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Abstract. Given a semigroup of surjective local homeomorphisms on a compact space X
we consider the corresponding semigroup of *-endomorphisms on C(X) and discuss the
possibility of extending it to an interaction group, a concept recently introduced by the first
named author. We also define a transformation groupoid whose C*-algebra turns out to be
isomorphic to the crossed product algebra for the interaction group. Several examples are
considered, including one which gives rise to a slightly different construction and should
be interpreted as being the C*-algebra of a certain polymorphism.

1. Introduction
Recall from [6] that an inferaction group consists of a triple (A, G, V), where A is a
unital C*-algebra, G is a discrete group, and V = {V,}¢¢c is a collection of positive, unit-
preserving linear operators on A satisfying:
(i)  Vi=ida;
(i) VeViVya1 = Ve Vi
(i) V-1 Ve Vi = Voui Ven;
(iv) Vg(ab) = Vy(a)Vy(b), for every a € A and every b in the range of Ve-1.
This concept is a generalization of automorphism groups designed to deal with dynamical
systems in which the transformations involved are not invertible and perhaps not even
single valued.

We give examples of interaction groups arising from actions of semigroups and identify,
in these examples, the crossed product algebra [6, 6.2] as a groupoid C*-algebra.

Most of our examples are constructed as follows. Let X be a compact topological space,
let G be a discrete group, and let 6 be a right action of a given subsemigroup P € G on X
by means of surjective local homeomorphisms. The usual process of dualization, namely

ay(f)=fo6, forallne P, forall f € C(X),
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defines an action « of P on C(X) by endomorphisms. The first hurdle that we face is to
find an interaction group V of G on A such that V,, = o, for all n € P.

If such an interaction group is to be found, then V,-1 must necessarily be a transfer
operator [5, 2.1] for «,, and hence we begin our search by looking for operators L, to
fulfil this role. They must necessarily have the form

Li(Hly= Y o x)f(x) forall feC(X), forallye X,
6 (X)=y

where w : P x X — Ry is continuous in the second variable and normalized in the sense
that ) 5 =, @(n, x)=1,foreveryn € Pandy € X.

Another necessary condition for the existence of the interaction group V is that L, be
anti-multiplicative in the semigroup variable ‘n’, which amounts to w satisfying

wmm, x) =wn, x) w(m, 6,(x)) forallm,n e P, forallx € X.

In other words, @ must be a cocycle for the semigroup action. Assuming that G = P~! P,
and that w satisfies still another coherence condition, we eventually prove that the formula

Ve(Hly= Z on, x)fO,x), g= n~'m forall feC(X), forally € X,
On (x)=Yy

does indeed give an interaction group extending «.

Note that the above formula amounts to a weighted average of f on 6,,(9, '({y})), and
hence it is a probabilistic version of the multivalued map f o6, 06, ! which could also
be written as f o 6,-1,,, since @ is a right action, except that §,-1,, has no meaning under
the present hypothesis.

Motivated by [2, 3] and [10] we define the transformation groupoid relative to the
dynamical system (X, P, 6) to be

G={(x,g,y)eXxGxX:An,me P, g:nm_l, 0, (x) =60, (M)},

under the operations

1

(x, g VO, h)=(x,gh,z) and (x,g, ) "=, g ", x).

When all of the favorable conditions are present, in which case the interaction group is
available, we show that the crossed product C (X) xy G and the groupoid C*-algebra C*(G)
are naturally isomorphic.

We then present a series of examples to which our results may be applied. Closing our
list of examples, we look at the case of certain polymorphisms, a situation that does not
precisely fit within our general framework, but for which we may also consider both the
interaction group and the transformation groupoid, and prove the isomorphism between
the crossed product and the groupoid C*-algebra.

It is interesting to note that the existence of the interaction group extending a given
semigroup action depends on the existence of cocycles satisfying suitable coherence
conditions (see Definition 2.7 below). On the other hand, the transformation groupoid,
and therefore also the associated groupoid C*-algebra, may be defined irrespective of the
existence of cocycles. Since the coherence condition mentioned above does not seem to be
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studied in a systematic way, it might be an interesting project to determine, from the point
of view of dynamical systems, whether or not a semigroup action admitting a coherent
cocycle possesses special properties at all.

Based on the concept of cellular automata we present, in our last section, an example
of a semigroup action of N x N on Bernoulli’s space which fails to admit a (non-zero)
coherent cocycle. We believe that a further study of this example might give some insight
into this so far fuzzy situation. Moreover, it seems that this example is at odds with the last
proposition in [2].

2. Semigroup actions
Given a compact space X we will let End(X) denote the semigroup of all surjective local
homeomorphisms

T:X—>X

under the composition law.
Let G be a group and let P be a subsemigroup (always assumed to contain 1) of G. By
a right action of P on X we shall mean a map

6 : P — End(X),

such that 8(1) = idx and 6,,6,,, = Oy, for all n and m in P (please note the order reversal).
Given such a right action 8, and denoting by End(C (X)) the semigroup of injective
unital *-endomorphisms of the algebra C(X), we will let

a1 P — End(C(X))

be given by
an(f)=fo0, forallne P, forall f e C(X).

It can be immediately verified that o, 0, = @y, for all n and m in P, so that o becomes a
semigroup action of P on C(X).
We wish to introduce a transfer operator (see [5, 2.1]) L, for each «;,, so we fix a map

w: P xX—>Ry4,
which is continuous in the second variable, and such that

> wom.x)=1 forallneP, forallyeX. (2.1)
Op (x)=y

Givenn € P and f € C(X), let

La(Hly= Y. o@m x)f(x) forallyeX.

On(x)=y

It is easy to show that L, (f) € C(X) and that L,, defines a transfer operator for oy, in the
sense that L, is a positive linear operator on C (X) satisfying L, (1) = 1, and

Lo(fan(2)) = La(f)g forall f, g € C(X).
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PROPOSITION 2.2. Suppose that
wmm, x) =wn, x) w(m, 6,(x)) forallm,n e P, forallx € X.
Then Ly, = L,,L,.

Proof. Given f € C(X) we have
LuLa(P)l:= Y omy) Y. o x)f)
Om(y):Z 9,,()6)=y

= ) D om6)en 0)fx)

Om(V)=z Op(x)=y

= Z a)(nm,x)f(x)=an(f)|z‘ O

Opm (x)=2z

Definition 2.3. A map w: P x X — R which is continuous in the second variable and
which satisfies both (2.1) and the condition in Proposition 2.2 will be called a normalized
cocycle.

From now on we will assume that w is a normalized cocycle.

Givenn € P and y € X, let us denote by C ; the set
C; ={xeX:0,(x)=0,(y)}

One may then show that the range of «;, consists of the functions f € C(X) which are
constant on C§ for every y. Let

E,=a,0L,,
or, in more explicit terms,

E.(Hly= Z w(n, x)f(x) forall f e C(X), forally € X.

xeC?
It is an easy exercise to show that E,, is a conditional expectation from C (X) onto the range

of ay,.

LEMMA 2.4. Let m, n € P. Then the following are equivalent:
(i) E, and E,, commute;
(i) forevery x, z € X we have that

Z wn,y)wlim, x)= Z w(m, y)wn, x).

yeCmnce yecrncn

Proof. In this proof we will write

E.(Oly= Z[9n(x) =0, (Mo, x) f(x),

xeX

using brackets to mean boolean value and observing that, although the sum is indexed on
the infinite set X, only finitely many summands are non-zero. We then have for every z in
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X that
EnEm(f)|z = Z Z[en(y) = Qn(Z)][em(x) = em(y)]a)(nv y) a)(m, x)f(x)
yeX xeX
= Z(Z[en(w = 0,10 (x) = O (N1, ) 0 (m, x))f(x)
xeX “yeX
= Z( Y. oy o, x))f(x>.
xeX N\yeCncy

Interchanging n and m we see that

EmEn<f)|z=Z( > w(m,y)wm,x))f(x),

xeX \yeCrnCm
from where the conclusion follows easily. O

We would like to further elaborate on point (ii) in Lemma 2.4. Given a finite subset
S C X,and n € P, let us denote

Wa(S)=Y_ @, y). (2.5)
yes
Also, given x, z € X, andn, m € P, let
Cyl'=Ccync’. (2.6)
Point (ii) in Lemma 2.4 may then be rephrased as follows.

Definition 2.7. We shall say that a cocycle w is coherent if for all x, z € X, and for all
m, n € P, one has that

w(m, x) W, (C") = w(n, x) Wy (CP2T).

»Z

We thus arrive at the first point of contact with the theory of interaction groups.

THEOREM 2.8. Let

(i) G be a group and X be a compact space,

(ii) P be a subsemigroup of G such that G = P~ P,

@iii) 6 : P — End(X) be a right action, and

(iv)  be a normalized coherent cocycle.

Then there exists a unique interaction group V = {Vg}eec on C(X), such that V,, = ay,

1

and V,-1 = Ly, for all n in P. Moreover, if g =n""m, withn, m € P, then Vy = Ly,

or more explicitly,

Ve(Hly = Z wm, x) fO@n(x)) forall feC(X), forally e X.

O (x)=y

Proof. The proof follows immediately from the results above and [6, 13.3]. The formula
for V, above follows from the fact that L, o, = idc(x), and hence

Ve=LyayV,-1,, =V,-1V,V,—1, = V,-1Vyy = Lyay,. a
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3. The transformation groupoid
Given an interaction group, such as one might obtain from Theorem 2.8, we may consider
its crossed product algebra

C(X)xyG,

as introduced by [6, 6.2]. We would like to show that this algebra coincides with the
C*-algebra of a transformation groupoid naturally constructed from the given dynamical
system, which we introduce in this section. This is essentially the groupoid studied in
[1, 2, 10] but, as we shall see, the extension to actions of arbitrary semigroups requires
some further work.

For the time being, we will assume that G is a group, P is a subsemigroup of G, and

6: P — End(X)
is a right action of P on the compact space X.

PROPOSITION 3.1. Suppose that P~'P C PP, Then the set
G={(x,g.y)eXxGxX:An,me P, g=nm™", 6,(x) =0, (y)}

is a groupoid under the operations

1

x, g VO, h )= gh ) and (x,g,9) " =, g " x).

Proof. Let us prove that the operations defined above do indeed give elements of G. With
respect to the inversion, suppose that (x, g, y) € G and letn, m € P be such that g = nm~!
and 6, (x) = 6,,(y). Then obviously g '=mn~'and 6, (y) =6,(x),s0 (y,g ', x)€@.

If, moreover, (y, h, z) € G, let p, g € P be such that h = pq_1 and 0,(y) =60,(2).
Given that P~1P C PP~ write m_lp =uv~ !, withu, ve P. So

Onu (x) = 0, (0n(x)) = 04,01 () = Omu(y) = epv(y) = ev(ep(y)) = ev(eq (2) = eqv(z)-

In addition,

1 -1

nu(qv)_1 =nuv ¢q =nm_1pq_1

:gh’

thus showing that (x, gh, z7) € G. We leave it for the reader to check the other groupoid
axioms. O

The next result deals with the topological aspects of G. We thank Trent Yeend for this,
who proved a similar result in [11, 3.6].

PROPOSITION 3.2. Suppose that P~'P € PP~'. Foreveryn, m € P, and for every open
set A, B C X, let

E(n’m3 A,B)Z{(x, gr Y)Eg:gznm_ls en(x)=9m(y)9 XEA’ yeB}'

Then the collection of all such subsets is a basis for a topology on G, with respect to which
it is a locally compact étale groupoid.

Proof. 1t is obvious that the X (n, m, A, B) cover G. Next we must verify that if

(x,8,y) € ¥(n1, my, Ay, By) N Z(ng, my, Az, By),
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then there exists some X (n, m, A, B) such that
(x, 8 y)€X(n,m, A, B) C X(ny, my, Ay, By) N X(ny, ma, Az, B).

By hypothesis there exists p1, p» € P such that nglnl = pzpfl.
Fori =1, 2, let U; be an open set with

On; (x) = Om; () € Ui,

and such that 6, is injective on U;. Defining
[ n=nypi, m=mipi,
e  A=ANANG, N UDNGLNU),
e B=BiNB NG, U)NE, (),
we claim that X (n, m, A, B) has the desired properties. To see this, first observe that
g= nlmfl = nzmgl, so hence
m=mp| = mznz_lnlm = m2172[71_1p1 =myp2,

and likewise
n=nypy=nzp3.
Thus, if (x/, g, y') € X(n, m, A, B), we have fori = 1, 2 that
6 On; (1) = O,y (X)) = 0,(x") = 0 (V) = Oy p; () = O, Oy (V).

Moreover, note that
X eACO, (U) = 0, (x)) €U,

Y € BCO, (U) = 0,,(Y) € U;.

Since 6, is injective on U; we have that 6,,, (x") = 6, ("), which implies that (x’, g, y) €
X (ni, m;, A;, B;), thus showing that

X(n,m, A, B) C X(n1, my, Ay, By) N X(ny, my, Az, Ba).
In order to see that (x, g, y) € ¥(n, m, A, B), note that
On(x) = enlpl x)= epl(enl x)) = 91)1 (9m1 )= 9m1p1 ) =0, (y).

It is also easy to see that x € A and y € B, so indeed (x, g, y) € X(n, m, A, B).
Before proving that G is locally compact, let, for every n, m € P,

Em,m)y={(x,y)e X x X:0,(x)=60,(»)},
be considered as a topological subspace of X x X. We claim that the map
Li(x,y) € E(n,m)—> (x,nm™ ', y) e g

is continuous. To prove that ¢ is continuous at a point (xo, yo) € E(n, m), let W be a
neighborhood of (xo, nm~1L, yo) in G. Then there exists a basic open set, say X (k, [, A, B),
such that

(xo0, nm~', yo) € T(k, 1, A, ByC W.

One must then have nm ! = kI~!. Choose p, ¢ € P suchthat k~'n = pg~', and let W be
an open neighborhood of 0y (x) = 6;(yo) such that 8, is injective on W. Letting
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o U=AnNng W),

e V=Bn6g "(W),and

° Z=U x V)N E(n, m),

observe that Z is an open subset of E(n, m) containing (xg, yo). We claim that ((Z) C W.
In fact, if (x, y) € Z then

Op (O (x)) = Okp(x) = Ong (x) =040, (x)) =040 (¥)) = Omg(y) =-- - .
Observe that mqg = lk~'ng =Ipg~—'q = Ip, so the above equals
e =0p(y) = 0,01 ()).
Summarizing, we have that 6, (6 (x)) = 0,(6;(y)), but since
xeUCH (W) = G(x)eW,
YEVIHTIW) = a()eW,
and since 6, is injective on W, we have that 6; (x) = 6;(y), from which one can conclude

that
W, y) =, nm™ Y, y) = (x, kI, y) e S(k, [, A, B)C W,

thus proving that ((Z) € W, and hence that ¢ is continuous.
Viewing ¢ as a map

t:E(n,m)—> X(n,m, X, X) =: X(n, m),

we thus see that ¢ is a homeomorphism onto ¥ (n, m), because E(n, m) is compact and
3 (n, m) is Hausdorff. Since X (n, m) is open by definition, we deduce that G is locally
compact. We leave the verification of the remaining properties to the reader. O

4. A semigroup of isometries

Our major goal is to prove the isomorphism between C(X)xyG and C*(G). In order for
both of these algebras to be defined, we may invoke Theorem 2.8 and Proposition 3.2, and
hence we must restrict ourselves to a situation in which all of the relevant hypotheses are
satisfied. We therefore suppose throughout that we are under the following hypotheses.

Standing Hypotheses 4.1.

(i) G is a discrete group and P is a subsemigroup such that 1 € P, and G=P~'P =
PPl

(il) 6 : P — End(X) is right action of P on the compact space X; and

(ili)  is a normalized coherent cocycle which never vanishes.

The proof of the aforementioned isomorphism will be based on the construction of a
suitable covariant representation (7, o) [6, 4.1] of our interaction group. In this section,
we construct a semigroup of isometries which will later be used to construct the partial
representation o.

PROPOSITION 4.2. Foreachn € P, let S, be the element of C*(G) given by

12
Sn(x, 8, y) =w(n, x) [g=n]0.(x) =yl

where the brackets correspond to the boolean value. Then {S,},cp is a semigroup of

isometries in C*(G).
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Proof. In order to verify that S, is an isometry for every n, first observe that

Su (v, g1, %)
om, ) g =n""x = 0,(y)].

Sy(x, 8, y)

Therefore,

SiSul gy = D Si(x.h,2)Su(z. h7'g.y)

(x,h,2)eG
1/2 1 172 .
= Y o0 h=n"lx=0,]lon ) [h'g=nl0:)=y]
(x,h,2)€G
= Y o )lg=10,) =yl
On (2)=x
=[g=1x=y] Y @ )=[g=I1kx=yl
6, (2)=x

thus showing that S S,, = 1. We next show that S,,S,, = Sy, for every n, m € P:

SuSml gy = Y Salx, b, DSu(z, h'g, y)
(x,h,2)eG

= Y om0 [h=n)x) =2]
(x,h,2)€G
2 4
xw(m,z) [h~ g =mll0,() =yl
= o, x) om0, 10" g =m0, 0.(x)) = y]

= w@mm, x)" [g=nmlum () = y] = Sum(x. 8. ). O

Observe that we have not used the fact that w is coherent in the above proof.

Recall that, whenever G is an étale groupoid, with unit space G O the algebra Co(G (0))
sits naturally as a subalgebra of C*(G). In our case GO — x50 we will henceforth identify
C (X) with the corresponding subalgebra of C*(G).

We now wish to show that C*(G) is generated, as a C*-algebra, by

C(X)U{S,:ne P).

In preparation for this, we will occasionally consider the pointwise (as opposed to the
convolution) product for functions on G. In order to avoid confusion, we will denote the
pointwise product by f - g, keeping the usual juxtaposition notation for the convolution
product.

In what follows we will say that a subset E C G is an r-section when r (the groupoid
range map) is injective on E.

LEMMA 4.3. Let f and g be continuous complex-valued functions on G, and suppose that
supp(f) is a compact r-section. Then there exists u € C(X) such that

g-f=uf
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Proof. Let K = supp(f), and let ! refer to the inverse of the restriction
r: K —r(K).

Since r is continuous and K is compact, we have that »~! is continuous. Define u( on
r(K) by ug = g o r~! and use Tietze’s theorem to extend uq to a continuous function « on
X. Then, for every y € G we have

W) =u@rYNfW)=gWfy)=&- Hy). o

The following elementary result will be useful later and is included for completeness.

LEMMA 4.4. Let Q be a locally compact space and let F C C.(S2) be such that for every
x € Q thereisan f € F such that f(x) # 0. Then

C.(Q2) = span{gf : g € C.(2), f €F}.

Proof. Given h € C.(2), let K =supp(h). For each x € K choose f, € F such that
fr(x) #0. Setting Uy ={y € Q: fi(y) # 0} we have that {U,},cx is an open cover of
K, so

KCUyU---UU,,

for suitable x1, ..., x, € K. For simplicity of notation, set f; := fy, and observe that
o Ufi |> > 0 on K. By Tietze’s theorem choose g € C(2) such that

n —1
gx) = (Z |f,~(x)|2> forall x € K.
i=l

It follows that 37, (hg ;) f; = h. 0
We thus arrive at the main result of this section.
PROPOSITION 4.5. C¢(G) =span{uS,S;v:n,me P, u,ve C(X)}.

Proof. Let F C C.(G) be the collection of all functions of the form S, S} v, where n, m €
P, and v € C(X) is such that 8, is injective on supp(v).
Observe that the support of S, Sy v is contained in X (n, m, X, supp(v)). In fact, if

0SS5 gy = v, 1) w(m, y)" " Tg =nm ™[0, (x) = O ()],

then y € supp(v), g = nm~!, and 6, (x) = 6,, (y), which says that (x, g, y) belongs to the
indicated set.
Note that X (n, m, A, B) is an r-section whenever 6,, is injective on B. In fact, if

(x,nm™',y), &', nm™!, y) € £(n, m, A, B),

and x = x’, then
O (¥) = 0 (x) = O (x") = O ("),

so that y = y’ because 6,, is injective on B. It follows that the support of every f € F is
an r-section.

https://doi.org/10.1017/50143385707000193 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000193

Semigroups of local homeomorphisms 1747

Given that F satisfies the hypothesis of Lemma 4.4, as one may easily verify, we
conclude that any /& € C.(G) may be written as

n
h=Y g fi,
i=1

where g; € C.(G) and f; € F. However, since f; is supported on an r-section, as
seen above, we have that g; - f; = u; f;, for some u; € C(X), by Lemma 4.3. Writing
fi = Sn; Sy, vi, we have that

n
h="Y " uiSy,Sp v,

i=1

as required. a

5. A partial representation

We now wish to study the possibility of extending S to a partial representation o of G in
C*(G), which will be part of the covariant representation we are looking for. The following
abstract result will suit us well.

PROPOSITION 5.1. Let P be a subsemigroup of a group G such that G = P~'P, and let
S : P — B be a semigroup of isometries in a C*-algebra B. If S,S, and S, S;, commute
for all n and m in P, then there exists a unique *-partial representation

0:G— B

such that o, = Sy, for every n € P. Moreover, if g =n"!

S5 Sp.

m, with n,m € P, then oy =

Proof. Supposing that o exists, let us first address the very last part of the statement and
hence also uniqueness. Given g = n~lm, observe that Op—10m = SH Sy =1, 50
Og = 01,0 p—10m = Oy—10m = Sy Sp.

With respect to existence, for every g € G, write g =n~!

m, with n, m € P, and set
og =Sy Sm.

Let us prove that this is well defined: if g can also be written as g = p~ !¢, we claim that
there exists x, y, u, v € P such that

xXp=u,
xqg=v,
yn=u,
ym =v.

1 1

In fact, use the hypothesis to write np~' =y~ 'x, with x, y € P, and set u =xp and
v =xq. Then the first two equations hold true and one clearly has that yn = xp =u,

while

1

ym=ynn m=Xxpg :xpp_lq =Xxq =".
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One therefore has that

S5 Sm = S;SESy S = Sty Sym = SiSy = 8%,5¢g = S3SE8: 8y = 535,

This proves that o is well defined. Let us now show the partial group law, that is,
O0gOp0p—1 = OghOp—1,

forall g, h € G. Write g =n"'m and h = p~!¢, with n, m, p, g € P. Picku, v € P such

1

that pm~! = v~!u and note that

um = vp.

Replacing (n, m) by (un, um) and (p, q) by (vp, vq), we may then assume that m = p.
We then have

T0hT 1 = i Sm S SqSiSm = S SgSiSmSySm = SiSqSiSm = 0ghoy-1. O

We now wish to verify that the hypothesis of the above abstract result does indeed apply
in our situation. Our next lemma is designed to isolate the more technical aspects of that
verification. In it, we will make extensive use of the notation introduced in (2.5) and (2.6).

LEMMA 5.2. Assuming the Standing Hypotheses 4.1 let x, 7 € X. Then the expressions
() Wn(CHY) Wo(CPY'), and
.. 1/2 12 172 12
(i) Xyecrn w(m, y) o, y) olm, x) o, z)
are invariant under exchange of the variables n and m in P.

Proof. With respect to (i) we have to prove that

Wi (Cf’m) Wy, (C;n,n) = Wn(cﬁ’m) Wm(C;Z;n .

X 2 s X

For every y, we have by Definition 2.7 that
w(m, y) Wy(CP") = w(n, y) Wn(CPT).

If yeCyy then Cy;' =Cyy', and Cy7' =Cy;', so the equation displayed above

becomes
w(m, y) Wu(CYl) = w(n, y) Wy (CPT).

s<

Adding up both sides over all y € Cy'Y' we obtain (i).

Let us now deal with (ii). If Cy';" = @, then by Definition 2.7 we have that Cy;' =@
as well (because w never vanishes) and hence the expression in (ii) vanishes regardless of
the order in which we take n and m. On the other hand, given y € C;",’Z", we have that
Cy:7' # 0, again by Definition 2.7, so letu € Cy7'.

Using Definition 2.7, we have that

@m, YYWa(CI) = (1, y) Wi (CIH5).

Note that Cy';;' = Cy.y' and Cy,' = C22", so the above becomes

w(m, Y)Wn(CYY) = o(n, y) W (C2). (5.2.1)
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Working with just the part of the expression in (ii) that involves the variable y, we have

1/2 1/2 1/2 1/2 , —1/2 1/
Yo wmy) ony) = Y o0 y) Wl Wl(CI Tom, y)

2

yeCyy! yeCyy!
1/2 —1/2
= Wu(C2Y Wa(C8 7 Y w0, y)
yecy!
1/2 —1/2
= Wm(Cg’"zm) Wn(C;'f’x” Wn(CJ’C'f’Z” .

We thus conclude that (ii) equals
om, x) om, )" W wcrm waeny

»Z

= om0 W™ o, " Wt woemn P waern” . (52.2)

X,Z

Using Definition 2.7 as it stands, we deduce that (5.2.2) equals
o, ) W€ 0, ) Wl Wy W =

X,Z
Using Definition 2.7 again, this time in the form
w@n, z) Wy (C;l’zm) =w(m,z) Wy, (ngm )
we conclude that (5.2.2) equals
o, ) W™ om, " wacrm P w s waern'”.

»Z

We want to show this to equal (5.2.2) with n and m exchanged, namely
1/2 2 /2 —1/2
o, %) wm, ) Wa € Wy W, cm,
which turns out to be equivalent to verifying that

W, (Cn,m)l/Z W (" -172 W (" i

X,Z

F= Wy Wy,

X,Z

which happens to be just a rewriting of (i).

O

With the more involved technical aspects taken care of, we may now prove the

following.

PROPOSITION 5.3. Under the Standing Hypotheses 4.1 there exists a unique partial

representation
o:G— C*Q)

such that o, = Sy, for everyn € P, where {Sy},ep is the semigroup of isometries in C*(G)

1

given by Proposition 4.2. Moreover, if g =n™"m, withn, m € P, then oy = S;\Sp,.

Proof. In view of Proposition 5.1 it is enough to verity that S, S and S, S, commute for

all n and m in P. Observe that, for all (x, g, y) € G, we have
SuSp(x.g. M) = Y. Su(x.h, S5z h7'g.y)
(x,h,2)€G
1/2
= Y omx) [h=n6x) =]

(x,h,2)€G

x o, y) h'g=n""16,(y) =zl

= o x) on, ) g = 10,0) = 0,()]. (5.3.1)
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Thus
SuSpSuSy(x. 8.0 = Y SuSp(x.h. S, Si(y. h7'g. 2)
(x,h,y)eG

1/2 1/2
= Y omx) oimy) [h=1160,()=0u0)]
(x,h,y)eG

x o, ) wm, " g = 116.() = 6,(2)]
=[g=11 Y om0 om " on n"wn "

yecyy

By Lemma 5.2, we have that this is symmetric in m and n, and hence S, S} S,S; =
SnSySm Sy . The result then follows from Proposition 5.1. O

6. The isomorphism
We shall now employ the conclusions of Proposition 5.3 in order to construct a covariant
representation of the interaction group (C(X), G, V) in C*(G), which will lead to an
isomorphism between the crossed product C(X)xyG and C*(G). As always, we keep
the Standing Hypotheses 4.1 in force.

Consider the canonical representation

7:C(X)— C*G)
given by
7(f)x, g, ) =f®[g=1lx=y] forall feC(X), forall (x, g,y)€g.

PROPOSITION 6.1. The pair (, o) is a covariant representation of the interaction group
(C(X), G, V) in C*(G).

Proof. We are required to show that
O'gﬂ'(f)o'g—l = ﬂ(Vg(f))O'gO'gfl forall f € C(X), forall g € G. (6.1.1)
Case 1. Suppose that g =n € P. Then, for every (x, g, y) € G, we have

ot (Noy gy = D Salr b D) @S5G h g, )
(x,h,2)€G

= Y oe0 =60 =21/

(x,h,2)eG
V2 1 —1
xwn,y) [h g=n""10,(y) =2]
=0, )" fO.)Nom, y) g = 10.() =6, ()]
= f(6n (x))(SnS:)l (x,g,y) = (ﬂ(Vn(f))UnO—n*IN (x,8,5)»

thus proving (6.1.1).
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Case 2. Suppose that g =n~!, where n € P. Then, for every (x, g, y) € G, we have

01T (F)onl gy = Y Sk, b, ) f(D)Su(z, g, y)
(x,h,z)eG

= Y om0 =06, =x1/ @)
(x,h,2)eG
x w(n,2) [h~' g =nll0,(z) = ]
=lg=1x=y1 )Y 0@ 2)f@)=[g=1x=yIL()l.
zeCy
SO
0,17 (f)on = (L (f)) =7 (V-1 (£))0,-10n,

because o, is an isometry.

Case 3. For a general g € G, write g =n~'m, where n, m € P. By Proposition 5.3, we

have 6, = 0,,-10,,, while Theorem 2.8 gives V, = V, -1 V. Therefore,
07 (f)0g-1 =0,-10mTT(f)0,,-100 = 01T (Vin (f))Om0y 100 =+ .
Observe that
OmOyy—10n = Op0yy—1030,~10y = On0,—1 010, —1 O,

so the above equals

<=0, 1T (Vi (f)on0,-1000,,-104, = (V-1 (Viu(f)))0,-104,0,-10140,,-10,
=a(Ve(f)o,-10p0,-10,
= n(Vg(f))agag_l. O
Given the covariant representation (7, o) above, we may use [6, 5.3] to define
a *-homomorphism
7 xo:T(C(X),G,V)— C*Q),
from the Toeplitz algebra 7 (C(X), G, V) of our interaction group [6, 5.1] to the groupoid
C*-algebra C*(G). Since C(X)xyG is the quotient of the Toeplitz algebra by the

redundancy ideal [6, 6.2], we need to show that 7 x o vanishes on redundancies if we
are to reach our goal of obtaining a homomorphism

7 x0o:C(X)xyG — C*(G).
In the terminology of [6, 6.3] we must prove that (w, o) is strongly covariant. The
following two lemmas will be used later to further this goal.

First, however, let us introduce some notation. By a word in G, we shall mean any finite
sequence @ = (g1, . . ., &), where g; € G. If ¢ is a partial representation of G we shall let

Oy =0g, ...0g,.

LEMMA 6.2. Let o be a partial representation of G in some C*-algebra B such that oy, is
an isometry for every n € P. Then for every word « in G there exists another word B, such
that

0408 = Op,

for somen € P.
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Proof. Letting o = (g1, - . ., k), we shall prove the statement by inductionon k. If k =1,
in which case « = (g1), write g1 = nm~Y, withn, m € P, and let B = (m). Then
OuOB = 0g,0m = Og, OO, Om = Og;mOmOm = Op,

thus proving the result for k = 1.

Ifk >2,leta’ = (g2, . .., g) and use induction to get B and n’ such that 508 = 0,y.
Then

OqOp = 04,0/ O = Og Oy = Og, 0y 0, Op = Og,p/OpiOp/ = Ogpl,
and the conclusion follows from the case k = 1. O
The following idea has already been used on several occasions, e.g. in [7, 8.6, 7.2].

LEMMA 6.3. Given n € P, there exists a finite set {uy, ..., u,} € C(X) such that

n

> w i) S Sy (i) = 1.

i=1
Proof. Let {V; }?:1 be a finite open cover of X such that 6, is injective on each V; and let
{#i}!_, be a partition of unity subordinated to {V;}?_,. Define u;(x) = ¢; (x)w(n, x)fl/2
and observe that for every (x, g, y) € G we have, using (5.3.1), that

n

n
D w@)Su ST W) (xrgy) = P wi (Ui (0SS (x.5.y)
i=1 i=1

=Y i@ o, ) o, 1) g = 11600) = 6,()]

i=1

=Y i)’ o, xlg=1]x=y]

i=1
=Y ¢ilg=1llx=yl=[g=1llx=yl,
i=1

proving the statement. O
We now may prove the following crucial technical result.

PROPOSITION 6.4. The representation (r, o) of (C(X), G, V) given by Proposition 6.1
is strongly covariant.

Proof. Recall that to say that (7, o) is strongly covariant is to say that 7 x o vanishes on
all redundancies [6, 6.3]. In order to shorten our notation, we will write p = TXo0.
Let o be a word in G and let k be an ¢-redundancy. Then kM, =0, so

0=pkMq) =p(k)p(Mq) = p(k)7 (C(X))oam (C (X)),

and in particular p(k)7(C(X))o, =0. Using Lemma 6.2, choose a word 8 such that
040pg = 0y, for some n € P, so

0= p(k)n(C(X))ogop = pk)m(C(X))oy.
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Recalling that 0,, = S, and using Lemma 6.3 we have that
n
plk) =" Pl (i) Sy S (u;) = 0. O
i=1

Since 7 x o vanishes on redundancies it factors through the quotient of
T(C(X), G, V) by the redundancy ideal and hence defines a *-homomorphism

7 xo:CX)xyG — C*(G).

Our next major goal will be to prove that 7 x ¢ is an isomorphism. The proof of
injectivity will be based on [6, 10.5] so we are required to first verify the following.

PROPOSITION 6.5. The covariant representation (w,o) of (C(X), G, V) given by
Proposition 6.1 is non-degenerate.

Proof. Recall that to say that (i, o) is non-degenerate is to say that the map
aeCX)— m(a)oy € C*(G)

is injective for every word « in G. So suppose that a € C(X) is such that w(a)oy = 0.
Then, picking B and n as in Lemma 6.2, we have

0=mn(a)oyop =m(a)o, =m(a)S,.

Given x € X, consider the element (x, n, 6,(x)) € G. Thinking of (a)S, as a compactly
supported function on G, we compute

12
0=m(@)on| (x,n,0,x)) =aX)w(n, x)
so it follows that a = 0. O

Note that we have used the fact that w never vanishes in the proof above. The following
theorem is the main result of this section.

THEOREM 6.6. In addition to the Standing Hypotheses 4.1, suppose that G is amenable
and let (C(X), G, V) be the interaction group provided by Theorem 2.8, namely, if

g= n~m, withn, m € P,

Ve(Oly= > @@, x)fOn(x) foral feC(X), forallyeX.

O (x)=y

Moreover, consider the strongly covariant representation (w, o) of (C(X), G, V) in the
groupoid C*-algebra of G given by Propositions 6.1 and 6.4. Then

7 x0:C(X)xyG — C*(G)
is an isomorphism.

Proof. By Proposition 6.5 and [6, 10.5] we have that = x o is injective on each Cy, where
{Cglgec is the grading of C(X)xy G given by [6, 7.2].
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Observe that C*(G) also admits a grading {Dg}eec such that w(f) € Dy, for all
feC(X),and S, € D,, foreveryn € P. If follows that w x o is a graded homomorphism
in the sense that (m x 0)(Cg) C Dy, forevery g € G. Let

Ei: CX)xyG — (C;
E>: C*(9) — D

be the associated conditional expectations, so we have that
Ey((mr x 0)(a)) = (7 x 0)(E1(a)) foralla e C(X)xyG.
If a is such that (r x o)(a) =0, then
(r x 0)(E1(a*a)) = Ex((r x 0)(a*a)) =0.

Since Ej(a*a) € C; and 7 X o is injective on C;, as observed above, we have that
Ey(a*a) = 0. Given that G is amenable, the Fell bundle {Cy},cc must also be amenable
[4, 4.7] and hence E is faithful by [4, 2.12]. So a = 0.

In order to prove that 7 X o is surjective, observe that the range of ¥ x ¢ contains 7 (f)
and S, for every f € C(X) and n € P, so surjectivity follows from Proposition 4.5. O

7. Lattice-ordered semigroups

The reader might have a few examples in mind of semigroups acting on compact spaces.
However, before we can apply Theorem 2.8, or any of our results based on it, we need to
provide a normalized coherent cocycle, a task which might not be entirely trivial.

In what follows we plan to show that coherent cocycles are often present in a number
of situations. With this goal in mind, we will now study some elementary properties of
semigroups which will later play an important role in providing applications of our results.

We will suppose throughout that G is a group and that P is a subsemigroup of G such
that P N P~1 ={1}. In most of our examples G will be commutative but this does not
seem to be too significant for the general theory. We shall therefore not suppose that G is
commutative here.

One may define a left-invariant order on G by saying that

x<y <=)x7]yeP.

Definition 7.1. We shall say that the pair (G, P) is a lattice-ordered group if, for every x
and y in G, the set {x, y} admits a least upper bound x V y and a greatest lower bound
XAY.

From now on we will fix a lattice-ordered group (G, P).
Definition 7.2. A mini-square is by definition a quadruple of elements (s, ¢, u, v) € P*
such that:
i) su=tv;
(i1)) sAt=1;and
Gi) wlvoel=1.
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Observe that the last condition is equivalent to saying that u Av= 1, where ‘A’ denotes
the greatest lower bound relative to the right-invariant order induced by P. Since it is a
little awkward to deal with two distinct order relations at the same time, we will make no
further references to the right-invariant order relation.

It is interesting to represent mini-squares by a diagram such as

S/\t
u\/v

PROPOSITION 7.3. For everym, n € G, let
s=(mA n)_lm, t=mA n)_ln,
u :m_l(m vn), v :n_l(m Vv n).
Then (s, t, u, v) is a mini-square.
Proof. Since (im An) <m,n < (mV n), it is obvious that s, t, u, v € P. Also
su=(mA n)_l(m V n) =tv.
In order to show that s At = 1, let g € G be such that g < s, ¢. Therefore,
mAng<mAan)s=m and (mAn)g=<@mAn)t=n.

It follows that
(mAn)g <(mAn)

and hence that g < e. This shows that s A # = 1. Next we show that #~! v v=! = 1. For
this suppose that g > u~!, v=!. Then

(mVn)gZ(m\/n)uq:m and (mVn)gZ(mVn)lF]:n.

Therefore
(m v n)g = (m v n),

and hence g > e. O
PROPOSITION 7.4. Let (s, t, u, v) be a mini-square. Then s V t = su = tv.
Proof. By definition su = tv. It is also clear that

su>s and su=tv>t.

Now suppose that g > s, r. Then

-1 —1

(su)flg > (su)fls =u and (su)flg > (su)flt = (tv)flt =v

Therefore,

l\/v_lzl,

(su)_lg >u-
which implies that g > su, as desired. O

COROLLARY 7.5. Given s, t € P such that s Nt = 1, there exists a unique pair (u, v) €
P x P such that (s, t, u, v) is a mini-square.

Proof. For existence apply Proposition 7.3 to the pair (m, n) := (s, t). For uniqueness
observe that by Proposition 7.4 we have that u = sTisvandv=1"1(s vr). O
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Note that if G is commutative and s, ¢ € G are such that s A t = 1, then

S/ \t
™~ s

is clearly a mini-square. By Corollary 7.5 these are the only possible mini-squares.

8. Admissible semigroup actions and cocycles
The main goal of this section is to present sensible conditions on semigroup actions and
cocycles from which one may deduce coherence, hence providing examples of interaction
groups by Theorem 2.8.

We begin by fixing a lattice-ordered group (G, P). Observe that point (ii) in
Theorem 2.8 is automatically satisfied.

PROPOSITION 8.1. If (G, P) is a lattice-ordered group then G = P~'P = PP~

Proof. Given x € G, let y =x Ae. Then y < x and hence n := y~!x € P. Observing that

y_1 € P, because y < e, we have that x = yn € P~ P. This shows that G = P~! P.
Next let n = x V e. Since x < n we have that m := xlneP. Sox=nmlepPpPl.
O

Definition 8.2. We shall say that a right action 6 : P — End(X) is admissible if, given any
mini-square

S/ \t

e
and x, y € X such that 8, (x) = 6, (y), there exists a unique z € X such that 6;(z) = x and
0:(z) = y.

From now on we shall fix an admissible action & of P on X. Our first task will be to
describe sets of the form 6, L(pyn 0, L(g).

LEMMA 8.3. Given m,n € P and p, q € X, let (s, t, u, v) be the mini-square given by
Proposition 7.3 in terms of m and n.
@ If0u(p) # 0u(q), then

6, (P) N6, (q) =0.

() If 6,(p) =6y(q), and w is the unique element in X such that 0;(w) = p, and
0:(w) = q, then

0, (p) N0, (g) =0, (w).
Proof. (i) By contradiction let x € 6,;1(p) N 6! (¢g). Then
eu(p) =0, (0 (X)) = Oy (x) = Opp(x) =6, (0,(x)) = 9u(6]),

contradicting the hypothesis.
(i1) If Bpan (x) = w, then

O (x) = e(mAn)s(x) = 05(Oman(x)) =0;(w) = p,
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and similarly 6,,(x) = ¢g. Conversely, if 6,;,(x) = p and 6,,(x) = ¢, set w’ = O, (x). Then
O (U)/) =05(Oman(x)) = e(m/\n)s (x) =0n(x)=p,

and similarly 6;(w") = ¢g. By uniqueness we have that w’ = w, s0 0,,, (x) = w, and hence

—1
X €0 (w). a

PROPOSITION 8.4. Let 7 € X, let (s, t, u, v) be a mini-square, and put x = 65(z) and
y = 6,(z). Then the map

¢:C — CY x C3,
given by

@ (z) = (65(2), 0:(2)),

is a bijection.

Proof. Given z € C$¥', let x = 6;(z) and y = 6;(z). Then, recalling from Proposition 7.4
that s V t = su = tv, note that

Ou(x) = 04, (05(2)) = O5u(2) = O5v(2) = Ogvi (2) = 50 (2) = 04 (65 (2)) = 0, (%),

proving that x € Cx’f. Similarly, one can show that y € C ; , 80 ¢ (z) = (x, y) indeed lies in
Ci x C;.
Let (x, y) € C§ x C;. Then

0 (x) = 04 (X) = 0, (65 (2)) = 05 (2) = 0r0(2) = 0u(6:(2)) = 00 (y) = Ou (y).

By hypothesis there exists a unique z € X such that ¢ (z) = (x, y). We claim that z must
in fact lie in C;V’ . To see this, note that

Osvi(2) = O5u(2) = 04 (05(2)) = 04 (x) = O (2) = bsv1 (2)-
This shows that ¢ is bijective. a

Let us now suppose we are given a normalized cocycle w. Given x € X and n € P
consider the restriction of w(n, -) to C¥. By (2.1) we may view this as a probability
distribution on C7.

Under the hypotheses of Proposition 8.4 observe that we then have two probability
distributions on C;V’ , namely, w(s V t, -) on the one hand and the product distribution of
w(u, ) and w(v, -) on the other.

Our next result touches upon the question as to whether these probability distributions
coincide.

PROPOSITION 8.5. Given a cocycle w, consider the following statements.

(i) For every z € X and every mini-square (s,t,u,v) one has that w(s Vt,z) =
w(u, 65(2)) o (v, 6;(2)).

(i) For every z € X and every mini-square (s,t,u,v) one has that w(t,z)=
(U, 65(2)).

(iii) For every s, t € P with s ANt =1, and for every z € X one has that w(s V t, 7) =
w(s, 2) w(t, 2).

Then (i) <= (ii) = (iii). If w never vanishes then also (i) = (ii) < (iii).
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Proof. (ii) = (i) We have
w(s Vit z)=w(v, z) =w(t, 2) oW, 6;(2) =w(u, 6;(2)) o, 6:(2)).
(i1) = (iii) Given (s, t) as in (iii), pick « and v such that (s, ¢, u, v) is a mini-square by
Corollary 7.5. We then have
w(s Vit z)=w(u, z) =w(, z) o, 0,(2) =w(s, z) ot, z).
(i) = (ii) One has
o, 65(2)) 0, 6:(2)) =w(s Vi, z) =w(tv, 2) = w(t, 2) ©(v, 6:(2)).
Since w (v, 6;(z)) # 0, we have that w (u, 65(z)) = w(t, z).
(iii) = (i1) We have
w(s,2)w(t,z)=w(s VvVt z)=w(su, 2) =w(s, z) w(u, 6;(z)).
Since w (s, z) # 0 we conclude that w(z, z) = w(u, 65(2)). O

We therefore make the following definition.

Definition 8.6. A cocycle w is said to be admissible if point (ii) in Proposition 8.5 and
hence also (i) and (iii) hold.

The reason why we are interested in admissible cocycles is given below.
PROPOSITION 8.7. If 6 and w are admissible then w is coherent.

Proof. We first claim that if 0,,\, (z) # 6mvn (x), then both sides of Definition 2.7 vanish.
By symmetry it is enough to show that this is so for the right-hand side of Definition 2.7.

Let (s, ¢, u, v) be the mini-square obtained from Proposition 7.3 from m and n, and set
p =06n,(z) and g = 6, (x). Then

0u(P) = 60401 (2)) = 01mu(2) = Opvn(2) 7 Omvn(X) = Oy (x) = 6,(6,(x)) = 0,(q).
That is, 6, (p) # 6,(g), and hence by Lemma 8.3 we have that

crner =6, (q)ne, (p)=90.

The right-hand side of Definition 2.7 then vanishes because Cy;' = .

Suppose now that 8\, (z) = Oyvn (x). Letting (s, £, u, v), p and g be as above we than
conclude similarly that 6, (p) = 6,(q). Again by Lemma 8.3 we have that

CrNCr =6,"(q)N6," (p) =0, w),
where w is the unique element in X such that 6;(w) = p and 6;(w) = g. Therefore the
right-hand side of Definition 2.7 satisfies

Z wim, y)wn, x) = Z w((m An)s,y)w(n, x)

yEC?lﬁC;.l yEQ,;/]\n (w)
= Y omAn ) o6 () o, x)
V€O pn (W)
= < Z w(m A n, y))a)(s, w) w(n, x)
V€0 pn (W)

=w(s, w)wn, x)=(x).
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Observe that by symmetry (¢, s, v, u) is a mini-square as well. Thus, applying point (ii) in
Proposition 8.5, we have that

Point (ii) in Proposition 8.5

w(s, w) (v, 6;(w)) = (v, 6,(x)).

Therefore,
) =wl, ,x)) wn, x) =wlhv, x) =w(m Vn, x).

Having arrived at an expression which is symmetric in the variables m and n, the proof is
complete. O

We thus arrive at the following important result.

COROLLARY 8.8. Let (G, P) be a lattice-ordered group, let 6 be an admissible right
action of P on a compact space X, and let w be an admissible normalized cocycle. Then
there exists a unique interaction group V = {Vg}eec on C(X), such that, if g = n~'m,

withn, m € P, then
Ve(H)ly = Z wm, x) fOn(x)) forall feC(X), forally e X.
On (x)=y

Proof. The proof follows immediately from the above result plus Proposition 8.1 and
Theorem 2.8. O

9. Example: single endomorphism
Beginning with this section, we shall give several examples of admissible, therefore
coherent, cocycles for which one may apply Theorem 6.6.

Let G =7 and let P = N. It is obvious that (Z, N) is a lattice-ordered group. Given
any endomorphism 7 of X, define an action 6 of N on X by

0:neNr—— T" e End(X).
The only mini-squares in N are those of the form

n / \O
O\A 1/ n
and their reflections across the vertical axis, where n € N, and hence it is obvious that 9 is
admissible.
For each x € X, let

w0, x)=1 and w(l,x)=

ICiI

x|

For all n > 1, define w(n + 1, x) recursively by
won+1,x)=whn, x) w(, 6,(x)).

It is then easy to prove by induction that w is a normalized admissible cocycle which does
not vanish anywhere.

We should observe that, in the case of the present example, Theorem 6.6 was already
proved in [7, 9.1].
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10. Example: star-commuting endomorphisms
This example is inspired by [1].

Definition 10.1. Let S and T be commuting maps on a set X. We shall say that the
pair (S, T) star-commutes [1] if, for every x, y € X such that T (x) = S(y), there exists
aunique z € X such that S(z) =x and T (z) = y.

Consider G =7Z x Z and let P = N x N. It is obvious that (Z x Z, N x N) is a lattice-
ordered group with

(n1, mp) V (n2, my) = (max{ny, na}, max{m, mo})
and
(n1, mp) A (n2, mp) = (min{ny, nz}, min{mi, my}).

Observe that all mini-squares are either given by

(n,m)/ \(0,0) (n,O)/ \(O,m)
or
00N (n,m) O,m)N\ " (1n,0)

where n, m € N, or the reflections of the above across a vertical axis.
Let S and T be commuting endomorphisms of a compact Hausdorff space X and define

0:(n,m)eNx N+— §"T" ¢ End(X).

It is clear that 6 is an action of N x N on X. Observe that Definition 10.1 is then equivalent
to saying that the condition of Definition 8.2 holds for the special mini-square

(1,0)/ \(0,1)
0,1\ 7 (1,0)

PROPOSITION 10.2. If (S, T) star-commutes then 6 is admissible.

Proof. Leaving aside the trivial mini-squares (i.e. those involving the trivial group element)
and taking advantage of vertical symmetry, we consider only mini-squares of the form

(n,O)/ \(O,M)
O\  (1,0)

where n, m > 1. Our task therefore consists in showing the following:

‘If  T™(x) =S8"(y), then there exists a unique z € X such that S"(z) =x, and
T™(z)=y’

We shall prove this by induction on n 4 m. Given that n, m > 1, we see that the lowest
possible value for n + m is 2, in which case the claim follows directly from the hypothesis.

Assuming n + m > 3, suppose without lack of generality that n > 2. Then, letting
y' = 8(y), note that 7™ (x) = sn—1 (y"), so we have by the induction hypothesis that there
exists a unique w € X such that

S" Y wy=x and TM(w)=y'. )
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Next, observing that 7" (w) =y’ = S(y), and that 1 + m < n + m, we see, again by
induction, that there exists z € X such that

S@=w and T"(z)=y. €3

Clearly
§"(z) = $"1(S(2)) = " (w) = x.

Thus z solves our existence question. As for uniqueness, assume that z’ is such that
S"(z"y=xand T™ (') = y. Setting w’ = S(z'), we have

"'y = $"7N(S(Z)) = $"() = x

and
T"(w') =T"(S@) =ST" @) =S =y

Comparing the above with (), and using the uniqueness part of the induction hypothesis,
we see that necessarily w’ = w. Observing that

SZ)y=w and T™Z)=y,
we then conclude, in view of (1) and the induction hypothesis, that 7’ = z. O
We next construct an admissible, hence coherent, cocycle. Let
ws, ot :Nx X - Ry
each be given as in §9 relative to S and 7', respectively.
LEMMA 10.3. If (S, T) star-commutes then for every n € N and every x € X one has
ws(n, x) =wsn, T(x)) and o7, x)=owr(, S(x)).

Proof. We prove the first assertion only, doing so by induction on n. Obviously it holds for
n = 0. Considering the case n = 1, let x € X. Adopting the notation

CS={x'eX:S(x')=Sx)},

consider the map
. N S
p:x'eC—Tx)e Crio-

That T (x”) in fact belongs to C%q<x) follows from
ST =T(SK)) =T(S(x)) = S(T(x)).

We claim that this map is bijective. In order to show that it is one-to-one let x’, x” € C3
be such that T'(x") = T (x”). Consider the diagram

N

S() T(')=T(")
N %
S(T (x)
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Since both x" and x” fit in the box we conclude that x" = x”, by the fact that (S, T') star-
commutes.
In order to show surjectivity, let y € C ; @) and consider the diagram

O
N
S(x) y

N4

S(T(x))

By hypothesis there exists an x” which fits in the box. Obviously such an x’ lies in Cf and
T (x’) = y. This proves that our map is in fact bijective.
As a consequence we have that |Cf| = |C7S~(x)|, so that

1 1
ws(l, x) = TS TAs T ws(1, T(x)).
€51 7165,
Given n > 1 we have by induction that

ws(n+1, T(x)) = ws(n, T(x)) ws(l, S"(T(x))) = ws(n, x) ws(1, T(5"(x)))
= ws(n, x) ws(1, $"(x)) =ws(n + 1, x). O
We should observe that the cocycles ws and wr given by §9 are certainly not unique.
Nevertheless, if a different choice of ws and wr were made in the above proof it is not

clear that we could carry it on. It is therefore interesting to pinpoint exactly to what extent
those cocycles are special.

THEOREM 10.4. If (S, T) star-commutes then the map wr : (N x N) x X — R, defined
by
o((n, m), x) = ws(n, x) or(m, x),

is a normalized admissible cocycle which does not vanish anywhere.

Proof. 1t is obvious that w((0, 0), x) = 1, for all x, so let us check the cocycle identity in
Proposition 2.2. Given n = (n1, ny) and m = (m1, m) in N x N we have
womn+m,x) = o +mi,ny+my),x)
= ws( +my, x) or(ny +ms, x)
= ws(n, x) os(m, $"'(x)) or(n2, x) wr(ma, T"(x))
e 103 g1, ) ws(my, T"8™ (1)) wr (n2. x) wr (. S"T"(x)
= o((n, n), x) o((mi, my), S""T"(x))
= w(n, x) w(m, 6,(x)).

We next prove that w is admissible. With respect to mini-squares of the form

(n,O)/ \(O,m)
0N (n,0)
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point (ii) in Proposition 8.5 takes the form wr (m, z7) = wr(m, $"(z)), while for mini-
squares of the form
(O,m)/ \(H,O)
0N (0,m)
it becomes wg(n, z) = ws(n, T™(z)). That w is admissible then follows immediately from
Lemma 10.3.
It remains to prove (2.1). So let (n, m) e N x Nand y € X. Then
Yoo elm,m,x)= Y wsh,x) or@m,x)

On.my (X)=y SH(T™ (x))=y

Y Y st ) orm, x)

St(w)=y T"(x)=w

Z ws(n, w) Z wr(m, x) =1. O

S (w)=y TM(x)=w

11. Ledrappier’s shift

We now wish to give an interesting concrete example of a pair of star-commuting
endomorphisms of Bernoulli’s space. Let us first recall the construction of Ledrappier’s
dynamical system [9], which is also discussed in [2]. Let

K = {0, NV
have the product topology and let X be the subset of K formed by the elements x € K such
that
Xnn + Xn1m + Xnm1 =0 forall (n, m) € N, (1)

where addition is performed modulo 2. Clearly X is a compact subspace of K which is
invariant under both the horizontal and vertical shifts, namely the transformations
H V:K—K
given by
H(x)n,m = Xn+1,m and V(x)n,m = Xn,m+1-

Our short term goal is to show that the restrictions of H and V to X give a pair of
star-commuting endomorphisms, for which we may then apply the results of §10.

Let us view the elements of K as possible ways of arranging zeros and ones along the

vertices of the lattice N2, It is easy to see that X consists precisely of such arrangements
which are entirely made of the following four patterns:

00 0 1
r - 0
1 0 11
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If on (T) we perform the change of variables (p, ¢) = (n, m + 1), we may rewrite it as
Xpg=—Xpg—1—Xptiqg-1 forall peN, forallg >1,

which says that if x € X, then each entry of x is determined by the entry immediately
below it and the one to the right of that. In particular, each row of x is determined by the
row below it and hence the first row determines everything. In other words, the map

{(Xnmbn,meN € X > {Xp 0}nen € Q2

is a homeomorphism from X onto Bernoulli’s space 2 = {0, Y. Ttis easy to see that,
under this homeomorphism, the horizontal shift H identifies with the usual Bernoulli shift
S, given by

S {on}neN € Q> {@n+1lnen € Q.

Almost as easily one can check that the vertical shift V becomes the map
T :{wn}neN € Q+— {wn + Ont1lpen € Q.

Observe that 2 is an abelian group under coordinate-wise addition modulo 2. With this
group structure one has that S and 7' are group homomorphisms and 7 =id + S.

LEMMA 11.1. Let G be an abelian group, let ¢ :G — G be a surjective group
homomorphism, and let y = ¢ + id. Then (¢, V) is star-commuting.

Proof. It is obvious that ¢ and ¥ commute. Next suppose that ¢(x) = ¥ (y). Choose
71 € G such that ¢(z1) = y, and note that k :=x — y — z1 € Ker(¢). Indeed

pk)=¢(x) —d(y) —Pz1) =¢(x) =P (y) —y=0(x) —¥(y) =0.
Setting z = z; + k, one obviously has that ¢ (z) = ¢ (z1 + k) = ¢(z1) = y, and moreover
Y(@)=¢@)+z=y+z1+x—-y—z1=2x.

In order to show uniqueness, suppose that z' € G is such that ¢(z') =y and ¥ (') = x.
Then

7=y E@) @) =x—y=v0@) - 9@ =z O

As an immediate corollary we conclude that (S, T') is star-commuting. It is well known

that S is an endomorphism of €2. It can be shown that T is conjugated to S and hence T

is also an endomorphism. We therefore find ourselves precisely in the situation of §10, as
desired.

12.  Example: an action of the multiplicative integers
Consider the multiplicative group of strictly positive rational numbers G = Q7, and the
sub-semigroup P = N\ {0}. It is clear that (G, P) is a lattice-ordered group with

nvm=gcd(n, m)
(greatest common divisor) and
n Am=Ilcm(n, m)

(least common multiple).

https://doi.org/10.1017/50143385707000193 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000193

Semigroups of local homeomorphisms 1765

mN o n

and m are relatively prime. Consider the action 6 of P on the unit circle S' given by

Observe that, in the present context, the mini-squares are given by where n

6,(x)=x" forallxe S
PROPOSITION 12.1. The action 6 defined above is admissible.

Proof. Let (n, m, m, n) be a mini-square such as the one above and suppose that x, y € S!
are such that x” = y”. We need to find z € S! such that

"=x and " =y.

Let w be any nth root of x, so that w”" = x, and note that
(w—my)n — (wn)—myn =x—myn — ]‘

Thus A :=w™™y is an nth root of 1. Since gcd(n, m) =1, the mapping p —> p™ is a
bijection on the set of all nth roots of 1. Thus we may choose an nth root p of 1 such that
p™ = A. Setting z = pw we have

anpnwnzx and Zmzpmwmzpmkflyzy’

thus taking care of existence. If z; and z; are elements of S ! such that

di=x=z; and z|'=y=125,

279 for j =1, 2, and observe that

write z; = e
T = 20— p = (0, — 6)) € Z,
and similarly g :=m (62 — 61) € Z. Thus
p q
n m
so that ng = mp. Since gcd(n, m) = 1, we have that n divides p, so that 6, — 01 € Z and
hence z| = z5. O
There is a very elementary cocycle we can define in the present context.

PROPOSITION 12.2. Setting w(n, x) = 1/n, we have that o is a normalized admissible
cocycle which does not vanish anywhere.

Proof. The proof of this proposition is left to the reader. a

13.  Example: polymorphisms
Let X be a compact space. According to [1] a polymorphism

xLyxiyx

consists of a pair of surjective local homeomorphisms S, 7 : £ — X, where ¥ is a
compact space. The idea is to think of ‘ST ~!" as a multivalued map from X to X.
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One special case of interest [1] is when ¥ = X and ST =T'S. In this case we may
generalize the usual notion of a transformation groupoid by introducing the following:

H={(x,k,y)eX xZxX:A3n,meN, k=n—m, S"T"(x) =8"T"(y)}.

Note that the definition of the groupoid of a polymorphism given in [1] is not correct
and should be replaced by this one.

PROPOSITION 13.1. 'H is a groupoid under the operations
k6= k+€,2) and  (x,k y)"' = (y, —k, x).
Proof. Given (x, k, y) and (y, €, z) in ‘H, let k =ny — m and £ = ny — my, such that
SUT™(x) =S™T"(y) and S"™T™(y)=S"T"(z).
Then
Sn1+n2Tm1+m2 ()C) — §m2m2 gniTm ()C) — §r2m2 gmini (y)
— Sm] TnlSnszz(y) — Sm1 Tnlsszl’lz(Z) — Sm]-l—szn]-l—nz(Z)’

proving that
That (y, —k, x) € H is obvious. We leave it for the reader to verify the remaining points.

O

Alternatively consider the action § of N x N on X defined near the beginning of section
§10 by
Owmmy = S"T™ forall (n,m) e Nx N,

and let G be the groupoid defined in terms of 6 as in Proposition 3.1.

One should not expect H and G to coincide since the former should be thought of as the
transformation groupoid associated to the dynamical system generated by the ‘multivalued’
map ST !, while the latter is generated by S and 7. However, H may be viewed as a
subgroupoid of G in the following sense.

PROPOSITION 13.2. Letd : G — Z be the groupoid homomorphism given by
d(x, (n,m), y)=n+m.

Then the map
¢:(x,k,y)eH —> (x, (k, —k),y) €G

defines an isomorphism from 'H to the kernel of d.

Proof. Let us begin by verifying that ¢ (x, k, y) does indeed belong to G, for every
(x, k, y) € H. Write k =n — m, in such a way that $"7" (x) = S"T"(y). Since this is
equivalent to 6, ) (x) = Ogn,n) (¥), we have that

g > (.X', (nv m) - (mv n)v Y) = (.X', (k’ _k)v )’)
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The only non-obvious remaining point is perhaps to prove that the kernel of d is
contained in the range of ¢. In order to prove this let (x, (n, m), y) € Ker(d), so that
m = —n. By definition there exist (p, q), (r, s) € N x N such that

(n,m)=m, —n) =(p,q) — (r,s) and Q(p,q)(x) = e(r,s)(y)~
In other words,n =p —r =5 — q and SPT9(x) = S"T*(y). For any (k, ]) € N x N note
that
Sk+pTl+q (.X) — Sle Squ (.X) — Sk Tl Sr TS (y) — Sk+r T]-‘rS (y)
Choose [ € N big enough for /[ +s — p >0, and set k=[+s — p. Then obviously
k+ p=1+s, while
l+g=l+s—p+r=k+r,
thus proving that
Ha @, (k+p)—U+q),y)=(xny).
Moreover
¢(x,n, y):(-xv (}’l, —}’l), y):(-x9 (n,m), y) o
Suppose from now on that (S, T') star-commutes. Then 6 is an admissible action by
Proposition 10.2, and hence G is a locally compact étale groupoid by Proposition 3.2. It
is clear that ¢ (H) is an open subgroupoid of G and hence H may be turned into a locally
compact étale groupoid with the induced topology. Moreover, let w be a never-vanishing

normalized coherent cocycle for €, such as that given by Theorem 10.4. One may then
consider the interaction group (C(X), Z x Z, V) given by Theorem 2.8. Define

u:ne€”? — (n,—n)ez x4,
and let
Wy =Vuw forallneZ.
An explicit formula for W, is easy to write down:
D wmx)f(S"(x) ifn >0,
T (x)=y

> w=nx0)f(T ") ifn<0,

ST (x)=y

Wa(H)ly =

forevery f € C(X), and y € X. For example, Wi(f)| is the weighted average of f(z) as
z runs in the finite set S(7 1 ({y})).

Wi (f) is therefore the single-valued function that best mimics the composition of f
with the multivalued function ST~!, the latter being precisely what one wants to capture
by considering the polymorphism X Iy x

It is then obvious that (C(X), Z, W) is an interaction group. It is interesting to note
that, contrary to what happens to V, and unless either T or S are invertible maps, there is
no n € Z for which W,, is an endomorphism of C(X).

THEOREM 13.3. There is a natural isomorphism

¢ C(X)xwZ — C*(H).
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Proof. The proof follows essentially the same method used to prove Theorem 6.6, so we
restrict ourselves here to a brief outline.

First observe that H is open in G, so C*(H) is naturally a subalgebra of C*(G).
Considering the covariant representation (7, o) given by Proposition 6.1, it is immediate to
verify that (77, o o ) is a covariant representation of (C(X), Z, W), which actually takes
values within C*(H). That it is strongly covariant is an immediate consequence of (i, o)
possessing this property. We therefore obtain a *-homomorphism

mx (0 op): CX)xwZ— C*(H),

which is injective by the same reasons used in Proposition 6.1. Surjectivity also follows as
before. O

14. A counter-example
In this section we want to show an example of a semigroup action which does not admit a
never-vanishing coherent cocycle.

Let us begin by introducing some notation. Given a compact space X and a function
S : X — X define an equivalence relation Rg on X by

(x,y) € Rs <= Sx)=S(©).

Recall that if Ry and R, are relations on X one defines the composition of Ry and R to be
the relation

RioRy={(x,2)e X xX:dyeX, (x,y) € Ry, (¥,2) € Ra}.
We will say that R; and R, commute if Rj o Ry = Ry o Ry.

PROPOSITION 14.1. Let G be a group, P be a subsemigroup of G, and 6 : P — End(X)
be a semigroup action. If w is a never-vanishing coherent cocycle for 6, then Rg, and Ry,
commute for everyn, m € P.

Proof. Observe that (x, z) € Ry, o Ry, if and only if Cy;' # @ (see (2.6) for a definition
of Cy7"). Given (x, z) € Ry, o Ry, we then have that W, (Cy;") > 0, because w is never
zero. Since w is coherent we deduce from Definition 2.7 that Wn(CQ’,’Zﬁ) > 0, and hence
that Cy';" # ¢, from were we have that (x, z) € Ry, o Ry,. This shows that

Ry, o Rg,, € Rg,, © Ry,
The converse inclusion follows similarly. O

In order to exhibit a semigroup action which does not admit a never-vanishing coherent
cocycle it is therefore enough to provide one for which the conclusion of the above result
fails.

Given commuting endomorphisms S, 7 € End(X), define a semigroup action of N x N
on X by

0:(n,m)eNxN+—— §"T" ¢ End(X),

as in §10. Our plan is thus to provide endomorphisms S and 7" for which Rg and R do
not commute.
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For every p €N, let Q) :={0, 1}” and let Q = Qu = {0, 1N, With the product
topology €2 is a compact space also known as Bernoulli’s space. Let S be the shift on
2, namely the transformation

S (xp, X1, X2, ...) € Q2 —> (x1, X2, x3,...) € Q.

It is well known that S is an endomorphisms of 2.

We next wish to describe a class of transformations 7 : Q — € which commute with S.
For this let p € N and choose any subset D C 2, henceforth referred to as the dictionary.
For x = (xg, x1, x2, . ..) € Q define

I af (g, Xkg1, -0 Xkgp—1) € D,
0 otherwise.

T@M={

In other words, to compute 7' (x) one slides a window of width p along x and checks
whether or not the word seen through the window belongs to the dictionary, see Figure 1.
Recording the answers as a sequence of ones (when the word belongs to D) and zeros
(otherwise), we obtain 7 (x).

initial window position e

! 1 i [
(5330, X1,X9,... ,Jj'p_li, Tpy--- ,i_:l,‘k, Thd1y--- ,l’k+p_1i, Thtpy - )

FIGURE 1. The sliding window method.

It is easy to see that T is a continuous mapping which commutes with S. Such
transformations are sometimes called cellular automata. By a well-known result due to
Hedlund [8], any continuous map 7 : 2 — €2 which commutes with S has the above form
for a suitable dictionary D.

We now wish to describe a specific class of dictionaries for which the associated cellular
automaton is a surjective local homeomorphism.

Definition 14.2. We shall say that a given subset D C Q, is progressive if for every
B € Q,_1 there exists a unique ¢ € {0, 1} such that B¢ € D (concatenation).

Note that when D is progressive and we are about to choose the last component of a
word which already has p — 1 components, say

ﬁz('x07 '-"-xp—25 7)’
we always have the option of forming a word which belongs to D or not.

THEOREM 14.3. Let T be a cellular automaton associated to a progressive dictionary D.
Then T is a surjective local homeomorphism, that is, T € End(£2).

Proof. For the duration of this proof we shall find it useful to extend 7T to finite words,
obtaining, for every m > p, a map

T Q2 — Qm—p—Ha

defined by the above sliding window method.
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Given y € @, let 8 = (x9, ..., xp—2) be any word in 2, 1. Since D is progressive
there exists a unique x,—1 € {0, 1} such that
Bo:=(x0, ..., Xp2,Xp 1) €D & yo=1.

One then has that T, (Bo) is the single-letter word (y). Again because D is progressive
there exists a unique x, € {0, 1} such that

X1, ..., xp_1,xp) €D &= y; =1.

Thus
B1:=(x0, X1, ..., Xp—1, Xp) € Qpy1,

and Tp11(B1) = (30, y1). By continuing in this fashion one builds an infinite word x €
such that 7'(x) = y, hence proving that T is surjective.

Observe that, after the initial choice of B, each x; (for k > p — 1) was uniquely
determined. Therefore, the restriction of T to

VﬁZ{XEQZX,':,B,‘, Vi=0,...,p—2},

gives a bijection onto 2. Since Vp is compact we conclude that 7’|y, is a homeomorphism.
Moreover, the collection {Vg}geq, , is an open cover of €2, and hence T is a local
homeomorphism. O

Example 14.4. Consider the progressive set
D = {000, 100, 010, 111} € Q,

and let 7 be the cellular automaton associated to D. Then (S, 7) is a pair of
endomorphisms of €2 such that Rg and R do not commute.

Proof. Letx, y, z € Q2 be given by
x=011111..., y=111111..., and z=000000....

Then
Sx)=S0)=THy)=T@=11111...

so (x, y) € Rs and (y, z) € Ry, and hence (x, z) € Rso Ry. We claim that (x, z) ¢
R7 o Rs. By contradiction suppose otherwise, so there exists y’ such that

T(x)=T(®»') and SO)=S@).
The second equation allows for only two choices for y’, namely
y1=000000... and y,=100000...,
none of which satisfy T (x) = T (y'). O

COROLLARY 14.5. Let S and T be as in Example 14.4 and define a semigroup action of
N x Non Q by
0:(n,m)eNxNr— S"T" € End().

Then there does not exist a never-vanishing coherent cocycle for 6.

It seems that this example is at odds with the last proposition in [2].
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