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A SPATIAL DYNAMIC PANEL DATA
MODEL WITH BOTH TIME AND
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This paper establishes asymptotic properties of quasi-maximum likelihood estima-
tors for spatial dynamic panel data with both time and individual fixed effects when
the number of individuals n and the number of time periods 7' can be large. We pro-
pose a data transformation approach to eliminate the time effects. When n/T — 0,
the estimators are /nT consistent and asymptotically centered normal; when n is
asymptotically proportional to T, they are «/nT consistent and asymptotically nor-
mal, but the limit distribution is not centered around O; when n/T — oo, the es-
timators are consistent with rate 7 and have a degenerate limit distribution. We
also propose a bias correction for our estimators. When nl/3 /T — 0, the correc-
tion will asymptotically eliminate the bias and yield a centered confidence interval.
The estimates from the transformation approach can be consistent when # is a fixed
finite number.

1. INTRODUCTION

Recently, there has been a growing literature on the estimation of dynamic panel
data models when both n and T are large (see, among others, Phillips and Moon,
1999; Hahn and Kuersteiner, 2002; Alvarez and Arellano, 2003; Hahn and Newey,
2004). For panel data with spatial interaction, we have Baltagi, Song, and Koh
(2003), Kapoor, Kelejian, and Prucha (2007), and Yu, de Jong, and Lee (2007,
2008). Those papers focus on models with only individual effects. However, in the
panel data literature, there are also two-way error component regression models
where we have not only unobserved individual effects but also unobserved time
effects (see, among others, Wallace and Hussain, 1969; Amemiya, 1971; Nerlove,
1971; Hahn and Moon, 2006). Hence, it is natural to study the spatial dynamic
panel data (SDPD) models when both n and T are large with both individual
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effects and time effects. This would be useful for empirical applications where
the time dummy effects might be important, such as in growth theory and regional
economics (for recent empirical applications of panel data models with both time
dummy effects and spatial effects, see Ertur and Koch, 2007; Foote, 2007).

In Yu et al. (2008), the consistency and asymptotic distribution of the maximum
likelihood (ML) estimator and quasi—-maximum likelihood (QML) estimator are
established for the SDPD model when individual effects are included. Also, a
bias correction procedure for the estimator is proposed. It is shown that as long
as n'/3/T — 0, the correction will asymptotically eliminate the bias of the order
O(T~") and yield a centered confidence interval. This approach can be directly
extended to the estimation of models with both individual and time fixed effects,
where “direct” means we also estimate the fixed time effects jointly with other
parameters. When there are time effects included in the model, we might have ad-
ditional bias of the order O(n~!) in the estimates if we estimate the time effects
directly (see Theorem 6 in Section 4.2). In this paper, we propose a transformation
procedure to eliminate the time effects that can avoid the additional O (n~!) order
bias with the same asymptotic efficiency as the direct QML estimates when » is
not relatively smaller than 7. Our transformation procedure is particularly useful
when n/T — 0. For the latter, the estimates of the transformed approach have
faster rates of convergence than those of the direct estimates. The direct estimates
have a degenerate limit distribution, but the transformed estimates are properly
centered and are asymptotically normal. The estimates from the transformed ap-
proach can even be consistent and asymptotically normal when 7 is a fixed finite
number.

This paper is organized as follows. In Section 2, the model is introduced and
the data transformation procedure is proposed. We then explain our method of
estimation, which is a concentrated QML estimation. Section 3 establishes the
consistency and asymptotic distribution of the QML estimator of the transforma-
tion approach and its bias corrected estimator. Section 4 presents the asymptotic
properties of the direct approach estimator. Simulation results are reported to com-
pare the two approaches. Section 5 concludes the paper. Some useful lemmas and
proofs are collected in the Appendixes.

2. THE MODEL
2.1. Data Generating Process and Data Transformation
The model considered in this paper is
Yur = AoWn Y +70Yn,e=1 + poWnYn,i—1 + Xt fo
+cpotawly+ Ve, t=1,2,...,T, aQ

where Y, = (y17, Y215+ > Yur) @and V,; = (014, 024,. .., ) are n x 1 column vec-
tors and v;; is independent and identically distributed (i.i.d.) across i and ¢ with
zero mean and variance ag. Also, W, is an n x n spatial weights matrix! that is
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nonstochastic and generates the spatial dependence among cross sectional units
Vit» Xnt 18 an n X k, matrix of nonstochastic regressors, c,g is an n x 1 column
vector of individual fixed effects, a;q is a scalar of time effect and [, isan n x 1
column vector of ones.? The total number of parameters in this model is equal to
the sum of the number of individuals » and the number of time periods 7', plus
the dimension of the common parameters (y, p, ', A,0%)’, which is k, +4. The
matrix W, is usually row normalized from a symmetric matrix, which ensures
that all the weights are between 0 and 1 and weighting operations can be inter-
preted as an average of the neighboring values. Also, a spatial weights matrix row
normalized has the property W[, =1,,.

Define S, (1) = I, — AW, and S,, = S,,(40) = I,, — 20 W,,. Then, presuming S,
is invertible and denoting A, = S, 1 (yol, + poWp), (1) can be rewritten as Y,,; =
ApYn -1+ Sn_l Xt Po+ Sn_l cno+ atoSn_lln + Sn_1 V. Assuming that the infinite
sums are well defined, by continuous substitution,

00
Yo = z Aﬁ Sn_l (CnO + Xn,t—hﬁO +at—h,Oln + Vn,t—h)
h=0

=) h

= ttn+ X fo+1, Y, 0 (VHPO) + Ui, )
imo1—40 \ 1—=4o

where g, = 3% 0 ALS T eno, Xur = 3520 ARST X -y and Uy = 350, AlLS 1

X Vn,t—h-

When both n and T go to infinity, one way to estimate (1) is to estimate all
the parameters including both the time effects and individual effects in the model,
which will yield a bias of the order O (max(n~!, T~1)) for the common param-
eters (see Theorem 6). In this paper, we will introduce a data transformation
approach (to eliminate the time effects) such that we can avoid the bias of the
order O(n~"), whereas the estimator may have the same asymptotic efficiency
as the direct QML estimator. This transformation procedure is particularly use-
ful when n/T — 0, where the estimates of the transformed approach have faster
rates of convergence than the rates of convergence of the direct estimates. Also,
when n/T — 0, the direct estimates have a degenerate limit distribution, but the
transformed estimates are properly centered and are asymptotically normal. In the
event that n is a fixed finite number, the estimates from the direct approach will
be inconsistent whereas the estimates from the transformation approach can still
be consistent and asymptotically normal.

Let J, = I, — (1/n)l,l), be the deviation from the group mean transformation,
which is a projector. When W,l,, =I,,, we have J, W, = J, W, (J,, + (1/n)l, 1)) =
J. W, J,, because J, W,l,, = J,l,, = 0. Hence,

(JnYnr) = Ao(Jn Wn)(JnYnt) + VO(JnYn,t—l) +p0(-]n Wn)(JnYn,t—l)

+(Jant),BO+(Jncn0)+(]nvnt)a 3

https://doi.org/10.1017/50266466609100099 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609100099

SPATIAL DYNAMIC PANELS WITH TIME AND INDIVIDUAL EFFECTS 567

which does not involve the time effects, and J,,c,0 can be regarded as the trans-
formed individual effects. Thus, we can estimate 8y and J,,c,( on the basis of the
transformed equation (3), where relevant variables are premultiplied by J,,.

A special feature of the transformed equation (3) is that the variance matrix
of J,V,; is equal to ag J, so that the elements of J, V,; are correlated. Also, J,
is singular with rank (n — 1) as J, is an orthogonal projector with trace (n — 1).
Hence, there is a linear dependence among the elements of J,V,;. An effective
estimation method will eliminate the linear dependence in sample observations.
This can be done with the eigenvalues and eigenvectors decomposition as in the
theory of generalized inverses for the estimation of linear regression models (see,
e.g., Theil, 1971, Ch. 6).

The eigenvalues of J, are a single zero and (n — 1) ones. An eigenvector cor-
responding to the zero eigenvalue is proportional to I,. Let (Fy, n—1, I/ A/n) be
the orthonormal matrix of eigenvectors of J, where F), ,_ corresponds to the
eigenvalues of ones and I, /+/n corresponds to the eigenvalue zero. As is de-
rived in Section A.1 of Appendix A, the transformation of J,Y,, to Y, where
Y= F,Z,n_ljn Y = Fr/z,n—IYm is of dimension (n — 1), gives

Y;t = AOW; Y:t + VOY:,t—l +p0W; Y;,t—l + X;tﬂo —|—c;0 + Vn*t’ 4)

where W) = F,/w_1 WyFyn-1, X5 = ,/L’n_lan,,, = F,;,n_le, cry =
F,’l’n_lj,lc,,o = Fr/t,n—lcno’ A Fr/w_ljn Ve = F,;’n_le, and V. is an
(n — 1)-dimensional disturbance vector with zero mean and variance matrix
aozln_ 1. Equation (4) will provide the estimation of the structural parameters in
the model. This equation is in the format of a typical spatial autoregressive model
in panel data, where the number of observations is 7' (n — 1), reduced from the
original sample observations by one for each period. Equation (4) is useful as it

motivates the derivation of the likelihood function for Y}, in our approach.

2.2. The Method of Maximum Likelihood Estimation

Denote 0 = (&, 4,02) and ¢ = (&, 2,c),) where d = (y,p,B’). At the true
value, 0y = (6(/),/10,002)/ and ¢o = (), A0, ¢€),y)" where do = (y0, po, By)’. Sup-
pose that V,; is normally distributed N (0, 0021,,), the transformed V', will be
N(O, 0'02 I,_1), and (4) can be estimated by ML. The log likelihood function of (4)
for Y, is

n—-DT nm—DT )

InL, 7(0,c;)=— In27z — Inc

1 L * *
+TIn|l—1 — AW;| —5.3 Y VOV, ), 5)
t=1

where V. (0)=(I,—1 —AW,) Y, — Z%,0—c; with Z,; =Y 1—1, Wa Y011, Xn)3
To use (4) for effective estimation, the determinant and inverse of (I,—1 —AW)
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are needed. As is derived in Section A.2 of Appendix A, (I,—1 —AW)) = F,;’n_l
(In = AW) Fyn—t, [Inm1 = AW | = 1/(1 = ) [ Iy — AW, |, and (I,—1 — AW,;) ™ =
F,;’n_ Uy = /1Wn)_l Fy,n—1. Thus, the tractability in computing the determinant
of (In—1 —AW)) is exactly that of (I, —AW,). When W, is constructed as a
weights matrix row normalized from an original symmetric matrix, Ord (1975)
has suggested a computationally tractable method for the evaluation of |7, — A W,,|
at various / for the ML method. Thus, this will also be useful for evaluating the
determinant of (1,—1 — AW,’) even though the row sums of the transformed spatial
weights matrix W, may not even be unity. Furthermore, a spatial autoregressive
model is an equilibrium model in the sense that the observed outcomes are deter-
mined by the equation. That is, the matrix (/,—1 — AW,;) will be invertible. For
the transformed equation (4), (/,—1 — AW,)) is invertible as long as the original
matrix (7, — AW,,) in (1) is invertible (see Section A.2 of Appendix A).
Also, as we have

(In—l - i‘/V:)Yr:‘t - Z;:ta - C;:

= r:’n—] I, - /IWn)Fn,n—l : F,;,n_l Y — F}//l’n—] Zpid— F,;,n_lcn

1
= Fr/t,n—l(lﬂ - j'VVIZ)(In - ;lnl;,)Ynt - F,/,,n_lznté_ F,;,n_lcn

= F/,n_l [((In = AW Yn — Zyi6 — ¢y,

n

because F, ,_ Wyl, = F, , I, =0, it follows that

n,n—1
VIOV, (0)
=[(Iye1 = AWY S = 22,0 = 2V [(Inet — AWHY = Z2,0—c]]
= [(In - /IWn)Ym - Znté_ Cn]/Fn,n—lF,;,n_l[(In - /IWn)Ynt - Znté_ Cn]
= [(In - /IWn)Ynl - Znt5 - Cn]/-]n[(ln - /IWn)Ynt - Znté_ Cn]»

by Fn,n_lF,;’n_1 = J,. Hence, the log likelihood function (5) for Y, can be
expressed in terms of Y,; as

T T
InLy.7(0,cp) = =T (”T)huﬂ —Tn(1—=2)
1 T
+T1n|1n_/1Wn|_mZVr:[(e)JnVnt(e)a (6)
t=1

where V,,;(0) = (I, — AWy,) Yy — Z,10 — ¢, and J,, can be read as the generalized
inverse of o, 2Var(Jn Var).
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2.3. First-Order Condition and Second-Order Condition
of the ML Estimator

Therefore, if we transform the data from Y,,; to Y, Fn n—1Ynr, we will max-
imize (5) by searching over the parameter space. ThlS is equivalent to the es-
timation of the spatial dynamic panel model with only individual effects with
(n — 1) cross-section units and 7' time periods. Alternatively, one may maximize
(6) instead. However, although the components of V,; are i.i.d. in the model, the
elements of V", might not be independent in general, even though they are uncor-
related. The original asymptotic analysis in Yu et al. (2008) does not directly carry
over to the transformed model with the disturbances V,.* As (5) is equivalent to
(6), it turns out that we can analyze the asymptotic distribution of the estimator
just from (6).
Using first-order conditions, we concentrate out ¢, in (6) and get’

m—DT
2

@=DT 5 _
2

InL,7(0)=— Ine?—=TIn(1—2)

~

+Tn|l, — AW, Vé,(H)J;zvnt(e)’ (7

| 1
202 =

where V1 (0) = (I, — AWp) Yp — Zypid and J, Vi (0) = Ju [y — AW,) Yy — Z,y0 —
a;l,] because J,l,, = 0. The concentrated likelihood function is different from
that of the direct approach6 (see equation (20) in Section 4) in that we have an
attachment of [% In27 6% — T In(1 — 4)]. For the concentrated likelihood function
(7), the first-order derivatives and the second-order derivatives are (C.2) and (C.3)
in Section C2 of Appendix C. Let J, Vit = JulSu¥ni — Znido — 610l ). For the
first-order derivative evaluated at 6y, denote G,, = W,,S,; 1. we have

1 olnL, 7(6o)

=0T 00
= ot 2 2 2o Vi
1 W 2 (G Znta()) Jn an

= ; ®

which is a linear and quadratic form of Vn,. For the information matrix, let

0*InLy.7 (0 5 5
Z:(7'0,nT =-E (ﬁ 118078,5/(0)) andH,r =1/((n—1)T) th:] (Znt, Gn anf;o)/
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In(Znt GuZnido). We have

1 EH,r *
Z“490,}1T = )
90 \O1x,+3 O

Ok, +2) x (ky+2) * *

+| Oixw+r 2 (GG +u((JnGa)P)]

01 x (ke +2) 2(n l)tr(J Gy) ﬁ
Ok, +2) x (ky +2) * *
0BG Var) InZar 2 B[(GnZar 00) JnGnVar |
_ + =7 (G, JnGn) *
T E G Vi) [(annrao)f Var]’

+ o tnGn) 7

)T

3. QML ESTIMATORS

For our analysis of the asymptotic properties of the estimator, we make the fol-
lowing assumptions.

Assumption 1. W, is a row normalized nonstochastic spatial weights matrix.
Assumption 2. The disturbances {v;;},i =1,2,...,nandt =1,2,..., T, are
i.i.d. across i and ¢ with zero mean, variance 002, and Elu,-t|4+’7 < oo for some

n> 0.

Assumption 3. S, (1) is invertible for all 1 € A. Furthermore, A is compact,
and the true parameter A is in the interior of A.

Assumption 4. The elements of X,,; are nonstochastic and bounded’ uniformly
in n and ¢, and lim7_, o % Zthl X, Jn Xy exists and is nonsingular.

Assumption 5. W, is uniformly bounded in row and column sums in absolute
value (UB).8 Also Sn_l(/l) is UB uniformly in 4 € A.

Assumption 6. Y2°  abs(A") is UB, where [abs(A,)]ij = |An.ijl-

Assumption 7. 7 is a nondecreasing function of 7', and T goes to infinity.
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Assumption 1 is a standard normalization assumption in spatial econometrics.
In many empirical applications, the rows of W, sum to 1, which ensures that
all the weights are between 0 and 1. If the row normalization in Assumption 1
does not hold, the transformation approach will not work, and we can use the di-
rect approach presented in Section 4. Assumption 2 provides regularity assump-
tions for v;;, and our analysis is based on i.i.d. disturbances. If there is unknown
heteroskedasticity, the ML estimator (or QML estimator) would not be consis-
tent. Consistency methods such as the generalized method of moment (GMM)
in Lin and Lee (2005) and that in Kelejian and Prucha (2007) may be designed
for the model (which is for future research). If the disturbances have a paramet-
ric variance function or spatial correlation structure, the ML method may need
to be generalized to take into account those structures. Invertibility of S, (1) in
Assumption 3 guarantees that (2) is valid. Also, compactness is a condition for
theoretical analysis. In empirical application where W,, is row normalized, one
just searches over a parameter space on (—1, 1). For the case where W, is not
row normalized but its eigenvalues are real, A can be a closed interval con-
tained in (—1/|®y,minl, 1/®n,max) Where @, min and @, max are the minimum and
maximum eigenvalues of W, (Anselin, 1988). When exogenous variables X,,;
are included in the model, it is convenient to assume that the exogenous regres-
sors are uniformly bounded as in Assumption 4. Assumption 5 was originated
by Kelejian and Prucha (1998, 2001) and is also used in Lee (2004, 2007). The
uniform boundedness of W, and S;!(1) is a condition that limits the spatial cor-
relation to a manageable degree. Assumption 6 is the absolute summability con-
dition and row/column sum boundedness condition, which will play an important
role in deriving asymptotic properties of the QML estimator. This assumption is
essential for the paper because it limits the dependence between time series and
between cross-sectional units.’ Assumption 7 allows two cases: (a) n — 00 as
T — oo0; (b) n is fixed as T — oo. If n is fixed, the system (1), is a dynamic
structural model, and its reduced form has a vector autoregressive representation
with restricted coefficients and stationary properties (Hamilton, 1994, Ch. 11).

3.1. Consistency

For the concentrated log likelihood function (7) divided by the effective sample
size (n — 1)T, the corresponding expected value function is Q. 7(f) =
Emaxc, 1/((n—1)T)InL, 7(8,c,), which is

1 1 1
n =——In27r —=Ino? — In(1 — In|S,
On,70) 2n T 2na n_ln( /1)+n_1n|S D]
1 I, ~
————E(> Vi )
22— DT\ & 0t (0)In Vi (6) )

To show the consistency of QML estimator 7, we need the following uniform
convergence result.
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CLAIM 1. Let ® be any compact parameter space. Then under Assumptions
1-7, ﬁlnLn,T(ﬁ) — On,1(0) L) uniformly in 6 € ©, and Q,,(0) is uni-
formly equicontinuous for 0 € ©.

~2
For identification, if the information matrix —E (ﬁ %W) 18 nonsin-

2
gular and —E (ﬁ %{;’0{(6)) has full rank for any # in some neighborhood

N (6o) of B, the parameters are locally identified (see Rothenberg, 1971). For the
information matrix, using Lemma 16 in Yu et al. (2008), we have

s 1 EHnr *
OonT = —5
o af Oix(k,+3 O

0k, +2)x (ke +2) * *
+ le(kx+2) n%l [tr(G;,-InGn)+tr((JnGn)2)] *
1 1
O1x (k,+2) WU(JnGn) 208
vof(l (10)
T 9

which is nonsingular if E¥,r is nonsingular or 1/(n — D)[tr(G},J,G,) + tr((Jn
Gn)?) — (2tr*(J,Gp))/(n — 1)] is nonzero (see Section D.2 of Appendix D for the
proof). Also, its rank does not change in a small neighborhood of §; (see Yu et al.,
2008, eqn. (41)). When limr_, .o EH,, 7 is nonsingular, the global identification of
the parameters is shown in Theorem 1, which follows. When lim7_,oc EH, 1 is
singular, global identification can still be obtained from Theorem 2 (also in this
section) via a condition on the variance structure of the model. Denote ¢2(1) =
(04/(n=1)(S; 1S, (A) JnSu(2) S, ).

THEOREM 1. Under Assumptions 1-7, if im7_ oo EH, 7 is nonsingular, 0y is
globally identified and Ot LS 6.

THEOREM 2. Iflim, oo 11 [o35;7 877! | = LIn[o2(2) ;7 ()8, ()] ) #
0 for A # 20,'0 under Assumptions 1-7, 6y is globally identified and Our LS 0.

3.2. Asymptotic Distribution

As Zys = (Yn,i—1, WaYy.1—1, Xyt ), we can decompose Jan such that

JnZnt = Jan(;;) - (JnUnT,—ls JanUnT,—l, Onxkx), 11)
where Zr(tl;)_z ((Xn,t—l + Un,t—l)n (Wan,t—l + WnUn,t—l)a Xnt) with Xn,t—l =
X,,i—1 — Xur,—1. Hence, J, Z,,; has two components: one is J,, z,?;), uncorrelated
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with V,;; the other is —(J, l_],,T,_l, J. W, UnT,_l, 0, %k, ), correlated with V,;

when ¢t < T — 1. Therefore, from (8), the score can be decomposed into two parts
| oLr@) _ 1 9ILY7(0)

J@=-DT 00 - J@-DT o0

such that — A, 7 where

1 olmLY)()
Jin—DI a0

2 Z3 n Ve

2 «/(n l)T

5 (u)
ZW Z(G Znt 00) Jn Ve + 2 zm 1)

(V,{tG;, Jn Var — a3ty Gy)

t=1

T
1 1
Rmtgl(vnl[]nvm - (n - 1)0-()2)

L (JnUnt,—15 JaWnUnt,—1, Opci) Vit

1
ag "
;T)zil(]nG (UnT -1, Wy UnT -1 nxkx)a())/VnT

n—1
VT +L LV GV, - 1Y
o‘é 1 YnrYnIn¥nT
L Vi
()
Similar to Yu et al. (2008), the variance matrix of J(nll)T oln ng G0) is equal to
(u) (u)
1 61nLn,T(60) 1 61nLn,T(60)

Jm=NDT 00 Jm=NDT 08’

= Zgo.ntT +Qpy.n + O (T_l) > 14)

where Xg, ,7 is in (10) and the following matrix is a symmetric matrix with u4
being the fourth moment of v;;:

0k, +2)x (ks +2) * *

— 4 n
Qpyn = M 01 % (k,+2) n%liz,l[(JnGn)”]z

1
403

01 (k,+2) %tr(-]n(;n)
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When V),; are normally distributed, Qg, , = 0 because u4 — 3061 = 0 for a normal
distribution. Denote Xq, = lim7_ 00 Xg,,,7 and Qg, = lim7_, o0 €24,,,; then

1 olmL™. 1 olmL™.6
lim E _ n.r ) _ ”’/T( ) _ g, +Qgp. (15)
Tooo \/(n—DT o0 (=0T 00

| oLl (@)
Vn—DT o0
limit theorem for martingale difference arrays (Lemma 3 in Appendix B). For

the term A,r, from Lemmas 1 and 2 in Appendix B, A,r = /(n—1)/Tag,» +
0/ (n—1)/T3H+ op(ﬁ) where ag, » = O(1) and

The asymptotic distribution of can be derived from the central

ot (4 2520 A3©)) 577 (D)
% (Wa (Jn 2520 AR 0)) 571 (2))
O, x1
a7 (G (2) (Jn 2520 AL (O)) ,:1(1))

+-Lptr(G (W) Wa (40 2520 AR©)) $71 () + 5 t(J, G (1))
1
262

ag.n =

(16)

To obtain the asymptotic distribution of the score, we need the following addi-
tional assumption.

Assumption 8. lim7_, oo EH,r is nonsingular or lim,— o 1/(n— D[tr(G),
Jn Gn) +tr((JnGn)2) - 2tr2(-]n Gn)/(n - 1)] 7é 0.

Assumption 8 is a condition for the nonsingularity of the information matrix
Yg,- When lim7_, o EH,,7 is singular;'! as long as we have lim,_, o 1/(n — 1)
tr{(G/, J,Gp) + tr((J,G)?) — 2tr*(J,G,,)/(n — 1)] # 0, the information matrix
X, is still nonsingular (see Section D.2 of Appendix D).

oInL,.7(60)
S —l)T 30

CLAIM 2. Under Assumptions 1-8, + Aur i> N(0, Zg, +

Qgy). When {v;;}, i = 1,2,...,n and t = 1,2,...,T, are normal, ﬁ
w + A 5 N, Zgp)-
5 o
Also, under Assumptions 1-8, we have (11_11)T : lgég,f @ (n—ll)T ) “}52’;(&’) N

&L, 10 Q.1 (O -
10 —6oll - Op(1) and (n_ll)T 11395’(5/( b) _ %,,;;,(, D) — 0 (ﬁ) similar to
(38) and (39) in Yu et al. (2008). Combined with Claim 2, we have the following
theorem for the asymptotic distribution of 8,,7.
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THEOREM 3. Under Assumptions 1-8,

V(o =DT Ot —60) + 1/ nT_leO,nT +0, <max <\/ HT%I ﬁ))

d — —
S N, 25 (Zg,+ Q) 25, an
where bg, nT = 2‘9_0,1”4130,” is O(1).
When

When
When

A d — —
— 0, v/nT @ur —00) > N0, Z5 ' (Zg, + Q) T4 -
A d — —
— k < 00, V/nT Our —60) +~kbgy.nr = N (O, Zg ' €y + Qay) Tg -
— 00, TGt —00) +bgy.nr = O.

Nl N NI

From (17), the QML estimator has the bias —(1/T)bg, .7, and the confidence
interval is not properly centered when 7 — k where 0 < k < co. Furthermore,

when n/T — oo, the presence of by, ,7 causes é,,r to have a degenerate dis-
tribution. An analytical bias reduction procedure will correct the bias of the es-

timate. Define the bias corrected estimator as é,}T = AnT - B’—T” where I§,1T =
[— EH_,}” ~a9,n] |0:9nr' We will show that when n/T3 — 0, 9an is ~/nT consis-
tent and asymptotically centered normal even whenn/T — oco. To show our result

for the bias corrected estimator, we need the following additional assumption.

Assumption 9. 3°  A(©@) and 32 hA=1(0) are uniformly bounded in
either row sum or column sums uniformly in a neighborhood of 6.

Assumption 9 can be justified through Lemma 5 in Appendix B. Our result for
the bias corrected estimator is as follows.

THEOREM 4. Under Assumptions 1-9, if % -0, V(n— 1)T(éJT —b) 4
N@O, 25" + 250 25D,

3.3. Monte Carlo Results

We conduct a small Monte Carlo experiment to evaluate the performance of our
ML estimator and the bias corrected estimator for the transformation approach.
We generate samples from (1):

Yir = AoWnYy + V()Yn,t—l +p0WnYn,t—l +Xntﬁ0 + €no + a0l + Ve,
t=1,2,...,T,

using 65 = (0.2,0.2,1,0.2,1)" and (9(’)’ = (0.3,0.3,1,0.3, 1) where 6y = (y0, po,
Bos /1(),0‘02)/ and X,;;, cpo, a7o = (a1, a2,...,ar), and V,,; are generated from in-
dependent standard normal distributions'? and the spatial weights matrix we use
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is a rook matrix.!3> We use T = 10, 50, and n = 16, 49. For each set of generated
sample observations, we calculate the ML estimator 9nT and evaluate the bias
6 — Oy; we then construct the bias corrected estimator ! 7 and evaluate the bias

91 — 6. We do this 1,000 times to see if the bias is reduced on average by using

1 000
the analytlcal bias correction procedure, i.e., to compare 7 000 >l b, — 6o)i

with 1,000 000 21_0{) 0 (HJT —6p);- We also compare not only the emplrlcal standard

error of the estimator but also the average of the estimated standard error of the
estimator.'* With two different values of 6 for each n and T, finite-sample prop-
erties of both estimators are summarized in Tables 1-3, where Table 1 is for the
magnitude of biases, Table 2 is for the standard errors of the estimator, and Table
3 is for the size under 5% significance level for the hypothesis that a coefficient is
at its true value.

We can see that both estimators have some biases but the bias corrected estima-
tors reduce those biases. This is consistent with our asymptotic analysis, because
the bias corrected estimator will eliminate the bias of order O(T~!). Also, the
bias reduction is achieved while there is no significant increase in the variance of
the estimator, as can be seen from Table 2. Additionally, the estimated variances
and the empirical variances are close, and so the estimated variances constructed
from the Hessian matrix may be reliable. From Table 3, we can see that the size
distortion is much reduced after bias correction.

For different cases of n and 7', we can see that for each given n, when T is
larger, the biases of the two sets of estimators will be smaller and the variance
will be smaller; for each given T, when n is larger, the biases of the two sets of

TABLE 1. Biases of transformation approach estimators

Bias of 0,1T (1st line) and .7 (2nd line)
Case T n 6o y p p A o2

(1) 10 49 465 —0.0627 —0.0045 —0.0101 —0.0013  —0.1159
—0.0038  —0.0023  —0.0026 0.0004  —0.0276

2) 10 49 0(1)’ —-0.0697 —0.0093 —0.0132 —0.0086  —0.1183
—0.0037 —0.0001  —0.0023  —0.0029  —0.0307

3) 50 49 65 —0.0119  —0.0013 0.0001 0.0000  —0.0217
0.0000  —0.0013 0.0004 0.0001 —0.0022

4) 50 49 96’ —0.0131 —0.0017  —0.0001 —0.0006  —0.0218
—0.0000  —0.0013 0.0004  —0.0004  —0.0023

(5) 50 16 6§ —-0.0121 -0.0032  —0.0013  —0.0018  —0.0247
—0.0002  —0.0033  —0.0009 —0.0018  —0.0052

—-0.0134  —0.0043  —0.0013  —0.0017  —0.0247
—0.0004  —0.0042  —0.0008 —0.0015  —0.0052

(6) 50 16

=X

Note: 0§ =(0.2,0.2,1,0.2, 1) and 63 =(0.3,0.3,1,0.3, 1).
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TABLE 2. Standard errors of transformation approach estimators

Empirical S.E. of 9,,T (1st line) and QAT (2nd line)

Case T n 20 y P s A o2
(1) 10 49 05 0.0351 0.0666 0.0482 0.0539 0.0610
0.0373 0.0707 0.0484 0.0540 0.0671
2) 10 49 967 0.0349 0.0643 0.0484 0.0514 0.0610
0.0375 0.0711 0.0488 0.0523 0.0671
3) 50 49 05 0.0149 0.0270 0.0203 0.0228 0.0297
0.0150 0.0273 0.0203 0.0228 0.0303
4) 50 49 06’ 0.0147 0.0252 0.0203 0.0215 0.0298
0.0149 0.0256 0.0203 0.0215 0.0304
3 50 16 0 0.0248 0.0504 0.0372 0.0412 0.0519
0.0250 0.0510 0.0372 0.0412 0.0529
(6) 50 16 96’ 0.0239 0.0484 0.0373 0.0403 0.0518

0.0241 0.0492 0.0372 0.0403 0.0529

Estimated S.E. of §,7 (Ist line) and 4. (2nd line)

Case T n 20 y P s A o2
(1) 10 49 05 0.0324 0.0621 0.0456 0.0504 0.0572
0.0340 0.0654 0.0478 0.0510 0.0629
2) 10 49 96’ 0.0323 0.0602 0.0457 0.0487 0.0571
0.0339 0.0639 0.0479 0.0491 0.0628
3) 50 49 05 0.0142 0.0273 0.0204 0.0224 0.0283
0.0143 0.0276 0.0206 0.0225 0.0288
4) 50 49 06’ 0.0139 0.0258 0.0204 0.0214 0.0283
0.0141 0.0262 0.0206 0.0215 0.0289
) 50 16 05 0.0254 0.0508 0.0366 0.0422 0.0504
0.0256 0.0513 0.0369 0.0423 0.0514
(6) 50 16 06’ 0.0247 0.0491 0.0366 0.0412 0.0504

0.0249 0.0497 0.0369 0.0413 0.0514

estimators will not be smaller but the variance will be smaller. This is consistent
with our theoretical prediction, because the bias is of the order O(7 ') and the
variance of the estimator is of the order O((nT)™"). Also, the size distortion is
much reduced when T is larger.

4. AN ALTERNATIVE APPROACH: DIRECT ESTIMATION

An alternative approach is to estimate both the individual effects and the time
effects directly.!> As is shown subsequently, the QML estimators from this
approach will yield bias of the order O (max(n~', T™1)).
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TABLE 3. Sizes of transformation approach estimators

Sizes of 8,7 (Istline) and 4. (2nd line)

Case T n 20 y p g A o2
€)) 10 49 a5 0.4780 0.0710 0.0720 0.0640 0.5300
0.0980 0.0780 0.0660 0.0680 0.1350
2) 10 49 (9(1)’ 0.5630 0.0670 0.0760 0.0610 0.5480
0.0970 0.0890 0.0650 0.0710 0.1510
3) 50 49 a5 0.1450 0.0520 0.0400 0.0550 0.1450
0.0650 0.0540 0.0410 0.0540 0.0630
()] 50 49 0(1)’ 0.1660 0.0420 0.0410 0.0550 0.1460
0.0690 0.0490 0.0420 0.0560 0.0670
Q) 50 16 a5 0.0730 0.0410 0.0570 0.0410 0.1000
0.0490 0.0460 0.0550 0.0410 0.0620
(6) 50 16 0(1)’ 0.0740 0.0470 0.0540 0.0480 0.1000

0.0500 0.0530 0.0520 0.0470 0.0650

Note: 06’ =(0.2,0.2,1,0.2, 1) and 0(1)’ =(0.3,0.3,1,0.3, 1). The sizes are obtained under 5% significance level.

4.1. Model, Likelihood Function, First-Order Condition,
and Second-Order Condition

Denote ar = (ay,az,...,ar) as the time effects; the likelihood function of

(1)is

T T
LY (0, co,0r) = —”711127[ _ %lnaz-i—TlnlSn(/l)l

1 I
_ﬁ 2 Vr;l(6>cn> ar)Vu (0, cy, ar), (18)
t=1

where V,;(0,c,,ar) = S, ()Y — Z,y6 — ¢, — ayl,. For (18), the first-
a7 d

order condition for a; is %{Zlc"aﬂ = (l/az)ll’1 Vut (@, ¢, ar), and it implies

a;(0,cy)=1/n)l (S, (A)Yn — Zy 6 —cp). It follows that Vi, (0, ¢, &7 (0, €1)) =

Ju 1Sy (W)Y — Z,:0 — c,,]. Hence, the likelihood function with a7 being concen-

trated out is

T T
InLf 70, 60) = =75 In2w ===+ ThnlS, ()]
T
—5.3 2V 0,2, 670, )/ Vi (0, €0, &7 (0, )1 (19)
t=1

Compared to (6), (19) is the concentrated likelihood function for the true data
generating process where the time effects are concentrated out, whereas (6) is the
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likelihood function for the transformed data. For (19), the first-order derivative

d
of ¢, is %cig’c”) = ﬁfle Va0, cn, &1 (0, ¢y)), and it implies J,¢,(6) =

Jn [Sn(A)Yur — Zy76]. The likelihood function with both ¢, and a7 concentrated
out is
T
lnLdT(Q)_—71 27t—71n0' +T1n|S,(1)| - Z (0) 1, Vi (0).
=1 (20)

For (20), the first-order derivatives are (E.1) and (E.2) in Section E.1 of Appendix E.
Hence,

1 olnL{ (6o

VnT 00

—_

T - -
O.L(%\/ﬁtgl JnVnt
r ~ ~
= 0%(% ;lzT zzl(Gn mcso) Jn nt+ 2\/— 2( n/tG;,Jan—o'gtan) R

‘71,:[]" Vnt - n0'02)

)

5]~
ﬁ_
5,

Il ™M~
—~

~

21

which is a linear and quadratic form of Vs For the information matrix of (20),

2 d
d 1 9"InL; () d LT (5 5
denote Xy ,r = —E (nTaeae and H,p = 57 Xi1 (Znt, GnZuido)'

Jn (Znta Gn Zméo); we havelﬁ

. Ok, +2)x (ky+2) * *
1 EH *
zé’o,n7=2<0 " 0>+ Oixtu) 5 [1(GLInG) + (G
1% (ky+3
0 \TIxte3) 01 (k,+2) %%ntr(JnGn) gla;
Ok, +2) x (k,+2) * *
2
) ) 2-E [(GuZu10) JnGn Vot |
g_]TnE[(GnVnT)/JnZnT] ﬂon ’ *
0 1 +ﬁtr_(GanGn)_ ,
LB [(GnZp10) InV,
AltE(Z’TJn‘_/nT)/ aé‘n [( nent 0) ! "T] =y
ogn n +02#tr(~]nGn) Ty
0

Here, ”HZT is the covariance matrix of regressors of the reduced form (C.1) after
demeaning from both the time dimension and the cross-sectional dimension (see
Section C.1 of Appendix C for the reduced form).
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4.2. Asymptotic Properties

Similarly to the transformation approach, we can obtain the asymptotic properties
of the QML estimator. To do that, we need to strengthen Assumption 7 such that
both n and T are large. This is so that the time dummies can be consistently
estimated. However, in contrast with the transformation approach, we do not need
the row normalization of the spatial weights matrix.

Assumption 1’. W, is a nonstochastic spatial weights matrix.

Assumption 7'. n is an increasing function of 7', and T goes to infinity.

THEOREM 5. Under Assumptions 1, 2—6, and 7', if lim7_ o EHZT is non-
singular or

n—oo \ n

1 I
lim <1n’a§5,’1_15;1‘—1n a,%(z)s;;‘(z)s;‘(z)‘) £0  for i % Ao,
n

0o is globally identified and é,‘fT 4 0.

anLd (6 aIn 199 o)
From (1) and (21), we have - Zear @ — L ZRBr @) 5y 0o Ay g

where
1 olLL% (6o)

VnT 00

1

Z% 1,V
1

3
I ™M~

1
2
0'0 t

~ T
(GnZ60) I Vs + T 2 (Vi Gdn Vs = 03ty Gp)

|
=
(8]
§1_
35
I ™M~
-

T
ey ZI(V,;;Jan_(n_I)O'()z)

206‘ Ml‘
(22)
At
%&%(JHUHT,—Ia JanﬁnT,—laonxkx)/‘_/nT
;%%(JnGn(UzzT,—ls WnUnT,—l: Onxkx)éo)/VnT
n
=% ) ) , (23)
+J—13§V,§TG;1J,1V”T

o

1 Ty 7
761; nTJnVnT
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Ok, +2)x1

/T
A2,nT = \/g(tan -, G,) | = g -ag,,2, and 24)
\/E 1
n 2002

/
1 1
agy2 = <le(kx+2), ;l,/anlna 20(?> . (25)
e 1 oL @) .
The asymptotic distribution of \/757’0 can be derived from Lemma 3.
For the term A 7, from Lemma 2, Ay ,r = \/?ago,n,l + O(, /%) + Op(ﬁ)
where

atr (I ZiZo A7) S771)
att (Wa (I 2520 A7) 571)
O, x1
Lot (G (0 S50 AL) ;1) + Lot (G W, (5320 A) 57

+1tr(JaGn)

Afy,n,1 =

n—1

1
n 21702

(26)
The asymptotic distribution of the QML estimator is as follows.

THEOREM 6. Under Assumptions I’, 2-6, 7', and 8,

Ad In |T In [T |1
vnT(ﬁnT—Q())—F ?beo,nr,1+ ;bﬁo,nT,2+0p <m3X< V3T

d _ _

S N, 25 (Zg, +Q00) 25, 27)
where bgy n1,1 = (Ego,nT)_]ae(),n»I and bgy nT,2 = (Ego,nT)_lae(),z are O(1) and
agy.n,1, Agy,2 are defined in (26) and (25).

When 7 — 0, n(@fl’T —60) + bgy,nt,2 5.

When % — k < oo, ~nT (0% — 00) + VKbgyur.1 + vk Tbgyars >
N, 25" (Za, + Q0I5 ).

When 7 — oo, T(@jT —6o) +bgy.nt,1 5o.

https://doi.org/10.1017/50266466609100099 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609100099

582 LUNG-FEI LEE AND JIHAI YU

From (27), the QML estimator has the bias —(1 / T)bgy,nr,1 and —(1/n)bg, n7,2,
and the confidence interval is not centered when % 7 — k where 0 <k < oo. 17 Fur-
thermore, when T and n do not have the same order the presence of by, 7,1 and
bgy,nT,2 causes o4 % to have a degenerate distribution. An analytical bias
reduction procedure will correct the bias By ,7 = —bg,,n1,1 and Bz ,7 = —bgy,n7,2
by constructing estimates f?l T éz o7 and defining the bias corrected estima-

Biar B2 T d -1
tor as 94 = 4% — Ll — 2217 where Bi,r = [—(29,”) ~ag’”)1”0:é’% and

Bz,nT = [_(Zﬁ,nr)_l ~a,9’2] ‘9=9dr' ‘We show that when n/T3—> 0 and T/n3 — 0,

éj} is +/nT consistent and asymptotically centered normal.

THEOREM 7. Under Assumptions I’, 2-6, 7', 8, and 9, lf% — 0 and n% — 0,
/nT d -1 -1 -1
(enT _60) - N(O’ 290 + 290 QHO 290 )

By comparing Theorems 6 and 7 with Theorems 3 and 4, we see that both
estimators are consistent and have the same limiting variances when the limiting
distributions are not degenerate. For the transformed approach, the estimator has
the bias of the order O (7 ~!), and the bias correction requires n/T> — 0. For the
direct approach, the estimator has the bias of the order O (max(n~!,T~!)), and
the bias correction requires not only n/T3 — 0 but also 7/n> — 0. Hence, the
transformed approach has an advantage over the direct approach especially when
n is relatively small. But the direct approach also has its own merit in that we

TABLE 4. Biases of direct approach estimators

Bias of 097 (Ist line) and 9} (2nd line)
Case T n 6o y p p A o2

(1) 10 49 465 —0.0610 —0.0014  —0.0092 —-0.0312 —0.1318
—0.0035 0.0026  —0.0022  —0.0009  —0.0298

) 10 49 0(1)’ —-0.0669 —-0.0014 —-0.0117 —=0.0391 —0.1327
—0.0032 0.0115 —0.0015 —0.0008  —0.0333

3) 50 49 g5 —0.0100 0.0051 0.0010  —0.0296  —0.0394
0.0002 0.0001 0.0007  —0.0019  —0.0031

4) 50 49 9(])’ —0.0099 0.0108 0.0016  —0.0297  —0.0379
0.0002 0.0014 0.0007  —0.0007  —0.0033

5) 50 16 05  —0.0067 0.0115  —0.0030  —0.0973  —0.0842
0.0012 0.0013 0.0006  —0.0199  —0.0130

—0.0032 0.0272  —0.0008  —0.1038  —0.0785
0.0026 0.0082 0.0014  —0.0213  —0.0117

(6) 50 16

=X

Note: 08 = (02,0.2,1,0.2, 1) and 6% = (0.3,0.3, 1, 0.3, 1).
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TABLE 5. Standard errors of direct approach estimators

Empirical S.E. of §¢,. (st line) and ¢} (2nd line)

Case T n 6o y p s A o2
@) 10 49 0§ 0.0350 0.0668 0.0482 0.0529 0.0600
0.0373 0.0712 0.0484 0.0539 0.0670
) 10 49 (9(1)’ 0.0347 0.0646 0.0484 0.0509 0.0601
0.0376 0.0801 0.0490 0.0533 0.0669
3) 50 49 05 0.0149 0.0270 0.0203 0.0225 0.0292
0.0150 0.0273 0.0203 0.0228 0.0303
“ 50 49 49(1)’ 0.0147 0.0252 0.0203 0.0209 0.0293
0.0149 0.0258 0.0203 0.0212 0.0304
) 50 16 05 0.0249 0.0499 0.0375 0.0376 0.0489
0.0251 0.0508 0.0373 0.0394 0.0525
6) 50 16 93 0.0238 0.0483 0.0375 0.0381 0.0492

0.0241 0.0504 0.0373 0.0399 0.0525

Estimated S.E. of 0%, (Ist line) and 07} (2nd line)

Case T n 6o y p s A o2
1) 10 49 a5 0.0321 0.0615 0.0452 0.0488 0.0556
0.0340 0.0653 0.0478 0.0491 0.0622
2) 10 49 0(1)’ 0.0320 0.0596 0.0453 0.0471 0.0558
0.0338 0.0637 0.0478 0.0469 0.0623
3) 50 49 05 0.0141 0.0270 0.0202 0.0217 0.0275
0.0143 0.0276 0.0206 0.0217 0.0286
4 50 49 9(])’ 0.0138 0.0255 0.0203 0.0208 0.0277
0.0141 0.0260 0.0206 0.0206 0.0287
) 50 16 0§ 0.0246 0.0488 0.0354 0.0376 0.0458
0.0255 0.0507 0.0368 0.0375 0.0495
(6) 50 16 (9(])’ 0.0239 0.0471 0.0355 0.0366 0.0463

0.0248 0.0489 0.0368 0.0360 0.0498

do not need the weights matrix to be row normalized. We conduct a small Monte
Carlo experiment to compare the two estimators where we use the same simulated
data. Table 4 is the counterpart of Table 1, Table 5 is the counterpart of Table 2,
and Table 6 is the counterpart of Table 3. From Tables 4 and 6, for biases and
sizes, the performance of the bias adjusted estimates can be much better than the
performance of the unadjusted estimates. By comparing Tables 4-6 with Tables
1-3, we can see that the biases of estimates from the transformation approach are
smaller than those of the direct approach; also, for the sizes of the estimates, the
direct approach has distorted sizes compared to the transformation approach when
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TABLE 6. Sizes of direct approach estimators

Sizes of @4, (1st line) and %1 (2nd line)

Case T n 6o y p s A o2
(N 10 49 a5 0.4670 0.0760 0.0700 0.1060 0.6440
0.1010 0.0850 0.0680 0.0810 0.1600
2) 10 49 0(’)’ 0.5420 0.0680 0.0770 0.1400 0.6410
0.0990 0.1160 0.0690 0.0860 0.1650
3) 50 49 o5 0.1280 0.0540 0.0450 0.2740 0.3210
0.0670 0.0550 0.0410 0.0670 0.0750
4) 50 49 0(’)’ 0.1220 0.0790 0.0460 0.2960 0.3020
0.0710 0.0490 0.0430 0.0660 0.0760
) 50 16 05 0.0630 0.0680 0.0670 0.7370 0.4640
0.0530 0.0530 0.0600 0.0990 0.1080
(6) 50 16 06’ 0.0520 0.0980 0.0630 0.7950 0.4140

0.0540 0.0720 0.0610 0.1040 0.1030

Note: 9(‘)‘ =(0.2,0.2,1,0.2, 1) and 6'([)’ =1(0.3,0.3, 1, 0.3, 1). The sizes are obtained under 5% significance level.

n is relatively small. There is not much difference in the corresponding variances
of the estimates of the two approaches.

5. CONCLUSION

This paper establishes asymptotic properties of quasi-maximum likelihood esti-
mators for spatial dynamic panel data with both individual effects and time effects
when both the number of individuals » and the number of time periods 7 can be
large. A possible approach is to estimate both effects directly. But instead of direct
estimation, we propose a data transformation approach so that the magnitude of
the bias is only of the order O (T 1) rather than O (max(T~!,n~")) in the direct
estimation approach. When n is asymptotically proportional to T, the estimator
is +/nT consistent and asymptotically normal, but the limit distribution is not
centered around O; when n/T — 0, the estimator is A/nT consistent and asymp-
totically centered normal; when n/ T — oo, the estimator is consistent with rate 7
and has a degenerate limit distribution. We also propose a bias correction for our
estimator. We show that when n'/3/T — 0, the correction will asymptotically
eliminate the bias and yield a centered confidence interval. This transformation
approach has an advantage over the direct approach especially when 7 is relatively
small. When 7 is relatively small, the estimates of the transformed approach have
faster rates of convergence than those of the direct estimates. The direct estimates
have a degenerate limit distribution, but the transformed estimates are properly
centered and are asymptotically normal.
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NOTES

1. Several notable weights matrices are (a) the contiguity matrix in regional science constructed
and by boundary of neighboring regions (Anselin, 1988); (b) the input-output matrix in industrial
organization (Conley and Dupor, 2003); (c) the social interaction matrix (Case, 1991), among others.

2. Because of the presence of fixed individual and time effects, the X,; will not include time
invariant or individual invariant regressors.

3. We note that the likelihood function for ¥,;; does not necessarily have a conditional likelihood
function interpretation. One may suspect that y ; = (l/n)l,’l Y would be a sufficient statistic for a;(.
But that is not the case in general when 4 # 0. The reason is that, by (1/n)}, Ynr = Ag(1/n)lj; W Yns +
(/) ZntSo + A /n)lyeno + aro + (1/0)l, Vir, (1/0)l), Wy Yyt is not a function of (1/n)i), Yy in
general as [}, Wy, is not proportional to /},.

4. One could not treat the components of V,); as if they were independent when the disturbances
are not normally distributed. Furthermore, it is not clear whether W;* and A% = (I,_1 — AgW;*)™!
(yoIn—1+ poW,;) would be uniformly bounded in both row and column sums even if Wy_and A, are.

5. For notational purposes, we define for any n x 1 vector at period ¢, Yy,;; we have Yy = Yy —
Yo and Yy 1 =Ty i1 — V.o fort = 1,2,...,T where Y7 = + X1 Yy and T,y —y =
%Ethl Tn,t—l-

6. The attached term can be regarded as an adjustment by the transformation approach to eliminate
the bias of the order O (™) that will appear in the direct approach.

7. If Xy is allowed to be stochastic and unbounded, appropriate moment conditions can be im-
posed instead. Also, X,; may not include any time effects such as time trend, because the time dum-
mies will absorb any time specific variables.

8. We say a (sequence of n x n) matrix Py is UB if sup,>1 [ Pnllco < 00 and sup,,>1 || Pull] < 00,
where || Pnlloo = Supj<;<p 2;’:1 |Pij,nl is the row sum norm and || P, ||} = SUP|<j<p 2?:1 |Pijnlis
the column sum norm.

9. Assumptions 5 and 6 have effectively ruled out some cases and, hence, imposed limited de-
pendence across units or time series. For example, if 1g, =1 —1/n under n — o0, it is a near unit
root case for a cross-sectional spatial autoregressive model, and Sn_1 will not be UB (see Lee and Yu,
2007). For a spatial dynamic panel model, if 1o + pg + yg = 1, ¥y might have deterministic trends
and also a nonstationary stochastic component (for details, see Yu et al., 2007; Yu and Lee, 2007).
Assumption 5 rules out the near unit root case, and Assumption 6 rules out the nonstationary case.

10. When . is finite, the condition is IlnlogS; 'Syt = Linje2()s; (ST (I
+ (% In (1_030)2 - %ln (T’%_(j))z > # 0 for 4 # 4. See Section D.4 of Appendix D.

11. The lim7_, o EH,,7 can be singular if, e.g., g = 0.

12. We generate the spatial panel data with 20+ T periods and then take the last 7' periods as our
sample. And the initial value is generated as N (0, /,;) in the simulation. We have also generated the
data with a much longer history 1,000+ 7', and the results are similar.

13. We use the rook matrix based on an r board (so that n = r2). The rook matrix represents a
square tessellation with a connectivity of four for the inner fields on the chessboard and two and
three for the corner and border fields, respectively. Most empirically observed regional structures
in spatial econometrics are made up of regions with connectivity close to the range of the rook
tessellation.

14. The empirical variance is the diagonal elements of w%z;":()l()o[(énr —mean(énr))(énr -

O,7.nT
15. Because components of ¢, and ceg appear additively, a convenient location normalization is to
set the sum of the components of ¢, to zero, i.e., the elements of ¢, have a zero (empirical) mean.
16. The ’HgT differs from H,,7 in the transformation approach only in the division by n in ’HZT
instead of (n — 1) in H,, 7.
17. In Hahn and Moon (2006) with a simple AR(1) model where the direct approach is used, the
inclusion of time effects will not change the bias of the estimate of the dynamic coefficient, and the

mean (énr))’],-, and the estimated variance is the diagonal elements of I(%W 23:010 0 (Z =1 > .
’ i
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bias correction procedure is the same as that of Hahn and Kuersteiner (2002) where only individual
effects are included. As Hahn and Moon (2006) stated, their result is limited only to a linear model.
From Theorem 6, we can see that the time effects will introduce additional O(n_l) bias when we
have spatial effects in the model.
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APPENDIX A: Some Notes

A.l. Data Transformation. Let (Fun—1>In/ /1) be the orthonormal matrix of J,, =
In — (1/n)lyl;, where F, ,_; corresponds to the eigenvalues of ones and I,,/+/n corre-
sponds to the eigenvalue zero. Thus,

JnFn,n—] =Fn,n—1a Fr/l,n—an,n—l =In—la July =0,

/ / 1 / /
Fn’n_lln = 0, Fn,”—an,n—l + ;lnln = In, Fn,n_an,n_l = Jn, (A.l)
The transformation of Y,; to Y., where Y,;, = Fn n—1Ynt 1s a vector with dimension
n—1, gives
Yo =20F, p 1 WnYnt +70Y, 1 +p0Fy p— 1 WnYn i1 + X fo+ o+ Vi,

where Y, = Fr’L Yoe, Xy = F) L Xnts Chp = Fn n—1Cn0-and V5, = Fr’l | Ve We
observe that F, 1Wn =F, IW,,(F” n— an,n—l + (1/m)pl)) = F’ 1WnFn -l
Fr’l,n_1 because Wnl,, =1, and Fn,n—ll” = 0. Denoting W,f = F’ IWnFn n—1, One
arrives at

Yor = AoWy Y, +70Y, 1 -1t poW Y;zk,t—l + X5 Po+ o+ Vi (A2)

where V.5 is an (n — 1)-dimensional disturbance vector with zero mean and variance matrix
o 2.

A.2. Determinant and Inverse of I,,_1 —A W, We note that (I,_1 —AW,) =
(In — AWy)Fy, 1. For the determinant, we have

nnl

[ n,n—1» ln/\f] (In—iWn)[ nn—laln/[}
nn 1(In_/1Wn)an 1 F,;,n_l(ln_/lwn)(ln/«/ﬁ)

l;z/«/ﬁ)(ln - iWn)Fn,n—l (l;/q/«/ﬁ)(ln - /IWn)(ln/«/’;)

F,/,’n_](ln_/lwn)Fn,n—l 0

_Al;LWnFn,n—]/\/ﬁ 1—2
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because Fr/l,n—lwnl" = F;;,n—ll" =0 and (1/n)l,Wyl, = 1. Hence, |I,_1 —AW,;| =
|F) w1 (In = 2Wn) Fy 1| = (1/1—/1)|1,, — AWy|. The inverse of I,_| — zw;; is
Iy =AW~ = F/ _1Un —AWy)~! Fy n—1, because we have

(In—l_;“W;)' n,n— 1(1n_j-Wn) nn 1
= F,’l ne1Un = AW) Fy 1 Fyy (I — W) B,

nn 1(In_/1Wn)Jn([n_iWn)_ n,n—1

Iyl
= Fy 1 Fan—1=Fy y_(In— an)nn(ln—iWn) Fune1=Ip_1,
as Fn u—i1ln =0and F’ n—1Waln = 0. We also have
W (In I_AW )_ ,/ln IWVLan 1 r/zn—l(ln ,{Wn) nn 1

_F IWan(In—iWn) Fyn—1

- '/ln 1Wn(1n_j~Wn)_ n,n—1-
and (In—l_lw;:)_lwrf:Wn(ln—l_j-Wn)_ F/ IWn(In_/hWn) Fypn—1.

A.3. About tr[(J,,G,, (A)™].  As is shown in Section A.2 that S,*_l(/l) = (Iy—1 —

AWl = F; =150 1(/I)F,,’,,_l, it follows that G*(A) = W*S*_{(l) =F W
Fn,n—l ' Fn,n—l Sy (l)Fn,n—l = an ]Wn-]n (A)an 1= F;l’n_lcn(i)Fn n—1
because F,’l w1 Wndn = r’”l_an. Furthermore, as G, (A)l,;, = (l—lﬁ)ln and Fn nel

Gn (M)l = 0, by induction, one has G (1) = F, , Gl (1) Fy —1, m =0,1,2,.
From this, tr(G};"* (1)) = tr(J, G} (1)) because Fn,,,_l F; = Jn.Furthermore, because
G (D= (g, WG () — (Gl (1)) = = (1 m)(Gy (Al == (1 /n(1 = )™
tt(lnly) = =(1/A=2)"), m=1,2,---

APPENDIX B: Some Lemmas for the Model

The following lemmas can be found in Yu et al. (2008). Denote U,;; = 22021 Puh Vi i41-h
where {P,,}7° | is a sequence of n x n nonstochastic square matrices.

Assumption Al. The disturbances {v;;}, i =1,2,...,nand t =1,2,...,T, are i.i.d.
across i and ¢ with zero mean, variance ag, and E |v,~,|4+’7 < oo for some 5 > 0.

Assumption A2. 37° | abs(Pp,) is UB.

Assumption A3. The elements of an n x 1 vector D;,;; are nonstochastic and bounded
uniformly in # and .

Assumption A4. n is a nondecreasing function of 7', and T goes to infinity.
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LEMMA 1. Under Assumptions Al and A4, for an n x n nonstochastic matrix By, that
is UB, 5T V! By Vo —E (nT R B,,v,,,) 0, (J;T) (1/n) V! 1 By Vi —

E((1/n)V/ 7 Bu V) = 0p (ﬁ) and 13T 13,,\/,”—15(,72H B,,Vm):
0, (ﬁ) where E(nT ST, Ban) = (1/m)a@tr(By) = O(1) and E((1/n) V!,
By Vyr) = (1/nT)0dtr(By) = O (T— )

LEMMA 2. Under Assumptions A1, A2, and A4, | 1 (0, _ Vur —E (07 _ Var))=
Op (5 ) where \JTE (U _ Var ) = \/F(/madue(S2, Pun) +0 (1/75)-
For the lemma that follows, we will consider the following form:
T

Opr =Y (U;w_ Vit + Dlyy Vit + Vi Bu Vg —agtan) -
=1 t

Znt,i 5

M=
M

li

where By is a n x n nonstochastic symmetric matrix that is UB and z,;; = (u; ;—1 +

At )Vir + b ii (03 v — 2) —|—2(Z’_l by,ijvjr)vis. Where by ;; is the (i, j) element of By,
and d,;; is the ith element of Dy;. Then, for the mean and variance of Q,7,
’uQnT =0and

h=1 t=1 i=1

0 T
aé” = Taétr ( Z P, P,,h) +0§ Z Dy Dpi +T ((,u4 —300) 2 bn i T 20 tr(Bz)>
T n
+2u3 z Z dntibn,iia
t=li=1
where y5 = Eo?, fors =3, 4.

LEMMA 3. Under Assumptions Al, A2, A3, and A4 and where By, is UB, if the sequence
(l/nT)Jé is bounded away from zero, then Our i) N(O,1).
nT anT

LEMMA 4. Let Zyt = (Y, 1—1, Wn Yy 1—1, Xn), under Assumptions 1-7, for an n x n
nonstochastic matrix By, that is UB,

1 L. - 1 L. - 1
— N (nZut) By(UnZnt) —E— Y (JnZnt) By (JnZps) = O (—) (B.1)
nT tg] n<n n n<n nT tg] n<n n n<n D m
! i(]i Y BV, EL ET:(JZ Y By Vs = O ! (B.2)
nT = n4£nt nvnt I’lT = n4£nt nv¥nt — V4 \/rﬁ y .

where E gl ST (n ZuY Ba(UnZs) is OQ) and Bl ST (I Zu) BaVar is 0 (1),
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LEMMA 5. If |An(B0)lloo < 1 (resp: [|An(B0) Il < 1), then the row sum (resp: column
sum) of Y72 AZ (0) and 332, hAZ_1 (0) is bounded uniformly in n and in a neighbor-
hood of 6.

APPENDIX C: Concentrated
QML of Transformation Approach

C.1. Reduced Form of (1). From (1), we have Y,; = Sn_1 (Zntdo +cno+ atln + Var)
and Wy Ynr = Gy Zn19g + Gnepo + arGuly + G Vs Hence, using S, = I, + 19 Gp, we
have Yy; = Zntd + 20Gn Zntdo + SV cno + ¢ Sy n + S Vg Using 8571, = (1/1 =
Ao)ly and Jul, = 0, we have

InYut = InZnto + 20InGn Znt 0o+ Jn Sy Vs (C.1)

Simila{ly, because JHNGnln =J, Wy Sn_lln =J,WnJn Sn_lln =0, we can obtain J, W, f’m =
JnGn Znt‘50 + JnGn Vit

C.2. First-Order Condition and Second-Order Condition of the ML Estimator. For
the concentrated likelihood function (7), using trG, (1) —tr(J, G, (1)) = (1/1 — 1) and
tr(G% (1) = tr((J, G (A))?) = ﬁ (see Section A.3 of Appendix A), the first-order
derivatives are
olnL, T )
gD
OInLy7®) | oL, )

o0 B o4
olnL, 7 )
002

~

Q

— zlunzm)’vm(e)

t=

M=

= L
)

(W By V@) = 0G24 115 | (€2
t=

1 I 7/ (7 2
7 ZI(Vm(Q)Jan(H)—(n—l)U )

307 2

and the second-order derivatives are

o> InL, ()

C3
26006’ (€3
1 r 1 Z 1 r 1 v 1 r 1 (7
5 X ZyInZu 72 2 Zy W 5 X Zy Vi (0)
= = 1=
T
1 VoV v
—z((WY)JWY) roo.
= * o =1 e S 714 2 (WnYnt)/-]an(e)
+Tw(GL (D) = L3 =
T . -
* * — O+ 25 2 Vi)V )
=
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APPENDIX D: Proofs for Claims and Theorems

D.1. Proof of Claim 1.
To prove ﬁlnLn’T(ﬂ) = Q,,7©0) L) uniformly in 0 in any compact parameter
space ©: ~ _ ~ ~ ~

From Vnt (9) NE Sn(/l)Yn[ - and—&tln and Vnt~: Sn Ynt~_ Zn[50 —at()ln, llSiIlg Jnln =
0, we have J,Vy: (0) = Jy Vit — (A — 20) In Wi Ynr — JnZnt (6 — 0p)- As © is compact
so that 4, J are bounded in ®, using Lemmas 1 and 4, ﬁﬁle V)51 0)Jn Vit (0) —
ﬁEzle V!, (0)Ju Vs (0) 5 0 uniformly in 0 in ©. Also, from (9) and by using the

fact that o2 is bounded away from zero in ©,

1 1 | -
mlnLn,T(Qg) - Qn,T(H) = _2672 ((n—l)T t; Vm(@)-]n Vnt(‘g)

1 I ~ P
—— E Z V,/t('g)-]n Vnt(0)> -0
n-DT 4"

uniformly in 6 in @.
To prove Q,, 1 (0) is uniformly equicontinuous in 0 in any compact parameter space ©:
We have Q,7(0) = —11n2z — YIng? — (1/n — DIn(1 = 2) + (1/n — 1) In| S, (A)| —
mEZtT:I ‘7;4[(9)-]11 Vm‘(a) As Jy Vnt(e) = Jn Sn(/l));nt - Znt5 and );nt =
S Znedo + ST WVt +(6:0/1 = A)ln, we have J, Vg ©) = Jn [sng)s,,-lzn,ao —Zno+
$1(2)S; ! Ve because July = 0. Hence, E iy X/ Vir (0)Jn Vit 0) = 2 X,
(Su ST Znt0 = Zntd) In(Su (D)7 Zutdo — Zned) + (1/n = DI 6Zur(S71s;,(2)
TnSn(2)ST1) + ﬁEz{zl(snu)sn—l Z1100 — Znt6) JnSu(2)S;7 1 Vyyy. Similar to Yu

et al. (2008), Q, 7(0) is uniformly equicontinuous in & in the compact parameter
space 0. |

D.2. Proof of Nonsingularity of the Information Matrix. We can prove the result by
using an argument by contradiction. For g = limy_, o Zg, o7, Where Zg, ,7 is defined
in (10), we need to prove that Zg,c =0 implies ¢ = 0 where ¢ = (¢, ¢3, ¢3)" and ¢, c3 are
scalars and cy is a (kx +2) x 1 vector. If this is true, then the columns of Zg, would be lin-
early independent so that Xg, would be nonsingular. Denote H s = plimy_, o, ﬁ 2[T=1
7l dnZnt, Hs) = pnmhooﬁ I 20 InGnZnido, His = Hj,. and H, =
plimy_, o ﬁ 37 (G Zn100) InGn Zntdy. Then

Hs Hsa O(k,+2)x1
2

EH) +limy—s 0 725 [tr(G), Jn Gin)

+tr((JnGn)?)] 1

01 x (ky+2) limy;— 00 n]TlU'(JnGn) ﬁ

1 .
gy = ? His limy— 00 n%ltr(JnGn)
0

Hence, XZg,c = 0 implies Hs x c1 +Hg;, x ¢ =0,
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1 1 1
—Hgxe+ | —H+ lim —— [tr(G;JnGn)Hr((JnGn)z)]
a; h n—oon—1

and lim;,— o ﬁtr(‘ln Gp) Xcy+ 20% x ¢3 = 0. From the first equation, ¢ = —(Hy)~!
0

Hgs, x cp; from the third equation, ¢3 = —21imn_>oo(002/n — Dtr(J,Gy) X ¢p. By elimi-

nating c¢| and c3, the remaining equation becomes

{ <012 (7'1). —HMHEIHM))
0

2
2 (JnG
tr(Gly Jy Gp) +tr((JnGn)?) — L& UnGn)

1
lim ——
+n—>oon—1 n—1

}XCZZO.

Denote Cyy = J Gy —tr(JyGp)/(n — 1) Jy; then tr(Gly Jy G ) +tr((Jn G)?) = 202 (J, G )
n—1)= %tr(C,’l +Cy)(C}, + Cy)’, which is nonnegative. Hence, if the limit of EH,,T is
nonsingular or the limit of 1/(n — 1)(tr(G}, Jn G ) +tr((Jn Gn)z) —2tr2(Jy, Gp)/(n—1))is
nonzero, we have ¢y = 0, and hence ¢ = 0. This proves the nonsingularity of Z,. |

T . -
D.3. Proof of Theorem 1. ASsE Y. V,, Ju Vi =(n—1)(T — l)cro2 accordingtoLemma 1,
t=1

at 6, (9) implies EInL,, 7(8p) = — 5T 27 — =106 — Tin(1 - 29) + Tln
10l = @=DI=D penote 62(1) = 0/ (n— De(S; VS (D) InSu(2)S; ). By using
Su(A)S7 1 = Iy + (Ag — 1) G, it follows that

ElnL, 1(0)— ElnL, 7(6)

n—DT mn—DT

In|S, (D] -

1
:—5(1n02—1n0§)+ In| Sy

n—1 n—1

1 1 I - T-1
| ———— SN EV,0) Iy Vs (0) — ——
(202 (n—l)TE'1 nt O)In Ve 0) = )

1
n—1

(In(1 —=2) —In(1 — 1p))

1 -
=Tin(40%) = 5 Tanr @D+ 0(T7Y),

where

1 1
Tip(h %) =— E(1na2 —Ingd)+ — ISy ()] -

1 1
ISl = 55 (0 () =)

1

n—1

(In(1 = 2) = In(1 = 9)).
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Ton, T /1)=; iE{[Zm(éo—5)+(/10—/1)Gn2m50}/
ML (n—1DT &

X Jn[Z 00 = ) + (ho = 2)Gn Zus 0] }

Consider the pure spatial process Y;r = AgWy, Yt +arly + Vi for a period ¢. Similarly as
(6) after data transformation, we get the log likelihood function of this process as

n—

1
5 Ino?—In(1=2)+1n|S,(2)| -

1 (I Vy (),

-1
lnL[,’n(,l,g2):—nTln27t— 272‘/",
o
D.1)

where V(1) = Sy (A)Yne. Let Ep (+) be the expectation operator for Yy, based on this pure
spatial autoregressive process. It follows that E;, (1/(n —1)InLp (4, 02)) —-Ep(1/(n—1)
InLpn(lo,08)) = —4(no? —nod) + 1/(n— DIn|Sy(A)] — 1/(n—1)In|S, (Z0)| —
52 (07 (1) =) —1/(n—1)(In(1 — 2) = In(1 — Z9)), which equals to T} ,(4,2). By
the information inequality, InLp , (/1,02) - lan,n(iO,ag) < 0. Thus, 71, (/1,02) <0
for any (4,02). For T,,,7(,4), it is a quadratic function of J and 4. Under the as-
sumed condition that limy_, oo EH,,7 is nonsingular, limy_, oo 75 , 7(J, 4) > 0 whenever
(0,2) # (09, A0)- So, (3, 4) is globally identified. Given A, o*g is the unique maximizer
of 71 , (Ao, 02) for any given n. In the event that n — oo, 03 is the unique maximizer of
lim7 00 71, (20, 0 2). Hence, (4, 2, 62) is globally identified.

Combined with uniform convergence and equicontinuity in Claim 1, the consistency
follows. u

D.4. Proof of Theorem 2. From the proof of Theorem 1 (see Section D.3),

ﬁElnLn,T(H) —
When the limit of EH,,7 is singular, dy and 4o cannot be identified from 75 , 7(J, ).
Global identification requires that the limit of Ty , (4, o) is strictly less than zero. Thus,
we require global identification just from the pure spatial model with the likelihood func-
tion (D.1). Using the concentrating approach by concentrating out o2 in (D.1), we have the
concentrated likelihood function

1 _
WElnLn,Two) =T, 0%~ 2,3 T2 (0,2)+O(T h.

”;1(1n(2n)+1)—”

! In62 (2) —In(1—A)+1n|S, (2)], (D.2)

InLp (i) =— 5

where &,%, (4) =1/(n—1)V,,,(2)Jn Vs (2). Also, we have corresponding Qp (1) = max, >
E(nLp ,(2,02) =—(n—1)/2(nQr)+1) = (n = 1)/2In62 (1) —In(1 — 1) +1In| S, (1)!.
Global identification of 1¢ requires that lim,—;~o %[Qn (A1) — Qnr(L9)] # 0 whenever
A # g, which is equivalent to lim,— o %[ln|Sn D] = In|Sy| — (n— 1)/2(1na,%(/1) -
1na,%(/10)) — (In(1 — 2) —In(1 — 4¢))] # O whenever A # A¢. By rearranging the terms,
05 (4) — Ont (Ag) # 0 whenever A # J is just equivalent to

1 1
fln‘ 25_1’5_1‘—71n
n 00 °n n n

2 2
2 —1/9v/ o—1 l %0 —1 O-n(i)
RS 0's; (A)‘+<nln(l—io)2 nlnﬂ—i)z)ﬂ
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for A # L. When n — oo, it becomes lim;,—s o (% In ‘agSn_]/Sn_l - %ln }a,%(/l)Sn_l 1y

Sy (A)]) # 0 for 4 5 Ag. After g is identified, o is then identified. Also, given 2, do
can be identified from limy_; o 73 5,7 (5, 4). Combined with uniform convergence and

equicontinuity in Claim 1, the consistency follows. |
D.5. Proof of Claim 2. The score can be decomposed into two parts such that (n%l)T
(u) (u)
oLy r(G) _ 1 0nL,70) | oL (6) .
o0 = Ji=DT 20 ApT, Where Jo=DT 57 is defined in (12)

and A, 7 is defined in (13). For the first part, it is a linear and quadratic form of V;;;, and
its asymptotic distribution can be derived by Lemma 3. For the term A, 7, from Lemmas 1
and 2, we have A7 =/ (n—1)/Tagy , + O(v/(n— 1)/T3)+ 017(%) where ag, , is

O(1) and specified in (16). Combined, alnL” T(QO)

+ A, T—) N(O, Zg, + Qq,)-
|

1
J(mn=1)T

D.6. Proof of Theorem 3. Taylor expansion gives
5.\ 1 ()
A 0%InL, 78, olnL,"7(6o)
(= DT O =00= (_(1)/(n DT SR T)> («/(nll)T o A"T)’

where 8,7 lies between 6 and Our. Similarly as in Appendix D in Yu et al. (2008), we

have énT -0y =0p (max (ﬁ, %)) As Xg,,n7 1s nonsingular and its inverse is of
' )

) N
order O(1), using (—(1)/(;1 - l)T%éTH@”T)) = ZH_OjnT +0, (max (%, %)),

we have /(1= DT Qa1 —00)+ 57 A +0p (max (ﬁ %)) ot = (S5t

(u)
dlnL o
op(1))- N = . 60T( ) - As Zgy = limp_, o Zg, 47 exists, then using Claim 2 and

that Ay = v/ =)/ Tagyn + 0/ (0 —=1)/T3) + 0p(J) with agy,n = O (1),

\/(n—l)T(H,,T 90)+\/ 290 nTa90n+0P (max <1/ ,\/7>>

d — -
5 N0, 25 (g, +Q0) 25)- (D.3)
]

1
R R 2 n
D.7. Proof of Theorem 4. As HJT =6,7+ % ( = l)T EZ 1"8%’5%(,6”)) -an (6,71)

where a,(0) = ag_,, (D.3) will imply that /1= DT @, — ) 5 N(O, o (Za, +
Qg 25 if

n—1 <_ 1 Ea21nL,,T(énT)
(

—1
) - p
T n—1T 2000’ > anOnr) = 25 ran@o) | 50 (D4

and 75 — 0. Assuming that -5 — 0, we are going to prove (D.4). This can be proved
51m11arly as in Theorem 4 in Yu et al. (2008). | |
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APPENDIX E: Direct Approach
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E.1. Concentrated Likelihood Function and its First-Order Condition and Second-
Order Condition. The first- and second-order derivatives of the concentrated log likelihood
in (20) are

aInLd - (0)
d a6
1 6lnLn,T(0) _ 1 alnL;{’T(e)
~nT o0 nT oL
aInLd - (0)
(70'2
1 1 I 5 N7
?‘/’ﬁtzl(annt) Vnt(g)
11 I 5 o 2
= | 27 X, (W) Vs @) =G0 | ED)
l T it 2
4F 2( I(H)Jnvnt(e)_no- )
1 2InLd 1 0) )
nT 060060’ -
1 T 5/ > 1 T = ot 1 r = ~
o X ZudnZn 3 X 2o In W —421 Z3 I Vit (0)
1
= W Yt) Jy Wy Y,
_ _i % 2 t; (( n nl) n nint z (WnYnt) Jn Vnt(e)
nT +tr(G2(2))) =t
T
T 1
* * T2 4 o6 g: nt(e)
X Jn Var (6)
ol L(U) 6 1 Ld(u) 0
Similar to the variance matrix of J(rzl—l)T . aHT( 0 in (12), that of Fio 1 ng(O) i

(22) is equal to

1 omLi%e) 1 omLL% @)

JnT a0 JnT 00
0 0 0
d s, 4l 0 1 % G2.. L uG
and Qp, , = (14 —307) /0y misp i 2ogn "
1 1
0 20'(%;1 40'3

=g+, +0(177), (€3

is a symmetric matrix

with 4 being the fourth moment of v;,, where G, ;; is the (i, 7) entry of G,,. Denote Zq, =
lim7_ o Zgo,nT and Qg = limy_, ng,n (note that lim7_, o Zgo,nT = lim7_ o

o1 and imy_, o ng,n =lim7_, 00 Qg ); then
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d(u) d(u)

1 olnL, 7 () 1 dlnL, 7 (6p)
lim E 1 . = Zg, +Qq, . E.4
Ti>moo nT 00 nT 59/ 0 22y (E4)

dlnL O
CLAIM 3. Under Assumptions 1', 2-6, 7', and 8, M + A+ AT 4

N(0, Zg, +Qg,) where Ay 7 and Ay ,1 are, respectively, in (23) and (24). When {v;;},

oInLe . (6 d
i=12,....nand t =1,2,...,T, are normal, \/%057;(0) + Apar + A pr —

N, Zq,).

ﬁ“

Proof. This is similar to Claim 2. u

o> InLe 1 (0) L“zlnLﬂT(ﬁo) B

CLAIM 4. Under Assumptions 1', 2—6, 7', and 8’nT

N 0006" nT 0006
1 o2 lnLn 7 @) 1 o0 lnLn’T(Go)
16 —6oll - Op(1) and b S 20 L pTRontT0) ( )
Proof. These are similar to (38) and (39) in Yu et al. (2008). n

E.2. Proof of Theorem 5. For the log likelihood function (18) divided by the sample
size nT, we have corresponding Q;’; 7(0) = Emaxc,, a7 % InL, 7(0,cp,ar). Hence,

1 1 1 1
d d 2
Qn,T(Q)— —n ElnLn,T(H)_—f2 ln27r—f2 Ino +fn In|S;, (1)]

1
- JE— Z V) (0) Vi (0). (E.5)

Similarly to the proof of Claim 1 in Section D.1 of Appendix D, we can show the uni-
form convergence of -7 In LZ @) — Qn 7(0) to zero in probability and that QZ 70) is
uniformly equlcontmuous in 0 in any compact parameter space ®. When lim7_ HgT
is nonsingular, we can show that 0 .7 1s globally identified and consistent similarly to the

proof of Theorem 1 in Section D.3 of Appendix D. When hmTﬁoo’HnT is singular, as
long as

. 1 2 w1 o1 2 —1,5\ a1
nll)moo(;ln’aoS;, s ‘—fln o2()SL(2)s; (z)’ £0  for A% o,

6 is still globally identified, and égT LA 6p. The proof can be done similarly as in Section
D.4 of Appendix D. |

E.3. Proof of Theorem 6. Taylor expansion gives

~ -1
AT — ) — ( 1621an,T<9nT>> 1 ainLy 160
nT —Y0) =\~

nT 8000’ nT a0

_— N ainLd (6 alnL!% o
where 6,7 lies between 6 and Hr‘lir and # 5701(0) = iT 27(}(0) — At —

Aj ,7. Similarly as in Section D.6 of Appendix D, we obtain the result. |
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E.4. Proof of Theorem 7. The bias corrected estimator is

-1
. N 1 1 _o*InLd @9
QZ}ZQSTJF(—nET oL a1 ,0%7)

T T 0000’
—1
1 1 _o*InLd @)
1(_ 1 o7k Or)
+n< nT 0606’ aZ( T)

where a1 ,(0) = ag ,,1 and ap(0) = ag >, we will have \/nT(HAr‘# —0y) ﬁ> N(O, 2%1
(2, +ng)29—0‘) if

-1
n 1 _o*InLd @4)) i P
T <_nT W aln( T) (290,”T) al,n(eo) -0 (E.6)
and
-1
T 1 _a%nLd, 6 4 1 »
w <_nT W 02(9 T) (Zgojnr) ax(@) | = 0, (E.7)

when % -0, n% — 0. Assuming that % — 0and n% — 0, (E.6) and (E.7) can be proved
similarly as in Section D.7 of Appendix D. |
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