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We consider the problem of estimating a nonparametric regression model containing
categorical regressors only. We investigate the theoretical properties of least squares
cross-validated smoothing parameter selection, establish the rate of convergence
(to zero) of the smoothing parameters for relevant regressors, and show that there is a
high probability that the smoothing parameters for irrelevant regressors converge to
their upper bound values, thereby automatically smoothing out the irrelevant regres-
sors. A small-scale simulation study shows that the proposed cross-validation-based
estimator performs well in finite-sample settings.

1. INTRODUCTION

Nonparametric and semiparametric methods have attracted much attention among
econometricians and statisticians in the last two decades. These methods have
been successfully applied to a range of problem domains, including the estimation
of treatment effects (see Hahn, 1998; Hirano, Imbens, and Ridder, 2003) and the
analysis of auctions (see Guerre, Perrigne, and Vuong, 2000; Li, Perrigne, and
Vuong, 2002, 2003) and are also being employed in the financial econometrics
literature (see Hong and Lee, 2003, 2005).

The seminal work of Aitchison and Aitken (1976) has spawned a rich literature
on the kernel smoothing of discrete (categorical) variables. This literature was
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motivated mainly by the need to deal with the “small cell” problem frequently
encountered in the analysis of multivariate discrete data. Examples of this liter-
ature include the work of Titterington (1980), Hall (1981), Wang and van Ryzin
(1981), Bierens (1983), Bowman, Hall, and Titterington (1984), Hall and Wand
(1988), and Grund and Hall (1993), to mention only a few (see also the mono-
graphs by Scott, 1992; Fahrmeir and Tutz, 1994; Simonoff, 1996). A brief survey
of this literature leads one rather quickly to the realization that concern lies al-
most exclusively with the estimation of the (conditional) probability distribution
of the discrete variables. Though it is not uncommon to encounter situations in
which regressors are exclusively discrete (e.g., survey data, medical data, etc.),
much less effort has been devoted to the regression framework when dealing with
discrete regressors.

In this paper we study the theoretical properties of a data-driven least squares
cross-validation (CV) method for selecting the smoothing parameters in a regres-
sion model composed solely of discrete regressors. We point out from the outset
that we are in no way “interpolating” between realizations of discrete random
variables; rather, we are simply smoothing a multivariate mean vector, or, alterna-
tively, one could think of the approach as shrinking a multivariate mean toward a
global mean in the Bayesian sense.

Our analysis is necessarily more complex than that underlying the probabil-
ity distribution framework because of the existence of a random denominator in
the nonparametric kernel estimator of a multivariate mean. We consider a gen-
eral nonparametric regression model in which we allow for the possibility that
some of the discrete regressors have a natural ordering, e.g., preferences (dislike,
indifference, like), health (excellent, good, poor), etc. We shall distinguish be-
tween “relevant” and “irrelevant” regressors, and we derive the convergence rate
of the CV smoothing parameters associated with the relevant regressors. We also
demonstrate theoretically that, when irrelevant regressors are present, the associ-
ated smoothing parameters do not converge to zero; rather, with high probability
they converge to their upper bound values, thereby smoothing out irrelevant re-
gressors. A small-scale simulation study shows that the proposed CV-based esti-
mator performs well in finite-sample settings.

Recently, Li and Racine (2004, 2007), Hall, Racine, and Li (2004), Racine and
Li (2004), and Hall, Li, and Racine (2007) have considered nonparametric estima-
tion of regression functions, conditional density, and distribution functions, and
quantile functions containing a mix of discrete and continuous regressors. The-
oretical results developed in the current paper highlight the fact that regression
models having only discrete regressors are qualitatively different from those con-
taining a mix of discrete and continuous regressors, both in theory and in practice.
In particular, in the mixed regressor case with at least one relevant continuous re-
gressor, irrelevant regressors can be smoothed out with probability approaching
one as the sample size increases. However, in the discrete regressor only case,
although the irrelevant regressors can be smoothed out with a high probability, the
probability is strictly less than one even as the sample size goes to infinity. Also,
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for the discrete regressor only case considered herein, the smoothing parameters
associated with the relevant regressors converge to zero at the rate of n ! or n™1/2,
where n is the sample size, depending on whether or not there exist irrelevant re-
gressors. This result again differs markedly from the mixed regressor case, where
the presence of irrelevant regressors does not affect the rate of convergence of the
smoothing parameters associated with the relevant regressors. Therefore, the dis-
crete regressor only model necessarily warrants a separate treatment because the
results simply cannot be obtained as a special case of those derived for mixed dis-
crete and continuous regressor models. We hope that the novel results developed
in this paper will prove to be of interest to practitioners and theoreticians alike.

2. KERNEL REGRESSION WITH DISCRETE REGRESSORS:
THE RELEVANT REGRESSOR CASE

Consider a nonparametric regression model given by
Yi = g(Xi) +ui, )]

where g(-) is an unknown function, X; is an r-dimensional vector of discrete
regressors, and u; is an error term satisfying E(u; | X;) = 0.
We use x; to denote the sth component of x, we assume that x; takes c; different

values in Dy def {0,1,...,¢cs—1},s=1,...,r,and let ¢y > 2 be a finite positive
constant. For expositional simplicity we will mainly focus on the case in which
the components of x are unordered discrete regressors,! and we postpone the
treatment of ordered discrete regressors until Section 3.1.

For an unordered regressor, we suggest using a variant of the Aitchison and
Aitken (1976) kernel function defined as

1, when X;; = xq,
I(Xig, X5, As) = . 2
As, otherwise.
Let 1(A) denote the usual indicator function, which assumes the value one if A
holds true, zero otherwise. Using (2), we can construct a product kernel function
given by

r r
L(Xi,x,2) = [[1(Xis, x5, A5) = [ 41X 75), 3
s=1 s=1

Note that Ay = 0 along with the convention 0% = 1 leads to an indicator function,
whereas 1; = 1 leads to a uniform weight function. Therefore, the range of 4; is
[O,1]foralls=1,...,r.

We use D to denote the range assumed by X;. For x € D, we estimate the pro-
bability function p(x) by

1 n
pOx) =~ Y L(Xj,x,7), @)
j=1
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and we estimate g(x) by

n' Y YL(X, x, A)
p(x) '

gx)= )

Observe that the kernel weight function we use here does not add up to one
when A; # 0; however, this does not affect the nonparametric estimator g(x)
defined in (5) as the kernel function appears in both the numerator and the de-
nominator of (5) and thus the kernel function can be multiplied by any nonzero
constant, leaving the definition of g(x) intact.

Note that when Ay =0 forall s = 1,...,r, our estimator reverts to the conven-
tional approach whereby one uses a frequency estimator to deal with the discrete
regressors, whereas if 1, = 1 for some s, then g(x) becomes unrelated to x;. That
is, x; is smoothed out from the regression model when A; = 1 (it is deemed to be
an “irrelevant” regressor).

We choose 4 def (A1, ...,A,) to minimize?
n
V() = Y 1Y —g-i (X)), (6)
i=1
where 1 = (A1,...,4,),
1 n
R X i YiL(X, X, )
8_i(X;) = 1L o=LIA 7
P—i(X;)
is the leave-one-out kernel estimator of g(X;), and
A 1 =
p-iX)=— 3 LXi,X},7) 8
J=1j#
is the leave-one-out estimator of p(X;). We will use y def (;11, e ;1,) to denote

the CV choice of 4 that minimizes (6).

First we introduce some notation and provide a definition. Let x_; denote x
with x; excluded; i.e., x—y = (x1,...,X5—1, X541, ..., Xr). Let D_g and Dy denote
the supports of x_; and xg, respectively. We say that g(x) is a constant function
with respect to x; if

g(xg, x—g) = g(z5,x—5) forall x;,z, € Dy andall x_; € D_g.

That is, g(-) does not vary as x; changes. In this case, ideally one should remove
xs from the regression model. In this section we assume that all x;’s are rele-
vant regressors. That is, g(x) is not a constant function with respect to x; for all
s =1,...,r. We shall make the following assumptions.

Assumption 1.
(a) {X;,Y;}!_, are independent and identically distributed (i.i.d.) as (X, Y).
(b) E(Y?|X; = x) is bounded for all x € D.
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Assumption 2. For all x € D, the only values of (11, ..., 4,) that make { YD
p(@)lgx)—g(@)]L(x,z, /1)}2 =0 arel; =0 foralls=1,...,r

Assumption 1 is quite standard. Assumption 2 implies that g(x) is not a con-
stant function with respect to any component x; € Dy. This is needed to prove
that 1 = o p(1), which in turn is needed to establish the rate of convergence of s
(s=1,...,r).

Considering the case for which r = 1, then Assumption 2 becomes, for all x € D
(x is a scalar because r = 1), Y cp {[g(x) —g(@)][1(x = 2) + A1 (x # D =
which is equivalent to 22 Y plg(x) — g(2)]*1(x # z) = 0 because [g(x) — g(z)]
1(x = z) = 0. However, because g(x) is not a constant function, we know that
S.eplgx) — g(2)1P1(x # z) > 0. Hence, we must have 1 = 0. Thus, Assump-
tion 2 holds true if and only if g(x) is not a constant function when x is a
scalar.

The next theorem provides the rate of convergence of the CV selected smooth-
ing parameters.

THEOREM 2.1. Under Assumptions 1 and 2, we have

Ay = Op(n_l) fors=1,....r

The proof of Theorem 2.1 is given in Appendix A.

Theorem 2.1 shows that, when all of the regressors are relevant, the CV selected
smoothing parameters converge to zero at a fast rate of n~!. It is interesting to note
that the preceding n ! rate of convergence is faster from the rate obtained by Hall
et al. (2007) when the regression function also contains continuous regressors.”
Therefore, the discrete-regressor-only case must be treated separately because one
cannot obtain the preceding result as a corollary from the mixed discrete and
continuous regressor model case.

From Theorem 2.1 one can easily obtain the following result.

THEOREM 2.2. Under the same conditions as those given in Theorem 2.1,
then

V(@ (x) —g(x))/\/Q(x) = N(0,1) in distribution,

where Q(x) = 62(x)/p(x) and where 62(x) =n~' 3, [Y; — (X)) PL(Xi,x, 1)/
p(x) is a consistent estimator of 0 (x) = E(u?|X; = x).

The proof of Theorem 2.2 is given in Appendix A.

In the next section we discuss the case for which some of the regressors are
irrelevant.
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3. KERNEL REGRESSION WITH DISCRETE REGRESSORS:
THE IRRELEVANT REGRESSOR CASE

In this section we allow for the possibility that some of the regressors are in
fact irrelevant in the sense that they are independent of the dependent variable.
Without loss of generality we assume that the first 1 (1 < r; < r) components of
X, are relevant, whereas the remaining rp = r —r; components of X; are irrele-
vant. Let X; denote the r;-dimensional vector of relevant components of X; and
let X; denote the r»-dimensional vector of irrelevant components. Similar to the
approach taken in Hall et al. (2007) we shall assume that

(Y,X) and X are independent of each other. 9

_ Assumption (9) is quite strong as it requires independence not only between
X and Y but also between X and X. A weaker assumption would be to require
that, conditional on X, Y is independent of X (so that X and X can be correlated).
Though simulation results reported in Section 4 support this conjecture, at this
time we are unable to relax Assumption (9) theoretically. Therefore, we will im-
pose this condition to prove results stated in Theorems 3.1 and 3.2 that are given
later in this section.

The kernel estimator of g(x) and the definition of the CV objective function are
the same as those given in Section 2. We still use (;11, e, ;1,) to denote the CV
selected smoothing parameters. In Theorem 3.1 we show that (i) the smoothing
parameters associated with the relevant regressors converge to zero at the rate of
n~1/2, which differs from the n~! rate of convergence when there do not exist
any irrelevant components, and (ii) the smoothing parameters associated with the
irrelevant components will not converge to zero; rather they have a high probabil-
ity of converging to their upper extreme values so that these irrelevant regressors
are smoothed out with high probability. This stands in stark contrast to the re-
sults for the mixed discrete and continuous regressor case considered in Hall et
al. (2007). Furthermore, there is also a positive probability that these smoothing
parameters do not converge to their upper extreme values even as n — 0.

Mirroring the notation used for X and ¥, we shall use L(x,Z,1) = H?:] 1(xs,
Zs, As) and L(X, Z, 1) = H§=r1+1 [(xy,Zs, As) to denote the kernel functions asso-
ciated with the relevant and the irrelevant covariates, respectively. Also, using p(-)
and p(-) to denote the marginal probability functions of X and X, respectively,
then by independence p(x) = p(¥)p (%), and using D to denote the support of x,
Assumption 2 is modified as follows.

Assumption 3. For all x € D, the only values of 1, ..., 4, that make

2
{ PGS —g(Z)]L@,z,z)} —0

zeD

are Ay =0foralls=1,...,r].
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Assumption 3 ensures that the CV selected smoothing parameters associated
with the relevant regressors will converge to zero, whereas we do not impose any
assumption on the smoothing parameters associated with the irrelevant regressors
except that they assume values in the unit interval [0, 1].

The next theorem provides the asymptotic behavior of the CV selected smooth-
ing parameters.

THEOREM 3.1. Assume that ri > 1 and rp > 1 (withr =ri+ry > 2). Then
under Assumptions 1 and 3 and (9), we have

1S=0p(n_1/2), fors=1,...,r;, and

lim Pr(2,41=1,...., 4, =1)>a forsomea € (0,1).
n— oo

The proof of Theorem 3.1 is given in Appendix B. We emphasize here that
the rate of :15 = OP(n_l/z) (s =1,...,r1) is sharp. That is, is goes to zero at
exactly the rate of O (n_l/ 2), and it cannot be faster than this rate. In particular,
it cannot reach the O, (n~") rate that occurs in the case where irrelevant variables
are not present; see the arguments following equation (B.6) in Appendix B for the
underpinnings of this result.

Theorem 3.1 states that the smoothing parameters associated with the relevant
regressors all converge to zero at the rate of n~!/2, whereas the smoothing pa-
rameters for the irrelevant regressors have a positive probability of assuming their
upper bound value of one; that is, there is a positive probability that the irrelevant
regressors will be smoothed out. It is difficult to determine the exact value of a
for the general case because the exact value of a depends on the unknown func-
tions g(-), p(-), and o%(-). However, when u; is symmetrically distributed around
zero and is independent of X;, then it is expected that & > 0.5. Our simulation
shows that there is usually about a 60% chance that 7 takes the upper extreme
value one and hence a 40% chance that 1 s takes values between zero and one, for
s=ri+1,...,r.

For 0,% € D, define 1,(3, %) = 1(d5 # )ES)H?:U# 1(vs = X;). Note that 1;
(v, X) is an indicator function equal to one if » and X only differ in their sth
component, zero otherwise. Also, define v;(X) = E[(L(X;, X, ;1))1|X,- = X]
(l=12).

The asymptotic distribution of g(x) is given by the following theorem.

THEOREM 3.2. Under the same conditions as in Theorem 3.2, we have
r n
Jn <§(x) —g(x)— z As By ()E)) /v Z(x)— N(,1) indistribution,
s=1
where By(¥) = p(X)7' 355 15(%,0)(g(0) — g()) and E(x) = o*(F)v2(¥)/

[p(¥)v1(X)2]. Moreover, By(X) can be consistently estimated by By &) =p@E)~!
Yiep P@)1s(0,X)(8(0) — (X)), and Z(x) can be consistently estimated by
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S = TR L )T Ly P d = Y = @(X) and Ly =
L(Xj, Xi, ).

The proof of Theorem 3.2 is given in Appendix B.

Note that in computing b (x) one does not need to know which variables are
relevant or irrelevant. However, to compute és (x), one needs to know the set of
relevant variables (ex post). If the CV method selects /Als = 1, then one knows
that the corresponding x; is an irrelevant variable, and if Ay is very small, say,
4s = 0.01, then it is highly likely that x; is a relevant variable. For 7 values in
the middle of the interval [0, 1], it is less clear whether x; should be treated as a
relevant or an irrelevant regressor. In this case one can use the bootstrap testing
procedure proposed by Racine, Hart, and Li (2006) to formally test whether x; is
an irrelevant regressor or not.

Also note that the leading bias term B;(x) does not depend on the irrelevant
regressors X, whereas the leading variance term X (x) depends on x. By Holder’s
inequality we know that v, (x)/vi(x) > 1. It equals one if and only if Ay = 1 for
all s =ri+1,...,r. However, by Theorem 3.1 we know that the probability that
all irrelevant variables can be smoothed out is strictly less than one. Hence, there
is a positive probability that the asymptotic variance X (x) is larger than for the
case where the irrelevant regressors are removed. That is, there exists a loss in
efficiency as compared to the case where all variables are relevant (the efficiency
loss arises from the presence of the irrelevant variables).

3.1. Ordered Discrete Regressors

We now discuss the case for which some of the discrete regressors have a natural
ordering. For an ordered discrete regressor X, s taking c, different values, Aitchi-
son and Aitken (1976) suggest using [(X;s, x5, Ag) = ("St_l) (1= Ag)s=1=1)8
when X;; —xg = ¢, where (“St_l) = =DVt es—1=0)](@=0,...,¢cs—1).
However, when ¢y > 3, this kernel function suffers from the defect that there does
not exist a value of A, such that (X, x5, A5) equals a constant function. Hence,
even when x; is an irrelevant regressor, one cannot smooth it out. In this paper
we suggest a simple alternative, and for an ordered regressor we suggest using the
following kernel:

1’ if XH‘ :-xSa

I(Kiss s, Ay =4 (10)
e {zLX“‘“', if Xy # %,

When Ay = 0, we get an indicator function, and when 1; = 1, we get a uni-
form weight function. Therefore, the range of Ay is [0, 1]. When A, takes the up-
per bound value of one, x; becomes an irrelevant regressor (i.e., it is completely
smoothed out). When some of the regressors are ordered discrete regressors, we
use the kernel function defined in (10) and modify the definition of 15(v, X) so
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that 1,(0, x) = 1(Joy — Xs| = 1)]'[;’:]’,# 1(vy = X;) when X, is an ordered dis-
crete variable. Then it can then be shown that the conclusions of Theorems 2.1,
2.2, 3.1, and 3.2 remain unchanged. That is, ;Is = OP(n_l) when there do not
exist irrelevant regressors, and is =0, (n_l/ 2) when there exist some irrelevant
regressors but x; is a relevant regressor, whereas 7 has a positive probability of
taking the upper extreme value of one when x; is irrelevant.

We now briefly discuss how our approach handles the empty cell problem.
Suppose that Y is medical expenditure and X takes four values {0, 1,2, 3} corre-
sponding to poor, ordinary, good, and excellent health status for a person.* Now
suppose that there are no sample realizations for persons having ordinary health
status (i.e., x = 1 is an empty cell). Letting A be the smoothing parameter, then
our estimator g(1) is given by

Y YiL(Xi, 1,2 Six—i=1 Yid+ Ty, 1= Yid®

g(l) = =
i L(Xi, 1,4) Sixi—tj=1 A+ Yx—1j=2 42

Clearly this estimate is a weighted average of the Y;’s with the weight depending
on the distance |X; — 1|. Individuals with poor or good health receive weight
A (they are close to “ordinary” health), whereas those with “excellent” health
receive the smaller weight of 2%. Thus, our smoothing estimator uses data on the
outcomes lying in the “nearby” nonempty cells to impute a value of the unknown
conditional mean g(1) for empty cells, namely, g(1).

We examine the finite-sample performance of the proposed estimator in the
next section.

4. MONTE CARLO SIMULATIONS

In this section we consider three simulation experiments that highlight the be-
havior of the proposed method in finite-sample settings. The first simulation ex-
periment examines properties of the proposed approach, the second examines the
effects of combining an irrelevant and a relevant variable into a single variable,
and the third focuses on the performance of the proposed approach relative to the
conventional frequency estimator and the popular linear parametric model.

4.1. Finite-Sample Performance

For this experiment we simulate data from
Yi =m(X;) = o+ B X1+ foXoi + B3X3i +ui, 1m)

where f = (Bo, 1, f2, f3) = (1,1,0.25,0) and u ~ N (0, 1). Each X;; € {0, 1,2}
with unequal probabilities; hence there exist 27 “cells” in this application. Clearly
Xy; isrelevant (f1 = 1), X3; is irrelevant (f3 = 0), and although X»; is relevant, it
is less important than X; because its coefficient is much smaller than that for X ;.
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We also vary the degree of correlation among X, X», and X3 to determine
whether or not our independence assumption can be weakened, letting the degree
of correlation p = py, x, = Px;,x3 = Pxy,x; €qual (0.00,0.25,0.50,0.75).

We draw 1,000 Monte Carlo replications, and for each replication we generate
the CV bandwidths via multivariate numerical minimization and then compute the
mean square error (MSE) for three models defined as MSE = n~! > m(X;) —
m(X;))? where m(X;) = o+ f1 X1 + f X2 + f3X3; and where 77 (X;) represents
a model’s fitted value. We report the median MSEs for the 1,000 replications in
Table 1. The three models are the kernel estimator with CV bandwidths (Ker-
nel), the parametric estimator that relies on knowledge of the underlying model
(Param), and the frequency estimator (Freq). We conduct a range of simulations
that vary with the sample size, n. For the kernel estimator, bandwidth distributions
are summarized in Figure 1 for p = 0.5

Table 1 reveals that, on MSE grounds, the proposed approach dominates the fre-
quency approach in finite-sample settings as expected, whereas a correctly speci-
fied parametric model performs the best as expected because it exploits knowledge
of the true data generating process (DGP). Of course, in practice one’s paramet-
ric model may in fact be misspecified, and we shall consider this case in Section
4.3. Finally, it appears that the method performs well even when the degree of
correlation among the regressors is large.

TABLE 1. Median MSE summary for the proposed method
(Kernel), the frequency method (Freq), and the correctly
specified parametric model (Param)

n Kernel Param Freq
p =0.00
100 0.0603 0.0321 0.2267
500 0.0173 0.0068 0.0518
1,000 0.0092 0.0035 0.0267
p=0.25
100 0.0603 0.0321 0.2267
500 0.0167 0.0068 0.0532
1,000 0.0087 0.0033 0.0263
p =0.50
100 0.0599 0.0335 0.2314
500 0.0156 0.0068 0.0530
1,000 0.0083 0.0034 0.0264
p=0.75
100 0.0603 0.0321 0.2267
500 0.0146 0.0069 0.0482
1,000 0.0076 0.0035 0.0258
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FIGURE 1. Histograms of the distribution of 11, 12, and 43 for n = 100, 500, and 1,000,
p=0.

Turning to the behavior of the CV bandwidths, Figure 1 graphs the histograms
of?l (j =1,2,3) for n from 100 to 1,000 when p = 0. A close examination of
Figure 1 reveals that both 21 and 15 converge to zero as n — o0. In finite-sample
settings y) 1 tends to take smaller values than /12 because X1; is more important
than X»; in the sense that X;| has a larger effect on Y; than X»;, whereas the dis-
tribution of 13 is stable for large values of n and there is a positive probability
that it will not assume its upper bound value, even as n goes to infinity, each
behaving exactly as our theory predicts. We emphasize that the CV method can
not only detect irrelevant regressors by oversmoothing, it can also distinguish
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among more important and less important regressors by applying differential
amounts of smoothing in finite-sample applications. Of course, asymptotically,
As = 0 for all relevant regressors.

4.2. Finite-Sample Performance Combining Relevant and
Irrelevant Regressors

For this experiment we consider a setting with two discrete binary regressors,
one of which is irrelevant. We compare the proposed approach with that obtained
by creating a single binary regressor from the unique values of the two discrete
binary regressors. We consider two approaches, namely, (i) conduct estimation on
the two binary regressors, one of which is irrelevant, and (ii) conduct estimation
on one regressor formed from the two binary regressors having 2% unique values.
Note that the maximum value for (1, 12) and for (1) is one.

We consider a range of sample sizes, n =25, 50,75, 100. The regressors x; and
X2 are binomially distributed with Pr[x; = 1] = 0.5, j = 1,2. The disturbance is
N(0,1), and the DGP is given by ¥; = X;1 +u;, i =1,...,n.

The median values of 41, A5, and 1 are summarized in Table 2, and the median
MSE values are summarized in Table 3.

It can be seen from examining Table 2 that the median value for the irrelevant
bandwidth equals its maximum value and is thereby totally smoothed out, whereas
that for the single regressor falls in the middle for all sample sizes considered.
Table 3 reveals that the method that appropriately includes two regressors, one rel-
evant and one irrelevant, dominates that which creates a single regressor from the
relevant and irrelevant regressor on MSE grounds for all sample sizes considered.

4.3. Relative Performance of the Proposed Method versus
Parametric Methods

For this experiment we consider two DGPs,
DGP 1: Y, = Xj1 + Xio+ Xis+ X1 Xio + Xi1 Xis + Xio Xis +u;,
DGP2:Y; = Xi1 + Xio+ Xi1 Xio +u;,

TABLE 2. Median bandwidth summary for the method using
two regressors (41, 42) and that using one regressor (1)

n A I A

25 0.076 1.000 0.117
50 0.039 1.000 0.058
75 0.026 1.000 0.040
100 0.020 1.000 0.030
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TABLE 3. Median MSE summary for the method using two regres-
sors (MSE(41, 42)) and that using one regressor (MSE(/1))

n MSE(4, 12) MSE(1)
25 0.0916 0.1378
50 0.0404 0.0675
75 0.0250 0.0455
100 0.0195 0.0362

where X1, X2, X3 € {0,1}, Pr[X; = 1] =0.5, j =1,2,3, and u ~ N(0, 1). Note
that, for both DGPs, we have only eight discrete cells, whereas for DGP 2 X3 is
irrelevant.

For each DGP we construct the proposed nonparametric estimator, the fre-
quency estimator, and the following parametric models:

Model 1: Y; = B1 X1 + B Xio+ B3 Xi3 + BaXit Xin + fs Xi1 Xi3
+ e XiaXiz +u;,
Model 2: Y; = B1 X1 + B Xio + B3 Xi3 +u;.

Note that parametric Model 1 is a correct specification for both DGPs,® whereas
parametric Model 2 is incorrect for both DGPs in that the interaction terms are
missing.

We draw 1,000 Monte Carlo replications, and for each replication we compute
each model’s MSE. We report the median MSEs in Table 4.

From Table 4 we observe that for DGP 1, the correctly specified parametric
estimator (Model 1) performs best as expected, followed by the kernel smooth-
ing and the frequency estimators. Not surprisingly, all three estimators dominate
the misspecified parametric estimator (Model 2) because they are all consistent
estimators, whereas the misspecified parametric model leads to inconsistent
estimates.

Finally, the bottom block of Table 4 is based on DGP 2, where X;3 is an ir-
relevant regressor. However, no estimation method takes into account this known
prior information, and all of them estimate a regression model using all three re-
gressors, X;i1, Xi2, X;3. First we observe that the nonparametric CV-based method
has a smaller MSE than that obtained from the nonparametric frequency method
(a 45% reduction in MSE for n = 100). This is because for DGP2, X;3 is an irrel-
evant regressor and our CV-based estimator has a high probability of smoothing
out the irrelevant regressor; hence it leads to more efficient estimates (in finite
samples) than the frequency estimator. It is interesting to observe that our non-
parametric CV-based estimator also has a smaller MSE than the correctly spec-
ified parametric estimator (a 36% reduction in MSE for n = 100). By Theorem
3.2 we know that g(x) has the same +/n rate of convergence as the paramet-
ric estimator. Note that the parametric model estimates six parameters (the f’s)
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TABLE 4. Median MSE summary for the proposed nonparametric
(Kernel), nonparametric frequency (Freq), and parametric models
(Model 1, Model 2)

n Kernel Freq Model 1 Model 2
DGP 1
100 0.073 0.072 0.063 0.218
200 0.037 0.037 0.032 0.204
400 0.018 0.018 0.016 0.195
DGP 2
100 0.041 0.074 0.064 0.093
200 0.020 0.036 0.031 0.078
400 0.010 0.019 0.016 0.070

and the frequency estimator estimates eight different cell means (recall that there
exist eight cells). Our nonparametric estimator g(x) also estimates eight different
cell means; however, if ;13 =1, g(x) will smooth out the irrelevant regressor X;3
and only estimate four different cell means (corresponding to the discrete cells
arising from the two relevant variables). Our simulations reveal that the proba-
bility that this happens is about 60%. This explains why g(x) can have a smaller
MSE than the estimator based on a correctly (and over) specified linear model.

NOTES

1. Examples of unordered discrete regressors would include different regions, blood types, etc.

2. For related work that uses least squares CV for selecting smoothing parameters in a nonpara-
metric regression model with continuous regressors, see Hérdle and Marron (1985) and Hérdle, Hall,
and Marron (1988, 1992).

3. In a regression model with mixed continuous and discrete regressors, Hall et al. (2007) show
that 4 = 0Oy (n=% (4+q ), where q is the dimension of the continuous regressors.

4. A more realistic example would include a group of other discrete variables such as gender, race,
etc. Here for simplicity of exposition and to conserve space, we only consider a univariate discrete
variable, namely, the health status of a person.

5. As results were qualitatively similar for p % 0 we do not report those results for space consider-
ations.

6. Here we view an overspecified model as a correct model specification as it leads to consistent
estimation of the conditional mean function. Also note that when the parametric model is overspeci-
fied, so is the nonparametric model.
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APPENDIX A: Proofs of Theorems 2.1 and
2.2—The Relevant Regressor Case

A.l. Preliminaries. The proof of Theorem 2.1 is quite tedious. Therefore, it is neces-
sary to introduce some shorthand notation and preliminary manipulations to simplify the
derivations that follow. For the reader’s convenience we list most of the notation used in
Appendix A here.

1. We will use g; to denote g(x;) and g; to denote g_; (x;) defined in (7). Similarly, we
let p; = p(x;) and p; = p—; (x;).

2. We define 3 = ¥/, XX = 2?:127:1,1‘7&;" DY Xj# = Z?:lz}?:l,jyéi
it

3. We use 15(x;,x;) to denote an indicator function that equals one if and only if x;
and Xj differs only in the sth component, and zero otherwise. That is, 15 (x;,x j) =
1(xis # xjg) Irots 1(xis = xjp).

4. Define p; o =1/(n—1) ¥ 1(x; = x;) and p; 15 = 1/(n — 1) Xj; 15(x;, x;). Note
that p; ( is the usual (leave-one-out) frequency estimator of p;.

5. We write A, = By + (s.0.) to denote the fact that B, is the leading term of A,,
where (s.0.) denotes terms that have orders smaller than B,,. Here A; = B; + (s.0.)
always means that n~1 i A= n~! 2i Bi +(s.0.), and A;; = B;j + (s.0.) means
that n=2 2iXjAij = n—?2 Y X Bij +(s.0.). Also, we write Ay ~ By to mean that
Ay and Bj, have the same order of magnitude in probability.

6. For notational simplicity we often ignore the difference between n~!and (n— 1)_1
simply because this will have no effect on the asymptotic analysis.

We also give some results that will be used in our proofs.

Rosenthal’s Inequality. Let p > 2 be a positive constant and let X,..., X, denote
i.i.d. random variables for which E(X;) =0 and E(| X;|?) < 0o. Then there exists a positive
constant (which may depend on p) C(p) such that

o

Equation (A.1) is widely known as Rosenthal’s inequality (see Rosenthal, 1970).

The H-Decomposition for U-Statistics. Let (n,k) = n!/[k!(n — k!)] denote the number
of combinations obtained by choosing k items from »n (distinct) items. Then a general
kth-order U-statistic U ) is defined by

n r/2
3 E(X?)

s=1

n
2 X

i=1

p n
> <C(p Y E(XiI”)+ (A1)

i=1

1

Upy=—— 2  HuXi,....X3),
(K)o Ty
where Hp(X;,...,X;,) is symmetric in its arguments and E[H,%(Xil,...,Xik)] < 00.

In our proofs we will often use the following H-decomposition for a second-order
U-statistic:

> > [Hy,ij — Hyi — Hyj +61, (A.2)

1 2
— - H. —
U(2) '9+n ;( ni ‘9)+n(n_1) e
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where Hy, jj = Hn(X;,xj), Hyj = E[H, ;j|1X;], and 0 = E[H,;;]. We will also make use
of the H-decomposition for a third-order U-statistic,

1
U(3):0+;2(Hnl_0)+ ZZ( n,ij — Hyi — n]+9)
l

j>i

n(n— 1)(n—2) zzl>21:>l
X (Hn,ijl —Hy,ij — Hp, ji — Hy,1i + Hpi + Hyj + Hyp —0), (A.3)

where Hy ;i1 = Hn(X;, Xj, X)), Hyij = ElHy ;ji|Xi, Xj1, Hyi = E[H, ;j1X;], and 0 =
E[H} ;j;]. For a derivation of the preceding formulas and also an H-decomposition for a
general kth-order U-statistic, see Lee (1990, p. 26).

Before we begin proving Theorem 2.1, we first provide some intermediate steps. Using
(6) and Y; = g; +u;, we have

V) =n""Y(¥i—2) =n"" Y (g — &) +2n 7 Y ui(gi — i) +n~ " Yuf
i i i i

=0V (g — 8?7/ p7 +2n" Y ui (g — &) pi /i A0 Y u?. (A4
i i i

In what follows, we obtain the leading terms of CV(1). We use CV((1) to denote the
first two terms on the right-hand side of (A.4). Minimizing CV(1) over A is equivalent to
minimizing CV(4) as n~! > ”12 does not depend on 4, where

CVo() =n~ Y (gi = 80)% 2/ pF +2n~V Y ui (i — &) i/ bi- (A.5)
i i
Using (7), Y; = gj +uj, and L;j = L(x;, xj, 4), we have
Vo) =n3YY 3 (¢ —Yj)(gi — Y1) LijLi/ b?

T il
2072 Y ui(gi = Y;)Lij/bi
T A
{ 22 D (ei—g)gi— gz)Lz,le/p,}
i jAil#

2
{ ZZ Z”]ulLthl[/pz nQZZMiujLif/ﬁi}

i jAil#i i j#i
2{"_22 S uilgi—g)Lij/pi—n XY Y (g _gj)ulLijLil/Ia,z}
T A 7 jilEi
=S51+5+283, (A.6)

where the definitions of §; (j = 1,2,3) should be apparent. Our proofs of Theorem 2.1
will be based on (A.6).
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A.2. Proofs.

Proof of Theorem 2.1. In Lemma A.1 we show that ;ls =op(l)foralls=1,...,r.
Given this result, in the proofs of Lemma A.2 and Lemma A.4 later in this section we will
only consider the case in which Ay € [0, 7,1, where 7, is a positive sequence that converges
to zero as n — oo.

Lemmas A.2-A.4 hold uniformly in 4 € A, = [0, 5,]". The proof of the uniform rate
of convergence is relatively lengthy. To conserve space, in this paper we only explicitly
prove the uniform rate result for Lemma A.2, and for all the remaining lemmas we omit
the uniform rate arguments because the detailed proofs follow along the same lines.

In Lemma A.2 we prove that

xeD [s=1 zeD

- 2
Si=Y [2 zs<2 p(z>1s<x,z>(g<x>—g(z)>>] p) " 0,117, (A7)

where 15(x, z) is an indicator function that equals one if x and z differ only in the sth
component, and zero otherwise, whereas |/1|2 = Z;=1 A%. Furthermore, Lemma A.3 shows
that

1 r
Sy =—— 2 LslAs + Z1n 5] +0p(|i|2+n_1 |Z])4+ terms unrelated to A, (A.8)

s=1

where Aj is a positive constant and Zy,, ¢ is a zero mean Op (1) random variable. Finally,
Lemma A.4 shows that

1 r
S3=— z AsZop s +0p (n_1 [A]+ |/1|2) + terms unrelated to 4, (A9)
n

s=1
where Z,, ; is a zero mean Op (1) random variable.
Therefore, (A.7)—(A.9) lead to
2

Vo)=Y |34 Y 1,x,2p@@Ex) -g@)]| p@)!
xeD |s=1 zeD

1 r
- Z As (As + Zn,s) -1—01,(n_1 [A] 4+ Illz) + terms unrelated to 4, (A.10)

s=1

where Zy s = Z1,, s —2Z2p s is a zero mean O) (1) random variable.
Note that (A.7) can be written as S| = i/(r)Qi(,) +0p(141%), where Ary= A5 s )
and Q is an r x r matrix with its (s, #)th element given by

Q=Y Y Y L)L) pE) (s() —g@)(gx) —g@)) px)~ L.
xeDz7e€DzeD

Assumption 2 is equivalent to the assumption that Q is a positive definite matrix.
Thus, from (A.10) we have

aCVo(A)

W =2QU () —n" A+ Zul+ (s.0) 2 0, (A.11)
"
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where A = (Ay,...,A;) and Z, = (Zy,1,..., Zn,r)". Equation (A.11) leads to ;1(,) =
0p(nh). [

Proof of Theorem 2.2. We write g(x) —g(x) =[g(x) —g(x)1p(x)/p(x) =m(x)/p(x),
where 71 (x) = [g(x) — g(x)]p(x). The expansion of L(x;,x, ) that follows is also used
frequently in the proof, namely,

L(x;,x, ) =1(x; = x)+ i 2515 (xj, x) + Op (i )13) ) (A.12)

s=1 s=1

Using this expansion it is easy to see that

+0,(n™H) =m(x)+ 0,7,

s=1 i

m(x) =m(x)+ zr: s [n_l Y Yils(x;,x)

because 1s = 0p(n_1) by Theorem 2.1, where m(x) = n~! >i(Yi —g(x)1(x; = x).
Similarly, one can show that p(x) = n~! 2il(xi =x)+0p (n~1). Hence we have

§(x)=g(x)+0p(nh, (A13)

where g(x) is the frequency estimator of g(x), i.e., g(x) is obtained from g(x) by replac-
ing Ag by O forall s = 1,...,r. It is established that \/n(g(x) — g(x)) = N(0,Q(x)) in
distribution, where Q(x) = 62(x)/p(x). Also, it is straightforward to show that 62(x) =
az(x) +o0p(1) and p(x) = p(x)+o0p(1) (the proofs for these are omitted here). Hence,
f!(x) = Q(x)+0p(1). These results, together with (A.13), prove Theorem 2.2. n

Before we prove Lemmas A.2—A .4 that are used in the proof of Theorem 2.1, we need
to resolve a technical difficulty in handling S; (I = 1,2, 3) that arises from the presence of
the random denominator p; = p_;(x;). We will use the following identity to handle the
random denominator:

Ai:i_i_ (pi —2131') n (Pi;f;i)z'
pi  Pi p; P; Pi

(A.14)

Recalling that p; o = (n — H-1 Yjxi 1xj =x;) and p; 13 = (n — ! i Ls(xj, %),
we have uniformlyin 1 <i <n

1

R 1
pi—pi=pi—— 2, Lij=pi—
n—1%. n—1
JF#

.
x 310 =x)+ Y ZsLe(xj, x) + O(121%)
Ji s=1

.
=(pi—pi0)— Y, Aspits + O0p(21%) = 0p(n ™12+ 0, (12)), (A.15)
s=1

the last equality following because maxi<;<y|p; — pi,ol < supyep|p(x) — n_lzil
(x; =x) + 0(n~H) = 0p(n_]/2) (because D is a finite set) and max|<;<, |pi 15| =
0,(1).

P
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Substituting (A.15) into (A.14), we get uniformly in 1 <i <n

1 . r .
+ (piff()) = 3 P 00+ 0p (T 21+ 1P (A.16)
b i Pj =1 P

Note that in (A.16), the O (n_l) term comes from (p; — 15,-’0)2 / pl-3 , which is unrelated
to A.
From (A.16), we also obtain uniformly in 1 <i < n,

52 3

1 1 . p. r .
= Lm0 5 AP 0,7+ 0, I+ 1AP), (AL
pi P Pi s=1 Pj

where again the O) (n~1) is unrelated to 1.

Both (A.16) and (A.17) will be used to handle the random denominator in the proofs
that follow.

The next lemma shows that the CV selected smoothing parameters all converge to zero
in probability.

LEMMA A.l. is =op(1) foralls =1,...,r.

Proof. When we choose 45 =0foralls =1,...,r, it can be shown that CV(0) =0 (1).
Because /A minimizes C Vo(4), it can be shown that CVy (;1) < CV(0). From the expression
of CVy(4) given in (A.6), we know that CV((1) = S1(4) 4 0p (1) uniformly in 1 € [0, 1]"
because both S» (1) and S3(1) contain u;, which has zero mean, which necessarily makes
§7(4) = 0p(1) and S3(4) = 0p (1), both uniformly in 4 € [0, 1]". Thus, we have CVO(:I) =
S1 (1) +o0p (1) < CV((0) = 0p(1). Also, because S (%) > 0, we know that it must be true
that

S1(2) = 0p(1). (A.18)
In what follows we consider a generic 4 € [0, 1]". We expand S} (1) as

1) =333 Y (¢i —gj)(gi —g)LijLit/ b}

i il
=YY Y (ei—g)ei—eDLijLi/pi+nT Y, Y, (& — ) Lii/ B}
I#j#i A
=nYY Y (8i—8)(gi —8)LijLi/p7 +op (1)
I£ 74
= An(A)+o0p (1) uniformly in 4 € [0, 1]", (A.19)

where A,(1) = ”_322217éj;éi (g —gj)gi — gl)LijLil/ﬁiz. It can be shown that
maxi<;<y |p; — pisl = 0p(1) uniformly in 4 € [0, 1]", where p;; = E[p;|x;]. Hence, the
leading term of A, (1) is Ay, (4), where Ay, (1) is obtained from A, (1) by replacing 1/[31.2

by 1/p}. i, A1, (0) =n 35322 (8i — 8))(8i — &1)LijLit/p?,. Obviously, Ay,
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can be written as a third-order U-statistic, and by the U-statistic H-decomposition (eqn.

(A.3)) we know that
A1y (1) =E(A1,(4))+0p (1)  uniformlyin A € [0, 1]". (A.20)
Now,

E(A1,(2)) = E{[El(g; — ;) Lij/pislxi1*} +o(1)

2
= p(x){ > r@ [g(x)—g(z)]L(x,z,z)/p(x,A)} +o(1) (A.21)
xeD zeD

uniformly in 1 € [0, 1]", where p(x, 1) = E[p;|x; = x].
Equations (A.19) and (A.20) and A, (1) = A1, (1) + 0, (1) imply that

S1(A) =ElA1,(D)]+0p(1) (A.22)
uniformly in A € [0, 1]". Replacing 1 by 7 in (A.22) and also using (A.18) and (A.21) we

obtain

2
S10) =Y, p(x>{ Sy p(z)[g(x)—g(z)]L(x,z,%/p(x,i)} +op(1) = 0p(1).

xeD zeD
(A.23)
Equation (A.23) implies that
2
Y p(x>{ Y, (@) [g(x)—g(z)]L(x,zJ)/p(x,i)} =op(1). (A.24)
xeD zeD

Because p(x)/p(x, ;1)2 is bounded from both above and below by some positive con-
stants, then (A.24) is equivalent to

2
{ Y p(@) [g(x)—g(z)]L(x,z,i)} =op(l)  forallx e D. (A.25)
zeD

Equation (A.25) and Assumption 2 imply that is =op(l) forall s =1,...,r. Recall
that Assumption 2 states that, for all x € D, {2ze'D p(2)[gx)—g()]L(x,z, i)}2 =0if
and only if Ay =0 forall s =1,...,r. It can be shown that if one (or some) of the }ALS does
not converge to zero in probability, then the left-hand side of (A.25) is not 0, (1), which
contradicts (A.25). Hence, we must have /ﬁs = op(l) foralls =1,...,r for (A.25) to hold.
Thus, the CV selected smoothing parameters must all converge to zero in probability. M

We are now ready to state and prove Lemmas A.2-A.4. Given the result of Lemma
A.1, in the proofs of Lemmas A.2-A.4 we will give S; (I = 1,2, 3) expansions in terms of
powers of Ag (s =1,...,7).

LEMMA A2. S| = ¥, epl¥i_; As(Zzep s (x, ) pR) (8 (x) — g @NIPp(x) ™ +0p
(1A1%).
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Proof. Define S? the same way as Sy except that p;” 2 s replaced by pi_z. That is,

def 1
= =4 22(& )L/ P}
i#]

322 Z (8i — g)&i— gl)LuLtl/Pl = Siqa + Sip-
i#j#l

Here S;; can be written as a third-order U-statistic, and Sy, = n=3 233+ Qijis

where Q(x;, x;j,x;) is a symmetrized version of (g; —g;)(g; — gl)L,'jL”/pl.z. Also, define
Qi =E(Qjjilxi,xj) and Q; = E(Q;j11x;). Then by the U-statistic H-decomposition we

have
Siy=EQ; +— Z(Qz EQ)+ I)ZZ(QU 0;—0Q;+EQ))
Jj>i
n(n—l)(n—Z)zzbg;l
X (Qiji—Qij—Qj—Qi+Qi+0Q;+0;—EQ))
=+ +Nh+ 13, (A.26)

where Jo = EQ; and the definition of J; (I = 1,2, 3) should be apparent.
Using (A.12) and noting that (g; — g;)1(x; = x;) = 0, we obtain

El(gi —g)Ljilxj =x1= Y 45 3, 15(x,2)p(@)(g(x) — () + O (4. (A27)
s=1 zeD

Hence, we have

Jo =EQ; =E(Qijx) = EI{El(g; —&)L;ilxi1}* /p}]

, 2
=Y pkx) [2 s Y 1s<x,z>p(z)(g(x)—g(z))} / p()*+o(l%)

xeD s=1 zeD

, 2
=y [z A Y 1s(x,z)p<z)(g<x)—g(z))] P~ o(?) (A.28)
xeD |s=1 zeD

uniformly in x € D and 4.
Next, we consider Jy. The term Q; =E (Qiﬂlx,-) has the same order as |)v|2 because

El(gi —8))(¢i — &) LjiLii/pfIxil = (El(gi — g/ LjilxiV*/ p} = O(141%).
Hence E(Q{?) = 0(|/l|2k), and by Rosenthal’s inequality of (A.1) we know that
I 1P < n G M 40121 = 07 F A,

Therefore, by Markov’s inequality, we have for 0 < d < % and for all £ > 0,

E[|J;1%]

P T T 0~ 1729k = 0(u=0), (A.29)

Pe(1J1] > n 012 <
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where C > (1 —20k) and C can be arbitrarily large because k is allowed to be arbitrarily
large. Then the same result holds uniformly in any set of A with size no larger than a
polynomial in 7 (i.e., size no larger than O (n%) for some a > 0). If M, € A,, = [0, p)n]"
is any such set of values of 4 (the size of M, is no larger than O (n?)), it follows that

Pr( max |J;| > n_6|/1|2) <0m®) max P(|J;| > n 0112 =0 €Dy = 0(n™?)
AEM, AEM,
(A.30)

for some b > 0 (b = C —a, C can be arbitrarily large). Furthermore, the function L(_, ., 1)
is a polynomial function in 1 and hence is Holder continuous in 1. Therefore, taking a
polynomially fine mesh of 1 over [0, #7,]", following the standard arguments as used in
Masry (1996) for establishing the uniform consistency of nonparametric estimators, we
deduce that (A.30) continues to hold if M}, is replaced by A, = [0, 5,]", i.e.,

Pr( sup || > n—5|/1|2> =0(n™?) (A31)

rEN,
for some b > 0, which implies that
Ji=0p(121%) uniformly in 2 € [0, 7,]". (A32)

Next, we consider J,. Note that Q;; has the same order as

El(g;i —gj)(8i _gl)LjiLli/Pi2|xi,xj] ~O(1D(gi — &) Lji-

Hence, E(Qi-‘j) = 0(|/1|2k). We need to evaluate E(Jzzk)‘ Note that J, = 2n—2 2iZjsi
H;; contains two summations, where H;; = Q;; — Q; — Q; + EQ;. Thus, E(122k) =
22k, —4k iy Zji>iy 0 Ding 2jox>ing ELHiy jy -+ Higy joy 1, Which contains 4k summations.
Also, because E[#H;;|x;] = 0, the nonzero terms in E(Jzzk) must have the property that
each summation index is equal to at least another summation index. Thus, the nonzero
terms can at most contain 2k summations (each summation index is paired with and only
with another one), the next nonzero term contains 2k — 1 summations, etc., whereas the
last nonzero term (having the smallest number of summations) has two summations.
More specifically, let us consider the case of k = 2. In this case E(JZZk) = E(]? )=
16n8 i Zjy>iy e iy Zja>iq ELHiy gy - My j, ] contains 8 summations. However, if one
of the indexes, say, i, differs from all other indexes, i.e., i1 7 i; for all [ # 1, and i # j;
forl=1,...,4, then E[H;, j |xj,, Xy, X}, .., Xj,] = 0, which leads to E(Jf) = 0 (for this
case) by the law of iterated expectations. Therefore, for E(Jé1 ) to be nonzero, all subscript
indexes must pair with at least another index. Then we have the following case, situation
(a), where the eight indexes take four different values, i.e., each index pairs with one and
only one other index, one such case being i| = i3, ip = i4, j| = j3, and jp = j4, which
gives E[?’-l-2 ey ]. Obviously, all cases in situation (a) have the same order. If we let

ROV RRo¥ ) s
C»,1 (which also includes the factor 16) denote the number of cases in situation (a), then we

have E(J;)(a) ~ Cz,ln_g iy 2j1>i) Zin Zjr>in E[Hizljl 7“:'22]'2]- On the other hand
we could encounter situation (b), where the eight indexes take three different values, one

such case being i| =iy = i3 =14, j3 = j1, j4 = j2, Which corresponds to E[’;’-ll.21 i ’lel /.2].
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We use €7 » to denote other cases for situation (b), all such cases having the same order

so that we have E(Jf)(b) ~ C2,2n_8 Zi) 2ji>i) 2> i E[?—[izlleizljz]. Or, we could en-

counter situation (c), where the eight indexes take two different values. There is only one

such case, i.e., i| =iy = i3 =i4 and j| = jp = j3 = j4, which leads to E[’H?I i ]. Finally,

by noting that E(Hf-‘j) ~ E(Q{-‘j) = 0(|/1|2k), we have

E(J3) = EU) (@) +EUD @) +EUD @) ~ n~HCo 101218+ Coon® 21° +171217)
=0m*1%).

Therefore, for a general positive integer k > 2, using E(Qf.‘i) = 0(|2|?%), similar to the
case for which k = 2, one can show that ’

E|J2|2k < n_4k{Ck,1n2k|i|4k +Ck,2n(2k_l)|l|4k +‘_‘+n2|/1|4k} _ O(n_2k|/1|4k).
(A.33)

Hence, by Markov’s inequality, we know that this leads to Pr(J; > n_5|/1|2) =
O(n_(2_25)k) = 0(n=%) (for some 6 € (0, 1) and for all C > 0). Then by using the same
arguments as those leading to (A.31), we get

Pr( sup |1 >n 0102 | =0n™D), (A34)
reN,
for some b > 0, which implies that

Jy=0p(121%)  uniformly in 2. (A.35)

The term J3 is a third-order U-statistic. The kth-order moment of Q;;; has the same
order as the kth moment of the unsymmetrized quantity (g; —g;)L;;j (g — gl)Lil/P,-2~ Thus,

E(Q};)) ~ El(gi — 8))(gi — 80)Lji Lii/pi1* = 0(141%).

The term J32k contains 6k summations. However, for E(J%k ) to be nonzero, each sum-
mation index must be equal to at least another summation index. Hence, we have

B[4 = n=8 et a4 0?121%) = 021, (A.36)
By comparing (A.36) with (A.33), we know that J3 has an order smaller than that of J,.

Hence,

J3= op(lﬂlz) uniformly in 4 € A,. (A.37)

Summarizing (A.28) to (A.37), we have shown that

- 2
Sip=Y, [2 As Y L, )p@)(g() —g@)| pe) +0(21?) (A.38)
xeD [s=I zeD

uniformly in 4 € A,,.
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Now we consider S1,, where

1 1
Sia 1222(& gLy |5+ (A.39)
=TS bi g

By using the U-statistic H-decomposition, it is easy to see that the leading term of Sy,
is E[S1,]=n"'E[(g; — gj)ZLj?l./p,?] = 0~ "41%) = 0(|2]?). Hence, S1, = o(|4]?) uni-
formly in 1.

By (A.38) and (A.39) we have

2
9 zp[zzszls(x 2)p(x)(g(x) — g(z))} P~ o(121?) (A.40)

uniformly in 4.
Define A ;(x;) = p; — p; and sy ;(x) = 1/(n — 1) ¥j4 (g(x) — g(xj)) L(xj,x, ).

Then
12 T
)51 51)_ S¥ it i) (- || <€ sup @i, (x,) s }A,,,(x,)| (A41)
iz p,‘ P I<izn
Now,

E(n%l,,'(x)) =E((g(x) —g(xj))L(xj,x,4))~ O(|4]), uniformly inx €D and 1. (A.42)
We write
fvy i (x) —EQiy ;i (x) = —— 2 [(8(x) —g(xj))L(x},x)

/;ét

~E((g(x) = g(xj))L(x},x))]
1

— 3 [V —E())]. (A43)
J#L

where V; = (g(x) — g(x;))L(xj,x). It is easy to show that E(ij) ~ 0(|/1|k). By Rosen-
thal’s inequality, we have

~ ~ 2k — —
Elriiy () =B C)|™ < Con ™ M)A 4 nl i) ~ 0 %),
By Markov’s inequality, we have
Pr(‘r?zl,i(x) —E(iy ()] > n_élil) =0m 729K forsome 0 < < 1/2.

Using the same arguments as those leading to (A.34), we have for some 0 € (0, 1/2) and
any C > 0,

Pr(sup‘n%l’i(x) —E(r?zl,i(x))} > n_5|/1|) < const.n~ 1720k — o=,
A

which implies that
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sup [ ; (x) —E(i ;(x))| = 0p(lA])  uniformly in x € D. (A.44)
A

By (A.42) and (A.44), we have
fy,;(x) = Op(|A]) uniformlyinx e D and 1€ A,. (A.45)

Recalling that A, ; (x;) = Di — pi» then by the same arguments that lead to (A.45), we
have that

sup [Api(xi)] < Jmax [p(x) —Ep(x)|+ maXDIE[p(X)]—P(X)I

i,A,x;
= op(n—1/2)+0p(|z|) =op(1). (A.46)

By (A.45) and (A.46) we have

)sl s°}<c sup mll(x,) s |Ap,,(x,){_op(|/1|) (A47)

1<i<n

By (A.40) and (A.47) we have

2

Si= Y Y 4 Y L )p@E@ -g@)| pe) " +op(141%) (A.48)
xeD |s=1 zeD
uniformly in /. u

LEMMAA3. $;=—n"'S_ AsAg+n S0 A Zyy s +op (1412 +[An~ 1) +terms
unrelated to A, where As > 0 is a positive constant and Z 1,  is a zero mean Oy (1) random
variable defined in the proof that follows.

Proof.

_322”2L2 /p; +”_322 D, uju lLtJLll/Pz —2n" 222“”1 ij/Pi

i#j#l J#
=S4+ S —25.

Using (A.17) and noting that L?j. = O0(141%) if xj # x;, we have

Srg=n" 3221()61—)6,)14 / b; +0p(n_l|i| )
J#i

=n73 Y 3 0 =x)ui | 1/p7 +2(pi — pi0)/p; =2 Y hopins/
J#i s=1
+0m™ 2+ 21207
=—- 2 132}’!_22 Z l(x] —xt)” Pi lr/pl
J#
+ 0p(n_3/2|/1| +n_1/2|1|2) + terms unrelated to 4,
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-
—n~! z ASAS+0(n_3/2|i|+n_1/2|/1|2)+ terms unrelated to 4,
s=1

where Ay = 2E[1(x; = x; )ujz. Pils/ piz] is a positive constant and we have used the fact that
72N Y A = x)ud pi, 15/ P} = As + 0p(n™ /). (A.49)
JF#L

Equation (A.49) follows from the U-statistic H-decomposition because Zn_zzzi#

1(xj = x,-)uzpi,ls/p? can be written as a second-order U -statistic.
Using (A.17) and (A.12) we have

Sw=nT"3Y, ¥ ujul [1(3‘1—"1)"'2’1515("/”‘1)}

i#j#l

10 =x)+ Y, izlz(xzaxi)]

t=1

.
1/ p?+2(pi — pi0)/ =23 Aspi,ls/p?}
s=1

+ 0,2

- 2 122y Y }#ujul [1(xj = )1y (e, ) + 10 = )1 (), x7)
i#]

—2x 105 =¥ 10y =x)pi1sp; | /1

+ OP(n_3/2|i| +n_1/2|/1|2) +  terms unrelated to 4

,
=n"! Z /1523,1,5+0p(n_3/2|/1|+n_1/2|/1|2)+ terms unrelated to 4,

s=1

where Z3, ; equals

2 Zz 2 2 l(x_] =x;)Ls (g, ;) + 10 = x;) 1 (xjs'xl)
i#j# P

Pi,ls

i

=2 x1(xj = x;)1(x; = x;) x ——

It is easy to see that Z3, ¢ is a zero mean Op(l) random variable by showing that
E(Z3n ;) = O(1) (this follows from the fact that E(u;, uj,uiyui, |x;, Xiy, Xiy, Xi,) = 0 un-
less iy, in,i3,14 take on no more than two different values). In the preceding derivation we
have also used the fact that p; — p; o = O)p (n=12).

Again, using (A.16) and (A.12) and letting ¢ = n—1 |/1|2 + n_3/2|i| + terms unrelated
to A, we have

Sre=n" EZM uj l(x]—xl)-}-zllsls(x]axl)
J#
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r
X [1/pi +(pi = pi0)/ pE =Y Zspins/pE| +Op(cn)

s=1

.
=Y Iy Y uiu[Ls(xj, x;)/ pi — 1(x; = X Pis/PH+ Op(Gn)
s=1 i

,
=n! 2 AsZans+ Op (n_l |/l|2 +n_3/2|i|) +  terms unrelated to 4,
s=1

where Zy,, ¢ = nl XX i[5 (xj, %)/ pi —1(xj = x,-)p,-)ls/piz]. It is easy to see that
Z4p, s is a zero mean Op (1) random variable. Note that the term associated with p; — p; o
is of order OP(n_3/2|/1|) because max <<y, |pi — pi,ol = OP(n_]/z).

Summarizing the preceding discussion we have shown that

82 = S04+ S2p — 252

r r
= —n_] z AsAg +n_1 z lszln,s

s=1 s=1
+0 (n_1 |/1|2 +n_3/2|il) +  terms unrelated to 4 (A.50)
p ’ .
where Zy,, ¢ = Z3;, g —2Z4y  is azero mean Op (1) random variable. n
LEMMA A 4.

.
S3=n"1Y 2 Zops +op (212 +n7112)),
s=1

where Zy,  is a zero mean Op(1) random variable defined in the proof that follows.

Proof.
S3=n"2Y Y ui(gi—gj)Lij /i —n DY, Y (8i—g)uLijLit/p}
e iA i
—n Y Y (i — 8))uj LY/ B} = S3a — S3b— Sae-
T A

As we will see subsequently, there are some subtle cancellations between S3, and S3;,
that are the key to establishing Lemma A.4.

Letting ¢ = |A|2n_1/2 + |/1|n_3/2+ terms unrelated to 4, then using (A.16) and noting
that (g; — g;)1(x; = x;) = 0, we have

r

S3a=0"2Y Y ui(gi —gj) |0+ Y xsh(x,-,xl-)} (1/pi + (pi = pi.0)/ PP+ Op(Cn)

J#i

s=1

.
=3 272y Y Lo (xj.xi)ui (gi — 85)/ pi
s=1 A
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.
+ Y anEY Y 150, x)ui (8 — ) (i — Pio)/P7 + Op(Gn)
s=1 JF#i

= 834,1 + 830,22+ Op(&n), (A.51)

where the definitions of S3, 1 and S3, > should be apparent. The zero term appearing in
the first equality comes from the fact that (g; — g;)1(x; = x;) =0.

Next, we consider S3;. Again noting that (g; — g;)1(x; = x;) = 0 and using (A.17), we
have

S3p=n" 322 2 u(gi — 8j)

i#j#

0+ 2 Jsl (xj,x,):|
x [10x; = x) W1/ p? +2(pi = pi0)/ pi1+ Op (V2127 + 07321 2))

.
=Y an Y Y 1y, x) 10y = x)u(gi — gj)/ PP
s=1 14 j#i

+22/13" 322 z lA(xjaxl)l(xl_xl)ul(gl g])(pl PtO)/pl
[#j#i

+ 0, V222 4073210

= S3p.1 + 28352+ Op (0™ V222 407321, (A.52)

where the definitions of S35 1 and S3 » should be apparent.

Note that max| <<y |pi = piol < max,ep lp(x) —n~ 'S0 1 = DI+ 0@~ =
Op(n~ 1/ 2) because the support D only contains finitely many x. Using this result it is easy
to see that both 3, > and S3j > are of order 0p(|/1|n_1). Although S3, | and S3j, 1 are
both of order Op(lxlln_l/z), we will show subsequently that S3, 1 — S35,1 = 0p(|/1|n_1).
To show this, we need to rewrite S35 1 in a form similar to S34 1,

sgbl—zm—322 > L (xgx) 1y = x)u (i —8)/p?
i JEFELIFE]

.
=Zisn_3zz > ls(Xj,Xl)l(xl=xi)uz(81—gj)/l712 (because x; = x;)
s=1 T i I

I
M~

DYDY {1s(x/',XI)uz(gz—gj)/p12] [n‘l Y l(xl=x,~)}

J#] i#],i#l

w
Il
-

.
=Y An ™2y 3 A5y x)ur (8 — 8) o/ PP
s=1 T iZ)
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def _
P = n lzilzl,igéj,i;éll(xl =x;))

Asn ™23 Y A5 (g xiui (g = 87)pi.o/ P} + Op(aln ™), (A.53)
Ji#j

where the second equality is the key step. There we used g; = g;, p; = p; because x; = x;

as a result of the restriction 1(x; = x;). The third equality simply reorders the summa-

tions. The fourth equality follows from the definition of pl*o, and in the last equality we

I
©
I Mx
o

used maxj <<, [p1,0— Py ol = Op (™1 (pro=n""%i—1,i2 10y = x;)) and we changed
summation indexes from (j,/) to (j,i).
Note that both S3, 1 and S3, | are of order O (12]n~1/2), but we have (using (A.53))

.
S34,1 — S3p,1 = n~! Y s {n_l 3> 1 (xj,xi)ui(gi — &) (pi — Pi,o)/lfiz}
s=1 i

+0,(n3212))

= S30.0+ 0p(n =212, (A.54)

which is of the order of 0p(|/1|n_1) because it is easy to show that E[S32a )= 0(|l|2n_2),
which follows from the facts that u; has zero mean and that maxj<;<, |pi0 — pil =
0p(n1/2).

Finally, noting that (g; — g;)1(x; = x;) =0, and that 1(x; # x,-)Li2j = 0(|/l|2), we have
S3c=n"2 Y D A #x;)(8i — g)u; L/ b7 = 0~ AP, (A.55)

J#

Now, combining (A.51), (A.52), (A.54), and (A.55), we obtain

$3= S3q = S3p = S = (S3a,1 = S36,1) + 30,2 = 25352+ Op(1A17n ™12 +14In 72

=2834,2 = 2832+ Op (1412012 4121072

” 2
=n"! Y s {nZ Y s (xj,xi)(gi — &) (pi —Pi,o)/Pi2
s=1

J#i
1
x |uj—— Y 1 =xp)uy/pi }+Op(Cn)
T 1tiis]
,
=71y 25 Zops + Op(IA1Pn V2 41210732, (A.56)

s=1

where Zo, s = 3 X2 Ls (5, %) (81 = 8)) (pi = Pi.0)/ P7lui = (1/m) Sgopi 1.2 1x1 = xp)
u/piland & =n~ V2122 40 73/2| A|. Using maxy <; < | pi,0 — pil = O(n=1/2), it is easy
to see that Zy,, ¢ is a zero mean Op (1) random variable. |
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APPENDIX B: Proofs of Theorems 3.1 and
3.2—The Irrelevant Regressor Case

Proof of Theorem 3.1. As outlined in Appendix A, we have CV(1) = CV(4)+ aterm
unrelated to 4, where CV(4) = Sy + Sp + 283, with the definitions of the S;’s given in
(A.6). Now, we assume that x = (X, X), where x contains the first relevant r{ components
of x and X contains the last ) = r —ry irrelevant components of x; g(x) = g(x) so that X
are irrelevant regressors.

In Lemma B.1 we show that /g = op(1) fors =1,...,ry. Given this result, in the proofs
of Lemmas B.2 and B.4 in this Appendix we will only consider the case in which A =
(A1,...,4r) €10, nn ]!, where 7, is a positive sequence that converges to zero as n — oo.
Lemmas B.2-B.4 hold uniformly in 2 € A, = [0, 5,]"".

Letting | 1| = \ /2;1:1 lg, then by Lemmas B.2-B.4, we have
. 2
1 - -
Si=Y | Y% Y LEDIEEE —g@) | pEHE ™ +op(12P), (B.1)

xeD |s=1  zeD

So=n"'BAY+n7121,(0) +0p (V271 +171%), (B.2)

where B(1) equals a positive constant times E{Z%j/[E(Zij |12}, where Zij = L(%;,%;,

7). Hence, B(1) is positive and finite for all values of 7. The expression 2, ) = n1

X jiluju1(x; = i,-)/ﬁiz] 0;; (1) is a zero mean Op(1) random variable, with 6; ; ) =

LiL; ~ o~
E Jliulxi,xj . Furthermore,
[E(Lif|%)]

r _ ~ _ _
S3=n"12Y G52, Q)+ Op (™ V20 40 A 40732, (B.3)

s=1
where Zy, ¢ (%) is a zero mean Op (1) random variable defined in Lemma B.4.

Similar to the proof of Theorem 2.1, one can write (B.1) as S| = /_1’(”)(_2/_1(,1), where

;l(rl) =1, Zrl ) and Q is an r| x r; positive definite matrix defined similarly to Q in
Appendix A but with r replaced by r{. Then combining (B.1)—(B.3), we obtain

CVo(2) = Sy + S5 +255

) . - B oo ~
=2y Qi)+ BOY +n T 21, (D +207 2 Y T 20, ()

s=1

~3/2) 4+ terms unrelated to 1. (B.4)

+op (212 +n~ A +n
Taking the derivative of CV (1) with respect to /_1(,1) gives

aCVo(A)

= =207 0 22, + (s.0) 20, (B.5)
04(ry)

where Z, = (22,15 Zon,y)-
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By noting that, for any values of (11, ..., :1,2), 2,5 is an Op (1) random variable, (B.5)
leads to

;1(,1) = n_l/z[ZQ]_IZZn + (s.0.) = 0p(n_1/2). (B.6)

From Lemma B.4 we know that (where v; = E(Zij X))

= _ .1
Zon,s () =032 ui(gi — g1 (¥, %) —
J# pi

L.. 1 B o~ ~ 5
#—f Z 1(x1=xi)LliLlj/V12 >
Vi P st

which has zero mean and an asymptotic finite positive variance. This, together with the fact
that Q~! is positive definite and finite, implies that Z(rl) converges to zero in probability
at an exact rate of Op (n_l/z) (i.e., it cannot go to zero at a rate faster than O, (n_l/z)).
(Note that when there do not exist irrelevant variables, v; = E(Zi 71%;) reduces to 1 (we re-
place Zij by 1 if there are no irrelevant variables). In this case 1 — (1/pjn) Xy 14 15 =
Xi) = 0p(n_1/2). Hence, 25, s = 0p(n_1/2) and 1 becomes Op(n_]) as stated in
Theorem 2.1.)

Substituting (B.6) back into CV((4) yields a concentrated objective function, which we
denote as CV((4). It is easy to see that CV (1) takes the following form:

5\70(:1) =n! {B(A)+ X,(A)}+  terms unrelated to 1, B.7)

where X, (1) = Z1,(2) +2ﬁ2;1=1 Ls Zon,s () is a zero mean Op (1) random variable. In
fact, X, (1) is a zero mean U-process indexed by 1. By Lemma B.5 we know that the first
term on the right-hand side of (B.7) has a unique minimization point at Js=1foralls =
1,...,rp. The second term is a zero mean U-process given by n! X2jiuiujAijBij A,
where A;j = A(x;, X;j) is a bounded function of (X;,X;) and where B;; (1) is a bounded
function of (¥;,¥;) and 7. Then it is easy to see that, asymptotically, this second term is
minimized at 2; = 1 for all s = 1,...,r, with positive probability, say, J € (0,1). The
value of ¢ will depend on the distribution of x; and u; and can be difficult to compute
exactly. Because the first term on the right-hand side of (B.7) is minimized at Js = 1 (with
probability one) forall s =1,...,rq, then'b(;l) is minimized at 1; =1 (fors =1, ..., ry)
with probability a € (0, 1) with a > J.
Hence, we have

nll)mooPr(/ll =1,..,ip,=1)>a (B.8)

for some a € (0, 1).
It does not seem to be possible to determine the value of a exactly for the general case.
However, because the first term on the right-hand side of (B.7) is uniquely minimized at

Js=1fors=1,..., rp and the other terms have zero means, this suggests that it is likely
that o € (1/2,1). Indeed our simulations show that « is between 0.6 and 0.65 for a variety
of DGPs. u

https://doi.org/10.1017/50266466608090014 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466608090014

NONPARAMETRIC ESTIMATION WITH DISCRETE COVARIATES 33

Proof of Theorem 3.2. We write g(x) —g(X) = (g(x) —g(x))p(x)/p(x) =m(x)/p(x),
where

() = @) = (@) p) = n ! XY =g (D)L, x,2

=0 Y eG) — @)Ly v in + Y uiLy; v

= 1ty (x) + 1 (x)

and where Ly, y ; = L(x;,x,4) and the definitions of #i1(x) and 5 (x) should be
apparent.
We have the following decomposition for Ly,  ;:

L(xj,x, 1) = {1()@- — 0+ Y AL+ op(|1|2)} Ly i3 (B.9)

s=1

where Ly o5 =TI, 4 (xis, %5, 4s) and A2 =31, 22 = 0p(n™h).

Xi,X,
Using (B.9) we can write 711 (x) as

ry R _
(o) =n"" ¥ [g(@) — (D)) [1(@ =5+ 3, Al (&, 5) + op(w%] Ly zi

i s=1

= i 15Gs(x)+0,(n7 Y, (B.10)
s=1

because [g(X;) — g(X)]1(¥; = ¥) = 0 where Gs(x) = n~' 3;[g(¥;) — g(X)1Ly (Ki5, )

Xi X, A

It is easy to show that E[G4(x)] = E{[g(x;) — g(i)]ls(iis,)E)}E[in,i,z] = ZEE@
P®)[g (@) — g(¥) 15 (5, X)v; (F). Also, var(Gy (x)) = O(n~!). Hence,

Gy(x) =E[Gs(0)]+ Op(n~V/?) = By(R) p(E)v1 () + 0p (n ™12,

where Bs(x) = ﬁ()?)_l Ysep P0)g®) — g(x)]1s (@, ). This result, together with ds =
Op(n_l/z) fors =1,...,rq, yields

r1 N
iy (x) = pEW(F) Y, A Bs (@) + 0p(n™h. (B.11)

s=1

Next, we consider 715 (x). Using (B.9) we can write 1715 (x) as
i (x) =n" 1S ui 15 =f)i;,.,;,1 +0p(n1) =1ig,0(x)+ Op(n~"). Obviously E[ri; o
(x)] =0, and its variance is given by

var(iiy 0 (x)) = n~'E[u?1(%; = ;z)]E[Zl?j] = n~162(X) p(¥)v2(¥). Hence, by the
Lindeberg central limit theorem, we have

iy (x) = i, o)+ 0p(n 1) S N (0,07 (@) pE2 ). (B.12)
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Combining (B.11) and (B.12) we have

r1 .
i) = 3 s By(®)pEw (8] S N (0,02 (%) pE)va (). (B.13)

s=1

Equations (B.16) and (B.13) lead to

r 7 —_3y"1 ’;‘ (X)) p(x X
il st — s - IO BOIEMDL i
s=1 pX)vi(X)

4 (om0
pE(E)?

We are now ready to state and prove Lemmas B.1-B.4. We first provide some results
that are needed to handle the random denominator, p;. B

Define u(x) = E[p(x;)|x; = x] and recall that v;(X) = E[(Lij)ll)?,- =x] (forl =1,2).
Then it is obvious that E[p(x) — x(x)] = 0 and that var(p(x) — x(x)) = O(n~!). Hence
PE) = n(x) = 0p(n™1/?). (B.14)

Also, it is easy to show that, for all x € D,

p(x) =EIL;j|% = %] E[L;j|% = &1 = [p(x) + 0(ADIv; (), (B.15)

where Z,] = L()E,',)Ej, j.) and le = L()Z,-,)Zj, /1)
Combining (B.14) and (B.15) we know that
p) = pE)W1 @)+ 0p (12D + 0p (™12 (B.16)
From (B.16) we have, uniformly in x; and 4,
1 1

—=—— 40,24 12)), (B.17)
Pi PiVi

where p; = p(x;) and ¥; = v(X;), and

1 1 _ -
— =+ 0p (1. (B.18)
P ivi

Similar to the proof of Lemma A.1 one can show that ;ls =op(1)fors=1,...,r, which
is stated in Lemma B.1, which follows.

LEMMA B.1. 4y = 0p(1) forall s =1,...,r}.
Proof. The arguments are similar to the ones used in the proof of Lemma A.1. We
use 0,, to denote a row vector of zeros of dimension 1 x m. When we choose A3 =0

forall s =1,...,r1, we know that CV( (0, ;1) = 0p(1) for any value of . = (;11, A :1,2)
because g; — g; = g(x;) —g(%;), which does not depend on X; and X;. Because 7 minimizes
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CVo(2), and from CVO(;l) < CVo(0r), CVo(L) = S1 +0p(1) (S2 and S3 are both 0 (1)
because they contain #;) and S| > 0, we know that it must be true that
S1(2) = 0p(1). (B.19)

Now consider a generic 4 € [0, 1]". It can be seen that

S1) =033 Y (g —8/)(gi —g)LijLit/ b}

I#j#i
+n3Y S Y (g _gj)zLij/ﬁiz
J#i
=n3YY Y (g —g) (g —&)LijLit/ P + Op(n™ ") = Ap(2) +0p(1),
I#j#i

(B.20)
uniformly in 4 € [0, 11", where
An) =033 Y (g —8)(gi — g LijLit/ p}-
I#j#i
Define p;; = E(p;|x;) and define A}, (1) by replacing l/ﬁi2 by l/pla« in Ay (A);

ie., A, (1) = n—3 2238 — &) (g — gl)L,-jL,-I/piZ)v. Then it can be shown that
Ap(2) = A1, (A) +0p(1) uniformly in 2 € [0, 1]". The term Ay, can be written as a third-
order U-statistic, and by the H-decomposition of U-statistics we know that, uniformly in
L el0,1]",

Ajp (1) =E(A1, (1) +op(1). (B.21)
It can also be seen that
E(A1,(2) = B{ [E [(&i — 8 Lijl&])* (B(Lij |51/ p, } +0(1)
2
=Y p®Q Y p@IE —g@ILE,ZD) p /pE. D +o(1),  (B.22)
xeD zeD
where j(%, 1) = E[L;;|%; = ¥] and we used the fact that p;; = E[L;;|%;1E[L;;|%;] so that

[E(Zij |£i)]2/pi2)v =1/p(x, 1)2. Similar to the arguments used in the proof of Lemma A.1,
the preceding results imply that

2

Y p)S X @Ie® - g@ILEZD) ¢ /BE D) =0p(D), (B.23)
xeD zeD
with 7 being selected by the CV method. Equation (B.23) is equivalent to, for all ¥ € D,
2
Y @ [g(x)—g(@)IL(F,Z,4) p =op(1) with 1 selected by the CV method.
zeD
(B.24)
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Equation (B.24) and Assumption 3 imply that the CV selected smoothing parameters for
the relevant variables all converge to zero in probability, i.e., iy = 0p (1) fors =1,...,7r7.

|
We are now ready to prove Lemmas B.2-B.4.
LEMMA B.2.
. 2
1 o _ R
Si= % | A X LEDIOE®-g@) | FEHE T +0,(27).
xeD |s=1  zeD
Proof. Define S? the same way as Sy but with p;” 2 replaced by (ﬁiﬁi)_z. Then
sz@ &)’ L3/ (Bivi)
i j#i
17 Y Y (si—8)(8i —8)LjiLi/(pivi)?
(=D =2) 7 Z 1417
= S1a +S1p- (B.25)

The proof is similar to the proof of Lemma A.2. Here Sy; can be written as a third-order
U -statistic, and one can show that the leading term of Syj, is E[S1]. It can be seen that

E[S1p]= E{ [E [(gi — ) Lij1%] /ﬁi]z}E{ [E(Zijm)/ﬁi]z}
=E { [[E((gi — &) Lijlx)] /131']2}
2
ry _
=Y |34 Y LEDFOEE -2@) | pEOFHE T +0p(171P). (B.26)

xeD |s=1  zeD

where the second equality follows from the fact that E[L ij1%i1="V; (so thatit cancels 1/v;)
and the third equality follows exactly the same derivation as in the proof of Lemma A.2 as
it is unrelated to 1.

Thus, we have shown that the leading term of Sy, is unrelated to 7. Hence,

2
Sip=, zazhammmng@>ﬁmmrw%mﬂ (B.27)

xeD |s=1  zeD

Now consider Sy, where

Sia = A 8 L5/ (pivi)*. (B.28)

n(n— 1)2 i=1j+#i

It is easy to see that the leading term of Sy, is E[S)4] = o~ YR uniformly in 1.
Thus, we have S, = 0, (|2]%).
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Summarizing (B.25), (B.27), and (B.28) we have shown that

2
r _
SN=S1+5=Y |3k | I LEHIDEE -g@) || pEsE !
xeD |s=1 zeD
+0(3%) uniformly in A. (B.29)

Define it ; = (n — )71 3 4i[g(xj) — g(x)IL(x;, x,2) and A;(x;) = p; — p;. Then
similar to the proof of Lemma A.2, one can show that 7717 ; (x) = Op(|/_1|2) and A;(x) =
0p (1), where both are uniform in x and /.

Using (B.18) and by arguments similar to those used in the proof of Lemma A.2, we
have

)sl s°)<c sup i} ; () sup |A; ()] = 0p (i) (B.30)

1<i<n 1<i<n

uniformly in .
By (B.29) and (B.30), we obtain

2

Al
Si=3 |24 2 LEHIDEE -e@)| pEHE) T +0op(1112). (B.31)
x€D [s=1 zeD

|
LEMMA B.3. S = n_lB(i) +n_121n(1) + ()p(|1|2 + |/_I|n_1/2) + terms unrelated
10 1, where B(1) = E{uzl(ij = ;z,-)Z?j/[ﬁfﬁ}]} is positive and finite and where Z1,(1) =

lzzﬁg, [u; ujl(x] = Xz)/P, 10;; (2) is a zero mean Op(1) random variable with 0;
(l) =E[Ly Ly /3} 1%, %1

Proof. Similar to the proof of Lemma A.3, we have

Sz—n_322"2L2 /BT Y Y Y wjuLijLin) B}

i##

_2”_22 N ujuiLij/pi = Saq+ Sap — Sac.
J#i

By (B.18) and noting that Z,-j =1(x; =x)+ O(]4]), we have

Spa =03 Y Y w1 = i) LY/ pF + 0p (17D

J#
=03 Y Y Wi =)L /1575 + 0p(n 1)
J#i
=" B+ 0p ™2 A, (B32)

where B(1) = E{u21(ij = xi)ZfJ/[ﬁ2*2]} is positive and finite and in the last equality
we have used the fact that n =2 Y% ; u? 1(x, = %)Li;/[p?92] = B() + 0p(n~1/?),
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which follows from the U-statistic H-decomposition. Note that we can also write B(4) =
By B (%), where By = E[o*(¥;)1(x; = x;)/ ;1 is a positive constant and By (1) = E{L?;/
7).

Next, we consider Sy;,. Note that Sr, = O)p (n_l) because u; (u;) has zero mean. Letting
Sgb denote Sy, but with ﬁi_z replaced by (ﬁiﬁi)_z, by (B.18) we know that

Sop = 8%+ 0p(n ™32 407 112)), (B.33)
where
0 _ -3 . N VL T /5252 -1
Sy =n""2 > > wjml(xj =x)1x; =x;))LijLi1/[p; o7 14 Op(n™ " |2])
i#j#l
=59, 1+ 0p(n~1A],

where Sgb,l =nTEY i ujul(x = x;)1(x = xi)Lij Ly /[P0

Now, Sgb | can be written as a third-order U-statistic. Let Q;;; denote the symmetrized
version of uju;1(xj = x;)1(x; = xi)/(ﬁizﬁiz) and define Q;; = E[Q,’jllx,;,xjj. Then it
is easy to show that Q;; = (1/3)u;u;E[1(x = x)1(x; = xj)/ b}, % 1E[Ly Ly /515,
X1 =/3)u;jui[1(x; = xi)/ﬁi]E[L”Lﬂ/ﬁlz|)E,~,)Ej]. By the U-statistic H-decomposition
we have

S(Z)bl I)ZZQU TZZ Z [Ql]l Qij_Qil_le]

J>1 [>j>i

n(n_l)zzgl/+0p(n )

Jj>i

=32 Y wiui (1 = %)/ BEILi Lt /5715, %1+ Op(n =12 +n72)

Jj>i

=071 Z21,0) + 0p(n A +n72), (B.34)

where Z1,(0) = (/3" S 3w ujuj(1F; = )/ p;JE[Li L1 /3713, %;1. It is easy to
see that 21, is a zero mean O) (1) random variable.

Finally, it is easy to see that S, = n3 X2 uiujLij/pi = 0p(n_2). Summarizing
the preceding results, we have shown that

S =n"'BAY+n 12, + 0, (0" A +072). (B.35)

|
LEMMA B 4.

r _ ~ _ _
S3=n"123 75 Zpn s (D) +o0p (A1 +n~V27)),

s=1

where 23,5 (1) = n2 L5 silui (8 — ) Ls (5, %)/ Pill(Lij /vi) = (1) Bin) Sig 1t
1(x; = )E,-)Ll,'Llj/ﬁlz] is a zero mean Oy (1) random variable.
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Proof.
S3=n"2Y Y ui(gi—g)Lij/pi —n XY Y (8i—g)uLijLit/p?
i j#i i#j#l

—n_322(g,~ —gj)ujLizj/ﬁiz = S3,— S3p — S3¢-

i j#i
Noting that (g; — g;)1(X; = X;) = 0 (because g; — g; = 0if ¥; = ¥;) and using (B.17),
we have
rl _ - _
Saa=n"2Y, Y ui(gi—g) |0+ Y, Asls(x,-,f,-)} Lij/pi+ Op(n™ 21712
J# s=1

a2 2 pi n_3/2221s(x],xl)u (gi — gj)Lt]/[ﬁzﬁz]+0p(|/1|2 -1/2y
s=1 i j#i

+ 0,022+ 0712

r _ ~ _ _
=012 2523, s )+ 0p (21202 4 2in™h, (B.36)
s=1
where the zero in the first equality comes from (g; — g;)1(¥; = X;) = 0, the second equal-
ity uses (B.17), and 23, s (1) = n/2 % %4 15 (%, )u; (8 — g)Lij /L pi i1, which is
obviously a zero mean Op (1) random variable.
Next, we consider S35, and again ||x; — ;|| > 1, for otherwise S35, = 0. Using (B.18),
we have

S3p=n" 321522 2 ls(x]»xt)l(xl—xz)”l(gz gj)Llell/pl
= 1A

+0,(n~Y2171%

n=3 z /1?22 Z lv(xj’xt)l(xl =x;)u(g — gj)Lthtl/[P, Vi ]
=1 [#j#i

+ 0, V2212 07 1))

ry _ - _ _
=072 24 s Q)+ 0p (AP V2 41107, (B.37)

s=1

where 24y g = n">2 L5z joai 1o (8, 5) 1 = )uy(g; — 87)/ L5757 1 s a zero mean
Oy (1) random variable.

Note that unlike the case for which all regressors are relevant, here there are no cancel-
lations. Therefore, the leading term is of order n—1/ 2|le rather than ! |Z]. To elaborate
further on this point, we use S3, 1 to denote the leading term of S35, i.e.,
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S3p,L =n" 2 As 2217&2# 1o (xj, X)L = x;)uy (g — gj)Lt]Lll/[P, , (B.38)
J A

Subsequently we will show that the leading term of S3; will not cancel the leading term
of S3, when there exist irrelevant regressors. First note that

1 = 3) 15 (55, %) (g1 — 87)/ PF = 17 — %) 15 (%, 1) (81 — &)/ i » (B.39)

because x; = i; (because of 1(x; = x;)).
Using (B.39) S35, 1, can be written as

oo ~ ~
Sspr =023 25y, 3 luy(gr — g1 (%, %)/ pilln ™" Y, 1(E = %)Li; Ly /971
s=1 1 j#l i#j,l

ry _
=072 1Y S (g1 — gj)1s (5, %)/ PHE [1(F = 5)1%)]
s=1 1 j#l

X E[Zijzi[/ﬁizﬁj,f[] + Op(’l_l )

LA ~ ~
=072 A Y, Y luy(g1 — g))1s (%, %)/ BIVELL; Lit /5715, %11+ Op (™ 112])
s=1 1 j#l

o ~ ~
=072 A Y, S ui (gi — ;)15 (R}, %)/ BiVEILy; Ly /97157, i1+ Op (n™112])
s=1 i j#i

= S3p.1 + 0p(n~112D), (B.40)

where the definition of S3;, | should be apparent. In the third equality we used E[1(x; =
x;)|x;1 = p;, and the fourth equality follows by interchanging index i with /.
From (B.36) we know that the leading term of Sy, is

r _ - _
S3a01 2 072N IS 1L j)ui (g — g5)Lij [ (Pivi)- (B.41)
s=1 i j#i
Now, (B.40) and (B.41) lead to

r _
S3a1 =S =n"2 Y A Y [1s (i %) ui (8 — 8)/ Bi)

s=1 i j#i

Li; LyL
x| 2L g T 5 5 (B.42)
Vi vl

Obviously, in the absence of the irrelevant regressors, we will have L ij=landv; =1;
hence (B.42) vanishes as we have seen previously in Appendix A. However, now with the
existence of the irrelevant regressors, it is easy to show that S3, 1 — S35, 1 does not vanish in
general. To see this, consider the simple case where X; is a binary variable taking values in
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d ~ . T T A~ o~ . . . ~
{0,1}. Let Cy ef (Lij/vi)— E((Lilel/vlz)|x,-,xj). Without the irrelevant variable x, we
have Zi 7 = land v; = 1 so that C,, = 0. However, when there exists an irrelevant variable
X, Cy does not vanish. To see this, it is straightforward to show that

E(cn|i;=0)=E(Z,~,~/ﬁi|ii=0)—E<Lf’|i,~=0) —1- Y @) [L’}

Vi %€(0,1) i
I ) B OOV A0 -1p1)?
PO+Ap)  p+ipO)  [pO)+p(DIH1)+1p0)]

(B.43)

where 5(0) = p(¥; =0), p(1) = p(¥; = 1), and we used ¥(%; = 0) = 5(0) + 4 p(1) and
(& = 1) = p(1) + 4p(0). Equation (B.43) implies that S3,.1 — S3p.1 = Op(n~1/2|1]),
which is the same order as 3, 1 or S35, 1. In particular, S3, 1 —S3p,1 # Op (n! |1). Hence,
the leading terms from S3, and S3; no longer cancel when there exist irrelevant regressors.

Finally from (g; — g;)1(x; = ;) = 0 and 1(x; # )Ei)l:ij = 0(|/_1|2), it is easy to see that

S3¢ = 0p(n™32171%). (B.44)

Now, combining (B.36), (B.37), and (B.44), we obtain

r _ - _ _

S3=n"Y2Y Js 20y )+ 0p (AP0~ V2 4 21, (B.45)
s=1

where 2y, ¢ ) = Z3n,s ) - Zan,s (1) is a zero mean Op (1) random variable. n

Note that the preceding result differs from the case where all regressors are relevant.
Because of the existence of irrelevant regressors, the leading terms in Z3, ¢ and Zy4, ¢
do not cancel. Therefore, the leading term of S3 is of order O (n_l/ 2|}L|) rather than
Op(n_1|/1|). This is the key reason why ds = Op(n_l/z) (for s = 1,...,r) rather than
Op(n~ 1) when there exist irrelevant regressors.

LEMMA B.5. B(1) has a unique minimization point at s = 1 forall s =1,...,rs.

Proof. Because B(7) equals a positive constant times Bj (1), it suffices to prove the
result for By (1) = E{E(Zizjm)/[E(Z,- 1%)1%}. We know that By (1) > 1 by the Cauchy
inequality. When I‘Y =1 forall s =1,...,rp, we have lﬂ,ij = 1, and hence B(-) =1,
reaching its minimum value. To see that this is the unique minimization value of B; (1),
we show that if By (;1) = 1, then one must have that Js=1foralls=1,..., rp. Note that
B (1) = 1is equivalent to E[Li2j|i,~] = [E(LijI)?i)]z, or

~ ~ ~ 2
var(Lj1%) = E{ |Lij —B(Lij1)] m} —o0,
which implies that

L;; —E(Lij1%) =0. (B.46)
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Equation (B.46) implies that, for any given x;, L ij does not depend on X;. Now,

) ~
ij = [T Gis = &) + s 1(Eig # Kj5)]
s=1

™

@ ~
1% = ijs) +As[1—1(x;5 = j/v)]}

s=1

v
= [T10 =71 = &) + 4s]. (B.47)

s=1

From (B.47) we know that if Zi j does not depend on Xj;, then we must have Js =1
(s=1,...,m). ]
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