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ABSTRACT 

Most topology optimization methods seek optimal topologies that satisfy a minimum compliance with 
a pre-specified volume constraint in the design domain.  However, practical designs often include vari-
ous functional constraints and the optimal solid volume ratios are unknown a priori, which implies a gap 
between topology optimization methods and practical designs in industries.  This paper studies the per-
formance-based topology optimization (PTO) problem that searches for the optimal topology with mini-
mum compliance to satisfy the pre-specified functional constraints without a pre-specified volume con-
straint.  A novel element-based evolutionary switching method (ESM), which can automatically adjust 
solid volume ratio and material distribution, is developed and implemented using the commercial finite 
element software ABAQUS.  The effects of displacement constraints on the optimal topologies are in-
vestigated, and the differences between PTO problems and the topology optimization problem which has 
a volume constraint are discussed.  Numerical examples demonstrate that the optimal topologies are 
mainly determined by the load pattern and locally changed with respect to the location of the active dis-
placement constraints.  In addition, the displacement constraints to a large extent control the solid vol-
ume ratio of optimal topologies according to the allowable displacements in PTO problems.  Finally, the 
proposed ESM could provide conservative solutions to the topology optimization with multiple displace-
ment constraints problems. 

Keywords: Performance-based topology optimization, Functional constraints, Without volume con-
straints, Evolutionary switching method. 

1.  INTRODUCTION 

Structural optimization is often divided into three 
types, namely sizing, geometrical, and topology optimi-
zation [1].  For sizing and geometrical optimization, the 
topology of a structure cannot be changed during the 
optimization process.  The structure obtained is thus not 
guaranteed to be the best, or even good, since another 
initial topology might produce a much better solution to 
the optimization problem.  However, topology optimi-
zation looks for the best topology that satisfies a volume 
constraint in the design domain.  The final optimization 
solution will therefore be the best of the three solutions 
obtained from the three types of optimization methods 
[2]. 

Topology optimization has recently received intensive 

attention in both industry and academia due to the rapid 
developments of sophisticated but inexpensive comput-
ers with graphic capabilities, multi-core processors, and 
high computation speeds.  Many methods, such as the 
homogenization method [3, 4], the power-law approach 
[5-7], element-based evolutionary methods [8-12], and 
the level set method [13-15] have been proposed for the 
topology optimization of continuum structures.  The 
homogenization method is based on the modeling of a 
porous material constructed with a basic unit cell con-
sisting of a material and a void at a microscopic level.  
The optimal topology is obtained by continuously vary-
ing the distribution of the material.  The power-law 
method assumes that material density within each ele-
ment used to discretize the design domain is the design 
variable.  The material properties within each element 
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are modelled as the relative material densities raised to 
some power times the material properties of solid mate-
rial.  Element-based evolutionary methods have resulted 
from fully stressed design techniques; they generate 
structural topologies by sequentially eliminating or add-
ing elements, depending on the efficiency of each ele-
ment at each iteration.  Level-set methods define the 
interfaces between material phases implicitly by 
iso-contours of a level-set function.  This implicit func-
tion allows a crisp description of the boundaries.  In 
general, the level-set methods consist of three major 
parts, namely the level-set function parameterization, the 
mechanical model, and the optimization strategy. 

Most continuum-based topology optimization meth-
ods can be interpreted as seeking the optimal distribution 
of a fixed amount of material over a reference domain, 
using a specified objective function.  In general, for a 
linearly elastic structure, the specified objective function 
is the minimization of compliance.  The compliance of 
a structure is often defined as twice the work done by the 
external forces, or the strain energy in the deformed 
structure, which can be expressed in the following matrix 
form: 

 Min. T
pC  P U  (1) 

where P and U represent the global force and displace-
ment vectors, respectively; Cp denotes the compliance of 
the structure.  Since the displacement vector is the im-
plicit function of design variables, it is obtained by solv-
ing the equilibrium equation in the finite element 
method: 

 KU P  (2) 

where K denotes the global stiffness matrix of the struc-
ture.  Finally, the volume of the material must satisfy 
the prescribed volume limit (V)specified. 

 ( )specifiedV V  (3) 

However, with respect to developing practical engi-
neering designs, the mathematical model for the topol- 
ogy optimization problem that has a pre-specified vol-
ume constraint falls short in several ways.  First, there 
are no functional constraints, such as displacement, stress, 
or natural frequency constraints, in such topology opti-
mization problems.  A structure with no functional con-
straints indeed does not satisfy the requirements of prac-
tical applications.  Second, from the viewpoint of a de-
signer, the “optimal value” of the solid volume fraction 
in the design space is usually unknown a priori.  The 
prescribed volume limits (V)specified in practical design 
procedures are thus often criticized and appear to violate 
common senses. 

In considering functional constraints, Chu et al. 
[16-17] derived a sensitivity number on nodal displace-
ment to measure the efficiency of each element under the 
prescribed displacement constraint in the evolutionary 
structural optimization method.  To examine frequency 
constraints in topology optimization, Zhao et al. [18] 
developed a sensitivity number for natural frequency.  
However, the definitions of the objective functions be-
come unclear when the sensitivity number is used as the 

criterion for removing elements in the evolutionary 
process.  Bendsøe and Sigmund [19] investigated to-
pology optimization of compliant mechanisms for geo-
metrically nonlinear structures.  Local displacement 
constraints were placed in the optimization via the objec-
tive function rather than via the constraints formulation.  
Huang and Xie [20] extended the bidirectional evolu-
tionary structural optimization method (BESO) into 
stiffness optimization with a material volume constraint 
and a local displacement constraint.  A Lagrangian mul-
tiplier was introduced into the topology optimization 
formulation.  Lin and Hsu [21-22] proposed an adaptive 
volume constraint algorithm in density-based methods, to 
facilitate searching for a minimum compliance design 
that simultaneously satisfies additional displacement or 
stress constraints. 

Nevertheless, the relationships between optimal to-
pologies and their constraints, including volume and 
functional constraints, have not been well discussed.  
Theoretically speaking, functional and volume con-
straints are generally competitive in topology optimiza-
tion for continuum structures.  There is no guarantee 
that the functional constraints will be satisfied under a 
pre-specified volume constraint (details are discussed in 
Section 3).  For instance, it is impossible to satisfy a 
smaller allowable displacement constraint with a larger 
material removal ratio.  As a result, a performance- 
based topology optimization (PTO) problem is investi-
gated in this paper.  In PTO problems, the objective 
function is defined as minimizing the compliance of a 
linearly elastic structure.  On the other hand, the volume 
constraint is removed, but functional constraints are 
added.  The differences between the topology optimiza-
tion with the volume constraint and the perfor-
mance-based topology optimization problems are dis-
cussed through numerical examples in the following. 

The remainder of this paper is organized as follows.  
In Section 2, the mathematical model used for the PTO 
problem is defined.  Then a novel evolutionary switch-
ing method (ESM) which can automatically adjust solid 
volume ratio and material distributions is proposed.  
The proposed ESM is an element-based method and com-
bines the characteristics of the evolutionary structural op-
timization (ESO) method and element exchange method 
(EEM).  In Section 3, three design examples are pre-
sented to study the effects of functional constraints on 
optimal topologies.  The physical interpretations of the 
results for PTO problems are discussed in this section.  
Conclusions are summarized in Section 4. 

2.  METHODOLOGY 

The mathematical model corresponding to the PTO 
problem can be written as follows: 

 Min. T
pC  P U  (4a) 

 Sb. ( ) ( ) 1,2, ,j j allowg g j n u   (4b) 

 KU P  (4c) 

where u represents the nodal displacement vector and 
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(gj)allow denotes the allowable values of the jth functional 
constraint.  The PTO problem thus focuses on structural 
performance (such as displacements and stresses) in 
practical situations, requiring that the optimized topology 
is coupled with minimum compliance. 

For a structure discretized using finite elements, PTO 
aims to determine the optimal distribution of solid and 
void elements that would satisfy Eq. (4).  To achieve 
the objective function of compliance minimization, ele-
ment strain energy is used as the main criterion for ele-
ment adjustment.  An evolutionary switching method 
(ESM) is proposed to solve PTO problems that consider 
functional constraints.  This method is a double-loop 
optimization algorithm, comprising an outer loop and an 
inner loop.  The outer loop (evolutionary loop) adjusts 
the volume of materials to satisfy the functional con-
straints.  The inner loop (switching loop) identifies the 
optimal topology for a specified volume of material, 
which is determined by the evolutionary loop.  More 
details of the ESM are discussed in the following sec-
tions. 

2.1  Evolutionary Loop 

In the PTO problem, the optimal solid element volume 
in the design domain is unknown a priori.  The evolu-
tionary loop adjusts the volume of the solid element from 
the volume of the initial topology (Vs)initial to a trial target 
solid element volume (Vs)target.  The latter is a candidate 
for the optimal solid element volume.  If (Vs)initial is 
equal to (Vs)target, then the evolutionary loop is omitted 
and the ESM verifies whether the candidate qualifies as 
optimal in the switching loop (see Section 2.3 for more 
details). 

To reach (Vs)target, the evolutionary loop gradually ad-
justs the solid volume by replacing solid elements with 
void ones or vice versa until (Vs)initial is equal to (Vs)target.  
The concept of the evolutionary loop originates from the 
evolutionary structural optimization (ESO) method [9].  
When (Vs)initial is not equal to (Vs)target, a finite element 
analysis (FEA) is performed to compute the strain energy 
of each element.  If (Vs)initial is smaller than (Vs)target, a 
subset of void elements with higher strain energies is 
converted into solid elements.  If (Vs)initial is larger than 
(Vs)target, a subset of solid elements with lower strain en-
ergies is converted into void elements.  A characteristic 
feature of the evolutionary loop is the commutability of 
the material properties of the elements.  An element, 
depending on its strain energy, can be converted from a 
solid to a void in one iteration and back to a solid in a 
subsequent iteration. 

In summary, a number of elements are converted, ac-
cording to their strain energy, at each iteration.  Then an 
FEA is performed on the modified topology model to 
update element strain energies for the next iteration, until 
the solid volume equals (Vs)target in the evolutionary loop.  
The number of converted elements is not necessarily 
minimized, but should be small enough that the evolu-
tionary loop can create a topology that is not too far from 
the optimal.  A smaller value of Me would result in a 
more accurately developed topology which more ap-
proaches the optimal topology and decreases the number 

of iteration in the switching loop, but the smaller value of 
Me would increase the number of iteration in the evolu-
tionary loop.  On the other hand, a larger value of Me 
would result in a poor topology which may be different 
from the optimal topology and increases the number of 
iteration in the switching loop, but the larger value of Me 
would decrease the number of iteration in the evolution-
ary loop.  Basically speaking, how many elements an 
evolutionary iteration should convert, Me, might result 
from a compromise between computational accuracy and 
efficiency.  In this paper, the number of elements con-
verted in each evolutionary iteration (Me) is constrained 
to be 1% of the solid element count for the previous trial 
volume. 

2.2  Switching Loop 

For a trial (Vs)target, the switching loop exchanges ele-
ments to determine the optimal topology of a structure 
that achieves minimum compliance without changing the 
volume of the solid elements.  Which elements are 
converted is determined by two switching policies, 
namely the sorting switch and the random switch. 

Using the sorting switch, a subset of solid elements 
with lower strain energy is converted into void elements, 
and an equal size subset of void elements with higher 
strain energy is converted into solid elements.  Nu- 
merical experience shows that the number of elements 
exchanged at each iteration of the sorting switch (Ms) 
should be larger at the beginning of the switching loop, 
to speed up the optimization process, and decrease to-
wards the end of the loop, to avoid missing a better to-
pology.  Therefore, the suggested formula for Ms is 
proposed as follows: 

( ) max( ) int[ ( ( 1) )] for 1, 2, ,s k sM a Exp b k k N
       

  (5) 

where 

 maxsa M   (6a) 

 min max

max

ln( ) ln( )

( )
s s

s

M M
b

N 
 




  (6b) 

and int[·] denotes the Gaussian symbol, k is iteration 
number;  is the parameter that controls the rate of con-
vergence (0.75 in this study), and Ns-max is the iteration 
number maximum.  In addition, Ms–max is the maximum 
number of exchanged element in the first iteration (k = 1) 
and Ms–min denotes the minimum number of exchanged 
element in the final iteration (k = Ns-max).  Since the 
evolutionary loop is intended to prepare a near-optimal 
topology, Ns-max is set to 100 in this paper.  In addition, 
Ms–max and Ms–min are set to 3% and 0.2% of the number 
of solid elements, respectively, to obtain a better topolo-
gy according to our numerical experiences. 

Theoretically speaking, the sorting switch is equiva-
lent to the simplex method if Ms = 1 (the derivation is 
shown in the Appendix).  The objective function, i.e. 
compliance, decreases monotonically with repetition of 
the sorting switch, and the optimal topology is obtained 
when the objective function has been minimized.  How- 
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ever, if Ms ≠ 1, there is no guarantee that sequentially 
exchanging elements brings out the optimal topology.  
The random switch [12] is therefore introduced to en-
hance the likelihood of obtaining a better solution and to 
avoid identifying local optima in topology optimization 
problems. 

In the random switch, two sets containing the same 
number of elements are randomly selected.  One is a 
subset of solid elements and the other is a subset of void 
elements.  The solid subset then becomes void, and vice 
versa.  This procedure is similar to mutation in a genetic 
algorithm (GA), which randomly distributes solid ele-
ments throughout the void regions to explore the design 
space more widely.  The number of elements partici-
pating in the random switch, Mr, is determined using a 
decreasing linear function as follows [12]: 

 
max min

( ) max
max

max

( ) int

for 1,2, ,

r r
r k r

s

s

M M
M M k

N

k N

 






      
  

 
 

(7)

 

For convenience, Mr–max and Mr–min can be set equal to 
Ms–max and Ms–min.  It is important to note that although 
the random switch may prevent premature convergence, 
it disrupts the convergence of the objective function.  
As a result, the random switch is only triggered under 
three conditions: (1) the value of the current objective 
function increases by 2% of the previous iteration; (2) 
the value of the objective function varies between two 
values for two successive iterations; and (3) the switch-
ing iteration number is a multiple of the return period of 
the random switch.  In this paper, the return period is 20 
iterations. 

The switching loop continues until its iteration num-
ber reaches the greatest iteration number Ns-max, or the 
compliance variance between two successive iterations is 
less than the predefined tolerance eC, as follows: 

 ( ) ( 1)

( 1)

( ) ( )

( )
p k p k

C
p k

C C
e

C





  (8) 

where the subscripts in parentheses represents the itera-
tion number.  The allowable tolerance eC is set as 10-3 in 
this study. 

2.3  Volume Adjustment 

The switching loop determines the optimal topology 
for (Vs)target.  The functional constraints of the optimal 
topology are evaluated according to the FEA.  For sim-
plicity, only the displacement constraints are discussed in 
this paper.  When the displacement constraints are not 
satisfied, this implies that (Vs)target is incorrect and needs 
to be adjusted.  For PTO problems with multiple dis-
placement constraints, Eq. (9) is used to adjust the initial 
solid element volume and trial target solid element vol-
ume for the next iteration of the evolutionary loop: 

 ( 1) ( )( ) ( )i i
s s targetinitialV V   (9a) 

 ( 1) ( ) ( )( ) ( )i i i
s target s target VV V R    (9b) 

 ( ) max
( )

ji
V

j allow

u
R

u

 
  

 
 (9c) 

where the superscript in the parentheses denotes the 
execution number of the evolutionary loop that adjusts 
the volume.  The terms uj and (uj)allow represent the jth 
displacement and the corresponding allowable displace-
ment, respectively.  Equation (9c) implies that (Vs)target 
is controlled by the displacement constraint that has the 
maximal ratio of the displacement to its allowable value 
among all displacement constraints.  Such a controlling 
constraint is considered active in this paper. 

The ESM is completed when the displacement value 
for the active constraint satisfies the following conver-
gence criterion: 

 
( )

( )
j j allow

u
j allow

u u
e

u


  (10) 

where eu denotes the predefined convergence tolerance, 
which is set as 10-2 in this paper. 

2.4  ESM Algorithm and Implementation 

The procedure of the ESM is summarized as follows 
and depicted in Fig. 1. 

Step 1. Discretize the design domain into finite element 
meshes and set the initial topology for the initial 
solid volume (Vs)initial.  For convenience, the 
first trial target solid volume (Vs)target can be set 
equal to (Vs)initial. 

Step 2. Proceed to Step 6 if the current solid element 
volume reaches (Vs)target. 

Step 3. If the current solid element volume has not 
reached (Vs)target, analyze the finite element 
model for the given loads, compute the strain 
energies for all elements, and smooth the strain 
energies for all elements to avoid a checker-
board pattern [23]. 

Step 4. Sort the solid and void elements, respectively, in 
descending order according to their smoothed 
strain energies. 

Step 5. Adjust the solid element volume by either in-
creasing or decreasing solid elements.  The 
number of elements converted at each evolu-
tionary iteration is Me.  Return to Step 2. 

Step 6. Enter the switching loop to identify the optimal 
topology under (Vs)target: analyze the finite ele-
ment model for the given loads, compute the 
strain energies for all elements, and smooth the 
strain energies for all elements to avoid a 
checkerboard pattern [23]. 

Step 7. Sort the solid and void elements, respectively, in 
descending order according to their smoothed 
strain energies. 

Step 8. Compute the number of solid elements to be 
exchanged at each switching iteration, according 
to Eq. (5).  Perform the sorting switch for solid 
and void element sets without changing the solid 
volume.  Moreover, perform the random switch  
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Fig. 1  Flowchart of the proposed evolutionary switching method. 

 
 
 if any of the three conditions mentioned in Sec-

tion 2.2 are encountered. 
Step 9. Evaluate Eq. (8) to check whether the compli-

ance converges.  Proceed Step 10 if the com-
pliance converges or the iteration number of the 
switching loop Ns has reached the predefined 
maximum iteration number.  Otherwise, return 
to Step 6. 

Step 10. Find the controlling displacement constraint that 
gets the maximum ratio of displacement to al-
lowable displacement among all constraints.  
Check whether the controlling displacement 
constraint satisfies Eq. (10).  If not, update 
(Vs)target according to Eq. (9) and return to Step 2.  
Otherwise, the ESM is completed. 

It is worth noting that the proposed ESM can also be 
used to solve the topology optimization problem which 
has a volume constraint.  To do this, users must set 
(Vs)target equal to (V)specified and stop the optimization 
process after Step 9.  The proposed ESM is imple-
mented with the commercial finite element software, 
ABAQUS [24], to ensure that it can obtain reliable finite 
element analyses.  The computational framework was 
developed in the programming language Python, because 
ABAQUS/CAE offers a Python application program-
ming interface (API) for the user to construct interactive 
designs [25].  Through the ABAQUS Python API, the 
ESM can conduct ABAQUS FEAs, access the ABAQUS 
output database, modify the finite element model, and 
display the evolving topologies in the ABAQUS/CAE 
viewport.  Figure 2 shows the architecture of our ESM 
program in unified modeling language (UML). 

 

3.  NUMERICAL EXAMPLES 

In this section, the proposed ESM is used to minimize 
the compliance of the structure with displacement con-
straints.  To prevent ill-conditioning of the stiffness 
matrix, the void elements are assumed to have very small 
elastic moduli, i.e. Evoid = 10−4 Esolid.  In addition, Pois-
son’s ratio, , for both materials is 0.3.  The initial solid 
volume (Vs)initial and initial trial target solid volume 
(Vs)target are both assumed to be in the fully filled design 
domain.  Linear elastic static analyses are performed 
using ABAQUS to compute the strain energy of each 
element. 

3.1  Example 1 

The first example is a two-dimensional beam structure 
which is supported at both ends.  A vertical load (P = 
100 N) is applied in the middle of the upper edge (Fig. 3) 
[20].  Because of the symmetry of the structure, only 
the right half of the design domain is analyzed.  This 
half is discretized into 100 × 100 quadratic plane stress 
elements (CPS8 in ABAQUS), each with an area of 0.5 × 
0.5 mm.  The elastic modulus for solid elements, Esolid, 
is 1 GPa.  For the purpose of comparison, a topology 
optimization with a volume constraint problem in which 
no displacement constraint is defined and the volume 
constraint is 30% of the design domain is considered 
firstly.  Figures 4(a) and (b) illustrate the optimal to-
pologies produced by the ESM and BESO [20], respec-
tively.  The skeleton of the optimal topology obtained 
from the ESM is similar to that produced by BESO, ex-
cept for the angle of the compression struts in the middle 
part of the beam.  The differences in optimal topologies  
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Fig. 2  UML of the developed Python program for ESM. 

 
 
 
 

 

Fig. 3  Design domain and boundary conditions of Example 1. 

 
 
 
 

 

Fig. 4  Optimal topologies for Example 1 with solid volume ratio = 30 % from (a) ESM and (b) BESO [20]. 
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Fig. 5  The history curves of the strain energy versus the number of FEA under different converted element numbers. 

 
 

Table 1  Strain energy, solid volume ratio, and displacement of optimal topologies in Example 1 

Displacement constraints Strain energy (N-mm) Volume (%) Final uA (mm) 

Without disp. constraint 105.12 30.0 0.788 

(uA)allow = 0.6 mm 74.88 55.2 0.595 

(uA)allow = 1.0 mm 141.10 20.4 0.999 

 
 
may result from that different types of elements (CPS8 
and CPS4) are adopted in the finite element models. 

Figure 5 illustrates that the relationships between 
strain energy and the number of FEAs using the ESM 
with different values of Me.  In Fig. 5, the green circles 
and the black dotted line represent the end of the evolu-
tionary loop and the converged optimal strain energy, 
respectively.  It can be seen that larger values of Me 
speed up the evolutionary loop linearly; however, the 
topology identified at the end of the evolutionary loop 
may not be good enough, and more iterations of the 
switching loop are required.  The abrupt increases in 
strain energy during the switching loop indicate the times 
when the random switch was invoked.  All cases con-
verge to nearly the same strain energy value (Fig. 5), 
which implies that the proposed ESM is a robust, stable, 
and efficient method that is capable of identifying the 
optimal topology at the end of the switching loop. 

The corresponding strain energy and the horizontal 
displacement of the roller support (point A in Fig. 3) in 
the optimal topology of Fig. 4(a) are listed in Table 1.  
The horizontal displacement at point A is 0.788 mm that 
represents the minimum value of the horizontal dis-
placement at point A under the volume constraint.  The 
result implies that one cannot find another topology 
which has a horizontal displacement at point A smaller 
than 0.788 mm under the volume constraint.  Moreover, 
the topology which has a horizontal displacement at 
point A larger than 0.788 mm under the volume con-
straint must not be the optimal topology with minimum 
compliance.  As a result, the optimal topologies cannot 
be obtained if an inappropriate functional constraint is 
added to the topology optimization problem with a vol-

ume constraint.  In other words, the volume constraint 
and the functional constraint are competitive in the to-
pology optimization problems.  Except for some 
well-designed problems with appropriate upper bound on 
the volume constraint and allowable values of functional 
constraints in the literature, these two kinds of con-
straints should not coexist in the topology optimization 
problems.  In addition, once the optimal topology satis-
fied both with the volume and functional constraints, the 
compliance will increase because the compliance has 
more limitations in the design space. 

The effects of displacement constraints on optimal 
topologies are investigated in solving PTO problems.  
The horizontal displacement of the roller support is con-
sidered as the monitored target.  The allowable dis-
placements are set to 0.6 mm and 1.0 mm for comparison 
in this PTO problem.  Figures 6(a) and 6(b) are the op-
timal topologies corresponding to allowable displace-
ments of 0.6 mm and 1.0 mm, respectively, using the 
proposed ESM without considering volume constraints.  
It is expected that the solid volume of the optimal topol-
ogy should increase when the allowable displacement of 
the roller support, (uA)allow, decreases to resist the given 
loadings.  Comparing Fig. 4(a) with Fig. 6, one can see 
that only the outer skeletons are similar, and that the in-
ner members of the optimal topologies are distinctly dif-
ferent.  For a smaller (uA)allow, more inner tension 
members are generated to decrease the horizontal dis-
placement of the roller support.  In contrast, for a larger 
(uA)allow the inner members are removed from the original 
optimal topology and the external loading is transferred 
to the end supports directly.  The strain energies, final 
solid volume ratios, and the horizontal displacement of  
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Fig. 6 Optimal topologies of Example 1 with minimum compliance and a horizontal displacement constraint at the 
roller support without considering the volume constraint (a) (uA)allow = 0.6 mm and (b) (uA)allow = 1.0 mm. 

 
 

 

Fig. 7  Design domain and boundary conditions of Example 2. 

 
 

 

Fig. 8 Optimal topologies of Example 2 with minimum compliance and a vertical displacement constraint at the mid-
dle point from ESM without considering the volume constraint (a) (uA)allow = 0.2 mm and (b) (uA)allow = 0.4 mm. 

 
 

Table 2  Strain energy, solid volume ratio, and displacement of optimal topologies in Example 2 

Displacement constraints Strain energy (N-mm) Volume (%) Final uA (mm) 

(uA)allow = 0.2 mm 10.00 22.0 0.200 

(uA)allow = 0.4 mm 20.02 11.3 0.400 

 
 
the roller support for the topologies which are illustrated 
in Fig. 6 are listed in Table 1.  These data show that the 
ESM can be guaranteed to identify the optimal topology 
that satisfies specified displacement constraints with 
minimum strain energy. 

3.2  Example 2 

The second example considers a two-dimensional 
slender beam that is supported at both ends and vertically 
loaded (P = 100 N) at the middle of the lower edge 
(Fig. 7) [26].  Because this design is symmetrical, we 
analyze only the right half of the design domain.  This 
half is discretized into 80 × 240 quadratic plane stress 
elements (CPS8 in ABAQUS), each with an area of 0.5 × 
0.5 mm.  The elastic modulus for solid elements, Esolid, 
is 100 GPa.  It is required that the vertical deflection of 
the middle of the beam should not exceed 0.2 mm or 0.4 

mm, respectively, as two allowable displacement values.  
The optimal topologies corresponding to these two 

allowable displacements (0.2 and 0.4 mm) are shown in 
Figs. 8(a) and 8(b), respectively.  The strain energies, 
final solid volume ratios, and vertical displacement of the 
mid-point of the optimal topologies are listed in Table 2.  
These data show that the optimal topologies from ESM 
indeed satisfy the displacement constraints.  Comparing 
Fig. 8(a) with Fig. 8(b), one can see that the outer skele-
tons of these two optimal topologies are similar.  The 
reason comes from that both optimal topologies have 
minimum compliance corresponding to the same load-
ings.  In addition, the larger allowable displacement 
generates the optimal topology which has smaller solid 
volume ratio.  These phenomena imply that the purpose 
of the displacement constraint is to force the optimiza-
tion algorithm to identify the optimal solid volume ratio 
that just satisfies the allowable displacement condition. 

(a) (uA)allow = 0.6 mm (b) (uA)allow = 1.0 mm
40 m

m

A

240 mm
P

(a) (uA)allow = 0.2 mm (b) (uA)allow = 0.4 mm
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Fig. 9  Design domain and boundary conditions of Example 3. 

 
 

 

Fig. 10 Optimal topologies of Example 3 with minimum compliance and two vertical displacement constraint at the 
middle and quarter points from ESM without considering the volume constraint (a) (uA)allow = 0.2 mm, (uB)allow 
= 0.15 mm and (b) (uA)allow = 0.2 mm, (uB)allow = 0.1 mm. 

 
 

Table 3  Strain energy, solid volume ratio, and displacement of optimal topologies in Example 3 

Displacement constraints Strain energy (N-mm) Volume (%) Final uA (mm) Final uB (mm) 

(uA)allow = 0.20 mm 
(uB)allow = 0.15 mm 

6.684 15.9 0.200 0.123 

(uA)allow = 0.20 mm 
(uB)allow = 0.10 mm 

5.449 19.9 0.162 0.101 

 
 
3.3  Example 3 

In the third example, the material properties, boundary 
conditions, geometries, and mesh are the same as those 
used in the second example.  Three concentrated loads 
(P = 30 N) are applied at the bottom of the beam (Fig. 9).  
One load is applied at the middle, and the remaining two 
are applied at a quarter of the way from each end of the 
beam.  Three displacement constraints are specified at 
the middle and at two quarter points, respectively, to 
test the ESM under multiple displacement constraints.  
Figure 10(a) presents the minimum compliance topology 
which is identified by the proposed ESM for the allow- 
able displacement values of 0.2 mm and 0.15 mm at 
points A and B (Table 3 denoted these allowable values 
as (uA)allow and (uB)allow), respectively.  In addition, 
Fig. 10(b) shows the minimum compliance topology 
from ESM for (uA)allow = 0.2 mm and (uB)allow = 0.1 mm. 

Figures 10(a) and 10(b) show similar topologies, 
with some local differences: the inner oblique tension 
members are steeper and closer to the quarter point in 
Fig. 10(b) than in Fig. 10(a); and the member widths in 
Fig. 10(b) are larger than those in Fig. 10(a).  The final 
strain energies, solid volume ratios, and vertical dis-
placement at points A and B of the optimal topologies are 
listed in Table 3.  From these data, one can see that (uA) 
is active in the first case and that (uB) is active in the 
second case.  The location of the active constraint re-
sults in the difference between the two optimal topolo-
gies.  In Fig. 10(b) the assemblage of solid elements 
near the bottom quarter point is greater than in Fig. 10(a).  

The topological difference makes the displacement at 
point B in Fig. 10(b) smaller than that in Fig. 10(a).  
Furthermore, comparing Figs. 8(a) with 10(a), one can 
see that the optimal topology in Example 2 is different 
from that in Example 3, even though these two examples 
have the same active displacement constraint at the same 
point.  Such topological differences indicate that dis-
placement constraints are not the main factors to deter-
mine optimal topologies.  On the other hand, the load 
pattern dominates the development of the optimal to- 
pologyies in PTO problems.  This example demonstrates 
that the proposed ESM can indeed identify optimal to-
pologies under multiple displacement constraints with 
minimum compliance. 

4.  CONCLUSIONS 

Compared with the topology optimization problem 
with a volume constraint, the performance-based topol-
ogy optimization problem is closer to practical design 
applications.  Engineers need only specify the func- 
tional requirements, and the material volume ratio is ad-
justed automatically to achieve minimum compliance 
with these requirements.  The physical meaning of the 
performance-based topology optimization can be inter-
preted as what amount materials could be saved under 
the specified functional constraints with minimum com-
pliance. 

In this study, an evolutionary switching method 

P P P
A B

240 mm

40 m
m60 mm

(a) (uA)allow = 0.2 mm, (uB)allow = 0.15 mm (b) (uA)allow = 0.2 mm, (uB)allow = 0.1 mm
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(ESM) is proposed to solve performance-based topology 
optimization (PTO) problems.  The novel element-based 
ESM combined the characteristics of the evolutionary 
structural optimization (ESO) method and element ex-
change method (EEM) to adjust the material volume to the 
displacement constraints.  Briefly, an ESM is a dou-
ble-loop algorithm in which the outer loop is used to 
adjust the volume of materials and the inner loop is used 
to identify the optimal topology with minimum compli-
ance.  The ESM is an alternative method to solved per-
formance-based topology optimization problems and pro-
vides a conservative solution for such problems in which 
only one functional constraint is active.  The advantages 
of ESM are intuitive in concepts and easily programmed 
with the commercial FE software. 

Our numerical examples demonstrate that the pro-
posed ESM is a robust, stable, and efficient method to 
solve topology optimization problems with the volume 
constraint or functional constraints.  For structures sub-
jected to a single concentrated load with a displacement 
constraint, the optimal topologies produced by the ESM 
displayed the same trend as those by solving topology 
optimization with a volume constraint problems.  The 
existence of displacement constraints controlled the final 
material volume according to the allowable displacement 
values.  For structures with multiple displacement con-
straints, or in which the degree of freedom of the speci-
fied displacement constraint differs from that of the ap-
plied load, the final topologies varied locally with respect 
to the location of the active displacement constraints.  
The load pattern, to a large extent, determined the final 
optimal topology, while the displacement constraints 
mainly controlled the volume ratio. 
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APPENDIX 

The objective of topology optimization is to minimize 
the compliance of a structure, which can be written as 
follows: 

 Min.  ( ) Tf E P U  (A1) 

where E represents the set of design variables.  In the 
switching stage, the elastic moduli of elements can be 
used as the design variables.  The elements are assigned 
either the solid elastic modulus Esolid or a small value 
indicating the void elastic modulus Evoid.  In other 
words, the design variables are written as follows: 

  1,2, ,
0

solid
j ele

void

E
E for j N

E
 


  (A2) 

where Nele denotes the number of elements in the finite 
element model.  In addition, any topology of the struc-
ture in the design domain must satisfy the equilibrium 
equation as follows: 

 ( )K E U = P  (A3) 

where K is the global stiffness matrix, which is a func-
tion of the set of design variables E. 

The objective function can be linearized about point 
E*, which represents a specific topology of the structure 
in the Nele-dimensional space as follows:  

 *
* *( ) ( ) ( ) ( ) ( )Tf f f f


    

E E
E E E E E  (A4) 

Eq. (A4) can be extended and rewritten as follows: 

 
* *

*

* *( ) ( ) ( ) ( )

( )

T T

T

f f f f

f C

 



    

  
E E E E

E E

E E E E

E
 

(A5)
 

where C is a constant and can be ignored in the process 
of finding the minimum point of the linearized objective 
function. 

On the other hand, differentiating Eq. (A3) with re-
spect to the jth design variable, for instance, Ej, gives the 
following: 

 
j j jE E E

  
 

  
K U P

U K  (A6) 

Since the external force P, in general, is not a function 
of Ej, Eq. (A6) can be rearranged as follows: 

 1

j jE E
 

 
 

U K
K U  (A7) 

The jth component of the objection function gradient is 
as follows: 

( )
T

T T
j

j j j j

f
f

E E E E

                         

U K U
KU U U U K  

  (A8) 

Substituting Eq. (A7) into Eq. (A8) and considering 
the symmetry of the global stiffness matrix, K, one ob-
tains the following: 

 ( ) T
j

j j

f
f

E E

         

K
U U  (A9) 

Since Ej appears only in the element stiffness matrix 
of the jth element, differentiation of the global stiffness 
with respect to Ej gives nonzero matrix coefficients only 
if the coefficient corresponds to the stiffness matrix of 
the jth element.  In addition, the element stiffness matrix 
is proportional to Ej and the global displacement vector 
can be replaced by the nodal displacement vector of the 
jth element in Eq. (A9).  As a result, Eq. (A9) can be 
rewritten as follows: 

 
2

( ) j jT
j j j

j j j

wf
f

E E E

 
        

k
u u  (A10) 
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where uj and kj represent the nodal displacement vector 
and element stiffness matrix of the jth element, respec-
tively, and wj denotes the strain energy of the jth element. 

Therefore, the linearized minimization problem is as 
follows: 

 
.

*
1

2
Min.   ( )

eleN
j

j
jj

w
f E

E




 
   

 


E E

E  (A11) 

Furthermore, by introducing slack variables, the side 
constraints of the design variables can be written as fol-
lows [2]: 

 

. .

1 1

2 2

     

ele ele

solid

solid

N N solid

E S E

E S E

E S E

 
 

 


  with 

 , 0 for  1, 2, ,j j eleE S j N    (A12) 

where Sj denotes the jth slack variable.  For instance, the 
jth element is solid in an arbitrary topology, represented 
as Ej = Esolid (basic variable) and Sj = 0 (non-basic varia-
ble).  On the other hand, the jth element is void in an-
other arbitrary topology, represented as Ej = Evoid = 0 
(non-basic variable) and Sj = Esolid (basic variable).  
Since all elements are either solid or void, Eq. (A11) can 
be rewritten in terms of basic variables as follows: 
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  (A13) 

where the second term of the right-hand side can be 
viewed as a constant. 

To minimize the linearized objective function, the 
void element with the largest strain energy should be 
replaced by a solid element according to Eq. (A13).  
Similarly, the solid element with the lowest strain energy 
should be replaced by a void element, to reduce the in-
crement in the linearized objective function.  The ele-
ment exchange process must be repeated until the largest 
strain energy of the void elements is less than the small-
est strain energy of the solid elements.  As a result, the 
element exchange in the sorting process of the switching 
stage is similar to the simplex method [27]. 

NOMENCLATURE 

Cp Compliance of the structure; 

Mr Number of elements exchanged at each iteration 

of the random switch; 

Mr-max Maximum number of elements exchanged at each 

iteration of the random switch; 

Mr-min Minimum number of elements exchanged at each 

iteration of the random switch; 

Ms Number of elements exchanged at each iteration 

of the sorting switch; 

Ms-max Maximum number of elements exchanged at each 

iteration of the sorting switch; 

Ms-min Minimum number of elements exchanged at each 

iteration of the sorting switch; 

Ns-max Maximum iteration number; 

RV Volume adjustment parameter; 

V Volume of the design domain; 

Vs Solid volume of the structure; 

K Global stiffness matrix; 

P Global force vector; 

U Global displacement vector; 

u nodal displacement vector; 
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