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Abstract For a uniformly locally finite metric space (X,d), we investigate coarse flows on its uniform Roe
algebra C7 (X), defined as one-parameter groups of automorphisms whose differentiable elements include
all partial isometries arising from partial translations on X. We first show that any flow o on C}(X)
corresponds to a (possibly unbounded) self-adjoint operator h on £2(X) such that o¢(a) = e**"ae =" for
all t € R, allowing us to focus on operators h that generate flows on C} (X).

Assuming Yu’s property A, we prove that a self-adjoint operator h on £2(X) induces a coarse flow on
C#(X) if and only if h can be expressed as h = a+d, where a € C}(X) and d is a diagonal operator with
entries forming a coarse function on X. We further study cocycle equivalence and cocycle perturbations of
coarse flows, showing that, under property A, any coarse flow is a cocycle perturbation of a diagonal flow.
Finally, for self-adjoint operators h and k that induce coarse flows on C7 (X)), we characterize conditions
under which the associated flows are either cocycle perturbations of each other or cocycle conjugate to
each other. In particular, if A — k is bounded, then the flow induced by h is a cocycle perturbation of the
flow induced by k.

1. Introduction

Given a (uniformly locally finite) metric space X, its uniform Roe algebra C:(X) is
a C*-algebra which captures the large-scale geometry of X in C*-algebraic terms (see
Subsection 1.2 for its precise definition). These algebras were introduced by J. Roe in the
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study of the index theory of elliptic operators on noncompact manifolds ([Roe88, Roe93])
and are of interest to researchers working on the coarse Baum-Connes and Novikov
conjectures ([Yu00]). Recently, mathematical physicists have started using uniform
Roe algebras in the study of topological insulators (see [Kub17, EM19, Jon21, LT21,
Bou22]).

Motivated by mathematical physics, [BE25] initiated the treatment of flows and KMS
states on uniform Roe algebras. In a nutshell, the aforementioned article identified
(and analysed) a naturally occurring class of flows on uniform Roe algebras: given a
uniformly locally finite metric space (X,d) and a map h: X — R, we can interpret
h as a multiplication (unbounded) operator on ¢2(X) — the Hilbert space of square-
summable functions X — C. Throughout these notes, we use the convention that an
operator on a Hilbert space H means a not necessarily bounded operator defined on a
vector subspace of H. A multiplication operator induced by such h: X — R is clearly self-
adjoint and diagonal with respect to the canonical orthonormal basis (8,)zecx of £2(X). In
particular, e is a well-defined unitary operator on f(X) which is also diagonal and the
formula

oni(a) = etrae™ ", (1.1.1)

for t € R and a € C}(X), defines a pre-flow (i.e., a not necessarily continuous action) oy,
of R on C#(X) by automorphisms. Moreover, the large-scale geometric properties of h
may be used to characterize when oy, is strongly continuous, in which case we call it a
flow. Recall that a map h = (hy).ex: X — R is coarse if, for all r > 0, there is s > 0, such
that

d(z,z) <r implies |hy,—h.|<s
for all 2,z € X.! We then have the following:

Proposition 1.1.2 [BE25, Proposition 2.1]. Let X be a uniformly locally finite metric
space and oy, be given by a map h: X =R as in (1.1.1). Then oy, is a flow on C:(X) if
and only if h: X — R is coarse.

Flows of this sort are called diagonal flows. The goal of the present paper is to extend
the study of flows on uniform Roe algebras outside the class of diagonal flows. For that,
we develop a theory of noncommutative coarse maps or, equivalently, of coarse operators,
and study cocycle perturbation and cocycle conjugacy for flows on uniform Roe algebras.

One of the main reasons justifying one’s interest in cocycle equivalence for flows is that,
when two flows are cocycle conjugate to each other, then the fields of KMS states are
isomorphic ([Kis00, Proposition 2.1]). So, in particular, all of the information about phase
transitions may be passed from one flow to the other. Since a lot is now known about
KMS states for diagonal flows ([BE25]), the results herein extend that knowledge to a
vastly larger class of flows.

We now describe the main findings of this paper in more detail.

IThe terms bornologous and controlled are often used in the literature instead of coarse.
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1.2. Uniform Roe algebras

All metric spaces considered herein will be not only discrete but also uniformly locally
finite. Recall that a metric space X is uniformly locally finite (abbreviated as w.l.f. from
now on) if

sup |By(z)| < oo for all r >0,

zeX
where |B,(z)| denotes the number of elements of the closed ball in X of radius r centred
at . In this case, X is necessarily countable and the metric topology is discrete.

Given a u.l.f. metric space (X,d), we identify ¢, (X) — the C*-algebra of bounded,
complex valued maps on X — with the algebra of diagonal operators on ¢5(X) in the
canonical way. The uniform Roe algebra of X is then the C*-subalgebra of B(f2(X))?
generated by the partial isometries on ¢5(X) given by partial translations of X. Precisely,
the notion of a translation function on a vector space is adapted to arbitrary metric
spaces as follows: a partial bijection f: dom(f) C X — ran(f) C X is said to be a partial
translation of X if

sup d(z,f(x)) < 0.
zedom(f)

Any such f induces a sort of partial shift operator vy on ¢3(X) determined by

076, = Of(z)s %f x € dom(f),
0, if & dom(f).

We can now make the definition of the uniform Roe algebra of a u.l.f. metric space precise:

Definition 1.2.1. The uniform Roe algebra of a u.l.f. metric space X, denoted C(X), is
the C*-subalgebra of B(¢2(X)) generated by all vy, where f is a partial translation of X.

While we will only deal with u.l.f. spaces here, one can define uniform Roe algebras for
more general spaces. This is, for instance, done in [WY20, MV24].

If A is any subset of X, observe that the orthogonal projection ps from ¢5(X) onto
ly(A) C 5(X) coincides with the operator vy, where f is the identity function on
dom(f) := A. As the set of all such operators spans a dense linear subspace of £, (X), we
see that £o(X) C C:(X).

Alternatively, the uniform Roe algebra of X can be defined as the norm closure of the
set of all bounded operators on ¢5(X) with finite propagation, where the propagation of
an operator a € B({2(X)) is given by

prop(a) =sup{d(z,y) : (ady,ds) # 0}. (1.2.2)

1.3. Flows on uniform Roe algebras

With the present subsection we begin our detailed study of flows.

2Given a Hilbert space H, B(H) denotes the space of all bounded operators on H.
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Definition 1.3.1. Given a C*-algebra A, by a pre-flow on A, also known as a one-
parameter group of automorphisms of A, we shall mean a group homomorphism

o: R — Aut(A),

from the additive group of real numbers to the group of *-automorphisms of A. If the
pre-flow o is strongly continuous in the sense that t € R — o4(a) € A is continuous for all
a € A, then o is called a flow.”

We start our study of flows on uniform Roe algebras by showing that every such flow is
completely determined by a self-adjoint operator on ¢5(X). Precisely, let H be a Hilbert
space and h be a self-adjoint operator on H. Continuous functional calculus gives us that
¢’ is a unitary operator on H. Hence, each such operator induces a pre-flow o, on B(H)
given by

oni(a) = etrae™ " (1.3.2)

for all t € R, and all a € B(H). It is well known that any weakly continuous flow on B(H)
is of this form for some self-adjoint operator h on H (see [BR87, Example 3.2.35]). In
Subsection 2.2, we employ this result to prove the following:

Proposition 1.3.3. Let H be a separable Hilbert space, A C B(H) be a C*-algebra
containing all compact operators, and o be a flow on A. Then there is a self-adjoint
operator h on H such that

oy (a) _ eithae—ith

for allt eR, and all a € A.

Proposition 1.3.3 may be well known to experts, but for lack of a precise citing source
and since this will play a very important role in our understanding of flows on uniform
Roe algebras, we present a detailed proof in Subsection 2.2 below.

Since a uniform Roe algebra always contains the compacts, Proposition 1.3.3 applies
to the flows that we are interested in. Therefore it suffices to study flows on uniform
Roe algebras arising from self-adjoint operators on ¢2(X) via the formula (1.3.2). This
problem splits naturally into two parts:

Question 1.3.4. Let h be a self-adjoint operator on ¢5(X).

(I) Under which conditions can we guarantee that o, +(C} (X)) = Ck(X) for all t € R?
(IT) Assuming that the above holds, when is o}, strongly continuous on C (X)? In other
words, when is a pre-flow on C (X) of the form oy, an actual flow?

To deal with Question 1.3.4(IT), we start with a detailed analysis of coarse maps in
Section 3 which culminates in a noncommutative version of coarseness for self-adjoint
operators on ¢3(X) and a notion of coarseness for flows. Precisely:

3Since the terminology “pre-flow” is not standard, we emphasize here that a pre-flow is simply
a not necessarily strongly continuous flow.
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Definition 1.3.5. Let X be a u.l.f. metric space and let h be a closed operator on fo(X).*
We call h a coarse operator if the domain of such h is invariant under partial translations
(see Definition 3.1.2), meaning

vg(dom(h)) € dom(h),
and the commutator® of h and vy satisfies
[[[h,v]]| < o0

for all partial translations f on X.

We should remark that the natural domain of the commutator operator [h,vs] = hvy —
veh is dom(h), because dom(h) is invariant under vy by hypothesis. Also, the invariance
of dom(h) under the vy easily implies that coo(X)® is contained in the domain of k, and in
fact cop(X) will be shown to be a core for h, in the sense that the graph of the restriction
of h to coo(X) is dense in the graph of h. In Theorem 4.1.15, we will show even more,
namely that every coarse operator is in fact admissible in the sense of Definition 1.3.8,
below, a crucial tool for several of the arguments in our main proofs.

Definition 1.3.6. Let X be a u.l.f. metric space and o be a flow on C%(X). We call o
a coarse flow if

teR—op,(vy) € C(X)

is differentiable for all partial translations f of X.

A few words are in place here to justify the definitions above. First, as will be seen in
Proposition 3.1.5 below, a map h: X — R is coarse if and only if its interpretation as a
diagonal operator on ¢5(X) is a coarse operator. Moreover, any flow on a uniform Roe
algebra induced by a map h: X — R is automatically a coarse flow (see Proposition 3.1.7).
The study of coarse flows and of coarse operators is then a natural generalization of the
commutative diagonal scenario.

With the definitions above in hand, we obtain the following noncommutative version
of Proposition 1.1.2; which deals with Question 1.3.4(II) above.

Proposition 1.3.7. Let X be a u.lf. metric space and o be a pre-flow on C%(X). Then
o is a coarse flow if and only if it is induced by a coarse operator h on l5(X).

While, for the case of diagonal flows, there is no reason to worry about Question 1.3.4(I),
the treatment of this question is substantially more subtle in the noncommutative case.
For starters, we must introduce the unbounded part of C¥(X) to the picture.

4Recall, a closed operator on a Hilbert space is a partially defined, not necessarily bounded,
operator whose graph is closed.

5Throughout, [a,b] denotes the commutator ab— ba.
SHere coo(X) denotes the vector subspace of £2(X) of finitely supported vectors.

https://doi.org/10.1017/51474748025101473 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101473

1398 B. de Mendonga Braga, R. Exel and A. Buss

Definition 1.3.8. Let X be a u.lf. metric space and h be an operator on ¢5(X). We call
h admissible if it is closed, coo(X) C dom(h), and

hé =" (£0,)hs,

yeX

for all £ € dom(h). We say that h has finite propagation if it is admissible and
sup{d(z,y) : (hdzdy) #0} < co.

We emphasize here that, whenever we say that an operator has finite propagation, it is
assumed that we are speaking of an admissible operator, or else the condition on matrix
entries above might not mean much. We note that this definition generalizes the usual
concept of finite propagation for bounded operators to the unbounded setting.

We next introduce the unbounded part of C}(X), a concept which will, as the name
suggests, involve unbounded operators and, crucially, the difference h — A/, of two
unbounded operators h and h’. This is a notoriously touchy issue not least because h
and h’ may have very different domains. For this reason, except for rare occasions, we
shall only dare to speak of h —h’ when there is a common core to h and h’. Since every
admissible operator admits coo(X) as a core, taking the difference of such operators will
not involve any risks.

Definition 1.3.9. Let X be a u.l.f. metric space and h be an admissible operator on
l5(X). We say that h is in the unbounded part of CX(X) if, for all £ > 0, there is a
finite propagation operator h’ on £2(X) such that h —h’ (defined on its natural domain
dom(h)Ndom(h’)) is a bounded operator with norm at most . We denote the set of all
such operators by ;';ﬂmb(X).7

*

Notice that any operator on £5(.X) with finite propagation is in C}, ,,,,;,(X). In particular,

any diagonal operator, regardless of being given by a coarse map, is in Cz’unb(X ). On

the other hand, the intersection of B(¢2(X)) with C* . (X) is precisely Ck(X).

u,unb

Another way of thinking of C* . (X) is to consider the set Lgam (f2(X)) formed by all

u,unb
admissible operators, equipped with the (possibly infinite) metric

d(h.k) = I(h = k) Tego(x) [I-
Within it one has the subset C* [X] formed by the operators of finite propagation,

u,unb

and then C;  ,(X) turns out to be precisely the closure of Cj ., [X] in Laam (£2(X)).

With the purpose of keeping this introduction to a minimum, we will now restrict
our results to metric spaces with G. Yu’s property A: this is a fairly general geometric
property imposed on the u.l.f. metric space X which is often seen as a sort of “geometric
amenability” (see Subsection 2.3 for a precise definition), which is equivalent to nuclearity
of CX(X). For more general results which do not depend on property A, we simply refer

the reader to the appropriate statements in the paper. For the specialists, we would like

"In these notes, we consider Cj, 5

algebraic or topological structure.

(X) simply as a set and do not attempt to view it with any
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to say that the use of property A is needed so that the uniform Roe algebra of X equals
its quasi-local algebra (see Subsection 2.3 for definitions).

For u.l.f. metric spaces with property A, we completely characterize the self-adjoint
operators which give rise to coarse flows on uniform Roe algebras. Precisely, we obtain
the following.

Theorem 1.3.10. Let X be a w.l.f. metric space with property A, h be a self-adjoint
operator on {2(X), and oy, be the pre-flow on B(€2(X)) induced by h. The following are
equivalent.

1. op is a coarse flow on CI(X).

2. his a coarse operator and it belongs to Cj, ., (X).

3. The map E(h): X — R given by

E(h)y = (h0z,0,) forall z€X

is coarse and, interpreting E(h) as a diagonal operator, h — E(h) is a bounded
operator in Cr(X).%

The main ingredient for the implication (2)=-(1) is Theorem 7.1.3, which shows that
for any such h, the bounded operator e is in the quasi-local algebra of X for all ¢t € R.
On the other hand, the implication (1)=-(2) of Theorem 1.3.10 is always valid regardless
of property A. This is obtained as Theorem 7.1.12 below and its proof uses an adaptation
to the unbounded setting of the machinery developed in [LW20] to show that bounded
derivations on uniform Roe algebras are always inner.

1.4. Cocycle equivalence of flows

Once Items (I) and (II) of Question 1.3.4 are dealt with, we move to classifying when
coarse flows are, in some sense, equivalent:

Question 1.4.1. Let h and k be self-adjoint operators on ¢5(X) inducing flows o, and
oy on C!(X).

(III) What relation must be satisfied between h and % so that the flows o, and o are
“morally” the same?

This will be formalized in terms of cocycle equivalence between flows. For this, the notion
of cocycle will be essential. Recall that we have the following well-known equivalence
relations among flows on C*-algebras:

Definition 1.4.2. Let A be a unital C*-algebra, o be a pre-flow on A, and (u;):er be a
norm continuous family of unitary operators in A.

1. We say that (u¢)er is a cocycle for o if

Upts = upog(ug) for all t,s € R.

8The notation “E(h)” is an allusion to the canonical conditional expectation from B(f2(X)) —
lso(X), the formula of which is given analogously.
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2. If (ut)ter is a cocycle for o, then the expression pi(a) = uio¢(a)uy, for a € A and
t € R, defines a pre-flow p on A. We call p a cocycle perturbation of o.

3. If, moreover, there exists a family (u:):er, as above, that is differentiable at 0, then
p is called an inner perturbation of .’

4. We say that o is cocycle conjugate to p if there is an automorphism 7 of A such that
p is a cocycle perturbation of Too o7 !, where the later is the pre-flow given by
teR— 100,07t € Aut(A).

All these notions define equivalence relations on the set of pre-flows on a given
C*-algebra and relate to each other as in the diagram below. Moreover, if a pre-flow
is equivalent under any of these notions to an actual flow, then it must be a flow as well.

Inner perturbation —— Cocycle perturbation —— Cocycle conjugacy.

For metric spaces with property A, we are capable of showing that every coarse
flow is, up to cocycle perturbation, a diagonal flow. Moreover, this is more than an
“existence theorem” as the diagonal cocycle perturbation can be actually computed in a
fairly natural way. As diagonal flows are much easier to deal with, this can drastically
reduce any analysis needed when working with coarse flows. In particular, this allows
the machinery developed in [BE25] for the study of KMS states of diagonal flows to be
applied to more general flows. Precisely, we prove the following.

Theorem 1.4.3. Let X be a u.l.f. metric space with property A, and let h be a coarse
operator on lo(X) such that
eithCZ(X)efith — CZ (X)

for all t € R. Then the flow o, on CL(X) induced by h is a cocycle perturbation of a
diagonal flow. Indeed, oy, is a cocycle perturbation of the flow o), where E(h): X — R
18 the coarse map given by

x € X (hd,0,) ER forall ze€X.

Besides reducing the problem to the diagonal case, we also characterize when self-
adjoint operators on f5(X) give rise to “equivalent” flows. For the commutative case, no
geometric condition on X is needed, and we obtain not only a classification of flows, but
also of pre-flows (notice here that the property of being a flow is preserved even under
the weakest form of equivalence given by cocycle conjugacy):

Theorem 1.4.4. Let (X,d) be a u.l.f. metric space, and let h and k be real-valued maps
on X. The following are equivalent:

1. The maps h and k are close, i.e., sup,ex d(ha,ks) < 00,
2. The pre-flows oy, and oy, are inner perturbations of each other.

3. The pre-flows oy, and o are cocycle perturbations of each other.

91f this is the case, (ut)ter is actually differentiable everywhere, and we refer the reader to
[Kis00, Section 1] for further details.
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Notice that the property in Theorem 1.4.4(1) above is equivalent to the difference
operator h —k, given by the interpretation of the maps h,k: X — R as operators on
l5(X), being a bounded operator.

In order to obtain Theorems 1.4.3 and 1.4.4, we need yet another important ingredient
which is interesting on its own:

Theorem 1.4.5. Let X be a u.l.f. metric space with property A, and let h be a self-adjoint
operator on lo(X) such that oy, induces a flow on C%(X). Then e € C!(X) for all t €R.

In fact, as the reader will see in Section 6, this is not a result about flows, but merely
about strongly continuous paths of automorphisms. The proof of this result is quite
technical and it makes use of three ingredients: (1) basics of K-theory, (2) techniques
developed in [WW20] for the study of Cartan subalgebras of uniform Roe algebras, and
(3) techniques developed for the solution of the rigidity problem of uniform Roe algebras
([BF21, BBF*22]).

For the general noncommutative case, we must once again restrict ourselves to metric
spaces with property A. Our main results are the following.

Theorem 1.4.6. Let X be a u.l.f. metric space with property A, and let h and k be coarse
operators on la(X) inducing flows oy, and oy, on CL(X). If h—k is bounded on coo(X),
then the flows o, and oy, on CL(X) are cocycle perturbations of each other.

Theorem 1.4.7. Let X be a u.l.f. metric space with property A, and let h and k be coarse,
self-adjoint operators on €3(X), whose induced flows on CI(X) are respectively denoted
by on and oy. The following are equivalent:

1. There is a unitary u € C5(X) such that dom(h) = dom(uku*), and h —uku* is
bounded on this common domain.

2. The flows oy, and oy, are cocycle conjugate to each other.

Finally, in Section 9, we show that, without the condition of property A, and working
only with pre-flows, the results above do not hold. More precisely, we show that in any
expander graph, one can find a natural pre-flow on its uniform Roe algebra which is not
a cocycle perturbation of a diagonal flow (see Theorem 9.1.5).

2. Preliminaries

In this section, we recall the basic tools that we will need about unbounded operators,
one-parameter unitary groups, flows on algebras of operators, and coarse geometry. For a
detailed treatment of these, we refer the reader to [Ped89, Chapter 5], [Rud91, Chapter
13] or [BR&7] for the first topics, and to [Roe03, NY12] for the last one. Besides setting
up terminology, we also refine a well-known result on weakly continuous flows on B(H)
[BR87, Example 3.2.35] to guarantee that any flow on a uniform Roe algebra is determined
by an unbounded operator (Proposition 1.3.3).

https://doi.org/10.1017/51474748025101473 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101473

1402 B. de Mendonga Braga, R. Exel and A. Buss

2.1. Unbounded Operators on Hilbert spaces

Let H be a Hilbert space. From now on, the term operator on H will refer to a (not
necessarily bounded) linear function

h: dom(h) C H— H,

where dom(h) is a vector subspace of H. The unbounded operators of interest in this paper
will be in general self-adjoint. In particular, these operators are automatically closed and
densely defined, i.e., dom(h) is dense in H. Addition, subtraction and multiplication of
operators are defined in the obvious ways taking the necessary precautions regarding
domains; precisely,

dom(h £ k) = dom(h) Ndom(k)
and
dom(kh) = {¢€ € dom(h) : h& € dom(k)}.

The space of all (globally defined) bounded operators on H is denoted by B(H) and its
ideal of compact operators by K(H).

Given the fundamental role played by the matrix representation of operators on ¢o(X)
in the study of C¥(X), e.g., in the definition of the notion of propagation, it is natural
that unbounded operators also be seen from the point of view of matrices. However one
cannot expect to make sense out of the matrix entries

ha,y = (hoy,04)

of an unbounded operator h on ¢5(X), since such operators are only densely defined, and
there is no reason for J, to lie in its domain. In fact, even if all basis vectors d, belong
to dom(h), the values of h on these vectors might not necessarily determine h outside
coo(X). After all, the fact that h is discontinuous, as a rule, renders the density of ¢op(X)
within £2(X) useless for the purpose of inferring the value of h(§), when £ is not in coo(X).

The operators that will play important roles in this work will therefore all be admissible
in the following sense:

Definition 2.1.1 (cf. Definition 1.3.8). Let X be any set. An operator h on {3(X) will
be called admissible if it is closed, cgo(X) C dom(h), and

hE = (£06,)hd,
yeX
for all £ € dom(h).

Under the above conditions, the coordinates of h& relative to each basis vector d, are
then given by

<h€75m> = Z <§a§y><h5y751> = Z hz,ygyv
yeX yeX

where hg, = (hdy,0z), and &, = (§,d,). In other words, the matrix representation of h
holds, not only for vectors in coo(X ), but also for every vector £ in the domain of definition

https://doi.org/10.1017/51474748025101473 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101473

Flows on uniform Roe algebras 1403

of h. Furthermore, given any pair (£,h€) in the graph of h, we may write £ = limp&p,
where

gF = Z<575y>5y7
yeF
the limit taken for F' running in the directed set of all finite subsets F' C X, and then the
fact that h is admissible implies that (Ep,h(fp)) converges to (h&,€), which is to say that
coo(X) is a core for h.

Admissibility is a very useful property since it implies that coo(X) is not only a core, but
it is actually a ‘great core’ in the sense that we can choose our approximating sequences in
the most natural way. Precisely, firstly recall that a subspace D C dom(h) is called a core
for h if the graph of h | D is dense in the graph of h. In other words, if £ € dom(h), then
there is a sequence (&), in D, such that £ = lim, &,, and h€ = lim,, h€,. Admissibility
says that the sequence (£,), can be simply taken to be the truncations of £ with respect
to the canonical basis of 5(X).

We finish this subsection with a useful elementary result.

Proposition 2.1.2. Let X be a u.l.f. metric space and let h and k be admissible operators
on U3(X). The following holds.

(@) h =kl == k) ey (x) -7

(b) If h—k is bounded on coo(X), then dom(h) = dom(k).

Proof. The first point is an easy consequence of the fact that coo(X) is a common core
for h and k, so we leave the details for the reader.

As for the second point, let £ € dom(h) and let us show that £ € dom(k). For this choose
an increasing sequence (F),), of finite subsets of X, whose union coincides with X, and
for each n, let &, be the projection of £ on ¢5(F,,). Then clearly &, — £ and, since h is
admissible, also h§, — h&. Noticing that (£,), is a sequence in ¢go(X), and that h—k
is bounded on this subspace, we have that ((h— k)&, ), is a Cauchy sequence, hence so
is (k& )n- As k is closed, this shows that £ € dom(k). This proves dom(h) C dom(k) and,
by symmetry of the hypothesis, the inclusion dom(k) C dom(h) follows analogously. [

2.2. Flows and one-parameter groups

Definition 2.2.1. Let H be a Hilbert space and (u;);cr be a family of unitary operators
in B(H). We call (uy)tcr a one-parameter unitary group on H if

Uprs = upug for all t,s € R.
If, moreover,
teR—wéEEH

is continuous for all £ € H, we say that (u)ier is strongly continuous.

OHere ||h) := sup{||h(€)] : [I€]| < 1,£ € dom(h)} denotes the possibly infinite norm of the
(unbounded) operator h.
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Given a self-adjoint operator h on a Hilbert space H, the spectral theorem allows us to
define ", a bounded operator on H. Moreover,
teR— e c B(H)
is a strongly continuous one-parameter unitary group and
ithe _
lim Sl
t—0
for all ¢ € dom(h). Conversely, if £ € H is such that the limit in (2.2.2) exists, then
necessarily £ € dom(h), and the identity in (2.2.2) holds (see [Ped89, Proposition 5.3.13)).
Moreover, by Stone’s theorem (see [Ped89, Theorem 5.3.15]), every strongly continuous
one-parameter unitary group t € R — u; € B(H) is of the above form, that is, u; = %"
for all £ € R, for a unique self-adjoint operator h on H.

We now show that any flow on a uniform Roe algebra is given by conjugating by a one-
parameter unitary group; this is a refinement of [BR87, Example 3.2.35] for our setting.
This will be essential in our study of flows. Parts of the proof of Proposition 1.3.3 below
are well known to experts, but we provide details for clarity and for the non-experts’
convenience.

= ih¢ (2.2.2)

Proof of Proposition 1.3.3. We start by noticing that (H) is invariant under o;. For
that, observe that IC(H) is the unique minimal ideal of A. Indeed, if J is another nonzero
ideal of A, we have

JNK(H) = J-K(H) # {0},

since K(H) is an essential ideal. As K(H) is a simple C*-algebra, it follows that
JNK(H)=K(H), whence K(H) C J. As K(H) admits the above characterization in
precise algebraic terms, we conclude that K(H) is invariant under automorphisms of A4;
in particular, oy (K(H)) = K(H) for every t € R.

For each t € R, let 7, be the restriction of oy to K(H), so that 7 becomes a flow on IC(H).
Observing that B(H) is the multiplier algebra of JC(H), each 7; extends canonically to an
automorphism p; of B(H), and it is not difficult to show that pips = psys for all t,s € R,
i.e., that p is a pre-flow on B(H). Observe that, for t € R, a € A, and k € K(H), we have

pi(a)k = pi(ap—i(k)) = Ti(at—i(k)) = or(ao—i(K)) = oe(a)k.

So, pi(a) = o4(a). Hence, p extends o from A to B(H). Let us now show that p is a weakly
continuous flow on B(H). For this, pick any vector § in H, and let p; be the projection
onto the one-dimensional space spanned by £. For every bounded operator b on H we
then have that

pe(b)€ = Pt(b)p€§ = Pt (bp_t(pg))f =0t (bU—t(ps))§7

because both pe and bp_;(p¢) are compact operators, and hence belong to A. Using that
o is a (continuous) flow on A, we see that p;(b){ is continuous as a function of ¢, meaning
that p is strongly continuous, and hence also weakly continuous.

Now, [BR87, Example 3.2.35] shows that a weakly continuous flow on B(H) must be of
the desired form, so the result follows.
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2.3. Coarse geometry
Although it has already been briefly presented in the introduction, we now properly define
the morphisms and equivalences in the coarse category. Given metric spaces (X,dx) and
(Y,dy), amap f: X =Y is called coarse if for all r > 0,

sup  dy (f(z),f(z)) <oo.

dx (w,2)<r

Maps f,g: X =Y are called close if

sup dy (f(x),g(x)) < oo.
rzeX

If f: X =Y is coarse and there is a coarse g: Y — X such that go f and fog are close
to idx and idy, respectively, then f is called a coarse equivalence.

The uniform Roe algebra has a very natural dense *-subalgebra which will be useful
for us. Precisely, the algebraic counterpart of C¥(X), denoted C}[X], is the *-subalgebra
of B(¢2(X)) generated by all avy, where a € £o(X), and f is a partial translation of X.
Unless X is finite, C}[X] will never be closed.

As already made clear in the introduction, the metric spaces of interest to us will be
uniformly locally finite, or u.l.f. for short (see Subsection 1.2 for definition). One of the
great advantages of such metric spaces is that an X-by-X matrix of complex numbers
with finite propagation induces a bounded operator on ¢5(X) if and only if its entries
are uniformly bounded. For further reference, we isolate this as a proposition below (see
[Roe03, Lemma 4.27]).

Proposition 2.3.1. Let X be a u.l.f. metric space. Then, for allr >0, if A=[ag yls,yex
is an X-by-X matrixz of complex numbers with

SUp |z < o0,
z,yeX

and prop(A) <r, then A canonically induces a bounded operator a on ls(X), such that
(ady,0z) = agy for all x,y € X. Moreover, there is a positive constant M, depending only
on X and r, such that

lall <M sup |ag,|.
z,yeX

An important class of metric spaces in coarse geometry is the one of u.Lf. metric spaces
with property A, introduced by G. Yu in [Yu00]. Although the definition of property A
will not be used per se, we quickly recall it here since this property will play a major role
throughout these notes.

Definition 2.3.2. Let (X,d) be a u.l.f. metric space. We say that X has property A if,
for all e, > 0, there is a function £: X — 8352()()“ such that

L. [|&; — &, ]| <& for all 2,y € X with d(z,y) <7, and
2. sup{d(z,y) : (€m0y) # 0} < o0,

UHere 0By, (x) denotes the unit sphere of £2(X).
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It is well known that a u.l.f. metric space X has property A if and only if C!(X) is a
nuclear C*-algebra (see [BO08, Theorem 5.5.7]).

Besides the uniform Roe algebra of X, the quasi-local algebra of X will play an
important role in these notes.

Definition 2.3.3. Let (X,d) be a u.l.f. metric space. The quasi-local algebra of X, denoted
by Cy,(X), is the C*-subalgebra of B(¢2(X)) consisting of all operators a € B(¢2(X)) such
that, for all ¢ > 0, there is r > 0, such that for all A,B C X,

d(A,B) >r implies |paapp| <e.'?
Equivalently, a bounded operator a lies in CZZ<X ), if and only if

lim sup |paapg| =0.
T—=00 4, B)>r
While it is immediate that Cj(X) C Cy(X) for any w.lf. metric space X, it was an
important open problem whether C;(X) and C},(X) coincide. J. Spakula and J. Zhang
proved that this is indeed the case for u.Lf. metric spaces with property A (see [SZ20,
Theorem 3.3]). Very recently, N. Ozawa has shown that these algebras are never the same
as long as X contains a coarse copy of an expander graph (see [0za23, Corollary C]).

3. Diagonal flows

The goal of this section is to set the ground needed to define a noncommutative version
of coarseness in the next section. More precisely, we characterize coarseness of a real-
valued function on a metric space X in terms which allow us to define “coarseness” for an
arbitrary self-adjoint operator on ¢5(X) (Proposition 3.1.5). We also pin down a property
satisfied by flows induced by maps X — R which will be needed in our study of more
general flows induced by self-adjoint operators on ¢3(X) (Proposition 3.1.7).

Our motivation for wanting to characterize coarseness of maps X — R comes from the
fact that coarse maps are precisely the ones which induce flows on C}(X) in a canonical
way; which in turn was intensively studied in [BE25]. Let us start by explaining this
carefully. An arbitrary function i: X — R canonically induces a self-adjoint operator on
l5(X) by multiplication. By abuse of notation, we denote this operator by h as well.
Precisely, h is the operator with

dom(h)—{ﬁeﬁg(X) : Z|hx§x2<oo},

reX

and given by the formula

hé = (hzgz)zGX

for all £ € dom(h). Letting coo(X) denote the subspace of £5(X) formed by the vectors
with finitely many nonzero coordinates, it is clear that coo(X) C dom(h), so dom(h) is

12Recall7 as stated in the introduction, that p4 is the orthogonal projection from f¢2(X) to
l2(A).
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dense in ¢2(X). See Proposition 3.1.4 below for a proof that h is actually an admissible
operator. Moreover, h defines a bounded operator on f5(X) if and only if h: X — R is
bounded. Hence, the identification above of functions X — R with possibly unbounded
self-adjoint operators on fo(X) is compatible with the usual identification of ¢ (X) as
the bounded multiplication operators on ¢5(X), i.e., the diagonal operators with respect
to the canonical orthonormal basis (;)zex of £2(X).

Convention 3.1.1. In order to avoid any confusion stemming from the abuse of notation
of denoting by the same symbol — & usually — both a map X — R and its interpretation
as an unbounded operator on f5(X), we write h = (hg).cx when h is being seen as
a function h: z € X — h, € R. If h is being interpreted as an operator on fo(X), its
evaluation at a vector £ € £o(X) is written as h€. Also, dom(h) will always refer to the
domain of h as an operator on ¢5(X) (the domain of h as a function X — R is simply X
and this will not be a point of relevance in these notes).

Suppose that (X,d) is a u.lf. metric space and that h: X — R is a map. Then, ™
may be seen as a bounded operator on £5(X) with propagation zero, so, e € C*(X). In
particular, e'"ae~"" € C*(X) for all t € R, and all a € C%(X), so the map

oni: a€CH(X) s eae™ ™ € CF(X)

is an automorphism of C}(X), and it can be easily shown to define a pre-flow oj on
C#(X). As seen in Proposition 1.1.2, oy, is a flow if and only if the map h: X — R is
coarse, in which case we call o, a diagonal flow.

Proposition 1.1.2 is one of our hints to finding an appropriate operator version of
coarseness. Before that, we must notice that the domain of an operator induced by a
coarse map X — R is invariant with respect to the coarse geometry of X. We introduce
the following definition.

Definition 3.1.2. Let E C {5(X) be a linear subspace. Given a partial translation f of
X, we say that E is f-invariant if vy (E) C E. If F is f-invariant for all partial translations
f of X, we say that E is invariant under partial translations.

Remark 3.1.3. Notice that if the domain of a self-adjoint operator h on f2(X) is
invariant under partial translations, then dom(h) automatically contains coo(X). Indeed,
as h is self-adjoint, its domain is densely defined and, in particular, non-zero. Pick a
non-zero £ € dom(h) and xg € X such that the xg-coordinate of € is non-zero. Then, given
x € X and letting f,: {zo} — {x} be the partial translation taking xy to z, we have that
vy, & is in dom(h) for all x € X. As vy, & is a non-zero vector supported on z and z € X
was arbitrary, we conclude that dom(h) contains coo(X). This will be used throughout
these notes without further mention. The fact that coo(X) C dom(h) does not necessarily
mean that A is admissible, although most of the operators in this work will possess this

property.
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For simplicity, we introduce the following (almost) self-explaining terminology: given a
partial translation f of X, and r > 0, we say that f is a partial r-translation if
sup d(f(x),x) <.
zedom(f)
Proposition 3.1.4. Let X be a u.l.f. metric space and let h: X — R be any function.
Then, seen as a multiplication operator, h is admissible. Moreover, if h is a coarse

function, then dom(h), the domain of h as an operator on £2(X), is invariant under
partial translations.

Proof. It is evident that dom(h) contains coo(X), and we leave it for the reader to prove
the standard fact that h is a closed operator. On the other hand, given ¢ € dom(h), we
have that

zeX rzeX

so h is admissible. In order to show that dom(h) is invariant under partial translations,
suppose that h: X — R is coarse and that £ = (£;)sex is in the domain of h, seen as an
operator on ¢2(X). So,

1hE)1? =D |hatal® < oo

zeX

Let f be a partial translation of X. As h is coarse,

s:= sup |hyp)—h| <oo.
zedom(f)

Then, by Minkowski’s inequality, we have

1/2 1/2
> Iyl < D 1Pl —hal?
zedom(f) zedom(f)
1/2
o D

z€dom(f)

< slll =+ [ngll

< 0.

This shows that v is in the domain of h and we are done. O

The following result will later motivate our notion of a coarse operator.

Proposition 3.1.5. Let X be u.l.f. metric space and h: X — R be a map. The following
are equivalent.
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1. The map h: X — R s coarse.

2. The domain of h, seen as an operator on {o(X), is invariant under partial
translations and, for all r >0,

sup o]l < o

where the supremum is taken over the set of all partial r-translations f of X.
3. The domain of h is invariant under partial translations and
[I[hs vl <00
for all partial translations f of X.

Proof. (1)=(2): Assume h: X — R is coarse. By Proposition 3.1.4, dom(h) is invariant
under partial translations. Fix » > 0. As h: X — R is coarse, there is s > 0 such that
|hy —hy| < s for all z,y € X with d(z,y) <r. Hence, if f is a partial r-translation of
X, then |hy(y) —he| < s for all x € dom(f). Since [h,vf](02) = (h(2) — ha)df(e) for all
x € dom(f), it follows that

[[hof]]l < sup , ey — ha| < s.

z€dom(

(2)=-(3): This is immediate.
(3)=(1): Suppose h: X — R is not coarse. So, there is r > 0 and sequences (z,,), and
(Yn)n in X such that d(z,,y,) <r for all n € N and

lim|hg, — hy,, | = 0o. (3.1.6)

As X is ulf., going to subsequences if necessary, we can assume that (z,), and (y,).
are both sequences of distinct elements of X. Therefore, letting

A={x, : neN} and B={y, : neN},

the map f: A— B given by f(x,) =y, for all n € N defines a partial translation, a partial
r-translation to be precise. However, we have

7ol = v p)de, | = hg@,) = ha, |
for all n € N. By (3.1.6), the latter goes to infinity. But this contradicts the hypothesis. [

Before finishing this subsection, we now pin down an important property satisfied by
diagonal flows on uniform Roe algebras.

Proposition 3.1.7. Let (X,d) be a u.l.f. metric space and let h: X — R be a map
inducing the flow o, on C:(X). For each partial translation f of X, the map

teR— a;m(vf) c CZ(X)
is differentiable at zero with derivative equal to ilh,vs]. Therefore the map
teR = op,i(a) € Cl(X) (3.1.8)

is also differentiable at zero for all a in CX[X], with derivative equal to ilh,a).

https://doi.org/10.1017/51474748025101473 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101473

1410 B. de Mendonga Braga, R. Exel and A. Buss

Proof. As oy, is a flow, h must be coarse (Proposition 1.1.2). Let us first show that
the first statement indeed implies the second. Since C7[X] is the linear span of avy, for
a € ly(X), and f a partial translation of X, it is enough to notice that the map (3.1.8)
is differentiable at zero for elements of the form avy. Finally, as oy ¢(avy) = aon +(vy), we
see that the second statement indeed follows from the first one.

Fix now a partial translation f of X. An elementary calculation shows that

O t(vf)8, = et PEED=h@)y 5 (3.1.9)

if z is in dom(f), while oy, ;(vs)d, = 0 otherwise. Denoting by ho f —h the function on X
given by

h(f(x))— h(x), if z € dom(f),
(hef=h)(z) = { 0, otherwise,

it follows from (3.1.9) that oy, ¢(vs) = ve® "/ =M Observing that ho f —h is a bounded
function, thanks to h being coarse, we deduce that oy, 1 (vy) is differentiable as a function
of the variable ¢, and that its derivative at zero coincides with ivs(ho f —h). Another
elementary calculation shows that

vi(ho f—h) = [hvy],

from where the conclusion follows. O

Remark 3.1.10. Proposition 3.1.7 can be stated in terms of the infinitesimal generator
of the flow o. Indeed, the infinitesimal generator of a flow o on a C*-algebra A is the
operator 6 on A given by

t—0 t

for all a € A for which the limit above exists. With this terminology and considering a
flow o on a uniform Roe algebra C¥(X), Proposition 3.1.7 says that C}[X] is contained
in the domain of 4, and that 6(a) = i[h,a] for all a in C%[X]. We refer the reader to [BR&7,
Chapter 3] for more on that.

4. Coarse operators on /5(X)

We will now abstract some of the contents of Section 3 to develop the theory of
noncommutative coarse functions or, more precisely, of coarse operators on ¢o(X) for
a given u.l.f. metric space X. The following is our main definition and it adapts
Proposition 3.1.5 to the noncommutative case of self-adjoint operators on £2(X).

Definition 4.1.1 (Definition 1.3.5). Let X be a u.l.f. metric space and h be a closed
operator on f2(X). We call h a coarse operator if dom(h) is invariant under partial
translations, and

I[P, v]ll < o0

for all partial translations f on X.
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We should stress that the above definition does not require /& to be admissible; however
this property will instead be proved later in Theorem 4.1.15.

Example 4.1.2. Bounded operators are obviously coarse operators.

Example 4.1.3. By Proposition 3.1.5, a map h: X — R is coarse if and only if its
interpretation as an operator on £2(X) is a coarse operator. For this reason, self-adjoint
coarse operators on f2(X) should be thought of as noncommutative versions of coarse
maps X — R.

Just as in Proposition 3.1.5, a more quantitative version of coarseness holds for
operators. Precisely:

Proposition 4.1.4. Let X be a u.l.f. metric space and h be a closed operator on ly(X),
the domain of which is invariant under partial translations. Then h is a coarse operator
if and only if, for all r >0,

sup[f,vg]| < oo

where the supremum is taken over the set of all partial r-translations f of X.

Proof. The “if” part being immediate, we move on to the “only if” direction. Assuming
that h is a coarse operator we therefore suppose, by way of contradiction, that the
supremum in the statement is infinite.

Claim 4.1.5. The supremum in the statement is infinite, even if taken over the set of
all partial r-translations f of X, with finite domain.

Proof. To see this, we fix M > 0, and we choose a partial r-translation g (which may or
may not have finite domain), such that ||[h,v,]|| > M. Since [h,v4] is bounded on dom(h),
by hypothesis, and since cgo(X) is dense in dom(h), we may pick a unit vector & in coo(X),
such that

M < |[[h;vg]€]| = [|vg€ — vgh&]l. (4.1.6)
Fixing € > 0, let C be a finite subset of X such that
§=pck and [hE—pche] <e.
Letting f be the restriction of g to dom(g) NC, we then have that v; = vypc. Moreover
vg€ =vs€ and ||ogh€ —vshe]| <e.

So, upon substituting ¢ for f, the right-hand side of (4.1.6) changes by at most €, so the
inequality is preserved as long as we choose ¢ sufficiently small. O

Slightly changing tack, we now make the following:

Claim 4.1.7. If C' C X is any finite set, then the supremum in the statement is finite, if
taken over the set of all r-partial translations f with dom(f) C C.
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Proof. Indeed, given such an r-partial translation f, we have that
7, velll = 1hvg —vghl

< lhvgll+flvghl

< |[[hpp, )l + [lpchl;
the last inequality due to the fact that dom(f) C C, and hence that ran(f) C B,.(C), the
ball of radius r around C, because r-partial translations are not allowed to move points
more than r apart. As h is necessarily bounded on the finite-dimensional space 5 (B, (C)),
|hpB, ¢yl is finite. In order to estimate |[pchl|, notice that

Ipchll < l[pchpell+ lpchpx\cll < llhpc |+ [pchpx\cll-

As before, ||hpc|| is finite and, since pchpx\c = [h,px\c|px\c, the fact that h is coarse
implies that |[pchpx\c/|| is also finite. This completes the proof of the claim. O

Our next claim is a strengthening of Claim 4.1.7.

Claim 4.1.8. If C' C X is any finite set, then the supremum in the statement is infinite,
even if taken over the set of all partial r-translations f of X, with finite domain, and such
that both the domain of f and the range of f (henceforth denoted ran(f)) are contained
in X\C.

Proof. Given M > 0, let N be the supremum referred to in Claim 4.1.7 relative to the
finite set B,.(C), and, using Claim 4.1.5, choose some r-partial translation g, with finite
domain, and such that ||[k,v,]]| > M + N. Letting g1 and g» denote the restrictions of g
to dom(g) N B,(C), and dom(g)\B,(C), respectively, we see that vy = vy, +vg,, SO

vl = TRy — v )l 2 1,0g]| [y, )l > M 4N — N = M,

Recalling that dom(ge) C X\B,(C), we have that ran(g2) C X\C, for the same reason
observed above that r-partial translations are not allowed to move points more than r
apart. ]

Claim 4.1.9. There is a sequence (fy), of partial r-translations of X such that the
domains of the f,, are finite and pairwise disjoint, the same holding for their ranges, and
such that lim,,_, ||[h, vy, ]|| = oc.

Proof. As the proof of this claim is an easy consequence of Claim 4.1.8, we leave it for
the reader. O

From now on we fix a sequence (f,), as above.

Claim 4.1.10. For every finite subset C C X, one has that

nlgfgo lpx\clhvy, Ipx\cll = oo.

Proof. In order to verify this claim, observe that ¢5(C) is a finite dimensional space,
hence pch and hpc are bounded operators on the domain of h, say with

lpchll, |hpc| < Mc.
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Therefore, for every n, we have that

I[h,vs, pcll = [[hvs, pell + llve, hvell < Mp, ) + Mc,
and similarly ||pc[h,vy,]|| < Mp, ¢y + Mc. Therefore
Ipx\clhvr, lpx\ell = 11 = pe)lh,vg, [ (1 —po)|l
2 [[[hsvg Il = llRy v, ol

= llpclhvg, ]l = llpclhvy, pcll
> ||[h,vg, ]Il = 3(Mp, (o) + Mc),

from where the claim follows. O
Claim 4.1.11. Upon passing to a subsequence of (f,, ), there is a sequence (X, ),, of finite

and pairwise disjoint subsets of X, such that both dom(f,) and ran(f,) are contained in
X,, and

Tim [Ipx, [hvg, Jpx, || = oo.

Proof. The proof of this claim is an easy application of Claim 4.1.10, so we leave it for
the reader. O

In order to conclude the proof, we let (f,), be as in Claim 4.1.10, and we consider the
r-partial translation defined on | |, cydom(f,) to be a common extension of all of the f,,.
Observing that, for n # m, one has that dom(f,,) C X,,, and that X,, and X,, are
disjoint, it follows that vy, px, =0, and similarly that px, vy, =0, so
px, [hvrlpx, =px, [k, Ipx

whence, for every n,

IPsvsll = llpx, [ oslpx, || = px, [hog, Ipx, |-

Observing that the right hand side goes to oo, as n — oo, by Claim 4.1.11, we get a
contradiction with the assumption that [h,vf] is a bounded operator. O

We must now understand what the vital properties satisfied by coarse operators are
and, on the other hand, which properties are enough to guarantee coarseness of a given
self-adjoint operator on ¢2(X). The next proposition deals with the former. For that, we
introduce the conditional expectation for certain unbounded operators on ¢2(X).

Definition 4.1.12. Consider a set X and any operator h on £5(X) such that coo(X) C
dom(h). We define a map E(h): X — R by letting

E(h)z = (hdz,d,) for all x € X.

We identify the function E(h) defined above with an operator on ¢3(X) as usual. Under
this identification, it is clear that E, when restricted to the bounded operators on ¢5(X),
is simply the canonical conditional expectation B(€2(X)) = £oo(X).
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Proposition 4.1.13. Let X be a u.l.f. metric space and h be a coarse operator on lo(X).
Then:

1. The map E(h) given by Definition 4.1.12 is coarse.
2. For each A C X, px\ahpa is bounded and

sup{[[px\ahpal : AC X} <oo.

In particular, as an X-by-X matriz, the coordinates of h off the main diagonal are
uniformly bounded.

Proof. (1) Suppose E(h) is not coarse. Then, there are r > 0, and sequences (z,), and
(Yn)n in X such that

yn| = OO (4.1.14)

lim|E(h)s, — E(h)

and d(xp,,y,) <r for all n € N. As X is u.lL.f., going to subsequences if necessary, we can
assume that (2, ), and (y), are sequences of distinct elements. Let A = {x,, : n € N},
B={y, : neN}, and f: A— B be the partial translation given by f(x,) =y, for all
n € N. Then,

11,05l = ([ 0510, |

> (hdy,,6.)6. — (vshdy, ,8:)0.

zeX
> |(hdy,s0y,) = (hdz,,0z,)]|
=|E(h)y, = E(h)a,|

for all n € N. By (4.1.14), this shows that [h,vf] is unbounded on dom(h), which

contradicts the fact that h is a coarse operator.
(2) As h is a coarse operator, Proposition 4.1.4 gives s > 0, such that

[[h.palll < s

for all A C X. Since px\ahpa = [h,pa]pa, the result follows. O

We can now prove that coarse operators are automatically admissible, hence allowing
us to understand how these operators act not only on cpo(X) but on all of its domain.

Theorem 4.1.15. Let X be a u.lf. metric space and h be a coarse operator on ly(X).
If ¢ e dom(X), then

hE =Y (£02)hd,.

zeX

Consequently, h is admissible.

Proof. As h is a coarse operator, Proposition 4.1.13(2) implies that

M = sup{||px\ahpal : AC X}
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is finite. Suppose towards a contradiction that the theorem fails and let £ € dom(h) be
an offender. As h is a closed operator, the series in the statement of the theorem not
only fails to coincide with A&, but it does not even converge. Consequently that series
also fails to satisfy Cauchy’s criterion for the summability of a series, whence, letting
§r = ,ep(§02)0, for each FFC X, we can find € > 0, and a sequence (F(n)), of finite
disjoint subsets of X such that

|hEpyll > € for all neN. (4.1.16)
As lim, {p () =0, going to a subsequence if necessary, we can assume that ¢ =" -y &r(n)
has norm at most ¢/(3M). In particular, (4.1.16) can be improved as follows:
2e
lpry hEre | 2 17 | = IPx\Fem P F@)Erm | = 5

for all n € N. Since h is a coarse operator, its domain is invariant under partial translations
and, in particular, invariant under the projections pa, A C X. So, ¢ € dom(h), since ( is
the image of £ under such projection. However,

IPEm)yhCll = [IPF(m)REFm) | = ||[PEM) AP X\ F(n) Z EF(m) H
meN\{n}

>

w| ™

for all n € N. As (F(n)), are disjoint sets, this shows that h{ has infinite norm, a
contradiction. O

~—

Corollary 4.1.17. Let X be a u.l.f. metric space, h and k be coarse operators on ly(X).
If h—k is bounded, then dom(h) = dom(k).

Proof. This is an immediate consequence of Proposition 2.1.2 and Theorem 4.1.15. [

We finish this section with a corollary which will be fundamental in many of the
forthcoming proofs.

Corollary 4.1.18. Let X be a w.l.f. metric space and h be a coarse operator on ly(X).
If there is an operator h' on €5(X) with finite propagation, and such that h—h' is bounded,
then h— E(h) is bounded. In particular, if h has finite propagation, then h— E(h) is
bounded.

Proof. Suppose there is an operator h’ on f5(X) with finite propagation so that h —h’/
is bounded. In particular, E(h —h') = E(h) — E(I/) is also bounded. Recall that, as
X is u.lf., an operator w on ¢5(X) with finite propagation is bounded if and only if
SUp, e x |(wdz,dy)| < 0o (Proposition 2.3.1). By Proposition 4.1.13(2) above,

sup {|(hdz,0,)| : x,y € X with z # y} < oo,
so, since h — h' is bounded, we have

sup{|(h'04,0,)| : z,y € X with z # y} < cc.
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Hence,
sup [((W' —E(h'))dz,0,)| < oo.
z,yeX
As I/ has finite propagation, so has ' — E(h'). So, b/ — E(h') is bounded. Finally, as the
equality

h—E(h)=h—h +h' —E(K)+E(h')—E(h)

holds on ¢go(X), it follows that h — E(h) is bounded on coo(X). Therefore, since both A
and E(h) are coarse operators (for E(h), this is a consequence of Propositions 3.1.5 and
4.1.13(2)), Theorem 4.1.15 implies that h — E(h) is bounded on all of its domain. O

5. Flows given by self-adjoint operators on ¢5(X)

In this short section, we continue the study of Section 3 and extend it to the case of flows
on uniform Roe algebras given by self-adjoint operators using the machinery of Section 4.
In view of Proposition 3.1.7, we start by introducing a geometric condition on our flows
which will help us to better tame the self-adjoint operators inducing them.

Definition 5.1.1 (Definition 1.3.6). Let X be a u.l.f. metric space and ¢ be a flow on
C:(X). We call o a coarse flow if

te R oy(vy) € Cp(X)
is differentiable for all partial translations f of X.

Example 5.1.2. By Proposition 3.1.7, every flow on C}(X) induced by a (necessarily
coarse) map X — R is coarse.

Our next goal is to prove Proposition 1.3.7, stated in the introduction, characterizing
self-adjoint operators defining coarse flows on C(X).

Proof of Proposition 1.3.7. This proposition is simply an interpretation of [BR&7,
Proposition 3.2.55] to our setting. Precisely, suppose o is a coarse flow, i.e., o is a flow
and

teRw— oy (vy) € C(X)

is differentiable at zero for all partial translations f on X.'* Since flows on CZ(X)
are implemented by self-adjoint operators, we must have ¢ = o5, for some self-adjoint
h on ¢5(X) (Proposition 1.3.3). The implication (1)=-(3) of [BR87, Proposition 3.2.55]
then says that dom(h) is invariant under partial translations and that [h,vy] is bounded
on dom(h), i.e., h is a coarse operator. Regarding our usage of [BR87, Proposition 3.2.55]
here, we point out that this result says that there is a core of h which is invariant by it and
in which the restriction of [h,v/] to it is bounded. But, as noticed in the first paragraph

By fact, this automatically implies strong continuity of o because the vy span a dense subspace

of Cy(X).
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of the proof of [BR87, Proposition 3.2.55], closure arguments imply that one can take the
core to be the whole dom(h).

Conversely, suppose that h is a coarse operator and fix a partial translation f of X.
Then dom(h) is f-invariant and [h,v¢] is bounded on dom(h). We are then in the setting
of item (3) of [BR87, Proposition 3.2.55] and the implication (3)=-(1) therein says that

teR—op(vy) € C(X)

is differentiable, and hence continuous at zero. As the vy span a dense subset of C}(X),
by definition, we deduce that o}, is a flow, which is coarse by what was said just above.

Remark 5.1.3. Since all elements of C¥(X) are coarse operators (Example 4.1.2),
Proposition 1.3.7 ensures that oy, is a coarse flow on C}(X) for every h € C}(X). It is
worth noting, however, that by choosing h appropriately one may obtain flows that do
not leave the algebraic subalgebra C}[X] of C(X) invariant. Indeed, if X is infinite
and x € X, one can choose h such that o, 1 maps the projection onto span{d,} to the
projection onto span{{} for some & with infinite support. Clearly, this latter projection
does not belong to C}[X].

We isolate a simple fact below for further reference.

Corollary 5.1.4. Let X be a u.l.f. metric space and h be a self-adjoint operator on €o(X)
such that oy, is a coarse flow on CX(X). Then, for all partial translations f of X, the
derivative of

teR— O'h,t(Uf) S CZ(X)
at zero is ilh,vy].

Proof. As in the proof of Proposition 1.3.7, this is given by [BR87, Proposition 3.2.55].
O

We finish this section showing that one can always find flows which are not coarse
(as long as X is infinite).

Proposition 5.1.5. Let X be a u.l.f. metric space with infinitely many points. Then there
exists a flow on CX(X) which is not coarse.

Proof. Fix 2o € X and let h(x) = d(x,x¢) for all z € X. So, h: X — R is a coarse map
and o, is a diagonal flow on C¥(X) (Proposition 1.1.2). Clearly, oypu« is also a flow
on CX(X) for all unitaries u in C}(X). Let us show that, if the unitary v € C!(X) is
properly chosen, then o,p,« is not coarse. For that, notice that, since h is unbounded,
we can pick a vector £ € £5(X) with ||£|| = 1 such that & & dom(h). Moreover, without
loss of generality, & can be picked so that ||, —&|| is arbitrarily small. Let p = p,, and
let ¢ be the rank 1 projection onto the span of £&. We can then assume that ||p—¢|| is
smaller than 1, so there is a unitary » in C}(X) such that uqu* = p. Since u§ equals Ao,
for some \ in the unitary circle, replacing u by Au, we can assume that ué = 05, Hence,
since £ is not in the domain of h, it follows that d,, is not in the domain of A'.
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We can now conclude the proof. If oj, were to be coarse, the operator A/ would be a
coarse operator (Proposition 1.3.7). However, coarse operators have domains which are
invariant under partial translations and, in particular, contain cgo(X). Since J,, is not in
dom(R’), it follows that o cannot be a coarse flow. O

Remark 5.1.6. Notice that, even though Proposition 5.1.5 shows that non-coarse flows
exist, the examples constructed therein are still very “tame”. Indeed, they are given by
unitary conjugation of a (diagonal) coarse operator h on ¢2(X). In particular, the analysis
of such flows, including for instance of their KMS states, reduces to the scenario of coarse
(diagonal) operators; which we know how to deal with (see [BE25]).

6. Automorphisms in the connected component of idc: (x)

Section 5 has dealt with Question 1.3.4(II), namely the question of when a pre-flow on a
uniform Roe algebra is an actual flow and, for coarse flows, this is completely characterized
in terms of the coarseness of the self-adjoint operator h inducing o (see Proposition 1.3.7).
In this section and the following one, we will focus on Question 1.3.4(I), that is, the
question of when a self-adjoint operator h on f3(X) defines a pre-flow on C(X). For
that, we will now take a step back and study not flows per se, but strongly continuous
paths of operators on uniform Roe algebras.

Definition 6.1.1. Let X be a u.l.f. metric space and ¢ be an automorphism of C} (X).
We say that o is in the connected component of the identity on C;(X) if there is a path
(0¢)tejo,1) of automorphisms of C;,(X) which is strongly continuous in the sense that

teR—oi(a) € Cl(X)
is continuous for all a € Cj;(X), and such that oo =idc: (x) and o1 = 0.

If X is a u.lf. metric space, any automorphism o of C(X) is given by a unitary u
in B(f2(X)) by conjugation, i.e., o = Ad(u) (see [SW13, Lemma 3.1]). In this section,
we show that, if the automorphism o is in the connected component of the identity on
C#(X), then u belongs to C}(X), as long as X has property A. Precisely, the following
is the main result of this section:

Theorem 6.1.2. Let X be a wu.l.f. metric space with property A, and let o be an
automorphism of C%(X) lying in the connected component of the identity on Ck(X).
If w is any unitary operator on l3(X) such that o0 = Ad(w), then w € C¥(X).4

Most of our uses of Theorem 6.1.2 will be through Theorem 1.4.5, which we now prove
as an immediate corollary of Theorem 6.1.2.

Proof of Theorem 1.4.5. Observing that each oy, clearly lies in the connected com-
ponent of the identity (Definition 6.1.1), and also that oy, = Ad(e®"), it follows from
Theorem 6.1.2 that e'h € Cf (X).

MNote that, as mentioned above, the existence of such a w is guaranteed by [S\VIB, Lemma
3.1].
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Our method to obtain Theorem 6.1.2 heavily depends on techniques developed in
[WW20]. Precisely, the following is the theorem therein whose proof will be essential
for our approach to flows on uniform Roe algebras.

Theorem 6.1.3 [WW20, Theorem E|. Let X be a u.l.f. metric space with property A
and o be an automorphism of CX(X). Then there is a unitary w € C%(X) such that
W*o (oo (X))w = Lo (X).

We now explain some of the specifics of how Theorem 6.1.3 is obtained in order to isolate
a lemma which will guide us in our proof of Theorem 6.1.2. For that, let o: C5(X) —
C:(X) be an automorphism and let f: X — X be a map such that

migg(”a(e;m)(sf(z)u > 0. (6.1.4)

It is well known in the theory of rigidity of uniform Roe algebras that any map
satisfying (6.1.4) must be a coarse equivalence (this was first obtained in [SW13, Proof
of Theorem 4.1}, for a more citable result, see [BF21, Theorem 4.12]). Suppose now that
there is a bijection g: X — X which is close to f.!° In particular, g is also a coarse
equivalence and we can define a unitary v,: £2(X) — €2(X) by letting

Vg0y = 0g(z) forall ze X. (6.1.5)

As shown in [SW13, Lemma 3.1], the automorphism o is implemented by a unitary on
l5(X), so fix a unitary u € B(¢2(X)) such that o = Ad(u). A simple inspection of the
proof of Theorem 6.1.3 tells us that, if X has property A, then

w=uv, € C;(X)
(this is detailed in [WW20, Page 983]).
We summarize the discussion above in a lemma:

Lemma 6.1.6 [WW20, Proof of Theoorem E|. Let X be a u.l.f. metric space with property
A, o be an automorphism of Ck(X) implemented by a unitary u € B(l2(X)), f: X - X
be a map satisfying (6.1.4), and g: X — X be a bijection close to f. Then, letting vy be
the unitary given by (6.1.5), the unitary w = uv, belongs to C%(X).1°

We can now clearly state our approach towards Theorem 6.1.2. Precisely, the following
is our main technical result.

Theorem 6.1.7. Let X be a u.l.f. metric space and o be an automorphism of C%(X) in
the connected component of the identity on C:(X). Then, for all t € R, there is a coarse
equivalence fi: X — X such that f; is close to the identity and

;gﬁ{ Ho—t(emm)(sft(x)H > 0.

We start the proof of Theorem 6.1.7 with a proposition.

1514 is not yet known if such bijection always exists. As of now, this is known to be the case if
X has property A ([WW20, Corollary 6.13]), if X is non-amenable ([WW20, Theorem 5.1]),
or if X is an expander graph ([BBF'24, Theorems 1.2 and 1.4]).

I6Notice that w in Lemma 6.1.6 is precisely w in Theorem 6.1.3.
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Proposition 6.1.8. Let X be a u.l.f. metric space, o be an automorphism of C(X), and
f: X — X be a map such that

§ = i lo(exs)bpin| >0

Suppose that for all A C X, there is a unitary u € C%(X) such that o(pa) = upau*. Then
f is close to the identity.

Remark 6.1.9. Proposition 6.1.8 can also be derived from [MV24, Theorem 10.2.1].
Given the length and general scope of [MV24], we have chosen to retain our own proof,
which may be more accessible to the general reader. We are grateful to the referee for
bringing this to our attention.

Before proving Proposition 6.1.8, we must recall the notion of equi-approximable
families in C¥(X) and a criterion for equi-approximability obtained in [BF21]; this will
also play an important role in Section 7.

Definition 6.1.10. Let X be a u.l.f. metric space.
1. Given e,r > 0, we say that a € C(X) is e-r-approzimable if there is b € C¥ (X)), with
prop(b) <r, such that ||a —b|| <e.

2. A subset S C C(X) is equi-approzimable if for all € > 0, there is r > 0, such that
every a € S is e-r-approximable.

Lemma 6.1.11 [BF21, Lemma 4.9]. Let X be a u.l.f. metric space and (ay), be a family
of operators such that apr = SOT-)_ ) a, € C5(X) for all M CN. Then the family
(anr)mcn is equi-approzimable.

Proof of Proposition 6.1.8. Suppose towards a contradiction that f: X — X is not
close to the identity. Then there is a sequence (z,), in X such that

Li&d(xn,f(xn)) = o0.

Let A= U,cn{zn}. By hypothesis, there is a unitary u € Cj(X) such that o(pa) =
upau®. As automorphisms of uniform Roe algebras are compact preserving and strongly
continuous (see [SW13, Lemma 3.1]), going to a subsequence if necessary, we can assume
that

||el'n$nu*o-(ewklk)u|| S Q_k_l

for all distinct k,n € N. Therefore,

ez, v o(€s,a,)ull = [lez,z, u o (pa)ul — Z €z, o, v o (€xpa, )l (6.1.12)
k#n
1
2> [lea, e, pall — )
1
>
— 2
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for all n € N. Since e;,,4,, u*0(es,2,) and €f(y,)f(z,) have rank 1, we have that

= llex,z, v 0(ez,a, )l ||U*J(ernmn)€f(mn)f(zn)

= llea,z, 0 (€x, . )tll||0(€xnan)e (o) fom) |l

Hea:nzn U*O—(eﬂinmn )ef(itn)f(fn) |

for all n € N — this is a simple computation and it can be found, for instance, in [BFV21,
Lemma 6.5]. Therefore, it follows from (6.1.12) and our choice of f that

1)
Hexnznu*a(emnzn)ef(mn)f(mn)H > 5 (6.1.13)

for all n € N.

As o is an automorphism, we know from [BF21, Theorem 4.4] that there is r > 0
such that each o(e, .,) is 0/3-r-approximable. Since u € C%(X), replacing r by a
larger number if necessary, we can suppose that each u*o(ey, ., ) is §/3-r-approximable.
However, since lim,end(Zy, f(2,)) = 0o, this contradicts (6.1.13). So, f must be close to
the identity of X.

Proof of Theorem 6.1.7. Fix t € R. By [BBF"22, Corollary 3.3], there is a map
fi: X — X such that

Jnf [|ov(eae)ds, || > 0.

As o is in the connected component of the identity, there is a continuous path of
projections in CI(X) starting in ps and ending in o(pa). Therefore, it follows from
[Mur90, Lemma 7.5.4] that o satisfies the hypothesis of Proposition 6.1.8. The result is
now an immediate consequence of Proposition 6.1.8.

Proof of Theorem 6.1.2. By Theorem 6.1.7, there is a coarse equivalence f: X — X
satisfying (6.1.4) which is close to the identity on X. Since the identity X — X is a
bijection, applying Lemma 6.1.6 to g =idx, we obtain that the unitary « implementing
o must belong to C*(X) as desired.

7. The unbounded part of C}(X)

If a flow on C}(X) is given by a self-adjoint operator h on £3(X), then e!" € C? (X) for all
t € R, by Theorem 1.4.5. It is then important to understand which self-adjoint operators
on ¢5(X) have this property. For that, we introduce the unbounded part of C}(X).

Definition 7.1.1 (Definition 1.3.9). Let X be a u.Lf. metric space and h be an admissible
operator on f2(X). We say that h is in the unbounded part of CX(X) if, for all £ > 0,
there is an operator A’ on ¢5(X) with finite propagation and such that h—h’ is a bounded

operator with norm at most e. We denote the set of all such operators by Cj, ,,,;,(X).

Example 7.1.2. Clearly C;(X) = B(£2(X))NC;, .., (X). Moreover, if h is an operator

on f2(X) with finite propagation, it is immediate that h € C} ,,,(X). In particular, if
h: X — R is any map, then its interpretation as a diagonal operator on ¢o(X) is in

Fo(X).

u,unb
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Theorem 7.1.3. Let X be a u.l.f. metric space and h be a self-adjoint operator in
b (X)) such that

u,unb
sup{|(hby,02)| © 2y € X, 7 £y} < co. (7.1.4)
Then et € CZI(X). In particular, if h is coarse, then e € CZZ(X).

The proof of Theorem 7.1.3 is based on a test to guarantee an operator to be in CZl(X)
based on Higson functions which was developed in [SZ20]. We recall this concept now.

Definition 7.1.5. Let X be a u.l.f. metric space and f: X — C be a function. We say
that f is Higson if, for all € > 0 and all r > 0, there is a finite set F' C X such that, for
all z,y € X\F,

d(z,y) <r implies |f,— fy| <e.

Proof of Theorem 7.1.3. By [SZ20, Theorem 3.3], an operator a € B({2(X)) is in
Cy(X) if and only if [q7 f] is compact for all Higson functions f: X — C. 4Fix s.uch f
and let us show that [e?”, f] is compact. This is equivalent to showing that e fe=th — f
is compact, so, if m: C:(X) — C%(X)/K(¢2(X)) is the canonical quotient map, we must
show that 7(e?® fe~") = r(f). For that, we prove that the map

teR = w(e™ femith) € C(X) /K (4a(X)) (7.1.6)
is constant. Since this map equals 7(f) for ¢ =0, the result will follow.

Claim 7.1.7. If b’ is an operator on ¢2(X) with finite propagation and such that h —h’
is bounded, then [h’, f] is bounded and compact.

Proof. As h—h’ is bounded on cgo(X) and h satisfies (7.1.4), this implies that
sup{(h'd,,0,) : z,y € X with x # y} < co.
As h/ has finite propagation and

([, f18y:02) = (fy — fa) (W0, 00) (7.1.8)

for all 2,y € X, the X-by-X matrix representation of [h’, f] has finite propagation and its
coordinates are uniformly bounded. Since X is u.Lf., Proposition 2.3.1 implies that the
X-by-X matrix [([h’,f}§y,51)]w7yex canonically induces a bounded operator on #5(X).
Being a finite propagation operator, h’ is also assumed to be admissible. Based on the
fact that f is a diagonal operator, one can easily prove that coo(X) is a core for [R/, f].
Therefore, since [h/, f] and the bounded operator induced by its matrix in the canonical
basis of ¢5(X) clearly coincide on cgo(X), it follows that [k/, f] is itself bounded.
In order to show that [k, f] is compact, it is enough to notice that
: /
T}}glooqh ’f](sy’691> =0

(here we use again that [A/, f] has finite propagation). But this follows immediately from
(7.1.8) since f is Higson and prop(h’) < cc.
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Claim 7.1.9. [h, f] is bounded and compact.

Proof. By hypothesis, for every £ > 0, there is an operator h’ with finite propagation
such that h— A’ is bounded and ||h —h/|| < e. Since the equality

(1o f] = [h =1, ]+ 1, f] (7.1.10)
holds on ¢pp(X), we have that

10 11l < (105 =B, 2 + W[ 1R AUlg < 22 0+ (10 A1 < 0o

where by |- |0 we mean the norm of the restriction of the relevant operator to cpo(X).
Again, since f is diagonal, cgo(X) is a core for [h, f], so the above inequality implies that
[h, f] is bounded on its whole domain, as required. In addition,

|k, 1= [0, AUl = TR =R £ < 2¢N1 £,

which means that [h, f] may be approximated arbitrarily closely by compact operators,
therefore itself being compact. O

By Claim 7.1.9, [h, f] is bounded. Therefore, [BR87, Proposition 3.2.55] implies that
the map

teR = e e ¢ B(ly(X)) (7.1.11)

is differentiable at zero and its derivative equals i[h, f]. Moreover, since o, is a group
action, this implies that (7.1.11) is differentiable at all t € R with derivative oy, ¢(i[h, f]).
As [h,f] is compact (Claim 7.1.9) and as the canonical quotient map w: C4(X) —
CH(X)/K(¢2(X)) is linear, we conclude that (7.1.6) is differentiable at all ¢ € R with
derivative 0, hence a constant function. Consequently

(e fem ) =n(f),

whence [e", f] is compact, proving the required criterion for ¢ to belong to Ch(X).
For the last statement, notice that, by Proposition 4.1.13, any coarse operator satisfies
(7.1.4). O

Theorem 7.1.12. Let X be a u.l.f. metric space and let h be a coarse operator inducing
a pre-flow on C(X), i.e.,
(:’ithCZ(X)e_ith _ CZ (X)

forallt €R. Then h € C;, ., (X). In particular, for E as in Definition 4.1.12, h— E(h)
is bounded.

The proof of Theorem 7.1.12 is based on averaging operators over amenable groups and
it closely follows ideas in [LW20]. Before presenting its proof, we start by setting up the
territory to use the methods therein. Given a set X, consider the group G = {—1,1}%,
where the multiplication on G is given by multiplication coordinate-wise. Although G is
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often equipped with the product topology, we shall view it as a discrete group. Being a
group, G has a canonical action on ¢ (G) by left-multiplication given by letting

(9-a)n = ag-1p
for all a = (ag)gec € loo(G) and all g,h € G. As G is abelian, it is also amenable and we
can fix an invariant state ¢: £o(G) — C, meaning that

p(g-a) =p(a)

for all a € o (G), and all g € G, where g-a refers to the natural action of G on £>°(G). Any
given state on ¢°°(G) may be described as the integral against a certain finitely additive
measure on G, but our use of this theory will be limited to adopting their notation

/G agdp(g),

to mean nothing more than ¢(a), for a = (ay)g¢ec in loo(G). By definition, the underlying
set of G, namely {—1,1}X, consists of all functions from X to {—1,1}, and hence G is,
technically speaking, a subset of £>°(X). Moreover, the inclusion map turns out to be a
unitary representation of G in £>°(X), and hence also in C}(X). We denote it by

m: G (X)) CCH(X). (7.1.13)
The next lemma is well-known and its proof is a straightforward computation, so we

omit the details.

Lemma 7.1.14. Let X be a set and F be as in Definition 4.1.12. Let h be an operator
on £2(X) such that coo(X) C dom(h). Then

(E(h)5,,0,) = /G ()" he(£)6,,6.) dio(e)

for all z,y € X.

Given a set X, L£1(¢3(X)) denotes the trace-class operators on /(2(X) and
Tr: £1({2(X)) — C denotes the canonical trace on L4 (¢2(X)). We identify B(¢2(X))
with the dual of £1(¢2(X)) in the canonical way, i.e., the duality is given by

a(b) = Tr(ab) (7.1.15)

for all a € B(£5(X)), and all b € L1(f2(X)). For each a = (a,)gec € loo(G,B(l2(X))),'"
we can define a functional

P b€ L1(6(X)) - pl(ay(8))gec) € C.

Under the isometric identification above of B(¢2(X)) with the dual of £ (¢2(X)), we
consider each 1, as an element in B(¢3(X)). We can then define the operator

U: a € oo (GB(6(X))) 5 tha € B(£2(X)). (7.1.16)

Here 000 (G, B(¢2(X))) denotes the C*-algebra of bounded functions G — B(f2(X)) endowed
with the supremum norm.
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As  is contractive, it is clear that ¥ is also contractive. Inasmuch as @((ag)g) may be
thought of as an average of the bounded family of scalars a4, one may think of ¥((a,),) as
an average of the bounded family of operators a,. The following lemma will be important
below.

Lemma 7.1.17 [LW20, Lemma 3.3]. Let X be a u.l.f. metric space, G = {—1,1}*, and
U loo (G, B(12(X))) = B(£2(X))

be as in (7.1.16). If r >0, and (ac)ceq € oo (G,CL (X)) is such that prop(a:) <r for all
e € G, then, V((ac)eec) has propagation at most r.

Proof of Theorem 7.1.12. Let o5, be the pre-flow defined by h, which is actually a
coarse flow thanks to Proposition 1.3.7. By Proposition 4.1.4, there is s > 0 such that

I[7,palll < s

for all A C X. Hence, letting 7 be the inclusion of G = {—1,1}¥ into £, (X) (see (7.1.13)),
it follows that the family ([h,7(¢)])ceq is uniformly bounded. Moreover, [h,7(¢)] lies in
C#(X), for every € in G. To see this, recall that each [h,7(g)] is given by the derivative
of Op:

(o) = lig 2ot =(E)

t—0

(see Corollary 5.1.4). So,
([h7(e)])eec € loo(G,Cr(X)). (7.1.18)

Notice that this family is also equi-approximable. For that, observe that

SOT- Y " [h.p(ay] = [h,pa] € C}(X)

z€A

for all A C X. Lemma 6.1.11 then implies that ([h,7(€)])ccq is equi-approximable.

Fix an arbitrary 6 > 0, and let us show that there is an operator h’ on ¢5(X), with finite
propagation, and such that h — A’ is a bounded operator with norm at most 6. For that,
using the equi-approximability of the family ([h,7(g)])ceq, pick r > 0, such that [h,7(e)]
is f-r-approximable for all € € G. Since each 7(¢) has propagation zero, 7(g)*[h,m(g)] is
also #-r-approximable for all € € G. For each € € G, pick b. € C!(X) with propagation at
most r and such that

ce =7(e)" [h,m(e)] — be (7.1.19)

has norm at most 6. By (7.1.18), ([h,7(¢)])ceq is bounded, so (be)eeq is bounded as well.
Then, letting ¥ be as in (7.1.16), we can define

w = \Ij((w(g)*[haﬂ(g)])EGG)a b= qj((be)eeG)a and c¢= \Il((CS)EEG)'

https://doi.org/10.1017/51474748025101473 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748025101473

1426 B. de Mendonga Braga, R. Exel and A. Buss

Since each b. has propagation at most r, Lemma 7.1.17 gives that the same holds for b.
As each c. has norm at most 6, so has c. Also, since we have (7.1.19) for all € € {—1,1}¥,
it follows that

c=w-—b. (7.1.20)
Claim 7.1.21. The operator w+ h has propagation zero.

Proof. First notice that, as w is bounded and h is a coarse operator, w+ h is also a
coarse operator. Let now z,y € X be distinct and let us compute (wd,,d;). Letting e, ,
be the partial isometry of rank 1 such that e, .0, = d,, we have

(Why,0,) = Tr(wey, 5) = w(ey, ),

where the last equality is given by (7.1.15). Therefore, by the formula of ¥, ¢, and using
the duality relation in (7.1.15) again, we have

(wdy,02) = U((m(e)"[h,7(e)])eec)(€y.2)
[ e e (),
{7171})(
Notice that, even though h may not be bounded, the fact that coo(X) € dom(h) implies
that hey . is well defined and bounded. Therefore, we can write
(&) [h,m(e)]ey,» = m(e) " hm(e)ey, » —hey »

and it follows that

(Why,05) = /{_1 I Tr(m(e)*hr(e)ey, o) — Tr(hey, »)dp(e)

= / (m(e)*h(£)dy,02)dip(e) — (hdy,0z).
{-1.1}%

Since z and y are distinct and (E(h)d,,0,) =0, Lemma 7.1.14 implies that the first term in
the right-hand side above is zero. This shows that (wd,,d,) = —(hdy,d,) and we conclude
that

((w+h)6,,6,) =0.

Since z,y € X were arbitrary distinct elements of X, this shows that w+ h has propagation
zero as desired.

We can finally define 2’ by letting
h =w4+h—b.

First notice that, as b is bounded, and w + h is a coarse operator, h’ is also a coarse
operator. Moreover, since w+ h and b actually have finite propagation, so does h'. By
(7.1.20), we have that h—h’' = —c. So, h—h’ is a bounded operator with norm at most
0. As 6 > 0 was arbitrary, this shows that h € C* . (X).

u,unb
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For the second statement, notice that the first part of the theorem implies that A
satisfies the hypothesis of Corollary 4.1.18. The result is then a consequence of this
proposition. O

Proof of Theorem 1.3.10. (2)=(1): By [SZ20, Theorem 3.3], since X has property
A, we have Cj(X) = C7,(X). Hence, Theorem 7.1.3 gives that oy,:(a) € C};(X) for all
a € C:(X) and, by Proposition 1.3.7, o, is indeed a coarse flow.

(1)=(2): By Proposition 1.3.7, h is a coarse operator and, by Theorem 7.1.12,

h € Cz,unb(x)
(1)=(3): By Theorem 7.1.12, h is in Cj ,,(X) and h— E(h) is bounded. As h is in

*

v unp(X), for each € > 0, there is an operator A’ with finite propagation such that h—h'
has norm at most €. As h is a coarse operator (Proposition 1.3.7), the supremum of
the off-diagonal coordinates of A is finite, hence the same is valid for A’. In particular, as
k' — E(I) has finite propagation, it follows that A’ — E(h') is bounded (Proposition 2.3.1).
Since

|h—=E(h) = (1 = E(W))I| < [|h =1 + | E(h) — E(R)|| < 2e

and € > 0 was arbitrary, this shows that h — E(h) is in C}(X). As h is a coarse operator,
it follows from Proposition 4.1.13 that E(h): X — R is a coarse map.

(3)=(2): As h=h—E(h)+ E(h) and h — E(h) is assumed to be a bounded operator,
the domain of & is the one of E(h). Hence, as we are also assuming here that E(h): X - R
is a coarse map, it follows that the domain of h is invariant under partial translations
(see Proposition 3.1.4). Moreover, since h— E(h) is bounded and E(h) is coarse, it follows
from Proposition 3.1.5 that

[h,vp] = [h— E(h),v¢] +[E(h),vy]

is bounded for all partial translations f of X. So, h is a coarse operator. Moreover, as
h—E(h) is not only bounded but belongs to C (X), it is immediate that A isin C¥  (X).

u,unb

8. Cocycle perturbation and equivalence of flows on uniform Roe algebras

There are natural equivalence relations on the set of flows on a given C*-algebra: inner
perturbation, cocycle perturbation, and cocycle conjugacy (see Definition 1.4.2 above). In
this section, we investigate these notions in the context of uniform Roe algebras. More
precisely, given a u.l.f. metric space X, we aim to better understand the relationship
between self-adjoint operators h and k on ¢5(X) which originate “equivalent” flows oy,
and o and vice versa. In case of diagonal flows, this is completely described in Theorem
1.4.4. For more general coarse operators h on f5(X) generating coarse flows on C¥(X),
we obtain that oj, is always a cocycle perturbation of a diagonal flow as long as X has
property A (Theorem 1.4.3). Finally, Theorem 1.4.7 characterizes when coarse operators
give rise to cocycle conjugate flows for spaces with property A; in other words, this is a
noncommutative version of Theorem 1.4.4 under the presence of property A.

We begin with a general fact about self-adjoint operators and the unitary groups they
generate.
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Lemma 8.1.1. Let H be a separable Hilbert space, let h and k be self-adjoint operators
on H, and consider the map

wp gt € R e € B(H).
Then, regarding the following statements, each one implies the next:

(a) wp, i is differentiable at zero in the norm topology of B(H).

(b) wh, k. is strongly differentiable at zero'® .

(¢) dom(h) =dom(k), and h—k is bounded on that common domain.

(d) H contains a dense subspace D, such that D C dom(h)Ndom(k), h—k is bounded
on D, and D is invariant under e®* for all t in R.

(€) wp, is Lipschitz continuous.

Proof. (a)=(b). Obvious
(b)=(c). By hypothesis, the formula

) eithefitkg _ 5
Al =fm————

provides a well defined linear operator on H. Moreover, as the operators

ith ,—itk¢
AthHl—)%EH

are bounded for all £ >0, and (A /,,), converges pointwise to A, the Banach-Steinhauss
Theorem implies that A is a bounded operator. In addition, given £ € dom(k), we have
for all ¢t € R that

eithé- _g — eith (é— _ €_itk£) +€ithe—itk£ _€ (812)
Since (e'*"); are uniformly bounded in norm and since e®"¢ — ¢, ast — 0, for all £ € H,
we have that

itk 4 4 —ithe
eith EZ €O _ ithpee it <€f‘5 Htk) ke,
t t t—0

ith)

So, dividing (8.1.2) by ¢ throughout, and taking the limit of the above as t — 0, we get
dezthé-

j — ikE + AE.

Based on [Ped89, Proposition 5.3.13], the conclusions are twofold: firstly, the existence of
the derivative in the left-hand side implies that & € dom(h), whence dom(k) C dom(h),
and, secondly, we deduce that

ihe = iké + AE.

Since the hypothesis is symmetric relative to h and k, we see that dom(k) = dom(h), and
moreover h—k =i"'A, on that common domain, proving that h — k is bounded.

18 That is, the map t — eithe_“kf is differentiable at zero for every & in H.
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(¢)=(d). It suffices to take D = dom(k).
(d)=(e). Given tg,s € R, observe that

ei(toﬁ*s)he*i(toJrS)k _ eitohef’itok — eitoh (eishefiskt _ 1) —itok

e
_ pitoh (eish (e—isk _ 1) Leish _ 1)e—it0k
Dividing by s throughout, and taking the limit as s — 0, we get,

deithefitkg

pr :ieitgh(hik)efitoké-,

t=to
for any & € D. Incidentally, it might be worth observing that D is invariant under e~ #o¥,
by hypothesis, or else the above expression might not make sense.

Letting M be the norm of the restriction of h —k to D, we deduce from the intermediate

value theorem that
Heithefitké- o 6i5h67i5k§” < M |t o S| Hé-”’
for every ¢t and s in R. As D is dense in H, we see that the above in fact holds for every

¢ in H, from where the conclusion follows. O

The following result will be the basis for the proofs of Theorems 1.4.3, 1.4.4 and 1.4.6.
Recall, a C*-algebra A represented in some B(H) is irreducible if {0} and H are the only
subspaces of H which are invariant with respect to all elements in A.

Proposition 8.1.3. Let H be a separable Hilbert space and let A C B(H) be a unital
C*-algebra. Given self-adjoint operators h and k on H, suppose that
eithAefith _ 147 and eitkAefitk — A
for all t € R, and denote by o, and oy, the associated pre-flows on A defined by h and k,
respectively. Also consider the map
Wkt ER— eithe=ith ¢ B(H).
Then the following statements hold:

(a) If A is irreducible and op, is a cocycle perturbation of oy, then wp is norm
continuous.

(b) If A is irreducible and oy, is an inner perturbation of oy, then dom(h) = dom(k)

and h—k is bounded, provided there is at least one nonzero vector'? belonging to
both dom(h) and dom(k).

Assuming that wy, ;(t) lies in A for all t in R, we also have the following:
(¢c) If wp,k is norm continuous, then oy is a cocycle perturbation of oy,.
(d) If wn,k is differentiable at zero, then oy, is an inner perturbation of op.

(e) If H contains a dense subspace D, as in Lemma 8.1.1(d), in particular such that
h—k is bounded on D, then oy is a cocycle perturbation of oy,.

19Please see Proposition 8.1.7 for a special case in which this somewhat annoying hypothesis
is not needed.
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(f) If dom(h) = dom(k), and h—k is bounded on this common domain, then oy is a
cocycle perturbation of oy,.

(g) If h and k strongly commute®’, and H contains a dense subspace D C dom(h) N
dom(k) such that h—k is bounded on D, then oy is an inner perturbation of op,.

Proof. (a) Let (ut):er be a cocycle for oy such that
ont =Ad(ug) oop,

for all ¢ € R. Unfolding definitions, this says that

ezthae—zth _ uteztkae—ltku:

for all a € A, and all ¢t € R. Rewriting the above as

ae—ithuteztk — e—lthuteztk

a,
we see that
Ay = e ity et (8.1.4)

lies in the commutant of A. Since A is irreducible, we have that A’ = C-idg, so A\; is a
scalar multiple of the identity operator, clearly with absolute value one. As the right-hand
side of (8.1.4) is strongly continuous, (A¢):er is continuous. In addition, since

wh, ), = ezthe—itk _ )\tut

for all ¢ € R, and since (u;)ier is norm continuous, we conclude that wy j is norm
continuous as desired.

(b) Let u; be a cocycle as in (a), which we may now assume to be differentiable at zero.

We first observe that ug = 1, a fact that can easily be checked by plugging in t =s=10
in the cocycle condition in Definition 1.4.2(1).

As we are under a special case of (a), we may re-run the argument given there up to
(8.1.4) and then, picking any nonzero vector £ € dom(h) Ndom(k), we have that

—ith, _itke
dME| T (8.1.5)
dt lt=0 t—0 t
itk —ith

. _in, €NE=E g wE—E  eTMNE—E

*tlg%(e T T )

dut§ .

- k—h

o t:0+l( )€,

20We shall say that two self-adjoint operators h and k strongly commute if there exists
a projection-valued measure P on some measurable space (2, and two measurable, real-
valued functions f and g on Q, such that h = [, f(w)dP(w), and k = [, g(w)dP(w). Very
roughly, this means that h and k are “simultaneously diagonalizable”. In particular, note
that h and % necessarily admit a common core, namely |J,, .y P(Un)H, where U, = {w € Q:
|f(w)]+]g(w)| <n}. There are various alternative characterizations of strong commutativity,
such as requiring that ™" commutes with e***, for every t,s € R, but nevertheless all such
characterizations essentially express that there is an abelian von Neumann algebra to which
both h and k are affiliated.
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from where we deduce that the map t € R — \; € C is differentiable at zero. Since

wh, ), = 1th —itk )\tut7
as already observed, this shows that wy, j, is differentiable at zero. So the conclusion follows
from the implication (a)=(c) of Lemma 8.1.1.
(c) For each t € R, let uy = wy, 1 (t)* = e®®Fe~" Then u, € A, for all t € R, and
wpon () = eitheithgithiskg—ishg—ith
) s)

— eitkeiske—ishe—ith
_ 6i(t+s)k67i(t+s)h
= Utts-

Since (ut)ter is norm continuous, it is a cocycle for op,. Hence, as o ¢ = uiop 1uf, for all
t € R, oy is a cocycle perturbation of oy,.

(d) Follows immediately, as above, under the extra assumption of differentiability of
wWh, k. at zero.

(e) Thanks to the implication (d)=-(e) of Lemma 8.1.1, we have that wy 5, is continuous,
so the conclusion follows from (c), above.

(f) This follows immediately from (e) upon taking D = dom(h) = dom(k).

(g) Choose any real number M > ||[(h—k)[p||, and let 2, P, f and ¢ be as in Footnote 21.
We then claim that f — g is essentially bounded by M, in the sense that P({w €N:
| f(w) — g(w)| > M}) =0. Assuming by contradiction that this is not so, and using the
o-additivity of P, we can find N > 0, such that P(U) # 0, where

U={weQ:|f(w)—gw)| =M, |f(w)] <N, and |[g(w)| < N}.

Choosing any unit vector in the range of P(U), and taking a sequence of unit vectors
(&n)n in D converging to &, we get

M<

= ||hf — k||

= [|hPy& — kPyé||

= [|[Pyh§ — Puk§||

lim || Pyhé, — Puké,||

n—oo
D |7

<|[l(h=k)1
where we have used that Pyh and Pyk are bounded operators (with norm at most N) in
order to bring the above limit into play. This is a contradiction, hence proving that f —g
is essentially bounded. So h —k is a bounded operator on its whole domain of definition
and, since

w)dP(w fH

Wh g = ezthefztk — ezt(hfk)’
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we deduce that wyj is differentiable everywhere, so the conclusion finally follows
from (d). O

Aiming at a proof of Theorem 1.4.7, let us now move to a slightly different situation,
assuming, for the remainder of this section, that we are given a separable Hilbert space H
and a unital C*-algebra A C B(H) containing the compacts. Also let & be a self-adjoint
operator on H such that

6ithA€7ith — A

for all t € R, and denote by o the associated pre-flow on A. Unlike in the previous
situation, we will now assume that oj is actually strongly continuous, that is, a flow

on A.
We shall denote by &, the associated infinitesimal generator of oy, given by
dO'h t(a)
1) =—" ,
n(@) dt t=0

whose domain of course consists of those elements a in A for which the derivative exists.
Our next result shows that membership to dom(d) is closely related to membership to
dom(h).

Lemma 8.1.6. For every nonzero vector £ in H, a necessary and sufficient condition for
& to belong to dom(h) is that the orthogonal projection onto the one-dimensional space
spanned by &, henceforth denoted pe, lies in dom(dy,).

Proof. By [BR87, Proposition 3.2.55], we have that pe belongs to dom(dy) if and only if
there exists a core D for h, such that p¢(D) C D, and [h,p¢] is a bounded operator on D.

Thus, assuming that pe € dom(dy), and choosing a core D, as above, observe that D
cannot be contained in the kernel of pe because D is dense in H. So p¢(D) is a nontrivial
vector space contained in D, whence £ € D C dom(h). Conversely, assuming that ¢ lies in
dom(h), and taking the largest possible core D = dom(h), it is evident that D is invariant
under p¢, while, for every n in D, we have that

[h,pe]n = hpen — pehn = h((0,£)€) — (hn,£)€ = (n,€)hé — (. hé)¢,

which is evidently a bounded operator on D as a function of the variable 1. So p¢ lies in
dom(dy,) by the first paragraph in this proof. O

Lemma 8.1.7. Let H be a separable Hilbert space and let A C B(H) be a unital C*-algebra
containing the compacts. Also let h and k be self-adjoint operators on H inducing flows
on and o on A, as above. If oy, is an inner-perturbation of o, then dom(h) = dom(k).

Proof. By definition there exists a cocycle (us)ier for oy, which is differentiable at zero,
and such that

Uk,t(a) = Utoh,t(a)ut*7

for every t € R, and every a € A. Letting d;, and d; be the corresponding infinitesimal
generators, the fact that wu; is differentiable at zero clearly implies that dom(dy) C
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dom(dx), so Lemma 8.1.6 implies that dom(h) C dom(k). Multiplying the equation
displayed above by u} on the left, and by u; on the right, and applying a similar reasoning,
then gives the reverse inclusion dom(h) O dom(k). O

8.2. Applications

We now apply the machinery developed above to prove our main results, already stated
in the introduction, classifying coarse flows on uniform Roe algebras of u.l.f metric spaces
with property A. Our results are twofold: (1) we show that all coarse flows are cocycle
perturbations of diagonal flows (Theorem 1.4.3) and (2) we characterize when two given
flows are cocycle equivalent to each other in terms of the coarse operators generating
them (Theorem 1.4.7). For diagonal flows, we also characterize both inner and cocycle
perturbation (Theorem 1.4.4).

Proof of Theorem 1.4.6. Since o5, and oy are flows, Theorem 6.1.2 guarantees that
e and e™* lie in C%(X) for all t € R, so

wp k(t) = e € Ok (X)

for all t € R. As both h and k are coarse operators and h — k is bounded, Corollary 4.1.17
implies that dom(h) = dom(k). Therefore, Proposition 8.1.3(f) implies that o, and oy, are
cocycle perturbations of each other.

We can now prove Theorem 1.4.4, which summarizes our results for the commutative
case, i.e., for diagonal flows on uniform Roe algebras.

Proof of Theorem 1.4.4. (1)=(2): It is immediate that the diagonal operators h and
k, naturally associated to the given functions h and k, strongly commute. Moreover, given
that the functions h and k are close, the difference operator h — k is clearly bounded on
coo(X). In order to be able to apply Proposition 8.1.3(g), and hence to finish the proof,
we need to prove that wp, x(t) lies in C}(X), for every ¢ € R, but this is obvious once we
observe that the bounded operators " and e*** have propagation zero.

The implication (2) =-(3) is obvious. For (3) =-(1) notice that, since o}, and o) are
cocycle perturbations of each other, then Proposition 8.1.3(a) implies that wy,  is norm
continuous, and as we are in the commutative case, we have that

Wi = €th etk — git(h=k)

In addition, by [Rud91, Theorem 13.36], a unitary group is norm continuous if and only
if its generator, presently h — k&, is a bounded operator, which clearly means that h and &
are close as maps from X to R.

Proof of Theorem 1.4.3. The conclusion will be reached upon applying Proposition
8.1.3(e) to h and E(h), but first we must provide a dense subspace D as required there.
For this we observe that D := cgo(X) is contained in the domain of h, because h is coarse,
and hence admissible by Theorem 4.1.15. D is clearly also contained in the domain of
the diagonal operator E(h), and it is easy to see that the one-parameter unitary group
generated by this operator leaves D invariant.
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Finally, observing that h — E(h) is bounded on D by Theorem 7.1.12, we see that we
are under the hypothesis of Proposition 8.1.3(e), from where the conclusion follows.

Proof of Theorem 1.4.7. (1)=(2): Suppose that v € C;(X) is a unitary element
satisfying the conditions in Theorem 1.4.7(1). Letting k' = vkv*, it is easy to see that

o = Ad(v) oo 0 Ad(v*),
so oy is clearly also a flow on C}(X). By Theorem 1.4.5, we then deduce that
wh,k/(t) = eithe_itk/ € CZ (X)

for all t € R. So Proposition 8.1.3(f) implies that oy is a cocycle perturbation of op,
whence oy, is cocycle conjugate to oy,.

(2)=(1): Suppose that o, and o are cocycle conjugate to each other. By [Kis00,
Lemma 1.1 and Corollary 1.3], this is equivalent to the existence of a unitary v € C (X)),
and a family (u;):er of unitaries in C}(X) such that

1. te R — u, € C}(X) is differentiable everywhere,
2. (ug)ter is a cocycle for Ad(v) ooy 0 Ad(v*), and

3. op(a) = wog,(viav)v*uy for all t € R and all a € C;(X).

Since the spectral theorem for self-adjoint operators gives

ivkv™ k

e = ve' ¥,

item (3) can be replaced by
3. ont(a) = utopke,t(a)u; for all t € R and all a € C}(X).

In other words, oy, is an inner perturbation of g,p,~. As C¥(X) contains the compacts,
we may employ Lemma 8.1.7 to conclude that dom(h) = dom(vkv*), so the conclusion
follows from Proposition 8.1.3(b).

9. Pre-flows given by SOT-summable projections

In this subsection, we identify a class of naturally occurring pre-flows on uniform Roe
algebras which generalizes the diagonal pre-flows given by functions X — R (Proposition
9.1.3). Our main result here provides an example of a pre-flow which is not a cocycle
perturbation of a diagonal flow (Theorem 9.1.5), which goes in the opposite direction of
Theorem 1.4.3.

Assumption 9.1.1. Let X be a u.l.f. metric space, w: N — R be a map, and (p,,), be
orthogonal projections on ¢5(X) such that

pa =SOT- > p, € C(X)

neM
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for all M C N. Let then, for each n € N,

hp,=w(n)p, and h= SOT—Zhn.

So, h is a self-adjoint operator on ¢3(X).

Example 9.1.2. Any pre-flow o given by a map X — R is of the form o}, for some
self-adjoint operator on ¢2(X) defined as above. Indeed, consider an arbitrary function
h: X — R. For each x € X, let p, = py,) and hl, = h(x)p,. It is clear that

pv =SOT- " p, =pus € Ci(X)
zeM

for all M C X. Then, letting

W' =SOT-) "hi,

it is immediate that, as self-adjoint operators on ¢3(X), h =h'. So, o}, = 0}, as desired.

The previous example shows that a self-adjoint operator as in Assumption 9.1.1 can
be seen as a sort of generalized function X — R. In the beginning of Section 3, we
emphasize the (trivial) fact that if h: X — R is an arbitrary map, then oy, is a pre-flow.
The next proposition shows that the same holds for arbitrary self-adjoint operators h as
in Assumption 9.1.1.

Proposition 9.1.3. In the setting of Assumption 9.1.1, o, defines a pre-flow on C}(X).

Proof. This is a simple consequence of the orthogonality of the sequence of projections
(Pn)n- Indeed, this implies

etth — idg,(x) —pn +SOT- Z ethnp,,

Moreover, since each h,, is a bounded operator, their exponentials can be easily computed
and we have

o0 . oo .
R LTI U
DPn e %l Pn s %!

Pn = Pn+ (eit“’(") —Dpn (9.14)

for all n € N and all t € R. It then follows that

e =idy,(x) +SOT-> ("™ —1)p,

for all t € R and the hypothesis on the strong convergence of sums of (p,), implies that
e € C*(X) for all t € R. We conclude that oy, +(C (X)) C C:(X) for all t €R, i.e., o,
is a pre-flow on C} (X). O
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The next result deals with expander graphs. We refer the reader to [NY12, Chapter 5.6]
for precise definitions. In here, we simply say that if (X,,), is a sequence of expander
graphs and X = |, X, is the coarse disjoint union of them, then

par =SOT- Y p, € C(X)
neM

for all M C N, where for each n € N, p,, is the rank-one projection of ¢5(X) onto the
vector subspace of ¢5(X,,) C £2(X) of vectors with constant coordinates; i.e.,

1 R
[ Xn [ X |

DPn = : .
[ Xn [ X7 |

Theorem 9.1.5. Let X =| |, X, be the coarse disjoint union of expander graphs and
w: N— R be a map. For each n €N, let p,, be the averaging projection on B(¢2(X,,)). Let
hn =w(n)py, for alln € N and h =SOT-}__ hy,. The following holds.

1. op, is a pre-flow on C}(X).
2. If w is unbounded, oy, is not a flow.

3. If w is unbounded, the pre-flow oy, is mot a cocycle perturbation of any diagonal
pre-flow on Ck(X).

Proof. (1) Since X =| |, X, is the coarse disjoint union of expander graphs, we know
that Y s pn isin Cj(X) for all M CN (see [HLS02]). So, Proposition 9.1.3 guarantees
that oy, is a pre-flow on C%(X).

(2) Suppose now that w is unbounded and let us notice that op is not strongly
continuous. For each n € N, pick A,, C X,, such that |A,| = [X,|/2.?' Then, letting
A=|], A, we have

HeithpAe—ith —pa H _ S]‘:Lp Heith"pAne_ith" —pa, ||

ithnp ithy

=sup|le" pa, —pa,e
n

for all ¢ € R. Since, for each n € N,

eithn

(cf. (9.1.4)), it follows that

||eithnpAn —vpa, 6ithn || — |eitw(n

px, =px, + (™™ —1)p,

) 1] |pnpa, —pa,pnl

for all n € N and all ¢t € R. In order to estimate the above, let 1,4, denote the |A4,|-by-
| X\ An| matrix with 1’s in all its entries; so, 17% is the | X,,\ A, |-by-|A, | matrix with 1’s

21We are assuming here that each X, has even cardinality. If this is now the case, the argument
will follow analogously by taking |An| = [|Xx|/2] instead.
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in all its entries. Hence, writing each X,, in an order starting with elements in A,, and
later in X,,\ A,,, we can write

10 -1
(pn'UAn _UAnpn) rEZ(Xn) = m |:]1An 0 :| .

As the operator above has norm 1/2, this shows that

. . 1, .
HezthnpAn —upa, ezthn H — 5 ‘eztw(n) _ 1‘
for all n € N and all t € R.
The conclusion of the previous paragraph is that
) 1 )
|| zthp e —ith _pAH _ isup |eztw(n) _ 1|
n

for all t € R. As w is unbounded, regardless of how small § > 0 is, there is always t € R
with [¢| < § such that |e?**(") —1| = 2. This shows that

teR—on(pa) € Ch(X)

is not continuous; so, oy, is not a flow.

(3) By Proposition 8.1.3(a) it is enough to show that if k: X — R is a map, then
(e“he_”k)tem is not norm continuous. Fix such k¥ and for each n € N let k, =k [ X,,.
Then, letting (A,,), and 14, be as above, we have

HPAn (eith"efitg" - ldég(Xn))pX\A H = |€”w () 1] ||pA PnPX,\A,
-l
| Xl
_ |eztw(n) _ 1|
N 2
for all n € N and all ¢t € R. Since,
e iy x| = st e et iy x|

and w is unbounded, this shows that (e®*"e~"¥),cr does not converge to idg,(x) in norm

ast— 0. O
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