bounded operator on
L2(M), still denoted by8, because

8(x)∗8(x) ≤ ‖8‖8(x∗x) ∀x ∈ M.

The following definition is taken from [10] and [3].

Definition 4.1.Let M be as above. We say that it possesses the HAP if there exists a
sequence(8n)n≥1 of cp, normal, unital maps onM with the following properties:
(1) tr◦8n ≤ tr ∀n ≥ 1;
(2) each8n extends to a compact operator onL2(M);
(3) for everyx ∈ M, ‖8n(x)− x‖2→ 0 asn→∞.

Examples 4.2.
(1) Let0 be a countable group and letL(0) be the von Neumann algebra generated by

the regular representation of0. ThenL(0) has the HAP if and only if0 does [10].
(2) If M is (finite and) injective, then it has property HAP, and each8n can be taken of

finite rank.
(3) If M has the HAP and ifN is a von Neumann subalgebra ofM, then it has the same

property: use the natural normal conditional expectation fromM ontoN .
(4) It is straightforward to check that ifM andN have the HAP, then so does their tensor

product von Neumann algebraM ⊗N .

Let (G,G0) and(S, µ) be as above, but we do not assume thatG0 acts ergodically on
S anymore. Let alsoM be a finite von Neumann algebra with separable predual and gifted
with a faithful, normal, normalized trace tr.

Let us recall Theorem C of [21] (which was stated for property T only, but the extension
to the relative property T is straightforward).

THEOREM 4.3. Let (G,G0) be a pair with the relative property T, letM be a finite
von Neumann algebra with the HAP and letσ : G −→ U(M) be a (continuous)
homomorphism. Then the setσ(G0) is relatively compact with respect to the topology
induced by‖ · ‖2.

For instance, this proves thatSLn(Z) n Zn cannot have a faithful representation with
discrete range into the unitary group of such an algebra.
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Taking into account Theorem 3.2, one could expect that ifσ above is replaced by a
cocycleα : S×G −→ U(M), thenα|S×G0 has relatively compact range. Unfortunately,
we do not know if this is true in full generality. Nevertheless, we have the following result
concerning transitive actions.

COROLLARY 4.4. Let G,G0 and G1 be as in Proposition 3.1, withG0 ⊂ G1, and set
S = G/G1. Let M be a finite von Neumann algebra with the HAP. Then every Borel
cocycleα : S ×G −→ U(M) is equivalent to a cocycleβ : S ×G −→ U(M) such that
β(S ×G0) is relatively compact.

Proof. By Proposition 4.2.13 of [24], α equivalent to a strict cocycleβ : S×G −→ U(M)

of the form:β(s, g) = σ(γ (s)gγ (sg)−1), whereγ : S −→ G is a Borel cross-section and
σ : G1 −→ U(M) is a continuous homomorphism. Thenσ(G0) is relatively compact and
β(S × G0) is contained inσ(G0) sinceγ (s)gγ (sg)−1 = γ (s)gγ (s)−1 ∈ G0 for every
s ∈ S and everyg ∈ G0, using the fact thatG0 is normal and contained inG1. 2

In the general case, we have the following.

THEOREM 4.5. Let(G,G0) be a pair with the relative property T, let(S, µ) be a standard
G-space withG-invariant probability measure and letM be as in Corollary 4.4. For every
Borel functionu : S −→ U(M) and every Borel cocycleα : S ×G −→ U(M), set

αu(g) =
∫

S

u(s)α(s, g)u(sg)−1 dµ(s),

for g ∈ G.

Then the set{αu(g) : g ∈ G0} is relatively compact inM.

LEMMA 4.6. Let G, M andα be as above. Let8 be a normal cp map onM such that
8(1) = 1. Set

ϕ8(g) =
∫

S

tr(8(α(s, g))α(s, g)−1) dµ(s) ∀g ∈ G.

Thenϕ8 is a unital, continuous, positive definite function onG.

Proof. As α(s, 1) = 1 for a.e.s ∈ S, we get thatϕ8(1) = 1.
Let us prove thatϕ8 is a coefficient of a unitary representation(π,H) of G: letH8 be

the correspondence fromM to M associated with8 (see [21, p. 550]).H8 is a normal
M-bimodule with a unit vectorξ8 which is cyclic in the following sense: the set of vectors
xξ8y, with x, y ∈ M is total inH8. Moreover, the scalar product is determined by

〈x1ξ8y1, x2ξ8y2〉 = tr(8(x∗2x1)y1y
∗
2) ∀xi, yi ∈ M.

Now setH = L2(S, µ,H8) and defineπ : G −→ U(H) by

π(g)ξ(s) = α(s, g)ξ(sg)α(s, g)−1 ∀ξ ∈ H.

Thenπ is a Borel homomorphism, and sinceH is separable,π is continuous. Define
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ξ ∈ H by ξ(s) = ξ8 ∀s ∈ S. It is a unit vector and we have

〈 π(g)ξ, ξ〉 =
∫

S

〈(π(g)ξ)(s), ξ(s)〉 dµ(s)

=
∫

S

〈α(s, g)ξ8α(s, g)−1, ξ8〉 dµ(s)

=
∫

S

tr(8(α(s, g))α(s, g)−1) dµ(s)

= ϕ8(g),

which proves the lemma. 2

Proof of Theorem 4.5.Setβ(s, g) = u(s)α(s, g)u(sg)−1, for (s, g) ∈ S × G, which is
a Borel cocycle. Let(8n)n≥1 be as in Definition 4.1 and setϕn = ϕ8n as in Lemma 4.6
above, withα replaced byβ.

For fixed(s, g) ∈ S ×G, the sequence tr(8n(β(s, g))β(s, g)−1) tends to 1 asn→∞,
henceϕn(g)→ 1 for everyg ∈ G. Arguing as in the proof of Proposition 2.2 of [21], we
see thatϕn → 1 uniformly on compact subsets ofG. As (G,G0) has the relative property
T, we get

‖ϕn|G0− 1‖∞ → 0

asn→∞.
In order to prove that{αu(g) : g ∈ G0} is relatively compact, it suffices to check that

for everyε > 0, there existx1, . . . , xm ∈ M such that

{αu(g) : g ∈ G0} ⊂
m⋃

j=1

B(xj , ε),

whereB(x, ε) = {y ∈ M : ‖x − y‖2 ≤ ε}.
Then fixε > 0 and choosen large enough so that‖ϕn|G0− 1‖∞ ≤ ε2/8.
By compactness of8n, there existx1, . . . , xm ∈ M such that

8n(M1) ⊂
m⋃

j=1

B(xj , ε/2),

whereM1 is the unit ball ofM for the operator norm.
Let g ∈ G0 be arbitrary; asαu(g) ∈ M1, there exists 1≤ j ≤ m such that

8n(αu(g)) ∈ B(xj , ε/2). But one has

‖αu(g)−8n(αu(g))‖22 ≤
(∫

S

‖β(s, g) −8n(β(s, g))‖2 dµ(s)

)2

=
(∫

S

‖1−8n(β(s, g))β(s, g)−1‖2 dµ(s)

)2

≤
∫

S

‖1−8n(β(s, g))β(s, g)−1‖22 dµ(s)

=
∫

S

[1− 2< tr(8n(β(s, g))β(s, g)−1)

+ tr(8n(β(s, g))∗8n(β(s, g)))] dµ(s)
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≤ 2<(1− ϕn(g))

≤ 2|1− ϕn(g)|
≤ ε2/4.

This shows thatαu(g) ∈ B(xj , ε). 2

Remark.Retain hypotheses of Theorem 4.5. Ifα is equivalent to some homomorphism
π : G −→ U(M) thenα|S ×G0 is equivalent to a cocycle with relatively compact range,
by Robertson’s theorem.

The following example shows the existence of a cocycleα : S ×G −→ U(M) which
is not equivalent to a homomorphism: SetG = SL2(R) n R2, 0 = SL2(Z) n Z2 and
S = G/0. Set alsoM = λ(SL2(Z))′′, which is a finite von Neumann algebra with
property HAP. Now define a homomorphismσ : 0 −→ U(M) by

σ(γ, v) = λ(γ ), for γ ∈ SL2(Z) andv ∈ Z2.

Let also c : S −→ G be a regular Borel cross-section for the canonical projection
p : G −→ S, so thatα : S ×G −→ U(M), defined by

α(s, g) = σ(c(s)gc(sg)−1),

is a Borel cocycle. Ifα were equivalent to some homomorphismπ : G −→ U(M) then by
Proposition 4.2.16 of [24], σ would extend to a homomorphism fromG to U(M) which
would be non-trivial, but this is impossible.
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