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Abstract. Using the works of Mané [On the topological entropy of the geodesic flows.
J. Differential Geom. 45 (1989), 74-93] and Paternain [Topological pressure for geodesic
flows. Ann. Sci. Ec. Norm. Supér. (4) 33 (2000), 121-138] we study the distribution of
geodesic arcs with respect to equilibrium states of the geodesic flow on a closed manifold,
equipped with a C* Riemannian metric. We prove large-deviation lower and upper bounds
and a contraction principle for the geodesic flow in the space of probability measures of the
unit tangent bundle. We deduce a way of approximating equilibrium states for continuous
potentials.

1. Introduction
Let M be a closed and connected manifold equipped with a C°° Riemannian metric. We
study the distribution of geodesic arcs of M with respect to equilibrium states. We prove
large-deviation lower and upper bounds for the geodesic flow in the space of probability
measures of the unit tangent bundle. More precisely, we consider Lebesgue measures
supported on a finite number of geodesic arcs and show that they define a process which
satisfies a large-deviation principle with action function given by the topological pressure.
As an application, we obtain equidistribution results describing the proportion of geodesic
arcs which support Lebesgue measures close to equilibrium states. For potentials with a
unique equilibrium state, we show that this proportion converges exponentially fast to one
when the length of the geodesic arcs tends to infinity. We also prove a contraction principle
for these probability measures, which is a large-deviation theorem with constraints. This
work is based on two remarkable formulas due to Mafié [10] and Paternain [12] which
characterize the topological entropy and pressure as a growth rate of the number of the
geodesic arcs (see Theorems 8 and 9). On the other hand, the techniques of convex analysis
and large deviations in [5, 8] were particulary useful for this work. We adapt and extend
certain of the general arguments in [8] to our situation.

We have two important situations where the results of the paper apply. The first situation
concerns the class of manifolds with negative curvature. In this case, it is well known that
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for any Holder continuous potential there exists a unique equilibrium state. There are three
well-known invariant measures in this setting: the Bowen—Margulis measure, which is the
equilibrium state (a measure of maximal entropy) corresponding to constant potentials;
the harmonic measure, which corresponds to the potential (d/dt)|;—o(K o @"), where K
is the Poisson kernel and @' the geodesic flow of S M, M being the universal cover of the
manifold M; and the Liouville measure, which is the equilibrium state of the potential
(d/dt)|;=0 det(dg;|gs), where E° is the stable tangent bundle of SM (see [3, 4] for more
details). For the ‘Liouville potential’, we obtain that the geodesic arcs are uniformly
distributed with respect to the Liouville measure.

The second situation deals with the more general class of Riemannian manifolds of
non-positive curvature which are of rank one. By a result of Knieper [9], we know that
there exists a uniquely determined invariant measure of maximal entropy for the geodesic
flow. But it is not yet known which class of potentials admits a unique equilibrium state
and this question remains open for rank-one manifolds. However, our results give a way
of approximating equilibrium states of the geodesic flow of such manifolds. Indeed, these
results are applicable wherever Mafié’s and Paternain’s formulas hold.

2. Main results

2.1.  Preliminaries and notation. Let M be a closed and connected manifold equipped
with a C* Riemannian metric and ¢ : SM — SM be the geodesic flow on the unit tangent
bundle SM. We assume that M has volume one, f I dx = 1, where dx is the volume form
induced by the Riemannian metric of M.

We denote by P(SM) the space of probability measures on SM equipped with the weak
star topology. Let Piny(SM) be the subset of P(SM) of invariant probability measures.
Given a potential F' € Cr(SM), the topological pressure of F' is the number defined by the
variational principle [16],

P(F)= sup (h(m)—i—/ de), (D
mePiny (SM) M
where h(m) is the entropy of m. For F = 0 this reduces to
P0) = sup  h(m) := hyp,
mePipy (SM)
where A, is the topological entropy of the geodesic flow.

An equilibrium state for F' is a measure m € Pi,y (SM) which achieves the maximum
in (1),
h(m) +/ Fdm= P(F).
SM
We denote by P, (F) the subset of P, (SM) of equilibrium states corresponding to F. By
a result of Newhouse [11], since the metric is C*°, the entropy map m — h(m) is upper
semicontinuous. Then A, < 00 and, consequently, the set P, (F) is a non-empty, closed,

compact, convex subset of P(SM) [16].
We define the functional Qr on Cr(SM) based on the potential F by

QOr(w):=P(F +w)— P(F). 2

By definition, O is continuous on continuous functions (see Lemma 1).
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For any probability measure p on SM, we set

Tr(u) = sup( f wdu — QF(a»), 3)

where the sup is taken over the space of continuous functions w on SM. Observe that since
Qr(0) =0, JF is a non-negative functional and clearly lower semicontinuous.
By duality,

Or(w)= sup ([a)du—]ﬂ;@). )

weP(SM)

Given a continuous function w, by the lower semicontinuity of Jr, there exists a probability
measure [, maximizing (4):

Qr(w) =/wduw — Jr(lo)-
For any set E C P(SM), put
Jr(E) := inf Jp(w).
nek

Given x and y in M, we denote by yyy : [0, [(yxy)] — M a unit-speed geodesic arc
joining x to y with length /(yxy). For any § > 0 and T > 0, we set

Gs1(x, ) ={yxy: T =8 <l(yxy) =T} and Gr7(x,y):={yxy:l(yxy) =T}

Recall from [1] that, given T > 0, the set of geodesic arcs with length up to and
including T is finite and its cardinality is locally constant for an open full Lebesgue
measure subset of M x M (see also [12, p. 53] for a proof using Sard’s theorem). By a
result of Burns and Gutkin [2], the growth of #G 7 (x, ¥) and a positive topological entropy
are related to the condition of ‘insecurity’ of the manifold.

The integral [ Yoy @ of a function w over the geodesic arc yy, is defined by

l(}’xy)
f w = f o (s (Yxy(0))) ds.
Vxy 0

Here yyy(0) is the initial condition of the geodesic yxy. The Lebesgue measure 4y, with
support in yyy is now defined by

1
wdb, =—— 1)
-[S”M o [(yxy) Yy
We will write Gs,r and G for simplicity, since the dependence in (x, y) will be always

clear.

2.2. The results. Consider a real continuous potential F defined on SM. For any Borel
subset E of P(SM), we set

Sy F
foM(Zy”EG,s,T:SV_”eE ey ) dx dy

vr(E) =
7(E) / > s ) dxd
MxM Yxy€Gs.T Y

®)
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This defines a process (v7)7~0 on the space P(SM). The first result gives large-deviation
bounds for this process, namely

1
lim sup T log vr(K) < —Jr(K),

T—+o0

1
lim inf — log v7(0) > —Jr(0),
T—+o0o T

respectively, for any closed subset K and open subset O of P(SM). The lower bound
condition is proved under the following condition (see also [5, 8]).

Condition 1. Suppose that there exists a countable set {g1, g2, . . .} of continuous functions
on SM which span a dense subset in Cr(SM) with respect to the topology of uniform
convergence, | gkl = 1 for all £, and such that, for alln > 1 and 8 € R", F + Z?:l Bigi
admits a unique equilibrium state, that is, an invariant probability measure realizing the
sup (1).

It is well known that for any Holder continuous function on a smooth compact manifold
there exists a unique equilibrium state [15]. Thus, if {g1, g2, . . .} is a dense set of Holder
continuous functions, all the functions F + Y 7_, i g; are Holder for smooth potentials F
and will satisfy Condition 1. On the other hand, as a consequence of the density of the set
{g1, g2, - ..}, we endow P(SM) with a metric which is compatible with the topology of
weak convergence (see the proof of Theorem 1(2)).

THEOREM 1. Let M be a closed and connected manifold equipped with a C*° Riemannian
metric and F € Cr(SM). Then, for any § > 0:
(1)  forany closed subset K of P(SM),

L F
I(ZVX)'€G5,T:BVX),EK e'/yxy ) dx dy

limsupflog T F < —Jr(K);
T—+00 f(zyxyeG,;,T e’ry ) dx dy
(2) under Condition 1, for any open subset O of P(SM),
Jyey F
o1 f(zyxyecg,rzameo e’y )dxdy
lim inf — log > —Jr(0).

T T f(ZnyEGs.T efy,\-y F) dx dy

A consequence of Theorem 1(1) is the following result which asserts that the proportion
of geodesic arcs supporting a Lebesgue measure close to an element of {m : Jr(m) = 0}
is asymptotically equal to 1: limr_, o v7(V) = 1 and the convergence is exponential. If
the potential admits a unique equilibrium state wr then the proportion of geodesic arcs
supporting a Lebesgue measure close to ur is asymptotically equal to 1. Indeed, we will
show in Lemma 2 below that the uniqueness of u r is equivalent to the fact that p  is the
unique solution for the equation Jr (m) = 0.

COROLLARY 1. For any open neighborhood V of {m : Jr(m) = 0} in P(SM),
F
: ‘/.(ZVX\'EG5.T:81/X‘,EV ef}/xy ) dx dy
lim = -1

iy F
ToH (D, can, € D dxdy

The convergence is exponential with speed eIV ywhere V€ := PESM)\V.
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We know that large-deviation principles are preserved under continuous mapping; this
is known as the contraction principle [S]. In the present case, the contraction principle
reduces the preceding theorem to a finite-dimensional one. First, we need some notation.

For g € Crn (SM) and @ € R, n > 0, set

Poa(SM) := {m e P(SM) : gdm = a}.

SM
We define the functional
inf(Jp(m) :m € Py o (SM))  if Py o (SM) # 0,
Jr(a; g) = )
+o00 if Py o(SM) =0,

and, for any E, C R",
Jr(Ey; g) =inf(Jr(a; g) 1 € Ey).
To simplify the notation, set m(g) = [* g dm for m € P(SM).
THEOREM 2. (Contraction principle) Let M be a closed and connected manifold
equipped with a C*° Riemannian metric and F € Cr(SM). Let g = (g1, 82, ---,8&n) €

Crn (SM). Then, for any § > 0:
(1)  forany closed subset K,, C R",

Sy F
. 1 I(ZyweGa,T:(Syxv (9)ek, € ) dx dy
lim sup — log - -

F
T—too I f(zyxyeG” oy )dx dy
(2) if, forall BeR", F+ Y"1, Big has a unique equilibrium state, then for any open
subset O, C R",

< —Jr(Kp; 8);

Joor F
] f(ZVﬂ'GGS,T35ym.(g)€On e’y ) dx dy
lim inf — log ) )

F
T—4+o0 T f(ZyX),eG(;.T e-f}/xy ) dx dy

Part (1) of Theorem 2 is a consequence of Theorem 1(1), by the continuity of the
function g. Note that we do not assume in part (2) of Theorem 2 that g takes the form
g=1(g1,82, ..., 8n) as in Theorem 1. In other words, the conclusion of Theorem 2(2)
holds for any continuous g such that, for all e R", F+ > ", Big; admits a unique
equilibrium state.

For any § > 0 we define the probability measures on SM,

F
I(ZyxyeG(;,T efm- : Syxy) dx dy
. .
[ ey, @7 T dx dy

As an application of Theorem 1(1) we prove the following theorem.

> —=JFr(On; 8).

(6)

ms7T =

THEOREM 3. Let M be a closed and connected manifold equipped with a C*° Riemannian
metric and F € Cr(SM). For any § > 0, any weak limit mso of (ms 1)1 is an equilibrium
state for the potential F, that is, m« is invariant and satisfies

h(moo)+/ Fdms = P(F).
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These theorems apply to the geodesic flow of a manifold of negative curvature and
Holder continuous potentials F. The following result is particulary important when the
unique equilibrium state @r corresponding to F is the Bowen—Margulis measure or the
harmonic measure (§1). In particular, if F is the ‘Liouville potential’ (§1) then this
corollary says that the geodesic arcs are uniformly distributed.

COROLLARY 2. Let M be a closed and connected manifold of negative curvature
equipped with a C* Riemannian metric. Suppose that the potential F is Holder
continuous and let L be the unique corresponding equilibrium state. Then, for any § > 0,
the measures (ms 1)1 converge weakly to jup as T — +o00.

Consider now the measure pimax of maximal entropy [9] of the geodesic flow of a rank-

one manifold. Set
I(ZVHEG&T 8y.y) dx dy

f(zyxyeGé,T) dx dy

COROLLARY 3. Let M be a closed and connected rank-one manifold equipped with a C*
Riemannian metric. Then, for any § > 0, the measures (s 7)1 converge weakly to [tmax
as T — +o0.

Us, T ‘=

3. Constant and positive potentials
We state in this section some results which are not a direct consequence of the previous
ones.

3.1. Positive potentials. Consider the probability measures defined on SM by
Jry F
B f(ZyxyeGT ey 8y ) dx dy

F
J(Cyeqy @ F)dx dy

THEOREM 4. Let M be a closed and connected manifold equipped with a C*° Riemannian
metric and F € Cr(SM). Assume that P(F) > 0. Then the weak limits of (m)r are
equilibrium states corresponding to the potential F. If M has negative curvature then

mr

(mT)T converges to the unique equilibrium state i corresponding to F.
Theorem 4 is a consequence of part (1) of the following theorem.

THEOREM 5. Let M be a closed and connected manifold equipped with a C*° Riemannian
metric and F € Cr(SM).
(1) If P(F) > 0 then, for any closed subset K of P(SM) such that Jr(K) < P(F),

L F
I(ZVX)'EGT:BVX).EK e‘/yxy ) d.x dy

lim sup — log G < —Jr(K).
T—+o0 T I(ZVXVEGT e’vxy )dx dy
(2)  Under Condition 1, for any open subset O of P(SM),
F
.. 1 I(ZyXVGGT:S}/Weo efyXy )dx dy
lim inf — log : * > _Jr(0).

T—4o00 T f(ZnyEGT erX,v F) dx dy
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Given F and any constant ¢, observe that P,(F) = P, (F + c¢). On the other hand, we
can find a constant ¢ > 0 such that F 4 ¢ > 0. Thus, up to a constant, we can always
assume that P(F) > 0.

3.2. Constant potentials. We consider here constant potentials, equivalent to set F = 0.
Let J be the functional defined by (3) and corresponding to F =0, namely J(m) =

sup, ([ @ dm — Q(w)) with Q(w) = P(w) — hiop.

THEOREM 6. Suppose that M is a closed and connected manifold equipped with a C*
Riemannian metric. If M has no conjugate points then, for any § > 0:
(1)  for any closed subset K of P(SM) and almost every (a.e.) (x,y) € M x M,
. 1 #yxy € Gs,1 1 0y, € K}
lim sup — log
T—+00 #Gs,1
(2) fora.e. (x,y) e M x M, the weak limits of

< —J(K);

( ) ZVX}'GGB.T 81/*}"
Hs,T\X, Y) i= —
' #Gs. T

are measures of maximal entropy.

In part (1) of Theorem 6 (and Theorem 7 below), the set of points (x, y) € M x M for
which we have the upper bound depends on the given closed set K, while in part (2) it
depends only on §.

THEOREM 7. Suppose that M is a closed and connected manifold equipped with a C*°
Riemannian metric. If M has no conjugate points and hyop > 0 then:
(1) for any closed subset K of P(SM) such that J(K) < hyp and a.e. (x,y) € M x M,

. 1 #Hyxy €Gr: 8)/” €K}
lim sup — log
T—+o0 I #Gr

(2) fora.e. (x,y) e M x M, the weak limits of

<-J(K);

(x,y):= 2yyeGr Oy
nrix, y) = 4G

are measures of maximal entropy.

4.  Proofs
4.1. Growth of geodesic arcs. The following two theorems of Maiié [10] and
Paternain [12] are the main tools in the proof of our results.

THEOREM 8. (Maiié [10]) Let M be a closed and connected manifold equipped with a
C® metric.
(1) We have

1
hip = lim — log/ #Gr(x, y)dx dy.
T—oo T MxM

(2) If M has no conjugate points then, for all (x, y),

) 1
hiop = Tll)moo T log#Gr(x, y).
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(3)  Suppose that the metric is of class C* and M does not have conjugate points. Then
forany § > 0andall (x,y),

. 1
hiop = Tlimw T log #G5.7(x, y).

THEOREM 9. (Paternain [12]) Let M be a closed and connected manifold equipped with
a C* metric.
(1) Foranyé$ >0,

. 1 [, F
P(F)= 1 —1 E vxy dx dy.
=T Og/MxM( ‘ ) ne

Yay€Gs,T

(2) IfP(F) >0, then

( Z efm F) dx dy.

Yxy€GT

1
P(F)= i —1
( ) T—1>I-I§-100T Og/;WXM

For any invariant probability measure (., we set

() = P(F) — (h(u) +f qu). ™
SM

LEMMA 1.

(1)  The functional QF is convex and continuous on continuous functions. Furthermore,
it is invariant by the geodesic flow, that is, QF(w o ¢;) = Qr(w) forall t.

(2)  QF(w)=sup,ep, (sm) (f wdpu — I(w)). In other words, the functionals 1 and Jg
agree on invariant measures.

(3) Let G be a continuous function on SM and Jpyg the functional corresponding to

QF+G- Then
Jrag(m) = Jp(m) + 0#(G) — / G dm.

Proof. Part (1) is a consequence of the convexity of the pressure function P and the
variational principle (equation (1)) from which we can easily deduce that | P(f) — P(g)| <
Il f — glloo [16]. Part (2) follows from (7) and

sup (/a)d,u—l(u)) sup </a)d,u—P(F)+h(lJ«)+/Fd,u)
WEPiny (SM) UEPiny (SM)
= P(F+w)— P(F)=0QF(w).

Part (3) results from the following equalities:

sup(/a)dm — Jp(m) — QF(G)+/ de)

= sup</(w+ G)dm — JF(m)> — 0r(G)

=Q0r(@+ G) — Qr(G)
=P(F+w+G)— P(F+G)=0fr+¢w). ]

In the following, differentiability means Gateaux differentiability for convex
functions [6, 7, 14].
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LEMMA 2. Let G be a continuous function on SM. The following statements are

equivalent.

(1)  There exists a unique probability measure m on SM such that Jp+g(m) = 0.

(2)  There exists a unique probability measure m on SM such that Qr(G) = f Gdm —
JF(m).

(3)  The functional w — Q g (w) is differentiable at G.

(4)  The functional o — P(F + w) is differentiable at G.

(5)  There exists a unique equilibrium state for the potential F + G.

Proof. Points (1) and (2) are equivalent by Lemma 1(3). By [7, Theorems 4.3.3 and
4.3.5], points (2) and (3) (and (4) and (5), respectively) are also equivalent (see also [14,
Theorem 25.1, p. 242]). Now the equivalence between (3) and (4) follows from the
definition (2) of Q. Observe that by Lemma 1(2), (1) implies (5) and, furthermore, the
unique probability measure such that Jr4g(m) = 0 is necessarily the unique equilibrium
state for F + G. O

In this paper, we apply this lemma to the special case where G =) "_, Bigi (see
Condition 1). Thus the potential F + Y "_, Big; admits a unique equilibrium state
if and only if (a1, ...,0,) — QO F(Z?:1 a;g;i) is differentiable at 8. Consequently,
by Lemma 2, if G =0, the uniqueness of m such that Jp(m) =0 is equivalent to
the uniqueness of the equilibrium state pp corresponding to F. We necessarily have

Jr(pr) =0.

4.2.  Proof of Theorem 1(1).

Proof. We have to prove that

1
lim sup T logvr(K) < — 11612 Jrp(m) .= —Jp(K).
m

T—o00

Let € > 0. There exist a finite number of continuous functions wi, ..., w; such that
K C ngl K;, where

K; = {m e P(SM) : / w; dm — Qp(w;) > Jp(K) —e},
Put
Cix, y, T) :={yxy € Gs,T :5)/)0. € K}

and

Zi(T) = / S I faxay.
MXM oy €Ti(x,y.T)

Now vy (K) < Zi:l vr(K;) and
Zi(T)

vy (K;) = T F .
fMXM(Z)’xyGGB,T el Yy dx dy
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Also

7:(T) < / S e PelOmI by = Qr@)=Ur =) gy gy,
MMy, yeli(e.y.T)

Set
C = Z sup(l, e 3 Qr@)=(r(K)=€))y
i<l

Thus, by taking into account the sign of —Q r(w;) — (JF(K) — €),

Z:(T) 5/ Z ey FHOD (7)) (= QF (@)= UF(K)=0) 41 dy
MM . eT(x,y.T)

< CeT - Qr @)= (K)=e)) / Z oy F@) 4 dy.
MMy, yeTix,y.T)
For T sufficiently large, it follows from Theorem 9(1) that
l

Zi(T)
vr(K) < ) T
i=1 nyXyGGS,Te w " dx dy
1

<cC Z el (P(Ftwi)+e€) ,~T(P(F)=¢) ,T (= Q(wi)—(Jr(K)—¢€))
i=1
= ClelT (Ir(K)+3e)

Taking logarithms, dividing by T and taking the lim sup, one obtains

1
lim sup T log vy (K) < —Jp(K) + 3e.

T—o0

Since € is arbitrary, Theorem 1(1) follows. O

4.3. Proof of Corollary 1. 1t suffices to apply Theorem 1 to the closed set K =
P(SM)\V, where V is an open neighborhood of {m : Jp(m) =0}. We have Jp(K) =
Jr(m) for some m € K and vy (V) =1 — vy (K). For T sufficiently large,

1>vp(V)>1—e TIF0m,

Since JF(m) > 0, the corollary follows.

4.4. Proof of Theorem 2(2). Given a continuous function g : SM — R", we have

Or(B-8) = su]gn(ﬂ o= Jr(a; 8), ®)
where B - g =7, Bigi for B € R". By duality,
Jr(a; g) = sup (B-a— QF(B-8)). )
BeR”

The same ideas as in [8] together with the convex analysis techniques in [14] will
produce two points o, and 8., with Jr(a.; g) < +00, such that

Or(Be - 8) =Be-ae — Jr(ae; 9).

We repeat here the arguments with our notation for the convenience of the reader.
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If Jr(Oy; g) = +oo then there is nothing to do. Suppose, then, that Jr(O,; g) < +o0.
Thus, given ¢ > 0, we can choose o, € O, with Jr(a.; g) < +o00 such that

Jr(On; g) > Jr(ag; g) —&. (10)

In particular, Jr(ag; g) < 400, thatis, «g € Dom(JF (- ; g)).
Let ri(Dom(JF (- ; g))) (see [14, p. 44]) be the relative interior of the affine hull of the
(convex) domain
Dom(JF(-; g)) :={a: Jr(a; g) < +oo}.

Then either ri(Dom(Jr (- ; g))) # ¥ or Dom(Jg(-; g)) consists of one point. In the first
case, by [14, Corollary 7.5.1] for any « and any &’ € Dom(Jr(- ; g)), it follows from the
convexity and the lower semicontinuity of Jg (- ; g) that

Bﬁ Jr(pa+ (1 — p)a's g) = Jr(a; g). (11)

In particular, this is true for « =, and &’ € Dom(Jr(-; g))\{ae} (Which exists by
assumption). For p sufficiently close to 1, the resulting point pa + (1 — p)a’ is an
element of ri(Dom(Jr(-; g))) and, by (11), satisfies (10). So we can choose o, €
ri(Dom(JF (+; g)))-

Thus, by [14, Theorems 23.4 and 23.5], there exists B € R” such that

OF(Be - 8) = Be - e — Jr(ae; g). (12)

If Dom(JF (- ; g)) consists of one point then, by (8), equality (12) is satisfied for all 8 € R”".
Consider now a small neighborhood of «,

Opri={aeR":|a, —a| <r},
such that O, , C O,. Define, for any £ C R",
Pr(E) :={yxy € Gs,1:8y,,(8) € E},
J oy err eor Ty dx dy

_ .
[ ey @7 ) dx dy

Z7(E) =

We have Z7(0,) > Z7(Oy,;) and
>t
)/X)'GFT(On,r)
—e TP 30 oy F g T (Ber By (@) =0te)) ,TBe 8y (8)
Vx)'EFT(On,r)
> o~ TheorrIBlT 30 ey FoTBedyey (®)
}’xyGFT(On,r)
— e*Tﬂs‘ase*rHﬂs”T Z e'/ny Fel(l/xy)ﬁe'ayx)- (g)e(T_l(VX)’))ﬂS'Syxy (g)
nyEFT(On,r)
By the condition 0 < 7' — [(yyy) <,

T Bedey (@) 5 p=3l1Be-gloo
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Thus
oIy T > o Thece =BT y=31Beglloo Z oy FHPe8)
Yxy€L'T(On,r) Yxy€lT(On,r)
Set
A(F+ﬁs'g)
& ‘/I(Zyx)‘EFT(On,r) EIVX)’ ) dx dy
Zr(Onr) = Jopy F4Beg)
J & ecsp €™ ) dxdy
and
fx‘,(F‘i'ﬂs'g)
Zr(Be )=~ lo J o €™ ) dx dy
TP 8): T g fyxv F dx d .
fzyx)'GGB.T € : xray
Therefore,
1
? 10g ZT(On,r)
311Be - gl 1
> —r||Bell — % + (Zr(Be - &) = Be - o) + - 10g Z7(On). - (13)

From Theorem 9(1) we get
Jim Z7(Be - g) = P(F + fe - 8) = P(F) = Qr(Be - ).
Thus
liTHl)icgf% log Z7(On) = —rlIBell + (QF (Be - 8) — P - &) +  lim % log Z7(On.r).

We will show that
Jim Z5(0n,) = 1. 14

Let us see how to finish the proof using (14):
o1
liminf — log Z7(0y) = —rl|fell + QF(Be - &) — Be - e
T—oo T

—r|Bell — Jr(ae; &)
—rlBell = JE(Op; g) — &,

v

for any ¢ > 0. Since r > 0 was chosen arbitrarily, we let r — 0 and ¢ — 0 and we get
1
liminf — log Z7(0pn) = —Jr(On; 8),
T—oo T

which completes the proof Theorem 2(2).

It remains to show (14). Let K, , be the complement set of O, , in the image
g * (P(SM)) of P(SM) under the continuous map g* : m — g - m. We have Z5.(0, ) +
Z% (K, r) = 1. The goal is to show that Z% (K}, ;) decreases exponentially fast to zero as
T — oo using Theorem 1.
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Consider J® := Jryp, ¢, the functional J corresponding to Q° := Qr44,.,. We have
O (@) =P(F+Be-g+w) —P(F+B:-g)
and, by (3),
Jé(m) = sup(/ wdm — Qs(a))>.
w
From Lemma 1(3) we get
JE(m)=Jr(m) + Qr(Be - g) — / Be - g dm

and

R

inf J®(m)= inf Jp(m)+ Qr(Be-8) — Pe-
m(g)=a m(g)=o

The set K, » is compact in R” and, by Theorem 1(1),

1
lim sup T log Z7(Kn.r) < —J(K),

T—o0

with K := (g*)*1 (Kn.r), which is a closed subset of P(SM). We have

JE(K) =a€irll{f (Jr(a: 8) + QF(Be - 8) — Be - ).

If J(K) = 400 there is nothing to do and the result follows. The key point is to prove
that J¢(K) > 0. Set

J(a; g) = Jp(a; &)+ Qr(Bs - 8) — e - .

The functional J¢ is non-negative (since Q°(0) = 0), lower semicontinuous and then it
achieves its minimum on compact sets. By (9), J(«; g) > 0; and by (12), J®(«,; g) = 0.
Recall that if J*(ct; g) = 0 for some « € K, ,, then there corresponds to « an equilibrium
state my € K for the potential F + . - g such that my (g) = «. The vector «, is the unique
point realizing the minimum, that is, the unique solution for the equation J°(«; g) =0.
Indeed, by Lemma 2, two different solutions will produce two distinct equilibrium states
for the potential ' + B, - g, which contradicts Condition 1. Since o, € O, ,, it follows that
Jé(a; g) > 0 for @ € K,, . On the other hand, the set K, , being compact, by the lower
semicontinuity of J¢ we have J*(K) = infyck, , J®(a; g) > 0. Thus we have proved that

1
lim sup T log Z7(Kpn,) < —J*(K) <0,

T—00

from which (14) follows immediately.

4.5. Proof of Theorem 1(2). Let O C P(SM) be an open set and € > 0. Choose m, € O
such that
Jr(me) < Jp(O) +e.

We endow the space P(SM) with a compatible topology generated by the distance given
by

dm, m'y =y 2" m(gr) — m'(g0)],
k=1
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where the functions gz were defined in §2.2. Following [8], we define

dn(m, m') = 27K m(gr) — m'(g1)].
k=1

Set 2r = inf{d(m, m¢) :m € P(SM)\O}. We have r > 0, since P(SM)\O is a compact
subset of P(SM). Since, for all k, || gkl =1,

0<d(m,m) —d,(m,m) <2"D,
Thus, for n sufficiently large,
Ocr ={mePM) :d,(m,me) <r}C O.

Foreach o = (a1, ..., ay) € R", write [lee]l, =Y j_; 27 Flay|. Set

Qe 1= </ 81 dme»-..»fgn dme>=me(g(n))

Onr:={aeR":|lae —all, <r}.

and

Then g(”)(OE,r) =0y, N g™ (P(SM)). From Theorem 2(2) we get

Sy F
1 sy, c0 € ) dxdy
1T1m inf T log G
o f(ZVx)'EGS.T ey ) dx dy
Joey F
.. I(ZVMEG&TNS;/X),GOH e’y )dx dy
> lim inf — log -

N F
= T [ ey, @ 1) dx dy

Sy ¥
. 1 f(ZVXVEGS,TZ(SyXV (g(”))EO,,yr e ) dx dy
= 1T1m inf T log - ' G
——+00 f(z)/xyEGé,T e’vxy )dx dy
> _JF(On,r; g)

= —Jr(ae; 8) = —Jr(me) = —Jr(0) — e,

for any € > 0. This completes the proof of the main Theorem 1.

4.6. Proof of Theorem 3. First, observe that any weak limit of ms 7 is invariant by the
flow. Indeed, for any continuous function f,

I(ZVX)'GGS.T efy” FSJ(/)lci (f))dxdy
S cGsr s Ty dx dy
S ecor € "800 dx dy

F
f(ZnyEGs,T efyxy )dxdy

ms(fogs) =msr(f)+

)
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where -
Yxy) TS
s 7 (0)) d
=100 . f (@ (ay (0))) dt
and
S (=10 xy) f F @10y (O))) dr.

It is clear that

;11<f>|< — and ;ii(f>|<

where C is a constant depending only on f.

By Lemma 1(2) it remains to show that any weak limit m o, of ms 7 satisfies Jr (moo) =
0. Let V C P(SM) be a convex open neighborhood of the closed and convex set Eq :=
{m € P(SM) : Jr(m) =0} and € > 0. We consider a finite open cover (B;(€));<n of Eg
by balls of diameter € all contained in V. Define the measures on SM:

F
1% f(zyxyeG,s,Tzamev efy"” 8y,,) dx dy
mT = ) - .
I(Z}’xyEGa,T efj/x)- )d.x dy

Decompose the set U := U1N=1 B; (¢) into a disjoint union

N/
v=|Jus.
j=1
where the sets U; are disjoint and contained in one of the balls (B;(€));<n. Then

EocUCcCV.

We fix in each U;. a probability measure m j, j < N ’, and let mo be a probability measure
distinct from those above (for example, take mg € V\U).

Define
N/

Br = vrUHm; + (1 —vrU))mo. (15)
j=1

‘We have Z _vr(U ‘) = v7(U). The probability measure B7 lies in V since it is a convex
combmatlon of elements in the convex set V. Then d(ms.r, V) <d(ms.r, Br). We will
show that

d(ms,r, Br) < evr(U) 4+ 3vr (U°),

where U¢ = P(SM)\U which is closed.
By definition of m; 7 and m¥ and the factthat U C V,

> 27K ims r(gr) — my (g0)| < vr(U).
k>1

It remains to show that d(m¥, Br) <evr(U) +vr(U°). We have, forall k > 1,

lmy (gx) — Br(gk)| <A+ B+ C,

https://doi.org/10.1017/etds.2012.153 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2012.153

Equidistribution results for geodesic flows 757

where
S T s rispyevs €7 18, (80 = m (@)D dx dy

[ ey @7 ) dx dy
B I(Zyx},eG,g,T:Byxer\U el F(S)/Xy (gr)) dx dy

.[(Z}’xyGGa,T efm' F) dx dy
C=[0—=vrU))mo(gr)l-

)

)

Thus, since ||gx|| = 1 for all £ > 1, by definition of v (5) we get

N/
> 27K imyf (gr) = Brg)l < € Y vr(US) +vr(U) + (1 —vr(U))
k>1 j=1

= evr (U) +2v7(U°).

Finally, we obtain
d(ms,t, Br) < evr(U) + 3vr (U°).

This implies the desired inequality,
d(ms,, V) <evr(U) + 3vr(U").
By Corollary 1, since U€ is closed, we know that limr_, o, v7(U) = 1. Thus,

limsupd(ms T, V) <e foralle > 0.
T—o0

We conclude that lim supy_, ., d(ms,7, V) =0. The neighborhood V of Ej being
arbitrary, this implies that all the weak limit measures of ms 7 are contained in Ep. In
particular, if Ej is reduced to one measure u, this shows that m7 converges to u.

4.7.  Proof of Theorem 5.

4.7.1. Proof of part (I). Lete > 0. There exist a finite number of continuous functions
o1, ..., suchthat K C Ui:] K;, where

K; = {m e P(SM) : / wijdm — Qp(w;) > Jp(K) — 6}.
We can suppose that all the w; are non-negative since, adding a constant ¢ > 0, we have

/(wi +co)dm — Qr(w;i +¢) = / w; dm — QF(w;).
Put
Fi(-xv Yy, T) = {yxy (S GT :6VXy S Kl}

and
zry=[ Y o faxdy.
vxy€li(x,y,T)
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From the definition of ['; (x, y, T) we get
Zi(T) < Z oy F ) ([ @iddyy = Qr (@) —(Tr(K)=€) 4 dy.
Yay€li(x,y,T)
We decompose the interval [0, T'] into subintervals [T — (j + 1)é, T — jé] and set
Lijx, y, T):=A{yxy : T = (j + DS <l(yxy) =T — j8, §y,, € Ki}.

Since the functions w; were supposed to be non-negative, we have Q r(w;) > 0 and then
Or(w;) + Jrp(K) > 0. Thus, from Theorem 9(1) and for T sufficiently large,

Z,(T) < Z ey EH00 Jlyy) (= QF (@)= (K)=0)) 4 dy
nyeri(xvaT)
< Y MU+ 0r ) =Ur(K)=e) 3 ey FFD g gy
j xtyeF[_/(x,y,T)

< Z T = +D)(=QF (@) —(Jr(K)=€)) ,(T—j8)(P(F+wi)+e)

J
- Z T =D P F)=Jr(K)+2€) ,~8(=QF (i)~ (JF(K)—€))

J
We assumed that Jr(K) < P(F); then
Ci= Y e PP+ _ o,
J
Setting A; 1= e (- Cr@)=Ur(K)=€) "we get for T sufficiently large and by Theorem 9(2)
(P(F)>0),
izt Zit, v T)

vr(K) < G
f Y peGr € dxdy

!
< Z ZeT(*JF(K)+3€))\ieij(P(F)flp(K)+2e)
i=1"j

l
— eT(—JF(K)+3E)C Z )"i-
i=1
Taking logarithms, dividing by T and taking the lim sup, one obtains
1
limsup — log vy (K) < —Jfr(K) + 3e.
Tooo I

Since € is arbitrary, Theorem 5(1) follows.

4.7.2. Proof of part (2). As for the proof of part (2) of Theorem 5, the proof will be a
consequence of the contraction principle,

Sy F
.. I(ZVX\'EGT:SVXV (@)c0, €7 ) dxdy
lim inf : :

> —Jr(Op; 8).
= F
e Sy <6z el Ty dx dy
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We proceed along the lines of the proof of Theorem 2(2) with the same notation. Let § > 0.

We have
S X6, @20, el ) dx dy & erron ehor 'y dx dy
Sy, 0 o ydxay T Xy, 61 o Fydxay
where
T7(0n) == {yxy € Gs.1 : 8,,(8) € O,).
Set

F
f(zyxyerr(on) el )dx dy

[(Cyeqy @ F)dx dy
Then Z7(0p) > Z7(0,,,,) and (see (13))

Z7(0y) =

\Y

1 1
T 10g Z7(0,) > T 10g ZT(On,r)

81Be - glloo ! e
Bl = ———— + (Zr(Be - 8) = o - @e) + - 10g Z7(On ).

v

where we have set
(F+Be-8)

S
I(ZVX)?GFT(On,r) ey
f(ZmeG” efyxy(F+ﬂa~g>) dx dy

Ydx dy

Z;*(On,r) =

and

(F+Be-8)
L ey €T dxay
Zr(Be - 8) = T log - T F .
f ZyxyeGT e’m " dxdy
From Theorem 9(1) and (2) respectively,
lim Z7(Be-8)=P(F+Be-8) — P(F)=Q0r (B - 8)-
T—00

We proved in (14) that lim7_, Z%(On’r) = 1. Thus,

F
. . I(Zyx)‘EGT:Sny (g)eon ef)/xy ) dx dy
lim inf T log F
T—o0 f(zyxyeGT elry ) dx dy
F
.. 1 f(ZVX)EGng:SVXy (8)€0, efyxy )dx dy
> lim inf — log G
T—-oo T I(ZVHEGT e’y Ty dx dy
. 1
> —r|Bell + (QF(Be - 8) — Be - e) + lim — log Z;*(On,r)
T—oo T

=—r|Bell = Jr(ae; &)
> —rl|Bell = JF(On; g) — &,

for any € > 0. Since r > 0 is arbitrary, to finish the proof of the contraction principle, we
letr - Oand ¢ — 0.
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4.8. Proof of Theorem 4. 'We have to prove that the weak limits of

F
S ey € F8y) dx dy
F
J(Cyeqy @7 Ty dx dy

are in P, (F). To show that the weak limits of m7 are invariant, we proceed as in the proof
of Theorem 3. Let f be a continuous function on SM. We have

mr =

J(Eyyeay € T80 (1) dx dy
/ (Zyn G, el Ty dx dy
e € "R dxdy
Sy <67 efm ) dx dy

mr(fogs) =my(f)+

’

where -
VYxy) TS
(1) 70 (0))) d
D= i Doy @GO
and
80 (f) = f (i (ay (O))) dt.
I( xy)

Consider now T > 0 and decompose the set G into
Gr=Gpr UGy,

where Gy, 1 = {yxy : To <I(yxy) <T}. Fori € {1, 2},

I(ZV\yEGT VX\ 8)(,;)‘ (f)) dx dy I(ZVX\EGT Vm 8}(}& (f)) dx dy
](ZVXyEGT efyxy ) d'x dy -/(ZVX 7€G ef}/xy ) d.x dy
f Qe el T80 (f)) dx dy.

f(zyA <Gr oy F Ydx dy

For Ty fixed, since we have assumed that P(F) > 0, by Theorem 9(2), the first term on
the right-hand side of this equality goes to zero as T — +o00. The second term is bounded
above by C/Tp, where C depends only on f. Thus, since Ty is arbitrary the invariance of
the weak limits follows.

It remains to show that Jr(me) =0 for any weak limit my, of m7. For this and

in order to follow the proof of Theorem 3, we must show that we are able to apply
Theorem 5(1) to any open and convex neighborhood V of Eg := {m € P(SM) : Jr(m) =
0}, V. C P(SM). There are minor changes due to the conditions P(F) > 0 and Jr(K) <
P(F) in Theorem 5(1) (K = V°).

Let ve Ey and pu € P(SM)\Eqp and consider a convex sum of these two measures
m=ou+ pv, where « + =1 (¢ #0 and B #0). Observe that m ¢ Eg (Jr(v) =
but Jr(u) > 0). From the convexity of Jr we get Jp(m) <aJrp(n). Let V C P(SM)
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be an open and convex small neighborhood of Eq such that m € V¢ := K (note that, in
particular, for all other contained small neighborhoods V we will have m € V). Therefore,

Inf Jr(k) = Jr(m) < otJp(p). (16)

Now, since we have assumed that P(F) > 0, for a sufficiently small o >0 we get,
from (16),
Jr(K) = inf Jp(k) < P(F).
keK

We can then apply Theorem 5(1) to the closed sets K = V¢ and conclude with the proof of
Theorem 3.

4.9. Proof of Theorem 6.

4.9.1. Proof of part (I). This is essentially the proof of Theorem 1(1) with some
modifications since it is in part based on Theorem 8 and the following lemma (see [10,
Lemma 4.3], [13, Lemma 3.33, p. 68]).

LEMMA 3. Let (X, A, n) be a probability space, and let f,:X — (0, +00) be a
sequence of integrable functions. Then, for u a.e. x € X,

1 1
lim sup — log f,(x) <lim sup - log/;( fadu.
n— oo

n—oo N

Set F =0 and proceed as in the proof of Theorem 1(1) with the same notation. We

have
Zi,y, 1y Y ey @1 (e (= Q@)= (K) =€)
Vay€li(x,3.T)
< CeT(-Q@)-(J(K)=€)) el @
yeyeli(x,y.T)
and

/

Zi(x,y, T)
vr(K)< )y ———.
2 " WGur

For all (x, y) and T sufficiently large (depending on (x, y)), it follows from Theorem 8(2)
that

#Gop > el hor =€),

On the other hand, it follows from Lemma 3 above (which can be applied to continuous
time) and Theorem 9(1) that

1 . 1 g .
lim sup T log Z vy @ < lim sup T log Z vy @

T—o0 Vay€li(x,y.T) T—o0 Vey€Gs.T
1 .
< lim sup T logf( Z ey wl> dx dy
T—o0 VX)'EGB,T
< P(w;),
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for (x, y) in a subset B; of M x M of full Lebesgue measure and i <!/. The set B; can
be taken independent from i for obvious reasons, and then we will say that the above
inequalities hold for a.e. (x, y) in a set B. However, note that B depends on the set of
functions {w;, i <1}, which means that B depends on K. The proof can be now achieved
similarly: for (x, y) € B fixed and T sufficiently large (depending on (x, y)),

l
Zi(x.y.T)
vr(K) < Zﬁ

i=1
l
<C T (Pwi)+e) ,=T (hop—e€) , T (= Q(wi)=(J (K)—€))

i=1
— CleT(_J(K)-Be).

Thus lim supy_, o, (1/T) log vr(K) < —J(K).

4.9.2. Proof of part (2). Set
#{yxy eGsr :Syx}, € E}

vr(E) = ¥Grr

and
ZyxyeGg,T:By”eV Sny
#Gs.T
Thus, proceeding as in the proof of Theorem 3, we get, for any open and convex
neighborhood V of {m : J(m) = 0} and all (x, y),

d(ur(x, y), V) <evr(U) + 3vr (U). a7

Let (V;);>1 be a decreasing sequence of sets of type V such that ﬂiz] Vi={m:J(m)=
0}. For (x, y) in a set By, of full Lebesgue measure, we get from Theorem 6(1) and (17)
that

urv(x,y) =

limsup d(ur(x, y), Vi) <k,

T—o00
for all € > 0. Thus
lim sup d(ur(x, y), Vi) =0.

T—o00
Therefore, if w(x,y) is a weak limit of ws7(x,y), (x,y) € By,, we will have
d(u(x,y), Vi) =0. Also, there exists a set B of full Lebesgue measure where we have
d(u(x,y), Vi) =0 for all i > 1. From this we deduce that pu(x, y) € {m : J(m) = 0} for
(x, ¥) € B. On the other hand, following the proof of Theorem 3, the measures w(x, y),
(x, ¥) € B, are invariant. Thus, for a.e. (x, y) € M x M, u(x, y) is a measure of maximal
entropy.

4.10. Proof of Theorem 7.

4.10.1.  Proof of part (1). The proof adapts the arguments of the proof of Theorem 5(1).
For any E C P(SM), set

#yxy € Gr 19y, € E}

vr(E) = #Gr
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Let € > 0. There exist a finite number of continuous functions wj, ..., w; such that
K C Ui:l K;, where

K; = {meP(SM):/a),- dm — Q(w,-)>J(K)—e}.

Again we can suppose that all the w; are non-negative.
Put
Fi(x, y, T):={yxy €Gr :(Syxy € K;}
and
Zix,y, T):=#Ii(x, y, T).
From the definition of I'; (x, y, T),
Zi(x, v, T) < Z ol ) ([ @iddy = Qi) —(J (K) =€)
Yay€li(x,y,T)
Set
Lijx, y, T) :=Ayxey : T — (j + DS <l(yxy) =T — jb, 8y,, € Ki}.
Since the functions w; were supposed to be non-negative, we have Q(w;) > 0 and then
Q(wi) + J(K) = 0. Thus, from Theorem 9(1) and for T sufficiently large,
3 ey @i L) (= Q@) —( (K)—e))
Yxy€li(x,»,T)
Z eT=U+DH(=Q (@)~ (K)—€)) Z efyxy @i
J Yay€lij(x,y,T)
< Z T =U+D)(=Q (@)= (J(K)=€)) ,(T—j8)(P(wi)+€)

Zi(x,y,T)

IA

IA

J
— Z T =8 (hop—J (K)+2¢) ,—3(=Q(wi)—(J (K)—€))

J
We assumed that J (K) < hop; then

C:= Z e_ja(htop_J(K)+2€) < 00.
J
Setting A; := (- Q@)=((K)=€)) '\e get, for T sufficiently large and by Theorem 8(2),

l
Zi(x,y,T)
vr(K) < Z%

i=1

!
< Z Z T I K3y =8 (hop = (K)+2€)
i=1

l
— (T IE)H30 o Z A
i=1
Taking logarithms, dividing by T and taking the lim sup, one obtains
1
lim sup T logvr(K) < —J(K) + 3e.

T—o0

Since € is arbitrary, Theorem 7(1) follows.
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4.10.2. Proof of part (2). The proof follows readily from the proof of Theorems 4, 6(2)
and 7(1).

Acknowledgement. 1 am very grateful to Francois Ledrappier for helpful conversations.
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