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Abstract

Let [q] ={0,1,...,q9 — 1}, let A[q] denote the simplex of probability measures on [g], and let y denote the
Lebesgue measure normalized on A[g]. We prove that for any symmetric monotone function f: [g]" — [q]
and any a € [q], we have

y({u € Alg] | Peyer [ f(x) = a] € (6,1 — £)}) = O(1/ log n).

We also show that this bound is tight. This improves Kalai and Mossel’s previous bound of
O(loglog 1/ log n) and answers their question completely.
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1. Introduction

It is well known that monotone symmetric Boolean functions undergo sharp thresholds. This
sharp threshold property is prevalent and has numerous applications to random graph theory,
social choice theory, and percolation theory. For example, let Tp be the distribution on {0, 1} where
1 is chosen with probability p. Friedgut and Kalai [3] proved that for every 0 < & < 1/2, there exists
a constant C(e) such that for all # > 2 and all monotone and symmetric functions f: {0, 1} —
{0,1}, ifExNﬂgbn [f(x)]=¢and Exw,,é@n[f(x)] =1 — ¢ for some g > p, then

C(e)
logn’

gq—pP<

This result implies that all monotone graph properties undergo sharp thresholds.

Naturally, one might consider functions with more generalized domains and ask if they also
undergo sharp thresholds. Let A be a finite set. Here, we consider functions f: A" — A that are
monotone and symmetric. We give the definitions below.

1.1 Notation

Following Kalai and Mossel [5], let S(#) denote the group of permutations on elements of the
set {1,...,n}. For o € S(n) and x € A", let y =x, denote the vector satisfying y; = x4 ;) for all
ie{l,...,n}. In other words, y is the vector formed by permuting the bits of x according to o.

© The Author(s), 2026. Published by Cambridge University Press.

Check fi
https://doi.org/10.1017/50963548326100510 Published online by Cambridge University Press Updates.


https://doi.org/10.1017/S0963548326100510
https://orcid.org/0009-0003-4561-0902
https://orcid.org/0009-0004-0107-5079
mailto:allenees@mit.edu
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0963548326100510&domain=pdf
https://doi.org/10.1017/S0963548326100510

Combinatorics, Probability and Computing 735

Moreover, for a € A and x, y € A", we define a partial order <, on A" as follows. We write
x<gyifand only if {i|x;=a} C{i| yi=a} and for all i€ {1,..., n} such that y; # a we have
x; = y;. That is, if x <, y, then y can be obtained from x by changing some bits in x to a.

Finally, throughout the paper log n denotes log, n. We use the following definitions from Kalai
and Mossel [5].

Definition 1.1. A function f: A" — A is monotone if for all a € A and x,y € A" such that x <, y,
f(x) =a implies f(y) = a.

Definition 1.2. A function f: A" — A is symmetric if there exists some transitive group ¥ C S(n)
such that f(xs) = f(x) forallx € A" and o € X.

We note that other authors refer to such functions described in Definition 1.2 as transitive
symmetric and define f: A" — A to be symmetric if f(x,) = f(x) for all x € A" and all o € S(n).

1.2 Main result

Let A[A] denote the simplex of probability measures on A, and let  denote the Lebesgue mea-
sure normalized on A[A]. Let f: A" — A be some symmetric and monotone function. Kalai and
Mossel [5] proved that there exists some constant C = C(]A|) such that

loglogn

y({u e AlA] | & <Pyoyon[ f(x) =al <1 —s}) < Cllog(1 — &) — log<e))%,
leaving a gap of loglog n compared to the Boolean case when |A| = 2. In their paper, Kalai and
Mossel [5] conjectured that this can be improved to O(1/logn) as in the Boolean case. In this
paper, we prove this conjecture.

Theorem 1.3. There exists a constant C= C(|A|) such that if f: A" — A is symmetric and

monotone, then

C(log(1 — &) — log(e))
log n

y{ueAlA]le Pypen[f(x) =a]l <1 —¢}) < (1)

foranyacAandany0 <e <1/2.

Furthermore, for any p € A[A], let E(i) be the event that there exists some a € A such that
Py yen[ f(x) = a] € (¢, 1 — ¢). Note that by the union bound, we also have

C(log(1 — &) — log(e))
log n

y({un € A[A] | E(u) is true}) <

As such, all bounds of applications present in Kalai and Mossel [5] such as monotone graph
properties and Condorcet’s Jury Theorem are improved to O(1/ log n).

2. Previous sharp threshold results

2.1 Friedgut and Kalai’s result for |A] =2

Friedgut and Kalai [3] proved the following sharp threshold phenomenon for |A| = 2. Here let
A={0,1}.

Theorem 2.1 (Friedgut and Kalai [3]). There exists a constant C such that if f: {0,1}" — {0, 1} is
symmetric and monotone, then

Clog(1/¢)

Y e AlA] & <Epyonlf9) <1 - o) < 80

forany0 <e <1/2.
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Fundamental to the proofs of these threshold results is the notion of influences. Influences
of variables of Boolean functions have been extensively studied and have led to applications in
combinatorics, theoretical computer science, and other areas. There are various definitions for
influences, all based on dividing the domain into one-dimensional subspaces called fibres. For the
sake of discussion, we consider general product probability spaces X = X; x - - - x X,.

Definition 2.2. Forany x = (x1,...,x,) € X and any 1 < k < n, the fibre of x in the kth direction is

sk(x) ={y e X|yi=x;foralli #k}.
For a function f: X — {0, 1}, the restriction of f to si(x) is denoted f : Xy — {0, 1} and is defined by

@O =f(X1 .o X 15 b Xpeg 15 - - - > Xin).

The original definition of influence in general product spaces was introduced by Bourgain,
Kahn, Kalai, Katznelson, and Linial [2] as follows.

Definition 2.3. For any function f: X — {0, 1} and any 1 < k < n, the influence of the kth variable
onfis
I(f) = Prex[ f{ is not constant].
In particular, if f: {0,1}" — {0, 1} is endowed with the product measure u®", then
I (f5 1®") =Py yon[ ¥ is not constant].
The most well-known theorem regarding influences in product spaces is the BKKKL

theorem [2].

Theorem 2.4 (Bourgain, Kahn, Kalai, Katznelson, and Linial [2]). There exists a universal constant
¢ such that for any function f: X — {0, 1}, there exists a coordinate k such that

Ii(f) = cVar(f) log n/n.

Theorem 2.1 follows swiftly by Theorem 2.4 and the following lemma of Russo and Margulis
that relates the change of Exwﬂ];@n [ f] to the influence of f.

Lemma 2.5 (Russo [8], Margulis [7]). Let f: {0, 1}" — {0, 1} be a monotone function. Then under

the measure n'};@", we have

dE, __en[f(x)] n
- r - . ®n
dp T & T <f’”P )

Note thatiff: {0, 1} — {0, 1} is symmetric, then all the coordinates have equal influence. Since
f is also monotone, by Theorem 2.4 and Lemma 2.5 we obtain

dE,. __en[f(x)] n .
Zi—p = kXZ; I (f, JTI? ) > cVarn};gn(f) log n.

This implies that Ean};@n [ f(x)] varies quickly as a function of p. In fact, ]Eanggn [ f(x)] increases

from ¢ to 1 — ¢ as p increases on an interval of length 1/log n, up to some constant depending
one.

2.2 Kalai and Mossel’s result for |A| > 2
Kalai and Mossel generalized Friedgut and Kalai’s results to sets with more than 2 elements.
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Theorem 2.6 (Kalai and Mossel [5]). There exists a constant C = C(|A|) such that if f: A" — A is
symmetric and monotone, then

loglogn

(€ AlA] | < Peoyonl f3) =al < 1= e)) = Cogl1 —#) ~logle)) =

foranyaeAandany0 <e <1/2.
Kalai and Mossel [5] achieved this using another widely known definition of influence.

Definition 2.7. For any function f: X — {0, 1} and any 1 < k < n, the influence of the kth variable
onfis
T(f) =Exex[Var(f)].

In particular, if f: A" — {0, 1} is a function with product measure u®" for some p € A[A], then
denote

T (f; 1®") = E e yon[Var(£)].

Using a hypercontractivity result of Wolff [10], Kalai and Mossel generalized the result of
Talagrand [9] on the lower bound of the influence of a function.

Theorem 2.8 (Kalai and Mossel [5]). There exists an universal constant ¢ such that for any
probability space (X, u) and any symmetric function f: X" — {0, 1}, we have

. ., ®n ¢
; T (f; 1®") > g (L) M 509) Var ,en( ) log n.

Kalai and Mossel [5] also proved a generalization of the Russo-Margulis lemma under a certain
class of monotone functions (see Definition 3.1). Let [g] := {0, 1,...,q— 1}.

Lemma 2.9 (Kalai and Mossel [5]). Let f: [q]" — {0, 1} be a 0-monotone function, and let 1 €
Algl. Write u = (1 — p(0))t’ + 1£(0)8g for some ' € Alq] such that 1/ (0) =0, and let py=p +
t8o — tu’ for t € [0,1 — 1(0)]. Then

dE, ol f0] &
’“‘TszIIk(f;u® )

Their proof proceeds in the same manner as that of Friedgut and Kalai. In particular, if
f: [q]" — {0, 1} is both symmetric and 0-monotone under u®", then

dEXNM;W [f(x)] - c
dt ~ log(1/ minyex p(x))

[ f(x)] varies quickly as a function of ¢t with a dependence on min;e(;

Var,on(f) log n.

Thus, E__ M
dependence gives the O(log log 1/ log n) bound.

) p(i). This

.....

2.3 General influences
Following Keller [6], we use a more general definition of influences in general product spaces.

Definition 2.10. Let h: [0,1] — R. For any function f: X — {0,1} and any 1<k <mn, the
h-influence of the kth variable on f is

IM(f) = Eex[RELFD].

Note that Definition 2.3 is obtained by the function h(t) =1I[t € (0, 1)] and Definition 2.7 is
obtained by the function h(t) = t(1 — ¢).
Keller [6] proved a generalization of the BKKKL theorem for k-influences.
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Theorem 2.11 (Keller [6]). Denote by Ent(t) = —tlogt — (1 — t) log(1 — ¢t) the entropy function.
Let h: [0, 1] — R be such that h(t) > Ent(t) for all t € [0, 1]. Then there exists a universal constant
¢ such that for any function f: [0, 1]" — {0, 1}, there exists a coordinate k such that

I,i‘(f) > cVar(f)logn/n.

3. Proof of Theorem 1.3

3.1 Reduction to one value

Assume A =[g] := {0, 1,...,q — 1} without loss of generality. Let f: [q]" — [g] be a symmetric
and monotone function. Fix some a € [g] and some ¢ € (0, 1/2). Deﬁne?: [q]" — {0, 1} by

o) =1I[f(x) = al.
Note that? inherits the monotonicity of f in the following manner.
Definition 3.1. Wesay f: [q]" — {0, 1} is a-monotone if x <, y implies f(x) < f(y).

Indeed,? is a-monotone. Assume a = 0. Therefore, to prove equation (1), it suffices to prove
that there exists some universal constant C = C(g) such that if f: [q]" — {0, 1} is symmetric and
0-monotone, then

C(log(1 — &) — log(e))

y({neAlglle <Eppen[f(0)] <1—¢}) < 1 . ()
ogn

We sketch a brief outline of the proof. Denote the region under consideration by
2= {neAlqlle <Eypyen[f(x)] <1—¢}

We consider probability measures in I := {i € A[q] | ©(0) =0}, and for each n € I' we write
e = t8o + (1 — t)p and consider the set of measures {u; | t € [0, 1]}. Clearly

U el te 0,10} = Alql,

nel’

so for each measure i € I' we bound the length of the interval {t € [0, 1] | ¢ € Z}. To do this,
we show that E & [ f(x)] varies quickly as a function of ¢ by establishing a lower bound on
dE, . & [ f(x)]/dt. This lower bound on the derivative depends on the second-smallest atom o =
minje[q)\ {0y #(f) of w (since 1(0) = 0 is the smallest). To this end, we partition I into g — 1 regions
Ri={p €' | u(i) = o} based on the second-smallest atom and show that the length of the interval
{t €[0,1] | ut € &} is small for each region, with only a dependence on «. Finally, we remove the
dependence on « and show that

C(n(1 — &) —In(e))
logn

y el weRiandt € [0,1}N9) <

for some constant C depending only on g. This proves equation (2) since it holds for all regions R;.

3.2 Generalization of Russo-Margulis

Here, we show a generalization of the Russo-Margulis lemma. This follows along the
same lines as in [5], but we include it for the sake of completeness. Define the region

[i= (1€ Algl | 1(0)=0).
Lemma 3.2. Let f: [q] — {0, 1} be a 0-monotone function. Let i € I' be some probability measure
and define u; = t8o + (1 — t)u for t € [0, 1]. Then
ARy, [ f(x)] B I[ f is not constant]Ey~,, [1 — f(x)]
dt B 1—t '
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Proof. Note dE.~ [ f(x)]/dt =f(0) — Ex~, [ f(x)] and that this is 0 when f is constant. If f is
not constant, then f(0) =1 since f is 0-monotone and the expression becomes E,~, [1 — f(x)].
But i = (s — t60)/(1 — t) and Ex~5,[1 — f(x)] = 0 since f(0) =1, so

Exnp [1 = fOO] = By [1 = (O]~ Eyeny, [1 = f ()]

]Ex'vp_[l _f(x)]= 1—1 = 1—¢

as required. O
Lemma 3.3. Let f: [q]" — {0, 1} be a 0-monotone function. Let 1 € T" be some probability measure
and define 1y = t8og + (1 — ) for t € [0, 1]. Then

dE,.. ®n[f(x) 1
x udt = Z E oD (I[f is not constant] By~ [1 — £ (x)]].

Proof. By the product rule and Lemma 3.2,

dE, e[ f(x)] du (x
— = Z Z C T i)
1" k=1 £k
A (xg)
=3 T B, [ 28
k=1 xx€lq]
Nk By [ (50)]
- eV T
k=1
1 < . i
=1 Exikwﬂ‘?(nﬂ) (I[ £ is not constant] By~ [1 — £ (xi0)]]
as required. U

3.3 A lower bound on the derivative

Henceforth, we assume that f is not constant and that g > 2 since the g =2 case follows from
Friedgut and Kalai [3] (see Theorem 2.1). In the sequel, C denotes different constants at different
lines, depending on g only.

In this section, we prove the following.

Proposition 3.4. Let f: [q]" — {0, 1} be a 0-monotone and symmetric function and let u € T with
second-smallest atom o = minje(q)\0) 1(f). Define the measure juy = tdo + (1 — t)u for t € [0, 1].
There exists an absolute constant C such that

dE, o0 f()]  CE,_enl fI(1 ~E, o0 f)]) logn
>
dt = log(1/a) '

Before we prove the proposition, we need the following lemma.

Lemma 3.5. Let f: [q]" — {0, 1} be a 0-monotone function, let p € I' with second-smallest atom
o = minje(q\joy #(j), and let py =t + (1 — t)u for t € [0, 1]. If on any fibre si(x) the function
flfz [g] — {0, 1} is not constant, then

a(l—1) < By, [1— f7 ()]
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Proof. Fix u € I' and any fibre si(x). Note that £(0) =1 by 0-monotonicity and f(j) =0 for
some j € [g] \ {0} since f is not constant. Therefore,

as required. U
Now we prove Proposition 3.4.

Proof of Proposition 3.4. Let o; = «(1 — t). By Lemma 3.5 it follows that
1 1
log{ — ) >1o ) (3)
g<at> g(Ew,u - fk’%xk)l)

Dp(us) = ]Exikwﬂ(rg)(nfl) [I[ f7 is not constant]Ey, ~,, [1 — £ (xi)]].

Let

Then by equation (3) we obtain

1
(2 +2 log(;)) () = ]Exikwﬂ‘t&(n—l) |:2]I[f,f is not constant] (Exwm (1 — £ (x0)]

t
+ log(i) Ekam [1 _flf(xk)]>i|
ot

> oS [Z]I[f,zC is not constant] (Ekaut [1— £ (x0)]
- t

- X

1 X
" IOg(ExM[l —fk"(xkn) Frcull = (""”)}'

Under the measure ,u(tgm we naturally transform f to a function F: [0, 1]" — {0, 1} as follows.
Define G: [0, 1] — [g] by

Gix)=i ifxe Zm(f),Zm(f)) and G(1)=gq—1.

l<i l<i
Then define F: [0, 1]" — {0, 1} by
F(X], e )xn) Zf(G(XI), LRI G(xn))
It follows that

1
(2 +2 log< )) Qi) = Ey eo,17n1 |:2H[Fz is not constant] (Exke[o,l] (1 — Fp(xp)]

a
—Hog( : e ) Eyeron [l — Ff(xk)]>:|-
Exero,1[1 — F ()]
Define the function h: [0, 1] — R by
h(t)=2I[t € (0,1)] (1 — 1) (1 — log(1 — 1)).

We verify that h(t) > Ent(¢) for all ¢ € [0, 1]. Indeed, for t € {0, 1} both sides are zero. For t € (0, 1),
note that In(1 4+ 6) <§ forall § > 0. Take § =1/t — 1 gives In(1/t) <1/t —1,s0 tIn(1/t) <1 —t.
Therefore, —tlogt < (loge)(1 — t), and

Ent(t) < (loge)(1 —t) — (1 —t)log(1 —t) <2(1 — £)(1 —log(1 — 1)) = h(t).
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By Theorem 2.11 and the symmetry of F there exists some universal constant C such that

I\ Borlf@] 1 & 1
<2+210g<a—t>> o =1 Z <2+Zlog<a—t)> Dy ()

k=1

1 o
= 1—; Z I.(F)
k=1
- CVar(F) log n
o 1—t
3 CVaerzm(f) logn
=1
As such,
dE,on[f(0)]  CE, e[ f(0)](1 —E,_ en[f(x)])logn
>
dt - (1 —1)(1 + log(1/a))
_ CEpon[f)](A = E,_ en[f(x)]) logn
- log(1/a)

where the last inequality follows from

>

(I —1)(1+log(l/c)) <4log(1l/a).
Indeed, since & < 1/2 we have 1 <log(1/a;), so
(I —1)(1+log(1/as)) <2(1 — 1) log(1/ay) =2(1 — t) log(1 /) + 2(1 — t) log(1/(1 — t)).

The result follows since the first summand is at most 2 log(1/«), and the second summand is at
most 2Ent(#) <2 <2log(1/). O

3.4 Line segments have short length
Proposition 3.4 shows that the derivative dIE, & [ f(x)]/dt is large with a dependence on the
second-smallest atom « of 1. We partition I' into g — 1 regions

R;= {u el ‘ u(i) = min M(j)}

jelql\{o}
forie{l,...,q— 1}. In other words, R; is the set of all measures p in I" such that the second-
smallest atom of w is u(i). Fix a region R; and suppose that € R;. Then o = (i) by definition.
Recall that

P:= {ueAlg)|e <Epponl f()] <1—é).

In this section, we show the following. Again, C denotes different constants at different lines,
depending on q only. Here, len(I) denotes the length of an interval I.

Proposition 3.6. Let f: [q]" — {0, 1} be a 0-monotone and symmetric function, and let |1 € R;.
Define 1t = t8o 4+ (1 — t)p for t € [0, 1]. There exists a universal constant C such that

Cin(1/2) — In(e)) log(1/ (i)
logn

len({t€[0,1] | u; € 9}) <
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Proof. Fix pu € R;. By Proposition 3.4, there exists a constant C such that
By 7)) CE, o f0)(1 ~ Ey 0 (9D log

dt log(1/ (i)

If{t € [0, 1] | it € } = @, then there is nothing to prove. Otherwise, by monotonicity, there exists
€ [0, 1] such that Ex~ﬂ§n[f(x)] =1—e¢. Let r=inf{t € [0, 1] |Ex~u;@n[f(x)] >1/2}. Observe
that forall t > r, we have E__ en[ f(x)] > 1/2, so equation (4) implies

(4)

X~
d Clogn
E In []Evau.?n[l —f(x)]] < —m (5)
Integrating, we get that
*d Cl
In(e) — In(1/2) < / —In[E, o1~ f(0)] di < —log(lo%(s — ),

which implies

s—r<C w log(1/u(3)).
logn

Similarly, let p = inf{t € [0, 1] | E n[ f(x)] > e}. If p =, then there is nothing more to prove.

®
X~ JAg

Otherwise, for all t € [p, r), we have E, & [f(x)] < 1/2, so equation (4) implies
"d Clogn
In(1/2) —1 —In|E " dt>——="—(r—p).
n(1/2) ~ In(e) = /p Byl = 2 (r—p)
This implies that
In(1/2) — In(e) .
- — " log(1 .
r—p=C logn og(1/u(i))
Therefore,
In(1/2) — In(e) .
s—p= ¢ tog(1 i),
ogn
which proves the proposition. u

3.5 Cross sections have small Lebesgue measure

Proposition 3.6 shows that, for each fixed probability measure u € R;, the set of parameters
t € [0, 1] for which p; € Zhas length

0 (108(1//1(1')))'
logn

In the next proposition, we show that after integrating over all choices of u € R;, the total
contribution of the family {u; | © € R;and t € [0, 1]} inside Zis only O(1/ log n).

To do this, define the central measure u* € I' by pu*(i)=1/(q— 1) for all i € [g] \ {0}, and
define the boundary face

['i:= {un € R | n(i) =0}

For example, Figure 1 depicts I' when g =4, so u*(1) = u*(2) = u*(3) =1/3 and u*(0) =0.
For each n € T';, we consider the two-dimensional cross section consisting of the measures

@i, s, 1) = tdg+ (1 — )(su™ + (1 —95)n), (s,t)€[0,1]
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03

Figure 1. Theregion " wheng=4.

For any n € [';, we see that ®;(n,0,0) =7, ®;(n,1,0)=pu*, and ®;(n,0,1) = Pi(n,1,1) = .
Thus, these cross sections foliate the region {1 | u € R;and t € [0, 1]}, up to null sets.

Proposition 3.7. Let f: [q]" — {0, 1} be a 0-monotone and symmetric function. There exists a
constant C(q) such that for any region R;, we have

V({Mt|M€R,~andte[0,1]}0@)§C(q)w
ogn

Proof. Throughout the proof, C = C(q) denotes different constants at different lines, depending
on q only. For n € T';and (s, t) € [0, 112, we define

Di(n, s, 1) := 189 + (1 — 1) (su™ + (1 — 9)n).

For s > 0, the measure su™ + (1 — s)n belongs to R;, and its ith atom is

s (i) + (1 — $)n(i) = ——.
q—l

Therefore, by Proposition 3.6, for every fixed € I'; and every s > 0,

(In(1/2) —In(¢)) log((q — 1)/s)
log n ‘

len ({t € [0,1] | ®i(n,s,t) e Z}) <C

The slice s =0 is irrelevant for the following integration. We now integrate this estimate over
all cross sections. The map ®;: I'; x [0, 1]> — Al[q] parametrizes {u; | w € R;and t € [0, 1]} up to
null sets. Moreover, in affine coordinates its Jacobian is of the form

(1 =172 (1 — )17,
and hence the density of the pullback of y under this parametrization is bounded above by a

constant depending only on g. Consequently, for every measurable set B contained in the image
of this parametrization,

1 1
y(B) < C(q) / / / I[®;(n,s, t) € Bl dt ds dn,
i J0 0

where dn denotes (g — 3)-dimensional Lebesgue measure on I';. Applying this with

B={u;|meRjandte[0,1]} N Z,
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and then using the preceding line-segment bound, we get

1
¥ (B) < Clg) f / len ({t € [0,1] | Bi(n,5, 1) € 7)) dsdy
<C(g) 1/120gn 8)//1g(q_ )dsdn

! g—1 1
/ log(—> ds=1log(q— 1)+ — < C(g),
0 s In2

and the total (q — 3)-dimensional volume of I'; is also bounded by a constant depending only
on gq. Therefore

Finally, we note that

y (| weRjand t€ [0, 1N 2) < C(q)w <=8 ~In()
ogn log n

This proves the proposition. u

3.6 Tightness

We remark that Theorem 1.3 is sharp up to multiplicative constants. Ben-Or and Linial [1] con-
structed the tribes function that showed that the O(log n/n) bound on influences presented by
Kahn, Kalai, and Linial [4] is sharp. We present a generalized tribes function. Fix g > 2, and let

2
p=—".
q+1
Then p > 1/4. Let r be some positive integer, let m = | p™" |, and set n = mr. It is enough to con-
struct examples for n of this form. Partition the set {1,2, ..., n} into disjoint sets T1, T5, ..., Ty

of equal size r. For a € [q] and x € [q]", define
No(x)=#{ie{l,...,m}|x;=aforallje T;}.
We define f: [q]" — [q] by
f(x) = min arg max N, (x),
a€(q]

where the minimum is taken with respect to theorder0 <1 <--- <g—1.

Note that the function f is symmetric in the sense of Definition 1.2. Indeed, f is invariant under
permutations of the blocks and under permutations of the coordinates inside each block, and
this group acts transitively on {1, . .., n}. The function f is also monotone. To see this, suppose
x <z y. Then N,(x) < N,(y) and Ny(y) < Ny(x) for every b # a. Thus, if f(x) = a, then a remains a
maximizer after passing from x to y, and the tie-breaking order still selects a. Hence f(y) = a.

We now show that this construction gives the correct lower bound. Fix 0 < ¢ < 1/2, and choose
constants c_ < ¢y such that

—In(l —¢) <c_ <cy <—1In(e).
For each r, define p4 := p+(r) by
c_\1/r e/
p—:= (—) and py:= (i) .

m

Since m=|p~ "], we have py — p_ =log((1 —¢)/¢) - ©(1/r), provided that ¢4 and c_ are suffi-
ciently close to —log(e) and — log(1 — &), respectively. Moreover, r = ®(log n) as n = mr. Thus,

p+ — p—=1log((1 —¢g)/e) - ©(1/ log n).
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Choose § > 0 small enough so that
1—
e < p —28.
q—1
This is possible because p > 1/4. First consider a € [g] \ {0}. Let
Ra={n € Alg) | p— = u(@) < py and u(b) < p — & for all b # a}.

By the choice of §, the sections of R, obtained by fixing p(a) have volume bounded above and
below by positive constants depending only on g. Hence

y(Ra) = ©(ps — p_) =log((1 — &) /¢) - ©(1/ log n).
For u € Ry, set A, = mu(a)". Then A, € [c—, c4]. On the other hand, for b # a,
Pryen[Np(x) = 1] < Exryon [Np(x)] = mu(b)” <m(p — 8)" = o(1).
By a union bound, no colour b # a has an all-b block with probability 1 — o(1), so
Py pon [f(2) = a] = P yon [Na(x) > 1] + 0(1)
=1—(1—pn@")"+o(1)
=1—exp(— Aqy) + o(1).
By the choice of c_ and cy., it follows that for all sufficiently large r,
e <Py en[f(x)=al<1-¢
for every u € R,. Consequently,
y{u e Alglle =Pyoyon[f(x) =a] <1 —¢}) = log((1 —¢)/¢) - ©(1/ log n)

for every a € [g] \ {0}.

It remains to prove the colour a = 0 since the deterministic tie-breaking rule favours 0 when no
colour has a monochromatic block. In this case we use the colour a =1 as the competing colour.
Define

Ro={ue Algllp- =p(1) <pjand u(b) < p —éforallb#1}.
As before, y (Ro) =log((1 —¢)/¢) - ©(1/ log n). For p € R, set .1 = mu(1)" € [c_, ¢4+ ], and note
Eyyon [Np(x)] = o(1)

for every b # 1. Thus, with probability 1 — o(1), the only possible all-monochromatic blocks have
colour 1. Hence

Py yon [ f(x) = 0] =Py yen [N1(x) = 0] 4 o(1)
=(1— (D))" +0(1)
=exp(— A1) + o(1).
Again, by the choice of c_ and ¢y, for all sufficiently large 7,
e <Py yon[f(x)=0]<1-¢
for every u € Rg. Combining the two cases, for every a € [q] we obtain
y({une Alg]le <Py yon[f(x) =a] <1 —¢}) =log((1 —¢)/e) - ©(1/ log n),

where the upper bound follows from Theorem 1.3. This proves that the logarithmic dependence
in Theorem 1.3 is sharp.
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