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Abstract For a uniformly locally finite metric space (X,d), we investigate coarse flows on its uniform Roe
algebra C∗

u(X), defined as one-parameter groups of automorphisms whose differentiable elements include
all partial isometries arising from partial translations on X. We first show that any flow σ on C∗

u(X)
corresponds to a (possibly unbounded) self-adjoint operator h on �2(X) such that σt(a) = eithae−ith for
all t ∈ R, allowing us to focus on operators h that generate flows on C∗

u(X).
Assuming Yu’s property A, we prove that a self-adjoint operator h on �2(X) induces a coarse flow on

C∗
u(X) if and only if h can be expressed as h= a+d, where a ∈C∗

u(X) and d is a diagonal operator with
entries forming a coarse function on X. We further study cocycle equivalence and cocycle perturbations of
coarse flows, showing that, under property A, any coarse flow is a cocycle perturbation of a diagonal flow.
Finally, for self-adjoint operators h and k that induce coarse flows on C∗

u(X), we characterize conditions
under which the associated flows are either cocycle perturbations of each other or cocycle conjugate to
each other. In particular, if h−k is bounded, then the flow induced by h is a cocycle perturbation of the
flow induced by k.

1. Introduction

Given a (uniformly locally finite) metric space X, its uniform Roe algebra C∗
u(X) is

a C∗-algebra which captures the large-scale geometry of X in C∗-algebraic terms (see

Subsection 1.2 for its precise definition). These algebras were introduced by J. Roe in the
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1394 B. de Mendonça Braga, R. Exel and A. Buss

study of the index theory of elliptic operators on noncompact manifolds ([Roe88, Roe93])

and are of interest to researchers working on the coarse Baum-Connes and Novikov

conjectures ([Yu00]). Recently, mathematical physicists have started using uniform
Roe algebras in the study of topological insulators (see [Kub17, EM19, Jon21, LT21,

Bou22]).

Motivated by mathematical physics, [BE25] initiated the treatment of flows and KMS
states on uniform Roe algebras. In a nutshell, the aforementioned article identified

(and analysed) a naturally occurring class of flows on uniform Roe algebras: given a

uniformly locally finite metric space (X,d) and a map h : X → R, we can interpret
h as a multiplication (unbounded) operator on �2(X) — the Hilbert space of square-

summable functions X → C. Throughout these notes, we use the convention that an

operator on a Hilbert space H means a not necessarily bounded operator defined on a

vector subspace of H. A multiplication operator induced by such h : X →R is clearly self-
adjoint and diagonal with respect to the canonical orthonormal basis (δx)x∈X of �2(X). In

particular, eith is a well-defined unitary operator on �2(X) which is also diagonal and the

formula

σh,t(a) = eithae−ith, (1.1.1)

for t ∈ R and a ∈ C∗
u(X), defines a pre-flow (i.e., a not necessarily continuous action) σh

of R on C∗
u(X) by automorphisms. Moreover, the large-scale geometric properties of h

may be used to characterize when σh is strongly continuous, in which case we call it a

flow. Recall that a map h= (hx)x∈X : X →R is coarse if, for all r > 0, there is s > 0, such
that

d(x,z)≤ r implies |hx−hz| ≤ s

for all x,z ∈X.1 We then have the following:

Proposition 1.1.2 [BE25, Proposition 2.1]. Let X be a uniformly locally finite metric

space and σh be given by a map h : X → R as in (1.1.1). Then σh is a flow on C∗
u(X) if

and only if h : X → R is coarse.

Flows of this sort are called diagonal flows. The goal of the present paper is to extend

the study of flows on uniform Roe algebras outside the class of diagonal flows. For that,
we develop a theory of noncommutative coarse maps or, equivalently, of coarse operators,

and study cocycle perturbation and cocycle conjugacy for flows on uniform Roe algebras.

One of the main reasons justifying one’s interest in cocycle equivalence for flows is that,
when two flows are cocycle conjugate to each other, then the fields of KMS states are

isomorphic ([Kis00, Proposition 2.1]). So, in particular, all of the information about phase

transitions may be passed from one flow to the other. Since a lot is now known about
KMS states for diagonal flows ([BE25]), the results herein extend that knowledge to a

vastly larger class of flows.

We now describe the main findings of this paper in more detail.

1The terms bornologous and controlled are often used in the literature instead of coarse.
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1.2. Uniform Roe algebras

All metric spaces considered herein will be not only discrete but also uniformly locally

finite. Recall that a metric space X is uniformly locally finite (abbreviated as u.l.f. from

now on) if

sup
x∈X

|Br(x)|<∞ for all r > 0,

where |Br(x)| denotes the number of elements of the closed ball in X of radius r centred

at x. In this case, X is necessarily countable and the metric topology is discrete.

Given a u.l.f. metric space (X,d), we identify �∞(X) — the C∗-algebra of bounded,
complex valued maps on X — with the algebra of diagonal operators on �2(X) in the

canonical way. The uniform Roe algebra of X is then the C∗-subalgebra of B(�2(X))2

generated by the partial isometries on �2(X) given by partial translations of X. Precisely,

the notion of a translation function on a vector space is adapted to arbitrary metric
spaces as follows: a partial bijection f : dom(f)⊆X → ran(f)⊆X is said to be a partial

translation of X if

sup
x∈dom(f)

d(x,f(x))<∞.

Any such f induces a sort of partial shift operator vf on �2(X) determined by

vfδx =

{
δf(x), if x ∈ dom(f),

0, if x �∈ dom(f).

We can now make the definition of the uniform Roe algebra of a u.l.f. metric space precise:

Definition 1.2.1. The uniform Roe algebra of a u.l.f. metric space X, denoted C∗
u(X), is

the C∗-subalgebra of B(�2(X)) generated by all vf , where f is a partial translation of X.

While we will only deal with u.l.f. spaces here, one can define uniform Roe algebras for

more general spaces. This is, for instance, done in [WY20, MV24].
If A is any subset of X, observe that the orthogonal projection pA from �2(X) onto

�2(A) ⊆ �2(X) coincides with the operator vf , where f is the identity function on

dom(f) :=A. As the set of all such operators spans a dense linear subspace of �∞(X), we

see that �∞(X)⊆ C∗
u(X).

Alternatively, the uniform Roe algebra of X can be defined as the norm closure of the

set of all bounded operators on �2(X) with finite propagation, where the propagation of

an operator a ∈ B(�2(X)) is given by

prop(a) = sup{d(x,y) : 〈aδy,δx〉 �= 0}. (1.2.2)

1.3. Flows on uniform Roe algebras

With the present subsection we begin our detailed study of flows.

2Given a Hilbert space H, B(H) denotes the space of all bounded operators on H.
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Definition 1.3.1. Given a C∗-algebra A, by a pre-flow on A, also known as a one-
parameter group of automorphisms of A, we shall mean a group homomorphism

σ : R→Aut(A),

from the additive group of real numbers to the group of ∗-automorphisms of A. If the

pre-flow σ is strongly continuous in the sense that t ∈R 
→ σt(a) ∈A is continuous for all

a ∈A, then σ is called a flow.3

We start our study of flows on uniform Roe algebras by showing that every such flow is
completely determined by a self-adjoint operator on �2(X). Precisely, let H be a Hilbert

space and h be a self-adjoint operator on H. Continuous functional calculus gives us that

eih is a unitary operator on H. Hence, each such operator induces a pre-flow σh on B(H)

given by

σh,t(a) = eithae−ith (1.3.2)

for all t ∈R, and all a ∈ B(H). It is well known that any weakly continuous flow on B(H)

is of this form for some self-adjoint operator h on H (see [BR87, Example 3.2.35]). In

Subsection 2.2, we employ this result to prove the following:

Proposition 1.3.3. Let H be a separable Hilbert space, A ⊆ B(H) be a C∗-algebra
containing all compact operators, and σ be a flow on A. Then there is a self-adjoint
operator h on H such that

σt(a) = eithae−ith

for all t ∈ R, and all a ∈A.

Proposition 1.3.3 may be well known to experts, but for lack of a precise citing source

and since this will play a very important role in our understanding of flows on uniform

Roe algebras, we present a detailed proof in Subsection 2.2 below.

Since a uniform Roe algebra always contains the compacts, Proposition 1.3.3 applies
to the flows that we are interested in. Therefore it suffices to study flows on uniform

Roe algebras arising from self-adjoint operators on �2(X) via the formula (1.3.2). This

problem splits naturally into two parts:

Question 1.3.4. Let h be a self-adjoint operator on �2(X).

(I) Under which conditions can we guarantee that σh,t(C
∗
u(X)) = C∗

u(X) for all t ∈R?

(II) Assuming that the above holds, when is σh strongly continuous on C∗
u(X)? In other

words, when is a pre-flow on C∗
u(X) of the form σh, an actual flow?

To deal with Question 1.3.4(II), we start with a detailed analysis of coarse maps in
Section 3 which culminates in a noncommutative version of coarseness for self-adjoint

operators on �2(X) and a notion of coarseness for flows. Precisely:

3Since the terminology “pre-flow” is not standard, we emphasize here that a pre-flow is simply
a not necessarily strongly continuous flow.
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Definition 1.3.5. Let X be a u.l.f. metric space and let h be a closed operator on �2(X).4

We call h a coarse operator if the domain of such h is invariant under partial translations

(see Definition 3.1.2), meaning

vf (dom(h))⊆ dom(h),

and the commutator5 of h and vf satisfies

‖[h,vf ]‖<∞

for all partial translations f on X.

We should remark that the natural domain of the commutator operator [h,vf ] = hvf −
vfh is dom(h), because dom(h) is invariant under vf by hypothesis. Also, the invariance
of dom(h) under the vf easily implies that c00(X)6 is contained in the domain of h, and in

fact c00(X) will be shown to be a core for h, in the sense that the graph of the restriction

of h to c00(X) is dense in the graph of h. In Theorem 4.1.15, we will show even more,
namely that every coarse operator is in fact admissible in the sense of Definition 1.3.8,

below, a crucial tool for several of the arguments in our main proofs.

Definition 1.3.6. Let X be a u.l.f. metric space and σ be a flow on C∗
u(X). We call σ

a coarse flow if

t ∈ R 
→ σh,t(vf ) ∈ C∗
u(X)

is differentiable for all partial translations f of X.

A few words are in place here to justify the definitions above. First, as will be seen in

Proposition 3.1.5 below, a map h : X → R is coarse if and only if its interpretation as a
diagonal operator on �2(X) is a coarse operator. Moreover, any flow on a uniform Roe

algebra induced by a map h : X →R is automatically a coarse flow (see Proposition 3.1.7).

The study of coarse flows and of coarse operators is then a natural generalization of the

commutative diagonal scenario.
With the definitions above in hand, we obtain the following noncommutative version

of Proposition 1.1.2; which deals with Question 1.3.4(II) above.

Proposition 1.3.7. Let X be a u.l.f. metric space and σ be a pre-flow on C∗
u(X). Then

σ is a coarse flow if and only if it is induced by a coarse operator h on �2(X).

While, for the case of diagonal flows, there is no reason to worry about Question 1.3.4(I),

the treatment of this question is substantially more subtle in the noncommutative case.

For starters, we must introduce the unbounded part of C∗
u(X) to the picture.

4Recall, a closed operator on a Hilbert space is a partially defined, not necessarily bounded,
operator whose graph is closed.

5Throughout, [a,b] denotes the commutator ab− ba.
6Here c00(X) denotes the vector subspace of �2(X) of finitely supported vectors.
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Definition 1.3.8. Let X be a u.l.f. metric space and h be an operator on �2(X). We call

h admissible if it is closed, c00(X)⊆ dom(h), and

hξ =
∑
y∈X

〈ξ,δy〉hδy

for all ξ ∈ dom(h). We say that h has finite propagation if it is admissible and

sup{d(x,y) : 〈hδx,δy〉 �= 0}<∞.

We emphasize here that, whenever we say that an operator has finite propagation, it is

assumed that we are speaking of an admissible operator, or else the condition on matrix

entries above might not mean much. We note that this definition generalizes the usual
concept of finite propagation for bounded operators to the unbounded setting.

We next introduce the unbounded part of C∗
u(X), a concept which will, as the name

suggests, involve unbounded operators and, crucially, the difference h − h′, of two
unbounded operators h and h′. This is a notoriously touchy issue not least because h

and h′ may have very different domains. For this reason, except for rare occasions, we

shall only dare to speak of h−h′ when there is a common core to h and h′. Since every

admissible operator admits c00(X) as a core, taking the difference of such operators will
not involve any risks.

Definition 1.3.9. Let X be a u.l.f. metric space and h be an admissible operator on

�2(X). We say that h is in the unbounded part of C∗
u(X) if, for all ε > 0, there is a

finite propagation operator h′ on �2(X) such that h−h′ (defined on its natural domain

dom(h)∩dom(h′)) is a bounded operator with norm at most ε. We denote the set of all
such operators by C∗

u,unb(X).7

Notice that any operator on �2(X) with finite propagation is in C∗
u,unb(X). In particular,

any diagonal operator, regardless of being given by a coarse map, is in C∗
u,unb(X). On

the other hand, the intersection of B(�2(X)) with C∗
u,unb(X) is precisely C∗

u(X).

Another way of thinking of C∗
u,unb(X) is to consider the set Ladm(�2(X)) formed by all

admissible operators, equipped with the (possibly infinite) metric

d(h,k) = ‖(h−k) �c00(X) ‖.

Within it one has the subset C∗
u,unb[X] formed by the operators of finite propagation,

and then C∗
u,unb(X) turns out to be precisely the closure of C∗

u,unb[X] in Ladm(�2(X)).
With the purpose of keeping this introduction to a minimum, we will now restrict

our results to metric spaces with G. Yu’s property A: this is a fairly general geometric

property imposed on the u.l.f. metric space X which is often seen as a sort of “geometric

amenability” (see Subsection 2.3 for a precise definition), which is equivalent to nuclearity
of C∗

u(X). For more general results which do not depend on property A, we simply refer

the reader to the appropriate statements in the paper. For the specialists, we would like

7In these notes, we consider C∗
u,unb(X) simply as a set and do not attempt to view it with any

algebraic or topological structure.
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to say that the use of property A is needed so that the uniform Roe algebra of X equals
its quasi-local algebra (see Subsection 2.3 for definitions).

For u.l.f. metric spaces with property A, we completely characterize the self-adjoint

operators which give rise to coarse flows on uniform Roe algebras. Precisely, we obtain
the following.

Theorem 1.3.10. Let X be a u.l.f. metric space with property A, h be a self-adjoint

operator on �2(X), and σh be the pre-flow on B(�2(X)) induced by h. The following are

equivalent.

1. σh is a coarse flow on C∗
u(X).

2. h is a coarse operator and it belongs to C∗
u,unb(X).

3. The map E(h) : X → R given by

E(h)x = 〈hδx,δx〉 for all x ∈X

is coarse and, interpreting E(h) as a diagonal operator, h−E(h) is a bounded

operator in C∗
u(X).8

The main ingredient for the implication (2)⇒(1) is Theorem 7.1.3, which shows that
for any such h, the bounded operator eih is in the quasi-local algebra of X for all t ∈ R.

On the other hand, the implication (1)⇒(2) of Theorem 1.3.10 is always valid regardless

of property A. This is obtained as Theorem 7.1.12 below and its proof uses an adaptation
to the unbounded setting of the machinery developed in [LW20] to show that bounded

derivations on uniform Roe algebras are always inner.

1.4. Cocycle equivalence of flows

Once Items (I) and (II) of Question 1.3.4 are dealt with, we move to classifying when

coarse flows are, in some sense, equivalent:

Question 1.4.1. Let h and k be self-adjoint operators on �2(X) inducing flows σh and
σk on C∗

u(X).

(III) What relation must be satisfied between h and k so that the flows σh and σk are
“morally” the same?

This will be formalized in terms of cocycle equivalence between flows. For this, the notion

of cocycle will be essential. Recall that we have the following well-known equivalence
relations among flows on C∗-algebras:

Definition 1.4.2. Let A be a unital C∗-algebra, σ be a pre-flow on A, and (ut)t∈R be a

norm continuous family of unitary operators in A.

1. We say that (ut)t∈R is a cocycle for σ if

ut+s = utσt(us) for all t,s ∈ R.

8The notation “E(h)” is an allusion to the canonical conditional expectation from B(�2(X))→
�∞(X), the formula of which is given analogously.
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2. If (ut)t∈R is a cocycle for σ, then the expression ρt(a) = utσt(a)u
∗
t , for a ∈ A and

t ∈ R, defines a pre-flow ρ on A. We call ρ a cocycle perturbation of σ.

3. If, moreover, there exists a family (ut)t∈R, as above, that is differentiable at 0, then
ρ is called an inner perturbation of σ.9

4. We say that σ is cocycle conjugate to ρ if there is an automorphism τ of A such that

ρ is a cocycle perturbation of τ ◦σ ◦ τ−1, where the later is the pre-flow given by

t ∈ R 
→ τ ◦σt ◦ τ−1 ∈Aut(A).

All these notions define equivalence relations on the set of pre-flows on a given
C∗-algebra and relate to each other as in the diagram below. Moreover, if a pre-flow

is equivalent under any of these notions to an actual flow, then it must be a flow as well.

Innerperturbation �� Cocycleperturbation �� Cocycle conjugacy.

For metric spaces with property A, we are capable of showing that every coarse

flow is, up to cocycle perturbation, a diagonal flow. Moreover, this is more than an
“existence theorem” as the diagonal cocycle perturbation can be actually computed in a

fairly natural way. As diagonal flows are much easier to deal with, this can drastically

reduce any analysis needed when working with coarse flows. In particular, this allows
the machinery developed in [BE25] for the study of KMS states of diagonal flows to be

applied to more general flows. Precisely, we prove the following.

Theorem 1.4.3. Let X be a u.l.f. metric space with property A, and let h be a coarse

operator on �2(X) such that

eithC∗
u(X)e−ith =C∗

u(X)

for all t ∈ R. Then the flow σh on C∗
u(X) induced by h is a cocycle perturbation of a

diagonal flow. Indeed, σh is a cocycle perturbation of the flow σE(h), where E(h) : X →R

is the coarse map given by

x ∈X 
→ 〈hδx,δx〉 ∈ R for all x ∈X.

Besides reducing the problem to the diagonal case, we also characterize when self-

adjoint operators on �2(X) give rise to “equivalent” flows. For the commutative case, no

geometric condition on X is needed, and we obtain not only a classification of flows, but

also of pre-flows (notice here that the property of being a flow is preserved even under
the weakest form of equivalence given by cocycle conjugacy):

Theorem 1.4.4. Let (X,d) be a u.l.f. metric space, and let h and k be real-valued maps

on X. The following are equivalent:

1. The maps h and k are close, i.e., supx∈X d(hx,kx)<∞,

2. The pre-flows σh and σk are inner perturbations of each other.

3. The pre-flows σh and σk are cocycle perturbations of each other.

9If this is the case, (ut)t∈R is actually differentiable everywhere, and we refer the reader to
[Kis00, Section 1] for further details.
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Notice that the property in Theorem 1.4.4(1) above is equivalent to the difference

operator h− k, given by the interpretation of the maps h,k : X → R as operators on

�2(X), being a bounded operator.
In order to obtain Theorems 1.4.3 and 1.4.4, we need yet another important ingredient

which is interesting on its own:

Theorem 1.4.5. Let X be a u.l.f. metric space with property A, and let h be a self-adjoint

operator on �2(X) such that σh induces a flow on C∗
u(X). Then eith ∈C∗

u(X) for all t∈R.

In fact, as the reader will see in Section 6, this is not a result about flows, but merely
about strongly continuous paths of automorphisms. The proof of this result is quite

technical and it makes use of three ingredients: (1) basics of K-theory, (2) techniques

developed in [WW20] for the study of Cartan subalgebras of uniform Roe algebras, and
(3) techniques developed for the solution of the rigidity problem of uniform Roe algebras

([BF21, BBF+22]).

For the general noncommutative case, we must once again restrict ourselves to metric

spaces with property A. Our main results are the following.

Theorem 1.4.6. Let X be a u.l.f. metric space with property A, and let h and k be coarse
operators on �2(X) inducing flows σh and σk on C∗

u(X). If h−k is bounded on c00(X),

then the flows σh and σk on C∗
u(X) are cocycle perturbations of each other.

Theorem 1.4.7. Let X be a u.l.f. metric space with property A, and let h and k be coarse,

self-adjoint operators on �2(X), whose induced flows on C∗
u(X) are respectively denoted

by σh and σk. The following are equivalent:

1. There is a unitary u ∈ C∗
u(X) such that dom(h) = dom(uku∗), and h− uku∗ is

bounded on this common domain.

2. The flows σh and σk are cocycle conjugate to each other.

Finally, in Section 9, we show that, without the condition of property A, and working

only with pre-flows, the results above do not hold. More precisely, we show that in any

expander graph, one can find a natural pre-flow on its uniform Roe algebra which is not
a cocycle perturbation of a diagonal flow (see Theorem 9.1.5).

2. Preliminaries

In this section, we recall the basic tools that we will need about unbounded operators,
one-parameter unitary groups, flows on algebras of operators, and coarse geometry. For a

detailed treatment of these, we refer the reader to [Ped89, Chapter 5], [Rud91, Chapter

13] or [BR87] for the first topics, and to [Roe03, NY12] for the last one. Besides setting
up terminology, we also refine a well-known result on weakly continuous flows on B(H)

[BR87, Example 3.2.35] to guarantee that any flow on a uniform Roe algebra is determined

by an unbounded operator (Proposition 1.3.3).
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2.1. Unbounded Operators on Hilbert spaces

Let H be a Hilbert space. From now on, the term operator on H will refer to a (not

necessarily bounded) linear function

h : dom(h)⊆H →H,

where dom(h) is a vector subspace of H. The unbounded operators of interest in this paper
will be in general self-adjoint. In particular, these operators are automatically closed and

densely defined, i.e., dom(h) is dense in H. Addition, subtraction and multiplication of

operators are defined in the obvious ways taking the necessary precautions regarding
domains; precisely,

dom(h±k) = dom(h)∩dom(k)

and

dom(kh) = {ξ ∈ dom(h) : hξ ∈ dom(k)}.

The space of all (globally defined) bounded operators on H is denoted by B(H) and its

ideal of compact operators by K(H).

Given the fundamental role played by the matrix representation of operators on �2(X)

in the study of C∗
u(X), e.g., in the definition of the notion of propagation, it is natural

that unbounded operators also be seen from the point of view of matrices. However one

cannot expect to make sense out of the matrix entries

hx,y = 〈hδy,δx〉

of an unbounded operator h on �2(X), since such operators are only densely defined, and

there is no reason for δy to lie in its domain. In fact, even if all basis vectors δy belong

to dom(h), the values of h on these vectors might not necessarily determine h outside

c00(X). After all, the fact that h is discontinuous, as a rule, renders the density of c00(X)
within �2(X) useless for the purpose of inferring the value of h(ξ), when ξ is not in c00(X).

The operators that will play important roles in this work will therefore all be admissible

in the following sense:

Definition 2.1.1 (cf. Definition 1.3.8). Let X be any set. An operator h on �2(X) will
be called admissible if it is closed, c00(X)⊆ dom(h), and

hξ =
∑
y∈X

〈ξ,δy〉hδy

for all ξ ∈ dom(h).

Under the above conditions, the coordinates of hξ relative to each basis vector δx are
then given by

〈hξ,δx〉=
∑
y∈X

〈ξ,δy〉〈hδy,δx〉=
∑
y∈X

hx,yξy,

where hx,y = 〈hδy,δx〉, and ξy = 〈ξ,δy〉. In other words, the matrix representation of h

holds, not only for vectors in c00(X), but also for every vector ξ in the domain of definition
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of h. Furthermore, given any pair (ξ,hξ) in the graph of h, we may write ξ = limF ξF ,

where

ξF =
∑
y∈F

〈ξ,δy〉δy,

the limit taken for F running in the directed set of all finite subsets F ⊆X, and then the
fact that h is admissible implies that

(
ξF ,h(ξF )

)
converges to (hξ,ξ), which is to say that

c00(X) is a core for h.

Admissibility is a very useful property since it implies that c00(X) is not only a core, but
it is actually a ‘great core’ in the sense that we can choose our approximating sequences in

the most natural way. Precisely, firstly recall that a subspace D ⊆ dom(h) is called a core

for h if the graph of h � D is dense in the graph of h. In other words, if ξ ∈ dom(h), then
there is a sequence (ξn)n in D, such that ξ = limn ξn, and hξ = limnhξn. Admissibility

says that the sequence (ξn)n can be simply taken to be the truncations of ξ with respect

to the canonical basis of �2(X).

We finish this subsection with a useful elementary result.

Proposition 2.1.2. Let X be a u.l.f. metric space and let h and k be admissible operators
on �2(X). The following holds.

(a) ‖h−k‖= ‖(h−k)�c00(X)‖.10

(b) If h−k is bounded on c00(X), then dom(h) = dom(k).

Proof. The first point is an easy consequence of the fact that c00(X) is a common core
for h and k, so we leave the details for the reader.

As for the second point, let ξ ∈ dom(h) and let us show that ξ ∈ dom(k). For this choose

an increasing sequence (Fn)n of finite subsets of X, whose union coincides with X, and
for each n, let ξn be the projection of ξ on �2(Fn). Then clearly ξn → ξ and, since h is

admissible, also hξn → hξ. Noticing that (ξn)n is a sequence in c00(X), and that h− k

is bounded on this subspace, we have that ((h−k)ξn)n is a Cauchy sequence, hence so

is (kξn)n. As k is closed, this shows that ξ ∈ dom(k). This proves dom(h)⊆ dom(k) and,
by symmetry of the hypothesis, the inclusion dom(k)⊆ dom(h) follows analogously.

2.2. Flows and one-parameter groups

Definition 2.2.1. Let H be a Hilbert space and (ut)t∈R be a family of unitary operators

in B(H). We call (ut)t∈R a one-parameter unitary group on H if

ut+s = utus for all t,s ∈ R.

If, moreover,

t ∈ R 
→ utξ ∈H

is continuous for all ξ ∈H, we say that (ut)t∈R is strongly continuous.

10Here ‖h‖ := sup{‖h(ξ)‖ : ‖ξ‖ ≤ 1,ξ ∈ dom(h)} denotes the possibly infinite norm of the
(unbounded) operator h.
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Given a self-adjoint operator h on a Hilbert space H, the spectral theorem allows us to
define eih, a bounded operator on H. Moreover,

t ∈ R 
→ eith ∈ B(H)

is a strongly continuous one-parameter unitary group and

lim
t→0

eithξ− ξ

t
= ihξ (2.2.2)

for all ξ ∈ dom(h). Conversely, if ξ ∈ H is such that the limit in (2.2.2) exists, then
necessarily ξ ∈ dom(h), and the identity in (2.2.2) holds (see [Ped89, Proposition 5.3.13]).

Moreover, by Stone’s theorem (see [Ped89, Theorem 5.3.15]), every strongly continuous

one-parameter unitary group t ∈ R 
→ ut ∈ B(H) is of the above form, that is, ut = eith

for all t ∈ R, for a unique self-adjoint operator h on H.

We now show that any flow on a uniform Roe algebra is given by conjugating by a one-

parameter unitary group; this is a refinement of [BR87, Example 3.2.35] for our setting.
This will be essential in our study of flows. Parts of the proof of Proposition 1.3.3 below

are well known to experts, but we provide details for clarity and for the non-experts’

convenience.

Proof of Proposition 1.3.3. We start by noticing that K(H) is invariant under σt. For

that, observe that K(H) is the unique minimal ideal of A. Indeed, if J is another nonzero

ideal of A, we have

J ∩K(H) = J ·K(H) �= {0},

since K(H) is an essential ideal. As K(H) is a simple C∗-algebra, it follows that
J ∩K(H) =K(H), whence K(H) ⊆ J . As K(H) admits the above characterization in

precise algebraic terms, we conclude that K(H) is invariant under automorphisms of A;

in particular, σt(K(H)) =K(H) for every t ∈ R.
For each t∈R, let τt be the restriction of σt to K(H), so that τ becomes a flow on K(H).

Observing that B(H) is the multiplier algebra of K(H), each τt extends canonically to an

automorphism ρt of B(H), and it is not difficult to show that ρtρs = ρt+s for all t,s ∈ R,
i.e., that ρ is a pre-flow on B(H). Observe that, for t ∈ R, a ∈A, and k ∈ K(H), we have

ρt(a)k = ρt(aρ−t(k)) = τt(aτ−t(k)) = σt(aσ−t(k)) = σt(a)k.

So, ρt(a) = σt(a). Hence, ρ extends σ from A to B(H). Let us now show that ρ is a weakly

continuous flow on B(H). For this, pick any vector ξ in H, and let pξ be the projection

onto the one-dimensional space spanned by ξ. For every bounded operator b on H we
then have that

ρt(b)ξ = ρt(b)pξξ = ρt
(
bρ−t(pξ)

)
ξ = σt

(
bσ−t(pξ)

)
ξ,

because both pξ and bρ−t(pξ) are compact operators, and hence belong to A. Using that

σ is a (continuous) flow on A, we see that ρt(b)ξ is continuous as a function of t, meaning
that ρ is strongly continuous, and hence also weakly continuous.

Now, [BR87, Example 3.2.35] shows that a weakly continuous flow on B(H) must be of

the desired form, so the result follows.
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2.3. Coarse geometry

Although it has already been briefly presented in the introduction, we now properly define

the morphisms and equivalences in the coarse category. Given metric spaces (X,dX) and

(Y ,dY ), a map f : X → Y is called coarse if for all r > 0,

sup
dX(x,z)≤r

dY (f(x),f(z))<∞.

Maps f,g : X → Y are called close if

sup
x∈X

dY (f(x),g(x))<∞.

If f : X → Y is coarse and there is a coarse g : Y →X such that g ◦f and f ◦g are close

to idX and idY , respectively, then f is called a coarse equivalence.

The uniform Roe algebra has a very natural dense ∗-subalgebra which will be useful

for us. Precisely, the algebraic counterpart of C∗
u(X), denoted C∗

u[X], is the ∗-subalgebra
of B(�2(X)) generated by all avf , where a ∈ �∞(X), and f is a partial translation of X.

Unless X is finite, C∗
u[X] will never be closed.

As already made clear in the introduction, the metric spaces of interest to us will be
uniformly locally finite, or u.l.f. for short (see Subsection 1.2 for definition). One of the

great advantages of such metric spaces is that an X -by-X matrix of complex numbers

with finite propagation induces a bounded operator on �2(X) if and only if its entries
are uniformly bounded. For further reference, we isolate this as a proposition below (see

[Roe03, Lemma 4.27]).

Proposition 2.3.1. Let X be a u.l.f. metric space. Then, for all r > 0, if A= [ax,y]x,y∈X

is an X-by-X matrix of complex numbers with

sup
x,y∈X

|axy|<∞,

and prop(A) ≤ r, then A canonically induces a bounded operator a on �2(X), such that

〈aδy,δx〉= axy for all x,y ∈X. Moreover, there is a positive constant M, depending only
on X and r, such that

‖a‖ ≤M sup
x,y∈X

|axy|.

An important class of metric spaces in coarse geometry is the one of u.l.f. metric spaces

with property A, introduced by G. Yu in [Yu00]. Although the definition of property A
will not be used per se, we quickly recall it here since this property will play a major role

throughout these notes.

Definition 2.3.2. Let (X,d) be a u.l.f. metric space. We say that X has property A if,

for all ε,r > 0, there is a function ξ : X → ∂B�2(X)
11 such that

1. ‖ξx− ξy‖ ≤ ε for all x,y ∈X with d(x,y)≤ r, and

2. sup{d(x,y) : 〈ξx,δy〉 �= 0}<∞.

11Here ∂B�2(X) denotes the unit sphere of �2(X).
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It is well known that a u.l.f. metric space X has property A if and only if C∗
u(X) is a

nuclear C∗-algebra (see [BO08, Theorem 5.5.7]).

Besides the uniform Roe algebra of X, the quasi-local algebra of X will play an
important role in these notes.

Definition 2.3.3. Let (X,d) be a u.l.f. metric space. The quasi-local algebra of X, denoted

by C∗
ql(X), is the C∗-subalgebra of B(�2(X)) consisting of all operators a∈B(�2(X)) such

that, for all ε > 0, there is r > 0, such that for all A,B ⊆X,

d(A,B)> r implies ‖pAapB‖ ≤ ε.12

Equivalently, a bounded operator a lies in C∗
ql(X), if and only if

lim
r→∞

sup
d(A,B)>r

‖pAapB‖= 0.

While it is immediate that C∗
u(X) ⊆ C∗

ql(X) for any u.l.f. metric space X, it was an

important open problem whether C∗
u(X) and C∗

ql(X) coincide. J. Špakula and J. Zhang

proved that this is indeed the case for u.l.f. metric spaces with property A (see [ŠZ20,

Theorem 3.3]). Very recently, N. Ozawa has shown that these algebras are never the same
as long as X contains a coarse copy of an expander graph (see [Oza23, Corollary C]).

3. Diagonal flows

The goal of this section is to set the ground needed to define a noncommutative version

of coarseness in the next section. More precisely, we characterize coarseness of a real-

valued function on a metric space X in terms which allow us to define “coarseness” for an
arbitrary self-adjoint operator on �2(X) (Proposition 3.1.5). We also pin down a property

satisfied by flows induced by maps X → R which will be needed in our study of more

general flows induced by self-adjoint operators on �2(X) (Proposition 3.1.7).
Our motivation for wanting to characterize coarseness of maps X → R comes from the

fact that coarse maps are precisely the ones which induce flows on C∗
u(X) in a canonical

way; which in turn was intensively studied in [BE25]. Let us start by explaining this
carefully. An arbitrary function h : X → R canonically induces a self-adjoint operator on

�2(X) by multiplication. By abuse of notation, we denote this operator by h as well.

Precisely, h is the operator with

dom(h) =

{
ξ ∈ �2(X) :

∑
x∈X

|hxξx|2 <∞
}
,

and given by the formula

hξ = (hxξx)x∈X

for all ξ ∈ dom(h). Letting c00(X) denote the subspace of �2(X) formed by the vectors
with finitely many nonzero coordinates, it is clear that c00(X) ⊆ dom(h), so dom(h) is

12Recall, as stated in the introduction, that pA is the orthogonal projection from �2(X) to
�2(A).
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dense in �2(X). See Proposition 3.1.4 below for a proof that h is actually an admissible

operator. Moreover, h defines a bounded operator on �2(X) if and only if h : X → R is

bounded. Hence, the identification above of functions X → R with possibly unbounded
self-adjoint operators on �2(X) is compatible with the usual identification of �∞(X) as

the bounded multiplication operators on �2(X), i.e., the diagonal operators with respect

to the canonical orthonormal basis (δx)x∈X of �2(X).

Convention 3.1.1. In order to avoid any confusion stemming from the abuse of notation

of denoting by the same symbol — h usually — both a map X →R and its interpretation
as an unbounded operator on �2(X), we write h = (hx)x∈X when h is being seen as

a function h : x ∈ X 
→ hx ∈ R. If h is being interpreted as an operator on �2(X), its

evaluation at a vector ξ ∈ �2(X) is written as hξ. Also, dom(h) will always refer to the

domain of h as an operator on �2(X) (the domain of h as a function X → R is simply X
and this will not be a point of relevance in these notes).

Suppose that (X,d) is a u.l.f. metric space and that h : X → R is a map. Then, eih

may be seen as a bounded operator on �2(X) with propagation zero, so, eih ∈ C∗
u(X). In

particular, eithae−ith ∈ C∗
u(X) for all t ∈ R, and all a ∈ C∗

u(X), so the map

σh,t : a ∈ C∗
u(X) 
→ eithae−ith ∈ C∗

u(X)

is an automorphism of C∗
u(X), and it can be easily shown to define a pre-flow σh on

C∗
u(X). As seen in Proposition 1.1.2, σh is a flow if and only if the map h : X → R is

coarse, in which case we call σh a diagonal flow.
Proposition 1.1.2 is one of our hints to finding an appropriate operator version of

coarseness. Before that, we must notice that the domain of an operator induced by a

coarse map X → R is invariant with respect to the coarse geometry of X. We introduce
the following definition.

Definition 3.1.2. Let E ⊆ �2(X) be a linear subspace. Given a partial translation f of
X, we say that E is f-invariant if vf (E)⊆E. If E is f -invariant for all partial translations

f of X, we say that E is invariant under partial translations.

Remark 3.1.3. Notice that if the domain of a self-adjoint operator h on �2(X) is
invariant under partial translations, then dom(h) automatically contains c00(X). Indeed,

as h is self-adjoint, its domain is densely defined and, in particular, non-zero. Pick a

non-zero ξ ∈ dom(h) and x0 ∈X such that the x0-coordinate of ξ is non-zero. Then, given
x ∈X and letting fx : {x0}→ {x} be the partial translation taking x0 to x, we have that

vfxξ is in dom(h) for all x ∈X. As vfxξ is a non-zero vector supported on x and x ∈X

was arbitrary, we conclude that dom(h) contains c00(X). This will be used throughout
these notes without further mention. The fact that c00(X)⊆ dom(h) does not necessarily

mean that h is admissible, although most of the operators in this work will possess this

property.
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For simplicity, we introduce the following (almost) self-explaining terminology: given a

partial translation f of X, and r ≥ 0, we say that f is a partial r-translation if

sup
x∈dom(f)

d(f(x),x)≤ r.

Proposition 3.1.4. Let X be a u.l.f. metric space and let h : X → R be any function.

Then, seen as a multiplication operator, h is admissible. Moreover, if h is a coarse

function, then dom(h), the domain of h as an operator on �2(X), is invariant under

partial translations.

Proof. It is evident that dom(h) contains c00(X), and we leave it for the reader to prove

the standard fact that h is a closed operator. On the other hand, given ξ ∈ dom(h), we
have that

hξ = (hxξx)x∈X =
∑
x∈X

hxξxδx =
∑
x∈X

〈ξ,δx〉hδx,

so h is admissible. In order to show that dom(h) is invariant under partial translations,

suppose that h : X → R is coarse and that ξ = (ξx)x∈X is in the domain of h, seen as an
operator on �2(X). So,

‖hξ‖2 =
∑
x∈X

|hxξx|2 <∞.

Let f be a partial translation of X. As h is coarse,

s := sup
x∈dom(f)

|hf(x)−hx|<∞.

Then, by Minkowski’s inequality, we have⎛
⎝ ∑

x∈dom(f)

|hf(x)ξx|2
⎞
⎠

1/2

≤

⎛
⎝ ∑

x∈dom(f)

|ξx|2 · |hf(x)−hx|2
⎞
⎠

1/2

+

⎛
⎝ ∑

x∈dom(f)

|hxξx|2
⎞
⎠

1/2

≤ s‖ξ‖+‖hξ‖
<∞.

This shows that vfξ is in the domain of h and we are done.

The following result will later motivate our notion of a coarse operator.

Proposition 3.1.5. Let X be u.l.f. metric space and h : X →R be a map. The following

are equivalent.
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1. The map h : X → R is coarse.

2. The domain of h, seen as an operator on �2(X), is invariant under partial

translations and, for all r > 0,

sup
f

‖[h,vf ]‖<∞,

where the supremum is taken over the set of all partial r-translations f of X.

3. The domain of h is invariant under partial translations and

‖[h,vf ]‖<∞

for all partial translations f of X.

Proof. (1)⇒(2): Assume h : X → R is coarse. By Proposition 3.1.4, dom(h) is invariant
under partial translations. Fix r > 0. As h : X → R is coarse, there is s > 0 such that

|hx − hy| ≤ s for all x,y ∈ X with d(x,y) ≤ r. Hence, if f is a partial r -translation of

X, then |hf(x) − hx| ≤ s for all x ∈ dom(f). Since [h,vf ](δx) = (hf(x) − hx)δf(x) for all
x ∈ dom(f), it follows that

‖[h,vf ]‖ ≤ sup
x∈dom(f)

|hf(x)−hx| ≤ s.

(2)⇒(3): This is immediate.
(3)⇒(1): Suppose h : X → R is not coarse. So, there is r > 0 and sequences (xn)n and

(yn)n in X such that d(xn,yn)≤ r for all n ∈ N and

lim
n

|hxn
−hyn

|=∞. (3.1.6)

As X is u.l.f., going to subsequences if necessary, we can assume that (xn)n and (yn)n
are both sequences of distinct elements of X. Therefore, letting

A= {xn : n ∈ N} and B = {yn : n ∈ N},

the map f : A→B given by f(xn) = yn for all n∈N defines a partial translation, a partial

r -translation to be precise. However, we have

‖[h,vf ]‖ ≥ ‖[h,vf ]δxn
‖= |hf(xn)−hxn

|

for all n∈N. By (3.1.6), the latter goes to infinity. But this contradicts the hypothesis.

Before finishing this subsection, we now pin down an important property satisfied by
diagonal flows on uniform Roe algebras.

Proposition 3.1.7. Let (X,d) be a u.l.f. metric space and let h : X → R be a map
inducing the flow σh on C∗

u(X). For each partial translation f of X, the map

t ∈ R 
→ σh,t(vf ) ∈ C∗
u(X)

is differentiable at zero with derivative equal to i[h,vf ]. Therefore the map

t ∈ R 
→ σh,t(a) ∈ C∗
u(X) (3.1.8)

is also differentiable at zero for all a in C∗
u[X], with derivative equal to i[h,a].
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Proof. As σh is a flow, h must be coarse (Proposition 1.1.2). Let us first show that

the first statement indeed implies the second. Since C∗
u[X] is the linear span of avf , for

a ∈ �∞(X), and f a partial translation of X, it is enough to notice that the map (3.1.8)
is differentiable at zero for elements of the form avf . Finally, as σh,t(avf ) = aσh,t(vf ), we

see that the second statement indeed follows from the first one.

Fix now a partial translation f of X. An elementary calculation shows that

σh,t(vf )δx = eit(h(f(x))−h(x))vfδx, (3.1.9)

if x is in dom(f), while σh,t(vf )δx = 0 otherwise. Denoting by h◦f −h the function on X
given by

(h◦f −h)(x) =

{
h(f(x))−h(x), if x ∈ dom(f),

0, otherwise,

it follows from (3.1.9) that σh,t(vf ) = vfe
it(h◦f−h). Observing that h◦f −h is a bounded

function, thanks to h being coarse, we deduce that σh,t(vf ) is differentiable as a function

of the variable t, and that its derivative at zero coincides with ivf (h ◦ f −h). Another

elementary calculation shows that

vf (h◦f −h) = [h,vf ],

from where the conclusion follows.

Remark 3.1.10. Proposition 3.1.7 can be stated in terms of the infinitesimal generator
of the flow σ. Indeed, the infinitesimal generator of a flow σ on a C∗-algebra A is the

operator δ on A given by

δ(a) = lim
t→0

σt(a)−a

t

for all a ∈ A for which the limit above exists. With this terminology and considering a
flow σ on a uniform Roe algebra C∗

u(X), Proposition 3.1.7 says that C∗
u[X] is contained

in the domain of δ, and that δ(a) = i[h,a] for all a in C∗
u[X]. We refer the reader to [BR87,

Chapter 3] for more on that.

4. Coarse operators on �2(X)

We will now abstract some of the contents of Section 3 to develop the theory of

noncommutative coarse functions or, more precisely, of coarse operators on �2(X) for

a given u.l.f. metric space X. The following is our main definition and it adapts
Proposition 3.1.5 to the noncommutative case of self-adjoint operators on �2(X).

Definition 4.1.1 (Definition 1.3.5). Let X be a u.l.f. metric space and h be a closed
operator on �2(X). We call h a coarse operator if dom(h) is invariant under partial

translations, and

‖[h,vf ]‖<∞

for all partial translations f on X.
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We should stress that the above definition does not require h to be admissible; however
this property will instead be proved later in Theorem 4.1.15.

Example 4.1.2. Bounded operators are obviously coarse operators.

Example 4.1.3. By Proposition 3.1.5, a map h : X → R is coarse if and only if its
interpretation as an operator on �2(X) is a coarse operator. For this reason, self-adjoint

coarse operators on �2(X) should be thought of as noncommutative versions of coarse

maps X → R.

Just as in Proposition 3.1.5, a more quantitative version of coarseness holds for

operators. Precisely:

Proposition 4.1.4. Let X be a u.l.f. metric space and h be a closed operator on �2(X),
the domain of which is invariant under partial translations. Then h is a coarse operator

if and only if, for all r > 0,

sup
f

‖[h,vf ]‖<∞,

where the supremum is taken over the set of all partial r-translations f of X.

Proof. The “if” part being immediate, we move on to the “only if” direction. Assuming

that h is a coarse operator we therefore suppose, by way of contradiction, that the
supremum in the statement is infinite.

Claim 4.1.5. The supremum in the statement is infinite, even if taken over the set of

all partial r -translations f of X, with finite domain.

Proof. To see this, we fix M > 0, and we choose a partial r -translation g (which may or

may not have finite domain), such that ‖[h,vg]‖>M . Since [h,vg] is bounded on dom(h),

by hypothesis, and since c00(X) is dense in dom(h), we may pick a unit vector ξ in c00(X),
such that

M < ‖[h,vg]ξ‖= ‖hvgξ−vghξ‖. (4.1.6)

Fixing ε > 0, let C be a finite subset of X such that

ξ = pCξ, and ‖hξ−pChξ‖< ε.

Letting f be the restriction of g to dom(g)∩C, we then have that vf = vgpC . Moreover

vgξ = vfξ, and ‖vghξ−vfhξ‖< ε.

So, upon substituting g for f, the right-hand side of (4.1.6) changes by at most ε, so the

inequality is preserved as long as we choose ε sufficiently small.

Slightly changing tack, we now make the following:

Claim 4.1.7. If C ⊆X is any finite set, then the supremum in the statement is finite, if

taken over the set of all r -partial translations f with dom(f)⊆ C.
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Proof. Indeed, given such an r -partial translation f, we have that

‖[h,vf ]‖= ‖hvf −vfh‖
≤ ‖hvf‖+‖vfh‖
≤ ‖hpBr(C)‖+‖pCh‖,

the last inequality due to the fact that dom(f)⊆ C, and hence that ran(f)⊆Br(C), the

ball of radius r around C, because r -partial translations are not allowed to move points
more than r apart. As h is necessarily bounded on the finite-dimensional space �2(Br(C)),

‖hpBr(C)‖ is finite. In order to estimate ‖pCh‖, notice that

‖pCh‖ ≤ ‖pChpC‖+‖pChpX\C‖ ≤ ‖hpC‖+‖pChpX\C‖.

As before, ‖hpC‖ is finite and, since pChpX\C = [h,pX\C ]pX\C , the fact that h is coarse

implies that ‖pChpX\C‖ is also finite. This completes the proof of the claim.

Our next claim is a strengthening of Claim 4.1.7.

Claim 4.1.8. If C ⊆X is any finite set, then the supremum in the statement is infinite,

even if taken over the set of all partial r -translations f of X, with finite domain, and such

that both the domain of f and the range of f (henceforth denoted ran(f)) are contained
in X\C.

Proof. Given M > 0, let N be the supremum referred to in Claim 4.1.7 relative to the

finite set Br(C), and, using Claim 4.1.5, choose some r -partial translation g, with finite

domain, and such that ‖[h,vg]‖ >M +N . Letting g1 and g2 denote the restrictions of g

to dom(g)∩Br(C), and dom(g)\Br(C), respectively, we see that vg = vg1 +vg2 , so

‖[h,vg2 ]‖= ‖[h,vg −vg1 ]‖ ≥ ‖[h,vg]‖−‖[h,vg1 ]‖>M +N −N =M,

Recalling that dom(g2) ⊆ X\Br(C), we have that ran(g2) ⊆ X\C, for the same reason

observed above that r -partial translations are not allowed to move points more than r

apart.

Claim 4.1.9. There is a sequence (fn)n of partial r -translations of X such that the

domains of the fn are finite and pairwise disjoint, the same holding for their ranges, and

such that limn→∞ ‖[h,vfn ]‖=∞.

Proof. As the proof of this claim is an easy consequence of Claim 4.1.8, we leave it for

the reader.

From now on we fix a sequence (fn)n as above.

Claim 4.1.10. For every finite subset C ⊆X, one has that

lim
n→∞

‖pX\C [h,vfn ]pX\C‖=∞.

Proof. In order to verify this claim, observe that �2(C) is a finite dimensional space,

hence pCh and hpC are bounded operators on the domain of h, say with

‖pCh‖, ‖hpC‖ ≤MC .
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Therefore, for every n, we have that

‖[h,vfn ]pC‖= ‖hvfnpC‖+‖vfnhpC‖ ≤MBr(C)+MC,

and similarly ‖pC [h,vfn ]‖ ≤MBr(C)+MC . Therefore

‖pX\C [h,vfn ]pX\C‖= ‖(1−pC)[h,vfn ](1−pC)‖
≥ ‖[h,vfn ]‖−‖[h,vfn ]pC‖
−‖pC [h,vfn ]‖−‖pC [h,vfn ]pC‖

≥ ‖[h,vfn ]‖−3(MBr(C)+MC),

from where the claim follows.

Claim 4.1.11. Upon passing to a subsequence of (fn)n, there is a sequence (Xn)n of finite

and pairwise disjoint subsets of X, such that both dom(fn) and ran(fn) are contained in
Xn, and

lim
n→∞

‖pXn
[h,vfn ]pXn

‖=∞.

Proof. The proof of this claim is an easy application of Claim 4.1.10, so we leave it for

the reader.

In order to conclude the proof, we let (fn)n be as in Claim 4.1.10, and we consider the
r -partial translation defined on

⊔
n∈N

dom(fn) to be a common extension of all of the fn.

Observing that, for n �= m, one has that dom(fm) ⊆ Xm, and that Xm and Xn are

disjoint, it follows that vfmpXn
= 0, and similarly that pXn

vfm = 0, so

pXn
[h,vf ]pXn

= pXn
[h,vfn ]pXn

,

whence, for every n,

‖[h,vf ]‖ ≥ ‖pXn
[h,vf ]pXn

‖= ‖pXn
[h,vfn ]pXn

‖.

Observing that the right hand side goes to ∞, as n → ∞, by Claim 4.1.11, we get a

contradiction with the assumption that [h,vf ] is a bounded operator.

We must now understand what the vital properties satisfied by coarse operators are

and, on the other hand, which properties are enough to guarantee coarseness of a given

self-adjoint operator on �2(X). The next proposition deals with the former. For that, we
introduce the conditional expectation for certain unbounded operators on �2(X).

Definition 4.1.12. Consider a set X and any operator h on �2(X) such that c00(X)⊆
dom(h). We define a map E(h) : X → R by letting

E(h)x = 〈hδx,δx〉 for all x ∈X.

We identify the function E(h) defined above with an operator on �2(X) as usual. Under

this identification, it is clear that E, when restricted to the bounded operators on �2(X),

is simply the canonical conditional expectation B(�2(X))→ �∞(X).
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Proposition 4.1.13. Let X be a u.l.f. metric space and h be a coarse operator on �2(X).

Then:

1. The map E(h) given by Definition 4.1.12 is coarse.

2. For each A⊆X, pX\AhpA is bounded and

sup{‖pX\AhpA‖ : A⊆X}<∞.

In particular, as an X-by-X matrix, the coordinates of h off the main diagonal are

uniformly bounded.

Proof. (1) Suppose E(h) is not coarse. Then, there are r > 0, and sequences (xn)n and

(yn)n in X such that

lim
n

|E(h)xn
−E(h)yn

|=∞ (4.1.14)

and d(xn,yn)≤ r for all n ∈ N. As X is u.l.f., going to subsequences if necessary, we can

assume that (xn)n and (yn)n are sequences of distinct elements. Let A= {xn : n ∈ N},
B = {yn : n ∈ N}, and f : A→ B be the partial translation given by f(xn) = yn for all

n ∈ N. Then,

‖[h,vf ]‖ ≥ ‖[h,vf ]δxn
‖

=

∥∥∥∥∥
∑
z∈X

〈hδyn
,δz〉δz −〈vfhδxn

,δz〉δz

∥∥∥∥∥
≥ |〈hδyn

,δyn
〉−〈hδxn

,δxn
〉|

= |E(h)yn
−E(h)xn

|

for all n ∈ N. By (4.1.14), this shows that [h,vf ] is unbounded on dom(h), which

contradicts the fact that h is a coarse operator.

(2) As h is a coarse operator, Proposition 4.1.4 gives s > 0, such that

‖[h,pA]‖ ≤ s

for all A⊆X. Since pX\AhpA = [h,pA]pA, the result follows.

We can now prove that coarse operators are automatically admissible, hence allowing

us to understand how these operators act not only on c00(X) but on all of its domain.

Theorem 4.1.15. Let X be a u.l.f. metric space and h be a coarse operator on �2(X).

If ξ ∈ dom(X), then

hξ =
∑
x∈X

〈ξ,δx〉hδx.

Consequently, h is admissible.

Proof. As h is a coarse operator, Proposition 4.1.13(2) implies that

M = sup{‖pX\AhpA‖ : A⊆X}
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is finite. Suppose towards a contradiction that the theorem fails and let ξ ∈ dom(h) be

an offender. As h is a closed operator, the series in the statement of the theorem not

only fails to coincide with hξ, but it does not even converge. Consequently that series
also fails to satisfy Cauchy’s criterion for the summability of a series, whence, letting

ξF =
∑

x∈F 〈ξ,δx〉δx for each F ⊆X, we can find ε > 0, and a sequence (F (n))n of finite

disjoint subsets of X such that

‖hξF (n)‖ ≥ ε for all n ∈ N. (4.1.16)

As limn ξF (n) =0, going to a subsequence if necessary, we can assume that ζ =
∑

n∈N
ξF (n)

has norm at most ε/(3M). In particular, (4.1.16) can be improved as follows:

‖pF (n)hξF (n)‖ ≥ ‖hξF (n)‖−‖pX\F (m)hpF (n)ξF (n)‖ ≥
2ε

3

for all n∈N. Since h is a coarse operator, its domain is invariant under partial translations
and, in particular, invariant under the projections pA, A⊆X. So, ζ ∈ dom(h), since ζ is

the image of ξ under such projection. However,

‖pF (n)hζ‖ ≥ ‖pF (n)hξF (n)‖−

∥∥∥∥∥∥pF (n)hpX\F (n)

⎛
⎝ ∑

m∈N\{n}
ξF (m)

⎞
⎠
∥∥∥∥∥∥

≥ ε

3

for all n ∈ N. As (F (n))n are disjoint sets, this shows that hζ has infinite norm, a

contradiction.

Corollary 4.1.17. Let X be a u.l.f. metric space, h and k be coarse operators on �2(X).

If h−k is bounded, then dom(h) = dom(k).

Proof. This is an immediate consequence of Proposition 2.1.2 and Theorem 4.1.15.

We finish this section with a corollary which will be fundamental in many of the

forthcoming proofs.

Corollary 4.1.18. Let X be a u.l.f. metric space and h be a coarse operator on �2(X).

If there is an operator h′ on �2(X) with finite propagation, and such that h−h′ is bounded,
then h−E(h) is bounded. In particular, if h has finite propagation, then h−E(h) is

bounded.

Proof. Suppose there is an operator h′ on �2(X) with finite propagation so that h−h′

is bounded. In particular, E(h− h′) = E(h)−E(h′) is also bounded. Recall that, as

X is u.l.f., an operator w on �2(X) with finite propagation is bounded if and only if
supx,y∈X |〈wδx,δy〉|<∞ (Proposition 2.3.1). By Proposition 4.1.13(2) above,

sup{|〈hδx,δy〉| : x,y ∈X with x �= y}<∞,

so, since h−h′ is bounded, we have

sup{|〈h′δx,δy〉| : x,y ∈X with x �= y}<∞.
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Hence,

sup
x,y∈X

|〈(h′−E(h′))δx,δy〉|<∞.

As h′ has finite propagation, so has h′−E(h′). So, h′−E(h′) is bounded. Finally, as the
equality

h−E(h) = h−h′+h′−E(h′)+E(h′)−E(h)

holds on c00(X), it follows that h−E(h) is bounded on c00(X). Therefore, since both h

and E(h) are coarse operators (for E(h), this is a consequence of Propositions 3.1.5 and

4.1.13(2)), Theorem 4.1.15 implies that h−E(h) is bounded on all of its domain.

5. Flows given by self-adjoint operators on �2(X)

In this short section, we continue the study of Section 3 and extend it to the case of flows
on uniform Roe algebras given by self-adjoint operators using the machinery of Section 4.

In view of Proposition 3.1.7, we start by introducing a geometric condition on our flows

which will help us to better tame the self-adjoint operators inducing them.

Definition 5.1.1 (Definition 1.3.6). Let X be a u.l.f. metric space and σ be a flow on

C∗
u(X). We call σ a coarse flow if

t ∈ R 
→ σt(vf ) ∈ C∗
u(X)

is differentiable for all partial translations f of X.

Example 5.1.2. By Proposition 3.1.7, every flow on C∗
u(X) induced by a (necessarily

coarse) map X → R is coarse.

Our next goal is to prove Proposition 1.3.7, stated in the introduction, characterizing
self-adjoint operators defining coarse flows on C∗

u(X).

Proof of Proposition 1.3.7. This proposition is simply an interpretation of [BR87,
Proposition 3.2.55] to our setting. Precisely, suppose σ is a coarse flow, i.e., σ is a flow

and

t ∈ R 
→ σt(vf ) ∈ C∗
u(X)

is differentiable at zero for all partial translations f on X.13 Since flows on C∗
u(X)

are implemented by self-adjoint operators, we must have σ = σh for some self-adjoint

h on �2(X) (Proposition 1.3.3). The implication (1)⇒(3) of [BR87, Proposition 3.2.55]

then says that dom(h) is invariant under partial translations and that [h,vf ] is bounded

on dom(h), i.e., h is a coarse operator. Regarding our usage of [BR87, Proposition 3.2.55]
here, we point out that this result says that there is a core of h which is invariant by it and

in which the restriction of [h,vf ] to it is bounded. But, as noticed in the first paragraph

13In fact, this automatically implies strong continuity of σ because the vf span a dense subspace
of C∗

u(X).
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of the proof of [BR87, Proposition 3.2.55], closure arguments imply that one can take the

core to be the whole dom(h).

Conversely, suppose that h is a coarse operator and fix a partial translation f of X.
Then dom(h) is f -invariant and [h,vf ] is bounded on dom(h). We are then in the setting

of item (3) of [BR87, Proposition 3.2.55] and the implication (3)⇒(1) therein says that

t ∈ R 
→ σh,t(vf ) ∈ C∗
u(X)

is differentiable, and hence continuous at zero. As the vf span a dense subset of C∗
u(X),

by definition, we deduce that σh is a flow, which is coarse by what was said just above.

Remark 5.1.3. Since all elements of C∗
u(X) are coarse operators (Example 4.1.2),

Proposition 1.3.7 ensures that σh is a coarse flow on C∗
u(X) for every h ∈ C∗

u(X). It is

worth noting, however, that by choosing h appropriately one may obtain flows that do

not leave the algebraic subalgebra C∗
u[X] of C∗

u(X) invariant. Indeed, if X is infinite
and x ∈ X, one can choose h such that σh,1 maps the projection onto span{δx} to the

projection onto span{ξ} for some ξ with infinite support. Clearly, this latter projection

does not belong to C∗
u[X].

We isolate a simple fact below for further reference.

Corollary 5.1.4. Let X be a u.l.f. metric space and h be a self-adjoint operator on �2(X)
such that σh is a coarse flow on C∗

u(X). Then, for all partial translations f of X, the

derivative of

t ∈ R 
→ σh,t(vf ) ∈ C∗
u(X)

at zero is i[h,vf ].

Proof. As in the proof of Proposition 1.3.7, this is given by [BR87, Proposition 3.2.55].

We finish this section showing that one can always find flows which are not coarse

(as long as X is infinite).

Proposition 5.1.5. Let X be a u.l.f. metric space with infinitely many points. Then there

exists a flow on C∗
u(X) which is not coarse.

Proof. Fix x0 ∈X and let h(x) = d(x,x0) for all x ∈X. So, h : X → R is a coarse map
and σh is a diagonal flow on C∗

u(X) (Proposition 1.1.2). Clearly, σuhu∗ is also a flow

on C∗
u(X) for all unitaries u in C∗

u(X). Let us show that, if the unitary u ∈ C∗
u(X) is

properly chosen, then σuhu∗ is not coarse. For that, notice that, since h is unbounded,
we can pick a vector ξ ∈ �2(X) with ‖ξ‖ = 1 such that ξ �∈ dom(h). Moreover, without

loss of generality, ξ can be picked so that ‖δx0
− ξ‖ is arbitrarily small. Let p = px0

and

let q be the rank 1 projection onto the span of ξ. We can then assume that ‖p− q‖ is
smaller than 1, so there is a unitary u in C∗

u(X) such that uqu∗ = p. Since uξ equals λδx0

for some λ in the unitary circle, replacing u by λ̄u, we can assume that uξ = δx0
. Hence,

since ξ is not in the domain of h, it follows that δx0
is not in the domain of h′.
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We can now conclude the proof. If σh′ were to be coarse, the operator h′ would be a

coarse operator (Proposition 1.3.7). However, coarse operators have domains which are

invariant under partial translations and, in particular, contain c00(X). Since δx0
is not in

dom(h′), it follows that σh′ cannot be a coarse flow.

Remark 5.1.6. Notice that, even though Proposition 5.1.5 shows that non-coarse flows

exist, the examples constructed therein are still very “tame”. Indeed, they are given by

unitary conjugation of a (diagonal) coarse operator h on �2(X). In particular, the analysis
of such flows, including for instance of their KMS states, reduces to the scenario of coarse

(diagonal) operators; which we know how to deal with (see [BE25]).

6. Automorphisms in the connected component of idC∗
u(X)

Section 5 has dealt with Question 1.3.4(II), namely the question of when a pre-flow on a

uniform Roe algebra is an actual flow and, for coarse flows, this is completely characterized
in terms of the coarseness of the self-adjoint operator h inducing σ (see Proposition 1.3.7).

In this section and the following one, we will focus on Question 1.3.4(I), that is, the

question of when a self-adjoint operator h on �2(X) defines a pre-flow on C∗
u(X). For

that, we will now take a step back and study not flows per se, but strongly continuous

paths of operators on uniform Roe algebras.

Definition 6.1.1. Let X be a u.l.f. metric space and σ be an automorphism of C∗
u(X).

We say that σ is in the connected component of the identity on C∗
u(X) if there is a path

(σt)t∈[0,1] of automorphisms of C∗
u(X) which is strongly continuous in the sense that

t ∈ R 
→ σt(a) ∈ C∗
u(X)

is continuous for all a ∈ C∗
u(X), and such that σ0 = idC∗

u(X) and σ1 = σ.

If X is a u.l.f. metric space, any automorphism σ of C∗
u(X) is given by a unitary u

in B(�2(X)) by conjugation, i.e., σ = Ad(u) (see [ŠW13, Lemma 3.1]). In this section,

we show that, if the automorphism σ is in the connected component of the identity on

C∗
u(X), then u belongs to C∗

u(X), as long as X has property A. Precisely, the following
is the main result of this section:

Theorem 6.1.2. Let X be a u.l.f. metric space with property A, and let σ be an

automorphism of C∗
u(X) lying in the connected component of the identity on C∗

u(X).
If w is any unitary operator on �2(X) such that σ =Ad(w), then w ∈ C∗

u(X).14

Most of our uses of Theorem 6.1.2 will be through Theorem 1.4.5, which we now prove

as an immediate corollary of Theorem 6.1.2.

Proof of Theorem 1.4.5. Observing that each σh,t clearly lies in the connected com-
ponent of the identity (Definition 6.1.1), and also that σh,t = Ad(eith), it follows from

Theorem 6.1.2 that eith ∈ C∗
u(X).

14Note that, as mentioned above, the existence of such a w is guaranteed by [ŠW13, Lemma
3.1].
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Our method to obtain Theorem 6.1.2 heavily depends on techniques developed in
[WW20]. Precisely, the following is the theorem therein whose proof will be essential

for our approach to flows on uniform Roe algebras.

Theorem 6.1.3 [WW20, Theorem E]. Let X be a u.l.f. metric space with property A

and σ be an automorphism of C∗
u(X). Then there is a unitary w ∈ C∗

u(X) such that
w∗σ(�∞(X))w = �∞(X).

We now explain some of the specifics of how Theorem 6.1.3 is obtained in order to isolate

a lemma which will guide us in our proof of Theorem 6.1.2. For that, let σ : C∗
u(X) →

C∗
u(X) be an automorphism and let f : X →X be a map such that

inf
x∈X

∥∥σ(exx)δf(x)∥∥> 0. (6.1.4)

It is well known in the theory of rigidity of uniform Roe algebras that any map

satisfying (6.1.4) must be a coarse equivalence (this was first obtained in [ŠW13, Proof

of Theorem 4.1], for a more citable result, see [BF21, Theorem 4.12]). Suppose now that

there is a bijection g : X → X which is close to f.15 In particular, g is also a coarse
equivalence and we can define a unitary vg : �2(X)→ �2(X) by letting

vgδx = δg(x) for all x ∈X. (6.1.5)

As shown in [ŠW13, Lemma 3.1], the automorphism σ is implemented by a unitary on
�2(X), so fix a unitary u ∈ B(�2(X)) such that σ = Ad(u). A simple inspection of the

proof of Theorem 6.1.3 tells us that, if X has property A, then

w = uv∗g ∈ C∗
u(X)

(this is detailed in [WW20, Page 983]).
We summarize the discussion above in a lemma:

Lemma 6.1.6 [WW20, Proof of Theoorem E]. Let X be a u.l.f. metric space with property

A, σ be an automorphism of C∗
u(X) implemented by a unitary u ∈ B(�2(X)), f : X →X

be a map satisfying (6.1.4), and g : X →X be a bijection close to f. Then, letting v∗g be
the unitary given by (6.1.5), the unitary w = uvg belongs to C∗

u(X).16

We can now clearly state our approach towards Theorem 6.1.2. Precisely, the following

is our main technical result.

Theorem 6.1.7. Let X be a u.l.f. metric space and σ be an automorphism of C∗
u(X) in

the connected component of the identity on C∗
u(X). Then, for all t ∈ R, there is a coarse

equivalence ft : X →X such that ft is close to the identity and

inf
x∈X

∥∥σt(exx)δft(x)
∥∥> 0.

We start the proof of Theorem 6.1.7 with a proposition.

15It is not yet known if such bijection always exists. As of now, this is known to be the case if
X has property A ([WW20, Corollary 6.13]), if X is non-amenable ([WW20, Theorem 5.1]),
or if X is an expander graph ([BBF+24, Theorems 1.2 and 1.4]).

16Notice that w in Lemma 6.1.6 is precisely w in Theorem 6.1.3.

https://doi.org/10.1017/S1474748025101473 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748025101473


1420 B. de Mendonça Braga, R. Exel and A. Buss

Proposition 6.1.8. Let X be a u.l.f. metric space, σ be an automorphism of C∗
u(X), and

f : X →X be a map such that

δ = inf
x∈X

∥∥σ(exx)δf(x)∥∥> 0.

Suppose that for all A⊆X, there is a unitary u ∈C∗
u(X) such that σ(pA) = upAu

∗. Then
f is close to the identity.

Remark 6.1.9. Proposition 6.1.8 can also be derived from [MV24, Theorem 10.2.1].

Given the length and general scope of [MV24], we have chosen to retain our own proof,

which may be more accessible to the general reader. We are grateful to the referee for

bringing this to our attention.

Before proving Proposition 6.1.8, we must recall the notion of equi-approximable
families in C∗

u(X) and a criterion for equi-approximability obtained in [BF21]; this will

also play an important role in Section 7.

Definition 6.1.10. Let X be a u.l.f. metric space.

1. Given ε,r > 0, we say that a ∈C∗
u(X) is ε-r-approximable if there is b ∈C∗

u(X), with
prop(b)≤ r, such that ‖a− b‖ ≤ ε.

2. A subset S ⊆ C∗
u(X) is equi-approximable if for all ε > 0, there is r > 0, such that

every a ∈ S is ε-r -approximable.

Lemma 6.1.11 [BF21, Lemma 4.9]. Let X be a u.l.f. metric space and (an)n be a family

of operators such that aM = SOT-
∑

n∈M an ∈ C∗
u(X) for all M ⊆ N. Then the family

(aM )M⊆N is equi-approximable.

Proof of Proposition 6.1.8. Suppose towards a contradiction that f : X → X is not

close to the identity. Then there is a sequence (xn)n in X such that

lim
n∈N

d(xn,f(xn)) =∞.

Let A =
⋃

n∈N
{xn}. By hypothesis, there is a unitary u ∈ C∗

u(X) such that σ(pA) =

upAu
∗. As automorphisms of uniform Roe algebras are compact preserving and strongly

continuous (see [ŠW13, Lemma 3.1]), going to a subsequence if necessary, we can assume
that

‖exnxn
u∗σ(exkxk

)u‖ ≤ 2−k−1

for all distinct k,n ∈ N. Therefore,

‖exnxn
u∗σ(exnxn

)u‖ ≥ ‖exnxn
u∗σ(pA)u‖−

∑
k 
=n

‖exnxn
u∗σ(exkxk

)u‖ (6.1.12)

≥ ‖exnxn
pA‖−

1

2

≥ 1

2
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for all n ∈ N. Since exnxn
, u∗σ(exnxn

) and ef(xn)f(xn) have rank 1, we have that∥∥exnxn
u∗σ(exnxn

)ef(xn)f(xn)

∥∥= ‖exnxn
u∗σ(exnxn

)‖
∥∥u∗σ(exnxn

)ef(xn)f(xn)

∥∥
= ‖exnxn

u∗σ(exnxn
)u‖

∥∥σ(exnxn
)ef(xn)f(xn)

∥∥
for all n∈N — this is a simple computation and it can be found, for instance, in [BFV21,

Lemma 6.5]. Therefore, it follows from (6.1.12) and our choice of f that

∥∥exnxn
u∗σ(exnxn

)ef(xn)f(xn)

∥∥≥ δ

2
(6.1.13)

for all n ∈ N.

As σ is an automorphism, we know from [BF21, Theorem 4.4] that there is r > 0

such that each σ(exnxn
) is δ/3-r -approximable. Since u ∈ C∗

u(X), replacing r by a
larger number if necessary, we can suppose that each u∗σ(exnxn

) is δ/3-r -approximable.

However, since limn∈N d(xn,f(xn)) =∞, this contradicts (6.1.13). So, f must be close to

the identity of X.

Proof of Theorem 6.1.7. Fix t ∈ R. By [BBF+22, Corollary 3.3], there is a map
ft : X →X such that

inf
x∈X

∥∥σt(exx)δft(x)
∥∥> 0.

As σ is in the connected component of the identity, there is a continuous path of

projections in C∗
u(X) starting in pA and ending in σ(pA). Therefore, it follows from

[Mur90, Lemma 7.5.4] that σ satisfies the hypothesis of Proposition 6.1.8. The result is
now an immediate consequence of Proposition 6.1.8.

Proof of Theorem 6.1.2. By Theorem 6.1.7, there is a coarse equivalence f : X → X

satisfying (6.1.4) which is close to the identity on X. Since the identity X → X is a

bijection, applying Lemma 6.1.6 to g = idX , we obtain that the unitary u implementing
σ must belong to C∗

u(X) as desired.

7. The unbounded part of C∗
u(X)

If a flow on C∗
u(X) is given by a self-adjoint operator h on �2(X), then eith ∈C∗

u(X) for all

t ∈ R, by Theorem 1.4.5. It is then important to understand which self-adjoint operators

on �2(X) have this property. For that, we introduce the unbounded part of C∗
u(X).

Definition 7.1.1 (Definition 1.3.9). Let X be a u.l.f. metric space and h be an admissible

operator on �2(X). We say that h is in the unbounded part of C∗
u(X) if, for all ε > 0,

there is an operator h′ on �2(X) with finite propagation and such that h−h′ is a bounded
operator with norm at most ε. We denote the set of all such operators by C∗

u,unb(X).

Example 7.1.2. Clearly C∗
u(X) = B(�2(X))∩C∗

u,unb(X). Moreover, if h is an operator
on �2(X) with finite propagation, it is immediate that h ∈ C∗

u,unb(X). In particular, if

h : X → R is any map, then its interpretation as a diagonal operator on �2(X) is in

C∗
u,unb(X).
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Theorem 7.1.3. Let X be a u.l.f. metric space and h be a self-adjoint operator in
C∗

u,unb(X) such that

sup{|〈hδy,δx〉| : x,y ∈X, x �= y}<∞. (7.1.4)

Then eih ∈ C∗
ql(X). In particular, if h is coarse, then eih ∈ C∗

ql(X).

The proof of Theorem 7.1.3 is based on a test to guarantee an operator to be in C∗
ql(X)

based on Higson functions which was developed in [ŠZ20]. We recall this concept now.

Definition 7.1.5. Let X be a u.l.f. metric space and f : X → C be a function. We say

that f is Higson if, for all ε > 0 and all r > 0, there is a finite set F ⊆X such that, for

all x,y ∈X\F ,

d(x,y)≤ r implies |fx−fy| ≤ ε.

Proof of Theorem 7.1.3. By [ŠZ20, Theorem 3.3], an operator a ∈ B(�2(X)) is in

C∗
ql(X) if and only if [a,f ] is compact for all Higson functions f : X → C. Fix such f

and let us show that [eih,f ] is compact. This is equivalent to showing that eihfe−ih−f
is compact, so, if π : C∗

u(X)→ C∗
u(X)/K(�2(X)) is the canonical quotient map, we must

show that π(eihfe−ih) = π(f). For that, we prove that the map

t ∈ R 
→ π(eithfe−ith) ∈ C∗
u(X)/K(�2(X)) (7.1.6)

is constant. Since this map equals π(f) for t= 0, the result will follow.

Claim 7.1.7. If h′ is an operator on �2(X) with finite propagation and such that h−h′

is bounded, then [h′,f ] is bounded and compact.

Proof. As h−h′ is bounded on c00(X) and h satisfies (7.1.4), this implies that

sup{〈h′δy,δx〉 : x,y ∈X with x �= y}<∞.

As h′ has finite propagation and

〈[h′,f ]δy,δx〉= (fy −fx)〈h′δy,δx〉 (7.1.8)

for all x,y ∈X, the X -by-X matrix representation of [h′,f ] has finite propagation and its

coordinates are uniformly bounded. Since X is u.l.f., Proposition 2.3.1 implies that the

X -by-X matrix
[
〈[h′,f ]δy,δx〉

]
x,y∈X

canonically induces a bounded operator on �2(X).

Being a finite propagation operator, h′ is also assumed to be admissible. Based on the

fact that f is a diagonal operator, one can easily prove that c00(X) is a core for [h′,f ].
Therefore, since [h′,f ] and the bounded operator induced by its matrix in the canonical
basis of �2(X) clearly coincide on c00(X), it follows that [h′,f ] is itself bounded.
In order to show that [h′,f ] is compact, it is enough to notice that

lim
x,y→∞

〈[h′,f ]δy,δx〉= 0

(here we use again that [h′,f ] has finite propagation). But this follows immediately from

(7.1.8) since f is Higson and prop(h′)<∞.
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Claim 7.1.9. [h,f ] is bounded and compact.

Proof. By hypothesis, for every ε > 0, there is an operator h′ with finite propagation
such that h−h′ is bounded and ‖h−h′‖< e. Since the equality

[h,f ] = [h−h′,f ]+ [h′,f ] (7.1.10)

holds on c00(X), we have that∥∥[h,f ]∥∥
0
≤
∥∥[h−h′,f ]

∥∥
0
+
∥∥[h′,f ]

∥∥
0
≤ 2ε‖f‖+

∥∥[h′,f ]
∥∥
0
<∞,

where by ‖ · ‖0 we mean the norm of the restriction of the relevant operator to c00(X).
Again, since f is diagonal, c00(X) is a core for [h,f ], so the above inequality implies that

[h,f ] is bounded on its whole domain, as required. In addition,∥∥[h,f ]− [h′,f ]
∥∥
0
=
∥∥[h−h′,f ]

∥∥
0
≤ 2ε‖f‖,

which means that [h,f ] may be approximated arbitrarily closely by compact operators,

therefore itself being compact.

By Claim 7.1.9, [h,f ] is bounded. Therefore, [BR87, Proposition 3.2.55] implies that
the map

t ∈ R 
→ eithfe−ith ∈ B(�2(X)) (7.1.11)

is differentiable at zero and its derivative equals i[h,f ]. Moreover, since σh is a group
action, this implies that (7.1.11) is differentiable at all t ∈ R with derivative σh,t(i[h,f ]).

As [h,f ] is compact (Claim 7.1.9) and as the canonical quotient map π : C∗
u(X) →

C∗
u(X)/K(�2(X)) is linear, we conclude that (7.1.6) is differentiable at all t ∈ R with

derivative 0, hence a constant function. Consequently

π(eihfe−ih) = π(f),

whence [eih,f ] is compact, proving the required criterion for eih to belong to C∗
ql(X).

For the last statement, notice that, by Proposition 4.1.13, any coarse operator satisfies

(7.1.4).

Theorem 7.1.12. Let X be a u.l.f. metric space and let h be a coarse operator inducing
a pre-flow on C∗

u(X), i.e.,

eithC∗
u(X)e−ith =C∗

u(X)

for all t ∈ R. Then h ∈ C∗
u,unb(X). In particular, for E as in Definition 4.1.12, h−E(h)

is bounded.

The proof of Theorem 7.1.12 is based on averaging operators over amenable groups and
it closely follows ideas in [LW20]. Before presenting its proof, we start by setting up the

territory to use the methods therein. Given a set X, consider the group G = {−1,1}X ,

where the multiplication on G is given by multiplication coordinate-wise. Although G is
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often equipped with the product topology, we shall view it as a discrete group. Being a
group, G has a canonical action on �∞(G) by left-multiplication given by letting

(g ·a)h = ag−1h

for all a= (ag)g∈G ∈ �∞(G) and all g,h ∈G. As G is abelian, it is also amenable and we

can fix an invariant state ϕ : �∞(G)→ C, meaning that

ϕ(g ·a) = ϕ(a)

for all a∈ �∞(G), and all g ∈G, where g ·a refers to the natural action of G on �∞(G). Any
given state on �∞(G) may be described as the integral against a certain finitely additive

measure on G, but our use of this theory will be limited to adopting their notation∫
G

agdϕ(g),

to mean nothing more than ϕ(a), for a= (ag)g∈G in �∞(G). By definition, the underlying

set of G, namely {−1,1}X , consists of all functions from X to {−1,1}, and hence G is,

technically speaking, a subset of �∞(X). Moreover, the inclusion map turns out to be a

unitary representation of G in �∞(X), and hence also in C∗
u(X). We denote it by

π : G ↪→ �∞(X)⊆ C∗
u(X). (7.1.13)

The next lemma is well-known and its proof is a straightforward computation, so we

omit the details.

Lemma 7.1.14. Let X be a set and E be as in Definition 4.1.12. Let h be an operator

on �2(X) such that c00(X)⊆ dom(h). Then

〈E(h)δy,δx〉=
∫
G

〈π(ε)∗hπ(ε)δy,δx〉dϕ(ε)

for all x,y ∈X.

Given a set X, L1(�2(X)) denotes the trace-class operators on �2(X) and
Tr: L1(�2(X)) → C denotes the canonical trace on L1(�2(X)). We identify B(�2(X))

with the dual of L1(�2(X)) in the canonical way, i.e., the duality is given by

a(b) = Tr(ab) (7.1.15)

for all a ∈ B(�2(X)), and all b ∈ L1(�2(X)). For each a = (ag)g∈G ∈ �∞(G,B(�2(X))),17

we can define a functional

ψa : b ∈ L1(�2(X)) 
→ ϕ((ag(b))g∈G) ∈ C.

Under the isometric identification above of B(�2(X)) with the dual of L1(�2(X)), we

consider each ψa as an element in B(�2(X)). We can then define the operator

Ψ: a ∈ �∞(G,B(�2(X))) 
→ ψa ∈ B(�2(X)). (7.1.16)

17Here �∞(G,B(�2(X))) denotes the C∗-algebra of bounded functions G→B(�2(X)) endowed
with the supremum norm.
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As ϕ is contractive, it is clear that Ψ is also contractive. Inasmuch as ϕ
(
(ag)g

)
may be

thought of as an average of the bounded family of scalars ag, one may think of Ψ
(
(ag)g

)
as

an average of the bounded family of operators ag. The following lemma will be important

below.

Lemma 7.1.17 [LW20, Lemma 3.3]. Let X be a u.l.f. metric space, G= {−1,1}X , and

Ψ: �∞(G,B(�2(X)))→B(�2(X))

be as in (7.1.16). If r > 0, and (aε)ε∈G ∈ �∞(G,C∗
u(X)) is such that prop(aε)≤ r for all

ε ∈G, then, Ψ((aε)ε∈G) has propagation at most r.

Proof of Theorem 7.1.12. Let σh be the pre-flow defined by h, which is actually a

coarse flow thanks to Proposition 1.3.7. By Proposition 4.1.4, there is s > 0 such that

‖[h,pA]‖ ≤ s

for all A⊆X. Hence, letting π be the inclusion of G= {−1,1}X into �∞(X) (see (7.1.13)),

it follows that the family ([h,π(ε)])ε∈G is uniformly bounded. Moreover, [h,π(ε)] lies in
C∗

u(X), for every ε in G. To see this, recall that each [h,π(ε)] is given by the derivative

of σh:

i[h,π(ε)] = lim
t→0

σh,t(π(ε))−π(ε)

t

(see Corollary 5.1.4). So,

([h,π(ε)])ε∈G ∈ �∞(G,C∗
u(X)). (7.1.18)

Notice that this family is also equi-approximable. For that, observe that

SOT-
∑
x∈A

[h,p{x}] = [h,pA] ∈ C∗
u(X)

for all A⊆X. Lemma 6.1.11 then implies that ([h,π(ε)])ε∈G is equi-approximable.

Fix an arbitrary θ > 0, and let us show that there is an operator h′ on �2(X), with finite
propagation, and such that h−h′ is a bounded operator with norm at most θ. For that,

using the equi-approximability of the family ([h,π(ε)])ε∈G, pick r > 0, such that [h,π(ε)]

is θ-r -approximable for all ε ∈ G. Since each π(ε) has propagation zero, π(ε)∗[h,π(ε)] is
also θ-r -approximable for all ε ∈G. For each ε ∈G, pick bε ∈C∗

u(X) with propagation at
most r and such that

cε = π(ε)∗[h,π(ε)]− bε (7.1.19)

has norm at most θ. By (7.1.18), ([h,π(ε)])ε∈G is bounded, so (bε)ε∈G is bounded as well.

Then, letting Ψ be as in (7.1.16), we can define

w =Ψ((π(ε)∗[h,π(ε)])ε∈G), b=Ψ((bε)ε∈G), and c=Ψ((cε)ε∈G).
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Since each bε has propagation at most r, Lemma 7.1.17 gives that the same holds for b.
As each cε has norm at most θ, so has c. Also, since we have (7.1.19) for all ε ∈ {−1,1}X ,

it follows that

c= w− b. (7.1.20)

Claim 7.1.21. The operator w+h has propagation zero.

Proof. First notice that, as w is bounded and h is a coarse operator, w+h is also a
coarse operator. Let now x,y ∈X be distinct and let us compute 〈wδy,δx〉. Letting ey,x
be the partial isometry of rank 1 such that ey,xδx = δy, we have

〈wδy,δx〉=Tr(wey,x) = w(ey,x),

where the last equality is given by (7.1.15). Therefore, by the formula of Ψ, ϕ, and using

the duality relation in (7.1.15) again, we have

〈wδy,δx〉=Ψ((π(ε)∗[h,π(ε)])ε∈G)(ey,x)

=

∫
{−1,1}X

Tr(π(ε)∗[h,π(ε)]ey,x)dϕ(ε).

Notice that, even though h may not be bounded, the fact that c00(X)⊆ dom(h) implies
that hey,x is well defined and bounded. Therefore, we can write

π(ε)∗[h,π(ε)]ey,x = π(ε)∗hπ(ε)ey,x−hey,x

and it follows that

〈wδy,δx〉=
∫
{−1,1}X

Tr(π(ε)∗hπ(ε)ey,x)−Tr(hey,x)dϕ(ε)

=

∫
{−1,1}X

〈π(ε)∗hπ(ε)δy,δx〉dϕ(ε)−〈hδy,δx〉.

Since x and y are distinct and 〈E(h)δy,δx〉=0, Lemma 7.1.14 implies that the first term in

the right-hand side above is zero. This shows that 〈wδy,δx〉=−〈hδy,δx〉 and we conclude

that

〈(w+h)δy,δx〉= 0.

Since x,y ∈X were arbitrary distinct elements of X, this shows that w+h has propagation

zero as desired.

We can finally define h′ by letting

h′ = w+h− b.

First notice that, as b is bounded, and w+ h is a coarse operator, h′ is also a coarse
operator. Moreover, since w+h and b actually have finite propagation, so does h′. By
(7.1.20), we have that h−h′ = −c. So, h−h′ is a bounded operator with norm at most

θ. As θ > 0 was arbitrary, this shows that h ∈ C∗
u,unb(X).
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For the second statement, notice that the first part of the theorem implies that h
satisfies the hypothesis of Corollary 4.1.18. The result is then a consequence of this

proposition.

Proof of Theorem 1.3.10. (2)⇒(1): By [ŠZ20, Theorem 3.3], since X has property
A, we have C∗

u(X) = C∗
ql(X). Hence, Theorem 7.1.3 gives that σh,t(a) ∈ C∗

u(X) for all

a ∈ C∗
u(X) and, by Proposition 1.3.7, σh is indeed a coarse flow.

(1)⇒(2): By Proposition 1.3.7, h is a coarse operator and, by Theorem 7.1.12,

h ∈ C∗
u,unb(X).

(1)⇒(3): By Theorem 7.1.12, h is in C∗
u,unb(X) and h−E(h) is bounded. As h is in

C∗
u,unb(X), for each ε > 0, there is an operator h′ with finite propagation such that h−h′

has norm at most ε. As h is a coarse operator (Proposition 1.3.7), the supremum of
the off-diagonal coordinates of h is finite, hence the same is valid for h′. In particular, as

h′−E(h′) has finite propagation, it follows that h′−E(h′) is bounded (Proposition 2.3.1).

Since

‖h−E(h)− (h′−E(h′))‖ ≤ ‖h−h′‖+‖E(h)−E(h′)‖ ≤ 2ε

and ε > 0 was arbitrary, this shows that h−E(h) is in C∗
u(X). As h is a coarse operator,

it follows from Proposition 4.1.13 that E(h) : X → R is a coarse map.

(3)⇒(2): As h = h−E(h)+E(h) and h−E(h) is assumed to be a bounded operator,

the domain of h is the one of E(h). Hence, as we are also assuming here that E(h) : X →R

is a coarse map, it follows that the domain of h is invariant under partial translations

(see Proposition 3.1.4). Moreover, since h−E(h) is bounded and E(h) is coarse, it follows

from Proposition 3.1.5 that

[h,vf ] = [h−E(h),vf ]+ [E(h),vf ]

is bounded for all partial translations f of X. So, h is a coarse operator. Moreover, as

h−E(h) is not only bounded but belongs to C∗
u(X), it is immediate that h is in C∗

u,unb(X).

8. Cocycle perturbation and equivalence of flows on uniform Roe algebras

There are natural equivalence relations on the set of flows on a given C∗-algebra: inner
perturbation, cocycle perturbation, and cocycle conjugacy (see Definition 1.4.2 above). In

this section, we investigate these notions in the context of uniform Roe algebras. More

precisely, given a u.l.f. metric space X, we aim to better understand the relationship
between self-adjoint operators h and k on �2(X) which originate “equivalent” flows σh

and σk and vice versa. In case of diagonal flows, this is completely described in Theorem

1.4.4. For more general coarse operators h on �2(X) generating coarse flows on C∗
u(X),

we obtain that σh is always a cocycle perturbation of a diagonal flow as long as X has

property A (Theorem 1.4.3). Finally, Theorem 1.4.7 characterizes when coarse operators

give rise to cocycle conjugate flows for spaces with property A; in other words, this is a
noncommutative version of Theorem 1.4.4 under the presence of property A.

We begin with a general fact about self-adjoint operators and the unitary groups they

generate.
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Lemma 8.1.1. Let H be a separable Hilbert space, let h and k be self-adjoint operators
on H, and consider the map

wh,k : t ∈ R 
→ eithe−itk ∈ B(H).

Then, regarding the following statements, each one implies the next:

(a) wh,k is differentiable at zero in the norm topology of B(H).

(b) wh,k is strongly differentiable at zero18 .

(c) dom(h) = dom(k), and h−k is bounded on that common domain.

(d) H contains a dense subspace D, such that D ⊆ dom(h)∩dom(k), h−k is bounded

on D, and D is invariant under eitk for all t in R.

(e) wh,k is Lipschitz continuous.

Proof. (a)⇒(b). Obvious

(b)⇒(c). By hypothesis, the formula

Δ(ξ) = lim
t→0

eithe−itkξ− ξ

t

provides a well defined linear operator on H. Moreover, as the operators

Δt : ξ ∈H 
→ eithe−itkξ− ξ

t
∈H

are bounded for all t > 0, and (Δ1/n)n converges pointwise to Δ, the Banach–Steinhauss

Theorem implies that Δ is a bounded operator. In addition, given ξ ∈ dom(k), we have

for all t ∈ R that

eithξ− ξ = eith
(
ξ− e−itkξ

)
+ eithe−itkξ− ξ. (8.1.2)

Since (eith)t are uniformly bounded in norm and since eithξ → ξ, as t→ 0, for all ξ ∈H,
we have that

eith
(ξ− e−itkξ)

t
= eithikξ− eith

(
e−itkξ− ξ

t
+ itk

)
→
t→0

ikξ.

So, dividing (8.1.2) by t throughout, and taking the limit of the above as t→ 0, we get

deithξ

dt

∣∣∣
t=0

= ikξ+Δξ.

Based on [Ped89, Proposition 5.3.13], the conclusions are twofold: firstly, the existence of

the derivative in the left-hand side implies that ξ ∈ dom(h), whence dom(k) ⊆ dom(h),
and, secondly, we deduce that

ihξ = ikξ+Δξ.

Since the hypothesis is symmetric relative to h and k, we see that dom(k) = dom(h), and

moreover h−k = i−1Δ, on that common domain, proving that h−k is bounded.

18That is, the map t �→ eithe−itkξ is differentiable at zero for every ξ in H.
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(c)⇒(d). It suffices to take D = dom(k).

(d)⇒(e). Given t0,s ∈ R, observe that

ei(t0+s)he−i(t0+s)k− eit0he−it0k = eit0h
(
eishe−isk−1

)
e−it0k

= eit0h
(
eish

(
e−isk−1

)
+ eish−1

)
e−it0k.

Dividing by s throughout, and taking the limit as s→ 0, we get,

deithe−itkξ

dt

∣∣∣
t=t0

= ieit0h(h−k)e−it0kξ,

for any ξ ∈D. Incidentally, it might be worth observing that D is invariant under e−it0k,

by hypothesis, or else the above expression might not make sense.
Letting M be the norm of the restriction of h−k to D, we deduce from the intermediate

value theorem that ∥∥eithe−itkξ− eishe−iskξ
∥∥≤M |t−s|‖ξ‖,

for every t and s in R. As D is dense in H, we see that the above in fact holds for every
ξ in H, from where the conclusion follows.

The following result will be the basis for the proofs of Theorems 1.4.3, 1.4.4 and 1.4.6.

Recall, a C∗-algebra A represented in some B(H) is irreducible if {0} and H are the only
subspaces of H which are invariant with respect to all elements in A.

Proposition 8.1.3. Let H be a separable Hilbert space and let A ⊆ B(H) be a unital

C∗-algebra. Given self-adjoint operators h and k on H, suppose that

eithAe−ith =A, and eitkAe−itk =A

for all t ∈ R, and denote by σh and σk the associated pre-flows on A defined by h and k,
respectively. Also consider the map

wh,k : t ∈ R 
→ eithe−itk ∈ B(H).

Then the following statements hold:

(a) If A is irreducible and σh is a cocycle perturbation of σk, then wh,k is norm
continuous.

(b) If A is irreducible and σh is an inner perturbation of σk, then dom(h) = dom(k)

and h− k is bounded, provided there is at least one nonzero vector19 belonging to
both dom(h) and dom(k).

Assuming that wh,k(t) lies in A for all t in R, we also have the following:

(c) If wh,k is norm continuous, then σk is a cocycle perturbation of σh.

(d) If wh,k is differentiable at zero, then σk is an inner perturbation of σh.

(e) If H contains a dense subspace D, as in Lemma 8.1.1(d), in particular such that

h−k is bounded on D, then σk is a cocycle perturbation of σh.

19Please see Proposition 8.1.7 for a special case in which this somewhat annoying hypothesis
is not needed.
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(f) If dom(h) = dom(k), and h− k is bounded on this common domain, then σk is a

cocycle perturbation of σh.

(g) If h and k strongly commute20, and H contains a dense subspace D ⊆ dom(h)∩
dom(k) such that h−k is bounded on D, then σk is an inner perturbation of σh.

Proof. (a) Let (ut)t∈R be a cocycle for σk such that

σh,t =Ad(ut)◦σk,t

for all t ∈ R. Unfolding definitions, this says that

eithae−ith = ute
itkae−itku∗

t

for all a ∈A, and all t ∈ R. Rewriting the above as

ae−ithute
itk = e−ithute

itka,

we see that

λt := e−ithute
itk (8.1.4)

lies in the commutant of A. Since A is irreducible, we have that A′ = C · idH , so λt is a
scalar multiple of the identity operator, clearly with absolute value one. As the right-hand

side of (8.1.4) is strongly continuous, (λt)t∈R is continuous. In addition, since

wh,k = eithe−itk = λ̄tut

for all t ∈ R, and since (ut)t∈R is norm continuous, we conclude that wh,k is norm
continuous as desired.

(b) Let ut be a cocycle as in (a), which we may now assume to be differentiable at zero.

We first observe that u0 = 1, a fact that can easily be checked by plugging in t= s= 0

in the cocycle condition in Definition 1.4.2(1).
As we are under a special case of (a), we may re-run the argument given there up to

(8.1.4) and then, picking any nonzero vector ξ ∈ dom(h)∩dom(k), we have that

dλtξ

dt

∣∣∣
t=0

= lim
t→0

e−ithute
itkξ− ξ

t
(8.1.5)

= lim
t→0

(
e−ithut

eitkξ− ξ

t
+ e−ithutξ− ξ

t
+

e−ithξ− ξ

t

)
=

dutξ

dt

∣∣∣
t=0

+ i(k−h)ξ,

20We shall say that two self-adjoint operators h and k strongly commute if there exists
a projection-valued measure P on some measurable space Ω, and two measurable, real-
valued functions f and g on Ω, such that h =

∫
Ω
f(ω)dP (ω), and k =

∫
Ω
g(ω)dP (ω). Very

roughly, this means that h and k are “simultaneously diagonalizable”. In particular, note
that h and k necessarily admit a common core, namely

⋃
n∈N

P (Un)H, where Un = {ω ∈ Ω :
|f(ω)|+ |g(ω)| ≤ n}. There are various alternative characterizations of strong commutativity,

such as requiring that eith commutes with eisk, for every t,s ∈ R, but nevertheless all such
characterizations essentially express that there is an abelian von Neumann algebra to which
both h and k are affiliated.
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from where we deduce that the map t ∈ R 
→ λt ∈ C is differentiable at zero. Since

wh,k = eithe−itk = λ̄tut,

as already observed, this shows that wh,k is differentiable at zero. So the conclusion follows
from the implication (a)⇒(c) of Lemma 8.1.1.

(c) For each t ∈ R, let ut = wh,k(t)
∗ = eitke−ith. Then ut ∈A, for all t ∈ R, and

utσh,t(us) = eitke−itheitheiske−ishe−ith

= eitkeiske−ishe−ith

= ei(t+s)ke−i(t+s)h

= ut+s.

Since (ut)t∈R is norm continuous, it is a cocycle for σh. Hence, as σk,t = utσh,tu
∗
t , for all

t ∈ R, σk is a cocycle perturbation of σh.
(d) Follows immediately, as above, under the extra assumption of differentiability of

wh,k at zero.

(e) Thanks to the implication (d)⇒(e) of Lemma 8.1.1, we have that wg,h is continuous,

so the conclusion follows from (c), above.
(f) This follows immediately from (e) upon taking D = dom(h) = dom(k).

(g) Choose any real numberM > ‖(h−k)�D‖, and let Ω, P, f and g be as in Footnote 21.

We then claim that f − g is essentially bounded by M, in the sense that P
({

ω ∈ Ω :
|f(ω)− g(ω)| ≥ M

})
= 0. Assuming by contradiction that this is not so, and using the

σ-additivity of P, we can find N > 0, such that P (U) �= 0, where

U =
{
ω ∈ Ω : |f(ω)−g(ω)| ≥M, |f(ω)| ≤N, and |g(ω)| ≤N

}
.

Choosing any unit vector in the range of P (U), and taking a sequence of unit vectors

(ξn)n in D converging to ξ, we get

M ≤
∥∥∥∥
∫
Ω

f(ω)−g(ω)dP (ω)ξ

∥∥∥∥
= ‖hξ−kξ‖
= ‖hPUξ−kPUξ‖
= ‖PUhξ−PUkξ‖
= lim

n→∞
‖PUhξn−PUkξn‖

≤
∥∥(h−k)�D

∥∥,
where we have used that PUh and PUk are bounded operators (with norm at most N ) in

order to bring the above limit into play. This is a contradiction, hence proving that f −g

is essentially bounded. So h−k is a bounded operator on its whole domain of definition
and, since

wh,k = eithe−itk = eit(h−k),
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we deduce that wh,k is differentiable everywhere, so the conclusion finally follows
from (d).

Aiming at a proof of Theorem 1.4.7, let us now move to a slightly different situation,
assuming, for the remainder of this section, that we are given a separable Hilbert space H

and a unital C∗-algebra A ⊆ B(H) containing the compacts. Also let h be a self-adjoint

operator on H such that

eithAe−ith =A

for all t ∈ R, and denote by σh the associated pre-flow on A. Unlike in the previous

situation, we will now assume that σh is actually strongly continuous, that is, a flow

on A.
We shall denote by δh the associated infinitesimal generator of σh, given by

δh(a) =
dσh,t(a)

dt

∣∣∣
t=0

,

whose domain of course consists of those elements a in A for which the derivative exists.

Our next result shows that membership to dom(δh) is closely related to membership to

dom(h).

Lemma 8.1.6. For every nonzero vector ξ in H, a necessary and sufficient condition for

ξ to belong to dom(h) is that the orthogonal projection onto the one-dimensional space
spanned by ξ, henceforth denoted pξ, lies in dom(δh).

Proof. By [BR87, Proposition 3.2.55], we have that pξ belongs to dom(δh) if and only if

there exists a core D for h, such that pξ(D)⊆D, and [h,pξ] is a bounded operator on D.

Thus, assuming that pξ ∈ dom(δh), and choosing a core D, as above, observe that D
cannot be contained in the kernel of pξ because D is dense in H. So pξ(D) is a nontrivial

vector space contained in D, whence ξ ∈D ⊆ dom(h). Conversely, assuming that ξ lies in

dom(h), and taking the largest possible core D=dom(h), it is evident that D is invariant
under pξ, while, for every η in D, we have that

[h,pξ]η = hpξη−pξhη = h
(
〈η,ξ〉ξ

)
−〈hη,ξ〉ξ = 〈η,ξ〉hξ−〈η,hξ〉ξ,

which is evidently a bounded operator on D as a function of the variable η. So pξ lies in
dom(δh) by the first paragraph in this proof.

Lemma 8.1.7. Let H be a separable Hilbert space and let A⊆B(H) be a unital C∗-algebra
containing the compacts. Also let h and k be self-adjoint operators on H inducing flows

σh and σk on A, as above. If σk is an inner-perturbation of σh, then dom(h) = dom(k).

Proof. By definition there exists a cocycle (ut)t∈R for σh, which is differentiable at zero,

and such that

σk,t(a) = utσh,t(a)u
∗
t ,

for every t ∈ R, and every a ∈ A. Letting δh and δk be the corresponding infinitesimal

generators, the fact that ut is differentiable at zero clearly implies that dom(δh) ⊆
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dom(δk), so Lemma 8.1.6 implies that dom(h) ⊆ dom(k). Multiplying the equation

displayed above by u∗
t on the left, and by ut on the right, and applying a similar reasoning,

then gives the reverse inclusion dom(h)⊇ dom(k).

8.2. Applications

We now apply the machinery developed above to prove our main results, already stated

in the introduction, classifying coarse flows on uniform Roe algebras of u.l.f metric spaces
with property A. Our results are twofold: (1) we show that all coarse flows are cocycle

perturbations of diagonal flows (Theorem 1.4.3) and (2) we characterize when two given

flows are cocycle equivalent to each other in terms of the coarse operators generating
them (Theorem 1.4.7). For diagonal flows, we also characterize both inner and cocycle

perturbation (Theorem 1.4.4).

Proof of Theorem 1.4.6. Since σh and σk are flows, Theorem 6.1.2 guarantees that

eith and eitk lie in C∗
u(X) for all t ∈ R, so

wh,k(t) = eithe−itk ∈ C∗
u(X)

for all t ∈R. As both h and k are coarse operators and h−k is bounded, Corollary 4.1.17
implies that dom(h) = dom(k). Therefore, Proposition 8.1.3(f) implies that σh and σk are

cocycle perturbations of each other.

We can now prove Theorem 1.4.4, which summarizes our results for the commutative

case, i.e., for diagonal flows on uniform Roe algebras.

Proof of Theorem 1.4.4. (1)⇒(2): It is immediate that the diagonal operators h and

k, naturally associated to the given functions h and k, strongly commute. Moreover, given

that the functions h and k are close, the difference operator h−k is clearly bounded on
c00(X). In order to be able to apply Proposition 8.1.3(g), and hence to finish the proof,

we need to prove that wh,k(t) lies in C∗
u(X), for every t ∈ R, but this is obvious once we

observe that the bounded operators eith and eitk have propagation zero.

The implication (2) ⇒(3) is obvious. For (3) ⇒(1) notice that, since σh and σk are
cocycle perturbations of each other, then Proposition 8.1.3(a) implies that wh,k is norm

continuous, and as we are in the commutative case, we have that

wh,k = eithe−itk = eit(h−k).

In addition, by [Rud91, Theorem 13.36], a unitary group is norm continuous if and only

if its generator, presently h−k, is a bounded operator, which clearly means that h and k

are close as maps from X to R.

Proof of Theorem 1.4.3. The conclusion will be reached upon applying Proposition

8.1.3(e) to h and E(h), but first we must provide a dense subspace D as required there.

For this we observe that D := c00(X) is contained in the domain of h, because h is coarse,
and hence admissible by Theorem 4.1.15. D is clearly also contained in the domain of

the diagonal operator E(h), and it is easy to see that the one-parameter unitary group

generated by this operator leaves D invariant.
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Finally, observing that h−E(h) is bounded on D by Theorem 7.1.12, we see that we

are under the hypothesis of Proposition 8.1.3(e), from where the conclusion follows.

Proof of Theorem 1.4.7. (1)⇒(2): Suppose that v ∈ C∗
u(X) is a unitary element

satisfying the conditions in Theorem 1.4.7(1). Letting k′ = vkv∗, it is easy to see that

σk′ =Ad(v)◦σk ◦Ad(v∗),

so σk′ is clearly also a flow on C∗
u(X). By Theorem 1.4.5, we then deduce that

wh,k′(t) := eithe−itk′ ∈ C∗
u(X)

for all t ∈ R. So Proposition 8.1.3(f) implies that σk′ is a cocycle perturbation of σh,

whence σk is cocycle conjugate to σh.

(2)⇒(1): Suppose that σh and σk are cocycle conjugate to each other. By [Kis00,
Lemma 1.1 and Corollary 1.3], this is equivalent to the existence of a unitary v ∈C∗

u(X),

and a family (ut)t∈R of unitaries in C∗
u(X) such that

1. t ∈ R 
→ ut ∈ C∗
u(X) is differentiable everywhere,

2. (ut)t∈R is a cocycle for Ad(v)◦σk ◦Ad(v∗), and

3. σh,t(a) = utvσk,t(v
∗av)v∗u∗

t for all t ∈ R and all a ∈ C∗
u(X).

Since the spectral theorem for self-adjoint operators gives

eivkv
∗
= veikv∗,

item (3) can be replaced by

3’. σh,t(a) = utσvkv∗,t(a)u
∗
t for all t ∈ R and all a ∈ C∗

u(X).

In other words, σh is an inner perturbation of σvkv∗ . As C∗
u(X) contains the compacts,

we may employ Lemma 8.1.7 to conclude that dom(h) = dom(vkv∗), so the conclusion

follows from Proposition 8.1.3(b).

9. Pre-flows given by SOT-summable projections

In this subsection, we identify a class of naturally occurring pre-flows on uniform Roe
algebras which generalizes the diagonal pre-flows given by functions X →R (Proposition

9.1.3). Our main result here provides an example of a pre-flow which is not a cocycle

perturbation of a diagonal flow (Theorem 9.1.5), which goes in the opposite direction of
Theorem 1.4.3.

Assumption 9.1.1. Let X be a u.l.f. metric space, w : N→ R be a map, and (pn)n be

orthogonal projections on �2(X) such that

pM = SOT-
∑
n∈M

pn ∈ C∗
u(X)
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for all M ⊆ N. Let then, for each n ∈ N,

hn = w(n)pn and h= SOT-
∑
n

hn.

So, h is a self-adjoint operator on �2(X).

Example 9.1.2. Any pre-flow σ given by a map X → R is of the form σh for some

self-adjoint operator on �2(X) defined as above. Indeed, consider an arbitrary function

h : X → R. For each x ∈X, let px = p{x} and h′
x = h(x)px. It is clear that

pM = SOT-
∑
x∈M

px = pM ∈ C∗
u(X)

for all M ⊆X. Then, letting

h′ = SOT-
∑
n

h′
n,

it is immediate that, as self-adjoint operators on �2(X), h= h′. So, σh = σ′
h as desired.

The previous example shows that a self-adjoint operator as in Assumption 9.1.1 can

be seen as a sort of generalized function X → R. In the beginning of Section 3, we

emphasize the (trivial) fact that if h : X → R is an arbitrary map, then σh is a pre-flow.
The next proposition shows that the same holds for arbitrary self-adjoint operators h as

in Assumption 9.1.1.

Proposition 9.1.3. In the setting of Assumption 9.1.1, σh defines a pre-flow on C∗
u(X).

Proof. This is a simple consequence of the orthogonality of the sequence of projections

(pn)n. Indeed, this implies

eith = id�2(X)−pN+SOT-
∑
n

eithnpn,

Moreover, since each hn is a bounded operator, their exponentials can be easily computed
and we have

eithnpn =
∞∑
k=0

iktkhk
n

k!
pn =

∞∑
k=0

iktkw(n)kpkn
k!

pn = pn+(eitw(n)−1)pn (9.1.4)

for all n ∈ N and all t ∈ R. It then follows that

eith = id�2(X)+SOT-
∑
n

(eitw(n)−1)pn

for all t ∈ R and the hypothesis on the strong convergence of sums of (pn)n implies that

eith ∈ C∗
u(X) for all t ∈ R. We conclude that σh,t(C

∗
u(X)) ⊆ C∗

u(X) for all t ∈ R, i.e., σh

is a pre-flow on C∗
u(X).
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The next result deals with expander graphs. We refer the reader to [NY12, Chapter 5.6]

for precise definitions. In here, we simply say that if (Xn)n is a sequence of expander

graphs and X =
⊔

nXn is the coarse disjoint union of them, then

pM = SOT-
∑
n∈M

pn ∈ C∗
u(X)

for all M ⊆ N, where for each n ∈ N, pn is the rank-one projection of �2(X) onto the

vector subspace of �2(Xn)⊆ �2(X) of vectors with constant coordinates; i.e.,

pn =

⎡
⎢⎢⎣

1
|Xn| · · · 1

|Xn|
...

. . .
...

1
|Xn| · · · 1

|Xn|

⎤
⎥⎥⎦ .

Theorem 9.1.5. Let X =
⊔

nXn be the coarse disjoint union of expander graphs and

w : N→R be a map. For each n ∈N, let pn be the averaging projection on B(�2(Xn)). Let

hn = w(n)pn for all n ∈ N and h= SOT-
∑

nhn. The following holds.

1. σh is a pre-flow on C∗
u(X).

2. If w is unbounded, σh is not a flow.

3. If w is unbounded, the pre-flow σh is not a cocycle perturbation of any diagonal

pre-flow on C∗
u(X).

Proof. (1) Since X =
⊔

nXn is the coarse disjoint union of expander graphs, we know

that
∑

n∈M pn is in C∗
u(X) for all M ⊆N (see [HLS02]). So, Proposition 9.1.3 guarantees

that σh is a pre-flow on C∗
u(X).

(2) Suppose now that w is unbounded and let us notice that σh is not strongly

continuous. For each n ∈ N, pick An ⊆ Xn such that |An| = |Xn|/2.21 Then, letting

A=
⊔

nAn, we have∥∥eithpAe−ith−pA
∥∥= sup

n

∥∥eithnpAn
e−ithn −pAn

∥∥
= sup

n

∥∥eithnpAn
−pAn

eithn
∥∥

for all t ∈ R. Since, for each n ∈ N,

eithnpXn
= pXn

+(eitw(n)−1)pn

(cf. (9.1.4)), it follows that∥∥eithnpAn
−vpAn

eithn
∥∥= |eitw(n)−1| · ‖pnpAn

−pAn
pn‖

for all n ∈ N and all t ∈ R. In order to estimate the above, let 1An
denote the |An|-by-

|Xn\An| matrix with 1’s in all its entries; so, 1∗
An

is the |Xn\An|-by-|An| matrix with 1’s

21We are assuming here that each Xn has even cardinality. If this is now the case, the argument
will follow analogously by taking |An|= �|Xn|/2� instead.
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in all its entries. Hence, writing each Xn in an order starting with elements in An and
later in Xn\An, we can write

(pnvAn
−vAn

pn) � �2(Xn) =
1

|Xn|

[
0 −1∗

An

1An
0

]
.

As the operator above has norm 1/2, this shows that

∥∥eithnpAn
−vpAn

eithn
∥∥=

1

2
|eitw(n)−1|

for all n ∈ N and all t ∈ R.

The conclusion of the previous paragraph is that

∥∥eithpAe−ith−pA
∥∥=

1

2
sup
n

|eitw(n)−1|

for all t ∈ R. As w is unbounded, regardless of how small δ > 0 is, there is always t ∈ R

with |t| ≤ δ such that |eitw(n)−1|= 2. This shows that

t ∈ R 
→ σh(pA) ∈ C∗
u(X)

is not continuous; so, σh is not a flow.

(3) By Proposition 8.1.3(a) it is enough to show that if k : X → R is a map, then

(eithe−itk)t∈R is not norm continuous. Fix such k and for each n ∈ N let kn = k � Xn.
Then, letting (An)n and 1An

be as above, we have∥∥pAn
(eithne−itgn − id�2(Xn))pX\An

∥∥= |eitw(n)−1| ·
∥∥pAn

pnpXn\An

∥∥
=

|eitw(n)−1|
|Xn|

·
∥∥∥∥
[

0 0
1An

0

]∥∥∥∥
=

|eitw(n)−1|
2

for all n ∈ N and all t ∈ R. Since,∥∥eithe−itk− id�2(X)

∥∥= sup
n

∥∥eithne−itkn − id�2(Xn)

∥∥
and w is unbounded, this shows that (eithe−itk)t∈R does not converge to id�2(X) in norm
as t→ 0.
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[ŠW13] Špakula J and Willett R (2013) On rigidity of Roe algebras. Adv. Math. 249,
289–310.
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