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Abstract We study the natural symbolic dynamics associated with piecewise continuous,
non-invertible, dynamical systems. Our study is centered primarily on the relationship
between the point-set topological properties of the partition of the system and the symbolic
coding. We prove that for a class of maps locally preserving distances with regular
partition, the associated symbolic dynamics cannot embed subshifts of finite type of
positive entropy. Hence, in particular, almost sofic subshifts obtained from the symbolic
dynamics have zero entropy. However, there are examples in Euclidean spaces of systems
with non-regular partitions for which the coding maps can be surjective, particularly
embedding all subshifts. For all such examples, the associated group of isometries is a
subgroup ofO (R, N).

0. Introduction

In this paper, we study natural generalizations of well-known interval exchange
transformations to a class of piecewise continuous, not necessarily invertible systems.
We address the question: which subshifts of finite type and which sofic subshifts can be
embedded in the symbolic dynamics associated with our systems? Our study is centered
primarily on the relationship between the point-set topological properties of the partition
of the system and the symbolic coding. Our main result is the following.

THEOREM. (Theorem 2.1)etT : X — X be a generalized piecewise isometry with
partition P = {P4, ..., P.}. Suppose that one of the following hold#: the partition?

is regular; or (ii) the coding of the exceptional set fBris countable. Then all subshifts of
finite type embeddings in the symbolic codingdiave zero entropy.
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The notion of a piecewise isometry in this article is quite general and it extends beyond
Euclidean spaces. A partitidd is regular if it satisfies some weak topological condition.
Our result yields, in particular, that only almost sofic subshifts with zero entropy, and only
coded systems with zero entropy can appear in the symbolic dynamits (@fn almost
soficsystem is a subshift whose entropy is the supremum of the entropies of subshifts of
finite type it contains. Aoded systens a subshift whose dense subset can be presented by
a countable irreducible labeled graph.) These classes contain the whole range of subshifts
with Markovian behavior which are not of finite typ27.

In the second part of the article, we include an example which illustrates that either of
the hypotheses (i) or (ii) is necessary for the theorem to hold. We construct (Theorem 4.1)
a Euclidean piecewise rotation with irregular partition whose symbolic dynamics is a full
shift onr > 1 symbols, in particular, the coding image embeds all subshifts. The main
idea in the proof of the main result is the association of a certain compact subgroup of
isometries giving rise to the construction of orbits visiting the partial boundaries of distinct
atoms:9P; N P;, and set$ P;, N Pj, infinitely often. The main tools used in the proof
are graph presentations of finite type systems, properties of compact transformation groups
and properties of metric spaces.

Symbolic dynamics has been one of the most fundamental models for the study of
hyperbolic dynamics of homeomorphisms. It has been investigated very extensively since
the discovery of Markov partitions of the two-dimensional torus by Beigand the
fundamental paper by Adler and Weis3 [establishing that toral automorphisms are
measure theoretically isomorphic if and only if they have the same entropy. Systematic
treatment of symbolic representations of dynamical systems by means of Markov partitions
can be found inZ].

The goal of this article is different from the goal set up @ for two main reasons.

The maps, which we study, lack hyperbolicity, and in our setup, the symbolic dynamics
is naturally inherited from the generating transformatidh:: X — X. This can be
illustrated in the following non-hyperbolic example (the toral map): [0, 1] x [0, 1],

Tx = Mx modZ", whereM € SO (R, n) [13]. Since the entries af/ are not integers,

this map is not an automorphism; it is, however, a piecewise isometry. In dimension two,
the domain is naturally partitioned into four maximal regions on wificts continuous
(Figure 1). This partition gives rise to one-sided codings of orbits. The coding records the
indices of atoms visited by the orbits. It is natural to ask: what subshifts can arise from
this natural coding? Are there systems giving rise to subshifts of finite type with positive
entropy? This question is of particular interest since the group of Euclidean isometries in
dimensions three and higher contains free subgroups, and hence presumably may give rise
to ‘rich subshifts’.

Indirectly, these questions were addressed in papers investigating the symbolic
dynamics of systems preserving distances, for examplg, i§,[9, 10, 14, 15, 16, 17, 21
In particular, in P] Boshernitzan and Kornfeld showed that interval translations can give
rise to subshifts calledubstitution dynamical systema4 result in [L5], yields that two-
dimensional polygon exchanges give rise only to subshifts with subexponential word
complexity. In general, the question whether a non-invertible piecewise isometry with
polyhedral partition can give rise to subshifts with positive entropy remains open. Also,
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FIGURE 1. Piecewise rotation on the squafte: [0, 1] x [0, 1], Tx = Mx mod Z2, whereM € SO(R, 2).

very recently in ], Adler et alreported a study of two-dimensional piecewise affine maps
on the torus which can be conjugated to an invertible piecewise rotation on the rhombus.
We structured the article as follows. The definition of the system, coding of piecewise
isometries and important properties of sofic subshifts are included in 82. The main resultis
stated in 82. The proof, divided into fours steps, is included in 83. Section 4 illustrates an
example of a piecewise isometry inducing full shift in the symbolic space. We conclude the
article in 85 discussing the topological hypotheses imposed on the atoms and addressing
some open questions.

1. Preliminaries
In this section, we define our systems, their natural symbolic dynamics and finally we list
classes of subshifts for which our results hold.

1.1. Definition of the system.Let Y be a metrizable topological spacg feed not be
compact). LetHom(Y) denote the group of homeomorphisms¥of Let 7y, ..., T, €
Hom(Y) (r > 1) be a finite collection of homeomorphismsiaf

Definition 1.1.Let X be a compact subset &f A transformatior? : X — X is called a
piecewise continuous mayith partition? = {Ps, ..., P,} and induced homeomorphisms
(T1,..., T} if: (i) T|p, = Ti|lp, foreveryi = 1,...,r; (i) N P; =P fori # j;, and
(i) Ulijir P; = X. We do not require th&f be surjective (Figure 1).

Definition 1.2.A piecewise continuous maf : X — X C Y with induced
homeomorphisméry, . . ., T,} is called ageneralized piecewise isometfy
(i) there exists a metridy : Y x ¥ — R* U {0} such that every; preservedy;
(i) every bounded inly subset off has a compact closure

Even thoughY is not assumed to be always compact, it is worthwhile noting that
for compact spaceB, generalized piecewise isometries can also be characterized by the
restriction on the group of the induced homeomorphisms. F@hif.. ., 7,.) is compact
with respect to th&© topology onHom (Y), then there exists a probability Haar measure
wr invariant under the action df. The metricd,, : Y x ¥ — R* U {0} defined by

dy(y1, y2) = / dy(Ty1, Ty2)dur 1)
I

is then preserved under the action of element§.inHence, ifY and(T1,...,T,) are
compact, therT" is a generalized piecewise isometry.
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1.2. Examples of Euclidean piecewise isometrieBiecewise isometries in dimension
one, such as interval exchangds$, 12, 18, 19, 24, 3@&nd interval translation®], can
be easily defined in our settings. For examplejrdarval translation transformatioiis
a piecewise continuous map acting on a left open intekvat R = Y. The partition
P consists of a finite number of smaller left open intervals and the homeomorphisms
{T1, ..., T,} are translations oR. An interval exchange transformatias an invertible
interval translation.

In this section, we briefly define two new examples.

1.2.1. Piecewise rotation on the lattice meshOne of the very beautiful and intriguing
new examples of Euclidean piecewise isometries iptbeewise rotation on the unit lattice
meshT : [0, 1]" — [0, 1], Tx = Mx modZ", whereM € SO (R, n). Intwo dimensions
(Figure 1), the maf# rotates the unit square about the origin, and then shifts back (modulo
integer lattice) the pieces which fall outside of the original square. For rotations by an
angle other than an integer multiple of4, X is partitioned by four convex atoms. The
piecewise rotation of the unit lattice mesh was introduced & [It results in very beautiful

and intriguing dynamics.

1.2.2. Example on a sphere.LetY = X = §" be the unit sphere centered at the origin
in R" (n > 3). Let{Py, P2} be a partition ofX into two sets homeomorphic to hemi-
spheres,P1 open andP.. LetTy : Y — Y andT> : Y — Y be two rotations about
the origin generating a free subgroup®@tR, n). The rotationg T, 7>} and the domains

{ P1, Po} define a non-invertible piecewise isomeffyon the spheré.

1.3. Coding of orbits. The partiton? = {P1,..., P.} associated to a piecewise
continuous mag of X gives rise to a natural one-sided coding nap X — Q, =
(1, ..., r}Nfor T. The mapp encodes the forward orbit of a point by recording the indices

of atoms visited by the orbit, that is(x) = wows . . ., whereT*x e Py, .
The coding mapp conjugatesT” with the (one-sidedyhift mapsS : @, — ,,
S(wowiwz...) = wiwz...:

¢l l¢ &)

Q —2 s Q

The shift maps : Q, — , is continuous with respect to the product topologWafopies
of the finite sef{1, ..., r} each with discrete topology. This product topology can also be
generated by the metrit,, : Q, x Q, — RTUO,dg, (91, ¢2) = D iog ld1G) — p2(i)| /1.

Even thoughy : X — €, is uniquely defined for all points iX, the codingy has
some disadvantages as often neither the coding im@de nor the subsets of points in
X with the same code are compact. Sometimes, in order to have a reasonable relation
between topologies iX and the sequence space, it is desirable to modify the definition
of the coding by assigning more than one code to orbits which meet the boundaries of the
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atoms. Ageneralized orbiof x is a sequencgr,} such thateg = x and for all positivek
there is somevy € {1, ..., r} for whichx,, € P—wk andTy, : xx — xx+1. Thecoding of
the generalized orbitx; } is the sequenceows . . .. Finally, thecodinge™(x) is defined to
be the union of all the codings of generalized orbits ofNaturally, for all pointsc whose
orbit underT never meet§P = 9P, U ---U 3 P,, the coding® (x) and¢*(x) coincide.)
Then, the set of points such thatp*(x) contains the coding beginning with a given word
is closed. Thug*(X) is also always closed, a{ X) C ¢*(X). Both codingsp and¢*
are included in the main result.

1.3.1. Example of the Baker map.Encoding locally hyperbolic systems frequently give
rises to full subshifts of finite type. For instance, at the most basic level, the well-known
example of thdBaker magmives rise to full shifts on two symbols. L&t = [0, 1] x [0, 1] C

R2 be partitioned by setsPy = [0, 3) x [0,1] and P, = [3,1] x [0, 1]. Define the
homeomorphism#; : R2 — R2, Ti(x, y) = (2x, 0.5y) andT» : R2 — R2, Tr(x,y) =

(2x — 1, 0.5y + 0.5). The Baker map is defined B(x) = T;(x) fori = 1, 2. The coding

of orbits in the Baker map depends only on the first coordinate of points, and since the
projection of T onto the first coordinate is a doubling map, it is not difficult to see that

o(X) = ¢*(X) = {1, 2N

1.4. The graph construction. In this section, we argue that the symbolic coding defined
previously is of fundamental importance as it gives rise to a sgao® whichT has a
continuous extensiofi, and hence it allows us to apply many standard results in dynamical
systems.

The idea of the construction is to ‘separate’ sets of points encoded by the same
sequences by placing them at different levels in th&lsef2. LetG = {(x, ¢ (x)), x € X}
be the graph op : X — Q topologized by the product metrity; : G x G — RT U0,
dg((x1, 9 (x1)), (x2, ¢(x2))) = maxd(x1, x2), dg, (¢ (x1), #(x2))}, whered is a metric
onx.

ProOPOSITION1.1. The extension maffg : G — G, (x,¢(x)) — (Tx,¢p(Tx)) is
continuous.

Proof of Proposition 1.1letxg € P;. Forallx &€ P;, dg((x0, ¢(x0)), (x, p(x))) >
dg, (¢ (x0), ¢(x)) > 1. Therefore, in the limit statement below, we may also assume that
x € P;.
lim T (x, ¢(x))
(xx,¢ (x))— (x0,¢ (x0))

= lim (Tx, p(Tx)) by definition of T
(x,¢ (x))— (x0,¢ (x0))

= lim (T;x, S(¢(x))) sincex € P; and by (2)
(x,9(x))— (x0,¢ (x0))
= (Tixo0, S(¢(x0))) by continuity of 7; andS

= (T;jxg, (T x0)) = Tg(xo0, $(x0)) by (2) and definition of;. O
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LetIly : X x @, — X andllg, : X x Q, — €, be natural projections. We now have
the following diagrams:

T

G 9, ¢ ¢ 5, ¢
Hxl JHX Hg,l lHQr
X —1 x $(X) —— $(X)

COROLLARY 1.1. Let G = X. Let7 : X — X be the continuous extension of
T¢ : G — G. Thenllg |; : X — ¢(X) is a continuous, surjective mapping and
Slza + #(X) — é(X) is a topological factor map of . In particular, the following
diagram commutes:

T ~
X

X
Mg l Mg,
X

PX) —— B(X)

1.5. Subshifts. In this section, we point out that our result can be applied to a broad
class of subshifts which are not necessarily of finite type.

A subsetY c 2, which is closed and invarian(Y) = Y) under the shift mas is
called asubshift(sometimes, when it is clear from the context, the shift iiapstricted
to a closed invariant set is also called a subshift.) The most basic types of subshifts are
subshifts of finite typdescribed by a finite set of forbidden wordst.

Our main result can be applied to a broad c@ss subshiftsy c ) with the property
that if the entropy ofY is positive, thenY contains a subshift of finite type of positive
entropy. In particular, this class includes sofic, almost sofic and coded systems.

Sofic subshiftare subshifts presented by a finite labeled graph (multiple edges may
carry the same label). The entropy of a sofic subsliifts equal to the supremum
of the entropies of subshifts of finite type contained¥n[23]. A simple example
of a subshift which is sofic but not of finite type is tlewven shift the setFF =
{11222112211211112...} of all codings in2, for which the digit one must appear
in blocks of even length. Sofic subshifts were introduced by W&igsds the smallest
collection of subshifts consisting of all subshifts of finite type together with their
topological factors. Sofic shifts are important for a number of reasons. They are analogous
to regular languages in automata theory. They are also natural models for information
storage and transmission.

A subshiftY is almost sofidf its entropy is the supremum of the entropies of subshifts
of finite type contained irY. A class of almost sofic subshifts contains sofic subshifts.

T In our setting, we consider one-sided subshifts. Beyond subshifts of finite type, other more general subshifts,
i.e. sofic, almost sofic, and coded, are frequently studied as the double-sided subshifts. However, there is a natural
one-to-one correspondence between double-sided subshifts and one-sided subshifts which preserves the entropy.
Given a double-sided subshift, one can associate a one-sided subshift by considering the right-infinite blocks

in elements of. One can then define the corresponding one-sided subshifts.
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Another generalization of sofic subshifts is the class of coded systems. A subghift
codedif its dense subset can be presented by a countable irreducible labeled graph (such
a graph can be always chosen to be right-resolvihd.l]). A coded systenY can also
be characterized as the closure of the increasing union of irreducible subshifts of finite
type contained inY. Our result can also be applied to coded systems because a coded
subshift of positive entropy contains a sofic subshift (and hence a subshift of finite type)
of positive entropy*. (This follows, for example, from the fact that a right-resolving graph
presentation of a non-periodic coded subshift must contain two distinct loops based at the
same vertex, such as in diagram (3), giving rise to a sofic subshift of positive entropy.)

The class of coded systems contains the whole range of subshifts with Markovian
behavior (e.g. synchronized systems) which are not necessarily of finite type and which
have been studied in the literature (s&6,[23 where a number of further references are
given).

2. Theorem

The main result of this section states that for typical generalized piecewise isometries, all
subshift of finite type embeddings have zero entropy (Theorem 2.1). An exceptional case
of a piecewise isometry giving rise to a subshift with positive entropy is illustrated in 85
(actually, in 85, we show how a full shift can be realized). The partifoa {P1, ..., P}
constructed there has the property that even thaggh P; = ¢ fori # j, P, = P;.
Moreover, all are contained P, U - - - U 9 P.. These are precisely the kinds of partitions
that we would like to avoid in our main result. We, therefore, introduce the following
definitions.

Definition 2.1 (Regularity) A partition? = {P1, ..., P.} is regular if for all non-empty
subsetsA; C P; andA; C Pj, A; # A foralli # j.

Definition 2.2 (Exceptional set)The exceptional seE of a piecewise continuous map
T : X — X with partition? = {Py, ..., P.} is the set of all points ilX whose orbits
underT intersect the s&¥P = dP1 U --- U 9 P, infinitely many times. Similarly, define
the exceptional seE?}. to be the set of points iX whose generalized orbits intersect the
setdP infinitely many times.

Regularity is a very weak condition on the boundaries of the atoms—we shall propose
sufficient conditions implicating regularity later in 85. Here, we just mention that, for
example, in Euclidean spaces, partitions consisting of polygons or convex sets are regular.

THEOREM2.1. Let X C Y be a compact set and l1§t : X — X be a generalized
piecewise isometry with partitio® = {Py,..., P,} and induced homeomorphisms
{T1,...,T,} C Hom(Y). Suppose that one of the following conditions holds:

(i) the partition? consists of regular sets; or

(i) the codingp (E) of the exceptional sef is countable.

Then every subshift of finite type embedding @f) has zero entropy. Moreover, if

(i") ¢*(E*)is countable (recall that always(E) C ¢*(E*)),

then all subshifts of finite type embedding®ii{X) have zero entropyi(X) C ¢*(X)).

T Itis not true, however, that a coded subshift must be almost sofic25ee [

https://doi.org/10.1017/50143385799151964 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799151964

1492 A. Goetz

COROLLARY 2.1. Suppose that the hypothesis in Theorem 2.1 is satisfied. Then almost
all sofic subshift embeddings®tX) have zero entropy.

Since all mixing (non-constant) subshifts of finite type are irreducible and non-periodic
(Proposition 4.5.10 ing2]), Theorem 2.1 yields the following corollary.

COROLLARY 2.2. Suppose that the hypothesis in Theorem 2.1 is satisfied. Then all non-
constant subshifts of finite type which are embedded k) are non-mixing.

Remark 2.2 (Piecewise isometry for which (X) is a reducible subshift of finite type.)
Theorem 2.1 yields that if a system of finite type is embedded in the symbolic dynamics of
T, then it must be periodic or reducible (since irreducible, non-periodic subshifts of finite
type have positive entropy). Both cases actually occur. Any piecewise isometry for which
there exists a periodic point embeds a periodic subshift. The following is a simple example
that the second case also occurs.

Let Tp, 71 : R? — R2 be the rotations by angles, o1 € (0, 27), respectively, non-
commensurable witlr about the center§y = (—r1,0) andS1 = (2, 0), respectively
(r1,r2 € RT). Let X = B(S1, R1) U B(S1, R2) be the union of the two closed discs such
thatRy > r1, R2 > rpandR3 —r2 = R? —rZ. LetPy = {(x,y) € X : x < 0} and
P> ={(x,y) € X:x>0}. ThenT1P1 C X andT>P> C X, hence the piecewise isometry
T : X — X with induced isometrie$T1, T>} and the partition{ P1, P>} of X is well
defined. Observe that the codiggX) contains the two constant codings.11... and
2...2... (the centers of rotations are fixed By and all codings 1..122... consisting
of a finite number of ones followed by an infinite number of twos. In other words, a
reducible subshift of finite type given by the transition mattix= ((1) %) is contained

in ¢(X).

Theorem 2.1 can be applied to all examples from 81.2 in order to obtain conclusions
abouto (X). In particular, in the case of the piecewise rotation on the lattice mesh, since
the partition ofX is regular (for example because all atoms are convex, see Proposition 5.1)
Theorem 2.1 yields the following.

COROLLARY 2.3. LetT : X — X, Tx = Mx modZ" be a piecewise rotation on the unit
lattice meshX. Theng (X) does not embed sofic subshifts with positive entropy.

3. Proof of Theorem 2.1
The proof of Theorem 2.1 is based on the following key lemma.

KEY LEMMA. Suppose that an irreducible non-periodic subshift of finite type is embedded
in ¢ (X); then the partitionP is not regular. Moreover, there exists an uncountable set of
codingsC C ¢ (X) such that the orbit7"x, n > 0} of a pointx € X with codeg(x) € C

visits the setd P;, andd P}, infinitely often, whergy, j> € {1, ..., r} are distinct indexes.

Proof of the Key Lemmarhe proof consists of four steps. First, we include a well-known
fact that the existence of an irreducible non-periodic subshift of finite type implies that
there is a free semigroup of wordg. (w1, wz) C ¢(X) (step 1). This will imply that

the corresponding subgroup of isometriéan be viewed as a compact group (step 2).
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The compactness & will allow us to construct certain dense semigroup orbits (step 3).
Finally, we will show that these dense semigroup orbits imply the irregularity of the
partition and also that they correspond to codings(®) of orbits visiting the boundaries

of two distinct atoms infinitely often.

3.1. Step 1. First, we show that the graph of a non-periodic irreducible subshift of finite
type contains two different loops based at the same point (Lemma 3.1, diagram (3.1)).

LEmMMA 3.1. Let H C Q, and suppose that an irreducible non-periodic subshift of finite
type is embedded if#. Then there exist two finite sequences = jis1...s,i and

wy = joz1i...z,i Of digits in{1,...,r} beginning with distinct digitsi; # j2 such
that Q, (w1, w2) C H, whereQ2, (w1, wp) denotes the semigroup of all infinite codings
generated byw; andws.

51 v1 J1 vo J2 v2 71
[ ) < [ ) < [ ) — [ ] — [ ]
ti \ ©))

Sy v3 2y
[ ] <~ ° < ...

Proof of Lemma 3.1Let F be a non-periodic irreducible subshift and lgt: F —

H C F be a continuous injective map. Then the &) is conjugate toH. Since
the conjugacy preserves finite type, irreducibility and non-periodi¢ity;) C ¢(X) is
also an irreducible non-periodic subshift. L@tbe an irreducible labeled right-resolving
graph presentation of (F). SinceG is non-periodicG contains a vertexg connected
by an edge with two distinct verticag andvs. SinceG is right-resolving the labels of
the edges connectingy with v; andvy are distinct: j1, j» € {1,...,r}, j1 # j2. Let

i € {1,...,r} be the label of an edge connecting some ventewith vy (there always
exists an edge terminating at any given vertex). Since the ggafshirreducible, there
are allowable finite paths joinings with vs andv, with vz. Letwy = jis1...s;,i and
w2 = joz1...z5,i be the labels of such paths; see diagram (3). Hence, the semigroup
Q (w1, w2) of codings generated by composing andw; are allowed inf(F) c H. O

3.2. Step2. We now show (Lemma 3.2) that a certain restriction of the grdup, 7.,,)

generated by, = I; Ty, ... Ty, Tj, andTy, = T; Tz, ... T:,T), has a compact closure.

LEMMA 3.2. Define T, = TiTy ... TyTj, Tw, = TiTy,...T;,Tj, and letU =
(Tw,, Tw,)TX be the closure of the semigroup orbit & ThenU is compact and
Tw,(U) =U, Ty, (U) = U. Moreover(Ty, v, Tw,|v) is a compact subgroup @fom (U)
(topologized by the€° metric).

Proof. We first use the followinghadowingdea (estimates (4) and (5)) to show that the
semigroup orbit ofX
UJr = (Twly Tw2>+X

is bounded. Fix an arbitrary (finite) word generated by, andw2 and a pointp € X.
Letw = wj,...wj; andT,, = ijk ...ijo, wherej;, € {1,2}. Since by Lemma 3.1,
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Q- (w1, w2) C ¢(X), there exists a point,, € X whose coding begins with the wordl
Therefored, (Tyxy, xy) < diam(X) (diam(X) denotes the diameter af with respect to
the metricdy), and the following key estimate holds for evegye X:

dy (Tyxo, x0) < dy(TwXOv Tyxw) + dy(wawa Xy) + dy(xwa x0)
= dy(XOs Xw) + dy(wawv Xyw) + dy(st x0) < 3diamX). (4)

Then,
dy(P, TwX) = SUpdy(P, Tyxo) < Sup(dy(TwXOv x0) + dy(XOs D))
xpeX xpeX
< sup(3diamX) + diam(X)) = 4 diam(X). (5)
xoeX

Since the wordw was chosen arbitrarily, from (5) it follows th&f™ is bounded in the
metricd, . Hence, by (ii) in Definition 1.2, the sét = U+ is compact.

Next, we show that every element of the grodp, . T.,,) fixesU. Since for every
G € (Ty,, Tu,)t, G(U') C U™ and henceG(U) C U. Moreover, observe that
G~L(U) = U foreveryG e (Tw,, Tw,) ™. Suppose otherwise, ley € U — G(U). Since
U is compactdy (ug, G(U)) = n > 0. For every integem > 0, dis{ug, G™ug) > n.
SinceG is an isometry, for every positivie # m, dy (G*uo, G™ug) > 7, a contradiction
with the compactness @&f. Therefore, every element of the gro(#,,, T.,) fixesU.

Finally, (T, |z, Tw,lu), is & subgroup of the group of isometrigsU) of the compact
spaceU. Since the group of isometries of any compact space is always compact with
respect to th&g topology, it follows tha{ Ty, |, Tw,|v) has a compact closure. O

3.3. Step 3. We now prove a general lemma (Lemma 3.3) stating the existence of certain
orbits of compact groups. We will then apply this lemma to the giowp (T, v, Tw,lv)
and homeomorphisng,, |y and Ty, |v.
Recall that aight invariant metricdr of a topological groug” is a metric generating
the given topology and such thatfor 8l W, Z e I, dr(VZ, WZ) = dr(V, W).

LEMMA 3.3. LetI" be a compact group equipped with a right invariant metficand let
g1, 82 € I'. Foracodec = cocy - - - € Q2 = {1, 2}, we define the following partial orbits
S1(c) and Sa(c) contained in the semigrouggs, go) . LetS1, So : Qo — 2061827 such
that

Si(coc1...) ={8cp -+ - 8co : Cnt1 =1}
and

So(coc1...) ={gc, --- 8co - Cn+l = 2}.

Then there exists an uncountable set of codifigs 22 such that for every € C,

S1(c) = S2(c) = (g1, g2)T = (g1, g2)-

Proof. We first show that there exists at least one codeQ22 such thatSi(c) = S2(c) =
(g1, g2)1t = (g1, g2). The goal of the proof is to construct a certain sequence of increasing
wordsg, € (g1, g2)" (g is a right subword ofy,,1) meeting all neighborhoods of all
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elements of(g1, g2)*. (The sequencgy,} will then define a code e Qo satisfying the
conclusion of the lemma.)

The idea of the construction is to approximate wordé&in g») by words in{g1, g2) ™,
thus we need to observe thigh, go) " is dense in(g1, go). Fori = 1, 2, the semigroup
(gi)T has an accumulation point in (here we use the compactnesd9f Thus for every
e > 0, there are some, m, n > m > 0 such thatdr(g", g') < €, and by the right
invariance of the metriar., dr(gi_l, g{’/) <eforn =n—m—1> 0. In other words,
every negative power ¢f; can be approximated by positive powergof Since the group
operation inI" is continuous, for everg € (g1, g2)* and everye > 0, there is some
g’ € (g1, 82)" suchthatir(g, g') < e.

Let {p,} be the list of all elements iKg1, g2)™ such that for an arbitrarily larg&,
(g1, 82)" = {px : k > K} = {px+1 : k > K}. Using induction, we now construct
two sequence$y,} and {w,} of words in (g1, g2)*. Letgqs = pi1. By the density of
(g1, g2)" in (g1, g2), and the right invariance of the metrfy, choosew; € (g1, g2)*"
so thatdr(pz, wigig1)) < 1. Letgs = wigiqi. Choosews € (g1, g2)" so that
dr(p3, w2g2q3) < %

p2 p3

L] L]
P1=q 8 w 8 w: 8
1. 1 1 . 1 11.2 2 . 2 (1.3 1
P2k P2k+1 P2%k+2 P2k+3
L] [ ] L] L]

. 82 . V2 9241 81 o AL 92k+2 82 o E2 42k+3 81 o
Suppose that we have defined the wayds . ., gok—1, g2r andwa, . .., wak—1, wk. Then
let

G2k+1 = W2k g2q2%- (6)

We chooseuvyi1 € (g1, g2)T so that

()

dr (p2k+2, W2k+18192k+1) <

2k +1°
Define
G2k+2 = W2k+18192k+1 8)
and choosevy .2 € (g1, g2)™ so that
1
d , _— 9
I (P2k+3, W2k1282G2%+2) < T 9

From (6) and (8), it follows that for every > 0, g, € (g1, g2)*, andg, is a right subword
of g,+1. Also, it follows that there is a code = ¢p...c;... € Q2 such that for every
k > 0,g2 = g¢ -8, for somel > 0 andgz+1 = gc, - - - &c, fOr somel’ > [, and
{gor} C S1(c). Also, it follows that{go;r+1} C S2(c) for everyk > 0.

Finally, observe thafg,} and{goc.1) are both dense itg1, g2)*. Indeed, by (6)—(9),
we obtain

1
dr (p2i+1, q2k+1) = dr (Par+1, W2k g2q2k) < %
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and

dr(p2k+2, q2k+2) = dr (P2k+2, W2k+18192%k+1) < T
Since for an arbitrarily larg&, {pox : k > K} = {pxs1: k > K} = (g1, g2)™, from
the above inequalities, it follows that for an arbitrary> 0, {g2«} and{g2+1} are both
e-dense in(g1, g2)". This means thaflg;} and{gx11} are dense ifg1, g2)*. Hence,
since{gx} C S1(c) C (g1.g2)" and{gar+1}) C S2(c) C (g1. g2)", we finally conclude
thatSi(c) = S2(c) = (g1, g2)" = (g1, &2).

We have shown the existence of at least one code&2; satisfying the lemma. In order
to conclude the lemma, we will construct an injective functign: Q> — Q2 such that
for everyw € Q2, the codef (w) will satisfy the conclusion of Lemma 3.3. First, extend
the definition ofSy, S> : By — 2(¢1.82)" on the set of finite sequences of finite wolsis
of digitsin{1, 2}. Let

Si(coct...cm) =1{8cp - 8co : Cny1=1,n < m}

and
Sa(coc1...cm) =1{8cp -+ - 8co : Cnyl = 2,n < m}.

Let{c"} be the sequence of left subwords of the codélength increasing to infinity such
that the set$1(c") andS2(c") are both(1/n)-dense in(g1, g2). Observe that by the right
metric invariance, given a set € (g1, g2), if A is e-dense in(g1, g2) SO must its right
translationdg for everyg € (g1, g2). HenceS1(wc") andSa2(wc™) aree-dense in(gs, g2)
for every finite wordw. In particular, for allw; € {1, 2}, the setsS1(woclwictws . .. ")

and Sz (woclwiclw, . . . ") are also bothil/n)-dense ing1, go). We can thus define

f:Q2— Q2, flwowr...) = wocwiclwy . .. wpc" . . ..

Hence, f (w) satisfiesS1(f(w)) = S2(f(w)) = (g1, g2). The setf(22) is uncountable
for f is injective andf2; is uncountable. Consequently, the uncountable set of codings
C = f(2) satisfies the lemma. O

3.4. Step 4. We are ready to undertake the last step in proving the Key Lemma. Apply
Lemma 3.3 to the group = (Ty, |v, Tu,lv) (defined in Lemma 3.2), homeomorphisms
Ty, lv andT,, |y (Lemma 3.2), and the metrik = dc,|rxr. (TheCo metric onHom (U)

is easily checked to be a right-invariant metriclof There are uncountably many codings

c =cocy ... € Q2 such that both sets

A= {Twﬂ,, e Twﬂo|U Dent1 = 1}

and
Ax = {Twﬂ,, e Twﬂo|U Deny1 =2}

are dense in the semigro{B,,; |v, Tw,|v)™.
In particular, for every € X C U whereU is compact,

Arx = Apx. (10)
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Given a codec € C, choosex = x. such thatp(x;) = wey...we,.... Since
Q- (w1, w2) C ¢(X) (Lemma 3.1), for every € C, such a choice is possible. Since the
wordsw1 = j1...i andwz = j2...i begin with the distinct digitg1 and j2 respectively,
by the definition ofA1, A2 and by the definition of the coding, we obtain

Aix. C P, and Azx. C Pj,. (11

The statements (10) and (11) imply that the atafsand P;, are the elements of an
irregular partition. AlsoAix. C dP;, andAzx. C dPj,. Moreover, by the definition of
A1 andAp, fori =1, 2,

T"x. € A;x. for infinitely manyn. (12)

Finally, the functionC — €,(w1, w2), coc1... = weWe - .. IS iNjective, sincewg and
w1 begin with distinct digits, therefore, the set of pointse X satisfying (12) has an
uncountable number of codings. This concludes the proof of the Key Lemma. O

Theorem 2.1 immediately follows from the Key Lemma. If the partitfors regular or
the coding of the exceptional st is countable, then an irreducible non-periodic subshift
of finite type cannot be embeddedd@iX). Since the entropy of a subshift of finite type is
realized by the entropy of one of its irreducible embeddings, and the entropy of a periodic
subshiftis zero, it follows that only subshifts of finite type of zero entropy can be embedded

in¢(X).
The proof of the last part of Theorem 2.1 related to generalized orbits is identical to the
previous part. ]

4. Examples with irregular partition inducing full shift

In this section, we show that without the hypothesis (i) or (ii), Theorem 2.1 does not hold.
We construct a piecewise isometry in the Euclidean space whose coding map is surjective,
in particular the coding image is a full shift arsymbols (hence embeds all subshifts).

In Euclidean spaces there are no examples of piecewise isometries on the interval with
surjective coding map. (An iteration of a non-trivial translation eventually takes a point
out of an interval.) The ‘smallest’ compact space on which piecewise isometries inducing
surjective codings may exist is a circted.

THEOREM4.1. Let X = {eZ"* : x € [0, 1)} be the unit circle. There exists a piecewise
isometryT : X — X with partitionP such that the associated coding map X — Qs
surjective.

If X isthe unitdisk, then there exists a piecewise isomEtryX — X with a Lebesgue
measurable partitio® such that the associated coding ngap X +— Q is surjective; see
Remark 4.3.

Proof of Theorem 4.1let T;, fori = 1,...,r, be the rotation ofX by the angle
26;, whereo; € [0, 1) and the number§l, 61, ..., 6,} are rationally independent. Let
V(,80,,...,06,) denote the integer lattice spanned by vecttrgs, ..., 6,}. We partition

[0, 1) into disjoint classes by the following equivalence relation:x ~ y if and only

if x —y € V(1,61,...,6,). Since the number of different classes is countable, a set
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A consisting of exactly one element from each class (here we use the axiom of choice)
has cardinalityxg. Since€, also has cardinalityg, it follows that there is a bijection
b : Q- — A. The goal is to construct a partitiofP, ..., P} of X such that given
w € Q, the pointe?”i*®™) ¢ X has precisely the code under the piecewise rotation
T : X — X generated by rotatiori§ and the partitioq Py, ..., P, }.
First, fork = {1, ..., r}, define the following set®; (we will later putP, = Qy for
k=2, ...,randP1 =X — Us.; -, Pr):

n—1
Or = {eZHix T X :Zecj +b(co...cp—1k...) for somen > O andc; € {1,...,r}}.

j=0
(13)
We show that the setg1, ..., Q,} are pairwise disjoint. Suppose that for soké’ <
{1,....r},k #k',andQx N Qp # @. Then, forsome,,n’ e N,n <n’,cj € {1,...,r}
andc;. ce{l, ..., r},
n—1 n'—1
O, +b(co...cn-1k...) =D 6 +b(ch...cp_sk'...) (mod 1)
j=0 j=0
or,
n—1 n'—1

> 0, = 0 =blco...co1k...) =b(cy...cpy_gk'...) (mod1) (14)
j=0 j=0

The right-hand-side of equation (14) is the difference of two numbesslielonging to
the same equivalence classHencep(co...c,—1k...) = b(cy...c),_,k"...) and since
b is a bijection,

co...cn—1k...=cq...chy k... . (15)

From (14), it also follows that

n'—1
> 6., =0 (mod1) (16)
j=n
From (16) and the rational independence{dfd, ..., 6.}, we conclude that = n’.
From (15), it follows thatt = &/, a contradiction. Hence, the sdt§91, ..., O,} are
pairwise disjoint.
Define the partition{Py,..., P,} of X. Let P, = Qj for k = 2,...r and

PrL = X — Upp<, Px. LetT : X — X be the piecewise rotation generated by
the rotations{Tx, ..., T} and the partition{P1, ..., P.}. Finally, we show that given
W= co...cp... €y, the pointx,, = ¢#*™) ¢ X has codew. We use induction
onn. If n = 0, then by (13)¢?**™) ¢ Q. C P.,. Suppose now that the coding f
begins with the wordu, . .. wc, ;. Then

. L yn—1 .
Ty = Ty - Teg (€21P00) = (27 202007 ) (o270

27l 00 +b(weg . wey ..
—e 1[2]:0 c/ (U)(,O Wey, )] c chn C chn.
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Since thenth iterate ofx,, lies in P, , w,, is thenth digit in the coding ofx,,. We have
shown that given a code, there exits a point,, € X realizingw, and hence that the
coding map of the piecewise rotati@his surjective. |

Remark 4.2.The induced isometries in the example above have a common fixed point.
Using the shadowing idea from Lemma 3.2, it is not difficult to show that the induced
isometriedly, . .., T, of all Euclidean piecewise isometries acting on spaces with compact
closures and whose codings are surjective must have a common fixed point—they are
elements ofO(R,n). The shadowing idea implies that the action of the isometries
T1, ..., T, can be reduced to a compact space and in Euclidean spaces this implies the
existence of a fixed point. Hencg,, ..., T, € O(R, n).

Remark 4.3Let X be the unit disk. One can simplify the proof above, not use the axiom
of choice, and construct a measurable partifionf X for which there exists a piecewise
isometry with surjective coding map. Lét be a bijection2, — (0, 1]. Given a code

w € 2, we partition the concentric circlé,, of radiusf (w) so that it contains an orbit of

a point realizing the code. Fork = {1, ..., r}, define the following set®;:

n—1

Ok = {tez’”" Tx = Z@c/.,,t = f(co...ck...)forsomen > 0 andc; € {l,...,r}}.
j=0

(17)

Let P, = Qxfork =2,...,randPL = X — J,.,; ., Px. The rational independence
of 1,61, ..., 6, guarantees that the sefs,, ..., O, (and hence the set®,, ..., P,) are
pairwise disjoint. As in the proof above, one checks that given a cadiag,, the point
f(w) € X has the codev. The constructed partition is Lebesgue measurable, because
eachQy C (T1,...,T,)T(0,1] and(Tx, ..., T,)*(0, 1] is a countable union of segments
of zero (two-dimensional Lebesgue) measure, hence @adtas Lebesgue measure zero.

Remark 4.4Let M = (),.o,7"X. Observe that, by the definition @i, Qx " M = @.
Hence,M C P;. Since an_yT-invariant Borel measure ok must be concentrated o,
and sinceT |y = Ti|um is a rotation, it follows that the measure-theoretic entropy (with
respect to any Boref'-invariant measure) df is zero.

We do not know if there exists a piecewise isomefry X +— X with a T-invariant
Borel measure o of positive entropy. (A lift of a Bernoulli measure from the shift space
does not result in a Borel measure.)

Remark 4.5.The existence of a piecewise isometry on the unit circle with surjective coding
map was suggested to the author by Michael Boshernitzan.

5. Concluding remarks
5.1. Sufficient conditions implying regularity.ln this section, we make a few
topological remarks about the regularity hypothesis on the atoms.

PrROPOSITIONS.1. In R", a partition P consisting of convex sets and any partition
homeomorphic t@® is regular.
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Proof. Since regularity is a topological invariance in the space of all partitions, it is enough
to prove Lemma 5.1 for partitions consisting of convex sets. et {Py1,..., P} be a
partition consisting of convex sets. Ld; € P, A; € P;. We show thatd; # A_]

by induction ond = maxdim P;, dim P;). If d = 0 thenP; and P; are points and the
conclusion s clear. Suppose thiat- 0. There exists a hyperpla#e (of dimensiornd — 1)
separating the convex ses and P; (P; and P; are contained in the opposite sides of the
closed half-spaces determined Y. Suppose that for som& C P;, A; C P, A; = A_j
ThenA; C P, N H andA; C P; N H. By the inductive hypothesis applied to the convex
setsP; N H and P; N H whose dimensions do not excegd- 1, we concludet; # A_j a
contradiction. m]

More generally, we note that in some cases regularity can be checked effectively with
the aid of the following proposition.

PROPOSITIONS.2. Define the boundary operat@(U) = U N aU N U¢. Suppose that
for every atomP; of the partition? = { Py, ..., P.} there is some positive integkrsuch
that 8%(P;) = ¢; thenP is regular.

In Euclidean spaces, the boundary opergtaran reduce the dimension of sets. In
particular, Proposition 5.2 can be used to show that generalized polytopes are regular. (A
generalized polytopis a subset oR” consisting of a finite number of disjoint simplexes:
{oqvr + -+ o, 0 < @y < 1,1 < k < n}. It can be shown that for a generalized
polytopeU c R”, dim(8(U)) < dim(U) — 2, where dinid) = —1 and the dimension of
a polytope is defined to be the maximum dimension of its simplexes.)

Proof of Proposition 5.2L et a set/ be calledregularif for all non-empty subsetd c U
andB c U¢, A # B. We first show that a sd¥ is regular if8(U) is regular. Suppose
otherwise, letdA ¢ U, B c U¢ andA = B. ThenB c 8U N U andA c B C U N U°.
ThusA cUNaUNUc=BWU)andB Cc U° C B(U)°. However, the regularity g8 (U)
implies thatA # B, a contradiction. Since the empty set is regular, thgg$ep;) = ¢ for
somek is regular, and thu®; is regular. In particular, the partitioR is also regular. O

5.2. Questions. (1) Keith Burns asked whether and how far the assumption of the
existence of an invariant metric preserved by induced homeomorphisms can be weakened
or changed and still restrict possible subshifts of finite type to reducible or periodic
only. For instance, the hypothesis that there exists a measune Y invariant under

the action of(T1, ..., T,) is too weak. (In the Baker map illustrated in §1, both induced
homeomorphismg; and 7> preserve Lebesgue measure bK) = ¢*(X) = {1, 2}N
embeds all sofic subshifts.)

(2) In this article, we showed that sofic systems embedded in the symbolic dynamics
of a generalized piecewise isometry with a regular partition have zero entropy. In general
metric spaces, if the partition is regular, the question whether the restriction of the shift
map tog (X) has zero entropy remains open. Corollary 2.1 suggests that constructions of
systems with positive entropy on the symbolic space, if at all exist, should not be based on
sofic subshifts.
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In the very particular case of two-dimensional invertible piecewise isometries, Gutkin
and Haydn showed that this entropy isi®]. In the Euclidean higher-dimensional cases,
the group of isometries contains free subgroups, and this contributes to the complexity of
the dynamics and might distinguish higher-dimensional casesam
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