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Abstract. We study the natural symbolic dynamics associated with piecewise continuous,
non-invertible, dynamical systems. Our study is centered primarily on the relationship
between the point-set topological properties of the partition of the system and the symbolic
coding. We prove that for a class of maps locally preserving distances with regular
partition, the associated symbolic dynamics cannot embed subshifts of finite type of
positive entropy. Hence, in particular, almost sofic subshifts obtained from the symbolic
dynamics have zero entropy. However, there are examples in Euclidean spaces of systems
with non-regular partitions for which the coding maps can be surjective, particularly
embedding all subshifts. For all such examples, the associated group of isometries is a
subgroup ofO(R, N).

0. Introduction

In this paper, we study natural generalizations of well-known interval exchange
transformations to a class of piecewise continuous, not necessarily invertible systems.
We address the question: which subshifts of finite type and which sofic subshifts can be
embedded in the symbolic dynamics associated with our systems? Our study is centered
primarily on the relationship between the point-set topological properties of the partition
of the system and the symbolic coding. Our main result is the following.

THEOREM. (Theorem 2.1)Let T : X → X be a generalized piecewise isometry with
partition P = {P1, . . . , Pr }. Suppose that one of the following holds:(i) the partitionP
is regular; or (ii) the coding of the exceptional set forT is countable. Then all subshifts of
finite type embeddings in the symbolic coding ofX have zero entropy.

† Current address: Department of Mathematics, San Francisco State University, 1600 Holloway Avenue,
San Francisco, CA 94132, USA.
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The notion of a piecewise isometry in this article is quite general and it extends beyond
Euclidean spaces. A partitionP is regular if it satisfies some weak topological condition.
Our result yields, in particular, that only almost sofic subshifts with zero entropy, and only
coded systems with zero entropy can appear in the symbolic dynamics ofT . (An almost
soficsystem is a subshift whose entropy is the supremum of the entropies of subshifts of
finite type it contains. Acoded systemis a subshift whose dense subset can be presented by
a countable irreducible labeled graph.) These classes contain the whole range of subshifts
with Markovian behavior which are not of finite type [22].

In the second part of the article, we include an example which illustrates that either of
the hypotheses (i) or (ii) is necessary for the theorem to hold. We construct (Theorem 4.1)
a Euclidean piecewise rotation with irregular partition whose symbolic dynamics is a full
shift on r > 1 symbols, in particular, the coding image embeds all subshifts. The main
idea in the proof of the main result is the association of a certain compact subgroup of
isometries giving rise to the construction of orbits visiting the partial boundaries of distinct
atoms:∂Pj1 ∩ Pj1 and sets∂Pj2 ∩ Pj2 infinitely often. The main tools used in the proof
are graph presentations of finite type systems, properties of compact transformation groups
and properties of metric spaces.

Symbolic dynamics has been one of the most fundamental models for the study of
hyperbolic dynamics of homeomorphisms. It has been investigated very extensively since
the discovery of Markov partitions of the two-dimensional torus by Berg [6] and the
fundamental paper by Adler and Weiss [3] establishing that toral automorphisms are
measure theoretically isomorphic if and only if they have the same entropy. Systematic
treatment of symbolic representations of dynamical systems by means of Markov partitions
can be found in [2].

The goal of this article is different from the goal set up in [6] for two main reasons.
The maps, which we study, lack hyperbolicity, and in our setup, the symbolic dynamics
is naturally inherited from the generating transformation:T : X → X. This can be
illustrated in the following non-hyperbolic example (the toral map):T : [0, 1] × [0, 1],
T x = Mx modZn, whereM ∈ SO(R, n) [13]. Since the entries ofM are not integers,
this map is not an automorphism; it is, however, a piecewise isometry. In dimension two,
the domain is naturally partitioned into four maximal regions on whichT is continuous
(Figure 1). This partition gives rise to one-sided codings of orbits. The coding records the
indices of atoms visited by the orbits. It is natural to ask: what subshifts can arise from
this natural coding? Are there systems giving rise to subshifts of finite type with positive
entropy? This question is of particular interest since the group of Euclidean isometries in
dimensions three and higher contains free subgroups, and hence presumably may give rise
to ‘rich subshifts’.

Indirectly, these questions were addressed in papers investigating the symbolic
dynamics of systems preserving distances, for example in [1, 5, 9, 10, 14, 15, 16, 17, 21].
In particular, in [9] Boshernitzan and Kornfeld showed that interval translations can give
rise to subshifts calledsubstitution dynamical systems. A result in [15], yields that two-
dimensional polygon exchanges give rise only to subshifts with subexponential word
complexity. In general, the question whether a non-invertible piecewise isometry with
polyhedral partition can give rise to subshifts with positive entropy remains open. Also,
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FIGURE 1. Piecewise rotation on the square:T : [0, 1] × [0, 1], T x = Mx modZ2, whereM ∈ SO(R,2).

very recently in [1], Adler et al reported a study of two-dimensional piecewise affine maps
on the torus which can be conjugated to an invertible piecewise rotation on the rhombus.

We structured the article as follows. The definition of the system, coding of piecewise
isometries and important properties of sofic subshifts are included in §2. The main result is
stated in §2. The proof, divided into fours steps, is included in §3. Section 4 illustrates an
example of a piecewise isometry inducing full shift in the symbolic space. We conclude the
article in §5 discussing the topological hypotheses imposed on the atoms and addressing
some open questions.

1. Preliminaries
In this section, we define our systems, their natural symbolic dynamics and finally we list
classes of subshifts for which our results hold.

1.1. Definition of the system.Let Y be a metrizable topological space (Y need not be
compact). LetHom(Y ) denote the group of homeomorphisms ofY . Let T1, . . . , Tr ∈
Hom(Y ) (r > 1) be a finite collection of homeomorphisms ofY .

Definition 1.1.Let X be a compact subset ofY . A transformationT : X → X is called a
piecewise continuous mapwith partitionP = {P1, . . . , Pr } and induced homeomorphisms
{T1, . . . , Tr } if: (i) T |Pi = Ti |Pi for everyi = 1, . . . , r; (ii) Pi ∩ Pj = ∅ for i 6= j ; and
(iii)

⋃
1≤j≤r Pj = X. We do not require thatT be surjective (Figure 1).

Definition 1.2.A piecewise continuous mapT : X → X ⊂ Y with induced
homeomorphisms{T1, . . . , Tr } is called ageneralized piecewise isometryif:
(i) there exists a metricdY : Y × Y → R+ ∪ {0} such that everyTi preservesdY ;
(ii) every bounded indY subset ofY has a compact closure inY .

Even thoughY is not assumed to be always compact, it is worthwhile noting that
for compact spacesY , generalized piecewise isometries can also be characterized by the
restriction on the group of the induced homeomorphisms. For if〈T1, . . . , Tr 〉 is compact
with respect to theC0 topology onHom(Y ), then there exists a probability Haar measure
µ0 invariant under the action of0. The metricdY : Y × Y → R+ ∪ {0} defined by

dY (y1, y2) =
∫

0

dY (T y1, T y2) dµ0 (1)

is then preserved under the action of elements in0. Hence, ifY and 〈T1, . . . , Tr 〉 are
compact, thenT is a generalized piecewise isometry.
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1.2. Examples of Euclidean piecewise isometries.Piecewise isometries in dimension
one, such as interval exchanges [4, 8, 12, 18, 19, 24, 26] and interval translations [9], can
be easily defined in our settings. For example, aninterval translation transformationis
a piecewise continuous map acting on a left open intervalX ⊂ R = Y . The partition
P consists of a finite number of smaller left open intervals and the homeomorphisms
{T1, . . . , Tr } are translations ofR. An interval exchange transformationis an invertible
interval translation.

In this section, we briefly define two new examples.

1.2.1. Piecewise rotation on the lattice mesh.One of the very beautiful and intriguing
new examples of Euclidean piecewise isometries is thepiecewise rotation on the unit lattice
mesh, T : [0, 1]n→ [0, 1]n, T x = Mx modZn, whereM ∈ SO(R, n). In two dimensions
(Figure 1), the mapT rotates the unit square about the origin, and then shifts back (modulo
integer lattice) the pieces which fall outside of the original square. For rotations by an
angle other than an integer multiple ofπ/4, X is partitioned by four convex atoms. The
piecewise rotation of the unit lattice mesh was introduced in [13]. It results in very beautiful
and intriguing dynamics.

1.2.2. Example on a sphere.Let Y = X = Sn be the unit sphere centered at the origin
in Rn (n ≥ 3). Let {P1, P2} be a partition ofX into two sets homeomorphic to hemi-
spheres,P1 open andP2. Let T1 : Y → Y andT2 : Y → Y be two rotations about
the origin generating a free subgroup ofO(R, n). The rotations{T1, T2} and the domains
{P1, P2} define a non-invertible piecewise isometryT on the sphereX.

1.3. Coding of orbits. The partitionP = {P1, . . . , Pr } associated to a piecewise
continuous mapT of X gives rise to a natural one-sided coding mapφ : X → �r =
{1, . . . , r}N for T . The mapφ encodes the forward orbit of a point by recording the indices
of atoms visited by the orbit, that isφ(x) = w0w1 . . . , whereT kx ∈ Pwk .

The coding mapφ conjugatesT with the (one-sided)shift mapS : �r → �r ,
S(w0w1w2 . . . ) = w1w2 . . . :

X
T−−−−→ X

φ

y yφ

�r
S−−−−→ �r

(2)

The shift mapS : �r → �r is continuous with respect to the product topology ofN copies
of the finite set{1, . . . , r} each with discrete topology. This product topology can also be
generated by the metricd�r : �r×�r → R+∪0,d�r (φ1, φ2) =∑∞i=0 |φ1(i)−φ2(i)|/ri.

Even thoughφ : X → �r is uniquely defined for all points inX, the codingφ has
some disadvantages as often neither the coding imageφ(X) nor the subsets of points in
X with the same code are compact. Sometimes, in order to have a reasonable relation
between topologies inX and the sequence space, it is desirable to modify the definition
of the coding by assigning more than one code to orbits which meet the boundaries of the
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atoms. Ageneralized orbitof x is a sequence{xk} such thatx0 = x and for all positivek
there is somewk ∈ {1, . . . , r} for whichxwk ∈ Pwk andTwk : xk 7→ xk+1. Thecoding of
the generalized orbit{xk} is the sequencew0w1 . . . . Finally, thecodingφ∗(x) is defined to
be the union of all the codings of generalized orbits ofx. (Naturally, for all pointsx whose
orbit underT never meets∂P = ∂P1 ∪ · · · ∪ ∂Pr , the codingsφ(x) andφ∗(x) coincide.)
Then, the set of pointsx such thatφ∗(x) contains the coding beginning with a given word
is closed. Thusφ∗(X) is also always closed, andφ(X) ⊂ φ∗(X). Both codingsφ andφ∗
are included in the main result.

1.3.1. Example of the Baker map.Encoding locally hyperbolic systems frequently give
rises to full subshifts of finite type. For instance, at the most basic level, the well-known
example of theBaker mapgives rise to full shifts on two symbols. LetX = [0, 1]×[0, 1] ⊂
R2 be partitioned by sets:P1 = [0, 1

2) × [0, 1] andP2 = [12, 1] × [0, 1]. Define the
homeomorphismsT1 : R2→ R2, T1(x, y) = (2x, 0.5y) andT2 : R2→ R2, T2(x, y) =
(2x − 1, 0.5y + 0.5). The Baker map is defined byT (x) = Ti(x) for i = 1, 2. The coding
of orbits in the Baker map depends only on the first coordinate of points, and since the
projection ofT onto the first coordinate is a doubling map, it is not difficult to see that
φ(X) = φ∗(X) = {1, 2}N .

1.4. The graph construction. In this section, we argue that the symbolic coding defined
previously is of fundamental importance as it gives rise to a spaceX̂ on whichT has a
continuous extension̂T , and hence it allows us to apply many standard results in dynamical
systems.

The idea of the construction is to ‘separate’ sets of points encoded by the same
sequences by placing them at different levels in the setX×�. LetG = {(x, φ(x)), x ∈ X}
be the graph ofφ : X → � topologized by the product metricdG : G × G → R+ ∪ 0,
dG((x1, φ(x1)), (x2, φ(x2))) = max{d(x1, x2), d�r (φ(x1), φ(x2))}, whered is a metric
onX.

PROPOSITION1.1. The extension mapTG : G → G, (x, φ(x)) → (T x, φ(T x)) is
continuous.

Proof of Proposition 1.1.Let x0 ∈ Pi . For all x 6∈ Pi , dG((x0, φ(x0)), (x, φ(x))) ≥
d�r (φ(x0), φ(x)) ≥ 1. Therefore, in the limit statement below, we may also assume that
x ∈ Pi .

lim
(xx,φ(x))→(x0,φ(x0))

TG(x, φ(x))

= lim
(x,φ(x))→(x0,φ(x0))

(T x, φ(T x)) by definition ofTG

= lim
(x,φ(x))→(x0,φ(x0))

(Tix, S(φ(x))) sincex ∈ Pi and by (2)

= (Tix0, S(φ(x0))) by continuity ofTi andS

= (Tix0, φ(T x0)) = TG(x0, φ(x0)) by (2) and definition ofTG. 2
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Let 5X : X×�r → X and5�r : X×�r → �r be natural projections. We now have
the following diagrams:

G
TG−−−−→ G

5X

y y5X

X
T−−−−→ X

G
TG−−−−→ G

5�r

y y5�r

φ(X)
S−−−−→ φ(X)

COROLLARY 1.1. Let G = X̂. Let T̂ : X̂ → X̂ be the continuous extension of
TG : G → G. Then5�r |X̂ : X̂ → φ(X) is a continuous, surjective mapping and

S|φ(X) : φ(X) → φ(X) is a topological factor map of̂T . In particular, the following
diagram commutes:

X̂
T̂−−−−→ X̂

5�r

y y5�r

φ(X)
S−−−−→ φ(X)

1.5. Subshifts. In this section, we point out that our result can be applied to a broad
class of subshifts which are not necessarily of finite type.

A subsetY ⊂ �r which is closed and invariant (φ(Y ) = Y ) under the shift mapS is
called asubshift(sometimes, when it is clear from the context, the shift mapS restricted
to a closed invariant set is also called a subshift.) The most basic types of subshifts are
subshifts of finite typedescribed by a finite set of forbidden words†.

Our main result can be applied to a broad classY of subshiftsY ⊂ Y with the property
that if the entropy ofY is positive, thenY contains a subshift of finite type of positive
entropy. In particular, this class includes sofic, almost sofic and coded systems.

Sofic subshiftsare subshifts presented by a finite labeled graph (multiple edges may
carry the same label). The entropy of a sofic subshiftY is equal to the supremum
of the entropies of subshifts of finite type contained inY [23]. A simple example
of a subshift which is sofic but not of finite type is theeven shift, the setF =
{11222112, 211211112, . . .} of all codings in�r for which the digit one must appear
in blocks of even length. Sofic subshifts were introduced by Weiss [27] as the smallest
collection of subshifts consisting of all subshifts of finite type together with their
topological factors. Sofic shifts are important for a number of reasons. They are analogous
to regular languages in automata theory. They are also natural models for information
storage and transmission.

A subshiftY is almost soficif its entropy is the supremum of the entropies of subshifts
of finite type contained inY . A class of almost sofic subshifts contains sofic subshifts.

† In our setting, we consider one-sided subshifts. Beyond subshifts of finite type, other more general subshifts,
i.e. sofic, almost sofic, and coded, are frequently studied as the double-sided subshifts. However, there is a natural
one-to-one correspondence between double-sided subshifts and one-sided subshifts which preserves the entropy.
Given a double-sided subshiftY , one can associate a one-sided subshift by considering the right-infinite blocks
in elements ofY . One can then define the corresponding one-sided subshifts.
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Another generalization of sofic subshifts is the class of coded systems. A subshiftY is
codedif its dense subset can be presented by a countable irreducible labeled graph (such
a graph can be always chosen to be right-resolving [7, 11]). A coded systemY can also
be characterized as the closure of the increasing union of irreducible subshifts of finite
type contained inY . Our result can also be applied to coded systems because a coded
subshift of positive entropy contains a sofic subshift (and hence a subshift of finite type)
of positive entropy†. (This follows, for example, from the fact that a right-resolving graph
presentation of a non-periodic coded subshift must contain two distinct loops based at the
same vertex, such as in diagram (3), giving rise to a sofic subshift of positive entropy.)

The class of coded systems contains the whole range of subshifts with Markovian
behavior (e.g. synchronized systems) which are not necessarily of finite type and which
have been studied in the literature (see [20, 22] where a number of further references are
given).

2. Theorem
The main result of this section states that for typical generalized piecewise isometries, all
subshift of finite type embeddings have zero entropy (Theorem 2.1). An exceptional case
of a piecewise isometry giving rise to a subshift with positive entropy is illustrated in §5
(actually, in §5, we show how a full shift can be realized). The partitionP = {P1, . . . , Pr }
constructed there has the property that even thoughPi ∩ Pj = ∅ for i 6= j , Pi = Pj .
Moreover, all are contained in∂P1 ∪ · · · ∪ ∂Pr . These are precisely the kinds of partitions
that we would like to avoid in our main result. We, therefore, introduce the following
definitions.

Definition 2.1 (Regularity).A partitionP = {P1, . . . , Pr } is regular if for all non-empty
subsetsAi ⊂ Pi andAj ⊂ Pj , Ai 6= Aj for all i 6= j .

Definition 2.2 (Exceptional set).The exceptional setET of a piecewise continuous map
T : X → X with partitionP = {P1, . . . , Pr } is the set of all points inX whose orbits
underT intersect the set∂P = ∂P1 ∪ · · · ∪ ∂Pr infinitely many times. Similarly, define
theexceptional setE∗T to be the set of points inX whose generalized orbits intersect the
set∂P infinitely many times.

Regularity is a very weak condition on the boundaries of the atoms—we shall propose
sufficient conditions implicating regularity later in §5. Here, we just mention that, for
example, in Euclidean spaces, partitions consisting of polygons or convex sets are regular.

THEOREM 2.1. Let X ⊂ Y be a compact set and letT : X → X be a generalized
piecewise isometry with partitionP = {P1, . . . , Pr } and induced homeomorphisms
{T1, . . . , Tr } ⊂ Hom(Y ). Suppose that one of the following conditions holds:
(i) the partitionP consists of regular sets; or
(ii) the codingφ(E) of the exceptional setE is countable.
Then every subshift of finite type embedding ofφ(X) has zero entropy. Moreover, if
(ii ′) φ∗(E∗) is countable (recall that alwaysφ(E) ⊂ φ∗(E∗)),
then all subshifts of finite type embeddings inφ∗(X) have zero entropy (φ(X) ⊂ φ∗(X)).

† It is not true, however, that a coded subshift must be almost sofic; see [25].
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COROLLARY 2.1. Suppose that the hypothesis in Theorem 2.1 is satisfied. Then almost
all sofic subshift embeddings ofφ(X) have zero entropy.

Since all mixing (non-constant) subshifts of finite type are irreducible and non-periodic
(Proposition 4.5.10 in [22]), Theorem 2.1 yields the following corollary.

COROLLARY 2.2. Suppose that the hypothesis in Theorem 2.1 is satisfied. Then all non-
constant subshifts of finite type which are embedded inφ(X) are non-mixing.

Remark 2.2.(Piecewise isometry for whichφ(X) is a reducible subshift of finite type.)
Theorem 2.1 yields that if a system of finite type is embedded in the symbolic dynamics of
T , then it must be periodic or reducible (since irreducible, non-periodic subshifts of finite
type have positive entropy). Both cases actually occur. Any piecewise isometry for which
there exists a periodic point embeds a periodic subshift. The following is a simple example
that the second case also occurs.

Let T0, T1 : R2 → R2 be the rotations by anglesα0, α1 ∈ (0, 2π), respectively, non-
commensurable withπ about the centersS0 = (−r1, 0) andS1 = (r2, 0), respectively
(r1, r2 ∈ R+). Let X = B(S1, R1) ∪ B(S1, R2) be the union of the two closed discs such
thatR1 > r1, R2 > r2 andR2

2 − r2
2 = R2

1 − r2
1. Let P1 = {(x, y) ∈ X : x < 0} and

P2 = {(x, y) ∈ X : x ≥ 0}. ThenT1P1 ⊂ X andT2P2 ⊂ X, hence the piecewise isometry
T : X → X with induced isometries{T1, T2} and the partition{P1, P2} of X is well
defined. Observe that the codingφ(X) contains the two constant codings 1. . .1 . . . and
2 . . .2 . . . (the centers of rotations are fixed byT ) and all codings 1. . .122. . . consisting
of a finite number of ones followed by an infinite number of twos. In other words, a
reducible subshift of finite type given by the transition matrixA = (

1 1
0 1

)
is contained

in φ(X).

Theorem 2.1 can be applied to all examples from §1.2 in order to obtain conclusions
aboutσ(X). In particular, in the case of the piecewise rotation on the lattice mesh, since
the partition ofX is regular (for example because all atoms are convex, see Proposition 5.1)
Theorem 2.1 yields the following.

COROLLARY 2.3. LetT : X 7→ X, T x = Mx modZn be a piecewise rotation on the unit
lattice meshX. Thenφ(X) does not embed sofic subshifts with positive entropy.

3. Proof of Theorem 2.1
The proof of Theorem 2.1 is based on the following key lemma.

KEY LEMMA . Suppose that an irreducible non-periodic subshift of finite type is embedded
in φ(X); then the partitionP is not regular. Moreover, there exists an uncountable set of
codingsC ⊂ φ(X) such that the orbit{T nx, n ≥ 0} of a pointx ∈ X with codeφ(x) ∈ C

visits the sets∂Pj1 and∂Pj2 infinitely often, wherej1, j2 ∈ {1, . . . , r} are distinct indexes.

Proof of the Key Lemma.The proof consists of four steps. First, we include a well-known
fact that the existence of an irreducible non-periodic subshift of finite type implies that
there is a free semigroup of words�r(w1, w2) ⊂ φ(X) (step 1). This will imply that
the corresponding subgroup of isometriesK can be viewed as a compact group (step 2).
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The compactness ofK will allow us to construct certain dense semigroup orbits (step 3).
Finally, we will show that these dense semigroup orbits imply the irregularity of the
partition and also that they correspond to codings inφ(X) of orbits visiting the boundaries
of two distinct atoms infinitely often.

3.1. Step 1. First, we show that the graph of a non-periodic irreducible subshift of finite
type contains two different loops based at the same point (Lemma 3.1, diagram (3.1)).

LEMMA 3.1. Let H ⊂ �r and suppose that an irreducible non-periodic subshift of finite
type is embedded inH . Then there exist two finite sequencesw1 = j1s1 . . . sl1i and
w2 = j2z1 . . . zl2i of digits in {1, . . . , r} beginning with distinct digitsj1 6= j2 such
that �r(w1, w2) ⊂ H , where�r(w1, w2) denotes the semigroup of all infinite codings
generated byw1 andw2.

• s1←− v1• j1←− v0• j2−→ v2• z1−→ •
↓ ↑ i ↓
· · · → • sl1−→ v3• zl2←− • ← . . .

(3)

Proof of Lemma 3.1.Let F be a non-periodic irreducible subshift and letf : F →
H ⊂ F be a continuous injective map. Then the setf (F ) is conjugate toH . Since
the conjugacy preserves finite type, irreducibility and non-periodicity,f (F ) ⊂ φ(X) is
also an irreducible non-periodic subshift. LetG be an irreducible labeled right-resolving
graph presentation off (F ). SinceG is non-periodic,G contains a vertexv0 connected
by an edge with two distinct verticesv1 andv2. SinceG is right-resolving the labels of
the edges connectingv0 with v1 andv2 are distinct:j1, j2 ∈ {1, . . . , r}, j1 6= j2. Let
i ∈ {1, . . . , r} be the label of an edge connecting some vertexv3 with v1 (there always
exists an edge terminating at any given vertex). Since the graphG is irreducible, there
are allowable finite paths joiningv1 with v3 andv2 with v3. Let w1 = j1s1 . . . sl1i and
w2 = j2z1 . . . zl2i be the labels of such paths; see diagram (3). Hence, the semigroup
�(w1, w2) of codings generated by composingw1 andw2 are allowed inf (F ) ⊂ H . 2

3.2. Step 2. We now show (Lemma 3.2) that a certain restriction of the group〈Tw1, Tw2〉
generated byTw1 = TiTsl1

. . . Ts1Tj1 andTw2 = TiTzl2
. . . Tz1Tj2 has a compact closure.

LEMMA 3.2. Define Tw1 = TiTsl1
. . . Ts1Tj1, Tw2 = TiTzl2

. . . Tz1Tj2, and let U =
〈Tw1, Tw2〉+X be the closure of the semigroup orbit ofX. ThenU is compact and
Tw1(U) = U , Tw2(U) = U . Moreover,〈Tw1|U , Tw2|U 〉 is a compact subgroup ofHom(U)

(topologized by theC0 metric).

Proof. We first use the followingshadowingidea (estimates (4) and (5)) to show that the
semigroup orbit ofX

U+ = 〈Tw1, Tw2〉+X

is bounded. Fix an arbitrary (finite) wordw generated byw1 andw2 and a pointp ∈ X.
Let w = wj0 . . . wjk andTw = Twjk

. . . Twj0
, wherejk ∈ {1, 2}. Since by Lemma 3.1,
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�r(w1, w2) ⊂ φ(X), there exists a pointxw ∈ X whose coding begins with the wordw.
Therefore,dY (Twxw, xw) ≤ diam(X) (diam(X) denotes the diameter ofX with respect to
the metricdY ), and the following key estimate holds for everyx0 ∈ X:

dY (Twx0, x0) ≤ dY (Twx0, Twxw)+ dY (Twxw, xw)+ dY (xw, x0)

= dY (x0, xw)+ dY (Twxw, xw)+ dY (xw, x0) ≤ 3 diam(X). (4)

Then,

dY (p, TwX) = sup
x0∈X

dY (p, Twx0) ≤ sup
x0∈X

(dY (Twx0, x0)+ dY (x0, p))

≤ sup
x0∈X

(3 diam(X)+ diam(X)) = 4 diam(X). (5)

Since the wordw was chosen arbitrarily, from (5) it follows thatU+ is bounded in the
metricdY . Hence, by (ii) in Definition 1.2, the setU = U+ is compact.

Next, we show that every element of the group〈Tw1, Tw2〉 fixes U . Since for every
G ∈ 〈Tw1, Tw2〉+, G(U+) ⊂ U+ and henceG(U) ⊂ U . Moreover, observe that
G−1(U) = U for everyG ∈ 〈Tw1, Tw2〉+. Suppose otherwise, letu0 ∈ U −G(U). Since
U is compact,dY (u0,G(U)) = η > 0. For every integerm > 0, dist(u0,G

mu0) ≥ η.
SinceG is an isometry, for every positivek 6= m, dY (Gku0,G

mu0) ≥ η, a contradiction
with the compactness ofU . Therefore, every element of the group〈Tw1, Tw2〉 fixesU .

Finally, 〈Tw1|U , Tw2|U 〉, is a subgroup of the group of isometriesJ (U) of the compact
spaceU . Since the group of isometries of any compact space is always compact with
respect to theC0 topology, it follows that〈Tw1|U , Tw2|U 〉 has a compact closure. 2

3.3. Step 3. We now prove a general lemma (Lemma 3.3) stating the existence of certain
orbits of compact groups. We will then apply this lemma to the group0 = 〈Tw1|U , Tw2|U 〉
and homeomorphismsTw1|U andTw2|U .

Recall that aright invariant metricd0 of a topological group0 is a metric generating
the given topology and such that for allV,W,Z ∈ 0, d0(V Z,WZ) = d0(V,W).

LEMMA 3.3. Let0 be a compact group equipped with a right invariant metricd0 and let
g1, g2 ∈ 0. For a codec = c0c1 · · · ∈ �2 = {1, 2}N , we define the following partial orbits
S1(c) andS2(c) contained in the semigroup〈g1, g2〉+. LetS1, S2 : �2 → 2〈g1,g2〉+ such
that

S1(c0c1 . . . ) = {gcn . . . gc0 : cn+1 = 1}
and

S2(c0c1 . . . ) = {gcn . . . gc0 : cn+1 = 2}.
Then there exists an uncountable set of codingsC ⊂ �2 such that for everyc ∈ C,

S1(c) = S2(c) = 〈g1, g2〉+ = 〈g1, g2〉.

Proof. We first show that there exists at least one codec ∈ �2 such thatS1(c) = S2(c) =
〈g1, g2〉+ = 〈g1, g2〉. The goal of the proof is to construct a certain sequence of increasing
wordsqn ∈ 〈g1, g2〉+ (qn is a right subword ofqn+1) meeting all neighborhoods of all
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elements of〈g1, g2〉+. (The sequence{qn} will then define a codec ∈ �2 satisfying the
conclusion of the lemma.)

The idea of the construction is to approximate words in〈g1, g2〉 by words in〈g1, g2〉+,
thus we need to observe that〈g1, g2〉+ is dense in〈g1, g2〉. For i = 1, 2, the semigroup
〈gi〉+ has an accumulation point in0 (here we use the compactness of0). Thus for every
ε > 0, there are somen,m, n > m > 0 such thatd0(gm

i , gn
i ) < ε, and by the right

invariance of the metricd0, d0(g−1
i , gn′

i ) < ε for n′ = n − m − 1 ≥ 0. In other words,
every negative power ofgi can be approximated by positive powers ofgi . Since the group
operation in0 is continuous, for everyg ∈ 〈g1, g2〉+ and everyε > 0, there is some
g′ ∈ 〈g1, g2〉+ such thatd0(g, g′) < ε.

Let {pn} be the list of all elements in〈g1, g2〉+ such that for an arbitrarily largeK,
〈g1, g2〉+ = {p2k : k > K} = {p2k+1 : k > K}. Using induction, we now construct
two sequences{qn} and {wn} of words in 〈g1, g2〉+. Let q1 = p1. By the density of
〈g1, g2〉+ in 〈g1, g2〉, and the right invariance of the metricd0, choosew1 ∈ 〈g1, g2〉+
so thatd0(p2, w1g1q1) < 1. Let q2 = w1g1q1. Choosew2 ∈ 〈g1, g2〉+ so that
d0(p3, w2g2q3) < 1

2.

p1=q1• g1−−−−→ • w1−−−−→
p2•
q2•

g2−−−−→ • w2−−−−→
p3•
q3•

g1−−−−→ · · ·

· · ·
p2k•
q2k•

g2−−−−→ • w2k−−−−→
p2k+1•
q2k+1•

g1−−−−→ • w2k+1−−−−→
p2k+2•
q2k+2•

g2−−−−→ • w2k+2−−−−→
p2k+3•
q2k+3•

g1−−−−→ · · ·

Suppose that we have defined the wordsq1, . . . , q2k−1, q2k andw1, . . . , w2k−1, w2k. Then
let

q2k+1 = w2kg2q2k. (6)

We choosew2k+1 ∈ 〈g1, g2〉+ so that

d0(p2k+2, w2k+1g1q2k+1) <
1

2k + 1
. (7)

Define

q2k+2 = w2k+1g1q2k+1 (8)

and choosew2k+2 ∈ 〈g1, g2〉+ so that

d0(p2k+3, w2k+2g2q2k+2) <
1

2k + 2
. (9)

From (6) and (8), it follows that for everyn > 0,qn ∈ 〈g1, g2〉+, andqn is a right subword
of qn+1. Also, it follows that there is a codec = c0 . . . cl . . . ∈ �2 such that for every
k > 0, q2k = gcl . . . gc0 for somel > 0 andq2k+1 = gcl′ . . . gc0 for somel′ > l, and
{q2k} ⊂ S1(c). Also, it follows that{q2k+1} ⊂ S2(c) for everyk ≥ 0.

Finally, observe that{q2k} and{q2k+1} are both dense in〈g1, g2〉+. Indeed, by (6)–(9),
we obtain

d0(p2k+1, q2k+1) = d0(p2k+1, w2kg2q2k) <
1

2k
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and

d0(p2k+2, q2k+2) = d0(p2k+2, w2k+1g1q2k+1) <
1

2k + 1
.

Since for an arbitrarily largeK, {p2k : k > K} = {p2k+1 : k > K} = 〈g1, g2〉+, from
the above inequalities, it follows that for an arbitraryε > 0, {q2k} and{q2k+1} are both
ε-dense in〈g1, g2〉+. This means that{q2k} and{q2k+1} are dense in〈g1, g2〉+. Hence,
since{q2k} ⊂ S1(c) ⊂ 〈g1, g2〉+ and{q2k+1} ⊂ S2(c) ⊂ 〈g1, g2〉+, we finally conclude
thatS1(c) = S2(c) = 〈g1, g2〉+ = 〈g1, g2〉.

We have shown the existence of at least one codec ∈ �2 satisfying the lemma. In order
to conclude the lemma, we will construct an injective function:f : �2 → �2 such that
for everyω ∈ �2, the codef (ω) will satisfy the conclusion of Lemma 3.3. First, extend
the definition ofS1, S2 : B2 → 2〈g1,g2〉+ on the set of finite sequences of finite wordsB2

of digits in {1, 2}. Let

S1(c0c1 . . . cm) = {gcn . . . gc0 : cn+1 = 1, n < m}
and

S2(c0c1 . . . cm) = {gcn . . . gc0 : cn+1 = 2, n < m}.
Let {cn} be the sequence of left subwords of the codec of length increasing to infinity such
that the setsS1(c

n) andS2(c
n) are both(1/n)-dense in〈g1, g2〉. Observe that by the right

metric invariance, given a setA ∈ 〈g1, g2〉, if A is ε-dense in〈g1, g2〉 so must its right
translationAg for everyg ∈ 〈g1, g2〉. Hence,S1(ωcn) andS2(ωcn) areε-dense in〈g1, g2〉
for every finite wordω. In particular, for allωi ∈ {1, 2}, the setsS1(ω0c

0ω1c
1ω2 . . . cn)

andS2(ω0c
0ω1c

1ω2 . . . cn) are also both(1/n)-dense in〈g1, g2〉. We can thus define

f : �2→ �2, f (ω0ω1 . . . ) = ω0c
0ω1c

1ω2 . . . ωnc
n . . . .

Hence,f (ω) satisfiesS1(f (ω)) = S2(f (ω)) = 〈g1, g2〉. The setf (�2) is uncountable
for f is injective and�2 is uncountable. Consequently, the uncountable set of codings
C = f (�2) satisfies the lemma. 2

3.4. Step 4. We are ready to undertake the last step in proving the Key Lemma. Apply
Lemma 3.3 to the group0 = 〈Tw1|U , Tw2|U 〉 (defined in Lemma 3.2), homeomorphisms
Tw1|U andTw2|U (Lemma 3.2), and the metricd0 = dC0|0×0. (TheC0 metric onHom(U)

is easily checked to be a right-invariant metric on0.) There are uncountably many codings
c = c0c1 . . . ∈ �2 such that both sets

A1 = {Twcn
. . . Twc0

|U : cn+1 = 1}
and

A2 = {Twcn
. . . Twc0

|U : cn+1 = 2}
are dense in the semigroup〈Tw1|U , Tw2|U 〉+.

In particular, for everyx ∈ X ⊂ U whereU is compact,

A1x = A2x. (10)
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Given a codec ∈ C, choosex = xc such thatφ(xc) = wc0 . . . wcn . . . . Since
�r(w1, w2) ⊂ φ(X) (Lemma 3.1), for everyc ∈ C, such a choice is possible. Since the
wordsw1 = j1 . . . i andw2 = j2 . . . i begin with the distinct digitsj1 andj2 respectively,
by the definition ofA1, A2 and by the definition of the coding, we obtain

A1xc ⊂ Pj1 and A2xc ⊂ Pj2. (11)

The statements (10) and (11) imply that the atomsPj0 andPj1 are the elements of an
irregular partition. Also,A1xc ⊂ ∂Pj1 andA2xc ⊂ ∂Pj2. Moreover, by the definition of
A1 andA2, for i = 1, 2,

T nxc ∈ Aixc for infinitely manyn. (12)

Finally, the functionC → �r(w1, w2), c0c1 . . . → wc0wc1 . . . is injective, sincew0 and
w1 begin with distinct digits, therefore, the set of pointsxc ∈ X satisfying (12) has an
uncountable number of codings. This concludes the proof of the Key Lemma. 2

Theorem 2.1 immediately follows from the Key Lemma. If the partitionP is regular or
the coding of the exceptional setET is countable, then an irreducible non-periodic subshift
of finite type cannot be embedded inφ(X). Since the entropy of a subshift of finite type is
realized by the entropy of one of its irreducible embeddings, and the entropy of a periodic
subshift is zero, it follows that only subshifts of finite type of zero entropy can be embedded
in φ(X).

The proof of the last part of Theorem 2.1 related to generalized orbits is identical to the
previous part. 2

4. Examples with irregular partition inducing full shift
In this section, we show that without the hypothesis (i) or (ii), Theorem 2.1 does not hold.
We construct a piecewise isometry in the Euclidean space whose coding map is surjective,
in particular the coding image is a full shift onr symbols (hence embeds all subshifts).

In Euclidean spaces there are no examples of piecewise isometries on the interval with
surjective coding map. (An iteration of a non-trivial translation eventually takes a point
out of an interval.) The ‘smallest’ compact space on which piecewise isometries inducing
surjective codings may exist is a circle [13].

THEOREM 4.1. Let X = {e2πix : x ∈ [0, 1)} be the unit circle. There exists a piecewise
isometryT : X→ X with partitionP such that the associated coding mapφ : X→ � is
surjective.

If X is the unit disk, then there exists a piecewise isometryT : X 7→ X with a Lebesgue
measurable partitionP such that the associated coding mapφ : X 7→ � is surjective; see
Remark 4.3.

Proof of Theorem 4.1.Let Ti , for i = 1, . . . , r, be the rotation ofX by the angle
2πθi, whereθi ∈ [0, 1) and the numbers{1, θ1, . . . , θr} are rationally independent. Let
V (1, θ1, . . . , θr) denote the integer lattice spanned by vectors{1, θ1, . . . , θr }. We partition
[0, 1) into disjoint classes by the following equivalence relation:∼, x ∼ y if and only
if x − y ∈ V (1, θ1, . . . , θr ). Since the number of different classes is countable, a set
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A consisting of exactly one element from each class (here we use the axiom of choice)
has cardinalityα0. Since�r also has cardinalityα0, it follows that there is a bijection
b : �r → A. The goal is to construct a partition{P1, . . . , Pr } of X such that given
w ∈ �r , the pointe2πib(w) ∈ X has precisely the codew under the piecewise rotation
T : X→ X generated by rotationsTi and the partition{P1, . . . , Pr }.

First, for k = {1, . . . , r}, define the following setsQk (we will later putPk = Qk for
k = 2, . . . , r andP1 = X −⋃2≤i≤r Pk):

Qk =
{
e2πix : x =

n−1∑
j=0

θcj + b(c0 . . . cn−1k . . . ) for somen > 0 andcj ∈ {1, . . . , r}
}
.

(13)

We show that the sets{Q1, . . . ,Qr } are pairwise disjoint. Suppose that for somek, k′ ∈
{1, . . . , r}, k 6= k′, andQk ∩Qk′ 6= ∅. Then, for somen, n′ ∈ N, n ≤ n′, cj ∈ {1, . . . , r}
andc′j ∈ {1, . . . , r},

n−1∑
j=0

θcj + b(c0 . . . cn−1k . . . ) =
n′−1∑
j=0

θc′j + b(c′0 . . . c′n′−1k
′ . . . ) (mod 1),

or,

n−1∑
j=0

θcj −
n′−1∑
j=0

θc′j = b(c0 . . . cn−1k . . . )− b(c′0 . . . c′n′−1k
′ . . . ) (mod 1). (14)

The right-hand-side of equation (14) is the difference of two numbers inA belonging to
the same equivalence class∼. Hence,b(c0 . . . cn−1k . . . ) = b(c′0 . . . c′

n′−1k
′ . . . ) and since

b is a bijection,

c0 . . . cn−1k . . . = c′0 . . . c′n′−1k
′ . . . . (15)

From (14), it also follows that

n′−1∑
j=n

θcj = 0 (mod 1). (16)

From (16) and the rational independence of{1, θ1, . . . , θr}, we conclude thatn = n′.
From (15), it follows thatk = k′, a contradiction. Hence, the sets{Q1, . . . ,Qr } are
pairwise disjoint.

Define the partition{P1, . . . , Pr } of X. Let Pk = Qk for k = 2, . . . r and
P1 = X − ⋃

2≤k≤r Pk . Let T : X → X be the piecewise rotation generated by
the rotations{T1, . . . , Tr } and the partition{P1, . . . , Pr }. Finally, we show that given
w = c0 . . . cn . . . ∈ �r , the pointxw = e2πib(w) ∈ X has codew. We use induction
on n. If n = 0, then by (13),e2πib(w) ∈ Qc0 ⊂ Pc0. Suppose now that the coding ofxw

begins with the wordwc0 . . . wcn−1. Then

T nxw = Tcn−1 . . . Tc0(e
2πib(w)) = (e

2πi
∑n−1

j=0 θcj )(e2πib(w))

= e
2πi[∑n−1

j=0 θcj
+b(wc0 ...wcn ... )] ∈ Qwcn

⊂ Pwcn
.
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Since thenth iterate ofxw lies in Pwcn
, wcn is thenth digit in the coding ofxw. We have

shown that given a codew, there exits a pointxw ∈ X realizingw, and hence that the
coding map of the piecewise rotationT is surjective. 2

Remark 4.2.The induced isometries in the example above have a common fixed point.
Using the shadowing idea from Lemma 3.2, it is not difficult to show that the induced
isometriesT1, . . . , Tr of all Euclidean piecewise isometries acting on spaces with compact
closures and whose codings are surjective must have a common fixed point—they are
elements ofO(R, n). The shadowing idea implies that the action of the isometries
T1, . . . , Tr can be reduced to a compact space and in Euclidean spaces this implies the
existence of a fixed point. Hence,T1, . . . , Tr ⊂ O(R, n).

Remark 4.3.Let X be the unit disk. One can simplify the proof above, not use the axiom
of choice, and construct a measurable partitionP of X for which there exists a piecewise
isometry with surjective coding map. Letf be a bijection�r 7→ (0, 1]. Given a code
w ∈ �, we partition the concentric circleCw of radiusf (w) so that it contains an orbit of
a point realizing the codew. Fork = {1, . . . , r}, define the following setsQk:

Qk =
{
te2πix : x =

n−1∑
j=0

θcj , , t = f (c0 . . . ck . . . ) for somen > 0 andcj ∈ {1, . . . , r}
}
.

(17)

Let Pk = Qk for k = 2, . . . , r andP1 = X −⋃2≤i≤r Pk. The rational independence
of 1, θ1, . . . , θr guarantees that the setsQ1, . . . ,Qr (and hence the setsP1, . . . , Pr ) are
pairwise disjoint. As in the proof above, one checks that given a codingw ∈ �r , the point
f (w) ∈ X has the codew. The constructed partition is Lebesgue measurable, because
eachQk ⊂ 〈T1, . . . , Tr 〉+(0, 1] and〈T1, . . . , Tr 〉+(0, 1] is a countable union of segments
of zero (two-dimensional Lebesgue) measure, hence eachQk has Lebesgue measure zero.

Remark 4.4.Let M = ⋂
n≥0 T nX. Observe that, by the definition ofQk , Qk ∩M = ∅.

Hence,M ⊂ P1. Since anyT -invariant Borel measure onX must be concentrated onM,
and sinceT |M = T1|M is a rotation, it follows that the measure-theoretic entropy (with
respect to any BorelT -invariant measure) ofT is zero.

We do not know if there exists a piecewise isometryT : X 7→ X with a T -invariant
Borel measure onX of positive entropy. (A lift of a Bernoulli measure from the shift space
does not result in a Borel measure.)

Remark 4.5.The existence of a piecewise isometry on the unit circle with surjective coding
map was suggested to the author by Michael Boshernitzan.

5. Concluding remarks
5.1. Sufficient conditions implying regularity.In this section, we make a few
topological remarks about the regularity hypothesis on the atoms.

PROPOSITION5.1. In Rn, a partition P consisting of convex sets and any partition
homeomorphic toP is regular.
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Proof. Since regularity is a topological invariance in the space of all partitions, it is enough
to prove Lemma 5.1 for partitions consisting of convex sets. LetP = {P1, . . . , Pr } be a
partition consisting of convex sets. LetAi ∈ Pi,Aj ∈ Pj . We show thatAi 6= Aj

by induction ond = max(dimPi, dimPj ). If d = 0 thenPi andPj are points and the
conclusion is clear. Suppose thatd > 0. There exists a hyperplaneH (of dimensiond−1)
separating the convex setsPi andPj (Pi andPj are contained in the opposite sides of the
closed half-spaces determined byH ). Suppose that for someAi ⊂ Pi , Aj ⊂ Pj , Ai = Aj .
ThenAi ⊂ Pi ∩ H andAj ⊂ Pj ∩ H . By the inductive hypothesis applied to the convex
setsPi ∩H andPj ∩H whose dimensions do not exceedd − 1, we concludeAi 6= Aj , a
contradiction. 2

More generally, we note that in some cases regularity can be checked effectively with
the aid of the following proposition.

PROPOSITION5.2. Define the boundary operatorβ(U) = U ∩ ∂U ∩ Uc. Suppose that
for every atomPi of the partitionP = {P1, . . . , Pr } there is some positive integerk such
thatβk(Pi) = ∅; thenP is regular.

In Euclidean spaces, the boundary operatorβ can reduce the dimension of sets. In
particular, Proposition 5.2 can be used to show that generalized polytopes are regular. (A
generalized polytopeis a subset ofRn consisting of a finite number of disjoint simplexes:
{α1v1 + · · · + αkvk, 0 < αi < 1, 1 ≤ k ≤ n}. It can be shown that for a generalized
polytopeU ⊂ Rn, dim(β(U)) ≤ dim(U)− 2, where dim(∅) = −1 and the dimension of
a polytope is defined to be the maximum dimension of its simplexes.)

Proof of Proposition 5.2.Let a setU be calledregular if for all non-empty subsetsA ⊂ U

andB ⊂ Uc, A 6= B. We first show that a setU is regular ifβ(U) is regular. Suppose
otherwise, letA ⊂ U , B ⊂ Uc andA = B. ThenB ⊂ ∂U ∩ Uc andA ⊂ B ⊂ ∂U ∩ Uc.
ThusA ⊂ U ∩ ∂U ∩ Uc = β(U) andB ⊂ Uc ⊂ β(U)c. However, the regularity ofβ(U)

implies thatA 6= B, a contradiction. Since the empty set is regular, the setβk(Pi) = ∅ for
somek is regular, and thusPi is regular. In particular, the partitionP is also regular. 2

5.2. Questions. (1) Keith Burns asked whether and how far the assumption of the
existence of an invariant metric preserved by induced homeomorphisms can be weakened
or changed and still restrict possible subshifts of finite type to reducible or periodic
only. For instance, the hypothesis that there exists a measureµ on Y invariant under
the action of〈T1, . . . , Tr 〉 is too weak. (In the Baker map illustrated in §1, both induced
homeomorphismsT1 andT2 preserve Lebesgue measure butφ(X) = φ∗(X) = {1, 2}N
embeds all sofic subshifts.)

(2) In this article, we showed that sofic systems embedded in the symbolic dynamics
of a generalized piecewise isometry with a regular partition have zero entropy. In general
metric spaces, if the partition is regular, the question whether the restriction of the shift
map toφ(X) has zero entropy remains open. Corollary 2.1 suggests that constructions of
systems with positive entropy on the symbolic space, if at all exist, should not be based on
sofic subshifts.
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In the very particular case of two-dimensional invertible piecewise isometries, Gutkin
and Haydn showed that this entropy is 0 [15]. In the Euclidean higher-dimensional cases,
the group of isometries contains free subgroups, and this contributes to the complexity of
the dynamics and might distinguish higher-dimensional cases fromR2.
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