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Abstract In 1984, Gromov (see4] and [6]) introduced the idea of subdividing a
‘branching’ polyhedron into smaller cells and replacing these cells by more complex
objects, reminiscent of the growth of multicellular organisms in biology. The simplest
situation of this kind is a graph substitution which replaces certain subgraphs in a graph
G by bigger finite graphs. The most basic graph substitution is a vertex replacement rule
which replaces certain vertices 6fwith finite graphs. This paper develops a framework

for studying vertex replacements and discusses the asymptotic behavior of iterated vertex
replacements, the limit objects, and the induced dynamics on the space of infinite graphs
from the viewpoint of geometry and dynamical systems.

1. Introduction

This work was motivated by studying the horospheres of the geodesic flow on a two-
dimensional singular spac& of non-positive curvature. Sinc& has non-positive
curvature, any two points andy can be connected by a unique distance minimizing
unit speed geodesic. In a singular spategeodesics branch, i.e. there may be many
possible extensions of a given geodegicLet x be a point inX andy a geodesic ray
containingx with y (0) = x. ThehorosphereS®(y, x) in they direction atx is the limit

as R — oo of spheresS(y(R), R) of radiusR centered at/(R). For two dimensional
singular spaces of non-positive curvature, the horospherésarke graphs.

For 0 < 1 < t, and any two points/(¢;) and y (t;) on the rayy, there is a natural
radial projection map frons*(y, y (z1)) onto S®(y, y(t2)). If y(r2) is a singular point
andy contains no singularities betweenandz,, these horospheres differ topologically
by a vertex replacement rule, as determined by the link(af).

In 1968, Lindenmayer (se€d] and [10]) introduced a class of iterative systems
which he used to model the growth of plants and simple multicellular organisms. He
theorized that the development of a complex object, such as a plant, must be governed
by a relatively simple set of production rules. His approach created a new branch of
biomathematics. Lindenmayer systems were later used in the areas of data and image
compression.

A simple Lindenmayer system (or L-system) is a substitution system with geometric
procedures assigned to each symbol. Simple geometric objects can be described by
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a sequence of procedures, po, ..., px, which one might think of as commands to a
pencil (e.g. draw a segment of lendthurn right at a 90 degree angle, etc). An L-system
replaces certain procedurgswith a finite sequence of procedureép) = q1, g2, . .., gm-
Complex geometric objects are created after relatively few iterations.

The work on L-systems amounted to producing examples and displaying pictures to
model complex geometric objects. The asymptotic behavior of objects resulting from
iterated applications of a Lindenmayer system was never studied although it has biological
implications. Since the systems introduced in this paper are more natural and geometric,
they promise applications in the same fields that Lindenmayer impacted. Also, the
asymptotic behavior of the objects that are produced by iterative vertex replacements is
studied.

In §2, the concept of a vertex replacement rule is introduced and examples are given.
An application of a vertex replacement ruke to a graphG produces a grapiR(G)
by replacing certain vertices in G with a finite graphH (v) taken from a finite list
{H., ..., H,}. Each graphH; has an associated set of boundary verti¢és and the
cardinalities of thed H; differ. A vertex v whose degree is equal to the number of
boundary vertices for somé&; = H(v) is calledreplaceable R(G) is obtained by
replacing each replaceable vertexGhwith a copy of H (v) by attaching the edges that
were adjacent te to the boundary vertices dff (v).

In §3, we show that for a vertex replacement given by a graphthe sequence
of graphs(R"(G), 1), normalized to have diameter one, converges in the Gromov—
Hausdorff metric except for special cases. The box (and in certain cases Hausdorff)
dimension of the limit spaces are calculated §fh. §5 gives examples of vertex
replacement rule® that lead to convergent and divergent sequeri®@<sG), 1).

In §6, we introduce how a vertex replacement ri®eacts on marked graphs. If
(G, p) is amarked graph(i.e. a graph with a marked vertgx) and p is replaceable,
defineR(G, p) to be the set of marked grapi®(G), g), whereq is a non-boundary
replaceable vertex irH(p). A sequence(G;, p;) with (Gii1, pit1) € R(G;, p;) IS
called anR-orbit of (Go, po). Every R-orbit has limit points in the space of marked
graphs. The map which reverses replacement(R(G), q) = (G, p), is continuous
on the spacdk> of all limit points for R. The dynamical systeniR*, =) is shown
to be a subshift of finite type and its dynamical properties (e.g. topological mixing) are
determined by the combinatorial structure of the replacements.

2. \ertex replacement rules

Unless otherwise stated, all graphs are connected, locally finite, unit metric graphs, i.e.
each graph is a metric space and the length of every edge is one. For any (possibly
infinite) graphG, let V(G) and E(G) be the set of vertices and edgestafrespectively.

A graph H with a selected set of verticds, ..., v} C V(H) is calledsymmetric
about{vy, ..., v} if every permutation ofd H := {v4, ..., v} can be realized by an
isometry of H. Such vertices are calldzbundary vertices

A vertex replacement rul® consists of a finite list of finite graphs (callegplacement
graphg {Hy, ..., H,}, each with a seb H; of boundary vertices, so thd H;| # |0 H,|
for i # j, where| - | denotes the cardinality of a set.
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Example 1.Define a vertex replacement rufé as shown (topologically) in Figure 1.
Each graphH; is symmetric about the set of boundary vertiég which are indicated
by open circles.

FiGURE 1.

A vertexv € G is calledreplaceable(with respect toR) if deg(v) = |0 H;| for some
i. The ruleR acts on a (finite or infinite) grap& as follows: to obtain the grapR(G)
from G, replace each replaceable vertexn G (|0 H;| = degv)) with a copy of the
graph H; so that the de@) edges previously adjacent toare attached to th& H;|
boundary vertices oH;. Since the graph#f; are symmetric aboud H; this procedure
is well defined.

Example 2Let H define a vertex replacement rufe with boundary vertices indicated
by open circles in Figure 2.

F1

FIGURE 2.

Let G be as in Figure 3. Only the vertaxin G is replaceable (only has degree 3).
The construction ofR(G) is shown in Figure 3. Note that the boundary vertices in this
example are themselves replaceable, i.e. after inserting the gfapto G, the boundary
vertices become replaceable®(G).

In general, a boundary vertexe dH; is calledreplaceableif deg(H;) + 1 = |0 H;|
for somej.

Example 3Let H define a vertex replacement ruke with boundary vertices as shown
in Figure 4. The grapiR(G) is shown for the given grap& in Figure 5. Note that the
boundary vertices are non-replaceable after the graph is inserted.

Example 4.Let H define a vertex replacement ruke as shown in Figure 6. Lef be
as in Figure 7. The grapiR(G) andR?(G) are also shown in Figure 7.

https://doi.org/10.1017/50143385798108234 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108234

664 J. P. Previte

|
At

R(©)
FIGURE 3.
H
FIGURE 4.
o————© D—I—O—I—Q
G R (G)
FIGURE 5.

H

FIGURE 6.

A

G R (©) R%(©)

FIGURE 7.

https://doi.org/10.1017/50143385798108234 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108234

Graph substitutions 665

Example 5Define a vertex replacement rufe as shown in Figure 8. The grag(G)
for a graphG is shown in Figure 9.

FIGURE 8.

G R (G)

FIGURE 9.

If v is a replaceable vertex i, let R(v) be the copy of the grapli/; in R(G)
that replaced the vertex There is a pointwise map from R(G) to G which undoes
replacement by crushing the inserted copies offiis to the vertices that they replaced.
In general, for any seF in G, let R(F) be the points infR(G) whose image under
isin F. If F C G contains no replaceable vertices, tHef(F) can be identified with
F. In this case, labeR"(F) as F c R"(G). If z € G is non-replaceable, lab&"(z)
asz € R"(G).

3. Convergence and divergence results

For any metric spac&, denote the metric by dist We recall some facts about the
Gromov—Hausdorff metric (seé]). Let Z be a metric space with and B closed subsets
of Z. For anye, let A, = {z € Z : distz(z, A) < €} andB, = {z € Z : distz(z, B) < €}.
The Hausdorff distances defined as

dist®“SA, B) = inf{e : A C B., B C A.}.

This defines a metric when restricted to closed subsefs denote byM the collection
of all isometry classes of compact metric spaces. TWremov—Hausdorff distance
between two compact metric spacksandY is

dis§H(x,v) = ZinL{e - distlUS(1(X), J(Y)) < €},
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wherel andJ are isometric embeddings &f andY into Z, respectively. In particular,
we have that di§'(X,Y) = 0 iff X is isometric toY. The spaceM, disti) is a
complete metric space.

If X andY are two compact spaces such thatﬁ;fi’s{tX, Y) < ¢, then for anye-net
{x1,...,x,} of X (i.e. forallx € X, disty(x, {x;}) <€) thereis a2-netofY {yi,..., y,}
with |disty (x;, x;) — disty(y;, y;)| < 2¢ for all i, j. Conversely, if there are-nets
{x1, ..., x,} of X and {y]_, Ceey yn} of Y with |diStx()Ci, )C]) — diSty(y,', y])| < € for all
i, j, then disf'(X, ¥) < 2.

For any compact metric spaég define CovX, ¢) to be the smallest number of closed
balls of radiuse which coverX.

THEOREM 3.1. (Gromov compactness theorerhgt C C M be a collection of compact
metric spaces. The spa€ds precompact, i.e. every sequence&inontains a convergent
subsequence iM if and only ifsupy. . Cov(X, ¢) is finite for everye > O.

For a finite graphG, let (R"(G), 1) be the metric spac®”"(G) normalized to have
diameter 1, i.e. every edge {fR"(G), 1) has length(diam(R"(G)))~1. Let H define a
vertex replacement rul®. In this section, we classify the behavior of the sequence of
metric spacesR"(G), 1) in the Gromov—Hausdorff metric.

If either G or H have no replaceable vertice§R"(G), 1) is constant forn > 1.
Hence, throughout the rest of this section, we assume that@®ahd H each have at
least one replaceable vertex.

The remainder of this section consists of the proof of the following.

THEOREM 3.2. Let H define a vertex replacement rukeand letG be a finite graph with

at least one replaceable vertex. Then the normalized sequ&it&), 1) converges in

the Gromov—Hausdorff metric if and only if one of the following hold:

1. H contains exactly one replaceable vertex;

2. |0H| > 1 and every path irH connecting two different boundary vertices contains
at least two replaceable vertices.

For any path; let L(») be the length of). A pathn C G is calleddistance minimizing
if L(n) = dist;(x, y), wherex andy are the endpoints of. A path¢ in G realizes the
diameterof a graphG if ¢ is distance minimizing and.(¢) = diam(G).

LEMMA 3.1. Suppose thato H| = 1, thendiam(R"(G)) grows at most linearly with,
i.e. there is a numbeA depending orH so that

diamR"*(G)) < An
for large n.

Proof. Since |0 H| = 1, a replaceable vertex has degree 1. Thus, any simplenpath
R"1(G) contains at most two replaceable vertices (the endpoints.o8o,

diam(R"(G)) < diamR"X(G)) + 2 diam H)

or
diam(R"(G)) < diam(G) + 2n diam(H). O
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Suppose thatoH| > 1. For any setF, let N(F) be the number of replaceable
vertices contained irF. A pathn in a graphl is calledpreminimizingif for any path
n’ connecting the endpoints gf
1. N@»)=Nm;

2. it N(n') = N(n), thenL(n') > L(n).
If n is preminimizing, then any subpath gfis preminimizing.

For two different boundary verticds, b, € dH, defineos to be a preminimizing path
from b, to b,. By symmetry, for any other pair of boundary vertidgsand b, there is
a preminimizing paths’ connectingb; to b, with L(c) = L(¢) and N(c) = N(o”).
Thus, the number& (o) and N (o) only depend orH.

LEMMA 3.2. If N(o) = 0, thendiam(R"(G)) grows at most linearly with.

Proof. Let n be a simple path inMR"(G) for n > 1. Consider the pathr(n) in
R"1(G). For any interior replaceable vertaxon 7 (1), we can create a new path by
concatenating the pathsN (R"(G) \ R(u)) with 0 NR(u). Thus every pair of vertices
in R"(G) can be connected by a path which passes through at mogi 2 replaceable
vertices. (The pathr(n) C R"~1(G) may have replaceable endpoints.) Hence,

diamR"*1(G)) < diamR"(G)) + 2N (H) diam(H)
forn > 1. O

PROPOSITION3.1. Let H define a replacement rul®. Suppose thatv(H) > 1 and
either|dH| = 1 or N(o) = 0. Then the normalized sequen@@”(G), 1) diverges in the
Gromov—Hausdorff metric for any finite@ with at least one replaceable vertex.

Proof. SinceR"(G) contains at leasN (H)" replaceable vertices, the number of edges
in R"(G) is at leastN (H)" — 1. A ball of radiuse in (R"(G), 1) corresponds to a ball
of radiuse diam(R"(G)) in R"(G). Let D be the maximum degree of any vertexdn

or H. A ball of radiuse diam(R"(G)) in R"(G) can contain at mosD¢ 4amR"(G)+2
edges. By Lemma 3.1 (or 3.2), there is a numbhes 0 (which depends only o/ and

G) so that dianiR"(G)) < An for largen. Thus,

Dediaﬂ(R”(G))+2 < DeAn+2

The number of balls needed to covef (G) is at least
NH)" —1 NH)Y\' 1 1
DeAn D2 = D<A ﬁ o DeAn+2’
which implies that fore small enough, the number of balls needed to cavér )" — 1
edges tends to infinity as — oco. Thus,

sSUp(Cov((R"*(G), 1), €)) = oo.

n—o0o

Hence, by the Gromov compactness theoréRY (G), 1) diverges. O

PROPOSITION3.2. Let H define a replacement rul®. Suppose thatv(H) = 1 and
either|0H| = 1 or N(o) = 0. Then the normalized sequen@®@”(G), 1) converges in
the Gromov—Hausdorff metric.

https://doi.org/10.1017/50143385798108234 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108234

668 J. P. Previte

Proof. Let w be the replaceable vertex iH. Suppose thatd H| = 1, then the vertex
b € dH is not replaceable (to be replaceable @@g+ 1 = 1, i.e. degb) = O which
makes the replacement trivial). Thus, diét, 9 H) > 1. Now suppose tha¥ (o) = 0,
then dist; (w, 0H) > 1.

In either case, we see that diéRi'(G)) > n. Since N(H) = 1, the number of
replaceable vertices iR"(G) is N(G) for all G. Moreover, if x and y are non-
replaceable ifR"~1(G), then there is a path connecting= R(x) andy = R(y) in
R™(G) which passes through no replaceable vertices. Thus.digt (x, y) is bounded,

SO .
d|StRn+m(G) (.x, y) _

[ - =
n—oo diam(R"*+m(G))
Let v be a replaceable vertex i@i. For alln there is only one replaceable vertex in
R"(v), call this vertexv. Let x be non-replaceable iR (G). Then

dist’R}Hm(G) (U, X) =n d|StH (U, 8H) =+ dist’Rjn(G)(v, X). (1)
If w # v are two replaceable vertices ®" (G), then
diStsz+r71(G)(v, w) =2n diStH(v, 0H) + diSt'Rm(G)(U, w). (2)

It is clear that if¢ realizes the diameter iR"(G), thenz" (&) is not a single point
in G. Thus if N(G) = 1, the diameter grows like (1), otherwise the diameter grows
like (2).

Using these facts, one can show t(&t' (G), 1) converges in the Gromov—Hausdorff
metric. ForN(G) = 1, (R"(G), 1) either converges to the unit interval, [0, or S*
depending on the combinatorics 6f For N(G) > 1, since

n||~>moo diSt(Rn(G)’l) (Rn (U), R" (w)) =0

for all replaceable, w, the sequencéR”(G), 1) converges taV (G) copies of an interval
attached according to the combinatorics(af O

Henceforth, assume that(c) > 1 and|d H| > 1. Letv be a replaceable vertex @.
Consider the grapR” (v) € R"(G). Define the sed’R" (v) to be the verticew € R"(v)
that are adjacent to one of the degedges outside oR”(v) that were adjacent to.
Note that|oR"(v)| = |0 H|. Define the two functions

a(n) = distgny (u, u');  whereu,u’ € IR"(v) for u # u’

and
b(n) = sup {distriq)(u,z) | u € IR (v)}.
z€R"(v)
By the symmetry ofH aboutd H, the above definitions are independent of the choices
of u,u’ € IR (v).

Since all graphs are unit, a poigtwhich realizesb(n) must either be a vertex or
the midpoint of an edge. Clearly,(n) < b(n). Moreover, by the triangle inequality,
diamR"(v)) < 2b(n). If G is a graph with at least two replaceable vertices, then
diam(R"(G)) > 2b(n).
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Since any path which realizesn — 1) must contain at leasV (o))"~ replaceable
vertices, we have that

a(n) > a)(L+ N@)+---+ N@@)"™.

LEmMMA 3.3. Let T be a finite graph. There is a numberTI") so that if¢ is a distance
minimizing path inR"(I') andn > «(T"), thenxz" (&) is preminimizing inC.

Proof. Suppose& is a minimizing path inR"(I") such that the endpoints; and w, of
7" (&) c ' are non-replaceable (or not vertices). Assumi€s) is not preminimizing.
Letn c I be a preminimizing path with endpoints, andw,. ThenN(n) < N(z"(§)).
Note thatL(n) + N(n)a(n) and L(x"(§)) + N(x"(£))a(n) are the lengths of shortest
paths inR"(n) c R"(I') andR"(x"(¢)) c R™(I') from w1 to w,, respectively. There
existsk so that for alln > «,

L(n) — L(7"(§))

N(@@"() =N

In particular,x can be chosen depending only 6in). Sincerl is a finite graph (I')
can be chosen as mgx L(n), wherey is simple. But this implies that fot > « (T")

L) + N(a(n) < L(x"(&)) + N(@"(€))a(n) = L),

which contradicts the fact thgtis minimizing.

If the endpoints ofr” (&) are replaceable, apply the above argument to the jpath)
with the endpoints removed. The resulting path is preminimizing. Hence the entire path
" (&) is preminimizing. O

a(n) >

PrRoPOSITION3.3. There is a numbeK (depending orH) so that forn > K,

a(n) = L(o) 4+ N(o)a(n —1).

In particular:
1. if N(o) > 1, then
_ Ny K (E@) __Lo)
a(n) = N(o) (N(a) — +a(K)> No)—1’
and
im 4~ 1
n—oo a(n +m)  N(o)"’

any=Lo)(n — K) +a(K).

Proof. Let G be a graph with a replaceable vertex Let I' ¢ R(G) be the graph
consisting of R(v) together with the deg) edges that were adjacent toin G, i.e.
' = R(Starv)). By Lemma 3.3, there is a fixed numbe(T") (which really depends on
H) so that for alln — 1 > «(I"), 7"~1(&) is preminimizing wheneveg is a minimizing
path inR"~1(I") ¢ R"(G). In particular, taket to realizea(n). Recall that the path
o C H is preminimizing. Hence, for alt > K, whereK = «(I") + 1, we have that

a(n) = L(o)+ N(o)a(n —1).
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This implies that

a(n) =L©@)A+N(@©@)+---+ N@©@) " H+ N©) Fa(K).

ForN(o) > 1,
_ n—K L(G) o L(U)
a(n) = N(o) <N(0) 3 + a(K)) 7N(o) —
For N(o) =1,
a(n) =Lo)(n — K)+ a(K). O

For any boundary vertelt € dH, let M be the maximum oWV (), wheren C H is
a preminimizing path withb as one endpoint. Again, by symmetdf is independent
of b. Note that a pathy which realizesb(n) in R"(v) must have one of its endpoints
w € IR (v), with 7" L (w) € IR(v).

LEMMA 3.4. Suppose thaM > N (o). Then the following hold:

1. thereisK’ > 0 (depending or) so that ifv realizesb(n) in R"(G), withn > K’,
then one endpoint of”~1(v) is not indR(v) and is replaceable;

2. if G is afinite graph with at least two replaceable vertices, then thei'{&) > 0
so that forn > K'(G), any path which realizes the diameter7f (G) must project
to a path inG with replaceable endpoints.

Proof. Let n — 1 > K as in Lemma 3.3. Hencer”(v) is preminimizing inR(v).
Sincev realizesb(n), N(v) = M. Thus one endpoint af"~1(v) is not in R (v). Call
this endpoint;. Suppose is non-replaceable, then

L(v) = L(@" () + N@" tw)an — 1).

This implies thatb(n — 1) < a(n — 1) + diam(H), or b(n — 1) —a(n — 1) < diam(H).
Now b(n — 1) > Ma(n — 2) anda(n — 1) = L(o) + N(o)a(n — 2), so

bn—1) —am—1)>[M — N(o)]laln — 2) — L(o).

Since M > N(o), there is a constanK’ (which depends only onH) so that
[M — N(o)la(n — 2) — L(oc) > diam(H) for n > K’. Thus, forn > K/,
b(n —1) —aln — 1) > diam(H). So the pointz is replaceable. The proof of 2 is
identical, except thak’ depends orG. O

LEMMA 3.5. Suppose thaN (o) =1 and M = 1. Then for anyn > O,

L. a(n) 1
liminf > — .
n—oo b(n+m) ~ diam(H)

Proof. Let I' ¢ R(G) and K be as in Proposition 3.3. Then far > K, any pathv
realizingb(n) projects to a preminimizing path if. SinceM =1,

b(n) < diam(H) +b(n — 1).

Hence
b(n) < (n — K)diam(H) + b(K).
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Sincea(n) > n, for anym > 0,

liminf 45 1 0
n—00 b(n+m) dla.rT'(H)

LEMMA 3.6. Suppose thalV (o) = 1andM > N(o). Then for anyn > 0,
b(n)

n|—>oo b(n +m)
Proof. Let K be greater thark and K’, the numbers given in Proposition 3.3 and
Lemma 3.4.

Let y C H be a longest preminimizing path connectihge 9 H to a replaceable
vertex with N(y) = M. Let v realizeb(n) for n > K. Considerz" 1(v) c R(G). By
Lemma 3.3,7"~1(v) is preminimizing, soN (7" 1(v)) = M. By Lemma 3.47" 1(v)
has an endpoint which is not inaR(v) and is replaceable. Thus, by the construction
of y, L(y) = L(x"1(v)). Hence,

b(n) =L(y)+ M —Dan—-1)+bn—1).
This implies that
b(n) = (n— K)L(y) + (M — D(a(n — 1) + - -+ + a(K)) + b(K).

By Proposition 3.3, we have that

j=n—-1 j=n—1
Y a() = L(a)( > j) +(n— K)(@(K) = L(0)(K + 1))

j=K

j=K

_ Lo (n(n -1 —2K(K -1

) +(m—K)@(K) — L(e)(K +1)).

This implies that for anyn > 0,
b
im i = O
n—o00 b(n + m)
PropPOSITION3.4. Let H define a replacement rul®. Suppose thaiV(o) = 1 and
N(H) > 1. Then the normalized sequen@®’(G), 1) diverges in the Gromov—Hausdorff
metric for any finiteG with at least one replaceable vertex.

Proof. Without loss of generality, leG be finite with at least two replaceable vertices.
The graphR™(G) contains at least "2 replaceable vertices. Le¥, be the set of
replaceable vertices iR"(G).

First suppose tha = N (o). For eachw € V,, choosew, to be the midpoint of
a path which realizea(n) in R"(w) C R*™(G), and letg(w,, a(n)/2) be the ball of
radiusa(n)/2 centered atv,. Let S, be the set of alw,. Note that|S,| = |V,,|.

By the construction ofi(n), the ballsg(w,, a(n)/2) are contained ifR" (w), thus for
wy, # w, € Sy, the ballsg(w,, a(n)/2) and B(w,, a(n)/2) are disjoint. By Lemma 3.5,

o a(n) 1
liminf > = .
n—oo b(n+m) — diam(H)
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Since diantR**"(G)) < N(G)b(n + m) + diam(G),

liminf —40/2 1
oo diam(Rmm(G)) — 2N(G) diam(H)’

Thus, for large enough ande < 1/2N(G) diam(H), the scaled balls

Bwn, a(n)/2) C (R""(G), 1)

have radius at least
Therefore any element of a cover R"*"(G), 1) by €/2 balls can contain at most
one element of5,. So the number of balls in such a cover is at lgdst = |V,,| > 2".
Sincem is independent o, this implies that

SUPCOV((R™™(G), 1), €/2)} = oco.

Hence the sequend®k”(G), 1) diverges by the Gromov compactness theorem.
Now suppose tha¥4 > N (o). By Lemma 3.6,

b(n)
im ———— =
n—o0 b(n + m)
b(n) grows at least quadratically, aadn) grows linearly. Hence,

im _alm =
n—oo0 b(n + m)
for all m > 0. In particular,
b(n) —a(n)
n—oco  b(n 4+ m) -
for all m > 0.

For eachw € V,,, choose a pointv, in R"(w) C R"™(G) which is the endpoint of
a path that realizes(n) and is not the endpoint that is #R"(w). Let S, be the set of
all such points. Note thats,| = |V,,|. Let B(w,, b(n) —a(®)) C R"™(G) be the ball
of radiusb(n) — a(n) centered ai,.

By the triangle inequality and the construction iaf:) and a(n), we have that the
ball 8(w,, b(n) — a(n)) is contained iNR"(w). Thus, forw # w’ € V,, the balls
B(w,, b(n) —a(n)) and B(w,,, b(n) — a(n)) are disjoint. Recall that diatR"*"(G)) <
N(G)b(n + m) + diam(G) and

fiminf -2 —a@ 1
n—oo diam(R**(G)) — N(G)

Thus, fore < 1/N(G) and largen, the scaled ballg(w,, b(n) —a(n)) in (R*"(G), 1)
have radius at least

Again, this implies that the number ef2 balls needed to coveR"*"(G), 1) is at
least 2', wherem is independent o. So we have that

SUCOV((R™™(G), 1), €/2)} = oo.

Hence, the sequenc®”(G), 1) diverges by the Gromov compactness theorem. [
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Now assume tha¥ (o) > 1. By Proposition 3.3, the sequengé:) (andb(n)) grows
faster than 2 for largen, and

a(n) 1

m = .
n—oo a(n + m) N(o)m

ProOPOSITION3.5. If N(o) > 1, then

jim ¢ _N@) -1
nono b(n) | M —1

Proof. Let K be bigger thank and K’ as in Proposition 3.3 and Lemma 3.4. Let
be a path inR"(G) which realizesh(n) andn > K. Considerr"~1(v) ¢ R(G). By
Lemma 3.37" 1(v) is preminimizing andV (z"~1(v)) = M. Moreover,

b(n) < diam(H) + (M — Da(n — 1) + b(n — 1).
This implies that
b(n) < (n — K)diam(H) + (M — D(a(n — 1) + - -- + a(K)) + b(K).

By Proposition 3.3,

j=n-1 j=n—1 _
Sal) = Y NeyF (L(") +a(1€>) _ L)

= = N(o)—-1 N(o)—1
3 L(o) _ 7| Ny K -1 - L(o)
- |:N(a) 1 +“(K)} [ No)—1 } =K g
a(n) —a(K) — (n — K)L(o)

N(o)—-1
If M =N(o). Then

b(n) < (n — K)(diam(H) — L(0)) +a(n) + b(K) — a(K)

and hence,
lim @ =1
n—o0 b(n)
If M > N(o). Then the endpoint ofr"~1(v) that is not inR(v) is a replaceable
vertex.

Let y be a longest preminimizing path froth € 9H to a replaceable vertex
with N(y) = M. By the construction ofy, we have thatL(z"~*(v)) = L(y) and
N(@"1(v)) = N(y) = M. Thus,

b) = L(y)+[Ny)—1amr—1) +bn—1)
j=n—-1
= =KLy +M - 1)( > a(j)) +b(K)
j=K

a(n) —a(K) — (n — K)L(o)
N(o)—1

= (n—k)L(y)+(M—1)[ }+b(1€).
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Sincea(n) andb(n) grow faster than'2
a(n) _ N(o)—1

lim = . O
n—oo b(n) M-1
Since
a(n) N(o)-1
n—oo b(n) T ooM-1
and

. a(n) 1
lim = ,
n—oo a(n + m) N(o)m

we have that

b(n) 1
im = )
nscob(n+m) N(o)"
and
im an) 1 N(o)-1
ncob(n+m) N(@)" M—1"
For anyG, let

0,(G) = _JoaR(w),

w

wherew is replaceable iR"~1(G). Let

D(n, G) = xer?aﬂ)&{diStR”(G)(x’ 9,(G))}-

PrROPOSITION3.6. D(n, G) < diam(H)n + diam(G).

Proof. Clearly, if w is replaceable, digt)(w,d(n)) < diam(H). Let x be

any non-replaceable point iR"~1(G). Then, disk:q)(x,3,(G)) < diam(H) +

dist’Rn—l(G) (.X, 8,1_1(G)). [l

PROPOSITION3.7. Let H define a vertex replacement rufe. Suppose thai (o) > 2.
Then the sequena®”(G), 1) converges in the Gromov—Hausdorff metric for amy

Proof. Note that if eitheiG or H has no replaceable vertices, then the result holds trivially.
Let € > O be given. There is so that ¥N(c)" ! < ¢ and (by Proposition 3.6) so
that 9,,(G) is ane-net in (R™(G), 1). ChooseK larger thank (R™(G)), as given by
Lemma 3.3 for the finite grapk™(G), and larger thank’(R™(G)), as given in the
second part of Lemma 3.4.

Considerd,,(G) c R™(G). For eachx € 9,,(G), and alln > 0, letx, be the unique
vertex indR"+"~1(x) that is adjacent to the edge that was adjacent (e x1).

Letn > K andx, y € 9,,(G). Any distance realizing path connecting to y, must
project to a preminimizing path iR (G) from x to y. Letn be a preminimizing path
in R™(G) from x to y. Then

distgren-1(G) (xn, ya) = L(n) + N(a(n — 1)

forn > K.
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Also, any path realizing the diameter ®"+"~1(G) must project to a preminimizing
path inR™(G) which contains a fixed numbé¥ of replaceable vertices, determined by
R™(G). As before, ifM > N (o), then the endpoints of the projection of a diameter are
replaceable. Thus

(W —2)a(n — 1) + 2b(n — 1) < diamR""~1(G))

and
diam(R"*""1(G)) < diamR™(G)) + (W — 2)a(n — 1) + 2b(n — 1).
By Proposition 3.5,
im aln—1) _ N(@)—-1
nsoob(n—1) M —-1"

Thus .
distgrsn-1(G)(Xn, Yyn) N()

e diamR™1(G)) (W —2) +2(M — 1)/(N(o) - 1)’
If M = N(o), then

Wa(n — 1) < diamR"*"1(G))

and
diamR"*"1(G)) < diamR"™(G)) + (W — 2)a(n — 1) + 2b(n — 1).

By Proposition 3.5,
. am—-1)
lim =

=1,
n—oo b(n — 1)

which implies that _
| d|StRm+:1—1(G) (xn, yn) _ N(?])
n—oco diam(R"+"-1(G)) w

In either case, we have that

dishmﬂl*l(G) ()Cn, yn)
diam(Rm+t-1(G))
converges ast — oo. S0 distgrn-1G).1) (X, y4) CONvVeErges ast — oo, for any
X,y € 3, (G).
For eachx, € R™*"~1(G), consider the balB(x,, b(n)) of radiush(n) centered at
x,. Since

. b(n) 1
lim = )
nsoob(n+m—1) N(o)"1
for large enough: we have that
b(n) 1
bn+m—1 N(o)1

< €. 3)

Since 2(j) > diam(R/(v)) for all j, the ballsB(x,, b(n)), wherex, € dR(x(x))
for x € 3,,(G), coverR"(w(x)) C R"™~1(G) for all n > 0. Moreover, since,,(G)
was ane-net in R"(G) and

RGN\ ] R

x€d, (G)
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contains only non-replaceable vertices forrgliwe have that the ballB(x,, b(n)) cover
all of (R""=1(G), 1).

Since diantR"*"~1(G)) > 2b(n + m — 1) and by condition (3), these balls have
radius smaller thanin (R"*"~%(G), 1) for large n. Using this and the fact that
distga+m-1Gy.1) (X, y») CONVerges aga — oo, we see that there exisis> 0 so that

distf[(R'(G), 1), (R"(G), D] < 3e

forl,I’ > L. Since(M, distﬂ*) is complete, there is a compact metric spAct which
(R™(G), 1) converges ag — oo. U

LEMMA 3.7. Suppose thatN(c) = 1 and N(H) = 1. Thena(®n) = b(n), and
D(n, G) < (L(0)/2)n + diam(G).

Proof. Let w be the replaceable vertex iH. Let by, b, be two different vertices
in 9H. Then dist; (b1, b2) = L(o). Since H is symmetric aboutd H, we have
disty (b;, w) = L(o)/2. Also by symmetry H \ {w} consists of exactlyd H| isometric
pieces. In particularg(n) = b(n) = L(o)n.

If w is replaceable, digt ) (w, d(n)) < L(c)/2. Letx be any non-replaceable point
in R"~1(G). Then

. L .
distz: () (x, 9,(G)) < %) + distri-1(g) (x, 9,-1(G)). O

PROPOSITION3.8. Suppose thaW () = 1and N (H) = 1. Then the normalized sequence
(R"(G), 1) converges in the Gromov—Hausdorff metric for agy

Proof. Using Lemma 3.7, we see thatn) grows faster tharmD(n, G). Using similar
arguments to those in the proof of Proposition 3.7, one can use the B@allsb(n))

to show that(R/(G), 1) is a Cauchy sequence in In particular, one sees that the
limit spaceX is N(G) copies of Staw), wherev is a replaceable vertex i@, attached
according to the combinatorics 6f and scaled to have diameter one. O

Propositions 3.1, 3.2, 3.4, 3.7 and 3.8 prove Theorem 3.2.

4. The box and Hausdorff dimension of limit spaces
Let H define a vertex replacement ruke For all convergent sequencéR”(G), 1) we
calculate the box dimension of the limit spake and show that the box dimension and
the Hausdorff dimension agree for a certain class of replacements rules.
Thebox dimensiorfor box-counting dimensigrof a compact metric spacéis defined
to be
. . In(Cowv(X,
dimpex(X) = lim supM
e—0 —Ine
(see R]). Recall thato is a preminimizing path between a pair of boundary vertices
(of H).
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THEOREM 4.1. Let H define a vertex replacement rufe. Suppose that the sequence
(R"(G), 1) converges in the Gromov—Hausdorff metric to a metric spacé N(o) > 2,

then
InN(H)

INN(o) "
Otherwise, the box dimension (and Hausdorff dimensior¥ &f 1.

dimgox(X) =

Proof. In the caseN(H) = 1, the limit objects (see Propositions 3.2 and 3.8) are
completely described and are one-dimensional cellular complexes, which have box (and
Hausdorff) dimension 1.

Now suppose thaw (o) > 2. We first show that dig(X) <InN(H)/InN (o). Let
€ > 0 be given. As in the proof of Proposition 3.7, chooseso that YN (o))"t <
€ < 1/N(0)"2 and recall that each < 3,,(G) c R"(G) has a unique associated point
X, € R 1(G). Let S, ¢ R 1(G) be the set of all such points.

One can show (as in Proposition 3.7) that for largehe closed ball8(x,, b(n)) C
R"*m=1(G) of radiusb(n) centered af, cover R"*"~1(G) and have radius less than
2¢. The setS, is a Z-net of R**"~1(G). The number of points it is

18,(G)] = N(G)N(H)" Y| H|.

For large enough:, dis!(X, (R"*"~1(G), 1)) < 2. Thus the set of points, C
R*m=1(G) produce a 4-net in X (see the remark before Theorem 3.2).
So CovX, 4e) < N(G)|dH|N(H)™ 1. Thus

In(Cov(X, 4¢)) _ IN[N(G)|aH|N (H)" ]
In(4e)-1 - IN[N (o)"—2/4]

Whene — 0, we have thatn — oo, SO

im Supln(Cov(X, 4¢)) < In N(H).
€0 In(4e)~1 InN (o)

Hence dimo(X) < InN(H)/In N (o).
We now prove that digyy(X) > InN(H)/In N (o). Lete be given, fixm so that
N(o)—1 _ N(o) -1
NGON@" (M —-1) = NGNOo)y" M —1)°

Let V be the set of all replaceable verticesR (G). For each vertexv € V, let w, be
the midpoint of a path iR (w) Cc R**"(G) that realizesi(n). Let S, C R""(G) be
the set of all such points. L&t(w,, a(n)/2) be the closed ball of radiugn)/2 centered
at w,. By construction, the ball8(w,, a(n)/2) are disjoint. Recall that

lim an) 1 N(o)-1
nscob(n+m) Ny M—1"

So for largen

a(n)/2 N(o)—1 € (@)
N(G)b(n +m) + diamG)  2N(G)N(@)"(M —1)| ~ 4
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The choicem, the fact that diarR"*"(G)) < N(G)b(n + m) + diam(G), and (4)
imply that the scaled ball8(w,, a(n)/2) in (R*™(G), 1) have radius at least/4.

The points inS, are more thane/2)-separated inNR"*"(G), 1). Choosen large
enough so that di%f(X, (R"™™(G), 1)) < /8. Then for eachw, € S,, one can choose
an associated point(w,) in X and create arie/4)-separated sef in X.

Thus any element of a cover of by ¢/8 balls can contain at most one element of
S, so the number of balls in such a cover is at |[dd$t= |V| = N(G)N(H)". So

Cov(X,€/8) = N(G)N(H)"

or

In(Cov(X, ¢/8)) _ IN[N(G)N (H)"]
In(8/¢) ~ IN[BN(G)N (o)"+1 (M — 1)/(N(0) — D]’
As ¢ — 0, we have thatn — oo, SO
Iimsupln((:ov(x, ) _ InNH)

. (]
€0 Ine—1 ~ InN(o)

We now recall the definition of the Hausdorff dimension of a metric spacéVe say
a cover{ is as-coverof X if X C |J,, U and O< diamU < é for all U € U.
Let X be a metric space and letbe a non-negative number. Fér- 0, define

H3(X) = inf ) (diam U;)*,
i=1

where the infimum is over all (countabl&jcovers ofX. Let

H(X) = lim H5(X) = supH3(X).
§—0 §>0
The Hausdorff dimensiorof X, dimg (X), is the unique valug’ such thatH*(X) = oo
forO<s <s andH*(X) =0 fors > s'.
It follows directly from the definitions that for an¥,

dimy (X) < dimgex(X).

There are simple examples where this inequality is strict. The above inequality gives the
following.

CoRoOLLARY 4.1. If X is the limit space of a sequenc®”(G), 1), thendimy(X) <
INN(H)/In N (o).

For any edge and any replaceable vertexin any finite graphG, let Q(e, v) be the
maximum number of (different) edges adjacent twhich can be connected &by a non-
replaceable path (containing no interior replaceable vertices)Qket= )", _, O(e, v),
whereV is the set of replaceable verticesGh

If the boundary vertices o are replaceable (i.e. have degiédéi| — 1), then we
have thatQ(R(e)) = Q(e) for R(e) C R(G). Let Q(G) = maxegg) Q(e). Thus we
have the following.
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LEMMA 4.1. Let H define a vertex replacement rufe. Suppose that the boundary
vertices ofH are replaceable (have degréeH| — 1). Then for allrn > 0, Q(R"(G)) =

O(R(G)).

Let H define a vertex replacement ruf. If the boundary vertices off are
replaceable (have degré®H | — 1), then|d H| > 1 (otherwise replaceable vertices have
degree zero, and the replacement is trivial). Thus assumevifeat > 2.

THEOREM 4.2. Let H define a vertex replacement rufe. Suppose that the boundary
vertices of H are replaceable, and that is a graph containing replaceable vertices
with (R"(G), 1) — X in the Gromov—Hausdorff metric as - oo. Thendimy(X) =
InN(H)/InN (o).

Proof. Fors =InN(H)/In N (o), we will show that

H3(X) =inf ) (diamU)* > A > 0,
UelU
where the infimum is over all-coversl{ of X.
Consider a-coverl{ of X. Create an open covéf of X as follows: for eact/ € U,
defineU to be all points inX which are less than diafh away from a point inU. Then
clearly diamU < 3diamtU. Thus

1 1 ry s 1 s
3 Z(dlamU) < Z(dlamU) .
Ueld UeU
Since X is compact, we may assume tiats a finite cover.

Let U; have the smallest diametet of elements in/{. Choose a(d/16)-net
{x1,...,x) for X. For large enough, disi{'(X, (R"(G), 1)) < d/16. There is an
associatedd/8)-net {y1, ..., y} for (R"(G), 1).

For eachU;, set

Vii= | B(y.d/8).
xjel
where the above balls are open. TWiecover (R"(G), 1) by construction.
By the triangle inequality, diafi; < diamU; + d/2 < gdiamU,-. So
2 .
> ,X;(dlam Vi) < [;{(mamU)s. (5)
1= €

For eachV;, choosemn; so that ¥ N (o)™ ** < diamV; < 1/N(c)™. Since

lim a(n—m): 1 N()-1

n—oo  b(n) N@) M-1
and dianiR"(G) < N(G)b(n) + diam(G), one can fix a constar@ > 0 such that, for
large enoughe, a(n — m;)/diamR"(G) > C(1/N(o)™) for all m; (C is independent of
U.) Suppose that; contains a replaceable verteXx Then the projection o¥; in R™ (G)
must contain a replaceable vertex; calbit Consider the numbekK (v) of replaceable

9
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vertices that can be connectedudy paths containing less than/[@] + 1 replaceable
vertices ([¥ C] is the integer part of AC). This numbelK (v) (by Lemma 4.1) is less than
(0H|Q(R(G)) L Sincea(n —m;)/C diamR"(G) > diam(V;), V; can intersect
at mostC’ := (J0H|Q(R(G)) 1 copies of R*~i(w), wherew is replaceable in
R™(G). ThusV; can contain at most’'N (H)" " replaceable vertices.

However,

INnN(H)/InN(o) —m;
(diamV;)n N /NN G) < 1 ) 7 1 _ NH)TT

N(o)mi+1 - N(@)N(H)" ~ N(o)N(H)"
Thus

1
INN(H)/InN (o) n—m;
% (diam V;) Z—N(o)N(H)” E N(H)"™™™.

The total number of replaceable verticesTt (G) is N(G)N(H)”. Since theV;
form a cover of(R"(G), 1), and eachV; can contain at most’N (H)"~ ™ replaceable
vertices, we have that

Z C'N(H)"™ > N(G)N(H)".

So

N(G)
INN(H)/InN (o) n—m;
Xi:(dlamV) P — N(g)N(H)n Z (HY'"™™ > —— NG > 0.

By (5), for A :=2N(G)/9C'N (o),

Z(diamU)s >A>0
Ueld

for all §-coversi/ of X. Hence

INN(H)
dimy; (X) = 32 N(o)’
By Corollary (4.1), dim;(X) <InN(H)/InN (o). O

5. Examples
In this section we give examples of convergent and divergent sequEREES), 1).

Example 6.Let H define a replacement rul® as in Figure 10, and leG be as in
Figure 11. Notice thatoH| = 1 and N(H) = 2. By Theorem 3.2, the sequence
(R"(G), 1) diverges. ClearlyR"(G) approaches an infinite binary tree ras> oc.

Example 7Let H define a replacement rufé as in Figure 12 and le% be as in Figure 13.
Notice thatN(c) = 2 andN(H) = 3. Thus, by Theorem 3.2, the sequen& (G), 1)
converges. The limit object is the Sierpinski gasket (Figure 14). The Hausdorff (box)
dimension of the Sierpinski gasket is M{H)]/InN[N(c)] = In3/In2.

Example 8.Let H define a replacement rulg as in Figure 15. Notice thaV(c) =1
and N(H) = 1. Thus, by Theorem 3.2, the sequen@®'(G), 1) converges. Several
iterates ofR on a graphG are shown in Figure 16.

The limit spaceX is the unit interval [01]. Let G be a graph with three replaceable
vertices. Then the limit ofR"(G), 1) is three copies of the interval ,[(%] attached
according to the combinatorics of.
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FIGURE 15.
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FIGURE 16.

6. Marked Graphs
A marked graph(G, p) is a graph with one marked vertexe G. The seiG of isometry

classes of all marked graphs is a metric space with; @€Y, p1), (G2, p2)) = 2°M,
where M is the largest integer such that the balls of radWiscentered ap,; € G; are

isometric.
A vertex replacement rul® is expandingif each H; contains a replaceable, non-
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boundary vertex. For a marked grapfi, p) with p replaceable, lIeR(G, p) be the set
of marked graphgsR(G), ¢), whereq is a non-boundary replaceable vertex inside the
copy of H; that replacedp. Note that one could weaken the definition®fG, p) for
arbitrary vertex replacement rul@s, but for our purposes we restrict to expanding rules
R with the above constraint on the marked vertex.

A sequence satisfyingG;, p;) € R(G;_1, p;—1) for all i > 1 is called anR-orbit of
(Go, po)-

PROPOSITIONG.1. Every R-orbit has limit points inG, and the spacék> of the limit
points of allR-orbits is compact. Moreover, all G2°° can be realized as the limit points
of the set of marked graphgi;, p), where theH;’s are replacement graphs.

Proof. Let (G;, p;) be anR-orbit of (Gg, pg). LetY be the complement of the set of all
replaceable vertices i6o. SinceR is expanding,

dist, p) (pi, R'(Y)) > i.

Since the replacement graphs are finite, forral: i, there are only a finite number

of non-isometric balls of radius centered at the marked poip}, in G,. Hence, by a
diagonalization process, one obtains a limit point. Moreover, all such limit points can
be obtained from the set of marked graglts p) where H is one of theH;’s and p is

a replaceable non-boundary vertex 4f. O

A vertex replacement rul® is calledinvertible if for any (G, p) € R there is
a unique(G, p) € R® such that(G, p) € R(G, p). For R expanding and invertible,
let 7 be the map orR™ which undoes replacement, i.e[(G, p)] = (G, p) for all
(G, p) € R(G, p). SinceR is invertible, = is well defined and continuous dR>.

We state an invertibility result without proof (segl).

THEOREM 6.1. An expanding vertex replacement r@Redefined by a single grapH with
d H non-replaceable is invertible.

We state the main theorem of this section.

THEOREM 6.2. Let R be expanding and invertible. Then the topological dynamical
system(R*°, ) is a one-sided subshift of finite type. Moreover, the systRm, )

is topologically transitive if for anyc > 0 and anyH;, H, there is a numben > k so
that for some replaceable, non-boundary vertexs H; we have thatR"(v) contains

a replaceable, non-boundary vertex with R(w) = Hj. The system(R>,x) is
topologically mixing if there ik > 0 so that for anyH;, H; and alln > k, there is
some replaceable, non-boundary vertex H;, so thatR"(v) contains a replaceable,
non-boundary vertew with R(w) = Hj.

We prove this by proving the following two lemmas. For any metric spfceith
x € X, let Bx(x, n) be the closed ball of radius centered ak.

LEMMA 6.1. Let R be expanding and invertible. Then, the nyaps an expanding map
with constante = 277, and expansion consta@{ whereJ is a number larger than the
diameter of all replacement graphs.
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Proof. Suppose that
0 < disg[(G1, p1), (G2, p2)] < 277.

Since dis§[(G1, p1). (G2, p2)] > 0, there is an integeN such that(Bg,(p1, N), p1) is
isometric to(Bg,(p2, N), p2) but (Bg,(p1, N + 1), p1) is not isometric taBg, (p2, N +
1), p2). SinceR is expanding, the marked point is at least a distance of 1 away
from the image of everything non-replaceable7®G,, p;), then Bg, (p;, N + 1) €
R(Bxc,)(m(pi), N)). Thusz[Bg, (pi, N + 1)] € Br) (T (pi), N). _

Suppose thaiw[Bg,(p1, N + 1)], m(p1)) is isometric (inG) to (x[Bg,(p2, N +
1], 7(p2)). Then clearly, as graphsR(z[Bg, (pi, N + 1)]) are isometric fori = 1
andi = 2. Since

distg[(G1, p1), (G2, p2)] < 277,

where J is larger than the diameter of all replacement graphs, the marked graph
(R(m(p1)), p1) is isometric (in G) to (R(x(p2)), p2). Hence the marked graphs
(R(Bx ) (m(pi), N)), p;) are isometric. This contradicts the fact th@g, (p1, N +
1), p1) is not isometric (inG) to (Bg,(p2, N+ 1), p2). Thus(z[Bg,(p1, N+ 1], 7(p1))
is not isometric (inG) to (w[Bg,(p2, N + 1], m(p2)). So By (m(p1), N) is not
isometric toBy (g, (7w (p2), N) (as marked graphs centeredmap;)).

Hence

distg (7(G1. p1), 7(Ga, p2) = 2NV > 2disg((G1. p1). (Ga, p2)). U

LEMMA 6.2. Let'R be expanding and invertible. #(G, p) is isometric to(G’, p’), then
there is a marked graph iR (G’, p’) isometric to(G, p). In particular,

Bre[71(G, p), 2771 € w(Br=[(G, p),27']),
i.e. the balls of radiu®~’ form a Markov partition forr.

Proof. Suppose thatr (G, p) is isometric as a marked graph €6”, p’); in particular,
the graphsG’ and 7 (G) are isometric as graphs, which implies tH€G’) and G are
isometric. The vertices(p) and p’ have the same degree, 81(p') andR(w(p)) are
isometric as graphs. In particular, choose the marked poiRt(ip') so that(R(p’), p’)
is isometric to(R(x (p)), p). O

Lemmas 6.1 and 6.2 prove th&R>, ) is a one-sided subshift of finite type.
The conditions for topological transitivity and topological mixing are obvious. Thus
Theorem 6.2 is proven. Note that mixing implies that every gr@php) in R*> contains
replaceable vertices of all types, i.e. there is a vertex G so thatR(v) = H;(v) for
all ;.

Define an equivalence class on R*® by (G1, p1) ~ (G2, p2) if (G2, p2) can be
obtained from(G1, p1) by moving the marked poinp;, i.e. G; is isometric toG,
as a graph. Note thaiG1, p1) ~ (G2, p») if and only if 7V (G4, p1) is isometric to
7N (G,, p2) as a marked graph for large enouyh

THEOREM 6.3. Let R be expanding and invertible. [fR°°, =) is topologically mixing,
then each equivalence class-efis dense inR°.
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Proof. Consider a ball of radius=2 in R* centered about a graple, p) € R*™. This
consists of all graphgG’, p’) in R* whose ball B/ (p’, n) is isometric to the ball
Bg(p,n). Clearly,z"[Bg(p, n)] is one vertex in(zx" (G, p), #"(p)).

Consider the~ equivalence class @71, p1) € R*. Since(R, ) is mixing there is a
vertexq in 7" (G, p1) with the same degree a$[ B (p, n)]. Consider the marked graph
(7" (G1, p1), q). Choose the marked poigt in R(g) so that(R(q), ¢’) is isometric to
("G, p), 7""1(p)). Continuing in this fashion we see that inside the gréhhsits
an isometrically embedded copy 8t;(p, n). Sincen is arbitrary, the equivalence class
of (G1, p1) is dense inR*>. [l
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