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Abstract. In this paper, we study the numerical solution of singularly perturbed time-
dependent convection-diffusion problems. To solve these problems, the backward Eu-
ler method is first applied to discretize the time derivative on a uniform mesh, and the
classical upwind finite difference scheme is used to approximate the spatial deriva-
tive on an arbitrary nonuniform grid. Then, in order to obtain an adaptive grid for all
temporal levels, we construct a positive monitor function, which is similar to the arc-
length monitor function. Furthermore, the ε-uniform convergence of the fully discrete
scheme is derived for the numerical solution. Finally, some numerical results are given
to support our theoretical results.
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1 Introduction

In this paper, we consider the following singularly perturbed time-dependent convection-
diffusion problem





ut(x,t)+Lx,εu(x,t)= f (x,t), (x,t)∈G=Ω×(0,T]≡ (0,1)×(0,T],

u(x,0)=u0(x), x∈Ω,

u(0,t)=u(1,t)=0, t∈ (0,T],

(1.1)

where

Lx,εu≡−εuxx+a(x)ux+b(x)u,
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0<ε≪1 is a small parameter. It is also assumed that a(x) and b(x) are sufficiently smooth
functions, and there exist constants α and β such that

a(x)≥α>0, b(x)≥β≥0, ∀x∈ [0,1]. (1.2)

Under conditions (1.2) and enough smoothness and compatibility conditions imposed
on the functions u0(x) and f (x,t), the above problem (1.1) has a unique solution which
exhibits a boundary layer at x=1 (see, e.g. [1]).

Due to the presence of boundary layer, the classical finite difference or finite element
methods will not give some satisfactory numerical results on an uniform mesh. Thus,
in order to get a reliable numerical solution for (1.1) by using the classical numerical
methods, an unacceptably large number of mesh points (ε-dependent) are required. Ob-
viously, the amount of computation in this way is too huge. Therefore, many researchers
tried to develop the concept of ε-uniform numerical methods, in which the order of con-
vergence and the error constant are independent of ε.

In the past few decades, many ε-uniform numerical schemes were proposed in the
literature for the singularly perturbed problems(see, e.g. [2]). As far as we know, the
numerical methods for singularly perturbed problems are widely classified into two cat-
egories, namely, the layer-adapted grid approach and the adaptive grid approach. Of
these two approaches, ε-uniform numerical results for the first approach is more satisfac-
tory. For this reason, based on the layer-adapted grid approach, there have been some
numerical results of the singularly perturbed time-dependent convection-diffusion prob-
lems (see, e.g. [3–10]). However, we know that the above layer-adapted grid approach
must require a priori information about the location and width of the boundary layer. Ob-
viously, if a priori information is unavailable about the boundary layer, the layer-adapted
grid approach will become invalid. Thus, the adaptive grid approach is more popular in
solving singularly perturbed problems.

Recently, Gowrisankar and Natesan [11] developed an adaptive grid approach to
solve the above problem (1.1). However, on each time level, they must use an adaptive
grid algorithm to obtain a non-uniform grid. In other words, they obtained a different
spatial mesh on each time level. This drawback motivates to construct a non-uniform
grid which is suitable for all time levels, in which the same order of convergence and
the error estimation can be established. In [12], in order to obtain a mesh for all time
levels, Gowrisankar and Natesan considered equidistribution of u(x,t) at a fixed time T0,
0 < T0 ≤ T, where u(x,t) is the solution of problem (1.1). Then, they used the classical
upwind finite difference scheme on this mesh and obtained a first-order rate of conver-
gence for the numerical method. In a word, the monitor functions presented in [11, 12]
are much more complex. Therefore, it is always desirable to provide an efficient monitor
function and the corresponding mesh generation algorithm in a simplest way.

In this paper, we will study an adaptive grid approach of problem (1.1). Specifically,
we first use the backward Euler method on an uniform mesh to discrete the time deriva-
tive of problem (1.1). On each time level, we obtain a second-order singularly perturbed
ordinary differential equation. Then, we can transform these equations into a system of
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singularly perturbed convection-diffusion equations, which is discreted by using clas-
sical upwind finite difference scheme on an arbitrary mesh. Finally, we will use some
techniques proposed in [13] to obtain an adaptive grid for all time levels and study the
optimal rate of convergence for the full discrete scheme of (1.1). It is noted that unlike the
mesh given in [11, 12] we obtain an adaptive grid for all time levels.

Notation. Throughout this paper we use C, sometimes subscripted, to denote a generic
positive constant that is independent of the perturbation parameter ε and mesh param-
eters N and M. It may take different values in different place. L∞(0,1) and L1(0,1) de-
note the usual Sobolev space with associated norms ‖·‖∞ and ‖·‖1, respectively. For
two real-value functions v(x) and V(x), the norm ‖v‖−1,∞ = minV:V′=v‖V(x)‖∞ will
be used. For any vector-value function g = (g1,··· ,gm)T, gi ∈ L∞(0,1) for all i, we set
‖g‖∞ =max{‖g1‖∞,··· ,‖gm‖∞}, ‖g‖−1,∞ =max{‖g1‖−1,∞,··· ,‖gm‖−1,∞}.

2 The time semidiscretization

First, we divide the time domain [0,T] into M sub-intervals and obtain the equidistant
mesh with uniform time step ∆t such that

SM
t ={tn =n∆t, n=0,··· ,M, ∆t=T/M}.

Then, by using the backward Euler method to discretize the time derivative of problem
(1.1), we can obtain the following semi-discrete scheme





u0(x)=u(x,0)=u0(x), x∈Ω,

un+1(x)+∆tLx,εu
n+1(x)=un(x)+∆t f (x,tn+1),

un+1(0)=un+1(1)=0,

(2.1)

where un(x) is the semi-discrete approximation solution of u(x,t) at time level tn =n∆t.
Next, to analyze the uniform convergence of the solution of (2.1) to the analytic solu-

tion of (1.1), we introduce the following maximum principle result [11]

‖(I+∆tLx,ε)
−1‖∞ ≤

1

1+β∆t
, (2.2)

which ensures the stability of the scheme (2.1).
Let en+1=u(x,tn+1)−un+1(x) be the local error of the time semi-discrete scheme (2.1),

it follows from [3] that one can deduce the following consistency results.

Lemma 2.1. Assume that
∣∣∣∣

∂i

∂ti
u(x,t)

∣∣∣∣≤C, (x,t)∈ [0,1]×[0,T], 0≤ i≤2.

Then, we have

‖en+1‖∞ ≤C(∆t)2. (2.3)
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Finally, from the above Lemma 2.1 and the stability result (2.2), we have the following
convergence result.

Theorem 2.1 ([11] Theorem 3.2). Under the hypothesis of Lemma 2.1, we obtain

sup
n≤T/∆t

‖u(x,tn)−un(x)‖∞ ≤C∆t. (2.4)

Therefore, the semi-discrete scheme (2.1) is uniformly convergent of first-order in
time.

3 The spatial discretization and adaptive spatial grids

3.1 Preliminary results

Here, we first rewrite scheme (2.1) as follows




−εun+1
xx (x)+a(x)un+1

x (x)+b(x)un+1(x)= gn(x)+ f (x,tn+1), x∈Ω,

un+1(0)=un+1(1)=0,

u0(x)=u(x,0)=u0(x), x∈Ω,

(3.1)

where gn(x)=− un+1(x)−un(x)
∆t .

Obviously, from the hypothesis condition of Lemma 2.1, and by using the Taylor se-
ries expansion, we have

|gn(x)|≤C, x∈ [0,1]. (3.2)

Furthermore, the first equation of (3.1) can be written into the following system of
equations 




−εu1
xx(x)+a(x)u1

x(x)+b(x)u1(x)= g0(x)+ f (x,t1),

−εu2
xx(x)+a(x)u2

x(x)+b(x)u2(x)= g1(x)+ f (x,t2),

...
...

...

−εuM
xx(x)+a(x)uM

x (x)+b(x)uM(x)= gM−1(x)+ f (x,tM).

(3.3)

Denote uj(x) = wj(x)(j = 1,··· ,M), w(x) = (w1(x),··· ,wM(x))T and F(x) = (g0(x)+

f (x,t1),··· ,g
M−1(x)+ f (x,tM))T, combining the above equations (3.3) with initial bound-

ary value conditions, we can obtain the following systems of coupled convection-diffusion
problems

{
Lw(x) :=−εwxx(x)−A(x)wx(x)+B(x)w(x)=F(x), x∈ (0,1),

w(0)=w(1)=0,
(3.4)

where A(x)=diag(−a(x)) and B(x)=diag(b(x)) are M×M diagonal matrixes, respec-
tively.
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Remark 3.1. Since A(x) is a diagonal matrix, the above problem (3.4) is called a weakly
coupled convection-diffusion problem. Let Aii(x) and Bii(x) be the ith diagonal elements
of A(x) and B(x), respectively. Then it follows from (1.2) that

max
x∈[0,1]

Aii(x)=−α<0, Bii(x)>0. (3.5)

Next, the following theorem will give the stability analysis for the continuous prob-
lem (3.4).

Theorem 3.1. Suppose w solves (3.4). Assume the functions Aii(x), Bii(x) satisfy (3.5). Then

‖w(x)‖∞ ≤C‖F(x)‖−1,∞, (3.6)

where C is a constant, independent of ε and ∆t.

Proof. The proof is similar to Theorem 1 in [14].

Corollary 3.1. Given s∈L2(0,1), v(x), ṽ(x)∈H1(0,1) such that v(0)= ṽ(1) and

Lv(x)−Lṽ(x)= s(x).

If S′(x)=−s(x), where S(x) is a bound piecewise continuous function vector. Then

‖v(x)−ṽ(x)‖∞ ≤C‖Lv(x)−Lṽ(x)‖−1,∞.

Remark 3.2. There have been some results for layer-adapted approach to the solution
of system of convection-diffusion problems (see, e.g. [15–17]). In [13], Liu and Chen
developed a robust adaptive grid method to solve a system of two singularly perturbed
convection-diffusion equations with weak coupling. Next, we will use some techniques
developed in [13] to construct the numerical method of problem (3.4).

3.2 Finite difference scheme

In this subsection, we discretize (3.4) by means of a first-order upwind scheme on the
following non-uniform spatial mesh

ΩN ={0= x0 < x1< ···< xN =1}

with the spatial step size hi :=xi−xi−1(i=1,··· ,N). Before constructing the upwind finite
difference scheme of (3.4), for a mesh function {vi}

N
i=0, define the difference operators as

follows

D−vi =
vi−vi−1

hi
, Dvi =

vi+1−vi

h̄i
,

where h̄i=(hi+hi+1)/2.
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Then, on ΩN , the simple upwind finite difference spatial discretization of (3.4) takes
the form {

−εDD−Wi−AiD
−Wi+BiWi =Fi,

W0=WN =0,
(3.7)

where Wi=(W1,i,··· ,WM,i)
T is the numerical solution of exact solution w(xi), Ai=A(xi),

Bi=B(xi) and Fi=F(xi).

First, in order to give the stability property of the discretization (3.7), we define the
discrete norms as follows

‖v‖
∞,Ω

N
x

:= max
i=0,···,N

|vi|, ‖v‖
1,Ω

N
x

:=
N−1

∑
i=0

hi+1|vi|, ‖v‖
−1,∞,Ω

N
x

:= min
V:Vx=v

‖V‖
∞,Ω

N
x

.

For vector-valued function v set

‖v‖
∞,Ω

N
x

:= max
j=1,···,M

‖vj‖∞,Ω
N
x

, ‖v‖
1,Ω

N
x

:= max
j=1,···,M

‖vj‖1,Ω
N
x

,

‖v‖
−1,∞,Ω

N
x

:= max
j=1,···,M

‖v‖
−1,∞,Ω

N
x

.

Then, the discrete maximum principle implies the following stability property of the dis-
cretization (3.7).

Lemma 3.1. Let Wi=(W1,i,··· ,WM,i)
T be the solution of discretization (3.7), i=1,··· ,N. Then

we have

‖W‖
∞,Ω

N
x
≤C. (3.8)

Proof. For each j(1≤ j≤M), it follows from (3.7) that

−εDD−Wj,i−(−a(xi))D−Wj,i+b(xi)Wj,i = gj−1(xi)+ f (xi,tj). (3.9)

Furthermore, the discrete maximum principle implies the following standard stability
result

‖Wj‖
∞,Ω

N
x
≤C‖gj−1+fj‖

∞,Ω
N
x

≤C‖gj−1‖
∞,Ω

N
x
+‖fj‖

∞,Ω
N
x

, (3.10)

where gj−1=(gj−1(x1),··· ,g
j−1(xN))

T, fj =( f (x1,tj),··· , f (xN ,tj))
T.

Using the notion of vector, the desired estimate (3.8) follows from (3.2), (3.10) and the
continuity condition of function f (x,t).
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3.3 Mesh generation algorithm

A commonly used method to construct such a grid is the use of a positive monitor func-
tion M(x) and the equidistribution principle. The grid ΩN={xj|0=x0<x1< ···<xN=1}
is chosen such that

∫ xi

xi−1

M(s)ds=
1

N

∫ 1

0
M(s)ds, i=1,··· ,N. (3.11)

So far, for a single singularly perturbed problem, the monitor function resulting a first

order uniform convergence is the arc-length function M(x)=
√

1+[u′(x)]2 or its discrete

analogue [18–23], where u(x) is the exact solution of the singularly perturbed problem.
Recently, Liu and Chen [13] developed an adaptive grid approach to solve a system

of two singularly perturbed convection-diffusion equations. Here, in this paper, similar
to [13], we construct the following monitor function

M̃(x)=
√

1+ max
x∈[0,1]

{
[W̃ ′

1(x)]2,··· ,[W̃ ′
M(x)]2

}
, (3.12)

where W̃j(x) is the piecewise linear interpolant function passing through knots (xi,Wj,i),
j=1,··· ,M, i=1,··· ,N. Then, we can obtain a mesh which satisfies the following equation

∫ xi

xi−1

M̃(s)ds=
1

N

∫ 1

0
M̃(s)ds. (3.13)

In order to solve above equation (3.13), we construct the following iteration algorithm:

Step 1. Take k=0. Take the uniform mesh
{

x
(0)
i = i/N

}N

i=0
as the initial mesh for the

iteration. Choose a constant C0>1 that controls when the algorithm has to be terminated.

Step 2. Compute the numerical solution
{

W
(k)
j,i

}
satisfying (3.1) on

{
x
(k)
i

}
. Set h

(k)
i =

x
(k)
i −x

(k)
i−1 for each i. Let

l
(k)
i =h

(k)
i

√
1+ max

1≤j≤M

[(
D−W

(k)
j,i

)2
]
=

√(
h
(k)
i

)2
+ max

1≤j≤M

[(
W

(k)
j,i −W

(k)
j,i−1

)2
]

be the max arc-length between the points
(

x
(k)
i−1,W

(k)
j,i−1

)
and

(
x
(k)
i ,W

(k)
j,i

)
, where j=1,··· ,M.

Then the total max arc-length can be written as

L(k)=
N

∑
i=1

l
(k)
i =

N

∑
i=1

h
(k)
i

√
1+ max

1≤j≤M

[(
D−W

(k)
j,i

)2
]

=
N

∑
i=1

√(
h
(k)
i

)2
+ max

1≤j≤M

[(
W

(k)
j,i −W

(k)
j,i−1

)2
]

.
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Step 3. If the stopping criterion

max
1≤i≤N

{
l
(k)
i

}

L(k)
≤

C0

N
(3.14)

holds true, then go to Step 5. Otherwise, continue to Step 4.

Step 4. Generate the new mesh by equidistributing arc-length of current computed

solution: Choose points
{

x
(k+1)
0 < x

(k+1)
1 < ···< x

(k+1)
N

}
such that

∫ x
(k+1)
i

x
(k+1)
i−1

√√√√1+ max
x∈[0,1]

{[(
W̃k

1 (x)
)′]2

,··· ,

[(
W̃k

M(x)
)′]2

}
= L(k)/N,

where i=1,2,··· ,N.

Step 5. Set k= k+1, return to Step 2.

Step 6. Take
{

x
(k)
i

}
as the final mesh and calculate the corresponding solution

{
W

(k)
j,i

}
,

then stop.

4 Error estimate

4.1 First-order a posteriori error estimate

In this section, we first give the following result which is a direct extension of Corollary
3.1.

Corollary 4.1. Let w(x) be the solution of (3.4), W̃(x) =
(
W̃ ′

1(x),··· ,W̃ ′
M(x)

)T
be piecewise

linear interpolant function vector. Then we have

‖w(x)−W̃(x)‖∞ ≤C‖Lw(x)−LW̃(x)‖
−1,∞,Ω

N
x

. (4.1)

Next, based on Lemma 3.1 and Corollary 4.1, we can give the maximum norm a pos-
teriori error estimate for the numerical scheme (3.7).

Theorem 4.1. Let w(x) be the solution of (3.4), Wi be the solution of (3.7) on an arbitrary

nonuniform mesh ΩN and W̃(x) be piecewise linear interpolant function vector to the solution
W of (3.7). Then we have

‖W̃(x)−w(x)‖∞ ≤C

{
max

1≤i≤N
hi

[
max

1≤j≤M

∣∣D−Wj,i

∣∣
]
+ max

1≤i≤N
hi

}
. (4.2)

Proof. The proof is similar to Theorem 3.1 in [13].
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4.2 Accuracy of the fully discretised solution

Next, we consider the adaptive mesh generated by (3.13). We recall that

li =hi

√
1+ max

1≤j≤M

[(
D−Wj,i

)2
]
=

√
(hi)

2+ max
1≤j≤M

[(
Wj,i−Wj,i−1

)2
]

(4.3)

is the max arc-length between the points
(
xi−1,Wj,i−1

)
and

(
xi,Wj,i

)
, where j = 1,··· ,M.

Then the total max arc-length LN can be written as

LN =
N

∑
i=1

li=
N

∑
i=1

hi

√
1+ max

1≤j≤M

[(
D−Wj,i

)2
]
. (4.4)

It is obvious that

LN ≥
N

∑
i=1

hi =1.

From (3.7), we have

−εDD−Wj,i+aiD
−Wj,i+biWj,i = gj−1(xi)+ f (xi,tj), (4.5)

Wj,0 =Wj,N =0, (4.6)

where i=1,··· ,N, j=1,··· ,M.

Let G
j
k,i=Gj(xk,ξi) be the discrete Green’s function, where xk,ξ j ∈Ω

N
x . Then we have

Wj,k =
N−1

∑
i=1

h̄iG
j
k,i

[
gj−1(xi)+ f (xi,tj)

]
. (4.7)

Similar to [20], we can obtain the following properties for the discrete Green’s function.

0≤G
j
k,i≤

2

α
for 1≤ k,i≤N−1, (4.8)

N

∑
k=1

∣∣∣Gj
k,i−G

j
k,i−1

∣∣∣≤ 4

α
, (4.9)

where j=1,··· ,M.
With the above preparations, we are now ready to upper-bound the arc-length LN .

Lemma 4.1. Let {Wj,k}
N
k=0 (j= 1,··· ,M) be the solution computed by our scheme (3.7) on an

adaptive mesh {xk}
N
k=0 produced by (3.13). Then

N

∑
k=1

|Wj,k−Wj,k−1|≤C, j=1,··· ,M, (4.10)

where C is a constant, independent of the parameters ε.
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Proof. From (4.7), we have

Wj,k =
N−1

∑
i=1

h̄iG
j
k,i

[
gj−1(xi)+ f (xi,tj)

]
, (4.11)

Wj,k−1 =
N−1

∑
i=1

h̄iG
j
k−1,i

[
gj−1(xi)+ f (xi,tj)

]
. (4.12)

Furthermore, we obtain

N

∑
k=1

|Wj,k−Wj,k−1|=
N−1

∑
i=1

h̄i

∣∣∣Gj
k,i−G

j
k−1,i

∣∣∣
∣∣∣gj−1(xi)+ f (xi,tj)

∣∣∣

≤
N−1

∑
i=1

h̄i

∣∣∣Gj
k,i−G

j
k−1,i

∣∣∣
(∣∣∣gj−1(xi)

∣∣∣+
∣∣ f (xi,tj)

∣∣
)

. (4.13)

The desired estimate (4.10) follows from (3.2), (4.9) and the condition of f (x,t).

Based on Lemma 4.1, we can get the upper-bound of LN .

Lemma 4.2. The total max arc-length LN, defined by (4.4), satisfies the following estimate:

LN ≤C. (4.14)

Proof. Since

LN =
N

∑
i=1

hi

√
1+ max

1≤j≤M

[(
D−Wj,i

)2
]
≤

N

∑
i=1

hi

(
1+ max

1≤j≤M

∣∣D−Wj,i

∣∣
)

=1+ max
1≤j≤M

N

∑
i=1

∣∣Wj,i−Wj,i−1

∣∣.
(4.15)

The desired estimate (4.14) follows from Lemma 4.1.

Corollary 4.2. Let {xi}
N
i=0 be any mesh generated by the algorithm. Then we have

hi ≤CN−1. (4.16)

Proof. The proof can be seen in [20] (Corollary 4.1).

Finally, we establish the optimal first-order convergence of the upwind scheme (3.7)
uniformly in the perturbation parameter ε.

Theorem 4.2. Let w(x) be the solution of (3.4), Wi be the solution of (3.7) on a mesh {xi}
N
i=0

that satisfies (3.13) and W̃(x) be piecewise linear interpolant function vector. Then we have

max
1≤j≤M

max
0≤i≤N

|wj(xi)−Wj,i|≤CN−1, (4.17)

where C is a constant independent of ε, N and M.
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Proof. Using Theorem 4.1, Corollary 4.2 and Lemma 4.2 gives for 1≤ i≤N,

max
1≤j≤M

max
0≤i≤N

|wj(xi)−Wj,i|≤‖W̃(x)−w(x)‖∞

≤C

[
max

1≤i≤N
hi max

1≤j≤M

∣∣D−Wj,i

∣∣+ max
1≤i≤N

hi

]

≤C max
1≤i≤N

hi

√
1+ max

1≤j≤M

{(
D−Wj,i

)2
}
+C max

1≤i≤N
hi

≤C max
1≤i≤N

lN
i +C max

1≤i≤N
hi

=C
LN

N
+C max

1≤i≤N
hi

≤CN−1. (4.18)

This completes the proof of this theorem.

Corollary 4.3. If we take N−q ≤C∆t with 0<q<1, then from (4.17), we have

max
1≤j≤M

max
0≤i≤N

|wj(xi)−Wj,i|≤C∆tN−1+q. (4.19)

Finally, we establish the ε-uniform convergence of the fully discrete scheme (3.7) on
the adaptive grid obtained through monitor function given in (3.12).

Theorem 4.3. Let u(xi,tj) be the exact solution of problem (1.1) and Wj,i be the discrete solution
of the fully discrete scheme (3.7) at time level tj = j∆t. Assume that N−q ≤C∆t with 0< q<1.
Then, the error associated with the fully discrete scheme (3.7) satisfies

max
1≤j≤M

max
0≤i≤N

|u(xi,tj)−Wj,i|≤C(∆t+N−1+q). (4.20)

Proof. The proof is similar to Theorem 4.7 in [11].

5 Numerical experiments and discussion

In this section, we shall present the numerical results obtained by the proposed adaptive
grid method to confirm the theoretical results. It is well known that the constant C0 in
the above mesh generation algorithm gives an intimation of how close we are from the
equidistribution of the monitor function. Here, we take C0 = 1.2 in all our numerical
results. Moreover, in all the tables, we begin with N=32 and the time step ∆t=0.1, and
we multiply N by two and divide ∆t by two.

Consider the following time-dependent convection-diffusion problem:




ut(x,t)−εuxx(x,t)+(1+x(1−x))ux(x,t)= f (x,t), (x,t)∈ (0,1)×(0,1],

u(x,0)=u0(x), 0< x<1,

u(0,t)=u(1,t)=0, t∈ [0,1].

(5.1)
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We choose the initial data u0(x) and the source term f (x,t) to fit with the analytical solu-
tion

u(x,t)=exp(−t)(exp(−1/ε)+(1−exp(−1/ε))x−exp(−(1−x)/ε)) .

Since the exact solution of this problem is known, we use the following formula (5.2) to
calculate the maximum point-wise error

EN,∆t
ε = max

0≤i≤N
max

0≤n≤M
|u(xi,tn)−Un

i |, (5.2)

where u(xi,tn) and Un
i respectively, represent the exact and the numerical solution ob-

tained on the mesh with N intervals in the spatial direction and M mesh intervals in the
time direction, and ∆t= T

M is the uniform time step. The corresponding rate of conver-
gence is given by

rN,∆t
ε = log2

(
EN,∆t

ε

E2N,∆t/2
ε

)
. (5.3)

Firstly, based on the above definitions, the maximum point-wise errors and the corre-
sponding order of convergence are given in Tables 1-2, respectively. It can be seen from
these results that the numerical method presented in this paper converges uniformly in

Table 1: Maximum error calculated by using the presented method.

ε Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80 512/ 1
160

10−2

6.8921e-04 3.7085e-04 1.9290e-04 9.8440e-05 4.9739e-05

10−4

7.1532e-02 4.5000e-02 2.6393e-02 1.4579e-02 7.1423e-03

10−6

9.3382e-02 5.5430e-02 3.9185e-02 2.1997e-02 1.1787e-02

10−8

9.7044e-02 6.0392e-02 3.8509e-02 1.8888e-02 1.1989e-02

9.7889e-02 5.9632e-02 3.9439e-02 2.0684e-02 1.2039e-02

Table 2: Rate of convergence calculated by using the presented method.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80

10−2

0.8941 0.9430 0.9705 0.9849

10−4

0.6687 0.7698 0.8563 1.0294

10−6

0.7525 0.5004 0.8330 0.9001

10−8

0.6843 0.6492 1.0280 0.6558

0.7150 0.5965 0.9311 0.7808
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Table 3: The number of iterations by using the presented method.

ε Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80 512/ 1
160

10−2

1 1 1 1 1

10−4

3 3 3 3 2

10−6

5 8 4 6 6

10−8

11 10 6 4 11

21 14 18 8 12

Table 4: Maximum error calculated by using the Shishkin mesh.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80 512/ 1
160

10−2

6.8921e-04 3.7085e-04 1.9290e-04 9.8440e-05 4.9737e-05

10−4

5.5988e-02 3.8931e-02 2.4826e-02 1.4919e-02 8.6489e-03

10−6

6.4187e-02 4.3984e-02 2.7665e-02 1.6409e-02 9.4977e-03

10−8

6.4292e-02 4.4129e-02 2.7833e-02 1.6608e-02 9.5732e-03

6.4293e-02 4.4130e-02 2.7834e-02 1.6610e-02 9.5755e-03

Table 5: Rate of convergence calculated by using the Shishkin mesh.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80

10−2

0.8941 0.9430 0.9705 0.9849

10−4

0.5242 0.6491 0.7346 0.7866

10−6

0.5453 0.6689 0.7536 0.7889

10−8

0.5429 0.6649 0.7449 0.7948

0.5429 0.6649 0.7448 0.7947

the maximum point-wise errors with first-order accuracy. For each ε, N and M, Table 3
also lists the number of iterations K required by the above mesh generation algorithm.
We can see that the number of iterations are very small, even for ε≪1.

In addition, in order to illustrate the advantages of our new method, we also calculate
some numerical results for the well-known layer-adapted meshes, Shishkin mesh and
Bakhvalov mesh, which are listed in Tables 4-7. It is noted that these results come from
[11]. More information about the Shishkin mesh and the Bakhvalov mesh can be found
in [1, 2]. From the results of Tables 1-6, we get a conclusion that the maximum point-
wise errors and the corresponding rate of convergence calculated on our adaptive grid
are almost the same to that calculated on Bakhvalov mesh, but the rate of convergence of
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Table 6: Maximum error calculated by using the Bakhvalov mesh.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80 512/ 1
160

10−2

6.8921e-04 3.7085e-04 1.9290e-04 9.8440e-05 4.9739e-05

10−4

3.6778e-02 2.2324e-02 1.2953e-02 7.2482e-03 3.9080e-03

10−6

6.6889e-02 3.7859e-02 2.0136e-02 1.0334e-02 5.2851e-03

10−8

7.3993e-02 4.2358e-02 2.2715e-02 1.1750e-02 5.9784e-03

7.6146e-02 4.3468e-02 2.3305e-02 1.2073e-02 6.1429e-03

Table 7: Rate of convergence calculated by using the Bakhvalov mesh.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80

10−2

0.8941 0.9430 0.9705 0.9849

10−4

0.7203 0.7853 0.8376 0.8912

10−6

0.8211 0.9108 0.9624 0.9674

10−8

0.8048 0.8990 0.9509 0.9749

0.8088 0.8993 0.9489 0.9748

the numerical solution calculated on our adaptive grid is higher than that calculated on
Shishkin mesh.

Further, we calculate the normalized flux by

Fεu(x,t)= ε
∂u(x,t)

∂x
, (5.4)

and we use the following formula to represent its numerical approximation

FN
ε Un

i = εD−Un
i . (5.5)

The errors in the normalized flux can be given as

DN,∆t
ε = max

0≤i≤N
max

0≤n≤M
|Fεu(xi,tn)−FN

ε Un
i | (5.6)

and the corresponding order of convergence is determined from

qN,∆t
ε = log2

(
DN,∆t

ε

D2N,∆t/2
ε

)
. (5.7)

Similarly, the maximum point-wise errors of the normalized flux and its order of conver-
gence are listed in Tables 8-9. Again, we can see the ε-uniform first-order convergence of
the maximum point-wise errors of the normalized flux.
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Table 8: Maximum point-wise error of the normalized flux.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80 512/ 1
160

10−2

1.7039e-02 8.8121e-03 4.4877e-03 2.2670e-03 1.1392e-03

10−4

1.4029e-01 8.4302e-02 4.7918e-02 2.5968e-02 1.3154e-02

10−6

1.7140e-01 1.0052e-01 6.4661e-02 3.5685e-02 1.8861e-02

10−8

1.7690e-01 1.0693e-01 6.3921e-02 3.2955e-02 1.9098e-02

1.7709e-01 1.0598e-01 6.5570e-02 3.4214e-02 1.9154e-02

Table 9: Rate of convergence of the normalized flux.

ε

Number of intervals N/time size ∆t

100

32/ 1
10 64/ 1

20 128/ 1
40 256/ 1

80

10−2

0.9512 0.9735 0.9852 0.9927

10−4

0.7348 0.8150 0.8838 0.9812

10−6

0.7699 0.6377 0.8576 0.9199

10−8

0.7263 0.7423 0.9558 0.7871

0.7407 0.6927 0.9384 0.8369

The comparison of numerical solution and exact solution are plotted in Fig. 1 for
N = 64, ∆t = 1/64 and ε= 10−10. Fig. 2 also lists the comparison of numerical solution
and exact solution at different time levels. It is shown from Figs. 1-2 that the numerical
solution can approximate the exact solution very well. In addition, to make the reader
understanding of the meshes computed by the above algorithm when solving problem
(5.1), Fig. 3 shows the mesh movement after each iteration. It is worth noting that Fig. 3
should be read from bottom to top. The left of this figure is labeled with the value of C0

for which the stopping criterion (3.14) becomes an equation. It can be seen from Fig. 3 that
taking any smaller value of C0 will increase the number of iterations. As a complement

of our theoretical results, the loglog plots of maximum point-wise error of solution EN,∆t
ε

and the normalized flux DN,∆t
ε are given in Figs. 4-5, respectively, which demonstrate the

fact of first-order uniform convergence of the presented adaptive grid method.

In summary, our numerical results confirm our theoretical results.

6 Conclusion

In this paper, we have discussed an adaptive grid approach for the singularly perturbed
time-dependent convection-diffusion problem (1.1). We first apply the backward-Euler
scheme to discretize the problem (1.1) with respect to time derivative and the upwind
finite difference scheme on an non-uniform mesh to approximate the spatial derivative.
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Figure 1: The comparison of numerical solution and exact solution for N=64, ∆t=1/64 and ε=10−10.
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Figure 2: The comparison of numerical solution and exact solution at different time levels for N=64, ∆t=1/64
and ε=10−10.

Then, in order to obtain an adaptive spatial grid at every time level, we construct a pos-
itive monitor function given in (3.12), and design a mesh generation algorithm. Similar
to [13], an a posteriori error estimate for the proposed numerical scheme is obtained. We
also establish that the presented adaptive grid approach is of first-order rate of conver-
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gence in both the spatial and temporal variables. Finally, some numerical results are con-
ducted to support the theoretical results and also, to demonstrate the effectiveness of the
adaptive spatial grid obtained by the above mesh generation algorithm. It is also shown
from the numerical results that the proposed numerical method has a better numerical
accuracy compared to the layer adaptive grid method. We point out that the adaptive
grid method used in this work can be extended to other type of singularly perturbed
time-dependent problems.

In addition, we think that the mesh generation algorithm proposed in this paper can
also extend to higher dimensional singularly perturbed problems. Taking two dimen-
sional singularly perturbed convection-diffusion problems as an example, we first may
obtain an uniform mesh for the x direction, then use the mesh generation algorithm pre-
sented in this paper to produce the non-uniform mesh in y direction. At last, we use
the similar technique to obtain the non-uniform mesh in x direction. Thus, in the future
work, we will consider the adaptive grid approach for the higher dimensional singularly
perturbed problems.
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