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Abstract

It is easy to see that every k-edge-colouring of the complete graph on 2k + 1 vertices
contains a monochromatic odd cycle. In 1973, Erdős and Graham asked to estimate the
smallest L(k) such that every k-edge-colouring of K2k+1 contains a monochromatic odd cycle
of length at most L(k). Recently, Girão and Hunter obtained the first nontrivial upper bound
by showing that L(k) = O(2k/(k1−o(1))), which improves the trivial bound by a polynomial
factor. We obtain an exponential improvement by proving that L(k) = O(k3/22k/2). Our proof
combines tools from algebraic combinatorics and approximation theory.

2020 Mathematics Subject Classification: 05C38 (Primary)

1· Introduction

Ramsey theory is the branch of combinatorics concerned with finding ordered sub-
structures in large, potentially disordered objects. In graph Ramsey theory, we are usually
interested in finding certain monochromatic subgraphs in edge-coloured graphs. This is an
area that has seen some remarkable breakthroughs in the last few years; see [3, 5, 7, 16], for
example.

In all of these recent breakthroughs, the number of colours is fixed as the other parameters
grow. In general, our understanding of graph Ramsey problems in which the number of
colours grows is rather poor. For example, the notorious Schur–Erdős problem asks whether
the k-colour Ramsey number of the triangle (denoted as Rk(K3)) grows exponentially in k,
and this is wide open. More generally, despite much attention [4, 8, 9, 14], we do not know
the order of growth of the k-colour Ramsey number Rk(C2�+1) of any fixed odd cycle C2�+1.
The case of even cycles is easier, as it follows from the best upper bound on the Turán

number of C2� that Rk(C2�) = O�(k
�

�−1 ). Concerning the case of a fixed number of colours
and growing (odd) cycle length, Jenssen and Skokan [12] proved that for all fixed k and
sufficiently large �, we have Rk(C2�+1) = 2k� + 1.

In this paper we study an old problem of Erdős and Graham [9] that closely resembles
the notorious multicolour Ramsey problem for odd cycles. It is easy to see that the complete
graph on 2k vertices can be k-edge-coloured so that each colour class is bipartite, but in
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any k-edge-colouring of the complete graph on 2k + 1 vertices there exists a monochromatic
odd cycle. Motivated by this, in 1973, Erdős and Graham [9] asked to estimate the small-
est L(k) such that every k-edge-colouring of the complete graph on 2k + 1 vertices has a
monochromatic odd cycle of length at most L(k).

Problem 1·1 (Erdős and Graham [9]). What is the smallest L(k) such that every k-edge-
colouring of the complete graph on 2k + 1 vertices has a monochromatic odd cycle of length
at most L(k)?

This question also appears as problem 75 in [6], as problem 609 on https://www.erdos
problems.com/609 and on the webpage https://mathweb.ucsd.edu/~erdosproblems/.

Chung [6] asked whether L(k) is unbounded. This was answered affirmatively by Day and
Johnson.

THEOREM 1·2 (Day and Johnson [8]). We have L(k) ≥ 2�(
√

log k).

The first nontrivial upper bound was obtained recently by Girão and Hunter.

THEOREM 1·3 (Girão and Hunter [11]). For every ε > 0, there is k0 > 0 such that we have
L(k) ≤ (2k + 1)/k1−ε for all k ≥ k0.

Note that this improved the trivial upper bound 2k + 1 by a polynomial. Our main result
is an exponential improvement of the upper bound.

THEOREM 1·4. In every k-edge-colouring of the complete graph on 2k + 1 vertices, there
exists a monochromatic odd cycle of length O(k3/22k/2). That is, L(k) = O(k3/22k/2).

In fact we will deduce Theorem 1·4 from a more general result that applies to colourings
of the complete graph on more vertices as well.

THEOREM 1·5. Let 0 < δ ≤ 1 such that n = (1 + δ)2k is an integer. Then in every k-edge-
colouring of Kn there is a monochromatic odd cycle of length at most 4k3/2δ−1/2.

Note that Theorem 1·5 implies Theorem 1·4 by taking δ = 2−k. It also improves a
result of Girão and Hunter [11], who gave a bound O(k2δ−1) on the length of the shortest
monochromatic odd cycle in this setting.

1·1. Proof overview

Although our proof is short, we provide a brief outline of it. For simplicity, we will discuss
the proof of the less general Theorem 1·4 (the proof of Theorem 1·5 is almost identical).
Our idea is to find a graph parameter f (G) (taking nonnegative real values) that satisfies the
following properties:

(1) f (Kn) = n;

(2) if G1 and G2 are graphs on the same vertex set and G1 ∪ G2 is the graph with edge
set E(G1) ∪ E(G2), then f (G1 ∪ G2) ≤ f (G1)f (G2); and

(3) if G is an n-vertex graph that has no odd cycle of length at most g, then f (G) ≤
2 + εn,g, where εn,g is close to 0 if g is large.
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Assuming that such a parameter exists, let n = 2k + 1 and consider a k-edge-colouring of
Kn. Let Gi be the graph formed by edges of the ith colour. Then, by properties 2 and 1, we
have

k∏
i=1

f (Gi) ≥ f

(
k⋃

i=1

Gi

)
= f (Kn) = n = 2k + 1.

On the other hand, if no Gi contains an odd cycle of length at most g, then the left hand
side is at most (2 + εn,g)k. By Property 3, if g is large, then εn,g is close to 0. But for very
small values of εn,g, we have (2 + εn,g)k < 2k + 1, which is a contradiction.

It remains to prove that a parameter with the desired properties indeed exists. We will
show that we can take f to be the Lovász theta function of the complement of G.

2· Proof

As discussed in the proof outline, we will use the Lovász theta function of a graph. Lovász
[15] introduced this important graph parameter in 1979 in order to bound the Shannon
capacity of a graph.

DEFINITION 2·1. For a graph G on vertex set [n], an orthonormal representation U is a
collection of unit vectors u1, . . . , un in a Euclidean space V such that if i �= j ∈ [n] and ij is
not an edge in G, then ui · uj = 0.

DEFINITION 2·2 (Lovász theta function). For a graph G on vertex set [n], its Lovász
number ϑ(G) is defined to be

min
c,U

max
i∈[n]

(c · ui)
−2,

where the minimum is taken over all orthonormal representations U of G and all unit vectors
c ∈ V (where V is the Euclidean space in which the vectors ui live).

We will now verify that f (G) = ϑ(G) indeed satisfies the three key properties from the
proof outline. Property (1) is well known and easy to verify.

LEMMA 2·3. We have ϑ(Kn) = n.

Note that Lemma 2.3 follows from the “sandwich theorem” (see, e.g., [13]), stating that
ω(G) ≤ ϑ(G) ≤ χ(G) for every graph G.

The next lemma verifies Property (2) in an equivalent form.

LEMMA 2·4. For graphs G1, G2 on vertex set [n], let G1 ∩ G2 be the graph on vertex set
[n] with edge set E(G1) ∩ E(G2). The Lovász number is sub-multiplicative in the sense that

ϑ(G1 ∩ G2) ≤ ϑ(G1)ϑ(G2).

Proof. Let

ϑ(G1) = max
i∈[n]

(c1 · (U1)i)
−2,

ϑ(G2) = max
i∈[n]

(c2 · (U2)i)
−2,
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for orthonormal representations U1, U2 of G1, G2 on Euclidean spaces V1, V2 and unit
vectors c1 ∈ V1, c2 ∈ V2. Here (U1)i, (U2)i denote the unit vector in U1, U2 correspond-
ing to vertex i, respectively. Let V = V1 ⊗ V2 be the tensor product of V1 and V2. Let U
be a collection u1, . . . , un of unit vectors on V given by ui = (U1)i ⊗ (U2)i. Notice that
U is an orthonormal representation of G1 ∩ G2. Indeed, if i �= j and ij is not an edge in
G1 ∩ G2, then we have either ij �∈ G1 in which case (U1)i · (U1)j = 0, or ij �∈ G2, in which
case (U2)i · (U2)j = 0. In both cases we have ui · uj = ((U1)i · (U1)j)((U2)i · (U2)j) = 0.

Let c = c1 ⊗ c2. Then, for any i ∈ [n],

c · ui = (c1 · (U1)i)(c2 · (U2)i).

Hence,

(c · ui)
−2 = (c1 · (U1)i)

−2(c2 · (U2)i)
−2,

≤ ϑ(G1)ϑ(G2),

for any i ∈ [n]. Hence,

ϑ(G1 ∩ G2) ≤ max
i∈[n]

(c · ui)
−2 ≤ ϑ(G1)ϑ(G2),

as desired.
Applying Lemma 2.4 with G1 and G2 in place of G1 and G2, we obtain the following

corollary.

COROLLARY 2·5. For graphs G1, G2 on vertex set [n], let G1 ∪ G2 be the graph on vertex
set [n] with edge set E(G1) ∪ E(G2). Then

ϑ(G1 ∪ G2) ≤ ϑ(G1)ϑ(G2).

In [15], Lovász provided several equivalent descriptions of the theta function, which is one
of the reasons why this function is so useful. We will need the following characterisation.

LEMMA 2·6 (Lovász [15]). Given an orthonormal representation U of G, let M(U) denote
its Gram matrix given by M(U)ij = ui · uj. Let λ1(M(U)) denote its largest eigenvalue.
Then ϑ(G) = maxU λ1(M(U)), where the maximum is over all orthonormal representations
of G.

We will also need the following well-known properties of the Chebyshev polynomial of
the first kind.

LEMMA 2·7. If g is an odd positive integer, then the degree g Chebyshev polynomial of the
first kind, denoted as Tg, satisfies the following properties:

(i) Tg is an odd polynomial, i.e. it only contains monomials with odd exponents;

(ii) Tg(x) ≥ −1 for every x ≥ −1;

(iii) Tg(x) = 1
2

((
x − √

x2 − 1
)g +

(
x + √

x2 − 1
)g)

for every x ≥ 1.
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We are now ready to prove that the complement of the theta function has Property (3)
from the proof outline. In other words, we prove that if G is an n-vertex graph that does
not contain an odd cycle of length at most g, then ϑ(G) is small. Under these assumptions,
Alon and Kahale [1] proved that ϑ(G) ≤ 1 + (n − 1)1/g. While their result is tight up to a
multiplicative constant depending on g (and hence provides a good bound for constant g), it
would be too weak in our setting, where g is large. Hence, we prove a different bound, using
a novel argument.

LEMMA 2·8. Let g be an odd positive integer and let G be a graph on vertex set [n] which
does not contain any odd cycle of length at most g. Then

ϑ(G) ≤ 2 + (1/2)
(

(2n − 2)1/g − 1
)2

.

Proof. We use the characterisation of ϑ(G) given by Lemma 2.6. For any orthonormal
representation U of G, let B = M(U) − I be the difference between its Gram matrix and
the identity matrix. Note that B has vanishing diagonal, and for i �= j ∈ [n], Bij = 0 when-
ever ij is not an edge in G. Since G does not contain any odd cycle of length at most
g, it follows that for each odd � ≤ g, G does not contain a closed walk of length �, and
therefore tr(B�) = 0. Let μn ≤ · · · ≤ μ1 be the eigenvalues of the real symmetric matrix
B. The largest eigenvalue of M(U) is μ1 + 1, so, by Lemma 2·6, it suffices to show that

μ1 ≤ 1 + (1/2)
(
(2n − 2)1/g − 1

)2
. We have

n∑
i=1

μ�
i = tr(B�) = 0,

for any odd � ≤ g. Therefore for any odd polynomial p of degree at most g,

n∑
i=1

p(μi) = 0.

We take p = Tg to be the gth Chebyshev polynomial of the first kind. As the Gram matrix
M(U) = B + I is positive semidefinite, we have −1 ≤ μn ≤ · · · ≤ μ1. Noting that Tg(x) ≥ −1
for all x ≥ −1, we have

Tg(μ1) = −
n∑

i=2

Tg(μi) ≤ n − 1.

We have

Tg(x) = 1

2

((
x −

√
x2 − 1

)g +
(

x +
√

x2 − 1
)g)≥ 1

2

(
1 +

√
x2 − 1

)g
,

for every x ≥ 1. Therefore, assuming μ1 ≥ 1 (otherwise we are already done),

1

2

(
1 +

√
μ2

1 − 1

)g

≤ Tg(μ1) ≤ n − 1.

Hence,

μ1 ≤
√

1 + (
(2n − 2)1/g − 1

)2 ≤ 1 + 1

2

(
(2n − 2)1/g − 1

)2
.

https://doi.org/10.1017/S0305004125101801 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004125101801


786 OLIVER JANZER AND FREDY YIP

As a result, λ1(M(U)) = μ1 + 1 ≤ 2 + (1/2)
(
(2n − 2)1/g − 1

)2
for any orthonormal repre-

sentation U of G. Thus, ϑ(G) ≤ 2 + (1/2)
(
(2n − 2)1/g − 1

)2
.

We are now ready to prove Theorem 1·5 in the following equivalent form.

THEOREM 2·9. Let g be an odd positive integer, let 0 ≤ δ < 1 such that n = (1 + δ)2k is an
integer, and let G1, . . . , Gk be n-vertex graphs of odd girth greater than g partitioning the
edge set of the complete graph Kn. Then g ≤ 4k3/2δ−1/2.

Proof. Note that Kn is the edge-union of G1, . . . , Gk. Therefore recursively applying
Corollary 2·5, we have

ϑ(Kn) ≤ ϑ(G1) · · · ϑ(Gk).

By Lemma 2·8, ϑ(Gi) ≤ 2+εn,g for each i = 1, . . . , k, where εn,g = (1/2)
(
(2n − 2)1/g−1

)2
.

By Lemma 2·3, ϑ(Kn) = n = (1 + δ)2k. Hence,

(1 + δ)2k ≤ (2 + εn,g)k.

Therefore,

1 + δ ≤ (1 + εn,g/2)k ≤ exp (kεn,g/2),

so, using the estimate exp (δ/2) ≤ 1 + δ which is valid since 0 < δ ≤ 1, we obtain δ ≤ kεn,g.
Plugging in the definition of εn,g, we have

δ/k ≤ 1

2

(
(2n − 2)1/g − 1

)2
,

so √
2δ/k ≤ (2n − 2)1/g − 1.

Noting that 2x/2 ≤ 1 + x for 0 ≤ x ≤ 2, we have 2
√

δ/2k ≤ 1 + √
2δ/k, and so

2g
√

δ/2k ≤ 2n − 2 ≤ 22k.

Hence,

g
√

δ/2k ≤ 2k,

which implies g ≤ 4k3/2δ−1/2, as desired.

3· Concluding remarks

It is natural to wonder whether our results can be strengthened by obtaining a better
bound than Lemma 2·8 for the theta function of complements of graphs of high odd girth. It
turns out that no significant improvement can be obtained this way. In fact, one cannot even
improve Lemma 2·8 significantly for the particular graph Cg, which has odd girth g when g
is odd. Indeed, it is known [13] that for every odd g, we have ϑ(Cg) = 2 + π2/2g2 + O(g−4),
and even if we could replace the upper bound in Lemma 2·8 with 2 + π2/2g2, this would
only improve our bound in Theorem 1·4 by a polynomial factor.
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The reader might also wonder whether we can choose a graph parameter f that is upper
bounded by the complement of the theta function (there are natural graph parameters like
this such as the Shannon capacity of the complement or the vector chromatic number) and
has f (Cg) − 2 � ϑ(Cg) − 2 (so that the above issue does not arise), and yet it still satisfies
the first two properties required in the proof overview. However, such a parameter does not
exist. Indeed, for any such f we would have

g = f (Kg) ≤ f (Cg)f (Cg) ≤ ϑ(Cg)ϑ(Cg) = g, (3·1)

where the last equality follows from the fact (see [15]) that ϑ(G)ϑ(G) = n holds for every
vertex-transitive n-vertex graph G. In particular, equality must hold everywhere in equation
(3·1) and we have f (Cg) = ϑ(Cg).

On the other hand, bounds on the Shannon capacity � for all n-vertex graphs whose com-
plements have large odd girth directly translate to bounds on our Ramsey problem. A similar
connection (between Shannon capacities of complements of odd cycles and the Ramsey
problem we study) was mentioned in a paper of Zhu [17], building on closely related earlier
observations of Erdős, McEliece and Taylor [10] and Alon and Orlitsky [2]. Indeed, consider
a k-edge colouring of Kn so that the colour classes define n-vertex graphs G1, . . . , Gk, none
of which contain an odd cycle of length at most g. Then α(G1 � G2 � · · ·� Gk) ≥ n, where
� denotes the strong product of graphs and α denotes the independence number. Indeed,
when each Gi is identified with the graph formed by the ith colour in our k-colouring of Kn,
then the “diagonal” {(v, v, . . . , v):v ∈ V(Kn)} is an independent set in G1 � G2 � · · ·� Gk.
Now let G be the disjoint union of graphs G1, . . . , Gk. Clearly G is a graph on kn vertices
which does not contain an odd cycle of length at most g. But G1 � G2 � · · ·� Gk is an

induced subgraph of G
k

(the k-th strong power of G), so we have

�(G)k ≥ α(G
k
) ≥ α(G1 � G2 � · · ·� Gk) ≥ n.

Hence, a sufficiently good upper bound for the Shannon capacity of kn-vertex graphs whose
complements contain no short odd cycles would mean that g cannot be too large, which
corresponds to an upper bound on the length of the shortest monochromatic odd cycle in
any k-colouring of Kn. Since the Shannon capacity of every graph is upper bounded by the
theta function of the same graph, this approach could lead to an improved bound in our main
results. However, the best known upper bound for the Shannon capacity of the complement
of an odd cycle comes from the theta function, so we encounter the same barrier as discussed
in the first paragraph of this section.
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