SELF-DUALITY AND .&/-MANIFOLDS

WLODZIMIERZ JELONEK

ABSTRACT

The paper gives new examples of .o/-structures on certain SO(3)-principal fibre bundles.

0. Introduction

The class of .oZ-manifolds (for a definition see [S]) is an important class of
Riemannian manifolds which has appeared in a natural way during the investigation
of spaces with volume-preserving local geodesic symmetries (see [1,2,9,11]). Until
recently all the known examples of proper .«Z-manifolds were locally homogeneous.
In [7] we explicitly constructed a family of locally non-homogeneous .«/-manifolds on
a circle bundle P over a Kdhler—Einstein manifold M giving an answer to the problem
stated in [1, p. 451, 16.561]. This family is parameterised by a real number ¢ > 0 and
every manifold has a Ricci tensor with two constant eigenvalues. In the present paper
we consider a related problem and give examples of locally non-homogeneous .o7-
manifolds with two constant eigenvalues of SO(3)-bundles over self-dual Einstein
manifolds. We also characterise the Ricci tensor of the standard Riemannian
structure on the principal SO(4)-bundle of frames over Einstein four-manifolds.

1. Preliminaries

Let (M, g) be an oriented Riemannian manifold, dim M = 4 and P = P(M, SO(4))
be the principal fibre bundle of oriented orthonormal frames of TM. The bundle of
2-forms over M splits as the Whitney sum A*M = A"M @ A~M, A*M, A~M being
the eigenspaces bundles of the Hodge star operator xc€End(A*M). The Weyl
conformal tensor WeEnd (A*M) leaves A*M, A~M invariant and the restrictions
W W~ of Wto A*M, A~M may be considered as (0,4) tensors operating trivially
on A”M, A*M respectively. The oriented four-manifold (M, g) is called a self-dual
(respectively anti-self-dual) Riemannian manifold if W~ = 0 (respectively W* = 0}.
by P~ we mean a principal SO(3)-bundle of oriented orthogonal bases {w, 7, y} =
AN M, xe M of A™M such that g(w,») = g(n,7) = g(y,y7) = 2. We have a homo-
morphism of principal fibre bundles F: P—— P~ defined by (see [3])

Fley, ey, 05,0)) = (e, Ney—ey Aey, ey Aey—ey Ney, e Ney—ey Aey)

which is equivariant under the homomorphism ®_: SO(4) — SO(3) where ®, are
defined by @ (4) = p(A4), (C, = C|, ) and p: SO(4) — SO( A’R?) is defined on

Received 27 November 1996.
1991 Mathematics Subject Classification 53CO05.
J. London Math. Soc. (2) 58 (1998) 697-708

https://doi.org/10.1112/50024610798006607 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610798006607

698 WLODZIMIERZ JELONEK

simple 2-vectors by p(A)(e; Ae;) = Ae; A Ae;. Since p(A)x = xp(A), it is clear that
p(A) leaves invariant A*R* and p(A4), are the corresponding endomorphisms of A*
respectively. The homomorphisms @, induce the Lie algebras homomorphisms ¢, :
s0(4) — so(3) and so(4) = ker ¢, @ ker ¢p_is the simple sum of ideals both isomorphic
to s0(3). If we identify the Lie algebra so(4) with A’R* then ker¢p_ = A*R*. Note
that

AR* = ATR*@D AR (1.1)

On A’R* we have the standard metric given by {e;Ae;, e, Ae,y = ;0% fori <j, k <
s where by {e,, e,, ¢,, ¢,} we denote the standard orthonormal basis of R*. If we furnish
s0(4) with the metric (X, Y ) = —itr (X o Y) then the identification so(4) = A*R*is an
isometry. We shall denote by v,,v_ or v*, v~ the components of v with respect to
decomposition (1.1). By Z (M) we denote the Lie algebra of all local vector fields on
M. If D is a vector bundle over M then by I'(D) we denote the set of all local sections
of D. We also write .o&/*(M) = T(A*TM*).

Let (P,2),(M,g) be Riemannian spaces. A Riemannian submersion p: P—— M
(see [9]) is a submersion which preserves lengths of horizontal vectors. We shall
denote by V the distribution of vertical vectors (X e V if X is tangent to a fibre p~'(x)
for a certain xe M) and by H the horizontal distribution which is an orthogonal
complement of V. Let 2# and ¥~ denote the projections of the tangent space TM of
M onto the subspaces H, V" of horizontal and vertical vectors, respectively. By T and
A we denote the O’Neill’s tensors defined as follows (see [9]):

T.Y=HN, VY)+V(V, HY)
A Y=YV HY)+H(V VYY)
If V is a Levi-Civita connection of (M, g) and X, YeZ' (M) then
(Ve Y)*+ 3/ [X* Y*]=V,, Y* (1.2)

where by X* we denote the horizontal lift of X. Finally, let us recall that a
Riemannian manifold (M, g) is called an .o/-manifold (see [5]) if its Ricci tensor p
satisfies a condition V, p(X, X) = 0 for all Xe TM. An .«/-manifold M is called proper
if Vp # 0 and M is irreducible.

2. o/ -tensors with two constant eigenvalues

By an .o7-tensor on a Riemannian space (M, g) with Levi—Civita connection V we
mean a (1, 1) tensor S defined on M which satisfies the following conditions:

(1) g(SX,Y)=g(X,SY) for every X, YeZ(M).

2) g(VS(X,X),X) =0 for every XeZ(M).

In [7] we proved the following three propositions.

PropoSITION 1. Let (M, g) be a Riemannian manifold and S € End (TM) be a self-
adjoint tensor (g(SX, Y) = g(SY, X)) with two constant eigenvalues A, ueR. Then S is

an of -tensor if and only if
VS(X,X)=0

for all Xe D, = ker (S— A1) and all Xe D, = ker (S—ul).
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PROPOSITION 2. Let S be as above and assume that D, is integrable. Then D, is
autoparallel.

As a consequence we get (see [7, Theorem 2.1]) the following proposition.

PROPOSITION 3. An of -tensor with two constant eigenvalues A, u is parallel (that is,
VS = 0) if and only if both distributions D,, D, are integrable.

Proof. Note that TM =D, ® D, and D, L D, Hence if both distributions
D;, D, are autoparallel they are parallel, which means that V.S = 0.

Now we prove the following fact which will be useful in the sequel.

ProrosITION 4. Let (M, g) be a Riemannian space and G < Iso(M) be a Lie group
of isometries of M such that the dimension of the orbit passing through x, orb(x), of
the action of G is the same for all xe M. Let g be a Lie algebra of the group G and if
Aeg then by A*e X' (M) let us denote the Killing vector field generated by A. Let us
define for two different real numbers A,ueR a tensor Se End (TM) by

SAt = A" if Aeg, SX=uXif XeH

where by H we denote the distribution H={HeTM:X 1 orb, (n(X))} where m:
TM —— M is the standard projection. Then S e o/ if and only if the orbits of the action
of G are totally geodesic submanifolds of M. The tensor S is parallel if and only if the
distribution H is integrable.

Proof. Let A" be a Killing vector field corresponding to 4eg. Let xe M be an
arbitrary point of M and let us write N = orb,(x). By o we denote the second
fundamental form of a submanifold N. If V is the induced Levi-Civita connection of
N and V is the Levi—Civita connection of (M, g) then

V., Y=V, Y+aX,Y)
for all X, YeZ(N). Hence we obtain
VS(At, 4%, = (AU—S)(V,+ A7),
=(M—=8)(V+ A", +(A—S)(o(A", AY),)
= (u—=2) (4", 4),).

Thus VS(A4*, A7) =0 on N if and only if & = 0. Let us assume now that XeI'(H)
which means that
gX, A7) =0 (2.1)

for all Aeg. Since A* is a Killing vector field we have
gX,v,4) =0. (2.2)

From (2.1) and (2.2) it follows that g(V, X, 4") =0 for all XeI'(H) and all 4A€eg,
which means that V, XeI'(H) if XeI'(H). Consequently for all XeI'(H) we get
VS(X, X) = (ul—S)(V, X) =0 and our proposition follows from Proposition 1.
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3. The structure of an o/ -manifold on a principal SO(3) bundle over a self-dual
Einstein four-manifold

Let P = P(M, G) be a principal fibre bundle over a Riemannian manifold (M, g)
with compact, connected, semi-simple structural Lie group G. Let us denote by g a
Lie algebra of G. Suppose that w € .o/*(P) ® g is a connection form on P. Let us define
a metric g, on P by the formula

8. = " Blw(X), w(Y))+p*g(X, Y) (3.1
where — B(X, Y) = tr(ad, oad,) is the Killing form of g.

PROPOSITION 5. The group G is a group of isometries of (P, g.). The orbits of the
action of G on P are totally geodesic submanifolds of P isometric to the group G with
biinvariant metric given by ¢* B.

Proof. Let us note that
B(ad,X,ad,Y) = B(X.,Y) (3.2)

for all aeG. Hence R} g, = g, where by R, we denote the action of aeG on P. It
follows that G acts on (P, g,) by isometries. For every 4 € g denote by 4™ the Killing
vector field generated by a one-parameter group of transformations R, , where 4, is
the one-parameter group of 4. We have

g(A*,A%) = c* B(4, A). (3.3)

From (3.3) it follows that 4™ is the Killing vector field of constant length. Hence for
every pe P a curve t - R, (p) is a geodesic. Thus the orbits of G are totally geodesic
submanifolds of P. It is also clear that the map

Gaa— R, (p)eorb,(p)
is an isometry of (G, ¢? B) on orb,(p) with the induced submanifold’s metric.

Let us recall that a Riemannian manifold (M, g) with a curvature tensor R is said
to have a harmonic curvature if dR = 0 (or equivalently if the Ricci endomorphism
SeEnd(TM) is a Codazzi tensor which means that VS(X, Y) = VS(Y, X) for all
X, YeZ(M)). Now let P be the principal SO(n) fibre bundle of oriented frames over
(M, g). Let us assume that w is a connection form associated with the Levi—Civita
connection V of the metric g. Define a metric g, on P by (3.1). By H = {Xe TP:
w(X) = 0} we denote the horizontal and by V the vertical distribution of P. By R(R)
we shall denote the curvature tensor of (P, g,.) (M, g)), respectively. Then we have the
following proposition.

PROPOSITION 6. The Ricci endomorphism of (P, g,) leaves invariant the horizontal
and vertical distributions of P if and only if (M, g) has harmonic curvature.

Proof. We shall show that p(&, X') = 0 for every vertical field e (V) and every
horizontal field XeI'(H). From Proposition 5 it follows that the O’Neill [10] tensor
T=0.1If X, Ye'(H) are horizontal vector fields on P then 4, Y is a vertical vector
field such that (see [10])

w(A,Y)=—3Q(X,Y). (3.4
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Let {E,,....,E,, B,,...,B,} be an orthonormal frame on P where B, = B(e,;) are the

m>

fundamentdl horlzontal fields (see [8]) and E, are vertical vector fields. Then from
Proposition 5 it follows that

P& X) =) R(B,E X, B). (3.5)
i=1
The O’Neill formulae give us
8AR(B;, X) B, <) = g.(Vy, AX, B),{) (3.6)

where by V we denote the Levi—Civita connection of the metric g,. Let us assume that
¢ = A" where Aeso(n). From (3.6) we get

R(B;,¢, X, B) = B,g(A(X, B),)—g(A(V,, X, B), <)
—8(AX,V;, B), &) —g(AX, B), V}, O). (3.7

Note that V, =V.B;+[B,¢] and [B,A"]=—B(de)eH. Hence 7(Vy <) =
V' (V.B) = T(é B) = 0 It is easy to verify using the Koszul formula that (note that
[B(7), B(n)] is vertical and [A", B(n)] = B(An) for Aeso(n) and 5, 7eR", see [8])

We can assume that X = Bis a fundamental horizontal vector field. Hence (3.4), (3.7)
and (3.8) imply that

R(B,, B¢, B) = 3¢* BLQ(B,, B), w(&)) = 3¢*<{B, B, B), w($))
and consequently

p(E.B) = ¢ < S BB, B). w(¢)>. (3.9)

Let us recall that for u = (e, ...,e,) = T, M we have a formula
VEL_ R(e,, dp(B)) Z = u((B,QB,, B)) (u Z)). (3.10)
Note that Q is a horizontal form; hence in view of (3.8) we get
BB, B) =V, Q(B, B).
Hence taking account of (3.10) we obtain
Ve RY,Z)W =u((Vy. QY*,Z%) (u W)) (3.11)

where * denotes the horizontal lift to (P,g,). Thus p(&, B) =0 if and only if
Y.V, R(e, -) = 0 which is equivalent to 6R = 0.
Now we use an elementary lemma.

LEMMA 1. Let S be a self-adjoint endomorphism of a Euclidean vector space
(V,g) and V = V,®V, where V, L V,. Then S preserves subspaces V, i = 1,2 if and only
if g(Su,v) =0 for all ueV, and all veV,.

From Lemma 1 and the equality p(&, X) = 0 for all £eT'(V) and all Xe'(H) we
infer that SV < V and SH < H. This proves our proposition.

Let us assume that (M, g) is an Einstein four-manifold. Then *R = Rx and R =
R, + R_ where we treat a curvature tensor R of (M, g) as an endomorphism of the
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vector bundle A*TM = AM and R, eEnd(A*M). The operators R, are self-
adjoint with respect to the metric g on AM. By a,;b, i =1,2,3 we denote the

eigenfunction of R, and R_ respectively. Let us consider an isomorphism of vector
spaces defined by

aso(4d)— AR, a(d) =) Ale; Ae,
i<j
where e, is the standard orthonormal basis of R*. On spo(4) we consider a biinvariant
metric (X, Y) =—jtrXoY =), X!Y! Then « is an isometry of (so(4),{,>) on
A?R* furnished with the standard metric also denoted by <,» defined on the basis
e;Ne;, i <jby e Ae,e,Ne,y =0!0] Note that ker¢p_ = s0(4), = {Xeso(4): a(X)
€ A'RY and ker¢p, = s0_(4) = {Xesn(d): u(X)e A~ RY.

PROPOSITION 7. Let (M, g) be an oriented Einstein four-manifold and p: P—— M
(P = P(M,SO(4)) be the principle bundle of oriented frames over M. Let we
A (P)®s0(4) be the connection form of the Levi-Civita connection of (M,g). If we
define on P a metric g, by the formula

gX,Y) = =3 tr(w(X) o ((Y)) +p*g (3.12)

then the Ricci tensor of (P, g,) preserves the horizontal and vertical distributions of P and

the Ricci tensor p of P has the following eigenfunctions: ic*a*+c™?, 1c*b?+c2,

1T — 5| R

Proof. We shall use the results from [10]. Since the fibres of a Riemannian sub-
mersion p: P—— M are totally geodesic (see Proposition 5) the O’Neill tensor 7 = 0.
Since we have a decomposition A2TM = ATM@ A~M every element v of A2TM can
be represented as v = v*+v~ where vt e A*M. If X, YeI'(H) are horizontal vector
fields then

w(AX,Y)) =—3QX,Y)

where Q is the curvature form of the connection I' defined by w. Hence (we follow
[10]) for a vertical vector field VeI'(V) we have
gc(A(Xa V)s Y) = _g((VaA(Xa Y))
=31 o(V), X, Y))
=3¢ (V), Q'(X, Y)) 45w (V), Q (X, Y)).

Let us recall here that for U, Vesn(4) we denote <U, V) = —3trUo V. For a frame
u=(f1.fof5.f1) € P we define a map

o,:s0(4)— AT M

p(u)

by a,(4) = u(a(A4)) = Zi<jA§_ﬁ Af;- Then for 4, Beso(4) we have {4, B) = g(«,(4),
o, (B)). Consequently we get (we write X, = p(X), Y, = p(Y))

g(AX. V), Y), = 3"8(R(at,((V)), Xy A Y)
= 28(R (o0, (@(V))7), Xy A Yy) +3¢°8(R (o, ((V))), Xy A Yy).
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Note that SO(4) with the metric —itr (ad, oad,) is locally isometric to SO(3) x SO(3)
= RP? x RP? where RP? has its standard metric of constant curvature 3. Let ue P be
any point of P and A4,es0(4),, C,eso(4)_, i =1,2,3 be orthonormal bases of A*
respectively such that R, «,(4,) = a,2,(4,) and R_a,(C,) = b,a,(C,). We can assume

that
1 1
A, :%(61/\824'@3/\64)’ A, =%(€z/\€3+€1/\€4),
1 1
A, 2%(61/\93"'34/\62)’ G =%(61/\€2—€3/\e4),
1 1
C2=%(€2/\33—31/\€4), C3=%(81/\€3_e4/\ez)

for a certain orthonormal basis {e,,e,,e,,¢,} of R*. By {1, ¥,, ¥,, ¥,} we denote an

s 435
orthonormal basis of 7,,, M. Let X, Y be horizontal vector fields on P such that

XL1Yand [|[X]|=|Y]| =1 and write X, = p(X), Y, = p(Y). Note that [4,4,] =
+124, if i,j,ke{1,2,3} are different numbers and g,(4;, A7) = g(C;,C}) = ¢*. We
have

A A7|* = Y g(Ax 4, YF)?
7
= %64 Z g(R“u(Ai)’ X* A K)Z
J
= 1¢' Y g(R o, (4), Xy A Y))?
J

= ic'a; ), g(2,(A). (Xx A X))
i

It is clear that if [ XA Y| =1 then | X A Y*| = 1/v2. We can assume that X, = Y.
Note that the set {¥; A Y3, Y, A Y3, Y A Y7} is the basis of the space AT, M. Thus
we obtain

1.2.2
(2

A, 47,
PHEE(
We also have
|4, Y] = 1| QX, V)2 = 13| R(Xy, V)2

Since w,(4]) = 4, and 0,(C}) = C; we obtain from formulae in [10]

1
K(PA?'A;') = K(P(“T(j') = ?

K(Py ) = 5a; ¢
K(PY(“;r) = 3bi c*

K(Pyy) = Ky(Py ) —5¢* | R(X ., Y.
Hence we get
P(AL AN = P+ 4kad & = c P +3dd A
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Analogously
PCHC = e ib e,

Let us assume that X is a horizontal vector such that [|X|| = 1. Since |R|*=
42 @i+ ), b}) we obtain

Y IR, Y)I1* = IR (3.13)

Note that one can also obtain formula (3.13) using the Singer—Thorpe basis (see, for
example, [11, p. 218]). Hence

R 2
pX, X) = p*(X*,X*)—%c'Z%—I—%cz(Z a?+2 b).

Thus we get
PX,X) = 174 —15¢* | R|* +55¢* | R = 174 —55¢* | RI”.

Let us note that if vectors X, Y are horizontal and W, V" are vertical then
RX, VW, Y)=g,(V, AX, Y), W)+g (A V, A, W).

It follows that R(X, V, W, X) = g(A, V, A, W). Let us denote by B, the fundamental
horizontal vector fields. Then we obtain

L R(B, V. W,B) =) ¢(A(B, V), A(B;, W))
= 2 g{:(A(Bi3 V): Bj) g(,-(A(BiS V), Bj)
= 1¢" 1 (QB;, B)), o(V)) {QB;, B)), o(W))

=it Z R(p(B)) A p(B)), o, (o(V)) R(p(B)) A p(B,), o, ((W))).
’ (3.14)

Let us assume that Ro (o(V)) = k, o, (w(V)) and Ro, (wo(W)) = k,, a,(co(W)). Then
we infer from (3.14) that

ot
Y. R(B,V,W,B) = 1 Y ki ki g(B, A By, o (o(V))) (B, A By, o, (o(W)))
i i
ot 2
=5 kv ki 8o, V), 00, o(W)) = 5 Ky Ky 8. (V. W)

As the mapping ® = (O, ®"): SO(4) — SO(3) x SO(3) is covered by a map ®@:
Spin (4) —— S® x S® and the fibres are totally geodesic it is clear that the Ricci tensor
p of the fibres is given by
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1
pu V) = g(<U*, Viy+<U—, Vo))

where U, Vesn(4) are left-invariant vector fields on SO(4). Consequently p(W, V) =0
if WL Vand a,(w(V)),o,(w(W)) are eigenvectors of R. It follows that (47),,(C}),
are eigenvectors of p, which completes the proof.

COROLLARY 1. The principal bundle of oriented orthonormal frames over a
compact Einstein four-manifold with positive scalar curvature admits a (standard)
Riemannian structure with positive Ricci curvature.

Proof. Let us take
874

0 <c<inf
SIR|®

PROPOSITION 8. Let an oriented Riemannian four-manifold (M, g) be an Einstein
self-dual space with nonzero scalar curvature t,. Then the principal fibre bundle
p: P~ —— M of oriented normed and orthogonal bases of the vector bundle N\"M of
anti-self-dual forms over M admits a one-parameter family P_ of proper < -structures
on P~ such that p: P, —— M is a Riemannian submersion with fibres homothetic to
RP? = SO(3) with the standard metric of constant curvature.

Proof. Let F: P—— P~ be a homomorphism of principal fibre bundles defined
by (see [3])

Fley, ey,e5,e) = (e, ANe,—es Ney, ey ANeg—e  Ney, ep Aeg—e, Aey).

F is equivariant under a homomorphism ®_: SO(4)—— SO(3) of Lie groups. The
connection I' on P given by w induces a connection I'” on P~ with a connection from
o~ defined by F*w™ = ¢_w. Note that B, (X, Y") = B, (¢_X,¢_Y) where B,
denotes the Killing form of g. We shall identify the Lie algebra of the structural group
of P~ with so(4)_. Then ¢_ is just a projection ¢_:so(4) — so(4)_ with respect to
the decomposition so(4) = so(4)_@so(4),. The curvature form of I'™ is Q such that
F*Q™ = ¢_Q. Let us define a metric g, on P~ by

g =—itr(w (X)ow (Y)+p*g(X, Y).

A natural projection p: P~ —— M is a Riemannian submersion of P, = (P, g,) onto
(M, g). From Proposition 5 it follows that O’Neill’s tensor 7' = 0 (the fibres of p are
totally geodesic and homothetic to SO(3)). To compute the tensor A let us recall that
if X,YeT,,, P~ are horizontal vector fields then

o (X, YDp, = —Q (X, Y)p,y = —¢_QX. Y), = —(QUX. Y),)”

where X, Y are horizontal vector fields on P such that dF(X) = Xo F. Hence A4, Y is
a vertical vector field such that w (4, Y) = —3Q (X, Y). If V is a vertical vector field
and dE(V) = Vo F then

8Ax V., Yy = =&V, Ay Y
= —3tr (0 (V)pwo @ (Ay Y)pw)
=1t (0" (V) py 0 QL (X, Y oy)
=1ttr(p_w(V),0¢p_QX, Y),).
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We can assume that X, Y are horizontal lifts of vector fields X,, Y, e Z(M).
Consequently we obtain

8Ax V. Yoy = 3¢ R(Xy A Y0, (07(V) = 5¢°8(Xy A Yy, R (2, 07(V).

Note that R_ = «id ,- where « = 7,/12 and 7, is the scalar curvature of the space
(M, g). Let {1, V,, V3} be an orthonormal basis of so(4)_ and let {v,,v,,v,} be Killing
vector fields corresponding (under a homomorphism F) to V,. Then g (v,,v,) = ¢* and
g, (V), 2, (V)) = 1. Hence

3 3
ALY =Y g4, Y,0)" = 1c' Y g(Xy A Yy, R (2, (1)) (3.15)
i=1 i=1

From (3.15) it follows that if | X|| = ||Y]| =1 and X L Y then
4y Y = 3¢ [(Xy A Yy)_||* = gc®or?

if [ Xy A Yyl =1. Let { Y4, Yo Yasr Yase) be a local orthonormal frame on M and {Y,,
Y,, Y,, Y} be its horizontal lift. We can assume that X = Y. Note that if X is
horizontal and || X|| = 1 then for a vertical vector field V' we have

4
14 x VH2 = ch(AX v, Y1)2

=1¢" L 8(Xu A Vo), R (2, (0 (V)))?

= 5c' | R_(2, (0~ (M))]*
= gc'o? o, (0™ (V))?
= g% | V]®
in view of the relation ¢? |o,(w(V))|* = gV, V). Hence we have (we assume that
|X|=|Y|=1and XLY)
K(P.“.)zi‘ ifi#j
vy 262

K(Py,) = taz
K(PXY) = K(PX*Y*)_%CZOCZ'
Consequently if V' is a vertical vector field such that |}V|| = | then

p(V, V) = ¢ *+3cta? (3.16)
and if X is horizontal and || X| = 1 then
P(X, X) = Jr,—32Pa® + 2c%a? = 3o — %0’ (3.17)

Let p(u) = x, and let {E,, E,, E;, E,} be an orthonormal basis of 7, M and Xe T}, P~
be a horizontal vector. Let us write X, = dp(X). Then X,eT, M. Let y, be the
geodesics satisfying initial conditions y,(0) = x,, y;(0) = E,. By X,. we shall denote the
vector field along y; obtained by parallel translation of X, e, M along y, and by
X its horizontal lift to P~. Let 77, y" be horizontal lifts of y, to P~ and P respectively
such that 7”(0) = F(u) and »"(0) = u. Then Foy! = 7”. Let us denote

d = d

BAZ— )Al" B:—ih
? dlyl T dt'yT
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We can assume that dF(B) = X o F where B is a horizontal vector field on P along the
geodesics y. Note that B,o F = dF(B,) and B, are horizontal vector fields on P along
y". Consequently we derive from (3.8) and (1.2)

ngéizo, Vy, B, =0, VEL_XEV, Vs, BeV (3.18)

where by V we denote the Levi—Civita connection of the metric g, on P~. Let & = A",
Aesn(3) be a vertical vector field and X be horizontal vector field on P;. We shall
show that p(&, X)) = 0. Analogously as in the proof of Proposition 6 we have

4
p(é) X) = Z R(B“é’ Xa Bl)
i=1
and
R(Eia f’ Xa E1) = Elgp(A(Xa Ei)a é)
_gc(A(VBf X, Bi)a f) —gc(A(X, VBI- Bz’)’ é) —gc(A(X, Bz’)’ VBI- f)
Note that V; & =V, B,+[B,,{]. We can assume here that B, is a basic vector field.
Since &= A", Aesn(3) the field [B,¢] is horizontal (w ([B,,¢]) = —dw (B, &)
=—Q7(B,,¢) = 0). In fact one can easily prove that [B;,¢] = 0. Thus
g(AX, B),V;, &) =g(A(X, B)), 7" (Vp, &)
= 8(AX,B), 7" (V:B))
= g(AX, B), T(&, B) = 0.
Consequently we get
R(B,.¢, X, B) = —3c* BLY (B, X), 07 (&)
=—5¢ Ei<Qi(Ei’ FE.B),w (&)
= —3¢*(B, ¢~ QUB;, B), v (&)).

Since ¢_ is a linear map and Q is a horizontal form we obtain, in view of (3.18),
R(B,,¢, X, B) = —3¢*(p_ B, B, B),w (&) = —3¢*(¢p_V, B, B), ™ (£)).
Since (M, g) is an Einstein space we have R = 0 where R is the curvature tensor of

(M, g). Thus (see (3.11))
A
Z VBl- Q(Bz'5 B)u = 0
i=1
and consequently we get
pE.X)=0

for any vertical vector field & and any horizontal vector field X. It follows that the
Ricci endomorphism S of (P}, g,) preserves the horizontal and vertical distributions.
From (3.16) and (3.17) we obtain that S has exactly two constant eigenvalues A =
¢ ?+1c*o® and pu = 3oc—3c%a®. Let us note that A = p if and only if ¢* =2/ or ¢* =
2/5e and for those values of ¢ the manifold P is an Einstein space. For ¢ # 2/o and
¢? # 2 /50 from Propositions 3, 4 and 5 it follows that (P, g,) is a proper .o/-manifold
(that is, VS # 0).

Let us recall that A. Derdzinski has constructed a family of Hermitian Einstein
self-dual structures on C? which are locally non-homogeneous (see [4]). Hence we get
the following corollary.

COROLLARY 2. Let (M, g) be a self-dual locally non-homogeneous Einstein manifold
with nonzero scalar curvature t,. Then the principal bundle P~ of oriented orthogonal
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normed bases of A~ M admits a family P, = (P~,g,), ¢ > 0 of o/ -structures. For ¢* =
2/a or ¢* = 2/5a where o = t,,/12 manifold P is an Einstein space and for ¢*¢{2/,
2/5a} the manifold (P,g,) is a proper locally non-homogeneous o/ -manifold whose
Ricci tensor has exactly two constant eigenvalues. If ¢* < 4/o then (P}, g,) has positive
Ricci curvature.

REMARK. Note that if (M, g) are Derdzinski’s examples then the manifolds P
are not complete and consequently they are not compact. In view of the results of N.
Hitchin [6] every complete self-dual Einstein manifold with positive scalar curvature
is symmetric. It is also clear that an anti-self-dual manifold is self-dual with respect
to the opposite orientation, and hence Proposition 8 holds also for an Einstein anti-
self-dual manifold.
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