J. London Math. Soc. (2) 72 (2005) 40-52 © 2005 London Mathematical Society
doi:10.1112/50024610705006654

THE BRAUER-SIEGEL THEOREM

STEPHANE R. LOUBOUTIN

ABSTRACT

Explicit bounds are given for the residues at s=1 of the Dedekind zeta functions of number
fields. As a consequence, a simple proof of the Brauer—Siegel theorem and explicit lower bounds
for class numbers of number fields are obtained. Compared with Stark’s original approach, the
paper is explicit and more satisfactory for number fields containing quadratic subfields. Examples
are given of fully explicit lower bounds for class numbers of various types of number fields, for
example normal and non-normal number fields of odd degree, with an emphasis on cubic fields,
real cyclic quartic number fields, and non-normal quartic number fields containing an imaginary
quadratic subfield.

1. Bounds on residues of zeta functions

Let ¢>0 be given (to be selected below). It has long been known that Hecke’s
integral representations of Dedekind zeta functions (x(s) of number fields K can
be used to obtain lower bounds for their residues ki at s=1 of the type

1—(c/logdk) < 8 <1and (x(B) <0 imply that kx > (1 — ﬁ)dggil)m(l + o(1)),

where dg is the absolute value of the discriminant of K and o(1) is an error term
which approaches zero as dg — oo provided that K ranges over number fields
of a given degree. (See for example [16, Proposition A]. See also [6, Lemma 4; 9,
Chapter XVI, Section 2, Lemma 3, p. 323; 30, Lemma 4] for weaker results). Notice
that the best lower bound that one can deduce (for § =1 — (2/logdk)) is of the
type

2
1-— I <0i i h. > ———1 1)).
Ck(1—(2/logdk)) < 0 implies that kg elogdK( + 0(1))

In this paper, we prove Theorem 1 (generalizing [26, Theorem 1]), which provides
a nice treatment of this error term by simply getting rid of it!

Throughout this paper, we use the following notation. We let K be a number
field of degree n > 2 and N be its normal closure, and set

arg = (logdk)/logdy.
Hence 0 < ax < 1,ax =1 if and only if K is normal, and
ag € [1/((n—1)[N: K]),1/[N: K] C [1/((n = 1) (n — 1)1),1]. (1)

(Since N=Kj ... K,,_1 is the compositum of any n—1 of the n complex embeddings

of K, we obtain dy divides d%_l)[N:K], by [30, Lemma 7]). We set
c3 =2 K is abelian
Cx = ¢y 1= 2(\/5 —-1)2=1.07... K is normal but not abelian
c1:=2(vV2-1)2=0.343... K is not normal.
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TABLE 1.1.

m = 2 3 4 5 6 7 8
pm(c3) = 2245 454 222 150 118 101 90
pm(c2) = 772 227 134 101 85 76 70
pm(c1) = 330 131 89 73 65 61 58
pm(c3) = 26514 1120 334 184 131 106 92
P (c2) = 33990 1325 381 205 144 115 99
pm(c1)= 201947 4325 916 410 254 186 150

TABLE 1.2.

m = 2 4 6 8
pm(c3) = 855 83 43 33
pm(c2) = 288 49 31 26
pm(c1) = 121 33 24 21
pm(c3) = 7618 98 40 29
pm(c2) = 9577 110 44 31
pm(c1) = 58 761 271 78 48

We let v = 0.577215... denote Euler’s constant.

THEOREM 1. Fixc and ¢ with 0 < ¢ < ¢ < 2. Let m > 2 be a positive integer.
Assume that dx > e, which implies that 5 < 1 — (¢/logdk) < 1. There exist
pm/(c) (increasing with ¢) and py,(c, ) effective such that, for any number field K
of degree n > m and root discriminant pg := d}(/n, we have

1 (8-n/2 5 1 -8
L - )
if prc 2 pm(c) and Cx(B) < 0 for some 5 € [1 — (¢/logdk),1), and
/
S (1— gDz ¢
KK ( /8) K ec//2 log dK (3)
if prc > pm(e,) and Cxe(8) <0 for B € [1 — (¢/ logdxe), 1 — (¢ log dic)].
For ¢ € {c1,¢2,¢3}, we may take py(c) and pl,(c) = pm(c,c) as shown in

Table 1.1. Moreover, for totally imaginary number fields K, we may take p(c)
and p! (c) := pm(c, ), as shown in Table 1.2.

PROPOSITION 2. (1) Let K be a number field of degree n > 2. Then

n—1
rx < (%) < 2(e/2)"log™ " pc. (4)
(2) Let L be a quadratic number field. Then
kp < (logdy + pr), (5)
where
2+ —log(4m) = 0.046.. .. L is real
AL = {2 oy —logm=1432... L is imaginary.
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Moreover, if (1,(3) = 0 for some 3 € (0,1), then
1-p

fL < —g— log? d,. (6)

Proof. For (4), see [22, Theorem 1; 23, Theorem 1]. For (5), see [15, 19]. For
(6), see [23 Theorem 7; 28], in which a uniform proof of (5) and (6) is given.
However, we may take

_J0 L is real
L= 5—2logb=1.416... L is imaginary

by [29, Corollary 1]. O

PropOSITION 3. Let K be a number field and let N be its normal closure.
Assume that dgx > e*. Either (i) K contains a quadratic subfield L for which
CL(B) = Cx(B) =0 for some (B € [1 — (cx/logdn),1) =[1 — (ckax/logdk),1), or
(ii) (:K(l — (CK/long)) = CK(l — (cKaK/logdK)) < 0.

Proof. Let m > 1 be a given positive integer, set ¢,, = 2(v/m + 1 — 1)? and let
E be a number field of discriminant dg > exp(2(v/m + 1 — 1)). Then (g(s) has at
most m real zeros in the range 1 — (¢,,/logdg) < s < 1 (this generalisation of [30,
Lemma 3] is proved in [13, Lemma 15]).

First, the abelian case is easy to deal with by using the factorization of (k(s)
as a product of the Dirichlet L-series. Second, assume that K is normal and that
we are not in case (ii). Then N = K, c¢x = ¢o and (i (1 — (cz/logdk)) > 0. Now,
Kk is positive and (x(s) has a simple pole at s = 1. Hence lims11 (x(s) = —o0
and (x(s) has a real zero 8 € (1 — (c2/logdk),1) of odd multiplicity ng > 1. In
this range we have ng < 2. Hence ng = 1 and there exists some quadratic subfield
L of K such that for E C K we have (g(8) = 0 if and only if L C E (see [30,
Theorem 3]). In particular, () = 0, and (x(8) = 0 implies that L C K, and
we are in case (i). Third, assume that K is not normal and that we are not in
case (ii). Then cx = ¢1 and (x (1 — (¢1/logdn)) > 0. Since limgq (x(s) = —o0,
there exists some real zero 5 € (1 — (¢1/logdn),1) of (i (s). Since N/K is normal,
Ck (s) divides (n(s) (see [3, Corollary 2] for a short proof of the Aramata—Brauer
theorem based on Stark’s ideas). Hence (n () = 0 and 3 is a simple zero of (x(s),
for 1—(c1/logdn) < B < 1. According to [30, Theorem 3], there exists a quadratic
subfield L C N such that E C N and (g(8) = 0 if and only if L C E. In particular,
¢r(B) =0, and (x(B) = 0 implies that L C K, and we are in case (i). O

2. The Brauer—Siegel theorem
Recall that (see [9, Chapter XIII, Section 3, Theorem 2])

\/dK ’LUK\/dK < 4\/dK

gh R = X
3n KK Khegg 971 (2772 KK p

(for the upper bound, notice that \/wg /2 < ¢p(wk) = [Q((y, ) : Q] < [K : Q] =n
implies that wx < 2n?, and wx = 2 if r; # 0).

RK (7)

THEOREM 4. Let K be a number field of degree n > 2. Then the following hold.
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(1) If K contains a quadratic subfield L for which ((8) = (x(8) = 0 for some
B in the range 1 — (cx/logdn) =1 — (cxax/logdx) < f < 1, then

fe—CK aK /2 IneCK K /2

K [kL = > ( (8)

log®dy, logdy, + pp)logdk

for pg > pn(ckak), and hence for pr = pp(ck).
(2) Otherwise (in particular if K contains no quadratic subfield),

—CK /2
ere K is normal and pi > pl,(ck)
log dK
kk =z —ck o /2 (9)
CrOe KA .
_ K is not normal and px > pn(cxak),
2logdx
and for any quadratic subfield L of K it holds that
2cxe K /2

K is normal and px > p,(ck),
(logdr + pr)log dx Pic 2 Pu(cx)

Crape CK oK /2
(logdr, + pur) log dge

(Also cxage KK decreases as a function of cx € [0,2] and ak € [0,1]).

KK /KL = (10)

K is not normal and px > pn(cxak).

Proof. (8) follows from (2) and (6); (9) follows from Proposition 3(ii), and (3)
if K is normal but (2) if K is not normal. For (10), use (9) and (5). O

COROLLARY 5 (the Brauer—Siegel theorem). If K ranges over an infinite family
of abelian fields, over an infinite family of normal fields for which px — 00, or over an
infinite family of non-normal number fields of a given degree, then log(hxRegy) is
asymptotic to % log di. Moreover, if the fields of these families contain no quadratic
subfield, this asymptotic is explicit and effective.

Proof. Start from (7), and use (4), (8), (9) and the Brauer—Siegel result for the
quadratic number fields, a simple proof of this being given in [4] (see also [2]).
Notice how simple this proof is compared with the one given in [9, Chapter XVI].

O

3. Some explicit bounds on class numbers

In this section, we give several examples showing that our lower bounds in
Theorem 4 yield better explicit lower bounds for class numbers than the ones
previously published in the literature.

3.1. Normal number fields of odd degree
To begin with, the following corollary provides us with a 24-fold improvement on
the lower bound
Vg
3327 1llog(4dk)

for real abelian number fields of odd degree given in [12] (and it could be, for
example, applied to the dihedral fields of degree 10 studied in [7]).

hxRegy >
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COROLLARY 6. Let K be a normal number field of odd degree n > 3. Set
cx = c3 := 2 if K is abelian and cx = ¢o := 2(\/§ — 2)2 = 1.07... otherwise.
Assume that px > pl(cx). Then wg =2 and

(11)
where A\ = 2" 1ek /2 Jcy.
Proof.  Use (7) and the first lower bound in (9). O

In particular, if K = K, is a simplest cyclic cubic field associated with the
polynomial P, (z) = 2* — ma? — (m + 3)z — 1, m > —1, of discriminant d,,, = A2,
(where A,, = m? + 3m + 9 is assumed to be square-free), we have Regy <
%log2 A,, and we obtain hg, > 1 for m > 47, and hg, = 1 if and only if
m € {-1,1,2,4,7,8,10} (see [25], in which a more general problem is in fact
solved). Notice that (11) is much better than the lower bounds used in [8] and [14].

3.2. Non-normal number fields of odd degree

Now, Le in [12] made the mistake of applying his lower bound which is only valid
for abelian number fields to the case of non-normal pure cubic fields Q(+/D). Hence
we provide in the following corollary a correct lower bound for non-normal number
fields.

COROLLARY 7. Let K be a non-normal number field of odd degree n > 3.
Let N denote its normal closure. Set cx = c¢; = 2(v/2 — 1) = 0.343... and
ax = (logdk)/logdy. Assume that px > pn(ckar) (and notice that p,(cxak) <
pn(c1/2) < pn(c1)). Then wx = 2 and

> 12
hxRegy A log dse (12)
where \g¢ = 27 (27)"2eK K /2 (creag).

Proof.  Use (7) and the second lower bound in (9). O

3.3. Non-normal cubic fields

In particular, let K be a non-normal cubic field. Then dy divides d3; (see below),
ag € [1/3,1/2] (which improves upon (1)), px = p3(c1/2) =115 if and only if dx >
1520875, and

24e°1/6 /c; = T4.057 . .. K is totally real

A <27 (27m)2e/ /(1 /3) =
K S 2 @m)ReR T (@ f3) {127recl/6/01:116.329... otherwise

(to be compared with [18, Theorem 1]). However, a more clever use of the tools
developed here yields a better lower bound for hx Regy . Indeed, the normal closure
N = KL of K is a dihedral sextic field, where L = Q(v/Dg), with Dk being the
discriminant of K (notice that N and L are real if K is totally real, and that N
and L are imaginary otherwise). Hence dj, divides dk . Since

¢ (s) = (Cr(5)/¢(3))*Ce(s), (13)
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we have ki = /KN /KL, dn = de%(, and dy divides d:;’(. Now, assume that py >
max(pg(c3), pi(cs)), that is, that dx = p3 > max(118,131)3 = 1183 = 1643032 if
K is totally real and that dx = p3- > max(43,40)3 = 433 = 79507 otherwise (and
notice that py > pk)-

(1) If there exists § in the range 1 — (2/logdn) < 8 < 1 such that (,(5) =0,
then ¢ (8) =0 and

8 S 24
elog?d;, ~ e(logdy, + ) logdy’

KN/KL =

by (3) and (6).

(2) Otherwise, (1 — (2/logdy)) < 0; hence (n(1 — (2/logdy)) < 0, by (13),
and

4

logdy, + pr)logdn’
by (2) and (5). Since the right-hand side of the latter inequality is less than the
right-hand side of the former inequality, the latter inequality always holds. Using
(logdy, + pur)logdy < 3(logdy + pur)logdyx < 3(logdy + pur/2)?, we obtain kg =
VEn/kL = 2/(V3e(logdyk + pr/2)) and, by (7), we finally obtain the following
corollary (to be compared with [24, Theorem 7]).

KN/KL = ol

COROLLARY 8. Let K be a non-normal cubic field. Set

2/3e =5.711. .. K is totally real

A =2"1(27)2V3e/4 =
K (2m) \/_e/ {W\/?Te =8.971... otherwise.

Assume that dx > 1643032 if K is totally real and that dx > 79507 otherwise.
Then, it holds that

Vdg
)\K(logdK + /LL/Q)

3.4. Pure cubic fields

In the case of pure cubic fields K = Q(¥/m), m > 2 cube-free, we have an even
better lower bound on class numbers (see also [1, Corollaire 4]).

COROLLARY 9. Set

A =2m\/7e/3v/3 =8.0549... .

Let K = Q(/m), m > 2 cube-free, be a pure cubic field. Assume that dx > 36 951.

Then
1 di
hgRegr > — | ————. 15
KR /\\/IOg(\/gdK) (18)

Proof. The normal closure N = KL of K is an imaginary dihedral sextic field,

where L = Q(y/—3). Since (n(s) = (Cx(5)/¢(5))?Cr(s) and (1,(s) < 0for 0 < s < 1,
we have dy = dd% = 3d%, (n(1 — (2/logdy)) <0 and
T 2 - 1

2
KN = KLK} = K = =
N LK 3v3 K elogdy elog(\/gdK)
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for dy = 3d% > pg(c3)® = 40° (recall that N is totally imaginary), and hence for
dr > 36951. Since

s
REK,
e

hKRegK =

we obtain (15). O

In particular, if K = K,, = Q(v/m3 + 1), m > 1 and m3+1 cube-free, then €,, =
w2, +mw,+m? < 3w?, < (V3dg,, )?/? is a unit in K, (where w,,, = V/m3 +1 > m),
for (wm —m)am, =1, Regy, < log ey, < %log(\/gd;{m) and

1 di
hic, > — | —Km
K =N log®(v/3dk, )

(for all m > 1 since the right-hand side of this lower bound is less than 1 for
dg, <36951), where X' =2)\/3 =5.36994..., and the exponent of the ideal class

m

group of K, is at most 3 if and only if m € {1,2,3,5} (see [20, Theorem 9]).

3.5. Real cyclic quartic fields

We now give a more interesting example, a case in which K contains a quadratic
subfield. Let K be a real cyclic quartic field and let L be its real quadratic subfield.
Let fx and Uk (respectively fr, and Uy) be the conductor and unit group of K
(respectively L), where €7, > 1 is the fundamental unit of L. Let o be a generator
of the Galois group of K. Finally, let U, = {¢ € Ux; Ng/r(€) € {£1}} denote the
so-called group of relative units of K. If £1 # e € Uj;, then € € Uj; and

Reg(er,€,¢7) = 2Reg; Reg?,
where
Reg’ := log?|e| + log?|e”| > 0.
It is known that there exists some so-called generating relative unit €, € U} such
that {—1,¢€.,€7} generate Uj, (see [5, Satz 22]), and we set
Reg} := Reg’. = log?|e.| + log?|e7| > 0.
This does not depend on the choice of the generating relative unit €, and
Reg(er, €x,€7) = 2Reg Regj = QxRegy (16)

for some Qi € {1,2} (see [5, Satz 16]). Since K/L is ramified at at least one finite
place of L, hy, divides hx and h¥ := hgi/hy is a positive integer that divides hy,
which we call the relative class number of K. According to (7) (applied to L and
K) and (16), we have
Ok [k KK
hy = —. 17
K™ 8Regj KL (17)

Noticing that the lower bound (8) with n = 4, cx = 2 and ax = 1 is better
than the first lower bound (10) with cx = 2, we see that this latter lower bound
always holds true and we obtain the following corollary. (Use dx = f1f% < f3 and
d, = f1 < fx, and notice that fx > 49890 implies that px = di/* = (fLf2)1/4 >

(5f%)"/* = 334 = max(pa(cs), pi(c3)) = max(px (cx), P (ck)))-
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COROLLARY 10. Let K be a real cyclic quartic field of conductor fx > 49 890.
Let L denote its real quadratic subfield. Then

Qr+/dk/dr S Ix (18)

2e(logdy, + pr)logdg - 6e(log frx + pr/2)? '

KxRegy >

In particular, if K = K, is the simplest cyclic quartic field associated with the
polynomial P,,(z) = 2* — ma® — 622 + mx —|— 1, m > 1, m # 3, of discriminant
dy = 4A3, (where the odd part of A,, = m? + 16 is assumed to be square-free),
then we have Regk, < < log A,, and we obtain hg, >1 for m > 382, and hg,, =
if and only if m € {1 2, 4 5,6,8,9,10,11,15,24} (see [27], in which a more general
problem is in fact solved). Notice that because of much weaker lower bounds for
hk,, , Lazarus could not solve in [10] and [11] this class number 1 problem for the
simplest quartic fields.

3.6. Non-normal quartic number fields containing an imaginary quadratic subfield

Finally, we give an even more interesting example, a case in which K is not
normal and contains a quadratic subfield. (See also [17, Theorem 2], which yields
hixRegy > Vi /(136log(dk /16)) for dg > 32-10°, and [21, Corollary 15] (note
the misprint there: it should read hy > \/dk /dg+ /(12(log(dk /dx+) + 0.052)%)).

COROLLARY 11. Let K/L be a quadratic extension of an imaginary quadratic
number field L. Assume that the quartic extension K/Q is not normal and that
dy > 12-10°. Then

(Wi /wr)v/di /dL hy (19)

AMlog(dg /dr) +p)?

where A = w4/e/27 = 0.99681 ... and p = 1.75046. ... Moreover, if (1,(s) < 0 for
€ (0,1) (for example if L = Q(v/—1)) and dg > 2.1-10'2, then we have the better

lower bound
WKV dK
Nlogdy’

where ' = 16m2e1/8 J¢; = 480.362.. ., with ¢; = 2(v/2 — 1) =0.34314....

hKRegK 2

hxRegy > (20)

Proof. Let K’ denote the conjugate of K. Then N = KK’ is an imaginary
normal dihedral octic field. Let M be the bicyclic biquadratic subfield of N and let
Lo = L, L1 and Ly be the three quadratic subfields of M. Since K’ is isomorphic to
K and N/L is bicyclic biquadratic, we have (n(s)/Car(s) = (Cx (s)/¢r(s))?. Hence
kn/kn = (kx/kp)? and dy /dar = (dg/dr)?. Now, there are two cases to consider.

(1) Assume that (p(1 — (2/logdy)) > 0. Then (p(8) = 0 for some g €
[1 —(2/logdn),1). Hence, ¢z, (8) = 0 for some i € {1,2,3} and, by (5) and (6), it
holds that

15
33

(logdr, + pir;) < (log dar + p')*log dy

l\')l)—l

3
kv < 1 IOgdL H

(the geometric mean is less than or equal to the arithmetic mean, dy; = dr,dr,dr,
and d} < dy), where ' = g, +pr, +pr, = 2(2+v —logm) 4+ (2+v —log(4m)) =
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6 + 3y — log(47®) (for precisely one of the L; is real), and
1-p
2e
for pv = ps(cen) = ps(cs) = 33 (recall that N is totally imaginary), by (2). Hence,
27 . 33
logdy + p/)3 logdn
(2) Assume that (p(1 — (2/logdy)) < 0. Then (n(1 — (2/logdy)) < 0 for

pN = ps(en) = psles) = 29 (recall that N is totally imaginary), for (n(s)/Car(s) =
(Cx(s)/Cr(s))?. Hence kx = 2/(elogdy), by (3), and

3
KM<H

Jj=1

KN 2

>
KJN/K:M = 6(

1
(logdz; +pr;) < 23—.33(10g dy +1/)?,

DN | =

by (5). Hence
24.33
logdy + 1) logdn

Since this latter lower bound is worse than the previous one, it always holds true.
Using KN/HM = (IQK/KL)Q, dy < \/dN/dM = dK/dL and dy < (dN/dM)2 =

(dg /dp)*, we finally obtain

loa(dic/dr) + 312"

which in using (7) yields (19) (for p := 3u’/4 = 3(6+3y—log(473))/4 = 1.75046 . . .,
and dg > 1185921 implies py > px > max(33,29)).

EN/EM = o

KK/KL = (

Now, assume that (;(s) < 0 for 0 < s < 1. According to the factorization
Cn(8) = (Ck(5)/CL(8))%¢ar(s), any real zero 3 € (0,1) of (k(s) is at least a double
zero of (v (s) and hence is less than 1 — (¢;/log dy) (see the beginning of the proof
of Proposition 3). It follows that (x (1 — (c1/logdy)) < 0. Now, d2 divides dy
and dy divides d}; (by [30, Lemma 7], for N = KK’). Hence 1 — (¢1/logdy) €
[1—(c1/2logdk),1 — (c1/41logdg)] and pr > pj(c1/2,¢1/4) = 1192 (recall that K
is totally imaginary and use the second point of Proposition 15 below with C' = 272
and n = 4 to compute p}(c1/2,c1/4)) implies that

C1
dec1/8logdy’
by (3). We finally use (7) to obtain (20). O

KK 2

4. Proof of Theorem 1

Write n = ry + 2r9 > 2, and set Ax = \/dg /477" and
2571
(o) = I o720 () = (22

According to the proof of [26, Lemma 2], we have the following.

>2FT1+”(8/2)F”((8 +1)/2). (21

LEMMA 12. Fix a > 1. Assume that (x(3) < 0 for some 8 € (0,1). Then

5(1-p) T (2) z_1< 1 1 )
Z " omi L(z)_aFK(l)AK B (1) o
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From now on, we assume that l < B < 1. We set
FK( ) T n —ZzZ
fK(Z) = FK( )(4 27 )(1 )/2 (22)
(hence fix(1) =1), and
1 1 2|t] 2

MO = o | o =p) ~ e G- v 8 251

(23)

LEMMA 13. It holds that |T'(1 +it)|? = mt/sinh(rt). Moreover, for 0 < a < b,

we have
r
IT'(a+it)| < %F(b +it)]|. (24)
In particular,
I 1 7"2/2171(1/4)
I = %JLOO |FK( —|—Zt)|/FK( ) <T n
and
n/4
A—l/ZIK (472 n/p )1/4IK < (E) Jn,
PK

where C' = I'(1/4)/m = 55.001... in general and C' = 2r? = 19.73920... if K is
totally imaginary, and

0o n/2 oo n/2
5= L J UL S J N g
27 sinh(7t/2) w2 Jy \sinht

decreases towards zero as n > 1 goes to infinity. Moreover, J, = 1/2 and Jy = 1/3.

Proof. For the first assertion, use the infinite products of the I' and sin functions.
For (24), use the infinite product of the I'-function to obtain

IT(a +it)[*T2(b) (n+ a)? (n + b)?
T+ D)2 (a) I_IO(n—&-a)Q—i—t?/(n—i-b)?—i-t? sh

for x — x/(x + t?) decreases for & > 0. According to (21) and (24) (with b = 1,

and a = 1/4 or a = 3/4), we have
1t 3t

1“ 1 + t ;
Kz ™' (2m)r2/2
Im+7r2(1/4)072(3/4) RAYE
< —
h (2m)r2/2 F{t+ig

r1+ra T2

n/2
t/2
= 7m2/20m (1/4) ( ——L2
i (1/ )<sinh(7rt/2)
(by (21) for s = 1/2). Using T'x (1) = 771/2, we obtain the desired bound on I,
and

— T1 T2 n C n/4
AT < (P /Ay /n) (202) 2 0 /4\(p—K> T,

where C' = max(I'*(1/4)/7,27%) = T*(1/4)/7 = 55.001... in general and C' =
272 = 19.739.. .. if K is totally imaginary.
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Finally, noticing that (—e=2//(1 —e=2%))’ = 2e72t /(1 — e~2!)2, we have
w2 422 © 4te=2t e 1
— = ———dt=| ————dt=4 te 2 dt =Y —
2 Jo (I—e2)? L 1—e2 T;Jo ‘ T; n?
and Jy = 1/3. In the same way,
2 © et o0 1 w2
—Jy =J —dt = J et g =2y~ —
2 o I—e 2t 7; 0 §(2n+1)2 4
and J2 = 1/2 O

In Lemma 12, we shift the vertical line of integration R(z) = a > 1 leftwards to
the vertical line R(z) = 1/2. We pick up only one residue, at z = § (for we assume
that 1/2 < 3 < 1), and using (23) and Lemma 13, we obtain

x> 001 = 0)( TG br(8) A7 1

(1-8)/2
=(1- ﬁ)dﬁfl)/Q(fK(ﬁ) _ 2pdi AK1/21K>

T28-1
(1-p)/2 n/4
(B-1)/2 20dj c
> — _ 77K )
> (1-0)dy <fK(5) 25 1 <PK J,, (25)
LEMMA 14. Let fx(z) be as in (22). Assume that n > 2. Then
1 log(2
fre()=1- 2(7 +log(4m)) — ra(y + log(2m)) < 1 — n 2 18T

2
and in the range 0 < 8 < 1, it holds that

+ log(2m 1
F(B) > 1= (L= B)fie) > 14 1 = ) (T - 1),

Proof. Use the infinite product of T'(s) to obtain (IV/T')(1)=—v and
(I"/T)(1/2) = —(v + log4) and notice that fr (1) = (f)/fx)(1). Since fx(B)
is positive and log-convex in the range S > 0 (use the infinite product of the I'-
function), fx(s) is convex in this range and the last assertion follows. O

Using (25) and Lemma 14, and noticing that 1/2 < 1 — (¢/logdk) < 8 < 1
implies that
ﬂd(Kl-_ﬁ)/2 o nlngK —C ec/2
26—1 ~ nlogpx —2¢c
and 1 — (¢/logdk) < 8 <1—(c/logdk) implies that

I] dgfﬁ)m <n nlogpx — ¢ ec' /2
26—1 1-3 =~ ‘nlogpx —2¢ ¢’

we finally obtain the following proposition. (Compare with [26, Proposition 4]).

PROPOSITION 15. Fix ¢ and ¢ with 0 < ¢ < ¢ < 2. Let K be a number field
of degree n > 2. Assume that d > e*. Set C = I'*(1/4)/m = 55.00148. .., and
C =27% =19.73920. .. if K is totally imaginary.
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(1) Assume that (x(8) < 0 for some 8 € [1 — (¢/logdk),1). Then
ki > (1= B)dy V" (1 - 8k(e), (26)
where

] . n/4
Sic(c) = 2725, MosPK = ¢ (€
nlogpx — 2¢ \ px
decreases towards 0 as px goes to infinity, and hence is less than or equal to 1/2
for pi large enough.
(2) Assume that (x(5) < 0 for some 8 € [1—(¢/logdk),1—(¢'/logdk)]. Then

ki = (1= B)d V2 (14 n(1 - B)Sk(c,d)) (27)
where
log(2 1 22 ] —c [/ C\*
Scle ¢y = 1 H108Cm) 1 2e7 ) mlogpic—c (C N
2 n c nlogpx — 2¢ \ px

increases with pg in the range px > e*/™, that is, in the range dx > e*, and hence
is greater than or equal to 0 for pg large enough.

To complete the proof of Theorem 1, we use the following numerical values:
Jo = 1/2, J3 = 0.392927..., Jy = 1/3, J5 = 0.294312..., Jg = 0.266299...,
J7 =0.244960... and Jg = 0.228017....
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