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Abstract. We consider a C*° Lagrangian function L : T*M — R which is superlinear and
convex in the fibers and has one antisymplectic symmetry. We prove that:

o in every energy level strictly above the critical one, there exists a Mather set which
is the union of some periodic orbits;

o for L generic, these orbits are hyperbolic;

° on the torus, these orbits have one homoclinic orbit.

1. Introduction
Let M be a compact and connected manifold endowed with a Riemannian metric. We will
denote by (x, v) a point of the tangent bundle 7M with x € M and v a vector tangent
at x. The projection & : TM — M is then (x, v) — x. The notation (x, p) will designate
a point of the cotangent bundle 7*M with p € T)M and 7* : T*M — M will be the
canonical projection (x, p) — x.

We consider a Lagrangian function L : TM — R which is C*° and:
° uniformly superlinear: uniformly on x € M, we have

L(x,v) _

1m
loll—+o0 ||v]

bl

° strictly convex: for all (x,v) € TM, (82L/8v2)(x, v) is positive definite.

We can associate to such a Lagrangian function the Legendre map £ : TM — T*M
defined by L(x,v) = (dL/dv)(x, v) which is a fibered C* diffeomorphism and the
C* Hamiltonian function H : T*M — R defined by H(x, p) = p(L ' (x, p)) —
L(L~'(x, p)). The Hamiltonian function H is then superlinear, strictly convex in the
fiber and C*°. We denote by ( f,L) the Euler-Lagrange flow associated to L and (q),H ) the
Hamiltonian flow associated to H; then ¢! = Lo fiL o £7!.
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In 1996, Maiié introduced the notion of ‘generic Lagrangian function’ in [8]:

‘a certain property holds for a generic Lagrangian L if, given a strictly convex
and superlinear Lagrangian Ly, there exists a residual subset O C C*(M)
such that the given property holds for every Lagrangian L of the form L =
Lo+¢, ¥ €O’

and asked the following question (we will explain the notion of minimizing measure later):

‘is it true that for a generic Lagrangian L, there exists a unique minimizing
measure and this measure is supported by a periodic orbit?’

He gave in [9] a partial answer to this question:

‘A generic Lagrangian has a unique minimizing measure and this measure is
uniquely ergodic. When this measure is supported on a periodic orbit, this
orbit is hyperbolic’.

The first part of this result was proved in [8] and the last part in [2].

Finding hyperbolic periodic orbits for a Lagrangian function is an old and interesting
problem, which is not necessarily related to the Mather set of a Lagrangian function
(the Mather set is the image under the Legendre map of the closure of the union of
the supports of the minimizing measures)f. In general, such periodic orbits are found
by a minimizing method, but minimizing periodic orbits are not always hyperbolic;
for example:

(1) in [12], Poincaré proved that on every surface, every minimizing periodic orbit with
one Floquet multiplier different from 1 is hyperbolic;

(2) in[11], an example of a minimizing elliptic periodic orbit due to Bangert is given for
a certain geodesic flow;

(3) in [11], Offin proved that in a certain symmetric case for geodesic flows,
some minimizing periodic orbits are hyperbolic or degenerate (with four Floquet
multipliers equal to 1).

The first goal of this paper is to exhibit in a symmetric case (the symmetry is similar to
that used by Offin in [11] but the Lagrangian function is not necessarily geodesic) a relation
between some minimizing periodic orbits and some Mather set. There are two reasons to
do that:

(1) this will allow us to prove in a ‘symmetric generic case’ the existence of hyperbolic
orbits by using a minimum of technical computations;

(2) for a ‘generic symmetric’ Lagrangian function defined on the torus T”, this implies
the existence of homoclinic points for this periodic orbit.

Let us now explain which hypothesis we use.

(@) M is a closed connected manifold and s : M — M is a C*°- diffeomorphism
which is an involution: s2 = Idy such that the set Fix(s) of fixed points of s is
a (non-empty) hypersurface 7 of M. moreover, we impose an extra topological
assumption: one of the connected components C of M\F can be completed in a

7 In fact, what we called in this paper the ‘Mather set” and the ‘Aubry set’ are usually called the ‘dual Mather set’
and the ‘dual Aubry set’, i.e. are the image under the Legendre map of the usual Mather set and Aubry set.
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compact manifold C with boundary such that the closure of C in C is C and the
boundary of C has at least two connected componentst.
(b) L :TM — Risa C* Lagrangian function which is superlinear, strictly convex
and has the following symmetry: for all (x, v) € TM, L(s(x), —Ds(x)v) = L(x, v).
We will say that this Lagrangian function is ‘s-symmetric’.
For Lagrangian functions satisfying (a) and (b), a property will be generic (we will say
‘s-generic’) if for any s-symmetric Lagrangian function L satisfying (a) and (b), there
exists a dense Gs subset G of the set C°(M,R) = {V € C*°(M,R); Vos = V}of
s-symmetric functions such that for every ¢ € G, the property holds for Lo + .

When L : TM — R is a C* Lagrangian function which is superlinear, strictly convex,
we can associate to L the so-called ‘critical value’ ¢(L) of L which is the minimum of
the ¢ € R such that {H < c} contains an exact Lagrangian C%-graph, i.e. the graph of du
where u : M — R is C': there exist many characterizations of this critical value and the
one we use is studied in [7].

The results which we obtain are then ((x, p) : R — T*M is s-symmetric if for all
t€R, (sox(t), —p(t) o Ds(x)™") = (x(=1), p(=D)):

THEOREM 1. If M, s : M — M and L : TM — R satisfy the hypotheses (a) and (b)
and if ¢ > c(L), there exists a s-symmetric closed 1-form A of M such that the Mather set
of the Lagrangian function L + X is contained in {(x, p) € T*M; H(x, p — A(x)) = c}
and is a union of non-critical and s-symmetric periodic orbits for the Hamiltonian function
associated to the Lagrangian function L + \.

THEOREM 2. If M, s : M — M and L : TM — R s-generic satisfy the hypotheses (a)
and (b), there exists a dense set D(L) of 1c(L), +0o[ such that for every c € D(L), there
exists a s-symmetric closed 1-form A of M such that the Mather set of the Lagrangian
function L + A is a non-critical s-symmetric periodic hyperbolic orbit contained in
{(x, p) € T*M; H(x, p — A(x)) = c}.

COROLLARY 3. IfM,s : M — M and L : TM — R s-generic satisfy the hypotheses (a)
and (b), there exists a dense open set U (L) of Ic(L), 400l such that for every ¢ € U(L),
{H = c} contains one hyperbolic non-critical periodic orbit.

When the manifold is the torus, we obtain the following.

COROLLARY 4. Let us assume thatn > 2. If s : T" — T" and L : TM — R s-generic
satisfy the hypotheses (a) and (b) and if c(L) is the critical value of L, there exists a
dense subset D(L) of Jc(L), +oo[ such that for every ¢ € D(L), {H = c} contains one
hyperbolic non-critical periodic orbit which has one homoclinic orbit.

Example. Let ¢ : TT" — TT" be a Riemannian metric such that: for all
61,62,...,6,) € T", for all (vi,...,vy) € R" g(61,602,...,0)(1,...,0,) =
g(—01,6,...,6,)(v1, ..., v,) (for example, the flat metric). Then there exists a dense G

subset G of C°(T") = {V : T" — R; forall (01,62,...,6,) € T", V(61,02,...,6,) =
V(—01,0,,...,6,)} such that, if V € G, and m(V) = max V, there exists a dense subset,

7 In fact we will see that M\F has one or two connected components and that when there are two components,
they are diffeomorphic.
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D(V) of Im(V), +oo[ such that for every ¢ € D(V), there exists one hyperbolic orbit for
the Lagrangian g — V in {g + V = ¢} having a homoclinic point. We have an analogous
result for the symmetry: s(01, 62,63, ...,6,) = s(62,01,03,...,6,).

Before proving these results, let us explain why, in the geodesic case, this system is a
‘billiard-like system’. We make the following remark (this is proved in Appendix A).

PROPOSITION 5. Let s : M — M be a C*°-diffeomorphism which is an involution:
s2 = Idy such that the set Fix(s) of fixed points of s is a (non-empty) hypersurface F
of M; then for every x € F, Ds(x) is a reflection and M\F has at most two connected
components.

Let us note that it may happen that M\F has exactly one connected component: see
Appendix A for an example.

Let L = g be an s-symmetric Riemannian metric with geodesic flow (f;) and let F be
the hypersurface of fixed points of s. Let B be one of the connected components of M\ F
and let B be the corresponding compact manifold with boundary (if M\ F has exactly one
connected component, this manifold is not the closure of B in M (in this case, the closure
of B in M is M)) such that the interior of B is B. We will denote by 9B the boundary
of B. For every x € dB, uy is the eigenvector of Ds(x) for the eigenvalue —1 such that
g(uy) = 1 and the geodesic half-line corresponding to u, begins in B (i.e. u, is oriented
towards B). Let us note that g o s = g and, thus, Ds(x) is an orthogonal reflection for g
and u, is in the orthogonal line to 7, F for g.

We define a bundle V(dB) over dB: if x € 0B, if v € Ty M such that g(v) = 1 is
v = Ay.uy + w withw € T, F, then (x € V(0B) <= A, > 0). Alternatively,

forallx € 9B, (v € V(0B)y) < (g(v) =l and g(v, uy) > 0).

We define V/(9B) as being the set of v € V(3B) such that the geodesic half-line
corresponding to v is transverse to F (for every time) and meets F infinitely many times.
If v € V/(dB), for small positive times, the geodesic half-line corresponding to v is
in B; we follow this geodesic in B until it meets d B for the first time at vi = b1 (v) €
Ty, (3 B). If we define b(v) = Ds(x1)vi = Ds o b1 (v), then b is a billiard map.
Let us now compare the billiard map » with the map P which is the first return Poincaré
map on TM 3. By the definition of b:
(1) ifveV'(B), P(v)=Dsob(v)and —P(v) € V'(dB);
(2) as gis s-symmetric, if —v € V/(3B), P(v) = b o Ds(v) and P(v) € V'(3B).
Thus, for every v € V/(dB) and n € N: P?"(v) = b**(v). In this sense the Poincaré
map P represents a ‘billiard-like’ map.

2. Proof of Theorem 1

2.1. Aubry set and critical value. When L : TM — R is a C* Lagrangian function
which is superlinear and strictly convex, we associate to L its critical value c¢(L) which
is the minimum of the ¢ € R such that {H < ¢} contains an exact Lagrangian C°-graph,
i.e. the graph of du where u : M — R is C'. We call the corresponding energy level
{H = c(L)} the critical level (there exists many characterizations of the critical level,
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we use that of [7]). If ¢ > ¢(L) and if the graph G (du) of the derivative du of a C'-function
u:M — Risin {H < c}, we say that u is a c-subsolution for L and if ¢ = ¢(L), we say
that u is a critical subsolution. Therefore, a c-subsolution is a C! functionu : M — R
such that the graph of du is contained in the complement of the unbounded connected
component of M\{H = c}. We say that the subsolution is strict if its graph is contained in
{H < c}. Then we have the following.

PROPOSITION 6. Let L1 and Ly be two C* Lagrangian functions which are superlinear
and strictly convex. Let Hy and H be the associated Hamiltonian functions. Then, if the
critical level {H1 = c(L1)} of Hy is one energy level of H», it is the critical level of H».

In other words, given a level set of a Hamiltonian function associated to a C*
Lagrangian function which is superlinear and strictly convex, we do not need to know
the considered Lagrangian (or Hamiltonian) function in order to determinate whether this
level is critical or not. The reason (and the proof) of this result is only the geometric
characterization of the critical level with the subsolutions.

In the critical level H of such a Lagrangian function L, there exists a particular compact
subset A(L), named the ‘Aubry set’ of L. This set is a non-empty, compact and Lipschitz
graph above a part of the zero-section (see [6] or [9]), and one of its characterizations is
(see [7]):

(1) forevery C! critical subsolution u : M — R, one has A(L) C G(du);
(2) there exists a C! critical subsolution u : M — R is such that A(L) = G (du) N 'H.

PROPOSITION 7. Let Ly and Ly be two C*° Lagrangian functions which are superlinear
and strictly convex. Let Hy and H; be the associated Hamiltonian functions. We assume
that Hy and Hy have the same critical level set, denoted H. Then they have the same Aubry
set: A(L1) = A(L»).

In other words, given the critical level set H of a Hamiltonian function associated to a
C®° Lagrangian function which is superlinear and strictly convex, we do not need to know
the considered Lagrangian (or Hamiltonian) functions in order to determinate its Aubry
set. The reason (and the proof) of this result is only the geometric characterization of the
Aubry set with the critical subsolutions.

Let us assume now that L satisfies the hypotheses (a) and (b): then L is s-symmetric
and we havet for all (x, p) € T*M, H(s(x), —p o (Ds(x))~'") = H(x, p). Therefore,
(see Appendix B), ifu : M — Ris a C! c-subsolution, —u o s is also a c-subsolution.
The Hamiltonian function H being convex in the fiber, the averaged function U =
(u — u o0 5)/2 is a c-subsolution which satisfies U o s = —U. We then have the following.

PROPOSITION 8. IfM,s : M — M and L : TM — R satisfy the hypotheses (a) and (b),
there exists a C! critical subsolution u such that u o s = —u and A(L) = G(du) N H.
Moreover, if ¢ > c(L), there exists a C* strict c-subsolution u such thatu o s = —u.

The first part of this proposition is a consequence of the existence of a C! critical
subsolution characterizing the Aubry set and of the convexity of H, and the last part is

+ This will be proved in Appendix B.
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a consequence of the existence, for every ¢ > ¢(L), of a C* strict c-subsolution (see [3])
and of the convexity of H.

COROLLARY 9. If M, s : M — M and L : TM — R satisfy the hypotheses (a) and (b),
then

{(s(x), =p o (Ds(x)™); (x, p) € A(L)} = A(L).

2.2.  Construction of an auxiliary homogeneous Hamiltonian function. In this section,
we consider a C* Lagrangian function L which is superlinear, strictly convex and
s-symmetric and ¢ > c¢(L). By Proposition 8, there exists a C* strict c-subsolution
u: M — M such that: u os = —u. Then when L is a C°° Lagrangian function
which is superlinear, strictly convex, s-symmetric and has an s-symmetric c-subsolution
u: M — R, if H is the associated Hamiltonian function, we can construct a ‘simpler’
Hamiltonian function Hy = Ho(u, c¢) : T*M — R such that {Hy = 1} = {H = c}.

PROPOSITION 10. Let L be a C* Lagrangian function which is superlinear, strictly

convex, s-symmetric and let u : M — R be a C® strict c-subsolution such that:

uos = —u. We denote by H the Hamiltonian function associated to L. Then there

exists a unique Hamiltonian function Hy : T*M — R such that:

() {Ho=1}={H=c}

(2) for every x € M, the function p € TX*M — Ho(p + du(x)) is positively
homogeneous with degree 2: for all p € T)M, for all » > 0, Hy(Ap + du(x)) =
A2 Ho(p + du(x)).

Then Hy is superlinear, strictly convex and C* on the complement of the graph of du

and C' on T*M. Moreover, for all (x, p) € T*M, Hy(s(x), —p o Ds(x)~ ") = Hy(x, p)

and there exists a Riemannian metric g on M such that for all (x, p) € T*M, g(p) <

Ho(du(x) + p).

The interest of this new Hamiltonian function is:

(1) wehave {Hy = 1} = {H = ¢} = 'H, then the Hamiltonian flow (¢,H 9) restricted to
‘H is a reparametrization of the Hamiltonian flow (q),H ) restricted to H;;

(2) p — Hy(p + du(x)) is homogeneous in the fiber; therefore for every 2 > 0 the
Hamiltonian flow (qb,H %) restricted to H is C*°-conjugate to a reparametrization of
the Hamiltonian flow (qb,H %) restricted to {Hy = h}.

More precisely, for such a Hamiltonian function, we have the following.

PROPOSITION 11. Let Hy : T*M — R be a Hamiltonian function satisfying the
hypotheses (a) and (b) such that there exists a C* function u : M — R such that for
every x € M, the function p € TYM — Ho(p + du(x)) is positively homogeneous with
degree 2.

Let A be a closed 1-form such that A(Lo+ 1) C {(x, p) € T*M; Ho(x, p—r(x)) = C}
with C > 0. Then A(Lo + (1/+/C)A) C {(x, p) € T*M; Ho(x, p — (1/+/C)A(x)) = 1}
and:

e  forall (x,p) e T*M, Hy(x,du(x) + p) = C & Ho(x, du(x) + (1//C)p) = 1;
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° for all (x,p) € T*M, (x,du(x) + p + A(x)) € A(Lo + ») C {(x,p) €
T*M; Ho(x, p — A(x)) = C} & (x, du(x) + (1//C)p + (1/4/C)A(x)) € A(Lo +
(1//C)x) C {(x, p) € T*M; Ho(x, p — (1//O)r(x)) = 1};

o if Ho(x,du(x) + p) = C with C > 0 and if we write ¢} (x, du(x) + p)
(x(2), du(x(t)) + p(t)), then we have: forallt € R, ¢tH° (x, du(x) + (1/«/6)17)
(x((1/VO)1), du(x((1//C)1)) + (1//C) p((1/4/C)t)).

2.3. Proof of Theorem I. In this section, we assume that M, s : M — M and
L : TM — R satisfy the hypotheses (a) and (b), we fix ¢ > ¢(L) and a strict C*
c-subsolution u such that u o s = —u. Then we know (see Appendix B) that for all
(x,p) € T*M, H(s(x), =p o (Ds(x))™") = H(x, p).

Moreover, Hy is the Hamiltonian function built with H, # and ¢ in the previous section
and L is the corresponding Lagrangian function. Then, L¢ is s-symmetric.

AloopT :[0,T] - T*M is ‘s-symmetric’ if for all t € [0, T], ['(t) o Ds = —['(—t).

PROPOSITION 12. IfM,s : M — M and L : TM — R satisfy the hypotheses (a) and (b),
there exists a s-symmetric closed 1-form X of M such that the Aubry set of the Lagrangian
function L+ is the union of some s-symmetric and non-critical periodic orbits. Moreover,
this result is also true for L.

Proof. Let F be the set of fixed points of s and B be a connected component of M\F.
Then we complete B to a manifold with boundary B whose interior is B: if M\F has
two connected components, d B is diffeomorphic to F and if M\F has one connected
component, dB is diffeomorphic to the disjoint union of two copies of . We know
(hypothesis (a)) that d B has at least two connected components. We write d B = d B1Ud B;
where the dB; are disjoint, non-empty and compact. Using bump functions, we can
construct a C* function 5 : B — R such that:

° there exists a neighborhood U of 91 B such that njy, = 0;

e there exists a neighborhood U; of 9, B such that njy, = 1;

then dn is a closed 1-form on B which is zero in the neighborhood U; U U, of 9B.
We can extend it to a closed 1-form w on M: for all x € B, u(x) = dn(x) and for all
x € M\B, u(x) = 0. We define a new 1-formv: v = u — o Ds. Thenv o Ds = —v
(this means that v is s-symmetric) and v is not cohomologically trivial. Indeed, let
y : [0,1] — B be a C! arc such that y(0) € 8;B, y(1) € 8B, y(10,1]) C B, y(0)
is in the eigenspace of Ds(y (0)) for the eigenvalue —1 and y (1) is in the eigenspace of
Ds(y (1)) for the eigenvalue —1. We define a C! loop 7 : [0,2] — M by:

. forallt € [0, 1],y () =y (2);

° forallt € [1,2],y(t) =soy (2 —1).

Then, by definition,

1 2
[V=/O a’n()?(t))dt-i-/l (=dnoDs(Ds(—y (2 —1))))dt
Y

1
= 2/0 dn(y (1) dt =2(n(y (1)) —n(y(0)) = 2.
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In fact, we have constructed a symmetric closed 1-form n on M which computes the
algebraic number of intersections between y and 9, B: such a (non-necessarily symmetric)
form always exists by the Poincaré duality.

Let us now recall what is a minimizing measure for L satisfying hypotheses (a) and
(b). Let M(L) be the set of the ( f,L)-invariant Borel probabilities. Then o € M(L)
is minimizing if for all u € M(L), [ Lduo < [ Ldu. The existence of minimizing
measures is proved in [10]. Moreover, it is proved in [1] that the image under the
Legendre map of the support of every minimizing measure is contained in the critical level.
The closure of the union of the images by the Legendre map of the support of the
minimizing measures is called the Mather set and is denoted by M(L). Let us recall
some classical results (see [10] or [6] for the two first items and [7] or [8] for the last item):
(1) the Mather set is contained in the Aubry set, M(L) C A(L);

2) if p € A(L), its a and w-limit sets for the Hamiltonian flow (®;) meet the image
under the Legendre map of the support of an ergodic minimizing measure;

(3) forevery C'loop I : [0,T] — T*M, if y = n* oI and Wy is the probability
measure supported by (y, y), if u is a minimizing measure: [ Ldu < [ Ldpu,.

Instead of considering the Lagrangian function L, we consider the Lagrangian function
L; = L 4+ tv where t € R* and v is the closed s-symmetric 1-form we constructed before;
then it is known that the Lagrangian flow for L; is equal to the Lagrangian flow for L7.
We will prove that for a certain r, M(L;) is the union of some s-symmetric periodic orbits
I'suchthatify = 7*oT: f v#0.Letm =minL;if y y is the loop which we have built
before such that f v =2, we select 7 € R such that 4 5 fo L()/) +t—m < 0. Let i be an
ergodic minimizing measure for the Lagrangian function L; and (x, v) € TM be a generic
point for u; we let x(t) = 7 o fE(x,v). Then [ L, dp < %/02 Li(7), ie.

T e L[
lim (?/0 L(X(T))dl’—i-? A v(x(f))dT)SE/O L(y)+t.

T—+o00

This implies that

1 [T t (T 1 (2 .
lim inf—/ L(x(t))dt + liminf — / v(x(r))dt < = / L(y)+t.
T 0 T—+4o00 T 0 2 0

T—+o00o

However, we have that forall 7 > 0, (1/T) fOT L(x(t))dt > m; so we must also have

T 2
1iminfi/ v(E(r)) d < 1/ LG)+1—m <0.
T—>+o00 T Jo 2 Jo

This implies that the arc x : R — M cuts 9B C F infinitely many times. We may
assume, for example, that x(0) € F. Let us recall that we know that L o (—Ds) = L.
Thus 7 € R — s 0 x(—71) is also a generic orbit for an ergodic minimizing measure, with
the same initial condition x(0) as x. The Aubry set (and, thus, the Mather set) being a
graph implies that for all € R, s o x(—71) = x(t). Doing the same argument for another
time T > 0 such that x(T) € F, we obtain forall T € R, s o x(2T — t) = x(t) and, thus,
forall T € R, x(t + 27T) = x(1).

+ See Appendix C for the links between L and L + X and the associated Hamiltonian functions.
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We have proved that every ergodic minimizing measure for L, is supported by a periodic
orbit which cuts F infinitely many times and is s-symmetric.

Let p € A(L;). Then its w-limit set contains one point of the image under the Legendre
map of the support of a ergodic minimizing measure; thus, if x : R — M is the projection
of the orbit of p, it also cuts F infinitely many times. The same argument as before (A(L;)
is a graph which is s-symmetric) implies that the orbit of p is periodic, s-symmetric and
cuts F.

This orbit is not critical because at a critical point we have

P
liminf—/ v(x(t))dt =0
T Jo

T—+00
and thus we do not have

P
lim inf —/ v(x(r))dt < 0.
T—+oo T Jo

This ends the proof for L smooth.

Let us now deal with the case of Lg. The only problem for Ly is that Hy is not smooth
on the graph of du. The idea is then that we will modify Hy in a small neighborhood U of
the graph of du to obtain a smooth Lagrangian function Lo which satisfy the hypotheses (a)
and (b) and is such that FIO is equal to Hyp outside U (where I:Io is the Hamiltonian function
associated to I:o). Then if we choose for this I:o a t as before such that |t| = —¢ is very
large, the Aubry set A(Lg + 1v) is contained in {(x, p); Ho(x, p — tv(x)) = C} with C
very large; therefore, {(x, p); Ho(x, p — tv(x)) = C} = {(x, p); Ho(x, p — tv(x)) = C}
and this is the Aubry set for Ly +tv also (because we have seen that the Aubry set depends
only on the energy level).

We now have to construct Hp; it is easy to smooth a function, the only difficulty is to
obtain a strictly convex function. To do that, we have used a method explained in [4].

° First we consider a positive C* bump function n : R — R, which is zero for
|x| > 1 and such that [ n(x?)dx = 1.

° Then we let u be a s-symmetric Lebesgue measure on T7*M and | - || be a
Riemannian metric. We define for every x € M a function a, : ;M — Ry
by ax(p) = 77(||p||2); then k(x) = fT;M ax(p) duy(p) is strictly positive and we
define a(p) = (az+(p)(p)/k(*(p))). The function « is then smooth, positive and
its integral along any fiber is 1.

o Then we define H, for ¢ > 0 by

1
He(du(x) + p) = / —Ot(q)Ho(du(x) +p+q)duq),

&

Tym €
i.e.
_ L (a—p
He(du(x) + p) = —yo| —— JHo(du(x) + q) djix(q).
T*M € €

then H, is C*, s-symmetric, strictly convex (to prove that we notice that in the
fiber and when ¢ tends to 0, H, tends uniformly to Hy on every compact subset).
Moreover, on every compact subset where Hy is smooth, the derivatives on H, tend
to the derivatives of Hj.
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° Then we use a C* function 8 : T*M — [0, 1] which is s-symmetric, zero on a
neighborhood V of the zero section and one outside a compact neighborhood U of
the zero section and we define, K. (x, p) = (1 — B(p — du(x)))H:(x, p) + B(p —
du(x))Hoy(x, p). For ¢ sufficiently small, this function is strictly convex because
on every compact subset where Hy is smooth, the derivatives on H, tend to the
derivatives of Hp; moreover, K, is smooth and is equal to Hy outside U (and equal
to HoonV).

This ends the proof for Ly. O

Now we consider M, s, L, ¢ > ¢(L), u, Hyp and Lg as in the beginning of the section.
We then use Proposition 12 to obtain a closed s-symmetric 1-form A of M such that the
Aubry set of the Lagrangian function Lo + A is the union of some s-symmetric and non-
critical periodic orbits for the Hamiltonian function x — Hp(x, p — A(x)). As these
orbits are non-critical, their energy level is {(x, p) € T*M; Ho(x, p — A(x)) = C}
with C > 0. Using Proposition 11, we deduce that the Aubry set A(Lg + (1/\/6))») is
contained in {(x, p) € T*M; Ho(x, p — (1//CO)A(x)) = 1} = {(x, p) € T*M; H(x, p —
(1/+/C)A(x)) = ¢} and is the union of some s-symmetric and non-critical periodic orbits
for the Hamiltonian function x — Ho(x, p — (1/+/C)A(x)).

The Hamiltonian function associated to Lo + (1/+/C)A is hq defined by ho(p) =
Ho(p — (1/4/C)A); if we define h(p) = H(p — (1/4/C)1) (the associated Lagrangian
function is then £ = L + (1/4/C)A), we then have {hg = 1} = {h = c}. As {hy = 1}
is the critical level for £y = Lo + (1/ JC )A, using Proposition 6, we deduce that it is
also the critical level for £ = L + (1/ JC )A. Then, using Proposition 7, we deduce that
AL 4+ (1/V/C)0) = A(Lo + (1//C)1).

As ¢ > c(L), we know that there is no critical point for H in H = {H = c} and thus no
critical point for # on {h = c}; moreover, there is no critical point for Hy in H and thus,
no critical point for kg on {ho = 1} either. Then, there is no critical point for & or hy on
K = {ho = 1} = {h = c}. Therefore, the flow (q),h) restricted to K is a reparametrization
of the flow (¢"°) restricted to K. Therefore, A(L + (1/+/C)A) = A(Lo+ (1//C)A) is the
union of some s-symmetric and non-critical periodic orbits for the Hamiltonian function 4
and is contained in {h = c}.

As the Aubry set contains the Mather set, we have finished the proof of Theorem 1.

In fact, we have proved a more precise result than Theorem 1.

PROPOSITION 13. If M and s : M — M satisfy the hypothesis (a), there exists a
s-symmetric closed 1-form A of M such that for every L : TM — R satisfying hypothesis
(b) and every ¢ > c(L), there exists t. € R such that the Mather set of the Lagrangian
function L + t.\ is contained in {(x, p) € T*M; H(x, p — t:M(x)) = ¢} and is a union
of non-critical and s-symmetric periodic orbits for the Hamiltonian function associated to
the Lagrangian function L + t.A.

3.  Proof of Theorem 3
tM,s : M - Mand L : TM — R satisfy the hypotheses (a) and (b) and
if ¢ > ¢(L), we have proved in Theorem 1 that there exists a s-symmetric closed

 The set {H < ¢(L)} contains a graph, and therefore for all x € M, ¢(L) > min{H (x, p); p € T M}.
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1-form A of M such that the Mather set of the Lagrangian function L + A is contained
in {(x, p) € T*M; H(x, p — A(x)) = ¢} and is a union of non-critical periodic orbits for
the Lagrangian function L + A.

3.1. The Green bundles on the Aubry set. We recall in this section some well-known
results which are proved in [2]. Let (x, p) be a point of 7*M; we call the ‘vertical’ at
(x, p) the linear subspace V(x, p) = ker Dn*(x, v) of T, ,)(T*M) and we say that the
orbit of (x, p) has a conjugate point if there exists z # ¢’ such that D¢£I,(V(¢,/(x, p))N
V(@/ (x, p)) # (0}.

PROPOSITION 14. Let (x, p) be a point of the Aubry set of L, then its orbit has no
conjugate point.

In fact, every minimizing orbit (with fixed ends) has no conjugate point.

PROPOSITION 15. Suppose that the orbit of (x, p) € T*M does not contain conjugate
points and that H = {H = H (x, p)} is a regular level of H. Then there exists two (qb,H)
invariant Lagrangian subbundles I._, Ly C T(T*M) along the orbit of (x, p) given by

L-(x,p) = lim D" (V(gi(x, p));
Ly, p) = lim Doy’ (V(p—i(x, p))-

Moreover, L_(x, p) ULy (x, p) C Tx, pyH, L_(x, p) N V(x, p) = Ly (x, p) N V(x, p)
= {0}, Xpg(x,p) C L_(x,p) NLy(x, p) where Xy is the Hamiltonian vector field
for H.

These subbundles are called the Green bundles along the orbit of (x, p).

PROPOSITION 16. Suppose that the orbit of (x, p) € T*M does not contain conjugate
points and that H = {H = H (x, p)} is a regular level of H. Let I._ and 1L be the Green
bundles along the orbit of (x, p).

If (x, p) is periodic and if L_ and L+ are transverse in T'H at every point of the orbit
of (x, p), then this orbit is hyperbolic.

Therefore, to obtain a hyperbolic orbit, we only have to build a periodic orbit in the
Aubry set such that, along this periodic orbit, the Green bundles are transverse. We will
explain how to do that in the next section.

3.2.  Construction of transverse Green bundles along a periodic orbit. 'We need more
precise results concerning the Lagrangian subbundles. Let us choose local coordinates
(x',...,x™)in U C M which we complete in dual coordinates of 7*M: the point with
coordinates (xl, o x pl, oo phis Zzzl pk dx*.

If L is a Lagrangian subspace of T( ,)(T*M) which is transverse to the vertical
V(x, p) = ker D *(x, p), we can read it in these coordinates as the graph of a symmetric
matrix. Therefore, if I; and L, are two such Lagrangian subspaces of T(, ,)(T*M)
which are transverse to the vertical, they are the graphs of two symmetric matrices S;
and S, and we can compute their relative height defined by A(L;,Ly) = S — .
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It corresponds to i (ILy, L) a quadratic form defined by g (8x) = '6x(S—S1)8x. The index
and the nullity of this quadratic form are, in fact, independent of the considered chart,
and are intrinsically defined as being the index and the nullity of the quadratic form
0 = Q(L1, L) (w is the usual symplectic form of 7*M) defined by

forallu; € Ly, {uz} = (Dn*(x, p))~ " (Dr*(x, p)uy) N Loy,
Oy, Lo)(u1) = Q(u1) = w(uy, uz).

We say that IL, is above L if Q(IL1, IL») is positive (i.e. if its index is 0) and that I, is
strictly above L if IL; is above I and the dimension of Ly N1y is O or 1, i.e. if Q(LL1, Lo)
is positive with nullity O or 1.

Concerning the Green bundles of an orbit with no conjugate point, we have the
following proposition.

PROPOSITION 17. Suppose that the orbit of (x, p) € T*M does not contain conjugate
points and that H = {H = H (x, p)} is a regular level of H. Let L_ and L be the Green
bundles along the orbit of (x, p).

Then Ly is above IL._. Moreover, if (x, p) is periodic and Ly is strictly above L_ at
every point of the orbit of (x, p), then this orbit is hyperbolic.

Proof. The first assertion is very classical, and is a consequence of the construction of I
and IL_; more precisely we have, by definition,

L_(x,p) = t—1>ir-iI-100 D¢ (V(di(x, p)));
Li(x,p)= IETOO D (V(p—:(x, p))).

As H is strictly convex, for ¢ > 0 small enough, for every point (x’, p’) of the orbit of
(x, p) (every orbit is relatively compact), Q(D¢—,(V (¢ (x", p'))), Dy (V (- (x", p'))))
is positive definite. Let us prove this: we choose a finite atlas of M and then we use in
T*M the dual coordinates as described before. These coordinates are symplectic, and in
these coordinates the matrix of D¢, (x’, p’) is

a
= o)

which is a symplectic matrix (of course, it depends on the considered chart used). Using the
Hamilton equations, we obtain that ¢ ~;_,o 1 Hp,(x", p’) and d’ ~,,0 1 anda’ ~;_¢ 1,
this being uniform because the orbit is relatively compact and we have a finite number of
charts. However, in these coordinates, if # # 0 is small enough, D¢, (x’, p")(V (x', p)) is
the graph of the symmetric matrix d’(c")~! ~,_.o (1/t)(Hpp(x', p'))~! which is positive
definite for > 0 and negative definite for f < 0. This implies that for > 0 small enough,
QD (V (i (x, p')), Dy (V (¢ (x’, p')))) is positive definite.

However, as the orbit has no conjugate point, for every ¢+ > 0, the nullity of
Q(Do—:(V(¢:(x, p))), Dd:(V(¢p—:(x, p)))) is null, therefore its index is constant:

forallz >0, Q(D¢—(V(g:(x, p)), D (V(¢—i(x, p)))) =0.

When we take the limit, we obtain Q(L4+,L_) > 0, i.e. L is above L_.
The second assertion is a corollary of Proposition 16. O
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PROPOSITION 18. Lets : M — M satisfy hypothesis (a) and let Lo : TM — R, satisfying
hypothesis (b); let q1, g2 € Q such that 0 < q1 < q2. The following property is open and
dense in the set of the Lagrangian functions of the form: L = Lo + ¢ where ¢ € C3°(M):

‘there exists a s-symmetric closed 1-form A on M such that A(L + 1) is a
symmetric periodic hyperbolic orbit and such that A(L + 1) C {(x, p) €
T*M; H(x, p — A(x)) € le(L) + g1, c(L) + q2[} .

Proof. Let us prove that this property is open.

Let L = Lo + ¢o satisfy this property. Then there exists a symmetric closed
1-form A such that A(L + 1) is one symmetric periodic hyperbolic orbit and such
that A(L + 1) C {(x,p) € T*M; H(x,p — AMx)) = c} with ¢(L + 1) = ¢ €
le(L) + g1, c(L) + g2[. One characterization of c(L) is (see [7] or [8]): —c(L) is the
infimum of the | Ldp where p is in the set of the probability measures of TM supported
by a C! periodic loop of M. This implies that ¢(L + ¢) depends continuously on ¢.
Therefore, there exists an open subset Uy of CJ°(M) containing O such that for every
@0 €Uy, c(L+A+¢) €lc(L+¢)+q1, c(L+ @)+ qo[. Therefore, for ¢ € Uy, we have
A(L+A+¢) C{(x, p) € T*M; H(x, p—A(x))—@(x) € le(L+¢)+q1, c(L+¢)+q2[}T.
To go on with the proof of the openness of the property, we now need to introduce another
well-known set, the so called Maifié set N (L) of L. In fact, the reader does not need to
know its definition, but only some of its properties, which are proved in [5]:

(1)  the Mafié set N (L + ¢) depends upper semi-continuously on ¢;

(2 AL) CN(L);

(3) if L has only one minimizing measure, then N'(L) = A(L).

Now, as A(L + 1) is one periodic orbit, then L + A has only one minimizing measure;
therefore, N'(L + A) = A(L + A); as the Mafié set depends upper semi-continuously on
¢ and contains the Aubry set, the function ¢ — A(L + A + ¢) is upper semi-continuous
at 0. However, for ¢ = 0, this set is a hyperbolic periodic orbit I'g; therefore, for ¢ small
enough (¢ € Uj), and c close enough to c(L + 1), L + A + ¢ has a closed hyperbolic orbit
very close to 'y contained in {(x, p); H(x, p + A(x)) — ¢(x) = ¢} and there is no other
orbit which stays close to this orbit in this Hamiltonian level. Then necessarily, A(L + ¢)
is one hyperbolic periodic orbit I', which is close to ['g; therefore, it cuts F and therefore
it is s-symmetric.

Now we have to prove that the property is dense. Let L = Lo + ¢o and ¢ €
le(L) 4+ q1, c(L) + g2[. Then we know (see Theorem 1) that there exists a s-symmetric
closed 1-form A of M such that the Mather set of the Lagrangian function L + A is
contained in {(x, p) € T*M; H(x, p — A(x)) = c} and is a union of non-critical and
s-symmetric periodic orbits for the Hamiltonian function associated to the Lagrangian
function L 4+ A. Moreover, as the Mather set is a graph above a compact part of the zero
section, if we choose (x, p) € A(L + 1), itis a periodic point for the Hamiltonian flow of
(x, p) = H(x, p—A(x)) andits orbit I" is a graph above y = w*ol". Nowlety : M — R
be a C* function which is s-symmetric, null on y and strictly positive on M\y. Let us
recall a characterization (see [7]) of the minimizing measures: we define M as being the

+ We recall that the Hamiltonian function associated to L + ¢ is H — ¢ (see Appendix C).
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set of Borel probability measures © on TM such that f lvldu < oo and such that for
every g € C°(M), f dg(x)vdp = 0; these measures are named ‘holonomic’; then g is
minimizing for L if and only if xo € M and forevery u € M, [ Ldpuo < [ Ldpu.

Let us use this characterization to prove that L+X+1 has a unique minimizing measure,
that supported by I". At first, let us note that I" is a periodic orbit for L + A + i because
along I, the partial derivatives of L 4+ A 4 1 are the same as those of L 4+ A. Then we name
o the probability measure supported by I', and we consider u € M\{uo}. There are two
cases:

(1) w is not minimizing for L + A; then f(L + A+ Y)du > f(L + ANdu >
f(L +A)dug = f(L + A 4+ ¥) d up; therefore, w is not minimizing for L + A +
(2) wis minimizing for L + A; therefore, it is the measure supported by a periodic orbit
I'1 and we have the Mather set being a graph, 7*(I") N7 *(I"1) = @; then there exists
m > 0 such that for all € R, ¥ (7w*(I'1(r))) > m and then [(L + 1 + ¥)du =
JL+Ndpo+ [ du>=m+ [(L+r)duo > [(L+1)duo = [(L+r+v)dpuo.
Therefore, (10 is the unique minimizing measure of L + A + .

We want now to add another function ¥ to L = L + v which is s-symmetric, zero on
y and positive on M\y such that for L + A+ ¢; = L+ A+ + ¥y, if L, and I”_ are the
Green bundles for L + A + v along T, then I, is strictly above I.”_. By Proposition 17,
this will imply that I is hyperbolic for L + A + v and will conclude the proof.

Let 79 be such that xo = y(f9) ¢ F. We choose C*®-coordinates (x!,...,x") in a
neighborhood U € M\F of xg such that if U Ny = {y(t);t € Jtg — &, to + €[}, then
forall t € Jtg — e, t0 + e[, (x!, ..., x")(y(®) = (1,0,...,0). We work then in the
dual (symplectic) coordinates (!, .., xn, pl, ..., p")on T*U. We define a function
Y1 : M — R which is:

° zero on M\U,;
o defined in the chart U by

Yi(x) = n(Z(xi)z) PCDE
i=1 j=2

where n : R — [0, 1]is a C™ function which is zero outside ]—(g/2)2, (¢/2)?[ and
strictly positive in ]—(g/2)?, (¢/2)?[.
The function ¥ is not s-symmetric for the moment, but we will soon modify it to obtain
an s-symmetric function.

Then the Hamiltonian function associated to L + v is H — ¥ (where H is the
Hamiltonian function associated to L) and I" is a periodic orbit for the Hamiltonian vector
fields of H and H — v and is in the Aubry set for L and L + . We call T the period
of y.

Let L, and L_ be the Green bundles for L along I'; we know that L is above L_.
We will prove the following.

LEMMA 19. Let us introduce the notation: . )
e forteRand (x,p) €T, L (x, p) = Dg/" V" Ly (97 (x, p)));

° fort e Rand (x,p) e, L' (x, p) = D(]Si{fw1 (L_ (¢f1(x, ).
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Then for every t > 0, we have: i

(1) LY (x,p) is transverse to V(x, p) and D¢f]7¢‘(V(¢§,(x, p))) is strictly above
LY (x, p); )

(2) L' (x,p) is transverse to V(x,p) and L' (x, p) is strictly above quflt_w'
V(@ (x. p));

3) ]L’Jr (x, p) is above L4 (x, p) (strictly above ift > T);

4)  L_(x, p) is above L' (x, p) (strictly above ift > T).

Let us explain how this lemma allows us to conclude. The notation IL’+, L' will
designate the Green bundles for L + v along I" and we want to prove that I/, is strictly
above " . We will prove that I/, is strictly above L., and that I._ is strictly above L.” ;
as Iy is above L, this will give the conclusion. We will only prove that I/, is strictly
above IL, the proof of the result for IL._ follows the same arguments.

‘We know that ]L’Jr (x, p) = lim;— 5 qufr_w' (V(x, p)). Moreover, we also know the
following.

(a) By (1), for every t+ > 0 and every (x, p) € T, D¢f]7¢‘(V(¢fIt (x, p))) is strictly
above L' (x, p). )

(b) By (3), for every (x, p) € T', Dy V' (L. (x, p)) is strictly above L (¢ (x, p)).
This means that Dq);]*v” Ly (x, p)NLy (q)f] (x,p) =RXy (q)f] (x, p)) where X
is the Hamiltonian vector field. Therefore, for every u > 0, D¢;tfl L+ (x, p)) N
quH Vi (]L+(¢T (x, p))) = RXj4 (¢T+u(x p)) Then the nullity of the relative
height between quT u e (L4 (x, p)) and D¢, H—y (L (¢T (x, p))) is constant with
its kernel depending continuously on u, and therefore its index is constant equal
to zero. For u = (n— DT,..., T we find that qunT v (Ly(x, p)) is strictly
above qu(n 1)T(L+ (x p)) which is strictly above D(;S(n 2)T(I[4_|r (x pP)), ..., which
is strictly above D¢2T (]LJr (x, p)) which is strictly above D¢T —V L+ (x, p)).
Finally, L (x, p) is strictly above LT (x, p).

(c) Using (a) fort = nT and (b), we obtain that qufT_w' (V(x, p)T is strictly above
]L”T(x p) which is above LT L (x, p) Wthh is strictly above L4 (x, p).

We deduce that I[/_‘_(x, p) =lim,_, 4o Dq)nT i (V(x, p)) is above IL+ (x, p), which is
strictly above Ly (x, p), therefore I, (x, p) is strictly above Ly (x, p). This finishes the
proof of Proposition 18.

We have now to prove Lemma 19. We work in some dual charts as explained at the
beginning of this section, this chart being U near I'(fo). In such a chart, the coordinates
of ¢f7 (x, p) are (xo(?), po(?)) and the coordinates of qb,H_u” (x, p) are (x1(2), p1(2)).
Therefore, the Hamilton equations for H- Y1 are

OH
X1 = a—(x,p); p1=— (x p)+ ﬂ(x)
p

+ Let us note that ¢fn_T% (x, p) = (x, p).
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We will say that (8x,8p) : R — T(T*M) is an infinitesimal solution along the
orbit of (x, p) for (¢) if (6x(t),8p(t)) € Tp,pp(T*M) and (8x(¢),0p(t)) =
D¢ (6x(0), 5p(0)). Let (6x1,dp1) (respectively (8xg, pp)) be an infinitesimal solution
for H — | (respectively H) along I'. They satisfy the so-called linearized Hamilton
equations (given in coordinates):

92H 92H 92H 92H 92y

. . 1
Sx1(t) = 1) —50p1; Sp1(t) = — 8x1 — ) dx1;
x1(1) oxop ™! + op? P! p1(1) o2 O G P! + o7 (0dx
830(1) 9?H 8x0 + 321}8 8 po(t) azﬁa o’H 5
Xo(t) = x0 + —=-8po; = ——8x0 — ——3po.
0 oxop 0t Gz op0s 8P ox2 O%0 = o OPo

We are interested in some infinitesimal solutions having the same initial values:
(6x0(0), 8pp(0)) = (8x1(0), 8p1(0)). We deduce from the linearized Hamilton equations
that, uniformly for (x, p) € T, if the two infinitesimal solutions have the same initial
values, for ¢ close to O:

2

2. 3" 2
dx1(t) = 8xp(t) + O(t"); Sp1(t) =38po(t) +1t (x)dx1(t) + O(t7). (*)

9x?2

As we are in a dual chart, we may say that Ly is the graph of a symmetric matrix S;.
Then we have for all ¢, dpo(t) = Sy (x(¢t), p(¢))dxo(t). Let us now prove the results (1)
and (3) of Lemma 19 for ;. for ¢ > 0 small enough.

We begin by proving that for r+ > 0 small enough, L (q),H iy, )
D¢,H — (L4 (x, p)) is above IL+(¢,H iy, p)) and even strictly above for (x, p) =
I (t9). i

As Ly (x, p) is transverse to V (x, p), for ¢ small enough (|¢| < §), qu,H_w' L4+ (x, p)
is transverse to V(¢tH ad (x, p)) and thus we may compute the relative height between
Dy Ly (x, p)) and Ly (¢ "' (x, p)). As D¢~V (s (x, p)) is Lagrangian and
transverse to the vertical, it is the graph of a symmetric matrix Sﬂr (qb,H (x, p). If (6x0, 8po)

and (8xp, §p1) designate infinitesimal solutions along I" for (q),I:I ) and (¢tH 7'/”) with the
same initial condition (6x0(0), §pp(0)) = (6x1(0), 8p1(0)) € L4+ (x, p), we then have

8po(t) = S+ (x(1), p(1))8xo(r) and  8pi(t) = S (x (1), p(1))8x1(2).

When ¢ € 10, 8] and (8x0, 8po) and (dx1, 8p1) have the same initial conditions for —¢,
we deduce that

8po(0) = S+ (x, p)xo(0) and 8p1(0) = S, (x, p)8x1(0),

with (¥), this implies that

3

73 (08x0(0) + 0(1?).

8po(0) = S+ (x, p)8xo(0) and % (x, p)dxo(0) = 8po(0) + 1

However, along y we have 8%y /9x% > 0. We deduce that

S, GRV
_ s )= ——= > O
a; X Pli=0= 7 () 2
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Moreover, if t € tg—¢&/2, to+ &/2[ then the nullity of (8%y1/9x2)(x(¢)) is 1 and its kernel
is y (). We deduce that for every [—¢1, €1] C ]—¢/2, ¢/2[, there exists 11 = t1(e1) € ]0, ]
such that

forallt € [tg — e1,t0 +&1], forallu € ]0, 1],

L’i (x(t), p(2)) is strictly above Ly (x(¢), p(2)).
Now let &5 > ¢1 be such that [—&2, &2] C ]—¢/2,¢/2[. As before, we can associate
to €3 atr = t1(e2) and we may assume that 1, < t;. We consider u € ]0, #1] and we
choose n > 1 such that T = u/n < min{tp, &2 — &1}. Then for x', p") € T'([tg — &2,
10 + €2]), we have LT (x', p') = D¢T — (Ly(¢p—z(x', p'))) is strictly above L4 (x', p).
Therefore (we used a similar argument to the previous argument: the intersection is one-
dimensional) for every u € [0, §], qu,flﬂbl LT (', p)) is strictly above D¢, (L (x’, p')).
We deduce that if (x',p) € TD([to — & + u,ty + &]), we have successively

H— H— H-— H-

that L4, p)) = D MLy @l p) = D¢m ML @8 o) =
D¢(n 1)1 Lt (¢H(n D (x P)) is strictly above qu(n 1) ]L+(¢ (- 1)r(x ) VZIhI;h
is strictly above D¢( a 2)I}L,Jr(qb (n— 2)r(x D)), ..., which is strictly above D¢; "'

]L+(¢H (x', p’)) which is strictly above Ly (x', p) and finally, L% (x’, p’) is strictly above
L. (x’, p’). We obtain

forallu € 10,#], forall (x',p’) e F(i|t0— % +u, to+ %[)7

L4 (x', p') isstrictly above Ly (x', p").

Let us note that if (x’, p’) is a point of I" which is not in T'(Jty — &/2, tp + &/2[), then
if I = max{t < 0;¢:(x",p) € T'([to — /2,19 + &/2]}, for every t € 10, —t_],
Ly (', p) =Ly (', p).

Therefore, if (x’, p’) € T, we have different cases:

° if (x', p’) € T'(Itg — /2 + t1, to + &/2[) we have proved that ]Ltjr(x’, p’) is strictly
above Lo (x', p');

° therefore, by continuity, for (x’, p’) € {T'(to —&/2+11), ' (1o + £/2)}, ]Ltjr(x/, p)is
above L. (x', p');

o if(x,p) el (0, T\[to — &/2,t0 + /2 + t1]), then L' (x', p') = Ly (x', p');

e if(x/,p) =T(to—1) € T(ltg—e/2, ty—e/2+1]), then L' (x', p) = L/ (x', p)
is above Ly (x/, p');

° the case (x’, p’) € T'(ltg + £/2, tg + €/2 + t1[) is similar.

Finally we have found #; > 0 such that for every u € ]0,#] and every (x/, p’) € T,

L4 (x', p’) is above L (x”, p’), and strictly above at I (fg).

Therefore, there exists 13 > 0 such that for every (x, p) € I" and every ¢t € ]0, 3],
D¢,1{7%(V(¢_,(x, p))) is strictly above L, (x, p) which is above L (x, p) (strictly if
(x, p) = I'(20)).

Now we want to obtain a result for ‘large’ times 7. In order to do that, let us prove the
following.

LEMMA 20. We consider (x, p) € I, © > 0 and Ly, Ly, L3 three Lagrangian subspaces
of Tx, p)(T* M) transverse to V (x, p) such that:
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(a) 1Ly is above 1Ly which is above Ls( respecttvely strictly above 1.3);

(b) foreveryt €0, ], qu, —¥ (L) and qu, —¥ (I3) are transverse to V(qu(x D).
Then for every t €0, 7], qu, —¥ (L) is transverse to V(¢H(x p)) and D¢t (]L )
is above D¢t —V (L) which is above qu, —¥ (IL3) (respectively strictly above
Dy "V (La)).
Proof. We define ro as being the upper bound of the 71 € [O 7] such that for
every t e [0, 711, qu, —¥ (L) 1s transverse to V(¢ (x, p)) and qu, —¥ (L) is above
D¢ (]Lz) which is above qu, W (IL3). Then this upper bound is a max1mum indeed,
if D¢r0 (]Lz) is not transverse to V(qbro (x, p)), for t < 79 close to 1, D¢t —V (L)
contains a vector which is very close to the vertical (in the projective sense); if we choose
coordinates near ¢r0 (x, p),fort < 19 close to 79, qu,H '(IL) is the graph of a symmetric
matrix whose norm is very large; this matrix being symmetric, this implies that one of
its eigenvalues A is such that [A| is very large, and if v is a corresponding eigenvector,
we have Al[v]|? < Si(v, v) or St (v, v) < Al (where DoV (L) is the graph of Sh);
this contradlcts that D¢t (]L]) is above qu, —¥ (o) which is above qu, —¥ (L3).
Therefore, D¢r0 —V (L) is transverse to V(¢r0 (x, p)) and St is defined even for t = 0.
As the considered relative heights depend continuously on #, we obtain that for ¢t = 79 we
also have that D¢H Vi (LLy) is above D¢H Vi (L) which is above D¢H Vi (Ls).

Let us now prove that 7o = . Let us assume that T0 < T.As D¢r0 (]Lz) is transverse
to V(¢r0 (x, p), if t > 19 is close to 7o, qu, —¥ (IL,) is transverse to V(qb‘ (x P).
Therefore, for ¢ > 7¢ close to 7g, we can deal with the relatlve heights of the qu, Vi (IL)).
If (i, j) is fixed, the dimension of D¢, 1(]L )N qu, l(]L i) is constant when ¢ varies,
i.e. the kernel of St St depends continuously on ¢, therefore it is also orthogonal and thus
the index of S — St is constant This proves that for t > tp close to o, Dq)t l(I[ll) is
above D¢, = (Lz) which is above Dq)t l(1[13). This contradicts the definition of 7,
then 19 = 7.

Moreover, if we assume that LL; is strictly above L3, the same arguments (the index is

constant) proves that for every ¢ € [0, 7] D¢,H B (Lz) is strictly above Dq),H ¥ (L3). O

Let (x1, p1) € I'. We choose L; (x1, p1) = D(;S(3~ v (V(¢ s — (x1, p1))) for a certain
8 > 0. Then we know that for every r > 0, qu, é (Ly) is transverse to the vertical
because there is no conjugate point along I'.  Moreover, we have found 3 > 0 such
that for every (x, p) € T and every r € ]0, 3], D¢,1{7W1(V(¢_,(x, p))) is strictly
above L/ L (x, p) Wthh is above Ly (x, p) (strictly if (x, p) = I'(f9)). We then define
Lo(xy, p1) = D¢5 Ly (pos(x1, p1))) =13 % (x1, p1) and L3(x1, p1) = Ly(x1, p1);
therefore, if § € ]0, 13], we have LLj(x1, p1) is strlctly above Ly (x1, L) which is above
L3(x1, p1). Then for every ¢t € [0, 1], by the definition of 73, D¢, — MLy (x1, p1))
is strictly above D¢, — L3 (x1, p1)) Wthh 1s above L3 ((;5t (x, p)). However, by the
deﬁnltlon of t3, for every u € [0, 3], D¢u Tt 1(I[ll(xl p1)) is transverse to the vertical
and Dq)u ¥ (IL3(¢, (x, p))) is transverse to the vertlcal and above L3(¢u T (x, p));
using Lernma 20, we deduce that for such a u D¢u+z 1(I[ll(xl p1)) is strictly
above D¢u — Y (Ly (xy, p1)) which is above DL 2 (L3(@H (x, p))) which is above
L3 (q)u " (x, p)). Repeating this argument, we obtain that for every n-tuple (uy,...,uy) €
[0, £1]", then D¢u1+¢+un (Li(x1, p1)) is strictly above D(;S,“Jr ity (L3 (x1, p1)) Wthh is

https://doi.org/10.1017/5014338570600023X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570600023X

Hyperbolic periodic orbits and Mather sets in certain symmetric cases 957

above L3 (q),fll 4otu, X, ). This gives the points (1) and the (3) (except for ‘strictly
above’) of Lemma 19.

To obtain ‘the strictly above’, we note that along a period the orbit goes through I"(#),
where there is a ‘strictly above’.

To obtain a symmetric Lagrangian function, we add v/; o s and we obtain the result. O

3.3.  End of the proof of Theorem 2 and its corollaries. Using Baire’s theorem and
Proposition 18, we obtain that the following property is s-generic: ‘for every g1, g2 € Q
such that 0 < g1 < ¢, there exists a s-symmetric closed 1-form A on M such that
A(L + 1) is one symmetric periodic hyperbolic orbit and such that A(L + 1) C {(x, p) €
T*M; H(x, p— A(x)) € lc(L) + g1, c(L) 4+ g2[}’. This gives Theorem 2 directly.

Now let L be such a s-generic Lagrangian function and let E be the set of ¢ > ¢(L)
such that {H = c} contains one hyperbolic non critical periodic orbit. By the previous
property, E is dense, and by its definition it is open. This gives Corollary 3.

Now we assume that s : T" — T" and L : TM — R s-generic satisfy the hypotheses (a)
and (b). We will again use Theorem 2. We have proved that the following property is
s-generic:

‘there exists a dense subset D(L) of ]Jc(L),+oo[ such that, for every
¢ € D(L), there exists a s-symmetric closed 1-form A on M such that
A(L + 1) is one symmetric periodic hyperbolic orbit contained in {(x, p) €
T*M; H(x, p— A(x)) =c}.

Let L be such an s-generic Lagrangian function and let A be a symmetric closed
1-form such that A(L + A) is one symmetric non-critical periodic hyperbolic orbit I'. Let
P : T" — T" be a finite covering of T” such that P~ (7* o I") has at least two connected
components, 'y, ..., [y. If L = (L+ A oDP,itis proved in [5] that c(L) = c(L+ )
and that A(L) = P*(A(L + A)). Therefore, A(L) is not connected. However, we know
(see [5]) that (I:) is connected and that the w- and a-limit sets of every element of A/ (I:)
are contained in A(I:). Therefore, N (I:) contained at least one orbit which is a heteroclinic
orbit E between one periodic I'; and one periodic I'j (we may have I'; = I";). Then P o E
is a homoclinic orbit to T.

Appendix A. Proof of Proposition 5
Lets : M — M be a C*- diffeomorphism which is an involution: s> = Idy; such that the
set Fix(s) of fixed points of s is a (non-empty) hypersurface F of M.

Let x be a point of F. Let us prove that Ds(x) is a reflection. As s in an involution,
we have (Ds(x))? = Id and thus Ds(x) is diagonalizable with eigenvalues +1 and —1.
Moreover, Ds(x)|7, 7 = ldr #; then, if there exists one eigenvector for the eigenvalue
—1, Ds(x) is a reflection. Let us prove that there exists such an eigenvector. We work
in a chart U near x. Let us consider a sequence (x,) of point of M\F converging to
x. Then we have for alln € N,s(x;) # x,. As the function s is C*°, there exists a
constant K > O such that forall y,z € U, ||s(z) —s(y) — Ds(2)(z — y)|| < K|z — y||2.
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As s(xp) — x, = s(x,) — s(s(x5,)), we deduce that

foralln € N, [s(xn) — Xn — Ds(xn) (tn — sl < K l5CGen) — xa 1%
If we let
s(xp) — xp
Up = +—/——— >
lls(xn) — xnll
we obtain u, = —Ds(x,)u, +o(1). Extracting a sequence, we may assume that (u,) tends
to u such that ||u]| = 1. Then we have u = —Ds(x)u, i.e. u is an eigenvector for the

eigenvalue —1.

Let us now prove that M\F has at most two connected components: let B be one of
the connected components of M\F and F' C F its boundary; then B U F’ U s(B) is
a open and closed subset of M, therefore is M; thus, M\ F has at most two connected
components.

Example. Tt may happen that M\ F has exactly one connected component: s : T? — T2
defined by s(61, 62) = (03, 61) is such that Fix(s) = {#; = 6>} and therefore ?I‘Z\Fix(s) is
connected.

Appendix B. Some consequences of the symmetry of L

Let us assume that L is a s-symmetric Lagrangian function: for all (x,v) € TM,
L(s(x), —Ds(x)v) = L(x, v). Let H : T*M — R be the Hamiltonian function associated
toLand L = 0L/9v : TM — T*M the associated Legendre map. We introduce the
following notation.

Notation. S* : T*M — T*M is the diffeomorphism such that $*(x, p) = (s(x), —p o
(Ds(x)™).

Let us note that S* is an antisymplectic diffeomorphism: for all (x, p) € T*M, for all
(U, V) € Ty, ) (T*M), o(DS*(x, p)U,DS*(x, p)V) = - (U, V).

PROPOSITION 21. With this notation, we have:

(1) forall (x,v) € TM, L(s(x), —Ds(x)v) = —L(x, v) o (Ds(x))~';

2) HoS*=H;

(3) forallt e R, ¢H o 8* = S*opH;

4) u:M — Risac-subsolution if and only is —u o s is a c-subsolution.

Proof. To obtain the first item, we only have to compute the derivatives in the equality:
forall (x,v) € TM, L(s(x), —Ds(x)v) = L(x,v).
We deduce from this first item that
forall (x, p) € T*M, L 'oS*(x, p)=(s,—Ds)o L (x, p).

Therefore, if we write £(x, v) = (x, p): H o S*(x, p) = (—p o (Ds(x))~H)(—DS(x)v) —
L(s(x), —Ds(x)v) = pv — L(x,v) = H(x, p).

We deduce the third item from the equality H o S* = H and from the fact that S* is
antisymplectic.
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To obtain the fourth item, we write the following equivalent sentences:

forall x € M, H(x, du(x)) < c;

forall x € M, H(s(x), —du(x) o (Ds(x))™1) = H(x, du(x)) < ¢;

forallx € M, H(x, —du(s(x)) o Ds(x)) = H(x, —du(s~1(x)) o (Ds(s~L(x)))~H
< ¢ because s = s’l;

forallx e M, H(x, —d(u o s)(x)) <c. O

Appendix C. On the correspondence between H and L

In this appendix, we recall without proving them some well known results concerning
some transformations of the Lagrangian and Hamiltonian functions. We assume that
L : TM — R is superlinear and strictly convex in the fiber and we call H : T*M — R
the associated Hamiltonian function. Then:

1)

)
3)

if ¢ € R, L+c has the same orbits, critical level and Aubry set as L and the associated
Hamiltonian functionis H — c;

if ¥ € C*°(M, R), then the Hamiltonian function associated to L + v is H — ;

if A is a closed 1-form on M, the Lagrangian function L 4+ A : (x,v) — L(x,v) +
A(x)v has the same Euler-Lagrange flow as L and the associated Hamiltonian
function is (x, p) € T*M — H(x, p — A(x)); moreover, if A; and A, are in the
same cohomology class, L + A1 and L + A, have the same critical value and we have
AL + A1) = {(x, p+ 22(x) — A1 (x)); (x, p) € AL + 22)}.
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