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Abstract. In this paper, by means of a new recursive algorithm of non-tensor-product-
typed divided differences, bivariate polynomial interpolation schemes are constructed
over nonrectangular meshes firstly, which is converted into the study of scattered
data interpolation. And the schemes are different as the number of scattered data is
odd and even, respectively. Secondly, the corresponding error estimation is worked
out, and an equivalence is obtained between high-order non-tensor-product-typed
divided differences and high-order partial derivatives in the case of odd and even
interpolating nodes, respectively. Thirdly, several numerical examples illustrate the
recursive algorithms valid for the non-tensor-product-typed interpolating polynomi-
als, and disclose that these polynomials change as the order of the interpolating
nodes, although the node collection is invariant. Finally, from the aspect of compu-
tational complexity, the operation count with the bivariate polynomials presented is
smaller than that with radial basis functions.
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1. Introduction

The multivariate polynomial interpolation in the form of non-tensor product has
many special features which do not arise in the simple univariate case directly. In fact,
the geometry of the set of interpolation points (called nodes) is crucial for determining
the solvability of the interpolation problem. Thus the challenging subject on multivari-
ate interpolation has attracted much attention in the past. Salzer [14] pointed out that
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the existing interpolation formulae for more than one dimension possessed the desir-
ability of at least three properties, i.e, truly irregular distribution of nodes, fairly simple
recursion scheme for calculating successive coefficients, and limiting confluent forms.
And he proposed a new bivariate divided difference algorithm to construct the bivari-
ate polynomial interpolation over ortho-triples, the nodes of which were arranged in
groups of three to form L-like configurations.

During many years, a vast amount work of multivariate polynomial interpolation
has been done. Mazroui etc. [10] studied a recursive method for the construction of
a Hermite spline interpolation. Madych [9] obtained an estimate of the L”({2) norm
of u in terms of the /” norm of the values and its high-order derivatives, which is
useful in obtaining error estimates for certain interpolation schemes. Dyn and Floater
[5] studied multivariate polynomial interpolating on lower sets of points, which were
expressed as the union of blocks of points. And Bailey [2] gave an equivalence between
existence of particular exponential Riesz bases and existence of certain polynomial
interpolants. Cui and Lei [4] solved one of the key problems in multivariate Birkhoff
interpolation, which is to determining a monomial basis spanning the interpolation
space. Allasia and Bracco [1] made a further study for Hermite-Birkhoff interpolation
to multivariate real functions on scattered data by constructing a class of cardinal basis
functions. And Chai etc. [3] proposed two algorithms to compute the basis of the
minimal interpolation space and the lower interpolation space respectively.

However, to be mentioned, classical multivariate interpolation has always been re-
stricted on the study of the case of tensor product [16], while multivariate interpolation
in the form of non-tensor product has received not deep but constant attention [6] ex-
cept scattered data interpolation with the well-known radial basis functions [21]. In
the case of non-tensor-product-typed multivariate interpolation, on one hand, classic
Bezout Theorem has played a crucial pole [16]. On the other hand, much attention
has been paid on the study of convex preserving scattered data interpolation, which is
due to multivariate splines [20]. Lai [7] used bivariate C'' cubic splines to deal with
convexity preserving scattered data interpolation problem. And to improve the order of
approximation, Zhou and Lai [22] proposed several new schemes. Zhu and Wang [23]
presented a method to construct Lagrange interpolation sets for bivariate spline spaces
on cross-cut partitions by using interpolation along a piecewise algebraic curve. The
above construction of the bivariate polynomial interpolation schemes needs the spline
bases in the minimal supports, which can be worked out by means of the Conformal-
ity of Smoothing Cofactor Method. For the computation of the spline bases, one can
see [8,11-13,17,20].

Being Inspired by the construction of bivariate polynomial interpolation scheme
over ortho-triples in [14], we have considered the case of bivariate continued fraction
interpolation over the ortho-triples [18,19], which is based on a new partial inverse
divided differences. However, to the best of our knowledge, there are few papers on
the study of bivariate interpolation over general triples or nonrectangular mesh. Thus
with inspiration of Salze’s thoughts [14], we have continued the study of the subject
and have obtained achievements, some of which are shown in this paper.
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A brief outline of this article is as the following. Firstly, in Section 2, we propose
new recursive algorithms of non-tensor-product-typed bivariate divided differences,
and determine the interpolating coefficients. Secondly, in Section 3, we work out error
estimation of the bivariate polynomial interpolation over nonrectangular meshes from
the node collection with odd numbers, and obtain an equivalence between new non-
tensor-product-type high-order divided differences and high-order partial derivatives.
Moreover, in Section 4, we obtain error estimation of the bivariate polynomial interpo-
lation over nonrectangular meshes from the node collection with even numbers, which
is similar but different with the case in Section 3. Thirdly, in Section 5, we compute
specific interpolating polynomials with different degrees in some numerical examples.
Finally, Section 6 analyzes the computational complexity of operations with the bivari-
ate interpolating polynomials presented and the well-known radial basis functions.

2. Interpolating coefficients based on recursive algorithms

In this section, we shall propose new recursive algorithms of non-tensor-product-
typed bivariate divided differences, and construct interpolating polynomial schemes
over nonrectangular meshes. Then it can be converted into scattered data interpolation
over node collection.

Firstly, suppose that the 2n-+1 distinct points are arranged in Qs,, = {(x0, v0), (1, y1)

-, (@2, yon) }, which is called the interpolating node collection. And we choose the
interpolating nodes to guarantee the smooth computation in the paper, for instance,
x; # x5, yi # yj, for i # j. We shall consider the interpolating bivariate polynomial as
the following type of representation

Pon(x,y) = ag + a1(x — x9) + a2(y — yo)(x — 1) + - (2.1)
+agn—1(x — 20)(y —y1)(@ — 22)(y —y3) - (T — 22n_2)
+ a2, (y —yo)(x — 21)(y —y2)(x — 23) - - - (¥ — Y2n—2)(T — T2n—1)-

Secondly, suppose that the 2n + 2 distinct points are arranged in Q2,11 = {(z0, v0),
(x1,91), -+, (T2n+41, Y2nt1)}, Where z; # x5, y; # y;, for i # j. We shall consider the
interpolating bivariate polynomial as the following representation

Pon+1(2,y) = pon(x,y) + asng1(x — x0)(y —y1) - (& — T2n), (2.2)

where po, (z,y) is defined as (2.1).

In order to put (2.1)and (2.2) into application in bivariate polynomial interpola-
tion over 9, and 2,,1, respectively, we shall develop a new non-tensor-product-
typed algorithm of bivariate divided differences. And the interpolating coefficients
can be worked out with the algorithm. To save space, the bivariate divided differ-
ence [zg,- - ,Zk; Yo, - Yk, i.€., Fy... , may be used to denote [zg,x1, - ,ZTp_1, Tk;
Yo, Y1, -+ »Yk—1,Yk), and additional letters may be written explicitly only when the sub-
scripts are not consecutive. And we denote the vertical coordinates at the interpolating
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nodes from (Qy,, as z; = f(x;,y;) = fi; fori =0,1,---,2n,2n + 1, where f(x,y) is the
interpolated function.

Definition 2.1 Let the interpolating node collection (s, where x; # x;,y; # vyj;, for
i # j, we define the following bivariate non-tensor-product-typed divided differences.

(.
Fi=z = f(xi,yi) = fii =[x i), 1=0,1,---,2n,2n + 1. (2.3)
(2).
Fo1 = [wo, 215 Yo, y1] = M- (2.4)
Tr1 — X0
(3).
Fo12 = [wo, %1, %23 Yo, Y1, Y2
€T2 — To
[900,902; yOaiUQ]y - [$0,9€1; yo,yl]
o — T ’
where [xq, x1; Yo, y1] is defined as (2.4), and
2,2 — Jo,0
FO,Z,y = [1’0,.%'2; 90792]31 - M
Y2 — Yo
4.
Fo,..3 =20, -+ ,23; Yo, ,Y3]

(Y3 — yo)(z3 — 71)
(73 — 20) (Y3 — 1) (26

[.’EO,ZCl,ZCg; ?/O,ylayB]y - [350’351,302; yanlayQ]

r3 — T2
where [z, x1, Z2; Yo,Y1,Ye] is defined as (2.5), and

0,35 Yo,Y3| — [0, L1, Yo,Y1
Fo13y = [®0, 1,23 Y0,Y1,Y3)y = [ ]| ]’

Ys — Y1
Fos = [zo, 735 Yo, ys] = %-
(5).
Fo..a =m0, 245 Yo, Ya]
= 4 [0, 71,2, 45 Yo, Y1, Y2, Yaly — [To, -+, T35 Yo, ,Ys] (2.7)

g A LEL )y )

(ya — yo) (x4 — 1) (ya — y2)

where [z, -+ ,3; Yo, ,Yys3)] is defined as (2.6), and

https://doi.org/10.4208/nmtma.2016.y15027 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.y15027

[0, T2n; Yo, Yonly — [0, 215 Yo, y1]

Y2n — Yo

Foon = [T0, T1, Tan; Y0, Y1, Yon] =

Tans Yon] — [T05 YO
FO,Qn,y = [:EO):EQTL; yan2n]y = [ n: Y n] [ Y ]
Yon — Yo

Top — X1
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Fo 124y = [®0, 21, %2, T4 Y0, Y1,Y2, Yaly
_ [900,901,904; yo,yl,y4] - [9507961,362; y07y17y2]
Ys — Y2
T4 — T
(%0, 245 Yo, Yaly — [x0, 71; yo,yl]y —
Fo14 = [0, 21,745 Yo,Y1,Y4] = 0
T4 — T
Ja,a— foo
Foay = [0, 243 Y0, Yaly = ——.
Y4 — Yo
(2n+1).
FO,---,QTL E[.%'(),"' s Lany Yo, 7y2n] (28)
:{[‘TO) o, X2n—2,T2n5 Yo, s Y2n—2, y2n]y - [‘TOa o, T2n—15 Yo, ay2n71]
($2n - xo)(y2n - y1) s ($2n - $2n—2) }/
. (xZn - x2n—1)7
(Y2n — yo)(w2n — 1) -+ (Y2n — Y2n-2)
where
Fo.. on—29ny = [T0,*+ , T2n—2, T2n5 Y0, > Y2n—2, Y2nly
_ [9607"' ; X2n—3,L2n5 Yo, - 7y2n—37y2n] - [9607"' » Lon—25 Yo, " 7y2n—2]
Yon — Y2n—2
Fo,... 5on = [0, s T5,Toni Yo, > Y5, Yon)
— [‘TOa"' s L4y T2ns Yo, - - ay4ay2n]y - [:COa"' ;L5 Yo, - ,?/5]
($2n - UCO)(?J% - yl) s (UCQn - 364)
. (fI,'Qn - .’IJ5),
(Y2n — y0)(T2n — 1) - (Y2n — Ya)
FO,--- A42ny = [:COa T4, X205 Yo, 5 Y4, an]y
_ [:COa"' y L3y L2ny Yo, - aiUSaan] - [‘TOa"' s L45 Yo, ,?/4]
Yon — Y4 '
Fo,... 3on = [®0, -+ , %3, Tan; Yo, » Y3, Y2n)
— [‘TOa T1,T2,T2n;5 Yo,Y1,Y2, y2n]y - ['TO) X35 Yo, ay3]
(x2n - xO)(an - yl)(x2n - x2) }/
: (‘TQTL - fE3),
(Y2n — Y0)(T2n — 1) (Y2n — Y2)
Fo1,2.2n,y = [0, T1, T2, T2n5 Y0, Y1, Y2, Y2nly
_ [960,961,902n; y07y17y2n] - [960,961,362; y07y17y2]
Yon — Y2 ’
Ton — X0

)
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(2n+2).
Fo ... ont1 =[x0, -, Toant15 Yo, > Yont1) (2.9)
:{[wo,"' S Tom—15 L2415 Y0o s Y2n—1-Y2n+1ly — [0 > Tani Yos - Yon]
(Y2n+1 — Y0) -+ - (T2n4+1 — Ton—1)
: (Z2n41 — 2n),
(T2n41 — 20) - (Y2n+1 — Yon—1)
where
FO,---,anl,QnJrl,y = [SCO,"' y L2n—1,L2n+15 Y0, - ,?Janl,yan]y
- [:CO) oty T2n—25 20415 Y0, s Y2n—2, ?/2n+1] - [:COa o, T2n—15 Yo, ay2n71]
- b
Yon4+1 — Y2n—1
Fo .. 49041 = [T0, -+, T4, Ton41; Yo, Yds Yon+1)
= [:CO) I3, T2n415 Yo, )y3ay2n+1]y - [:CO) X453 Yo, ay4]

. (y2n+1 — ¥o) -+ (T2nt1 — 23) }/($2n+1 - :c4),

(T2n11 —w0) -+ (Y2nt1 — ¥3)

Fo... 32041y = [0, 123, Tan415 Yo, > Y3 Yon+1ly

o [mO)xl)xQ)xQThkl; ?/O,ylaZUQaanJrl] - ['TO) X35 Yo, ay3]

- Y
Yon+1 — Y3

F0,1,2,2n+1 = [$0,$1,$2,$2n+1; y07y17927y2n+1]

= [$0,$1,902n+1; y07y17y2n+1]y - [9607961,362; y07y1,y2]

Wan1 = 50) (@201 — 1) } / (2ns1 — 2),

(T2n+1 — 20) (Y2nt1 — Y1)

B _ . - (20, T2n+15 Y0, Y2nt1] — [0, 715 Yo, y1]
01,2041y = [0, T1, Tan+15 Y0, Y1, Yont1ly = — ,
n+1 —
7 _ . ~ [@ony1; yont1] — [zo; wol
02n+1 = [$0,$2n+1, yO’y2n+1] = .
T2n+1 — To

We summarize the results in Definition 2.1 into the corresponding algorithms for
the computation of the bivariate non-tensor-product-typed divided differences with odd
and even interpolating nodes, respectively, which are also shown in Table 1.

Remark 2.1. In order to guarantee the smooth computation in Algorithm 2.1 and 2.2,
one can choose the interpolating nodes which lie on a diagonal line in rectangular mesh
as an example.

Based upon Algorithm 2.1 and 2.2, finite-sum identities can be obtained where the

interpolating coefficients are represented in bivariate non-tensor-product-typed divided
differences and the last term is a function of x and y.
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Algorithm 2.1
1. Initialization: F; = f(x;,y;), where i =0,1,--- ,2n.
2. Recursive case: By means of Definition 2.1, calculate

FOJ‘(Z':L?),"- ,2n—1), FO,j,y(j:254"" ,2n)

F0717j(j = 2,4, s ,277,), FO,l,i,y(i = 3, 5, s ,277, — 1)

F071727i(’i = 3, 5, e ,2n), FO,l,2,j,y(.j = 4, 6, e ,2n)

FO,---,3,j(j = 4,6, cee ,Qn), FO,---,B,i,y(i =9, 7, <o 2n — 1) —
Fo...on—1, Fo,... 2n—22ny-

L1l

3. Result: Fy... op.

Algorithm 2.2
1. Initialization: F; = f(x;,v;), where i =0,1,--- ,2n + 1.
2. Recursive case: By means of Definition 2.1, calculate

F07i(i:1,3,--- ,277,—1), FO,j,y(j:2747"' ,2n)

FO,l,j(j = 2,4, e ,Qn), FO,l,i,y(i = 3, 5, e ,2n — 1)

F071727Z'(’L' = 3, 5, e ,2n), F071727j7y(j = 4, 6, s ,277,)

FO,---,3,j(j = 4,6, cee ,Qn), FO,---,B,i,y(i =9, 7, A 1) —

Fo,... 2n, Fo,.. 2n—12n+1,y-

L1l

3. Result: FQ...72n+1.

Table 1: Recursive computation of bivariate non-tensor-product-typed divided differences.

Fy Fp Fy F; Fy F5 Fop Foni1
Foi1 Fooy  Fog Foay Fos e Foony Foont1
Foi2 Foizy  Foiga Fo15y - Fo1.2n Fo1,2n+1,y
Fo..3 Foi24y Foies - Foioony Fo122n+41
Fo..4 Fo..35y -+ Fo. 399 Fy,... 32041y
F07...75 cee FO,---,4,2n,y F07...7472n+1
Fo..on  Fo.. on-12n41y
Fo,... ont1
Theorem 2.1. For all interpolating nodes in Qa,,
f(xay) Ep?n(xay) (2 10)

+ agny1(z,y) (@ — 20)(y — y1) (@ — 22) - -+ (Y — y2n—1)(x — T25),
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where the bivariate polynomial po,(z,y) is defined as (2.1). And the corresponding coef-
ficients can be worked out with Algorithm 2.1 and 2.2,

a2 = [T, » L2455 Yo, " Y20, ’L'ZO,l,"',TL,
=1 ' ! , (2.11)
a2i—1 = [fIf(),--- s L2i—15 Yo, 7y2i—1]7 1= 17 , 1,
and
a2n+1($,?/) = [‘TO)"' s L2n, Ly Yo, - - )y2nay] (212)
- {[.’IJO,"' s Lan—1,L5 Yo, 7y2n—17y]y - [.%'(),"' y Lons Yo, - 7y2TZ]
(Y —vo)@ —21) - (y — yan—2)(® — T2p—1) }/
. (-’E_:CZTL)a
(z —20)(y —y1) - (. — Tan—2) (¥ — Y2n—1)
where
[:CO)'” s Loan—1,T5 Yo, aiUQn—l’?/]y
_ [:CO)'” s Loan—2,T5 Yo, - aiUQn—2,?/] - [‘TOa"' s Loan—15 Yo, ay2n71]
Y —Ym-1 '
[:CO)'” s L4, T3 Yo, - ,?/4,?/]
— [:COa"' y L3, L5 Yo, ,y3a?/]y - [':COa"' s L4y Yo, ,?/4]
) (y_yo).“(x_x?’)}/(:c—xQ,
(x—0) - (y —ys)
[:CO)'” y L3, L5 Yo, ,?/3,?/]1;
_ [ZCO,IEl,IEQ,IE; yO)ylayQay] - [:CO)'” y L35 Yo, ay3]
Yan+1 — Y3 7
(20, T1, T2, T3 Yo, Y1, Y2, Y]
[x0, 71, x; yanlvy]y — [wo, 71,25 Yo, Y1, Y2 v~ y0)w — 21)
— (x —x0)(y — v1)
T — To ’
. _ [z0, 23 Yo, Y] — [w0, 215 Yo, 1]
[x07x17x7 yanlvy]y - y B yl bl
_ x5 yl = [%o5 wol
[fIfO,.%', yan] - bl
Tr — X
[z; y] = f(z,y).
Theorem 2.2. For Qs 1,
f(@,y) = panta(z,y
) = Pan ) (2.13)

+ az2n+2(2,9) (Y — vo)(x — 1) -+ (Y — y2n) (T — T2n41),
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where the bivariate polynomial po,+1(z,y) is defined as (2.2). And fori = 0,1,--- ,n,
the corresponding coefficients can be worked out with Algorithm 2.1 and 2.2,

{ az; = [‘TO)"' sy L2iy Yo, ayQi]a (214)
a2i41 = [960,"' T2i—15 Yo, " 7y2i+1]7
and
a2n+2(3€7y) = [xo,"' y Lon+1,25 Yo, - - 7y2n+17y]
- [.%'(),"' s L2n, T3 Yo, - 7y2n7y]y - [.%'(),"- s Lon+15 Yo, 7y27’b+1]
@—xw@—yﬁ~%x—mw}/
° T — T2 +1)
e ) g/ )
(2.15)
where
[T0, - s T2n, T3 Yo, Y2n, Yly
_ [:CO)'” s Lon—1,T5 Yo, aiUQn—l,?/] - [‘TOa"' s L2ns Yo, ay2n]
Y — Yon ’
[x07"' y L5, L5 Yo, 7y57y]

{[960,"' s T4, T3 Yo, 7y47y]y—
(x —xo)(y — 1) (v — x4)

[fIf(),"' , 55 Yo, 795]

(y—vo)(@—z1) - (y — ya)

}/(x—%)a

[T0, -+, %4, 25 Yo, Y4, Yy
— [fI,'O,--- y L3, L5 Yo, 79379] - [.%'0,"- , L45 Yo, 7y4]
Y~ Y1 ’

[:COa"' y L3, L5 Yo, ,?/3,?/]

{[1’0,1’1,.%'2,.%'; y07y17y27y]y - [.%'(),"' y L35 Yo, 7y3]

| (m_m><y—y1><x—w2>}/(x_x3>,

(¥ —vo)(x — 21)(y — y2)

Lo, L1, T3 ?/O,?/l,?/] - [.’EO,ZCl,ZCQ; yO)ylayQ]

[ZCO,ZCl,IEQ,IE; yO)ylayQay]y =

[900,90; ?/O’?/]y - [$0,$1; yo,yl] y

Yy—1y2 ’
T — X0

— Yo

[ZCO,ZCl,IE; ?/O,?/lay] =

[z; y] — [zo; Yol

[1’0,(1); y07y]y =

(25 y] = f(=,y).

Y—1Yo

T —I ’

)

Proof of Theorems 2.1 and 2.2. The proof of Theorems 2.1 and 2.2 is performed for

n by induction at the same time.
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For n =0, Qo = {(z0,y0)}
f(a,y) = po(w,y) + ar(z, y)(z — x0) = ao + ax(x,y)(x — 20).
Thus, by using the interpolation over €2y, we have
ao = f(z0,y0) = fo,

ar(z,y) = %;Ofoo = [wo, 25 yo,y].

For n = 1, Ql = {(x()vy())’ (x17y1)}7

f(@,y) = pie,y) + as(z, y)(y — yo) (@ — 1)
= ag + a1(z — o) + az(z,y)(y — yo)(z — z1).

Thus, based on the interpolation over €24, it follows

~ fia—Jfoo ,
- - — [x(),fI,'l, 90791]7

ai
r — X
xZ, —ag — a1\r — X
ag(x,y):f( y) ( )
(¥ = yo)(z — 21)
f(z,y) — foo _ )
- [wa%'la y07y1]
_ Y2 — Yo Y — Yo
Tr — I
Tr — X

[900,90; yo,?/] - [$0,9€1; yo,yl]
Y Y — Yo

r — T

= [9007901790; yo,yl,y].

For n = 2, QQ = {((L‘Z,yz),l = 0, 1,2},

f(x,y) =pa(z,y) +az(z,y)(x —20)(y — y1)(z — 22)
= ag + a1(z — o) + az(y — yo)(z — 71)
+ as(z,y)(x — 20)(y — y1)(x — x2).

Thus, by means of the interpolation over €2, it follows from the above

_ f@2,40) — a0 — a1 (z — x0)
(v —yo)(z — x1)

Ja2 — foo , Ty — Tg
- = [90079617 y07y1]
Y2 — Yo Y2 — Yo
T2 — X1
T2 — X

o, L25 Yo, Y2y — (Lo, L1 Yo, Y1
[ b ]92 — Yo

N T2 — I
= [90079017962; y07y17y2]7

https://doi.org/10.4208/nmtma.2016.y15027 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.y15027

Interpolation over Nonrectangular Meshes 559

f(z,y) —aop — ai1(z — x0) — az2(y — yo)(z — 71)

%(®Y) = 20) — o)z — 72)
f(x.y) — foo ,
Z — 2o [z0, 215 Yo, Y1) (y —yo)(z — 1)
_ — [0, 21, 223 Yo, Y1, ¥2] (z — 20)(y — y1)
xr — X
[960,961790 Yo, Y1, Y ] [900,9617 Yo, Y1

_ — w0, 71, 725 Yo, Y1, Y2

(¥ —vo)( 56—561 }/
. .%'—1‘2
(90—% Y- 3/1

= [0, 21, T2, %5 Yo,Y1,Y2,

Forn =3, Q3 = {(zi,v),i =0, 73}7

f(x,y) = p3(x,y) + as(z,y)(y — vo)(x — 21)(y — y2)(x — x3)
= ap + a1(z — 0) + az2(y — yo) (= — 1) + az(z — 0)(y — y1)(z — x2)
+ as(z,y)(y — yo) (= — 21)(y — y2)(z — x3).

Thus, by considering the interpolation over 23, we get from the above

f(x3,y3) — ap — a1 (23 — x0) — az(y3 — yo) (23 — 1)

as =
(z3 — 20)(y3 — y1)(z3 — 22)
f33 foo — [mo, 15 Yo, y1]
— I 3 — Yo)(T3 — 21
La A — [0, 71,25 Yo, Y1, Y2 (ws — o) )
_ Ys —y1 (z3 — x0)(y3 — y1)
r3 — T2
_ {[900,361,363; Yo, Y1, Ysly — [wo, 15 Yo, y1] (%0, 51, 7% 0,91, 5]
y3 _yl ) ) ) 7 )

(s —w0)(@s —xﬁ} / (25— 2)

(3 — 20)(y3 — Y1)
= [zo, z1, 22, %3} Yo, Y1, Y2, T3).

as(z,y) = [f(z,y) — ao — a1(x — xo) — az(y — yo)(x — x1)
—az(z —20)(y — y1) (@ — 22)]/[(y — yo)(x — 21)(y — y2)(x — x3)]

[$0,9€1,9E; ?/anlay] - [900,901,902; yanla?JZ]

— —[ZCO,"',IE;}; ZUO,"',?/:S]
) (x — 20)(y — ?/1)(35 - x2) }/(:C _ xg)
(Y —yo)(x — z1)(y — v2)
— [ZCO,IEl,IEQ,IE Yo, Y1,Y2,Yy ]y [‘TO)"' ;L35 Yo, ay3]

(z —20)(y —y1) (= — x2) }/(:c — x3)

(Y —yo)(x — z1)(y — v2)
— [:CO)'” y L3, L5 Yo, ,?/3,?/]-

Hence, the conclusion holds for n = 0,1, 2,3 in Theorems 2.1 and 2.2.
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Assume the results hold for the case of Q;, i = 0,1,--- ,2n — 1. To be specific, the
corresponding interpolating coefficients a;s are calculated by means of Algorithm 2.1
and 2.2. And each a;(x,y) is defined in Theorem 2.1 if the 7 is odd. Otherwise, each
ai(z,y) is defined in Theorem 2.2. Then on one hand, for i = 2n, it follows

azn(z,y) = {f(z,y) —ao — a1(z — wo) — az(y — yo)(z — 1) — -+
—agp—1( —20)(y —y1) - (& — 22n—2)}/[(y —v0) - -+ (¥ — T2n—1)]

{[9607"' S Tom—3,T3 Y0, s Y2n—3:Y] — [Tos -, Tan—2; Yo, s Y2n—2]
Yon — Y2n—2

o (z —z0)(y —w1) - (z — Ton—2) -
— [0, xan—15 Yo, s Y2n—1] TR oy pr— }/( 9n-1)

- [fI,'(),"' y L2n—2,L5 Yo, - 7y2n—27y]y - [fI,'O,"' s Lan—15 Yo, 7y27’b—1]

@ —mo)(y —yn) - (2 —w2p-) }/(m — 2n1)

(v —yo)(x—21) - (¥ — Y2n—2)
= [960,"' y L2n—1,T; Yo, " ° 7y2n—17y]'

On the other hand, simple computation show for i = 2n + 1 that

azn+1(2,y) = {f(2,y) — ap — a1(x — x0) — az(y — yo)(= — x1) — -+~ — a2 (y — Yo)
(= 2o} [(x —20)(y —y1) - (2 — 22n—1) (Y — Y2n)]
_ {[wo,"' s Ton—2,T; Yo, Y2n—2,Y] — [To, s Tan—15 Yo, s Y2n—1]
— Yon—1

Y
— 20, T2} Yo, (W —yo)(@—a1) - (y —yan—1) .
[0, s @an; Yo, s Yon) (w—wo)(y—?ﬂ)---(w—xgn_1)}/( 2n)

= [fIfQ,--- s L2n—1,T5 Yo, 7y2n—17y]y - [.’IJ(),--- > L2ns Yo, 7y27’b]
— x —x ... —_— .
) (v —yo)( 1) (¥ — Y2n-1) }/(m . 1’2n)

(z —20)(y —y1) - (x — Tan—1)
— [:COa"' sy Lony Ly Yo, - ayQH)y]'

As a result, (2.10) up to (2.15) is true by induction. O

When we turn to the corresponding interpolation problems in connection with bi-
variate polynomials py,(x,y) and po,+1(z,y) in (2.1) and (2.2), respectively, we find
that many of the difficulties disappear due to the identity in Theorem 2.1 and 2.2.
Hence, it is evident that we draw some conclusion as following.

Theorem 2.3. Fori = 0,1,--- ,2n, the bivariate interpolating polynomial po,(z,y) de-
fined in (2.1) satisfies
Pon (i yi) = zi = f(xi, i) = fiis (2.16)

where the interpolating coefficients are defined in Algorithm 2.1, i.e.,

CLZ‘:[‘TO,"’,CCZ'; yOa"')yi]) 120,1,,271
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Theorem 2.4. The bivariate polynomial pa,,+1(x,y) in the form of (2.2) interpolate over
QQ?’L+17 i’e’J

P2n1(®i, yi) = zi = f(xiyyi) = fig,  1=0,1,--- ,2n+1, (2.17)
where the corresponding interpolating coefficients are defined in Algorithm 2.1, i.e.,
ai:[‘rO)"')xi; yOa"'ayi]) 120,1,,27’L+1

Hence, we have computed the corresponding interpolating coefficients by making
use of the recursion scheme in Algorithm 2.1 and 2.2, and have established the funda-
mental theorem with the bivariate polynomial interpolation over nonrectangular mesh.
For the sake of illustration and convenience, we have computed the former explicit rep-
resentation of some coefficients in (2.3) up to (2.7) in advance.

Now one may be interested in the dimension and bases of the interpolating poly-
nomial spaces. Firstly, we shall denote by P, ,(x,y) and P41 ,(x,y) the bivariate
polynomial spaces in the form of product tensor, respectively.

]PTL,TL — Span{la Ty axn} ®{1) Y, ’yn})
]pn-i-l,n - Span{17 Ty--- 7xn+1} ®{17 Yy 7yn}

Secondly, one can count the number of terms in (2.1) and (2.2), which equals to
the number of the interpolating conditions over €, and 25,11, respectively. Mean-
while, we can check that all the conditions are independent of each other. Also it is
easy to check that the bivariate polynomials in all terms of (2.1) and (2.2) are linear
independent, respectively, due to their degrees. Hence, it follows that the interpolat-
ing polynomials in the form of (2.1) and (2.2) are determined uniquely over arbitrary
triple Q9,, and 5,11, respectively.

Theorem 2.5. The interpolating polynomial py,(z,y) is determined over ), uniquely in
the form of (2.1), and the dimension of the interpolating polynomial space is 2n + 1, i.e.,

pon(z,y) € Span{l,w — 0, (¥ — y0)(x — 21), (x — 20)(y — v1)(T — 22), -+, 2.18)

(v = y0)@ = 21) -+ (y = Yon-2)(@ = 220-1) } € P

Theorem 2.6. The interpolating polynomial po,+1(z,y) with the representation (2.2)
is determined uniquely over Qs,1, i.e., the corresponding interpolating coefficients are
computed uniquely with Algorithm 2.1 and 2.2. Also the dimension of the interpolating
polynomial space is 2n + 2, i.e.,
pont1(z,y) € Span{lax — 20, (Y — yo) (& — x1), (x — xo)(y — y1)(x — x2), -+,
(Y = yo)(@ — 1)+ (¥ — y2n—2)( — 2—1), (x — 20)(y — Y1)
cee (.T - .Tgn)} C ]:PnJrl’n. (219)

Remark 2.2. The representation of py,(z,y) and pa,+1(x,y) is related to the order of
the nodes.
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3. Error estimation of the bivariate polynomial interpolation over ().,

In this section, we shall use Theorem 2.1 to establish the corresponding error es-
timation of the bivariate interpolation over 29,, and the relation between high-order
partial derivatives and the non-tensor-product-type divided differences with even order.

Suppose that there exists a one-to-one projection such that
g (‘T(t)ay(t))’ te [a’IB]’ l; < (‘T(tz)’y(tz)) = (xi’yi)’ 1= Oa 1’ T ’2n-

Theorem 3.1. Suppose that f(z,y) is a 2n+1-differentiable function with two variables in
the domain D D Qs,,, and that =(t), y(t) are 2n + 1-differentiable functions with variable
t. ThenV(z,y) € C: x = z(t),y = y(t), and Qa, C C C D, there exists some number

T € I(t,to,t1, -+ ,tan), such that
n n
E[f] = f(x,y) = pon(z,y) = K(z,9) [ [ (2 — 22 H Y= y2-1) (3.1)
i=0 j=1
where I(t,tg,t1,- - ,ta,) is denoted by the minimal open interval containing t, o, t1, - - - , ton,
and

d2n+1

R (f<x<s>,y<s>> - mn(x(s),y(s)))
d2n+1 n n
W(H — X9 H — Y2j-1 )

1=0 j=1

) (3.2)

S=T

K(.%',y) -

Proof. For the sake of convenience, we denote by
U(t) = f(‘r(t)ay(t))’ K(‘T’y) = [‘TOa X2, X5 Yo, ayQHay]'

In order to simplify the bivariate non-tensor-product divided difference K (x,y), we
construct a function with variable s

B(s) = () — pan((3),9(5)) ~ KC.) [ ] (o09 —xm)f[( ). G3)

And there exist 2n + 2 zeros s = t,tg,t1,- - - , to, for the function ®(s). Hence, by using
Rolle Theorem for 2n + 1 times, it is evident that

(I)(2n+1)(7-) =0, TE I(t,to,th e ton),
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ie.,
d2n+1
untl(s) — JeznriPn x(s),y(s))
d2n+1 n n
_nyd2n+1(n )= w2) [ [ (o 9231)} =0
d2n+1 = =t -
oz (000060 - mn(x(s),y(s)))
=  K(z,y) =

d2n+1 n n
W(H —$2z H — Y251 >

1=0 j=1

As a result, by means of the identity (2.1), it follows that the error estimate V(z,y) €
C: x=uxt),y=yt), C DNy,

E[f] = f(x’y) p2n(‘r y H x - x2z H y Y25— 1
=0 Jj=1
where K (z,y) is defined in (3.2). This proves the theorem. O

In order to calculate K (z,y) in (3.2), we shall consider a special case and work out
much specifical error estimation provided that Qo, C C : z(t) = ¢,y(t) = kt + b with

k # 0.

Theorem 3.2. Suppose that f(x,y) is a 2n + 1-differentiable function with two variables
in the domain D D Qg,,. Then V(x,y) € C' : z(t) = t,y(t) = kt+b, k # 0, and Qq,, C C,
there exists some number 7 € I(t,tg,t1,- -+ ,t2y,), such that

E[f] =f(2,y) — pan(x,y)

2n+1
(3““%) FEm)

oz -
B+ Dk [T = 22) [T = v25-0), (3.4)
) =0 j=1

where £ = x(7), n =y(7), (§,n) € C C D.

As a matter of fact, the proof proceeds along the same lines as the proofs of Theorem
3.1. Firstly, by directly computing, one obtains the interpolating polynomial with the
presentation

pon(2(8),y(s)) = agn(s" + -+ )(k"s"™ + -+ ) + polynomial degree < 2n,

which implies
d2n+1
WP%L(-T(S),:U(S)) = 0. (35)
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Similarly, we have

d2n+1 n n
W[H(S—xgi)n(ks—l—b—ygj_l)] = (2n + 1)1k". (3.6)
i=0 j=1
Secondly, we perform for the order 2n + 1 of the derivative by introduction and get
d2n+1 o B 2n+1

Thus by means of Theorem 3.1, (3.5) up to (3.7) implies

P 5\ 2n+1
%‘Hfa—y) f(&mn)

(2n 4+ 1)'k" ’

K(x,y) = ( (3.8)

where { = (1), n = y(7), ({,n) € C. Therefore, this shows that it is valid for Theorem
3.2.

Analogous to the proof of Theorem 3.2, it is evident that

Corollary 3.1 Suppose that f(x,y) is a 2n + 1-differentiable function with two variables
in the domain D D Qa,. Then V(z,y) € C: x(t) = M + bo, y(t) = pt + by, A # 0, and
Oy, C C, there exists some number T € I(t,to,t1,- - ,t2y), such that

E[f] :f(xvy) —pgn(x,y)

9 9\ 20t
<)\%+M8_y> f&n) n

- — X2 —Y25-1), 3.9
(2n + 1)IAnt1yn il_g(w fﬂz)jnl(y Y2j-1) (3.9

where § = z(1), n=y(1), ({,n) € C C D.

It may be noted that the relation shall be established between derivatives with high
order and bivariate divided differences in Algorithm 2.1 and 2.2.

Theorem 3.3. Suppose that f(x,y) is a 2n-differentiable function with two variables in
the domain D O Qg,. Then V(z,y) € C : z(t) = t,y(t) = kt + b, k # 0, and Qa,, C C,

there exists some number T € I(t,tg,t1,- - ,ta,), such that
b b 2n
o, o You- - yan] = SOF O (3.10)
05 s L2ns Yo, yYon| = (2”)'1{,’” 9 .

where £ = x(7), n=y(1), ({,m) € C C D.
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Proof. For the sake of convenience, we construct a function

F(‘T’y) :f(xay)_p2n(x’y)a (fﬂ,y) ecCcD.

And there exist 2n + 1 zeros s = tg,t1,- - , t2, for the function F'(x(¢),y(t)). Hence, on
one hand, by means of Rolle Theorem for 2n times, it follows that there exists some
T € I(tg,t1,- -+ ,t2y,) such that
d*F((t), y(t))
d¢2n = O’
L @) d ), y()

On the other hand, by directly computing, we get

d2n o o\
gt 0 = (54 k) ),
d2n
ﬁPQn(Sﬂ(t)a ?/(t)) = ['TO) 5 Tons Yo, )y2n] . kn(2n)')
where

p2n(x(t)7y(t)) - [.’L'(), 5, X2ny Yo, 7y2n](tn + - )(kntn + - )
+ polynomial degree < 2n.
Finally, the property (3.10) follows directly from the above. O

Analogous to the proof of Theorem 3.2, it is evident that

Corollary 3.2 Suppose that f(x,y) is a 2n-differentiable function with two variables in
the domain D D Qg,. Then V(z,y) € C : z(t) = M + by, y(t) = ut + by, A\u # 0, and
Oy, C C, there exists some number T € I(tg,t1,- - ,ta,), such that

b P 2n
<)\% +M6—y> f(&n)
(2n)IAm ’

[0, s @on; Yo, Y2n] = (3.1D)

where { = z(7), n=y(r), (§n) €CCD.

4. Error estimate for bivariate polynomial interpolation over (),

In this section, we shall use Theorem 2.2 to establish the corresponding error esti-
mation of the bivariate polynomial interpolation over 2,11, and obtain an equivalence
between high-order derivatives and bivariate divided differences with odd order. All the
analysis is similar but different with the case of 5,,.

Suppose that there exists a one-to-one projection such that

t < (z(t),y(t), tea,p], t; < (x(t;),y(t;) = (zi,yi), i=0,1,---,2n+ 1.
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Theorem 4.1. Suppose that f(x,y) is a 2n + 2-differentiable function with two variables
in the domain D D Qg,4+1, and that x(t),y(t) are 2n + 2-differentiable functions with
variable t. Then ¥V(x,y) € C: x = z(t),y = y(t), and Q2,11 C C C D, there exists some
number T € I(t,to,t1,- - ,tont1), such that

n

Elf] = f(z,y) — pant1(z,y) = M(x,y) H(w — 2i41) (Y — Y2i), (4.1)
i=0

where poy11(x,y) is defined as (2.2), I(t,to,t1,- -+ ,ton+1) is denoted by the minimal open
interval containing t,to,t1,- - ,topy1, and

d2n+2

I (f(x(S),y(S)) — p2n+1(x(5),y(s))>

dg2n+2 <H
1=0

) (4.2)

s=T

(2(s) — wais) (y(s) — y>)

Proof. For the sake of convenience, we denote by

u(t) = f(x(t),y(t)), M(x,y) = [zo, -, Tont1,%; Yo, > Y2nt1,Y]-

In order to simplify the bivariate non-tensor-product divided difference M (z,y), we
construct a function with variable s

U(s) = u(s) = pant1(x(s), y(s)) — M(z,y) [ [(2(s) — 22 1)(w(s) —2i).  (4.3)
=0

7

And there exist 2n + 3 zeros s = t,tg, 11, - ,to,+1 for the function ¥(s). Hence, with
the help of Rolle Theorem for 2n + 2 times, it is evident that

\I}(2n+2)(7-) = 07 T € I(t7t07t17 T 7t2n)7

ie.,
d2n+2

u2n+2(8) - W}nn—i—l(q}(s)v y(S))

2n+2 n
- 3G g  [109) ~ o)) - ) | =0
d2n+2 =0 o

——5 | [(x(5),y(5)) — pan+1(z(s),y(s))
= M(w,y):d32 +2( o >

d2n+2

g (fg(m(s) — z2i11)(y(s) — y2z‘)>

s=T

As a result, by means of the identity (2.2), it follows that the error estimate V(x,y) €
C:x= ZC(t),y = y(t)a C> QQn+1)

n

E[f] = f(2,y) = p2nsa(@,y) = M(z,y) [ [ (2 = 22041)(y — y20),
=0
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where M (x,y) is defined in (4.2). This proves the theorem. O
We shall work out much specifical error estimation provided that Q,,11 C C': z(t) =

t,y(t) = kt + b with k£ # 0. Thus we can calculate M (x,y) in (4.2) in a specific way.

Theorem 4.2. Suppose that f(z,y) is a 2n + 2-differentiable function with two variables
in the domain D O Qgp41. Then V(z,y) € C : x(t) = t,y(t) = kt +b, k # 0, and
Qony1 C C, there exists some number T € I(t,tg,t1,- - ,tant1), Such that

E[f] :f(xvy) _p2n+1(x7y)

P 5\ 2n+2
(8_x+k8_y> f&mn) n

- (2n + 2)lkn H(w — T2i+1) (Y — Y2i), (4.4)

=0
where { = x(7), n=y(r), (§n) €CCD.

Proof. The proof is analogous to the proof of Theorem 4.1. On one hand, by means
of direct computation, it follows that the representation of the interpolating polynomial

Pons1(x(5),y(s)) = agn(s" T+ - )(K™s™ + - - ) + polynomial degree < 2n + 1,

implies
d2n+2
TeanrzPan+2(2(5),4(s)) = 0. (4.5)
Similarly, we get
d2n+2 n X
ds2n+2 [H(S — xgip1) (ks +b— y2i)] = (2n+ 2)k" (4.6)
i=0

On the other hand, by performing for the order 2n + 2 of the derivative by intro-
duction, we obtain

d2n+2

B o 2n+2
TS (s, ks +0) = (%*ka_g) (e, y), 4.7)

Thus with the help of Theorem 4.1, (4.5) up to (4.7) implies

P 5\ 2n+2
o + ka—y) f(&m)

(2n + 2)1kn+1 ’ (4.8)

M(w,y)z(

where £ = z(7), n=y(1), ({,n) € C C D. Therefore, this proves Theorem 4.2.  [J

Analogous to the proof of Theorem 4.2, it is easily followed that
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Corollary 4.1 Provided that f(z,y) is a 2n + 2-differentiable function with two variables
in the domain D D Qgy,y1, then Y(x,y) € C : x(t) = X+ bo, y(t) = pt + b1, A # 0,
and Qg,, C C, there exists some number T € I(t,tg,t1,- - ,t2,), such that

E[f] :f(x’y) _p2n+1($ay)

) B 2n+2
()\8_90+M8_y) f&n)
T (2n+2)ntlpntl H)(x — 2i41)(y — v2i), 4.9

where
{=ua(r), n=y(r), ({,n)e€CCD.

The procedure of the proofs for Theorem 4.1 and 4.2 is useful for constructing the
relation between high-order derivatives and bivariate high-odd-order divided differ-
ences in Algorithm 2.1 and 2.2.

Theorem 4.3. Suppose that f(z,y) is a 2n + 1-differentiable function with two variables
in the domain D D Qgp41. Then ¥Y(z,y) € C : x(t) = t,y(t) = kt + b, k # 0, and

Qont1 C C, there exists some number T € I(t,tg,t1, -+ ,ton+1), Such that
: _ oz Oy 4.10
[fIfQ,--- » L2n+15 Yo, 7y2n+1] - (27’L+ 1)lk.n+1 ’ ( . )

where { = x(7), n=y(r), (§&n) € CCD.

Proof. Firstly, we begin with a function

F(xvy):f(xvy)_p%z(x’y)v (.’L’,y) eCcCD,

which has 2n + 2 zeros s = tg, t1,- - , ton+1. Hence, based on Rolle Theorem for 2n + 1
times, it is evident that there exists some 7 € I(tg,t1,- - ,ton+1) such that

EHPa@.0)|
d#2n+1 _ -

t=1
(), y®)] A panga(a(t), y(t))
dg2n+1 - dg2n+1

=

t=1 t=1

Secondly, some conclusion follows if we differentiate the functions f(t, kt + b) and
pont1(x(t),y(t)) 2n + 1 times with respect to ¢.

Wf(t,kt—i—b) = <%+k8_y> f(@,y),
d2n+1

WanJrl(CU(t)) ?/(t)) = ['TO) o, T2n415 Yo, )y2n+1] : kn+1(2n + 1)'5
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where

Pant1(z(t),y(t)) = [0, Tant1; Yo, s Y2nra )T 4 ) (B )
+ polynomial degree < 2n + 1.

Finally, one can easily prove the validity of (4.10). O
With a similar proof of Theorem 4.2, it is clear that

Corollary 4.2 Suppose that f(z,y) is a 2n + 1-differentiable function with two variables
in the domain D D Qg 41. Then V(z,y) € C 1 x(t) = At + bo,y(t) = ut + by, Au # 0,
and Qg, 11 C C, there exists some number 7 € I(tg,t1,- - ,ton+1), sSuch that

()\% +Ma—y> f(&m)
(2n + 1)IAnt1yn ’

[.%'0,"- y Lo2n+15 Yo, 7yQTZ+1] = (411)

where £ = x(7), n=vy(1), ({,m) € C C D.

5. Numerical examples

In this section, by using Algorithm 2.1 and 2.2, we determine some low-order poly-
nomial interpolation over nonrectangular meshes. Firstly, we compute the representa-
tion of these low-order polynomials. Secondly, these figures of the polynomials with
different degrees are plotted with Matlab 6.5.

We shall make a preparation with some denotation for the following numerical ex-

amples. We denote by Qi = {(x0,v0), (x1,91), -+, (xk,yr)}, where k = 4,5. Then by
(2.1) and (2.2), we shall give the explicit representation of the interpolating polynomi-
als

p2(x,y) = ao + ai(x — xo) + a2(y — yo)(z — z1),

p3(@,y) = pa(z,y) + az(z — 20)(y — y1)(z — 22),

(5.1)
pa(z,y) = ps3(z,y) + aa(y — yo)(z — 21)(y — y2)(z — x3),
ps(x,y) = pa(z,y) + as(z — zo)(y — y1)(z — 22)(y — y3)(z — 24).

Example 5.1. In one case I, suppose Py(—7.5,—9.5), P;(—5,—4), P»(—3,—-2), P3(0.2,—1),
Py(4,2), which are shown in Fig. 1. After we input the corresponding vertical coordi-
nate z;, i = 0,--- ,4 in Table 2, we can work out the five interpolating coefficients as
shown in Table 3 by using Algorithm 2.1. As a result, one can determine the interpo-
lating polynomial p4(z,y) as shown in Fig. 2, where (z,y) € [-8, 8] x [—10, 10].

In the other case II, we consider the interpolating nodes Py(—0.75, —0.95), P;(—0.5,
—0.4), P,(—0.3,-0.2), P3(0.02,—0.1), P4(0.4,0.2) as shown in Fig. 3. For the corre-
sponding vertical coordinate z;, i = 0,--- ,4 in Table 2, we calculate the five interpolat-
ing coefficients as shown in Table 3 by using Algorithm 2.1. Hence, we determine the
interpolating polynomial p4(x,y) as shown in Fig. 4, where (z,y) € [-0.8,0.8] x [—1, 1].
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Table 2: The vertical coordinates z;, i =0, -+ ,4 in Example 5.1.
Clusters A (eV) I(eV) x(eV) n(eV) w(eV)
Vertical coordinate 20 21 29 23 24
One case I 0.0057 —0.0519 —0.1918 0.8355 —0.1036
The other case II 0.7858 0.9547 0.9848 0.9999 0.9733

Table 3: The coefficients of the interpolating polynomials p4(z,y)’s in Example 5.1.

Clusters A (eV) I(eV) x (V) n(eVv) w(eV)
Coefficients ao ay as as a4
ValuesinI 0.0057 —0.0230 —0.0063 0.0174 —0.0048
Valuesin II  0.7858 0.6756 —0.7001 0.0453 0.7200

Table 4: The vertical coordinates z;, ¢ =0,--- ,5 in Example 5.2.
Vertical coordinate 20 21 29 23 24 25
One case A 1.4451 1.2202 1.4020 1.3475 1.1599 1.5059
The other case B 1.0259 1.0472 1.0845 1.0335 1.0244 1.0890

Five interpolating nodes The interpolating polynomial pA(x,y).[fs,S]x[—lo.lO]

-6l

-8t

-10 i i i i i i i
-8 -6 -4 -2 0 2 4 6 8 -10 -10

Figure 1: Q4 with Five interpolating nodes. Figure 2: The interpolating polynomial
p4(m,y) over (y, (xvy) € [_8a8] x
[-10, 10].

Table 5: The coefficients of the interpolating polynomials p4(z,y)’s in Example 5.2.

Coefficients ag a1 ao as a4 as
Values in A 1.4451 —0.4498 1.2548 —1.7941 —0.4573 1.5552
Valuesin B 1.0259 0.0852 0.1302 2.8474 —18.6358 29.4940

Example 5.2. In one case A, suppose Py(—0.9,0.2), P;(—0.4,0.6), P»(0.2,0.8), P5(0.8,0.4),
P,(0.6,—0.4), P5(—0.6,—0.8) as shown in Fig. 5. By considering the corresponding ver-
tical coordinate z;, ¢ = 0,--- ,5 in Table 4, and using Algorithm 2.2, we can work out
the six interpolating coefficients as shown in Table 5. Thus we obtain the interpolating
polynomial ps(x,y) which is plotted in Fig. 6, where (x,y) € [-1,1]%.

In the other case B, we consider the interpolating nodes Py(—0.45,0.1), P;(—0.2,0.3),
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Table 6: The vertical coordinates z;, i =0,--- ,5 in Example 5.3.
Vertical coordinate 20 21 29 23 24 25
Case [ 0.9802  0.9869 —0.0052 0.9856 0.9838 0.9896
Case II —0.0052 0.9856  0.9802  0.9869 0.9838 0.9896

The interpolating polynomial p4(><‘y),[—0.8,0.B]X[—Ll]

Four interpolating nodes

0.8

0.6

0.4

0.6 0.8 -1 -

Figure 3: Another 4 with Five interpo- Figure 4: The interpolating polynomial
lating nodes. pa(x,y) over Qq, (x,y) € [-0.8,0.8] x
[—1,1].
Six interpolating nodes The interpolating polynomial p,(x,y),[-1,1]x[-1,1]

P,

e

SIS

T O S

S S S S S ST ST S

P

e
=

-1

Figure 5: (15 with six interpolating nodes. Figure 6: The interpolating polynomial
ps(x,y) over Q5, (z,y) € [—1,1]%

P5(0.1,0.4), P5(0.4,0.2), P4(0.3,—0.2), P5(—0.3,—0.4) which are plotted in Fig. 7. For
the corresponding vertical coordinate z;, i = 0,--- ,5 in Table 4, by using Algorithm
2.2, we calculate the six interpolating coefficients in Table 5. And then we plot the
interpolating polynomial p5(z,y) in Fig. 8, where (z,y) € [-0.5,0.5]>.

Example 5.3. On one hand, let Py(—1.5,0.8), P (—1,—1.6), P»(0.1,0.1), P3(0.4, 1.8),
P,(0.8,—1.6), P5(1.6,1.2) in Case I, which are shown in Fig. 9. By means of the given
vertical coordinates z;, i = 0,--- ,5 in Table 6, and Algorithm 2.2, the six interpolating
coefficients are worked out as in Table 7. Hence, the four interpolating polynomials are
determined over (25, which is plotted in Fig. 10.

On the other hand, we change the order of the interpolating nodes as Py(0.1,0.1),
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The interpolating polynomial ps(x.y),[fO.S,0.5]x[70.5,0.5]

Six interpolating nodes

-05 -
-0.5 0 0.5 -05 -05

Figure 7: Another (25 with six interpolat- Figure 8: The interpolating polynomial
ing nodes. ps(x,y) over Qs, (x,y) € [-0.5,0.5]%.

Table 7: The coefficients of the interpolating polynomials ps(z,y) in case | and Il in Example 5.3.

Coefficients ao ay as as a4 as
Case I 0.9802 0.0135 1.3078 —0.9551 1.9139 —1.3466
Case II —0.0052 3.3030 —4.7144  8.4736 14.2483 —1.0152

P1(0.4,1.8), Py(—1.5,0.8), Ps(—1,—1.6), P4(0.8,—1.6), P5(1.6,1.2) in Fig. 11 in Case
I, and consider the corresponding vertical coordinates z;, i = 0,--- ,5 in Table 6. And
then we calculate the interpolating coefficients in Table 7 and plot the figures of the
interpolating polynomials as Fig. 12.

Case |. The interpolating polynomial ps(x,y)

Casel.Six interpolating nodes

-2 2 -2 -2
Figure 9: Qs with Six interpolating nodes Figure 10: The interpolating polynomial
in Case |. ps(x,y) over Qs in Case |.

Remark 5.1. From Case I and Case II in Example 5.3, it follows that the interpolating
polynomial changes as the order of the interpolating nodes, although the interpolating
node collection is invariant.
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Case II. The interpolating polynomial pS(x,y)

Case Il. Six interpolating nodes

-2 -15 -1 -0.5 0 0.5 1 15 2 -2 -2

Figure 11: Q5 with Six interpolating nodes Figure 12: The interpolating polynomial
in Case Il. ps(x,y) over Q5 in Case Il.

6. Computational complexity of the bivariate polynomial interpolation

Now that we have learned the “how” of the bivariate non-tensor-product-typed con-
tinued fraction interpolation, here are a few words about “why”. Since classic method
for scattered data interpolation involves radial basis functions, we shall make analysis
of the computational complexity of the bivariate polynomial interpolation and that of
radial basis function interpolation.

As all know, every natural cubic spline s(x) can be represented in the form [21]

N
s@) =Y ajlle — z)) +p(a), @R, 6.1)

J=1

where ¢(r) = r®,7 > 0, and p(z) € P1(R), i.e., a univariate polynomial with 1 degree.
From the first result on radial basis functions [21], the resulting interpolation is up

to a low-degree polynomial a linear combination of shifts of a radial function ® = ¢(|-|).

Consequently, the idea has been generalized to construct scattered data interpolation

of the form over the interpolating nodes 2 = Qy = {xq,--- ,xy} C R?
N
s(x) =3 a;o(|x —x;]2) + p(x), x = (,9),%; = (x;,y;) € R, (6.2)
§=0

where ¢ : [0, +oc] — R is a univariate fixed function and p(x) € P,,_1(R?), i.e., a bi-
variate polynomial with m—1 degrees. And the additional conditions on the coefficients
satisfy

N
Zajq(xj) =0, Yq(x) € ]P’m_l(Rz). (6.3)
j=0

Particularly, We only consider the interpolation problems without the additional
conditions (6.3), which boils down to the question whether the matrix Ay o = (¢(||xx —
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X;||2))o<k,j<n is nonsingular. Astonishingly, there exist nonsingular matrix A, o in the
case of the Gaussians ¢(r) = e~ (a > 0), the inverse multiquadric ¢(r) = 1/ + 12,
and the multiquadric ¢(r) = V¢ + 12, (¢ > 0).

Hence, we can obtain the «;’s by solving the system of the linear equations.

N
s(x) = Y aid(lxe —xl2), k=0,1,---,N. (6.4)
7=0

We make a total count of operations for the elimination step of Gaussian elimina-
tion [15]. The elimination of each entry in the matrix A, o requires the operations of
addition/substractions, multiplication, and divisions, which are

2 1 7
SN+ 1% + 5V + 1)? - sV 1),

i.e., O(N?). Meanwhile, because of the triangular shape of the nonzero coefficients
of the equations, we start at the bottom and work your way up to the top equation.
Counting operations of solving the system of the linear equations (6.4) yields (N +1)2.
Consequently, counting operations to calculate s(x) over {2y yields

<§(N+1)3+%(N+1)2 - g(NH)) F N1+ (V4 1)+ N)

2

3 )
3(N+1)3+§(N+1)2+6(N+1)—1. (6.5)
Specifically, we summarize the results on the odd and even interpolating nodes.

Proposition 6.1 The computation step for s(x) over (o, can be completed in
2 ; 3 , D
RBFNU My, = §(2n +1)° + 5(2n +1)* + 5(2n +1)—1 (6.6)

operations by means of radial basis functions, including addition/substractions, multi-
plication, and divisions. Meanwhile, the computation step for s(x) over Qo,4+1 can be
completed in

2 3 5
RBFNUMap 11 = 5(2n + 2)3 + 5@+ 2)% + g@n+2) -1 (6.7)

operations.

Then we shall count the number of operations with the bivariate polynomial inter-
polation presented.

Proposition 6.2 The computation step for pa,(x,y) in (2.1) over g, can be completed in

15 29
PINUM,,, = 2n3 + 7n? + 5N 4 (6.8)
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operations, including addition/substractions, multiplication, and divisions. Meanwhile,
the computation step for pan+1(z,y) in (2.2) over Qa,41 can be completed in

21 A7
PINUMay 41 = 20 + 7n? +5n+d (6.9)

operations, including addition/substractions, multiplication, and divisions.

Actually, we analyze the computational complexity of calculating the bivariate in-
terpolating polynomial po, (z,y) in (2.1) over s, from two aspects firstly.

On one hand, by means of Definition 2.1 and Algorithm 2.1, calculating the inter-
polating coefficients a; up to as, requires the operation of addition/substractions

n n—1
X (2n)—|—z (2n+1—-2k)+ (2k —1)(n — k + 1)) +Z(2>< (2n — 2k) + 2k(n — k))
k= k=
25,9, 1 '
the operation of multiplication
n n—1 4 1
_ _ _ =232
;; (2(2k 2) + 1) (n—k+1)+ ; (2(2k 1)+ 1) (n—k) = 30’ = 2n,

and the operation of divisions

2n—|—z< (n—k+1)+ )-I—Z( n—k:)>:3n2+n,

which is totaled up as 2n3 + 7.5n% + 2.5n.

On the other hand, by (2.1), calculating the bivariate interpolating polynomial
pon (x,y) with the known coefficients additionally requires the operation of addi-
tion/substractions

2n+14+22n—1) =6n—1,

the operation of multiplication 1 + 2 + 3(2n — 2) = 6n — 3.
Hence, we total up the number as
15 , 29

omn? + n +7n—4

which gives (6.8).

Secondly, we consider the computational complexity of calculating the bivariate
interpolating polynomial py,11(z,y) in (2.2) over Q9,1 from two aspects.
On one hand, by means of Definition 2.1 and Algorithm 2.2, the calculation step for
the interpolating coefficients a; up to as,+1 can be completed in the addition/substractions
9 , 11

2 41
<3n + 5 +€n)+2 (2n +1 +Z2k_ —n2+€n+2
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x 10

2.4

Complexity with p,,_(x.y)
Complexity with p,, ., (x,y)

2.2

1.8
16
1.4

0.8
0.6
0.4F
0.2

2 4 6 8 10 12 14 16 18 20
X

Figure 13: The computational complexity with pan (z,y)(n = 1,2, -+ ,10) and penti1(z,y)(n =0,1,---,9).

.
7000 5X10

Complexity with p,, (x.y) Complexity with p,, (x,y)
6000 - . . +  Complexity with RBFs | | 45F - Complexity with RBFs |1

41

5000(- SRR
. 351 5

4000 [~ - B 3r
> - . @‘,.
3000 !

2000 -

1000 -

T I I I I I i I I i i
1 2 3 4 5 6 7 8 9 10 10 12 14 16 18 20

Figure 14: The computational complexity Figure 15: The computational complex-
with po,, (z,y) (n = 1,2,3,4,5) and RBFs. ity with pa,(z,y) (n = 6,7,8,9,10) and
RBFs.

the multiplication

the divisions
(Bn?4+n)+(1+n+2n)=3n+4n+1=3n>+n

operations, which is totaled up as 2n3 + 10.5n% + 11.5n + 3.

On the other hand, by (2.2), the calculation step for the bivariate interpolating
polynomial py,,41(z,y) with the known coefficients can additionally be completed in
the addition/substractions (6n — 1) + 2 = 6n + 1, and the operation of multiplication
(6n — 3) + 3 = 6n operations.

Finally, we total up the number as

21 , 47

2n3+7n +7n—|—4,
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x 10
7000

T T T T T T T T T T T T -
Complexity with p2ml(x,y) Complexity with p2ml(x,y)
6000 + Complexity with RBFs || 45r : . Complexity with RBFs |1

@ 4t
5000 - ¥ 35 .
B .S.'
4000 | R 3r 3
3000 .®~".
2000 -
1000 - "E..

1 = I‘i 1‘1 é é % é é 10 10 1‘2 1‘4 1‘6 1‘8 20
Figure 16: The computational complexity Figure 17: The computational complexity
with pont1(z,y) (n = 0,1,2,3,4) and with pant1(z,y) (n = 5,6,7,8,9) and
RBFs. RBFs.

which gives (6.9). As a result, it follows that Proposition 6.2 holds.

For the sake of illustration, we plot the figures of the number of operations in Propo-
sitions 6.1 and 6.2 to compare the computational complexity of the bivariate polyno-
mial presented with that of radial basis function, as shown in Figs. 13-17. Moreover,
we obtain

Proposition 6.3 For the computation of the interpolating functions over s, or Qo1
based on the bivariate interpolating polynomials presented and radial basis functions, the
quotient of the number of the operations of addition/substractions, multiplication, and
divisions satisfies

PINUM 3

RBENUM 8
for sufficiently large n.
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