Mathematika 65 (2019) 311-332  © 2018 University College London
doi:10.1112/50025579318000505

DIMENSIONS OF TRIANGLE SETS
HAN YU

Abstract. In this paper we discuss some dimension results for triangle sets of
compact sets in R2. In particular we prove that for any compact set F in R?, the
triangle set A(F) satisfies

dima A(F) > 3 dima F.
If dima F > 1, then we have
dimp A(F) > 1+ dimp F.
If dimp F > 4/3, then we have the following better bound:
dima A(F) > min{3 dima F — 1, 3}.

Moreover, if F satisfies a mild separation condition, then the above result holds also
for the box dimensions, namely,

dimgF > 3dimpA(F) and dimgF > 3dimgA(F).

§1. Introduction. The main goal of this paper is to count triangles in a given

subset of R2. To be precise, for any set F C R* we consider the following
triangle set:

A(F)={r,r,nr eRi:Elx,y,ze Fori=lx—yl,n=I|z—y|,rn=x—2|}.

When F is a finite set, #A(F) is roughly the number of different triangles
spanned by F, where we used #B for the cardinality of a set B. Here we consider
two triangles to be the same if they are isometric with respect to the Euclidean
metric. In fact, #A(F’) counts a particular triangle at least once and at most six
times depending on whether the triangle is equilateral, isosceles or scalene.

On one hand, estimating the size of the triangle set A(F) in terms of the
size of F can be naturally considered as a ‘“higher order simplex” version of
the distance set problem, as we can regard line segments as 1-simplices and
triangles as 2-simplices. Some Hausdorff dimension results for triangle sets and
more generally n-simplex sets can be found in [6—8]. On the other hand, the study
of triangle sets belongs to the more general class of problems which can be best
described as “finding patterns”. For example, consider F C R?. How large must
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F be to ensure that F contains three vertices of an equilateral triangle? In [13]
is was shown that a set of full Hausdorff dimension can avoid containing three
vertices of equilateral triangles. However, in [1, Corollary 1.7] it was shown that
if F C R? satisfies some regularity condition concerning Fourier decay, then F
contains three vertices of an equilateral triangle. For more recent results see [17]
and the references therein.

Now we introduce a bilinear separation condition which is motivated by [11,
Bilinear Distance Conjecture 1.5]. In what follows we will encounter the
notions of dimensions, covering numbers and approximation symbols. They are
discussed in detail in §2.

Definition 1.1. For a set F C R?, we say that F is weak-bilinearly separated
if the following hold.

(1) There exist three disjoint sets Fp, F, F3 such that
FFUFRUFCF
and such that

min{dimg F, dimg F>, dimg F3} = dimg F.

(2) There is a positive number r > 0 such that any triple (x, y, z) € F| X F» X
F3 forms a triangle such that
(x =y, y =2 =lx = ylly = zllsin0(x =y, y =2)| > .

Here (., .) denotes the Euclidean outer product and 6(x — y, y — z) is the
angle spanned by x — y, y — z.

We say that F is strong-bilinearly separated if the condition (1) above is replaced
by the following stronger condition.

(1)  There are three disjoint sets Fy, F>, F3 such that
HURKUFKCF
and such that, for all § € (0, 1),
min{Ns(F1), Ns(F2), Ns(F3)} 2 Ns(F).

The intuitive idea behind the above bilinear separations is that F can be
essentially decomposed into three large parts. If we take one point from each
part, the three points form a triangle which is far away from being degenerate.
Following this idea, it is natural to guess that if F is not small, then we can find
many triangles in F. The following theorem formulates this idea more precisely.

THEOREM 1.2. Let F C R? be a compact and weak-bilinearly separated set.
Then we have the following inequality:

dimpA(F) > 3dimgF.
If F is strong-bilinearly separated, then we have

dimgA(F) > 3dimgF and dimgA(F) > 3dimgF.
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THEOREM 1.3. Let F C R? be a compact set. Then the following result
holds:
dima A(F) > 3 dima F.

Ifdimp F > 1, then we have the following better bound:
dima A(F) > 1+ dimy F.
Ifdimp F > 4/3, then we have the following even better bound:
dima A(F) > min{3 dima F — 1, 3}.

Note that for the Assouad dimension result we do not need any bilinear
separation condition on F. In this paper, we will use three different methods to
study the triangle sets. For the first part of Theorem 1.2 we will use a direct and
straightforward counting method, see Lemma 4.3, and for Theorem 1.3 we will
make use of the fact that there is a close relationship between the triangle sets
and the distance sets. For the second part of Theorem 1.3 we shall use a harmonic
analysis method introduced in [8]. All these three methods have their advantages.
The distance set method is more powerful in R? and the direct counting method,
as well as the harmonic analysis method, has a potential to be generalized for
higher-dimensional situations, see §8.

§2. Notation. We briefly introduce the notions of dimensions in this section.
For more details on the Hausdorff and box dimensions, see [2, Chs 2, 3] and [14,
Chs 4, 5]. For the Assouad dimension see [3] for more details.

We shall use N, (F) for the minimal covering number of a set F in R" by
cubes of side length r > 0.

2.1. Hausdorff dimension. For any s € RT and § > 0 define the following
quantity:

o0
Hy(F) = inf{Z(diam(U,-))S | JUi o F.diamuy) < 3}.
i=1 i
The s-Hausdorff measure of F is
HY(F) = lim H5(F).
5—0

The Hausdorff dimension of F is

dimyg F = inf{s > 0 : H*(F) = 0} = sup{s > 0 : H*(F) = o0}.
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2.2. Box dimensions. The upper box dimension of F' is
N log N, (F
dimg F = lim sup(—g—r()).
r—0 logr

The lower box dimension of F is

log N, (F
dimg F = 1iminf(—°g—’()).
— r—0 logr

If the upper and lower box dimensions of F are equal, then we call this value the
box dimension of F and we denote it as dimp F'.

2.3. The Assouad dimension and weak tangents. The Assouad dimension of F
is

dimp F = inf{s >0: (3C > 0)(YR > 0)(¥r € (0, R))(Vx € F)

Ny(B(x,R)NF) < C(§> },

where B(x, R) denotes the closed ball of centre x and radius R.

We now introduce the notion of weak tangent which is very useful in studying
the Assouad dimension. We start by defining the Hausdorff distance between two
compact sets A, B C R" as follows:

dw(A, B) =inf{s >0: A C Bs, B C As),

where As is the closed §-neighbourhood of A. Let X = [0, 1] for some n. Then
(K(X), dy), the space of compact subsets of X, is a compact metric space.

Definition 2.1. We call D € K(X) a miniset of F € C(R")if D = (¢F +1)
N X for some constants ¢ > 1 and r € R". A set E € K(X) is called a weak
tangent if it is the limit of a sequence of minisets (under the Hausdorff metric).

Due to [4, 12] we know that for compact subsets F C R”
dimp F > sup{dimp E: E is a weak tangent of F'}.

The following result can be found in [10, Proposition 5.7]; the positivity of
Hausdorff measure can be found in [4, Theorem 1.3].

LEMMA 2.2 (Kédenmiki—Ojala—Rossi). Let F be a compact set with
dimp F = s. Then there exist a weak tangent E of F such that

dimyg E = s.

Moreover, we have

H(E) > 0.
In particular, we see that, for compact subsets F C R”,

dimp F = max{dimy E: E is a weak tangent of F'}.

https://doi.org/10.1112/50025579318000505 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579318000505

DIMENSIONS OF TRIANGLE SETS 315

2.4. Approximation symbols for box counting. When counting covering
numbers, it is convenient to introduce notions ~, <, 2> for approximately equal,
approximately smaller and approximately larger. As our box counting procedure
always involves scales, later we use 1 > § > 0 to denote a particular scale. Then

for two quantities f(8), g(§) we define the following:

f S g < thereexists M > 0, forall § > 0, f(§) < Mg(d),

fze = g3/t
frg < fSgandg S f.

Thus f = g in our box counting procedure can be intuitively read as “ f and g
give the same box dimension”. Later in context, f, g can be either box covering
number of scale § or Lebesgue measure of a § neighbourhood of a set.

§3. Some recent results. 1In this section we review some results on triangle

sets A(F) for finite F C R2. A result from [9] shows that there exists a constant

C > 0 such that
#F

log#F’

where we write D(F) for the distance set of F defined as follows:

#D(F) > C

D(F)={lx—y|l:(x,y) € F x F}.
From here (see [7, §6] and the references therein) it is possible to show that

#F?
log#F "

#A(F) > C

For Borel sets, by a result due to [8, Theorem 1.5] it is possible to deduce the
following result.

THEOREM 3.1 (Greenleaf-Tosevich-Liu—Palsson). Let F C R2 be a Borel
set. If dimyg F > %, then A(F) has positive Lebesgue measure.

We note here a recent result on the distance sets that will be used later in
this paper. Notice that the theorem we stated below is weaker than its original
version [16, Theorem 1.1]. In what follows for x € R? we denote the pinned
distance set D, (F) to be the following set:

Dy(F)={lx—y|l:yeF}

THEOREM 3.2. Let F C R? be a Borel set with dimyg F = dimgF > 1. Then
we have the following result:

dimp{x € R? : dimg D, (F) < 1} < 1.
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§4. Some combinatorics. To prove Theorem 1.2 we need some combinatorial
results. In this section, we shall prove Lemma 4.3. This result is based on a
private communication with Héra. In order to improve readability and to make
our paper self-contained, we provided detailed proofs here. We begin with two
standard combinatorial tools.

LEMMA 4.1 (Chessboard). Let n > 1 be an integer. Let § > 0 and consider
a disjoint covering of [0, 11" with §-cubes. For any collection of N > 100" such
cubes, we can find a sub-collection with at least N /100" cubes such that each
two different cubes in this sub-collection are separated by at least 1006.

Proof. The idea can be presented in the following picture in R?.

\ \ \ \
] \ | \

We can assume § = 1/K for some integer K. Then our §-cubes can be
identified with a subset of N”. Namely

A={(a1,ar,...,a,) e N*: Vi €[l,n],a; €[1, K]}.
Leti € [1, n], r; € [0,99] be n integers. Consider the set
Apoor=1(a1,a2,...,a,) € A:i €][1,n],a; = r; mod 100}.

There are 100" many such sets, they are pairwise disjoint, and they form a
decomposition of A. Therefore for any subset of A with N elements, we can find
integers r;, i € [1, n], such that A, , contains atleast N/100" many elements.
By construction, two different points in A, ., are at least 100 separated.
The proof concludes by scaling the whole configuration back by multiplying
§=K" O

LEMMA 4.2 (Dyadic pigeonhole). Let N be an integer, and suppose there are
N positive integers m;, i € {1, ..., N} such that ), m; = M. Then we can find

a positive integer k such that Zi:mie[zkfl,zk) m; > M/log M.
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Proof. For each k € N consider
Dr={iefl,...,N}:m; € 25, 25,

It is clear that for each i we have 1 < m; < M and therefore we have at most
log M many non-empty sets Dy. Therefore there is at least one k£ such that

M
Z m; = . O
log M

ieDy

We will now prove the following combinatorial result.

LEMMA 4.3. Let O < r1 < rp be positive real numbers. Let y > 0 be another
positive number such that 0 < 10y < rp + ry. Let § > 0 be a positive real
number which can be chosen arbitrarily small. Let o, B be two non-negative
numbers such that we can find a set C C R? such that the following hold.

(1) The set C is 1005 separated and #C = §~%.

(2) Forany c € C, two circles ¢ + r1S' and ¢ + rp S' both contain §P many
1008 separated points. We denote the two sets of points as C1(c) and C2(c)
respectively.

(3) Forany c € C, we have the following condition:

#{(x,y) € Ci(c) x Ca(c) i —r1 + 10y < |x —y| <rp+r; — 10y}
> JHCI(OHC(0).

Then UceC (C1(c) U C2(0)) contains 2, §—030=p many 8-separated points.
The implicit constant in 2 depends on ry, rp, y but not on «, .

Proof. We can create a §-grid and count how many disjoint §-squares we need
to cover | .. C1(c)UCa(c). We have in total 26 ~* —B many possible points, but
they might not be all §-separated. We denote F the set of §-squares we need to
cover all points. Consider the following incidence set:

I ={x1,x,c) e FxFxC:
xiNe+rS! #@,xzﬂc-l—rle # 0,
lx1 —=x2| C (n—r1+y,rn+r—y}.
We now count #Z in two different ways. First, there are at most #72 many
elements in F x JF. For any pair (x1,x2) € F x F such that |[x; — x| C
(rp —r1+y,r+r1 —y), it is not hard to see that there are not many ¢ € C

such that
xlﬁc+r181;é(7), XQﬂC—{—rle;é@.

To be precise, consider Tr318 (x1), Tr32‘S (x7) to be the annulus cocentred with x1, xp

respectively. The inner and outer radii of Tr?‘s (x;) are r; — 1.56, r; + 1.58. Then
we see that

fceCixiNe+nS' #0,xNc+nS' 0} C T () NTY (x).
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Now observe that there is a constant A which depends on 7y, rp, ¥ such that
T () N T3 (x2)

can be covered by two squares side length A§. Because C is §-separated we see
that
{ceC:x Ne+rS! #@,xzﬂc—}—rQSl = (0}

contains at most 1000A2 many elements. Therefore we see that
#Z < 1000A%#F>. (D)

To obtain a lower bound, we consider each individual ¢ € C. By assumption for
each ¢ € C we can find at least 0.5#C(c)#C>(c) many pairs in F x F such
that the distance set between each pair of cubes are contained in (r; — r; + y,
rp —r1 — y). Therefore we see that

#I > 1570, )
The final result follows from (1), (2) by absorbing constants into > symbol. [

§5. Proof of Theorem 1.2. In the proof we will be counting covering numbers
with a fixed scale § € (0, 1). All the quantities might depend on §. We will also
use 2, <, &~ symbols. In this proof, we can see that there is a fixed number

M > 0 such that all the implicit constants in the approximation symbols can be
chosen as M. For example

f(8) < g(8) can be written as f(8) < Mg(§).

Let Fi, F;, F5 be stated as in the statement of Theorem 1.2. We first show the
result with weak-bilinear separation condition. For all § € (0, 1) and € > 0 we
have the following result:

min{Ns (F1), Ns(F2), Ns(F3)} 2, 6~ dmfe (%)

Later we shall let ¢ — 0 but for now it is a fixed number. By applying the
chessboard argument (Lemma 4.1) we can find 100§-separated subsets C; C F;,
i € {1, 2,3} such that

#C; 2 o7 dm I

We see that each (c1, ¢z, c3) € C1 x C2 x C3 forms a triangle which is far away
from being degenerate. (A precise description can be found in Definition 1.1.)
Now we can use disjoint § cubes to cover A(F'). Denote this set of 5-cubes to
be Ns(A(F)). We see that the triple (Jc; — ¢3|, |2 — ¢3], |c3 — ¢1]) belongs to
one of the cubes in Ns(A(F)). We denote K (c1, ¢2, ¢3) to be this cube. For each
K € Ns(A(F)) we define the following set:

S(K) ={(c1,¢2,¢3) € C1 x C2 x C3: (lc1 — ez, |c2 — c3], |e3 — c1]) € K}.
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Clearly we have the following relation:

Z #S(K) = #C1#Cr#C5.
KeNs(A(F))

Then by pigeonhole principle we see that there exists at least one K such that

HOHOMCs (s~ dims Ftey3

#S(K) > <
Ns(A(F)) Ns(A(F))

Intuitively this means that we can find a triangle and we can find a lot of copies
of that triangle in F. Now we fix this choice of cube K. For each ¢ € C1, we
define the following set:

S(K,c1) ={(c2,¢3) € C2 x C3 : (c1, €2, ¢3) € S(K)}.

Then we see that

Z #S(K, c1) = #S(K).

C]EC]

By the dyadic pigeonhole principle (Lemma 4.2) we can find two integers N1, N
such that

#S(K)
NiNy 2 ————
2log#S(K)

and such that there are N1 many c¢; € C; with
#S(K, Cl) € [Nz, 2N2].

Now we take a closer look at the set S(K, c¢1) for ¢; described as above. We can
find many pairs (cy, ¢3, ¢3) in C; x C3 such that c1, ¢, ¢3 is é-close to a fixed
non-degenerate triangle. Because of the bilinear separation condition, there exist
positive constants ry, 2, v such that
lcy —c2| € [r1 — 38, r1 + 361, lcy —c3| € [r2 — 38, r2 + 341,
lca — 3| € [lr1 —r2| + 10y, r1 +r2 — 10y].

If we further fix c¢,, then there exist at most a bounded number (which does not
depend on §) of ¢3 such that

(CQ, C3) (S S(K, Cl).

To summarize, around each ¢; we can find two (not necessary distinct) annuli of
inner, outer radii in [r; — 38, r1 + 36], [r» — 38, rp + 368]. Those annuli contain
2 #S(K, c¢1) many points in Cp, C3 respectively. Now we can apply Lemma 4.3

to deduce that
Ns(F) 2 /NiN3.
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We also have the following obvious bound:
Ns(F) > max{Ny, N»}.

So we see that

273 _1 (S—diﬂF"ré)z
Ns(F) Z (N\N)* 2 023 Ny (A )

Therefore we see that forall § > 0

1 >3/2 (5 dimpF+e)3

logé
We know that there exist arbitrarily small § € (0, 1) such that
Ns(F) < §~dmf—e,

This implies that
dimgA(F) > 3dimgF — 4.5¢.

By letting ¢ — 0 we see that
dimgA(F) > 3dimgF.

Now we shall show the result for strong-bilinear separation condition. In this
case we can replace the inequality () with the following:

min{Ns(F1), Ns(F>), Ns(F3)} 2 Ns(F).

The rest of this proof is very similar to that of the weak-bilinear separation case.
We omit the full details.

§6. Proof of Theorem 1.3, part I. Before we prove Theorem 1.3, let us
examine an extreme case when the weak-bilinear separation condition does not
hold. Suppose that F is contained in a line segment and for simplicity we shall
assume that F C [0, 1]. For any é € (0, 1) we can cover F with disjoint §-boxes
and we need Ns(F) many of them. Then we simply find x € F such that

Ns(F N[0, x]) = Ns(F N [x,1])

and therefore for any y,z € F with y < x < z we see that (x — y,z — x) €
A(F). It is easy to see that this gives at least 0.25N; (F )2 many contributions to
Ns(A(F)). As this holds for all § € (0, 1) we see that dimpA(F) > 2dimpF.
We will use this result later. o o

LEMMA 6.1. If F C R? is a compact subset, then A(F) is a compact subset
of R3.
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Proof. 1t is clear that A(F) C R3 is bounded. We show that A(F) is also
closed. Let a; € A(F),i > 1 be a sequence of points converging to a € R3.
Then we can find points (x;, y;, z;) € F x F x F such that

a; = (Ixi — yil, |xi — zil, lyi — zil).

By taking a subsequence if necessary we assume that x; — x,y; = y,z; = 2
for (x,y,z) € F x F x F. Then we see that

Ixi —yil = Ix =yl |xi —zil =[x —zl, |zi = yil = |z —yl.
Thus we see that a € A(F). This concludes the proof. 0

LEMMA 6.2. Let E be a weak tangent of F. Then A(E) is a subset of a weak
tangent of A(F). In particular we see that dimp A(E) < dimp A(F).

Proof. By definition, E is the limit in Hausdorff metric of sets E; = (r; E-+b;)
N [0, 11> where

bi € R?, ri >0, lim r; = oo.
11— 00

Now we can take the sequence A(E;) and it is easy to see that

A(E)) CrAF)N[0, 1.
By taking a subsequence of the sets E; if necessary we can assume that

Ei, A(E), riA(F) N[0, 1T
all converge as i — oo with respect to the Hausdorff metric. Now fix a positive
number € > 0 and suppose that (a, b, c) € A(E). Then for all large enough i we
can find three points (a;, b;, ¢;) in E; such that

max{la; — al, |bj —bl, |c; —c|} < €.

Then we see that

la; — bi| < |a; —al|+la — b+ |b —b;| < |a —b|+ 2e,
la — b| < |a — a;| + |a; — bi| + |bj — b| < |a; — bi| + 2e.

Similar relations hold for |b — ¢|, |b; — ¢;j| and |a — c|, |a; — c;| as well. We see
that
A(E) C lim A(E;) C lim (r; A(F) N[0, 11%).
| Edee] 1—> 00

This is what we want. O
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Because of Lemmas 2.2, 6.1 and 6.2, by taking a weak tangent if necessary,
we can assume that F has equal Hausdorff dimension and Assouad dimension,
say, s > 0 and H*(F) > 0. We shall try to find an integer k > 0 and three disjoint
dyadic cubes

c1,¢2,¢3 € Dy

such that fori € {1, 2, 3}
dimg(¢c; N F) = 5.

In what follows, for each i we write F; as ¢; N F. Furthermore, any triple
(x,¥,z) € F1 X F> x F3 form a triangle that is far away from being degenerate,
namely, there is a constant » > 0 such that for all such triples

[(x —y,y—2)| >r

If we can find such dyadic cubes, then F1 U F> U F3 is weak-bilinearly separated
and by Theorem 1.2 we see that

dima A(F) > dimg A(F) > dimg A(F{UF,UF3) > 3dimg(F{UF,UF3) > 3s.

Now we are going to find those dyadic cubes. We shall see that it is always
possible to find such cubes unless F is essentially contained in a line in a precise
sense. First we want to find k1 such that at least two non-adjacent cubes in Dy,
whose intersections with F have positive H* measures. If such k; does not
exist, then we see that 7{* has singleton support and this is not possible. This
contradiction gives us the existence of ki. Then we can find two non-adjacent
cubes A1, Ay whose intersections with F has positive H* measures. Then for
any k > ki we can find Ak, Ag € Dy with Alf C Ay, Aé C Ajp. Then we define
the following “line” set:

INAK£4,1NA% £0
L(Ak, A%) = U INF.

[ is aline

Since F is bounded, we see that as k — o0, L(Ak, Ag) converges to a line
segment L with respect to the Hausdorff metric. Now if for any & > k; we can
find Ag‘ € Dy whose intersection with F has positive H* measure such that

245 N L(A%, AY) =9,

then we can choose ¢; = Af.‘ for i € {1, 2,3} and we are done. Otherwise we
see that H* is supported in a 3 x 27% neighbourhood of L for all k > k; and
therefore H* is supported in L. Therefore we can actually focus on F N L, and
in this case we saw that s < 1 and

dima A(F) > dimpA(F) 2 2dimgF > 2dimyg F = 2dimp F.
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In the right-most inequality we have used the assumption that dimyg F = dimp F.
This shows that
dima A(F) > 3 dima F. (%)

Now we assume that dimp F = s > 1, and in this case, because of
Lemmas 2.2, 6.1 and 6.2, as before we can assume that dimg F = dimpa F =
s > 1 and H*(F) > 0. Then we see that F' is weakly-bilinearly separated
in this case because s > 1. As above, we can find subsets Fy, F», F3 C F
with positive H* measures. Since s > 1 and dimg F; < dima F = s we see
that dimyg F| = dimp F], and the same relation holds for F3, F3 as well. By
Theorem 3.2 we see that there exists x € F| such that dimyg D, (F>) = 1. Then
we see that
dimg D (Fy) = 1.

For each € > 0, for all small enough numbers § > 0 we see that
Ns(Dx(F2)) > 871*¢, (#)

Now we choose [ € D,(F;) and y € F> such that [x — y| = [. Because of the
construction of F, F>, F3 we can assume that [ > ¢ for a constant ¢ > 0 which
does not depend on §. Therefore we see that there exists constant M > 0 such
that for each pair of two points z, 7’ € F3 with |[z—z'| > M3, the triangle spanned
by xyz and the triangle spanned by xyz’ separate each other by at least § when
regarded as points in R3. Since dimy F3 =dimp F3 = s, we see thatdimg F3 = s
and for all small enough § we have Ns(F3) > §57¢. Then together with (#) we
see that, for all small enough § > 0,

Ns(A(F; U Fo U F3)) > 817512,

This implies that dimp A(F) > 14 s — 2¢. Since € > 0 can be chosen arbitrarily
small we see that
dimp A(F) > dimpA(F) > 1 + .

The above result holds for dimay F = s > 1 and together with (%) we see that
the first two conclusions of Theorem 1.3 hold.

§7. Proof of Theorem 1.3, part II. In this section, we closely follow [8].
At this stage, we are not aiming at self-containing. The reader is strongly
recommended to read [8] and convince himself/herself that the result we are
going to prove “naturally follows”. In fact, a fairly large part of the main proof
in this section shares arguments with [8].

As we use some different notation from that used in [8], we reintroduce some
definitions from [8].

Definition 7.1. Letn > 2 and 2 < k < n+1 be integers. Given a set F C R",
define

AR(F) = {(rij, 1 <i < j<k) e RFED2Z0 5 x e F,
|x,-—xj|=r,-j,1<i<j<k}.
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Notice that Az has the same meaning as A we have dealt with. Taking
permutations of vertices into account, Ag (F’) counts a particular simplex at least
once and at most c(k) times for an integer c(k) depending only on k. For k = 3
we know that ¢(3) = 6.

Definition 7.2. Let F C R" be a compact set and let i be a probability
measure supported on F. For g € O(n), the orthogonal group on R", we
construct a measure vg as follows:

/ f(Z)dvg(Z)=//f(u—gv)du(u)du(v), f € CoR").
R~ FJF

In other words, ve = u * gu, where gu is the pushed forward measure of
under the map g. We also construct a measure v on Ag(F) ¢ RK¢=D/2 py

/f(t)dV(t) = / Sxr = xal ool = xjl s Ixe—1 — xeD) d e (x1)
o du(xp), f € CoRMED/Z),
where 1 is a k(k — 1)/2-vector with entries |x; — x;| for 1 <i < j <k.

For a given set F C R" we can choose p supported on F with some
regularities, for example, a Frostman measure. Then with these regularities we
are able to obtain some results of v. Since v supports on Ax(F) we can get
some information for Ay (F). Thus the difference between Ay (F) in the above
definition and Ty (E) in [8, Definition 1.1] is that we count the same simplex
multiple times due to permutations of its vertices. For example, a triangle AABC
would count differently from ABAC in our triangle set counting, but they are
actually the same triangle. A bit of caution should be given here. We frequently
use Bj(x) for the (closed) §-ball around x in a metric space. We will encounter
the situation where we use Bs(x), Bs(z) in the same expression but x, z are in
different spaces. We hope no confusion will rise here as the closed balls should
be in the same space as their centres.

THEOREM 7.3. Let F C R" be a compact set with dimy F = s > n/2. Then
we have
dimg A(F) > min{2s + y; — 2n + 3, 3},

where ys = (n+2s—2)/4ifs € [n/2, (n+2)/2]and ys =s—1ifs = (n+2)/2.
In particular, when n = 2 we see that
dimg A(F) > 2.5s — 1.

Then the third conclusion of Theorem 1.3 follows by the above Theorem and the
weak tangent trick introduced in the previous section. When s is large enough
so that 2s 4+ y; — 2n + 3 > 3, then A(F) has positive measure; this was shown
in [8].
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Proof of Theorem 7.3. We need to choose cutoff functions in various places.
Unless otherwise mentioned, all cutoff functions are assumed to be real-valued
and radial. Let ¢(.) be a function taking arguments in R/ with [ > 1,/ € N.
We say that ¢ is radial if ¢ (x) = ¢(y) whenever |x| = |y|. A particular reason
for requiring the radial property is that Fourier transforms of real-valued radial
functions are also real-valued and radial. Let u be an s-Frostman measure
supported on F; s can be arbitrarily chosen as long as s < dimyg F. Then
we construct measures vg, g € O(n), v as in Definition 7.2. To start with, we
choose a Schwartz function ¢ € S(RKK=1/2) bounded by 1.5 whose support is
contained in B1(0) and equal to 1.5 on By ,5(0). We also require that ||¢]|; = 1.
For any positive number 8 > 0, let ¢s(.) = 8 *K=D/2¢(./8). Let vs = ¢5 * v.
We know that vs — v as § — 0 in the weak-* sense. By the argument in [8, §2]
we see that

/v%(z)dzsa—"<k—l>fu2k (@1 X Y1 ) € RPE
|(xi —gyi) — (xj —gyj)I < 3,1 <i < j<k}dg,
where dg is the Haar measure on OQ(n). Now we claim that for each g € O(n),

(G, Xk 1 k) € R (g — gyi) — (xj — gyl <4,
1<) <0< [ B dvta),

To see this, let xq, ..., Xk—1, 1, ---, Yk—1 be given, and consider the following
section (we omit the coordinates xp, ..., Xk—1, Y1, - - - » Yk—1 as they are fixed):

{Ces i) = 1 — gyi) — (xj — gyl < 8,1 <i < j <k}
It is easy to see that the above section is contained in
E = {Cex, yi) + [(xe — gyi) — (x1 — gy1)| < 8}
Then we see that the 142f measure is now bounded from above by

w2 DG, e, Y1 ) € REEEDR

(i —gyi) — (xj —gyp)I <8, 1<i<j<k—1}
< / 12 e i) de (o) dp ()

We see that 1p(xg, yx) = fGx — gw) for f @z € R" — f(z) =
L{a:la—(x1—gy1)|<8} (2)- Then by the definition of v, we see that

/ LE Xk, yi) dn(xp) dp(ye) < vg(Bas(x1 — gy1)).
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In fact, if v, does not give positive measure on any spheres then vg(B2.55(.))
would be continuous with compact support and we would get

/ L (o i) die (o) dpn (o) = vg(Bs(x1 — gy1))-

However, we do not assume this continuity of v, and we only have an upper
bound by choosing a real-valued function in Cy(R”) which is bounded from
above by one, equal to one on Bs(x| — gy1) and vanishes outside Bos(x; — gy1).
We can do the above step k — 1 times and as a result we see that, for each fixed
X1, y1, the section (we omit the coordinates xp, y; as they are fixed)

{2, 2 y2s ) € R (i —gyi) — (x — gyl <8, 1< < j <Kk}

has «?~? measure at most

Vi~ (Bas(x1 — gy1)).
By Fubini’s theorem, we see that
L, X Y e ) € RP L ( — gy — (xj — )] <6,
1<i<j<k}

< / ve ' (Bas(x1 — gy1) dp(x1) dp(y1) < / ve ! (Ba.ss(2)) dvg (2).

If vy (B2s5(.)) were continuous, then we would have

/Ug_l(Bza(xl —gyD)du(x))du(y) = /Ug_l(BZB(Z))dVg(Z)‘

In general, we choose a continuous function sandwiched by vg(B2s(.)) and
Vg(B25s(.)) (by taking a convolution of a suitable smooth cutoff function
with vg) then apply the definition of v, to arrive at the above inequality. Thus
we have shown the following estimate:

/ vi(2)dz 587D / / Vi1 (Ba.ss (2)) dvg (2) dg.

If v, were absolutely continuous with respect to the Lebesgue measure for almost
all g € O(n), then the right-hand side above could be replaced by

// vg(z) dzdg.

Then we would arrive at the same situation as in [8]. In general, we do not
have this continuity at hand. To deal with this issue, let ¢”P(.) be a radial
Schwartz function such that <$D D s non-negative, vanishes outside the ball of
radius 0.5¢” > 0 around the origin and is equal to a positive number ¢ > 0 on a

https://doi.org/10.1112/50025579318000505 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579318000505

DIMENSIONS OF TRIANGLE SETS 327

ball of radius ¢’ > 0 around the origin. Now we take the square ¢ = (¢PP )2
and see that
$P = §PP 4 GPP .

We see that <13D is non-negative, and vanishes outside the ball of radius ¢” around
the origin. Unlike qAbD D ¢3D is no longer a constant function on any ball centred at
the origin. However there is a number ¢’ > 0 such that for each w inside B~ (0),
(ﬁD (w) is greater than O.ngAﬁD (0) > 0 and less than 2<§D (0). By rescaling, we may
assume that ¢ (x) > 1 for x € B»5(0). This can be done because ¢” is real-
valued and Schwartz and ¢ (0) > 0. Since (ﬁD is compactly supported, we can
denote ¢ = ||$P || 0o. We write hgs = ve* P (871.). We see that

Ve (B255(2)) = f

B 55(2)

dvg(x) < f P ((z = x)/8) dvg(x) = hg 5(2).

Now we write fg 5(.) =86 "hg s(.). As aresult we see that

/ Vi) dz < / / 151 @ dvg(2) dg.

Let ¥ be a smooth real-valued cutoff function supported in {w € R" : |w| €
[0.5, 4]} and identically equal to 1 in {w € R" : |w| € [1, 2]} and bounded
from above by 1. Let fg 5., vg, ; be the jth Littlewood—Paley piece of f, s,
v, respectively, namely, fg,a, j(w) = fg,(g(a))w(Z_j w), and similarly for v, ;.
The rest of the argument is essentially the same as in [8, §3]. We need to bound
| fe.5,jllco as well as ||vg, jlloo- The later can be bounded by

C2J(n=s)

for any s < dimyg F with a constant C depending on the function . This
was shown in [8, p. 805]. For the former, we will be interested in estimating
| fe.5,jllcc when 2/ is not as large as 81, In this case, recall that Sfo.5 = vgx* d)({:’,
and in terms of Fourier transform we have

Fesj = DedPw (@)

Recall that q&g)(.) = 6‘”¢D(./8); therefore we have qﬁ;D(.) = quD((S.). Then we
see that

I fe.6.illoe < 11 fe,8,jll1

<" / 1Dy (@)Y 2V 0)| de

N

o / (@) (gw)] do
sz+2 0)

< / R d / (g do.
B,j12(0) Byj+2(0)
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By the discussion in [15, §3.8] we see that
/ (@) ]? do < 2UFD0=9)
sz+l 0)

The same estimate holds for [, ji+2(0) |i(gw)|>dew as well. Therefore we
2]
see that
| fe.b.illoo < €270

Where C’ > 0 is a constant which does not depend on g, j, §. Observe 'that if
2/=1 5 871 then fe.5,j = 0, and this is the reason for considering 2/ to be
not much larger than s—L. By [15, Formula (3.27)], we have

/ Fi51 @ dvg(2) = / Dg (@) fe % % fo(~w) do. ()

We can apply exactly the same argument as in [8, §3]. As a result we see that
/ fi3' @dvg(z) S Y 2/ IED) / | fo.6.7 (¥)vg ()| dx.
J

By the Cauchy—Schwartz inequality we see that

/lfg,a,j(x)vg,j(x)ldx < \//|fg,8,j(x)|2dx/|Vg,j(x)|2dx-

By Plancherel’s formula we see that
/ | fe.5.; 00 dx = / | fo5.j(@)> do
= / 9. (@) 19P (@) > dew < ("> / D¢, (@)[* do.

However, if 2771 > ¢”/6~1 we see that (ﬁaD(a)) = 0 whenever |ow| € [2/71, 2712].
Thus in this case we see that

/|fg,a,j<x)|2dx = / D¢, (@)*16P (@) > dw = 0.
Therefore we see that, for 2/~ < ¢”/8§71,
/ | fe.6.j (Vg j(X)| dx < / v, (x)|* dx.

Then by integrating the above inequality against dg we see that
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f ;@) dz S / / fi5 @ dvg(2) dg
< Z 2j(”_“')(k_2)/ |vg,j(x)|2a’xdg.

ji2im1<ers !

Notice that v, ; is real-valued. By Plancherel’s formula we have

f/|vg,,~(x)|2dxdg:f 9. (@)* dodg
=/ Iﬁg(w)lzlw(Z‘jw)Izdwdg-

Since vy = u * gu we see that

/f|ﬁg(w)|2|w2—fw)|2dwdg=/ (@) | (go) P |¥ 27 w) > dw dg.

Since  is radial, for t > 0 we write 1 (¢) for the value v (x) with an arbitrary
x with norm |x| = ¢. This value is well defined. Then, up to a multiple constant,
the above expression on the right-hand side is equal to

2
/ ( / . |/3c<rr>|2dr) y @0 dr, (%)

where dt is the Lebesgue measure on the unit sphere. We see that (xx) is
bounded from above by

2/+2 2
/ (/ |,&(tr)|2dr> "Lz,
2j-1 sn—1

Now we have the following estimate:

/ fi5' @ dvg(2)dg
) 2J+2 2
s ) 2f<”><k2>/. (/ |,&(tr)|2dr> " dr.
j2i<ens 2j-1 sn—1

If k = 3, then we have (the sum of negative values of j gives a constant)

/ fi5(2)dvy(2)dg

2J+2

2
s ) 2J<"—S>f (/ |,&(tr)|2dr> " Ldr.
ji1<2i<2e81 2 "

Now we are going to use [8, Theorem 3.1].
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THEOREM 7.4. Let u be a compactly supported Borel measure on R". Then
fors € (n/2,dimg u), e > 0,

/ RGO dT Ses 1977,
Snfl
where yg = (n+2s—2)/4ifs € [n/2, n+2)/2]and ys =s—1ifs > (n+2)/2.

Here dimy p is defined to be the following value:

sup {s -0 // e = Y1 dpr) du(y) < oo}.

For a compact set F' we have dimy F = sup,,cp(r) dimy . In our situation, we
recall that s < dimyg F, which was mentioned in the beginning of this proof.
If 27— < 81 we see that

2J+2

2
/ (/ |ll(tf)|2dr> "l dr < 2/,
2j-1 sn—1

This is because (see the beginning of [15, §3.8]),

2J+2

/ (/ "“"””f)f”‘ldtﬁf @) do> < 27,
2J-1 Snfl B(O,2j+2)

since p is an s-Frostman measure. For the sum with small j, we assume that
2n — 2s — ys > 0 for otherwise v is absolutely continuous as shown in [8, §3].

‘We have
i(2n—2s— —(2n—2s—
Z 2 ( v <, o5 ¥s)
Ji1<2i 28!

In all we have obtained that, for k = 3 and 2n — 25 — y; > 0,
/ fis(@)dvg(zx)dg S 87T,
Therefore we see that
/Vg(Z) dz S/fﬁg(z)dvg(z)dg < §=Cn=2s-%),

The above estimate holds for each § with a suitable constant in the symbol <.
We claim the following estimate holds:

/ D(@)* do S 877277,
By-1(0)

To see this, observe that qAS is Schwartz, real-valued and &(0) > 0. Then there is
a positive number r such that ¢(w) > 0.5¢(0) whenever |w| < r. Then we know
that

/B o 1D(@)* do < (0.56(0)) > / 1D()s () |* do

B s—1(0)

< (0.54(0)) 2 f (s () |* do.
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Since vy is real-valued we see that

f D(@)s(@)|* do = / V3 (@)[* dw = / V3 (2) dz.
From here the claim follows. Therefore we see that

/ 15(@)Plool ™~ do

< / |3 dw+22ﬂf—3>/ 1D(w))? dw < 00
B1(0)

>0 lwle[2/,2/+1]

whenever 0 < ¢t < 3 + 2s + y; — 2n. This implies that v has finite ¢-energy if
t <3+ 25 + ys — 2n. Therefore we see that

dimgv > 2s 4+ y, — 2n + 3.
This concludes the proof. O

§8. Further comments and problems. A crucial point for the proof of
Lemma 4.3 is that if we fix a point in R? and we want to put n different triangles
with the same shape and the corresponding vertex x, then the other two vertices
trace out a subset of two concentric circles. On each of these circles, we have
at least /2 points. So we get n” /4 many different pairs for incidence counting.
This does not hold in R3. For example, take a 3-simplex and put  rotated copies
of this simplex around a fixed point in R3. Then the other three points trace out
three (not necessarily different) concentric spheres. However, it can happen that
one of the spheres contains only one point. So we cannot hope to get roughly
n3 many triples for the incidence. Instead, it is possible to show that the number
of triples is at least roughly n2. The situation is more complicated for higher
dimensions. We think that the following general result holds.

CONJECTURE 8.1. Let F C R",n > 1 be a compact set. Then the following
result holds: n
dimp A, (F) > 3 dimp F.

More generally we can ask the following question.

Question 8.2. Let F C R" with n > 1. Then for an integer k € [2,n + 1]
what is the relation between dima F and Ay (F)?

In particular, when k = 2 we encounter the distance set problem and in this
case we have the following result by [S, Theorem 2.9].

THEOREM. Let F C R" withn > 1. We have the following result:
1
dimg D(F) > 7 dimp F.
The inequality is strict unless dimp D(F) = 1.
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