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ABSTRACT 

Analytical closed-form solution to the stress distribution associated with a hole in finite plates subject-
ed to tension has not been obtained yet.  Wherefore, a method developed in this paper is based on a Bel-
trami-Michell methodology analyzing the Kirsch’s problem under finite dimensions conditions of both 
plane stress and plane strain.  This aimed ability is achieved by combining the Beltrami-Michell plane 
equations, isochromatic information on the boundaries only; and the finite difference method into an ef-
fectual hybrid method for analyzing rectangular plates of finite width with circular holes.  Furthermore, 
the Beltrami-Michell methodology suggested may be applied on other plate and cut-out forms. 
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1.  INTRODUCTION 

Analytical and experimental analysis showed that 
near openings in a loaded flat member a peak stress 
occurs, which reaches much larger magnitudes than 
does the average stress over the section.  Therefore, a 
stress field disturbance occurs round about.  First of 
all, Kirsch [1] published a pioneering work on the stress 
state of a uniaxially tensioned elastic plane which is 
weakened by a circular hole.  Acknowledged as 
Kirsch’s problem, this work was the beginning of a new 
direction in the plane theory of elasticity.  His ideas 
were further developed by the Russian mathematician 
Kolosov [2] who initiated the stress concentration study 
around arbitrary shaped holes and size in elastic medi-
um, which is subjected to diverse loading conditions.  
Hereafter, Inglis [3] accomplished the work of Kolosov 
and has obtained an analytical solution associated with 
an elliptical hole.  Finally, two further important 
problems are treated, which are fundamental ideas of 
fracture mechanics.  Earlier on, Howland [4] analyzed 
the stresses in the neighbourhood of a circular hole, and 
he suggested a formulation for calculation of the stress 
concentration factors of an isotropic strip with circular 
holes.  Over the years different techniques have been 
developed for the study of such weakened plates.  
Thereafter, the stress distribution was studied around 
both circular (Durelli et al. [5]) and elliptical disconti-
nuity (Durelli et al. [6]) using, among others, photoe-
lasticity.  Additionally, much experimental work re-
lated to this topic has contributed to validate the ana-
lytical solutions [7].  Most recently, for other shapes of 
holes Kawadkar [8], for example, proposes an evalua-
tion of stress concentration in plate with cut-out and its 
experimental verification.  Furthermore, a study on the 
effect of stress concentration on cut-out orientation of 

plates with various cut-outs and bluntness was con-
ducted by Mohan [9].  Numerous of papers can by 
cited concerning solutions for stress concentration 
around holes [10,11].  Studies of elastic stress in infi-
nite plate weakened by a single circular hole have been 
published by Singh [12], in comparison with those 
weakened by multiple circular holes [13].  Further-
more, finite element analyses are performed to investi-
gate elastic stresses around holes in plate subjected to 
uniform tensile loading, as published by Shastry et al. 
[14].  Semi-analytical and experimental work also 
exists for finite width plates [15], and for finite thick-
ness plates.  Indeed, on the basis of the plane strain 
theory, Kotousov [16] presented analytical solutions for 
a wide range of thickness to radius ratios around typical 
stress concentrators in an isotropic plate with arbitrary 
thickness.  However, Yang et al. [17] showed that the 
location of stress raiser occurs on the middle surface 
only in thin plates and it moves away from the mid 
plane of plate by increasing the plate thickness.  To 
abbreviate this bibliographical review, an exhaustive 
review on stress analysis of an infinite plate with 
cut-outs is edited by Dharmin et al. [18], where contri-
butions of work from several researchers have been 
recapitulated.  Besides, an extensive collection of 
stress concentration factors, in table-forms ready for 
use, is provided in textbooks, as compiled by Pilkey 
[19].  

There are various theories and techniques commonly 
used for this purpose, some of which have been listed 
above.  Some problems have been solved using series 
method [20], as introduced early by Love [21].  Abdou 
and Monaquel have used an integral method to deter-
mine the stress components of stretched infinite plate 
with a curvilinear hole [22].  Various numerical pro-
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cedures (Finite and Boundary Element Methods) have 
been developed to get solutions to elasticity problems 
of complex geometry.  The most important method 
used in several papers is based on the complex varia-
bles theory introduced previously by Kolosov followed 
by other authors such as Churchill [23] and England 
[24].  Several authors have formulated perturbed two- 
dimensional problem in terms of Savin’s complex vari-
able method [25] or, as a hybrid version, Muskhelish-
vili’s complex variable method [26] and the finite ele-
ment method. 

The main concern of this paper is to separate, in sev-
eral components, the perturbed stress field due to the 
peak stress.  Unfortunately, the occurred stress concen-
trations on the edges cannot be determined, since they 
are designed as boundary values of the problem that is 
owing to the boundary value problem conceptual formu-
lation.  It must be emphasized that the above literature 
review does not suggest any work that has been done to 
investigate the perturbed stress field in its boundary val-
ue problem version.  To our knowledge, no work has 
not been obtained yet to examine weakened finite width 
domain, as a stress boundary value problem.  Therefore, 
the designed methodology should be an efficient alterna-
tive procedure for plane stress analysis, because based on 
the Beltrami-Michell stress formulation.  In addition, 
the methodology shall be capable of mapping two-  
dimensional stress tensor components within plates of 
finite-width weakened by holes more efficiently (Ref. to 
[18]), with results that are sufficiently accurate for engi-
neering design purposes. 

The suggested Beltrami-Michell methodology is or-
ganized as follows.  The source functions of the Bel-
trami-Michell equations from Poisson-Type can take 
second order partial derivatives either homogeneous or 
mixed of the stress sum function.  The first stress ten-
sor invariant as harmonic function, satisfying Laplace 
equation can be determined throughout the planar do-
main from known surface stress sum [27].  Thus, the 
first Dirichlet problem must be solved at first.  
Chained up, the second operation of the problem is to 
build second order derivatives of the stress sum func-
tion, which express each source functions of the   
Beltrami-Michell compatibility equations.  The third 
operation therefore is to solve the Beltrami-Michell 
Boundary Value Problem (BM-BVP) [28].  So, the 
second Dirichlet problem, in terms of stress tensor 
components, could be solved at last.  In both cases, the 
required Dirichlet data may be determined by means of 
any method that permits to measure surface stresses; 
among others photoelasticity is the most designated 
[29,30].  This aimed ability is achieved by combining 
isochromatic information on the boundaries solely, the 
B-M BVP and the Finite Difference Method (FDM), 
into an effectual hybrid method for stress analysis [31].  
In order to show the versatility of the proposed method, 
the first application on the Kirsch problem enables the 
comparison of the present results with analytical ones.  
The second application concerns a photoelastic finite 
plate that allows the comparison with the experimental 
ones; and to show furthermore the superiority of the 
suggested method. 

2.  BELTRAMI-MICHELL BOUNDARY VALUE 
STRESS PROBLEM 

This section reviews and illustrates the compatibility 
requirement of the in plane elasticity theory.  It is 
worth noting that the field equations for plane stress are 
almost identical to those for plane strain, except for the 
term involving Poisson’s ratio in the constitutive law.  
However, the equations of equilibrium, which are the 
same for plane stress and plane strain, are given by: 
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where, X and Y are body forces.  In the field, the equi-
librium equations are functionally indeterminate be-
cause three unknown stresses are expressed in terms of 
two Eq. (1).  The requirement of compatible strains in 
the plane may form the third equation used for the de-
termination of all the stress components.  Indeed, there 
are three strain equations for the determination of two 
unknown displacement functions in the plane.  Ac-
cordingly, the following is also to be noted, with the 
assumption that the in-plane displacement components 
are single-valued and have continuous derivatives up to 
and including the third order.  Hence the given com-
ponents of strain must likewise be single-valued and 
have continuous derivatives of the second order; this 
condition will be assumed to be satisfied.  Conse-
quently, the three strains, xx, yy and xy, which are of 
interest in the plane stress and plane strain problems, 
are not independent.  The following equation express-
es this fact: 
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Equation (2) is the condition of compatibility and must 
be satisfied in order to ensure the integrability of the 
strains to obtain single valued displacements.  The 
compatibility equation puts a condition on the stresses 
since the strains calculated from them must satisfy (1).  
Expressing the strains in terms of the stresses by means 
of Hooke’s law for plane stress, 

 
1

kk ij ijij
E E

    
    (3) 

substituting in Eq. (2) and eliminating the shear stress, 
xy, by means of the equilibrium Eq. (1), the standard 
form of the Beltrami-Michell compatibility equation 
(B-MCE) may be obtained: 

 Δ ( , ) Δ( ) 0xx yyI x y      (4) 

where the trace of the plane stress tensor I(x, y) is used, 
and the Laplace operator is symbolized by .  It must 
emphasized, however, that if there is no volume force, 
then the B-MCE (4) has the same form for both plane 
states.  This postulate may be easily verified by taking 
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into account plane strain assumptions (i.e. zz  0; zz 
v(xx yy Ee0) ), where e0 is the constant axial 
strain which is independent of stress.  In this case a 
normal stress zz exists in addition to the other three 
components.  Therefore, the stress invariant for plane 
strain conditions, I(x, y)  (1 v)(xx yyEe0, to 
which the contribution of Laplacian will lead to the 
B-MCE shown in (4) above.  It is worth noting that the 
resulting equation is valid for both plane stress and 
plane strain, since material constants have disappeared, 
and there is thus no need to use the formal equivalence 
between plane stress and plane strain. 

The two equilibrium Eq. (1) and the material con-
stant free B-MCE (4), for plane stress or plane strain, 
are sufficient to determine the stresses when the 
boundary conditions are specified.  Moreover, the so-
lution of an elasticity plane problem may be reduced to 
the search of the solution of its boundary value problem.  
Whereby, we shall consider only those solutions in 
which the stress tensor components are continuous and 
single-valued throughout the region, , together with 
their first and second partial derivatives with respect to 
x and y. 

Remark: There are several stress separation methods 
available for two dimensional problems, and which are 
used with some reservation.   Hence, the challenge is 
still ahead in the development of techniques with better 
performances.  Customarily, the sum of the stresses, 
(xx yy, field solution of the Dirichlet’s problem (4) 
is used for the stress-separation, involving one of both 
equilibrium equations in an integration procedure, pro-
vided that the shear stress, xy, is known on the path.  
For a full-field stresses separation, this procedure will 
be repeated, line-by-line, until the three different stress 
maps are generated.  Other methods reach such a 
stresses separation using simultaneous both normal 
stress difference, (xx yy, and the normal stress sum 
solution, (4), assuming also that the shear stress is 
eventually available in the field.  It is to emphasize 
that both methods need for this purpose photoelastic 
information in the field; a huge and tedious task at last.  
It would be still more preferable to determine each 
components of the stress tensor separated, without use 
of information within the field.  However, an still 
more efficient alternative will be developed in this pa-
per. 

The highlighted aim of this study is to try to trans-
form Eq. (4) in such a way that the stress separation 
occurs, arising from the determination of each individ-
ual stress component in the field.   

We shall use for the convenience purpose the Airy 
stress function, , which has been used also by Kirsch 
[1] to find the solution to his problem (see section 4).  
It will be shown, that this leads straight to the proper 
B-MCE governing the plan version.  While the Eq. (1) 
represent a necessary and sufficient condition for the 
existence of a Airy stress function (x, y), consequently, 
the three components of the symmetrical stress tensor 
may be expressed through this single Airy function, 
such that: 

 

2 2

2

2

2

( )

.

x yy

sym
x

 

 


  
   

  
 

 (5) 

In addition, the first invariant or trace of the stress ten-
sor 

 ( , ) xx yyI x y      (6) 

has all the properties of a harmonic function what satis-
fies the Laplace equation.  By taking the Laplacian, , 
of both sides of the Eq. (6), we get both a Laplace and a 
bi-Laplace equation: 

 ( , ) 0I x y    (7) 

These equations express both the B-MCE and the bi-
harmonic compatibility equation in terms of the stress 
function for the two dimensional case of course.  The 
requirement that the elastic domain,  being simply- 
connected, is needed to ensure that (x, y) is single- 
valued.  Multiply connected domains also have a sin-
gle valued, , provided that the integrals of the equilib-
rium equations (force and torque) vanish separately on 
each internal boundary of cut-outs (refer to [26]).  
Thus, this theorem states that the stresses in a doubly 
connected plate (of Kirsch), induced by specified trac-
tions, do not depend on the material constants, if and 
only if the resultant force on the hole boundary vanish-
es and provided constant body forces.  In other words, 
the explicit dependence of stress on Poisson's ratio is 
derived for the case when these conditions are not met 
because of unbalanced forces acting on internal bound-
aries. 

The potential equation of the stress sum in (7) is for 
convenience transformed, given: 
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In addition, regarding the stress components shown in 
(5), by applying the Laplacian and substituting (10), the 
following equation may be given: 
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The inconvenient term in Eq. (9), will be replaced by 
its equal given in (8), to obtain also the B-MCE for the 
stress component in the x-direction: 
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By cyclic permutation of the indices, the stress compo-
nent in the y-direction is obtained: 
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while for the tangential stress, a direct application of 
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the Laplacian is used on the corresponding component 
(xy) in (5): 

 
2 2( )

xy
I

x y x y

   
   

   
 (12) 

Notice that, Eqs. (10), (11) and (12) are other writings 
of B-MCE given in (4) provided that the body forces 
are constant.  It is worth mentioning that these equa-
tions may follow directly from the equilibrium equa-
tions (1), when the body forces are omitted there 
[32-34]. 

In summary, the following may also be noted.  In 
the case of constant body forces, the B-MCE for plane 
stress and plane strain is the same and free from mate-
rial constants.  This characteristic is important in that 
any convenient isotropic material may be used to sub-
stitute for the actual material, as for example, in model 
experimental techniques, including photoelasticity 
firstly.  Besides, the conditions in plane elasticity un-
der which stress is independent of Poisson's ratio are 
well known.  Indeed, in the absence of body forces, 
the B-MCE (10), (11) and (12) are governing equations 
of the Poisson type.  They are independent of the elas-
ticity constants, as emphasized earlier on by Mus-
khelishvili; and hereafter, this subject was comprehen-
sively discussed in the work of Okumura [35].  In his 
work [26], Muskhelishvili has emphasized that for the 
elastic plane under the assumption that holes contours 
are free loading; the stress state does not depend on the 
elastic constants of the material.  These are also fun-
damental assumptions of the Kirsch’s Problem.  Be-
sides, according to this theorem, the Beltrami-Michell 
methodology may effectively be used for analyzing 
domains with cut-outs of any shape. 

Moreover, the method of treatment of the required 
Dirichlet data by means of photoelasticity is briefly 
summarized.  Photoelasticity is a full-field experi-
mental model technique for stress analysis and is much 
easier, accurate, and more versatile.  The isochromatic 
fringe patterns observed through the polariscope are 
given by the stress-optic law: 

 1 2 max( ) 2
Nf

N
t

        (13) 

where the stresses are in the plane of the model of 
thickness t, N are either integer, 0, 1, 2 etc or half-order, 
0.5, 1.5, 2.5 etc. subject to whether the polariscope is 
crossed or aligned.  The stress-optic fringe coefficient 
f depends in turn of the transparent model material be-
ing used and the wave length, , of the transmitted light 
utilized to illuminate it.  By definition, the boundaries 
which are free from external shear and normal stresses 
will be referred to as free boundaries.  Indeed, the 
principal stresses are therefore either tangent or normal 
to the boundary [36].  It follows that at points lying on 
free boundaries there is only one remaining principal 
stress, which is tangent, while the normal one is obvi-
ously zero.  Hence, boundary data required for solving 
the potential Eqs. (10), (11) and (12) are given 
straightforwardly using (13): 

 1 2( ) ( ) ΩΩ Ω ( , )xx yy N x y            (14) 

where the remaining principal stress is converted from 
the isochromatic fringe order N(x, y) to obtain the 
boundary value everywhere; whereby κ f / t is a pho-
toelastic model fringe value.  Knowing the outward 
normal vector on the boundary surface, anywhere, the 
required Cartesian stress components may always be 
computed: 
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and which are necessary to solve the set of the B-MCE 
(10), (11) and (12).  Obviously, the angle, , represents 
the direction (or slope) at the considered boundary 
point. 

3.  FINITE DIFFERENCE DISCRETIZATION OF 
THE PROBLEMS 

The most direct way to solve BM-BVP numerically 
is through the use of finite difference approximations.  
The FDM usually imposes a regular grid on the re-
gion of interest.  However, it has a limitation that the 
difference grids are restricted to be the coordinate lines, 
which are parallel to the coordinate axes.  Therefore it 
is not useful on the domain grids with irregular bounda-
ries which occur in the majority of the practical prob-
lems (see the application examples afterwards).  For 
this purpose, a numerical differentiation technique is 
introduced, as has been proposed by Shortley and 
Weller [37], however improved.  Specifically, we need 
to consider a 5-point star (at unequal arms) in the finite 
difference mesh.  For homogeneous second order de-
rivatives, we represent each distance (arm length) by h, 
where { ]0,1]}   is a fraction of the standard spac-

ing h, for points close to the boundary.  It is obviously, 
for grid points away from the boundary   1.  On the 
other hand, for mixed derivatives with respect to x and 
y, a 45 skewed grid is opted for, in order to preserve 
the 5-Point differentiation scheme as used by homoge-
neous derivatives.  The grid fractions parameter, in 
this case , regulates the distances between the 4 car-
dinal points in the 45- rotated grid.  In fact, for each 
derivative type, 5 coefficients, a(k), b(k) for k  (0, 1, 
2, 3, 4), have to be calculated for each point (i, j) and, 
and therefore, for each algebraic finite difference equa-
tion.  Again, for points far from the boundary, it may 
evidently be assumed: k  k  1.   Henceforth, a 
varying 5-point stencil is systematically used for the 
purpose, allowing so the discretization of both homo-
geneous and mixed second order partial derivatives 
occurring in the right-hand-side of the Beltrami-Michell 
equations.  In addition, this improved Shortley-Weller 
method is a practical proposal to greatly enhance the 
approximation with respect to the experimental meas-
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ured values at precise locations, especially, on domain 
of arbitrary geometry.   

Therefore, in order to approximate the solution of 
Laplace Eq. (7) and Poisson Eqs. (10) ~ (12), a centered 
finite difference formula for the second derivative is 
used for both.  Let  be a generic grid variable used 
for the approximation of .  Using the 5-point-stencil 
formula, for the unequal armed star, the symbolical, 
following compact algebraic equation at each sten-
cil-centre can be written, given: 

 
={0,1,2,3,4} ( 0)

0
Φ

|
k k

k k

Laplace

Poisson
c

f 

 


  (16) 

In this equation, the coefficients kc regulate the spac-
ing (as weighting) to the boundary  and f represents 
each right-hand-side of the stress component Eqs. (10), 
(11) and (12).  It should further be emphasized that for 
homogeneous derivatives, the coefficients of the finite 
difference equations are designated by: ck  ak; as 
shown below in sketch (a).  The Shortley-Weller coef-
ficients will be distinctly expressed as: 
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Crucial undertaking is to formulate the discretization of 
the right-hand-side of the Poisson's equation of the 
shear stress (12) at irregular boundaries.  The motiva-
tion of the following finite difference scheme is to pro-
duce an accurate approximation treating mixed deriva-
tives.  However, close to the boundary, customary the 
approximation of the second order mixed derivatives 
requires a 9-point stencil.  This task is not easy to 
handle in regard to the aimed “automatization” of the 
solver and related the computational procedure.  A 
transformation by rotation (45) of the grid (stencil) to 
obtain also a 5-point formula is suggested.  In this way, 
the 2-Dimensional Taylor’s theorem, according to the 
approximation of mixed derivatives, leads to a similar 
form of Shortley-Weller’s coefficients above.  There-
fore, in a 45°-skewed stencil as shown below (Sketch b), 
its finite difference coefficients (ck  bk) can be ex-
pressed explicit as follows: 
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Note that by definition, the irregular 5-point-Star is 
present when at least one of its star boughs becomes 
smaller than the mesh size h.  The irregular finite dif-
ference star is the more general one, while for the regu-
lar ones one requires k  k  1.   

Consider the resulting linear system that arises from 
the discretization of such elliptic boundary value prob-
lems depicted as: Ax b, where A is a n  n-matrix, x 
and b are vectors.  The main advantages of direct 
methods for solving systems of linear equations are 
their generality and robustness [38].  Direct methods 
solve the problem by a finite sequence of operations, 
and are attractive since in theory they yield the “exact” 
solution to the finite difference equations system, 
whereas commonly used methods seek to approximate 
the solution by iterative procedures [39].  To sum up, 
in the present algorithm used direct method is version 
of Gaussian elimination and involves the explicit fac-
torization of the system matrix A into a product of low-
er L, upper U triangular and diagonal matrices, such 
that the product holds: A LDU.  Furthermore, the 
advantages of this method are not only its numerical 
strength but also the fact that it always guaranties a 
solution for different complex problems without the 
necessity of a convergence criterion (see [40]).  Ac-
cording to our experience, while exact experimental 
values are involved, which have been measured at pre-
cise location on the boundary, iterative and relaxation 
methods have been shown to be unsuitable, with no-
ticeable loss of accuracy in their results. 

4.  METHOD VALIDATION AND ANALYSIS 

The stress distributions around a central hole can be 
estimated for the simple case of an infinitely wide plate 
subjected to tensile loading.  We assume that the state 
of stress in such weakened plates is approximately 
plane stress, providing that the plate thickness t a; 
compared to the hole radius a (see Fig. 1: Infinite 
Kirsch’s domain).  Besides, exact rigorous solution for 
the finite panel has not been obtained yet (as sketched 
in Fig. 1: Finite Beltrami-Michell’s domain). 
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Fig. 1 Kirsch’s infinite plate and plate with finite 
width of Beltrami-Michell. 

However, for a plate under uniaxial tensile stress t 
with the origin of the coordinates at the center of the 
circular hole (diameter 2a), the Kirsch’s analytical 
equations for the stress tensor components are usually 
formulated in polar coordinate systems [41].  For the 
sake of convenience, the algorithm is general imple-
mented for rectangular coordinates; and therefore a 
transformation of stress is required.  The transition to 
the Cartesian coordinate system is performed with the 
help of the two dimensional stress transformation equa-
tions and some trigonometric functions.  It should be 
noted that the counter-clockwise nature of the angle  
has already been taken into consideration in the equa-
tions listed below.  However, the overall Cartesian 
stress distributions are given in the closed form solution 
for a wide plate with a small central circular hole: 

2 2 2

2 2
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 
 (21) 

where r2 x2 y2 is the square of the distance measured 
from the hole center to an arbitrary point (х, у) of the 
plate, F8x2(3a2 x2)/r4 and G 24 a2x4)/r6; and t is 
the magnitude of the remotely applied tensile stress at 
infinity.  Herewith, we can obtain the Cartesian com-
ponents of the stress in xy-plane at any point around the 
boundary of the circular hole. 

Two experiments have been performed in this appli-
cation section for validation.  Firstly, the results of the 
Beltrami-Michell methodology have been compared 
with those obtained using the closed form solution of 
the classical problem of a wide thin plate weakened by 
a small central hole.  Secondly, the analysis which was 
carried out of a photoelastic strip weakened by a central 
circular hole allows the comparisons of the methodol-
ogy results with the experimental ones.  That is why a 
direct comparison of the exact solutions for an infinite 
and a finite panel are necessary. 

4.1 Application on a Stressed Kirsch’s Infinite Plate 

At first, the wide panel subjected to a uniaxial uni-
form distributed tensile stress t in x-direction, given in 
Fig. 1 (infinite Kirsch’s domain), is taken into consid-
eration.  The dimensions are selected of such a way 
that they can be considered as infinite wide plate; since 
the ratio of plate half-width to hole diameter w/2a is 
greater than four.  The stress levels outside the per-
turbed region are therefore close to the nominal applied 
stress levels t (remote or far-field stress).  Recall that, 
the inner surface of the hole is stress free which is con-
sistent with the principal stresses at free boundary    
(r a): 

  
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where only the hoop stress acts varying around the 
boundary of the hole.  On the other hand, a coordinate 
transformation of the non-zero component  leads to 
the Cartesian stresses acting on the hole edge: 
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Equations (23) show that the stresses in Cartesian 
coordinates xx, yy and xy along the circular edge of 
the hole are functions only of both the tangential stress 
 and the angle .  Moreover, the required Dirichlet 
conditions (23) are used for solving the BM-BVP.  As 
a result, a good agreement was observed in all the stress 
profiles between the closed form solution results of 
Kirsch and the numerical results of the used Beltrami- 
Michell methodology (Figs. 2 and 3).  

The variations observed between these two ap-
proaches, as outlined above (Figs. 2 and 3), may pre-
sumably be attributed to the discussed numerical errors 
in section 3, as well as to the assumption of  infinitely 
extended plate, which of is fundamental for the closed 
form solution.  With more sophisticated numeric codes, 
the accuracy level of the results can certainly be higher 
until close to the analytical ones.  To be emphasized 
moreover that the ultimate goal of this paper is rather to 
shown the methodology analyzing the stress tensor field 
of irregular shaped domains, which may in addition be 
weakened by cut-outs.  Any other possible refinement 
in image processing to acquire more correctly the Di-
richlet data, or improved numerical treatments of the 
problem, and other details, this will a matter of the end- 
user.   

For a circular centred hole in a rectangular plate, the 
maps of the Beltrami-Michell stress separation were 
shown on the left hand side, and the analytically ob-
tained maps were shown on the right hand side in fig-
ures (Figs. 4, 5, 6 and 7) below.  It was found that the 
numerically obtained stress contours agree with those 
analytically computed ones; confirming therefore the 
feasibility of the present Beltrami-Michell stress evalu-
ation and separation methodology. 
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Fig. 2 Dimensionless Stress profiles along the 
y-Direction 

 

Fig. 3 Dimensionless Stress profiles along the 
x-Direction. 

     

Fig. 4  Contours of Stress: xx.      Fig. 5  Contours of Stress: yy. 

     

Fig. 6  Contours of Stress: xx  yy.   Fig. 7  Contours of Stress: xy. 

4.2 Application on a Stressed Beltrami-Michell’s 
Finite Plate with Hole 

In the second experiment, the specimen selected for 
validating the proposed technique is a finite width 
transparent polycarbonate tension member with a cen-
tral circular hole.  The isochromatic fringe patterns 
photograph for this model is shown in (Fig. 8.) (see 
Frocht [42]; pp 231232).  However, attempt will be 
made to quantify the stress distributions associated with 
isochromatic fringe patterns as a means to collect the 
Dirichlet experimental data on the boundaries.  In the 
figure below, the fringe values and their signs have 

 

Fig. 8 Isochromatic fringes data simulating the Di-
richlet’s data of the problem. 

been determined and marked on the outside boundaries 
of the stripe without further difficulty.  A negligible 
deviation was found one being opposite sides of the 
specimen due to a load small eccentricity of course.  
According to the Saint-Venant principle, small error in 
fringe order may also be shown to be of negligible im-
portance, at least for this purpose.  Furthermore, in the 
context of boundary value problems Frocht has devoted 
one chapter in his work (see Frocht [43]; Chapter 8) for 
the algebraic harmonisation for solving the Laplace 
equation of the stress sum by an iterative relaxation 
procedure, credited to Liebmann and known further-
more as the Liebmann relaxation procedure [44].  In 
his work Frocht has emphasized that small errors of 
location and magnitude of the boundary values decay 
rather quickly in the vicinity of the boundary, having no 
influence on the global results far away.  Besides, the 
used input subroutine for this purpose adopts a cubic 
B-spline curve that produces smooth boundary values 
with least oscillatory shapes.  This is needed further-
more for the interpolation at FDM-grid intersection 
(missing) points with the boundary.  The boundary 
values in magnitude and location are beforehand rec-
orded by means of digitizing tablet; a common periph-
eral device. 

The distribution of the isochromatic fringes at the 
periphery of a circular hole is analyzed and separately 
presented in (Fig. 9) for convenience.  On the hole 
circumference, they are four zones symmetrically op-
posed including two of compression (0-B-0) and two of 
tension (0-A-0); see photograph in medallion (Fig. 9).  
Those zones are joined together by isotropic points of 
zero stress, separating tensile stress regions from com-
pressive stress ones.  Noticing that a singular point is 
an isotropic point at which the stresses are zero, while 
at isotropic points the principal stresses are equal in all 
directions, i.e. hydrostatic conditions.  The directional 
properties of this singular point of zero stress, “0”, lo-
cated approximately at 30 degrees from the vertical 
centreline will be best understood when we refer to the 
isoclinic and isostatic diagrams as shown by (see Frocht 
[42]; pp 214).  However, the maximum isochromatic 
order (at point A) was determined by plotting the fringe 
order against the distance from one of the edge at the 
minimum section and extrapolating this curve to the 
true edge of the hole.  It was necessary to use an en-
largement since the fringes were very fine and close 

https://doi.org/10.1017/jmech.2015.93 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2015.93


8   Journal of Mechanics, Vol. 32, No. 1, February 2016 
 

 

Fig. 9 Fringes at the periphery a quarter of hole vs. 
angle. 

together.  photoelasticity always delivers complete 
information on the stress at load free boundary, because 
of the direction of stress which is furthermore known, 
since the physical boundary or edge is a stress direction 
itself. 

It shou1d be noted, though, that photoelastic resu1ts 
are expressed in terms of fringes.  Assuming e1astic 
conditions and similitude between model and prototype, 
it is not necessary that these fringe values be converted 
into stresses for this purpose.  Therefore, the fringe 
orders can also be assumed as boundary values on both 
edges of plate and hole.  On the other hand, due to the 
material symmetry and symmetrical loading condition, 
the symmetry planes are principal ones, and therefore 
free from shear stress.  For convenience we will de-
note the particular values of both xx and yy, acting on 
such principal planes, by p and q, as it was done in the 
reference work.  Consequently, the algebraically 
maximum stress will be denoted by p and the minimum 
one by q.  However the maximum shear stress, equals 
the radius of the Mohr’s Circle, is denoted by max 
(p q)/2. 

The stress concentration or dimensionless stress pre-
dicted in (Fig. 2) decays rather quickly away from the 
hole.  Therefore, this solution can be used for non- 
infinite plates, provided that the edges of the plate are 
sufficiently far from the hole that the stresses on the 
edges are approximately equal to the remote stress field.  
If this is not the case, alternative solution by Howland 
[45] may be used.  Howland derived semi-analytical 
expression for the stress concentration factors at the 
edge of a symmetric hole of diameter 2a in a plate of 
finite width 2w.  Many others semi-analytical formu-
lae are proposed in text-books by Perteson [46] and by 
Warren et al. [47].  The simplest and most conserva-
tive formula is given by Boresi [48], as shown in Eq. 
(24) below. 

 
max 3 1

0.3av

 
 





 (24) 

 

Fig. 10 Principal Stress Profiles [Fringes] along the 
y-Direction. 

where  (w/a) is the ratio (width of strip/diameter of 
hole) and av is the average stress over the weakened 
cross-sectional area containing the hole.  The follow-
ing empirical equations for the stress concentration 
factor Kscf give results agreeing approximately with the 
most experimental test and FEA results: 

 
2 3

max
3 3.13 3.66 1.53

av

a a a

w w w




             
     

 (25) 

Values shown in Table 1 should justify the fringe order 
extrapolation, across the transverse section of symmetry, 
on the free boundary point of the hole centred in the 
stripe (a/w 0.3). 

Table 1 Abstract of normalized stress of stripes 
weakened by central hole 

Eq. (24) 2.48  

Eq. (24) 2.48  

Howland 2.48  

Average 2.48 2.30 (Photoelasticity) 

5.  CONCLUSIONS 

In order to overcome the heavy and fastidious analy-
sis inherent in the displacement or complex variable 
formulation, used to obtain eventually the stress field 
[49], the direct formulation in terms of stress is an ade-
quate straightforward proposal.  In this paper the de-
veloped hybrid method uses the measured surface 
stresses and the Beltrami-Michell Methodology to de-
termine the full-field stress tensor in the interior of any 
irregular two-dimensional elastic domain that can either 
be simple or multiply connected.  The successful use 
of such hybrid method can thereby reduce the amount 
of measurements required, increase the accuracy of 
numerical results and permit the prompt determination 
of the complete stress distributions within domains 
weakened by irregular holes.  As shown, the algorithm 
of stress analysis is straightforward, shortens the com-
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putational time and creates favourable condition for 
automatic hybrid technique of course.  Quite often, the 
results of a finite element analysis require an experi-
mental validation by important problems; which is al-
most achieved by this method.  When meticulously 
carried out, the presented methodology advanced the 
finite element analysis with one more advantage that 
the results are simultaneously validated. 
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