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GMM ESTIMATION AND INFERENCE
IN DYNAMIC PANEL DATA MODELS
WITH PERSISTENT DATA

HuGo KRUINIGER
Queen Mary, University of London

In this paper we consider generalized method of moments—based (GMM-based)
estimation and inference for the panel AR(1) model when the data are persistent
and the time dimension of the panel is fixed. We find that the nature of the weak
instruments problem of the Arellano—Bond (Arellano and Bond, 1991, Review of
Economic Studies 58, 277-297) estimator depends on the distributional properties
of the initial observations. Subsequently, we derive local asymptotic approximations
to the finite-sample distributions of the Arellano—Bond estimator and the System
estimator, respectively, under a variety of distributional assumptions about the initial
observations and discuss the implications of the results we obtain for doing infer-
ence. We also propose two Lagrange multiplier—type (LM-type) panel unit root tests.

1. INTRODUCTION

In this paper we consider generalized method of moments—based (GMM-based)
estimation and inference for the panel AR(1) model y; ; = pyi—1 + (1 —p)u; +
gir,i=1,...,Nandt =—S+1,..., T, when the autoregression (AR) parameter
p is close to or equal to one. Throughout the paper we assume that § > —1, the
first observations occur at t = 1, the time dimension of the panel, 7, is fixed,
and the cross-section dimension of the panel, N, is large. Among other things we
derive local asymptotic approximations to the finite-sample distributions of some
well-known linear GMM estimators for this model under a variety of assumptions
about the initial observations and discuss the implications of the results we obtain
for doing inference. We also propose two Lagrange multiplier-type (LM-type)
panel unit root tests.

Persistent data raise at least three issues in connection with GMM estimation
of the panel AR(1) model. First, some of the available moment conditions do
not identify the unit root. For instance, it is well known that the GMM estimator
of Arellano and Bond (1991) (the estimator is henceforth referred to as the AB
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estimator) breaks down when p = 1, because the instruments,which are lagged
levels of the data (y;s, s <t — 2), are no longer correlated with the first-
differences of the regressors (Ay; ,—1): when p =1, E(y; sAy;;—1) = 0. How-
ever, moment conditions such as E[Ay; s(yi, — pyii—1)] =0 with s <t —1
still identify the unit root; see Arellano and Bover (1995) (henceforth Arbov).
In what follows we will refer to an estimator that only exploits such moment
conditions as an Arbov estimator. Second, most moment conditions are weak
in some sense when p is close to unity. The finite-sample distributions of the
corresponding estimators may therefore differ substantially from the first-order
fixed-parameter asymptotic distributions. The second-order bias approximation
for the AB estimator derived by Hahn, Hausman, and Kuersteiner (2001) also
becomes inaccurate when p is close to unity. Third, the first-order derivatives
with respect to p of some of the moment conditions are discontinuous at p = 1: it
is easily verified for ¢ > 2 that lim,1 E(y; 1 Ayi/) = —%Var(ei,t) = —%02 when
the data are covariance stationary, whereas E(y; 1Ay; ;) =0 when p = 1.

Recently, Han and Phillips (2007) proposed estimators for the panel AR(1)
model that avoid the weak moment conditions problem when p is near unity.
However the validity of their strong moment conditions relies on covariance sta-
tionarity of the initial conditions. Phillips and Han (2008) discuss a related least
squares estimator for the time series AR(1) model.

In the paper it is shown that the weakness of the moment conditions implied
by the panel AR(1) model can manifest itself in different ways depending on the
distributional properties of the initial observations. In some cases the first-order
derivatives of the moment conditions with respect to p, i.e., the Jacobians, tend
to zero when p approaches one. In other cases the moment conditions are weak
because the standard deviations of the first-order derivatives of the underlying
moment functions with respect to p explode when p approaches one. In the first
type of situation the “signal” of the moment functions becomes weak, whereas in
the second type of situation the overwhelming “noise” of the moment functions
drowns their signal when p approaches one (cf. Han and Phillips, 2006). In both
situations doing a form of local asymptotics affords a better approximation to
the finite-sample distribution of the corresponding GMM estimator than doing
conventional first-order fixed-parameter asymptotics.

When § is fixed and p approaches one according to p =1—AN"1/2 as N
grows large, where A > 0, both the means and the standard deviations of the
cross-sectional averages of the first-order derivatives of the AB moment func-
tions with respect to p vanish at a /N rate. Thus when S is small one can
obtain local-to-nonidentification approximations to the finite-sample distribu-
tions of AB estimators by applying the local-to-zero asymptotics of Staiger
and Stock (1997). On the other hand, when the data are covariance stationary,
the standard deviations of the first-order derivatives of the AB moment functions
with respect to p explode when p approaches one, whereas their means tend
to a nonzero constant because of the fact that Var(y; , — u;) = 6%/(1=p?). In
this case one can obtain local-to-nonidentification asymptotic approximations
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to the finite-sample distributions of AB estimators by assuming that p ap-
proaches one according to p = 1 — AN~! as N grows large, where again A > 0.
Furthermore, we show that in this case the Arbov estimators and the two-step
“optimal” System estimator (cf. the paper by Arellano and Bover, 1995) have
nonnormal distributions also under such local asymptotics although they are still
consistent.

The cases of fixed S and covariance stationarity, which corresponds to S = oo,
represent two extreme cases for the local-to-nonidentification asymptotic approx-
imation to the finite-sample distributions of the AB estimator. Furthermore, under
covariance stationarity and p = 1 — AN !, we have Var( vi.r) = O(N), which im-
plies that the variance of the data is large when N is large. This implication may
not be compatible with the data in hand. Therefore we also derive in this paper for
all d > 0 the local-to-nonidentification asymptotic distributions of the AB estima-
tor under the assumption that both S and N grow large with S/N¢ — ¢* > 0. We
show that if p approaches one according to p =1—AN "8 as N grows large, where
A>0and0<g<1,andif 0 <d < g, then Var(y; ;) = O(N?). Note that the vari-
ance of the data in hand can be used to choose a suitable value for d. Moreover, in
this setup E(yiAyi,—1) = O(N78) and [Var(yisAy;,—1)]"/* = O(N1/29),
where s < t — 2. This means that both the strength of the signal and the noise
of the AB moment functions increase with d, i.e., with S. The value of g for
which the local-to-nonidentification asymptotic distributions of AB estimators
are obtained also increases with d from a value of 1/2 for d = 0 to a maxi-
mum value of 1 for d > 1. Thus a larger value of S strengthens the identifi-
cation of p by the AB moment conditions. The value of g is chosen in such
a way that the means and the standard deviations of the cross-sectional aver-
ages of the first-order derivatives of the AB moment functions with respect to
p either do not vanish or vanish at the same rate when p approaches one ac-
cording to p =1 —AN"¢ as N grows large, where 4 > 0. When d > 1 and
g = 1, both the Arbov and the two-step “optimal” System estimator have the
same nonnormal local asymptotic distributions as under covariance stationarity
when g = 1.

In the paper we also show that under local (-to-nonidentification) asymptotics
(1) the “optimal” AB estimators are biased downward, (2) the estimators of the
optimal weight matrices for the Arbov estimator and the System estimator and
their asymptotic standard errors are no longer consistent when g = 1 and the
data are covariance stationary or d > 1, (3) the vector of cross-sectional aver-
ages of the Arbov moment functions and the vector of their first-order derivatives
with respect to p are uncorrelated, (4) the two-step “optimal” System estimator
can have a skewed distribution, and (5) the truly optimal Arbov and System es-
timators have the same distribution, which is symmetric. The first result explains
the downward biases of the AB estimator reported in a Monte Carlo study con-
tained in Blundell and Bond (1998). The other results help to explain the fact that
when the data are covariance stationary and persistent, Wald tests based on the
two-step “optimal” System estimator have incorrect size, whereas LM tests that
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are based on System estimators that use a restricted estimator of the weight ma-
trix that is optimal under the null have correct size. This paper therefore offers
a theoretical justification for using LM tests in the context of panel AR models.
Finally the paper proposes two LM-type panel unit root tests and studies their
properties.

The paper is organized as follows. In Section 2 we review GMM estimation of
the panel AR(1) model. In Section 3 we derive local asymptotic approximations to
the finite-sample distributions of the AB, Arbov, and System estimators under var-
ious assumptions about the initial conditions, i.e., under various asymptotic plans
for § and N. Section 4 proposes two LM-type panel unit root tests and inves-
tigates their properties both analytically and through Monte Carlo experiments.
Section 5 concludes. Proofs are given in the Appendix.

A few words on notation. We use the symbol —d> to signify convergence in dis-
tribution, the symbol plim to signify convergence in probability, and the symbol
5 o signify convergence in quadratic mean. To state multi-index asymptotic
results we make use of the following notation (for definitions of the underlying
concepts, see also Phillips and Moon, 1999): limg, y— o, seq N1 ZINZI X=X 1s
equivalent to limy_; o0 lims— o N1 21N=1 Xi: = X, whereas N~1/2 Zf\’:] X i)
X; as (S, N — 00)y.4 signifies that N -2 Zf\’: 1 Xi,r converges in distribution to
X, sequentially by letting S pass to infinity first and letting N pass to infinity
subsequently. Sometimes we only write limy_, oo N -1 le: 1 Xi,s = X; instead of
lims, ¥ 00,seg NV 2N Xis = X, when it is clear that S passes to infinity first,
e.g., when we have assumed covariance stationarity. Finally, plimy oo, s/N—s¢
N1 ZlN: 1 Xir = X, is an example of a so-called diagonal path probability limit.
In this example both S and N pass to infinity with S/N converging to some con-
stant ¢. We also make use of indicator functions. For instance, 1{d =0} = 1 if
d =0 and 1{d =0} =0 if d # 0. Finally, the abbreviation PD denotes positive
definite.

2. GMM ESTIMATION OF THE PANEL AR(1) MODEL

2.1. The Panel AR(1) Model

Consider the panel AR(1) model with random effects:

Vit = PYii—1+0is, @
vi; =N +¢&i, wheren =(1—p)u;, 2

fori=1,...,Nandt =—S+1,...,T. The starting date of the {y;;}, t = =S5,
need not coincide with the date of the initial observationson y, r =1,i.e.,—S < 1;
the number of “individuals,” N, is large whereas the number of observations on y
per individual, 7', is fixed. Moreover —1 < p < 1.
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We assume random sampling in the cross section.! The composite error

terms, the v; ;, satisfy the following standard assumptions (cf. Ahn and Schmidt,

1995):2
E(u)=0 and E(u})=02 < oo, 3)
E(ei) =0, E(ei ) =0, and ()
E(ei yi_s) =0, fort=—S+1,...,T, (5)
and
E(eisei;) =0, fors#t, s,t=—=8S+1,...,T. 6)

For convenience we also assume that the idiosyncratic errors, the ¢; ;, are ho-
moskedastic over time:

E(f)=0>>0, fort=-S+1,...,T. )

However, in the paper we do not consider any moment conditions based on this
assumption. The initial conditions are given by y; —s = pt; + (1 — p)&; —s, fori =
1,..., N. Note that when p = 1, the initial conditions are equal to the individual
effects, the u;. Finally, we assume thatE(ff_S) < 00, E(,uj‘) < 00, E(eit) =xo?,
and E(sig’t) <oo, fort =—=S+1,...,T, where « is the kurtosis parameter. We
also define O'ES = E(yiz’_s).

Note that the model can be rewritten as y; ; — #; = p(¥i,;—1 — pti) +€;,r and that
the #; disappear (the w; drop out) when p = 1. The parametrization 7; = (1 —p) ;
prevents the individual effects from turning into individual trends at p = 1 and
thereby avoids a discontinuity in the data generating process at p = 1 (cf. Han
and Phillips, 2007). Furthermore, when combined with the assumption 05 < 00,
these restrictions on the #; ensure that under covariance stationarity the means
of the data, i.e., #; /(1 —p), i =1,..., N, are drawn from a distribution with a
finite variance rather than a variance that tends to infinity when p approaches
one. Without these restrictions, some of our asymptotic results would be different
and/or become discontinuous at p = 1.

In the paper we consider various versions of the panel AR(1) model that differ
with respect to the assumptions made about the initial observations. Among them
are the following two versions:

(CS) The {y; } have reached covariance stationarity at t = 1 when [p| < 1.

(FS) Fixed S: thus the {y; ;} have not reached stationarity at = 1 when |p| < 1.
Ahn and Schmidt (1997) have shown that given assumptions (3)—(7), the {y;}
have reached covariance stationarity at r = 1 if and only if the initial observations
satisfy the following assumptions:

E(yi,1 —ui) =0, E[(yi,1 —pi)uil=0, and 6]

Var(yi,1 — i) = 5, when |p| < 1. )
I=p
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Note that the FS model does not rule out that mean-stationarity, i.e., assumption
(8), holds.

2.2. GMM Estimators for the Panel AR(1) Model

Arellano and Bond (1991) proposed a GMM estimator that exploits the following
m = (T —1)(T —2)/2 linear moment conditions:

E[maB,s,:(p)] = Elyis(Ayi, — pAyi—1)] =0,
fors=1,...,t—2 and =3,...,T, 10)

where map 5. (p) = Yis(Ayir — pAyir—1) and Ay;; = yi; — yi+—1. These mo-
ment conditions are implied by assumptions (4)—(6). Note that they do not identify
the unit root because E(y; s Ayi;—1) = E(yi s€i,1—1) =0 when p = 1.

Arellano and Bover (1995) noted that if mean-stationarity, i.e., assumption (8),
holds also, one can add T — 2 linear moment conditions to those in (10):

E[(yl,t_pyl,l—l)Ayl,[—l]:Oa fort:3’aT' (11)

The latter moment conditions do identify the unit root because E(y; ;—1 Ay; ;—1)
=E(yi,i-1€i1-1) = a2 when p=1

A GMM estimator that exploits the moment conditions in both (10) and (11) is
known as a System (SYS) estimator.

The set of moment conditions in (10) and (11) is equivalent to a set that contains
T —2 AB-type and m Arbov-type moment conditions:

E[)’i,l(AJ’i,t_pAYi,t—l)]=O, fOrtZS,...,T, (12)
and

Elm arpov,s,: (P)] = E[(Yi,r — pyi,i—1)Ayis] =0,
fors=2,...,t—1 and =3,...,T, 13)

where m Arpov .5, (p) = (Vir — pYii—1) Ayi,s. A GMM estimator that only exploits
the latter m moment conditions will be referred to as an Arbov estimator.

Let y! =[yi1 ... yi. ] and let Z; = diag(y}, ..., y] ~%) be a (T —2) x m block-
diagonal matrix. Then we can write the set of AB moment conditions in (10)
as E(Z;Avi) = 0 where Av; =v; —v; -1 = [Av;3 ... Av;r]’. Under our as-
sumptions, E(Av,-Az)lf)/a2 = H, where H = Hr_» is a (T —2) band-diagonal
matrix with 2’s on the main diagonal, —1’s on the first sub- and superdiagonal,
and zeros elsewhere. It follows that the AB GMM estimator that uses Wy ap1 =
(N~! Z,N: 1 Z;HZZ-)_1 as weight matrix is an optimal one-step GMM estimator.
This estimator is denoted as pap;. In this paper {Wy} denotes an arbitrary se-
quence of PD weight matrices with plimy_co Wy = W, where W is PD. An AB
estimator based on Wy is simply denoted as pap.
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There exist no feasible optimal one-step weight matrices for the Arbov

and System estimators, except when 03 = 0. Let Ayf =[Ayi2 ... Ayi,l, let

Z! = yi 1Ir—», where I7_5 is an (T —2) identity matrix, let Z!/ = diag(Ay?,...,
Ay =" be a (T —2) x m block-diagonal matrix, and let Z5 = diag(Z/, Z!') be
a2(T —2) x (T —2+m) block-diagonal matrix. When 03 =0, optimal one-step
weight matrices for the Arbov and System estimators are given by Wy, arpov1 =
(N7USN ZITZIT)=Y and Wy sys1 = (NTIEY, ZFAZP)™!, respectively,
where A is given by

H C
C' Ir_, ’
where C = Cr_p is a (T —2) x (T —2) matrix with ones on the main diagonal,
—1’s on the first subdiagonal, and zeros elsewhere. Note that C = E(v; Av})’/ o2
The one-step GMM estimators based on Wy Arpop1 and Wy sysi will be re-
ferred to as the Arbovl estimator and the SYS1 estimator, respectively. Finally,
let Wy sysip = (N"IIN, Z5 2571

The “optimal” two-step System (SYS2) estimator is based on the weight matrix

Wy sys2(p1) = (NTVEN Z5'TA] 5/1TAv] 5/1Z5)7", with Av; = Avi () =
Ayi — p1Ayi —1, 0i = yi — p1yi—1, and, unless stated otherwise, p; = p1, where
1 is an initial ~/N-consistent estimator for p, i.e., v N(pi — p) 4K #0. We
define the “optimal” two-step AB (AB2) and Arbov (Arbov2) estimators and
their weight matrices analogously. The Wy sy sk matrices (k = 1,2) can be parti-

tioned as

A=

Wn syse,i1 - W, sysk, 12
Wi sysk = ,
W, sysk21 W, sysk,22

where the Wy sy sk, 11 block corresponds to E(ZI-I/AD,') =0.

Let the (T —2) x (T —t —2) matrix d; be given by d; = [0 IT—;—3]". In ad-
dition, let Z;-“B =[yiilr— ZiD] = [ZiI ZZ-D], where ZiD =[diAyip dayAyi3 ...
dr—3Ayit—2]isa (T —2) x (m — (T —2)) matrix. Then we can rewrite the set of
m AB moment conditions in E(Z] Av;) =0 as E(Z;.“B/Aui) = 0. Thus there exists
a nonsingular constant matrix K4? such that Z/ = KABZA8",

An alternative transformation that can be used for removing individual effects
is the Helmert transformation, which amounts to taking forward orthogonal de-
viations. The Helmert transformation of (v; 2 v})" is v; = (0;,2...0;,7—1)’, where
Vip = (T =/T —t+ )Y i, = 1/(T—0)X, jvis], t =2,..,T — L
Note that v; ; —1/(T —1t) ZST:t 41Vi,s is equal to a linear combination of first dif-
ferences of the errors. An advantage of using the Helmert transformation rather
than taking first differences is that it preserves the orthogonality among the errors;
ie.,if E(e;e)) = 02Ir—o, then E(5;8)) = 02 I7_3.
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Applying the Helmert transformation to y;; = pyi;—1 + (1 — p)u; + €is,
t=2,...,T, yields yi; = pyi—1,1—1+Eis, t = 2 ,T —1, where y; _1 ;-1 =
(T =) /(T =1+ 1))172 [yii—1 = 1L/(T =35y, s] Note that all lagged val-
ues of y;, t are Vahd instruments for the ¢th equation of the transformed system.
If we let Zis yl s ! then the set of AB moment conditions in (10) is equivalent to
the followmg set of moment conditions: E(z; ;0;,) =0, r=2,...,T — 1. That is,
there is a nonsingular matrix K H guch that Zlf Av; = KH Z; "Di: see Arellano and
Bover (1995). An optimal weight matrix for E(Z/0;) = 01is [N ZN l(Z’Z N,
which is a block-diagonal matrix with typical diagonal block equal to [N~ Zl:
(ziszi )17 Note that Z/HZ; = KHZ]Z; K™ 1t follows that the one-step
AB GMM estimator can be rewritten as a weighted average of 7 —2 two-
stage least squares estimators: pap; = {Zt - [y e lz,(z;zt)—lz;y_l,,_l]}—l

Z [y 11— 1Zt(Z/Zt _lzﬁt] where ¥, Yt = [)’I,t yN,t]/, y—l,t—l = [il,—l,t—l
yN —ty—1lsand Z, =[z1; ... zn ]

3. ASYMPTOTIC PROPERTIES OF THE ESTIMATORS WHEN THE
DATA ARE PERSISTENT

Here we investigate the asymptotic properties of various AB, Arbov, and System
estimators when p is close to unity under two different asymptotic schemes:
S, N — oo sequentially with § — oo first (the CS model) and S, N — o0
simultaneously with §/N¢ — ¢* > 0, where d > 0. The latter scheme includes
N — oo, and S is fixed (the FS model) as special case for d = 0. Note that the
model assumes that 7" is fixed.

We will see that the estimators suffer from some kind of weak instruments
problem when p is close to unity, with the exact nature of the problem depend-
ing on the distributional properties of the initial conditions. Thus p is not only
the parameter of interest but also determines the “strength” of the instruments.
Conventional fixed parameter asymptotics yields a poor approximation to the
finite-sample distribution of the estimators when p is close to unity because of
the fact that the weak instruments problem vanishes when N increases. To ensure
that the weak instruments problem is captured by the asymptotics, we let p tend
to unity as a function of N when N — oo in such a way that asymptotically p
is local-to-nonidentified. That is, our asymptotics will make use of parameter se-
quences such as p =1 — AN 8 where 4 > 0 and % < g < 1. Therate N§ at which
p tends to unity depends on the distributional properties of the initial conditions.

Note that the parameter sequences p = 1 — AN ~¢ are introduced to obtain better
asymptotic approximations to the finite-sample distribution of the estimators for
p when the instruments are weak and not because of interest in local-to-unit-
root models. Thus the motivation for considering these parameter sequences is
different from that in the time series literature. Moon and Phillips (2000) have
considered consistent panel data estimators for the localizing parameter y < 0 in
p =exp(y/T) assuming that 7 grows large.
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In the analysis the ratios Var(y; ; — u;)/ 0% play an important role. The panel
AR(1) model implies the following expression for Var(y; 1 — x;) when |p| < 1:

Var(yi1 — i) = p>HVar(yi _s — pi) + (1= p> 1+ )62 /(1= p?). (14)

It is easily verified for any S and p > O that d[Var(y;, 1 — u;)l/dp > 0
and lim,q1 Var(y; 1 — u;) = Var(y;,—s — ;) + (1 + S)a 2. Moreover, limg_, oo
Var(y; 1 — i) = 02 /(1= p?). It follows that when S is large and p tends to one,
the ratio Var(y;1 — u;) /02 becomes large. Indeed, lim,qlimg_ oo Var(y; 1 —
u;) = oo. However, when S is fixed lim, 41 Var(y; 1 — u;) < oo.

3.1. Local Asymptotics for the Covariance Stationary Case

We assume that the CS version of the model applies, i.e., S — oo and the
model has reached stationarity at + = 1 when |p| < 1. In this case the finite-
sample distributions of the AB and System GMM estimators differ considerably
from their first-order fixed-parameter asymptotic distributions when p is close
to one; see, e.g., the Monte Carlo evidence reported in Blundell and Bond
(1998). To understand why this happens, we first examine the underlying moment

conditions.
When the CS model holds, lim ¢ Var(yi,,)/a2 =lim,q([Var(y;,, — ,u,~)/z72 +
05/02] = lim,pi[1/(1 = p?)] +aﬁ/02 = oo for t+ = 1,...,T. Furthermore,

E[(Ayi—1)*]1 = 202/(1 + p) and E(=yisAy;;—1) = (1 — p)p' > E[(yi,s —
ti + i) (yis — ui)] = a*(1 = p)p' =27 /(1 — p*) when s <t —2. The latter
equalities imply that lim,q1 E(dmaps,/dp) = limyq1 E(=yisAyi;—1) = c?/2
for s <t —2 and lim,41 E(dm arpop,5,i /dp) =limyp1 E(=yi—1Ayis) = —02/2
whens <r—1.

Consider now the simple first-stage regression Ay; ;1 =mwy; s +w; (s <t —2),
which corresponds to a typical AB moment condition. Then we find that
lim,piplimy 007 = lim,p1plimy 00 (X, yiz)s)_lzi Vi.sAyis—1 = 0. Further-
more, if p =1— iN‘l, the first-stage F-statistic Fap = EzN(Zi yl-z’s)/zi
(Ayii—1 =7 yis)? = Op(1) and = [E(37 )17 'E(yi s Ayii—1) = O(N"). The
expression Fup — 1 provides an estimate of the so-called concentration param-
eter, which is a measure of the strength of the instrument(s); see, e.g., Stock,
Wright, and Yogo (2002) for details. The fact that Fap = Op,(1) suggests
that there is a potential weak instruments problem. Note that if one would
choose the parameter sequence p = 1 — AN~V/2, then 7 = O(N~!/?) but
Fap = Op(N 1/2). Thus when the CS version of the model applies and p is suf-
ficiently close to unity, the AB GMM estimator suffers from some sort of weak
instruments problem, albeit not from one of the Staiger and Stock (1997) type
where Fpap = O,(1) when 7 = O(N~'/2). In this case the weak instruments
problem arises because lim,q; E(yiz’x) — oo, whereas lim,1 E(y; sAyi;—1) =
—02/2 # 0. Considering the multiple first-stage regressions Ay = 2;;21
wryik+o; fort =3,...,T leads to the same conclusion because 7 is fixed.
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Next consider the simple first-stage regression y;;—1 = Ay, s + w; (s <
t — 1), which corresponds to a typical Arbov moment condition. Clearly, lim, 11
plimy 00 7 = 1/2 # 0. Nonetheless, if p = 1 — AN ™!, the first-stage F-statistic
Farboo = T2NX;(Ayi)*/ % (yiu—1 — TAYyis)* = Op(1), even though 7 =
O (1). The reason for this finding is that when S — oo, E(yiz,t_l) oc1/(1—p)and
hence plimy_s oo N72Y; (Yig—1— ﬁAym)z =02/)if p=1—AN"'. However,
limy11 E(yi,i—14Ayis) =02/250.

The preceding analysis suggests that when the CS model holds and p ap-
proaches one the finite-sample distributions of the AB, Arbov, and System esti-
mators are affected by exploding higher order moments and that one should not
use the local-to-zero asymptotics of Staiger and Stock (1997) to obtain approxi-
mations to these distributions. Under covariance stationarity not only Var(y; 1) o
1/(1 = p) but also Var(yi,1Ayi2) o 1/(1 = p), Var(yi2Ayi2) o 1/(1 = p),
Var(y;1Agi3) o 1/(1 = p), and Cov(y;1Ae;3, yi1Ayi2) o 1/(1 = p); see
Lemma A.2 in the Appendix. In this case one can obtain local (-to-nonidenti-
fication) approximations to the distributions of the estimators by choosing a
parameter sequence such that the variances of the sample covariances of the
instruments and the differenced regressors become O(1), i.e., by choosing
p=1— N"! Under this sequence Var(y;,1) = O(N). A large value of Var(y; )
may or may not be an accurate description of the data.?

We have the following local (-to-nonidentification) asymptotic results for the
AB and Arbov estimators.

THEOREM 1. Let the CS model hold, T =3, and p =1 — AN~ with 1 > 0.

Then, as N — oo,
0 2 -1
_1 1
M(J,z(_l 1)]
(06 1)
NNE N .
1 0 37

The distribution of the ratio of two, possibly correlated, normal variates does
not have finite moments; see, e.g., Fieller (1932). Furthermore, the density of such
a ratio may be unimodal or bimodal. Noting that such a ratio can be rewritten as
c1+c(a+w)/(b+x) wherea >0, b >0, ¢; and ¢, are constants, and w and x
are independent standard normal variates, Marsaglia (1965) presents a necessary
and sufficient condition for bimodality in terms of the values of a and b; see
Figure 2 in his paper. For the Arbov estimator in Theorem 1(i1) we have a =0, and
this confirms that its limit density is unimodal. For the AB estimator in Theorem
1(i) we obtain a = b = /12, and its limit density is bimodal if and only if A > 4
with 19 & 4. Even if the second mode exists, it is not of practical importance: as
pointed out by Woglom (2001), a second mode of practical importance requires
that the value of b is substantially less than the value of a. For instance, when

~N

- X,

(i) pas—p > 2L, where |
X> X2

7 X
.. ~ d X 3
(ii) \/N(pArbov - p) — fi’ where | .

X4
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a = b =2.25, the density at the second mode is only about 0.2% of the density
at the primary mode. A recent discussion of the possible bimodality of the (limit)
density of instrumental variables (IV) estimators can be found in the papers by
Forchini (2006), Hillier (2006), and Phillips (2006).

The local asymptotic results of Theorem 1 have been obtained under the
assumption of covariance stationarity. However, if we take 4 = 0 in the local
asymptotic distribution of the AB estimator, we obtain its distribution for p =1,
despite the fact that we need to condition on the initial conditions in this case.*
Let p =1 and T = 3. Then it can easily be shown that as (S, N — oo)seq,5

N 4 X X, 0 2 —1
e R R B E3)
and

. 4 X3 X5 0\ /1 0

The Arbov estimator remains consistent under local asymptotics, but its local
asymptotic distribution is nonnormal when p =1 —AN~¢ with g > 1. When
g < 1, its local distribution is equal to its first-order fixed-parameter asymp-
totic distribution, whereas if g > 1, NV/22(5arp00 — p) 4 X3/ X4 with Xgg ~
N(1{g = 1}(1/2),1/(24)) and Cov(X3, X4¢) = 0.

The set of m Arbov moment conditions in E(Z/v;) = 0 can be restated as
E(Z!"[Av] v[]) =0, where Z!! = diag(ZP, ZL) is a 2(T —2) x m matrix with
ZI-L =diag(Ay;2,..., Ayi.r—1). Let K be the nonsingular constant matrix such
that Zi”’[Avlf o]l = K”Zi”’v,-. Then we can generalize Theorem 1 to 7 > 3
using the following lemma.

LEMMA 1. Let the CS model hold, T >3, and p =1 — ANV with A > 0. Let
N — 0. Then
(i) (1) N“VEN, zI'an; S Xs),
— d ~
N=USN ZIV Ay -1 5 Xer,
N~ zN:I ZiD/AUi 4 X5y, and
_ d & .
NS 2P b S S it ~
Xs = (X5) X5)' ~ N(0, 2s5), X6 = (X X)) ~ N(fie, Zes), and
E(X5Xg) = Xs6 # 0, where [i6, X55, Xs6, and Xee are given in the

proof; ~ ~ ~ ~ ~ ~
(2) vghen T = 3, X5=X51 :azXl/ﬂandX(, = X1 ZJZXQ/ﬁ, where
X1 and X» are defined in Theorem 1.

(i) (1) N_1/221N=1 Zl.L/ui 4 X71 and
_ d s :
NTVEN L ZHy 21 S Rt~ N(@0%/2), (04 / @A) with
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(X52 Xﬂ)/ N0, 277), 77 =*K "K'V, and E(X7X}) =0,
where Xg = (0 Xél)’
(2) wjhen T =3, X7 = X71 = 025(3 and 5(8 = )~(g1 = 02)~(4, where )~(3 and
X4 are defined in Theorem 1.
In addition, we have the following results concerning the weight matrices:
(iii) plimN%oN—2z§V:1(z{/z{) =(c2/QM)I,
plimy 00 N-3/2 SN (zI'ZP) =0, and
plimy_ N3N 1(zD’zD) =o2].
(iv) pth—>ooWN,Arb01)1 =0 2] and

N
— ~ It d =
NV (ZI o] 51 (A0 5112) S ot

1=

=o'k K"+ (6%/(22))K*diag(Op—(1-2). It -2).

THEOREM 2. Let the CS model hold, T >3, and p =1 — AN~V with 4 > 0.
Let N — oo. Then

(i) (1) pag1 —p 4 f(éis_slf(s/f(’éis_;f(@ If T > 3, pap| is asymptotically
biased downward.
(2) assuming that pap exploits E(Z?B’Av,-) =0 in lieu of E(Z] Av;) =0,

. d = s -
pap—p = Xy Wi Xs1/Xg Wi Xei.

(ii) plimy_so0(PArbor — p) = 0, and assuming that parpoy exploits E(Zi”’
x[Av] v!1") =0 in lieu of E(Z!"'v;) =0,

. d =)o =, -
\/ﬁ(pArhon —p) i X/gWX7/XéWX8.

Parts (ii) of Lemma 1 and Theorem 2 imply that because Xg is Gaussian and
hence X 7L X g, 1.€., X 7 and X g are independent, the correct local asymptotlc stan-
dard errors of Arbov estimators are given by (E(X3W £77W X5 /(X3 W X5)2))%.
Thus when the data are CS the conventional asymptotic standard errors of Arbov
estimators are inconsistent under p = 1 — AN ~!. Moreover, because the truly local
asymptotically optimal weight matrix is proportional to 277 , the second result in
Lemma 1(iv) implies that the conventional estimator of the optimal weight matrix
for the Arbov estimator is also inconsistent under these local asymptotics.® How-
ever, the Arbov estimator that uses Wa_arpop2(p1) as weight matrix is still consis-
tent, although when 7" > 3 its local asymptotic distribution is different from that of
the truly optimal Arbov estimator. Finally, if W L (X} X§)' and p =1—AN"!,
the local asymptotic distribution of the Arbov estimator is symmetric and, pro-
vided T > 3, the Arbov estimator is unbiased under these local asymptotics. In
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contrast, when the data are CSand p =1 — ANTL E(}~(5)~(’6) # 0; i.e., the cross-
products of the instruments and the regressors in the AB estimator remain corre-
lated with the cross-products of the instruments and the dependent variables when
N — oo, thereby causing the bias of this estimator.

Note that the set of m + T —2 System moment conditions in E(Z?'[Av] v;]/) =0
can be rewritten as E(Zis’[Avlf ulf]/) = 0, where le = diag(Z?B, ZiL) is a
2(T —2) x (m+ T —2) matrix. We have the following results for the System
estimator.

THEOREM 3. Let the~CS model hold, let T > 3, and let p =1 — AN with
A>0. Let N > 00. Let Wgys, = diag(Or—2, I;), where Or_3 is a (T —2) x
(T —2) null matrix. Finally, let D = E[diag(eiz, e, giT_l)’lAel/-]/az. Then

(1) plimy0oWn sysi =0~ WSYS* and
plimy—s 0o Wx sys16 = 0 "> Wy ss. - -

(ii) diag(N‘llT 2 N7V2L) SN (Z5Av! 0/11Av) /127 ) diag(N~" I7—s,
N='21) %o Wsysz with Wsysz = (2A)H Wirsy = Wijsn) =
—(2/1 YKK!''D, and WSYSZ_WA”,ODZ, where WArbm)2 is defined in Lemma 1.

(iii) plimy—co(psysk —p) =0, for k =1,1b,2, and

VNBsysi —p) > X435 X0 /X4 55 Xs, fork = 1,1b,

N d =, =~ -, - -
V'N(Bsys2 —p) = X WsysaX10/X1 Wsys2 X11

with X 19 = (Xgl )~(/7)’ and X11 = (0 5(/8)’, where 77, Xs1, X7, and Xg are
defined in Lemma 1.

(iv) assuming that psys exploits E(Z5'[ Av] u{]/) =0 in lieu of
E(Z§ [Av]0]) =0,

. d 5 - - S e s
psys —p = (Xen Wi Xs1+ Xgy W31 X51)/ X1, WX12
with X1 = (}?61 0 f(él)’, where Xs1, Xe1, and Xg| are defined in Lemma 1.

Part (iv) of Theorem 3 implies that when the data are CS, a System estimator
that uses a weight matrix estimator that has a PD probability limit is inconsis-
tent under p = 1 — AN~!. Moreover, the conventional estimator for the optimal
weight matrix for the System estimator, i.e., Wy_sys2(p1), and the conventional
asymptotic standard errors of System estimators are also inconsistent under
such asymptotics. Nevertheless, the System estimators that use Wy sys; and
Wn . sys2(p1), respectively, as weight matrix are still consistent under such
asymptotics although the local asymptotic distribution of the two-step System
estimator is asymmetric because E(X5; X g1) # 0. The truly optimal System es-
timator has the same local asymptotic distribution as the truly optimal Arbov
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estimator, which is symmetric. Thus the local asymptotic distribution of the truly

optimal System estimator is not affected by the AB moment conditions.

The preceding results suggest that Wald tests based on the usual two-step Sys-
tem estimator will have incorrect size when the data are CS and p is close to one
as a consequence of its asymmetric distribution. On the other hand, LM tests that
are based on Arbov or System estimators that use a restricted estimator of the
weight matrix that is optimal under the null, e.g., Wx, arpov2(p) and Wy sys2(p),
respectively, have a standard normal asymptotic distribution under the null both
when first-order fixed-parameter asymptotics and when local asymptotics are em-
ployed because of the fact that X7 L Xg.7 Therefore, such LM tests will have

rejection probabilities very close to their nominal size.

3.2. Diagonal Path Local Asymptotics

The results in Section 3.1 are largely based on the fact that if p = 1 — AN~!, then
the sequential limits limy _; o0 limg—; oo [ Var(y; ; — 1;)1/N = 02/21 > 0, fort =
1,2,...,T.Now suppose that p = 1 — AN ! and that N — o0, S — oo simultane-
ously with S/N — ¢ > 0, where ¢ is a constant; then limy 0o, s/N— ¢ ,02(1+S) =
exp(—24c) < 1 because limj, (1 +x/p)” =exp(x). Using (14) it follows that
limy—00,5/N—c[Var(yi, — ui)l/N = a2l — exp(—24c)]/224 > 0. This result
suggests that when S is of the same order of magnitude as N and the data are
persistent, then the AB and Arbov moment conditions are still weak. Moreover,
in this case one can still obtain approximations to the distributions of the AB,

Arbov, and SYS estimators by using local asymptotics.

It turns out that we can derive diagonal path local asymptotic results for N,
S — oo with (S§/N9) — ¢* > 0 for any d > 0. Let ¢(1,¢) = 1 —exp(—24c).
Then we have the following diagonal path local asymptotic results for the AB and

Arbov estimators when 7 = 3.

THEOREM 4. Let T =3 andlet p =1—AN"8 with A > 0and 0 < g < 1. Let
0<d<gand Agg =1/2(1 —d)— (g —d). Furthermore, let N — 0o, § = 00
simultaneously with S/N — ¢ >0, S/N& — ¢t >0, and S/N¢ — ¢* > 0. Let
Gg(A,c*) =20(S+1)ifd =0, g(A,c*) =2Ac* if 0 <d < g, and g(1,c*) =

q(A,c*)ifd = g. Finally, let 6,,, = E(y;,14;) and 03 = E(yl-z’]). Then

(i) N2 (pap = p) 5 N(0,20%62 /120,y — 02)?) if Aga >0 andd =0,

N2 (g —p) > N(O,4/(AG (4, ¢"))) if Aga >0 andd >0,

X 0
o K’I("ﬂy _%2')/”2> ’

~ d X .
pAB—>p+)A(—;, with

A

X3

(07/0?%) (_21 _11)] if Aga =0andd =0,

. d s [ K] o [aen (0 goen (2
pag = P+ % with [?A(J N{ 5 1) 2\ 4
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ifAeq =0 and d >0,

~

~ d )?1 . - 0 1 2 1 .
pAB_>P+572y with )22 N <0>’2(_1 1 if Aga <O.
2 X
.. ~ d X . 3
(ii) \/ﬁ(pArbov —p) d 73, with |
4 X4

M 0 1 0
2\2-q@.etn) o 142 ) |7

Note that Ay =1/2(1+d) — g and that A,y < 1/2. When the values of d and
g are such that A,y =0, p is weakly identified by the AB moment condition(s).
When Agy > 0, p is nearly weakly identified, and when Agy < 0, p is nearly
nonidentified by the AB moment condition(s).

When 0 < d < 1and Agy =0, there are two extreme cases: if d =0, then one
obtains the local-to-nonidentification asymptotic distribution of pp for g = 1/2.
This case corresponds to local-to-zero asymptotics; cf. Staiger and Stock (1997).
On the other hand, if d = 1, then one obtains the local-to-nonidentification asymp-
totic distribution of psp for g = 1. When A ¢d = 0 and the value of d increases
from zero to one, both the signal, E(y; 1Ay;2) = O(Nd_g), and the noise of the
AB moment function, (Var(y; Ay )% = O (N1/24) become stronger.

Some of the diagonal path local (-to-nonidentification) asymptotic results of
Theorem 4 are very similar to the sequential local asymptotic results of Theorem
1, which were obtained for g = 1. If d =1 and Agzy = 0 (so that g = 1), then
q(1,¢*) =¢q(A,c) and the sequential local (-to-nonidentification) asymptotic dis-
tributions of pap and pa,poy as (S, N — 00)seq could be obtained from Theorem 4
by letting ¢ — oo so that §(4,c*) = q(4,c) = qg(4,cT) = 1. Furthermore, when
d > 1 diagonal path local (-to-nonidentification) asymptotic distributions of pap
and parpop are still obtained for g = 1, and they can also be shown to be equal
to the sequential local (-to-nonidentification) asymptotic distributions of psp and
Parbov as (S, N — 00)4.4 for g = 1. On the other hand, the first-order large N
fixed S asymptotic distribution of p4,pep for p = 1 can be obtained from Theo-
rem 4 by assuming that ¢t =0, i.e.,d < g < 1, so that g(4,c¢*) =q(4,¢) =0.
Finally, note that 6 (4, c*)/(oc*) > 0.

If Agg =0 and d =0, the limit density of pap given in Theorem 4 is bi-
modal if and only if A|o,, — o—yzl/(aya) > 2, whereas if Agg =0 and d > 0,
the limit density of psp is bimodal if and only if \/Ag(1,c*)/2 > 2. In both
cases the second mode, if it exists, is not of practical importance. When Agy <
0, the limit density of pap is unimodal. The limit density of pa,py is always
unimodal.

To see that the preceding diagonal path local asymptotic results can yield rea-
sonable approximations, consider the following example: let p = 0.95, N = 100,
and S = 10. Choose d =g =1. Then 1 =5, ¢ = 1/10, and g(1,c)N/(21) =
(1 —exp(—1)) x 10 = 6.32, whereas (1 — p2(1+9) /(1 — p?) = 6.93.
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In the remamder of this section it is assumed that plimy _, ., s/yd_c«Wn =W

and \/_(pl —-p) —> K#0as N, S — oo with S/N¢ — ¢* ,and plimy _, o is short
for plimy_, o, 5/nd—s ¢+ The following lemma and two theorems extend some of
the diagonal path local (-to-nonidentification) asymptotic results of Theorem 4 to
T > 3 and to the System estimator.

LEMMA 2. Let T >3,0<d <1, and g = 1/2(1 +d). Furthermore, let p =
1—AN"8withA>0.Let N > 0o, S — oo simultaneously with S/N — ¢ > 0 and
S/N? = ¢*>0.Let (A, c*) =2A(S+1) ifd =0, §(A,c*) =2Ac* if0 <d < 1,
and (1, c*) = q(A,c*) ifd = 1. Finally, let 6§ = 6*(6%2G(%,c*)/(22) + 1{d =
0}a2y). Then

. _ d 3
(i) (1) NCYDUHDFN | 71 Av; = X1,
_ d 3
NCVDAO SN ZI Ay 1 5 R,
N_I/ZZZNZ1 ZiD’Av,- i) X5, and
N_l/zzAlNzlziD/A)’i,—l —d)f(ﬁz With o R
X5 = (X5, X5)" ~ N(0, 2s5), X6 = (Xg; Xp)" ~ Nz, Z66), and
E(X5Xg) = Y56 # 0, where [i6, Xs5, Xs6, and Zeg are given in the
proof;
(2) wA/hen T =3 Xs=Xs51=02X and X¢ = X¢1 = 02X, where X| and
X» are defined in Theorem 4.
(i) (1) N“V2SN 7L % %oy and
NTVSNL ZEy 1S Rt~ N@? (=gt /20,
(a q(, c)/(2/1))1) with
(X52 X5 ~ N(©,%77), £77 =o*K!TK'", and E(X7X}) =
where Xg = (0’ X’sl)’
(2) when T =3, X7 X71 02)23 and }A(g = f(gl = 02)24, where }23 and
X4 are defined in Theorem 4.
In addition, we have the following results concerning the weight matrices:
(iii) plimy o N~UHDSN (Z]'Z]) = (0 /o)1,
plimy_aoN VDD YN (7I'7DYy =0, and
plimyooN "' 3N (ZP'ZP) = 621
(iv) plimy— oo WN, Arbor1 = 0 21 and

NS (2R 91 TR 902 S oW
i=1

=o' K"K + (64 /(22))q (1, ) K diag(Om—(7—2), I1-2).

Proof. See the complete version of the paper available at http://webspace.qmul.
ac.uk/hkruiniger/. L]
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THEOREM 5. Let T > 3,0 <d <1, and g = 1/2(1 +d). Furthermore, let
p=1—=AN"8withd>0.Let N— 0o, S — oo simultaneously with S/N — ¢ >0
and S/N¢ — ¢* > 0. Then

(i) (1) pag1 —p 4 )A(éﬁs_slfﬁ/f(’éﬁs_slf(& If T > 3, pap1 is asymptotically
biased downward.
(2) assuming that pag exploits B(ZAB' Av;) = 0 in lieu of E(Z] Av;) =0,

. d 5 0 o o
pap—p = X1yWX13/X1,WX14

with )213 = ()A(gl 1{d = 0})2%2)’ and )214 = ()?/61 1{d = 0})282)/
(ii) plimy—oo(PArbor — p) = 0, and assuming that pa,poy exploits E(Zl-”/
x [Av! v!1") = 0 in lieu of E(Z!"'v;) =0,

~ d 51 S v
V'NBarbon — p) = XgWX7/X{W Xs.

Proof. See the complete version of the paper available at http://webspace.qmul.
ac.uk/hkruiniger/.

When 0 <d <1 and g = 1/2(1 +d), both pap; and papy are inconsistent.
Moreover, plimy_, o g/nd_c+ (paB2 — pa1) # 0 because Av;(pap1) = Av; —
~ - d A o in A a_1n
(Pas1 — p)Ayi—1 and pag1 — p — X555 X5/ X 55 X6 #0. u
THEOREM 6. Let T >3,0<d <1, and g =1/2(1+d). Furthermore, let p =
1—AN"8withA> 0. Let N — oo, S = oo simultaneously with S/N — ¢ > 0 and
S/N% — ¢* > 0. Let G(1,c*) =248+ 1) ifd =0, qgA,c*)=2Ac*if0<d <1,
and §(1,c*) = q(A,c*) ifd = 1. Let Wsys, = diag(1{d = 0}o 2 H} ", 072 1).
Finally, let D = E[diag(¢?, ..., lT 1)/1A£l 1/62. Then
(i) plimy oo Wi sys1 = WASYS* and
plimy oo Wn sysip = Wsy ss. -
(ii) diag(N1/D0+d) ., N—U2 ) >N (zF [Ao’ o/l [Av] 911 Z§)
diag(N V2D, N=12p, )—> o WSYS2 with 6* Wil e, = 62(6?x
g, c*)/2A)+ 1{d = 0}0'_3)H WSYS2 (Wsysz)/ = —(1/24)q(4,¢)

x KK!I'D, and WSYSZ = WArbov2’ where WArbouz is defined in Lemma 2.
(iti) plimy—oo(psysk —p) =0, fork =1,1b,2, and

N d &) a1s o o]l

VN (Bsysk—p) = X235 X7/X325, Xs,  fork=1,1b,
N d o, N .

V'N(Bsys2 — p) = X WsysaX10/ X5, Wsys2 X 11

with X 10 = (X'gl )2"7)’ and X1, = (0 Xé)/, where 77, Xs1, X7, and Xg are
defined in Lemma 2.
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(iv) assuming that psys exploits E(Z5'[Av] vf]/) =0 in lieu of E(ZY
x[Av[v/]) =0,

—d),~ d 5 S S
NP0 Gy s —p) 5 X1 WX 15/ X 6 WX 16

with X15 = (X4, 1{d = 0}X%) and X16 = (1{d = 1}X}; X}), where X5,
)A(61, )2'7, and )A(g are defined in Lemma 2.

Proof. See the complete version of the paper available at http://webspace.qmul.
ac.uk/hkruiniger/. u

When d > 1 the diagonal path local (-to-nonidentification) asymptotic proper-
ties of the AB, Arbov, and System estimators mentioned in Theorems 5 and 6 are
equal to their sequential local asymptotic properties given in Theorems 2 and 3.

Note that when d > 1 and g = 1 the estimators of the optimal weight matrices
for the Arbov estimator and the System estimator and the asymptotic standard
errors of the latter estimators are inconsistent and the local asymptotic distribution
of the two-step “optimal” System estimator is skewed.

We now consider the diagonal path asymptotic distributions of the AB and
Arbov estimators for p =1 and T = 3.

THEOREM 7. Let T =3 and let p = 1. Fm_’thermore, let N > o0, § > o0
simultaneously with S/N¢ — ¢* > 0 and S/N? — ¢ > 0 where d > 0 and d =
max(d, 1). Finally, let 1{d < 1} =1ifd < landlet 1{d <1} =0ifd > 1. Then

a4 gy X0y (2 -1
(i) paB p—>f(2, where [}22} N{(O)’(—l | .

A

.. (1/2)d (=~ . d & )53 - 0 1 0
(ll) N (pArbou P)—) )2.4, where |:X4:| N |:<1{d < 1}) ) (0 c .

When p =1 and T = 3, the diagonal path asymptotic distribution of the AB
estimator is equal to both its first-order large N fixed S asymptotic distribution
and its sequential as (S, N — 00)y., asymptotic distribution (cf. (15)), regardless
of the value of d > 0. Furthermore, for d < 1, the Arbov estimator has a normal
asymptotic distribution that is equal to its first-order large N fixed S asymptotic
distribution. However, for d > 1, the Arbov estimator has a nonnormal asymp-
totic distribution. Moreover, for d > 1, the diagonal path asymptotic distribution
of the Arbov estimator is equal to its sequential as (S, N — 00)s., asymptotic
distribution, which is a Cauchy distribution; cf. (16).

The \/E rate (the faster than \/ﬁ rate) of convergence and the nonnormal shape
of the limiting distribution that are obtained for pa,po, when p =1 and S, N —
oo with S/N¢ — ¢*>0andd > 1 or (S, N - 00)seq are determined/caused
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by the behavior of the sum that involves the initial conditions, which dominates
the sum(s) that only involve(s) the sample period innovations; see the proof of
Theorem 7 or note 5. Also when d = 1, the asymptotic distribution of pa,pey 1S
affected by the behavior of the initial conditions. Phillips and Magdalinos (2008)
observe similar “tail wagging the dog” phenomena in the asymptotic behavior of
the LS estimator for a simple unit root AR model with a so-called infinite past
initialization and the related 7-ratio. Note that although the initial conditions also
play a dominating role in the derivation of the asymptotic distribution of p4p when
S, N — oo with S/Nd —c¢*>0andd > 1or (S, N — 00)seq, the distribution
obtained is the same as the one found for any d with 0 < d < 1.

Observe that lim; 0g(4,¢*) = 0 and lim;o(g(4,c)/22) = limyo((1—
exp(—24c))/(22)) = lim; o(2cexp(—24c)/2) = c. From these observations
and the results in Theorems 4 and 7 we conclude that the diagonal path local
asymptotic distributions of the Arbov and System estimators are left-continuous
at A =0 (p =1) provided that 0 < d < 1. A similar continuity result holds for
the local-to-nonidentification asymptotic distribution of the AB estimator for any
d>0.

The limit densities of psp and pa,pey in Theorem 7 are both unimodal.

The following lemma and theorem extend the results in Theorem 7 to T > 3
and the System estimator.

LEMMA 3. Let T > 3 and let p = 1. Furthermore, let N — 00, § — 00
simultaneously with S/Nd — ¢* > 0 and S/Nd > c¢>0whered >0and d =
max(d, 1). Let a:r =c2(c*cl+1{d= O}(azs +0?)). Finally, let py;, be an initial

N2 _copsistent estimator for p, i.e., N(1/2)‘z(ﬁ1h —p) 4 Kp #£0. Then

(i) (1) NCI2UD SN 7IAy, & %)
NEVDUAD SN 71 Ay 4 Xo1,
N_l/zzlb]:l ZiD/Al)l' —d) )252, and
N_I/ZZZNZI ZiD/Ayi,_l g )A(ﬁz with
X5 = (X5, X5,) ~ N(0, Zs5), X6 = (X5, Xg,)' ~ N(fig, Ze6), and
E(X5Xg) = Y56 # 0, where [i6, Xs5, Xs6, and Zeg are given in the
proof; . . . . A . .
(2) when T =3, X5 = Xs51 = Uuerl and X¢ = X¢1 = auerQ, where X4
and X are defined in Theorem 7.
(i) (1) NV2EN, ZE, 4 %71 and
NEUDAHD N ZLy b Re ~ N(1{d < 1), co*T) with
X7 = (X%, X)) ~ N(0, £77) and E(X7X}) = 0, where 377 is defined
in Lemma 2 and Xg = (0/ )A(él)/;
(2) wheri T =3, X7 = )A('71 = 02)2'3, and Xg = }281 = 02}?4, where )2'3
and X4 are defined in Theorem 7.
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In addition, we have the following results concerning the weight matrices:
(iii) diag(N~"? L _¢—2), NV 1 o) SY (ZI1[Av}(71) 6’(/)1)

X[H(ﬁl)ﬁ/(ﬁl)]zu)dlag(N V2 Ln—(r=2), N( 12d )4 g4 WZrbm)z,

diag(N V2 Ly—(r—2), N~V Ir o) SN (Z]1'] AV, (plb)ﬁ/(plb)] [Av (P1b)

A/(p]b)]Z”)dlag(N 1/21 —(T-2)> N~ 1/217 2)_>U WArhm)Zb’
dlag(N( 1/2)(]+d)IT 2, N~ 1/2] (T 2, N( 1/2)d]T 2)

x SN (ZS'1Av(p) 5/ ()T AV () 8/ (PIZE)

xdiag(N V2D [ o N=120, - g o) NCUDA [ ) S g4ygl
diag(NCV2UD 1, N=V2], (-2, N~ V2Ir_5)

x ¥ (ZS/[AU (P1p) 0/ (P1p)] [AD (P16) 0} (P1p)1Z3)
xdiag(NCV2DUHD 7o N=V2p, - o 2. N~ Ir_ )5 oWl
where W;rlb v W;rhm)Zb’ Ws_ylszr and WSY sop @re PD matrices.

THEOREM 8. Let T > 3 and let p = 1. Furthermore, let N — 0o, § — 00
simultaneously with S/Nd — c* > 0and S/N? > c¢>0whered >0and d =
max(d, 1). Finally, let p1p, be an initial NP9 consistent estimator for p, i.e.,
N(l/z)‘z(ﬁlb —p) 4 Kp #0. Then

. -~ d v < — v o s — v
(i) (1) Pam—p = XE5! Xs /X 25 X,
(2) assuming that pag exploits B(ZAB' Av;) = 0 in lieu of E(Z} Av;) =0,

N d & PO o
pap—p — X1yWX13/X1,WX14
with X153 = (X%, 1{d = 0}X%,) and X14 = (X}, 1{d = 0}X},)".
(ii) Pimy—o00(Parbor — p) = O, and assuming that Parpoy exploits E(Z!!'
x [Av! 0/1) = 0 in lieu of E(Z}"'v;) = 0,
- do
NYD Bprpon = p) = XgW X7/ XgW X,
(iii) plimy—soo(Psysk — p) =0, fork =1, 1b,2,2b, and
N(I/Z)J(//)\SYS]C —p) i) Xéi%lfﬁ/)?é 27_71)283 fork=1,1b,
N N d o5 = 6o o 5
VN Bsys2(p1) = p) > X Wsys2X10/ X[ Wsys2 X11,
_ R PR . o .
NY24 (Goys2(Bip) — p) > Xy Wsysan X 1on/ X5 Wsysan X 11
with X109 = (X4, X%, 1d < 1}X4,), Xi0p = (X, X5, and X11 = (0 X})'.

(iv) (1) ifd <1, plimy_0(psys —p) =0
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(2) assuming that psys exploits E(Z5'[Av! vlf]/) =0 in lieu of B(ZY
x [Av/v/1) =0,

s d & 5 o ¥
NADE=D (5o p)y S X WKs/ X WK 16
with X15 = (X}, 1{d = 0}X%) and X16 = (1{d > 1}X, X}).

When p =1 and T > 3, the diagonal path asymptotic distribution of the pap;
estimator is equal to both its first-order large N fixed S asymptotic distribution and
its sequential as (S, N — 00);., asymptotic distribution for all 4 > 0. However,
in general, these equalities no longer hold simultaneously for any d > 0 when the
AB estimator uses an arbitrary sequence of PD weight matrices. Then one needs
to distinguish between two cases: the diagonal path asymptotic distribution of
the AB estimator is equal to its first-order large N fixed S asymptotic distribution
when d =0, and equal to its sequential as (S, N — 00);¢, asymptotic distribution
when d > 0. Finally, when p =1 and T > 3, the Arbov estimator that uses an
arbitrary sequence of PD weight matrices has a normal asymptotic distribution
that is equal to its first-order large N fixed S asymptotic distribution for d < 1,
whereas it has a nonnormal asymptotic distribution for d > 1, just as in the case
p = 1land T = 3; cf. the discussion following Theorem 7. Moreover, for d > 1,
the diagonal path asymptotic distribution of the Arbov estimator is equal to its
sequential as (S, N — 00),¢4 asymptotic distribution.

4. GMM-BASED PANEL UNIT ROOT TESTS
4.1. LM Tests

In this section we propose two LM-type panel unit root (UR) test statistics that are
based on an Arbov estimator and a System estimator that use a weight matrix that
is optimal under the null, and on restricted conventional estimators of their first-
order fixed-parameter asymptotic standard errors. The critical values for these
LM tests can be taken from the standard normal distribution irrespective of the
assumptions made regarding the initial observations.

Let ﬁArbguz,R and [/)\SYSZ,R be GMM estimators that use WN,ArbovZ(l) and
Wy sys2(1) as weight matrix, respectively. Let SE(Darbov2,r) = (N! ZZNII
(3 1 ZIDIWN arbor2 DI (Z] ! yi —1)) 12 and SE (psysa,r) = {NT' L,
[(AY] _y ¥ _DZP W, sys2 (I 12 (Ay] v _))'1)7/%. Then we have
the following results.

THEOREM 9. Let T > 3.

(i) If p=1and if N = oo, S — oo simultaneously with S/N¢ — ¢* > 0 for
some d > 0, then

~ —~ d
(pArbou2,R - 1)/SE(pArbou2,R) - N(O> 1)
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and

~ ~ d
(psys2,k —1)/SE(psys2,r) = N(0,1).
(ii) If p=1—=AN"Y2 with J > 0 and if S — oo, N — oo sequentially, then

~ N d A
(Parbov2,R = 1)/SE(Parbov2,R) = N <_2ﬂ, 1)
and

~ - d A
(psys2,r —1)/SE(psysa,r) > N —Eﬂ,l .

(iii) If p =1 —=AN"Y2 with 2. > 0 and if N — oo, § — oo simultaneously with
S/Nl/2 —c> OandS/Nd — ¢* > 0 whered >0, then

Barvorz.k = V)/SEBarvons.g) > N(—=A(1=q(2,¢)/2)/m, 1)

and

(Bsyso.r—D/SEBsysar) > N(=i(1—q(h,c)/2)y/m., ).

The results in Theorem 9(iii) corresponding to ¢ = 0 are also valid under large
N fixed S asymptotics. Madsen (2003) has derived some related local power
results.

Note that the local power is the lowest when the data are CS or d > 1/2.

Any Arbov estimator can be used to construct an LM-type panel unit root test,
but choosing the optimal Arbov estimator pa,sov2, g yields a test statistic with
the highest local power within this class of LM tests. In particular, in the proof of
Theorem 9 it is shown that the weight matrix used by parsop2, & is not only optimal
under the null but also optimal under local alternatives given by p = 1 — AN ~1/2
with 1 > 0, irrespective of the asymptotic plan for S and N. On the other hand,
not every System estimator is suitable for the construction of an LM-type panel
unit root test that has correct size for any value of d and nontrivial power against
any local alternative. However, the optimal System estimator psys g is VN-
consistent under both the null and local alternatives and yields an LM test that has
correct size and the same local power properties as the LM test that is based on
the optimal Arbov estimator pa,pop2, R, itrespective of the asymptotic plan for S
and N.

In the last decade various other panel unit root tests have been proposed. For
instance, Breitung and Meyer (1994) proposed a test statistic that is based on an
ordinary least squares estimator for p in a model for deviations from the initial
observations. Harris and Tzavalis (1999) discussed an LM-type panel unit root
test that is based on the bias-corrected least squares dummy variables (LSDV)
estimator for p. Finally, Kruiniger (2008b) discussed a Wald-type panel unit root
test that is based on the first difference maximum likelihood estimator (FDMLE)
for p in the covariance stationary panel AR(1)/unit root model.
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4.2. Monte Carlo Results

In this section we compare the finite-sample performance of our GMM-based
panel unit root tests with three other panel unit root tests, namely, the Wald test
that is based on the FDMLE, the LM test due to Harris and Tzavalis (1999) that is
based on the bias-corrected LSDV estimator, and a Wald test that is based on the
fixed effects maximum likelihood estimator (FEMLE) for p in the panel AR(1)
model (cf. Hsiao et al., 2002; Kruiniger, 2003, 2008b).8 We only consider size-
adjusted versions of the latter two tests.” The implementation of the FEMLE-
based unit root test is further discussed in Kruiniger (2008b).

In most simulation experiments the errors have been drawn from normal distri-
butions: &;; ~ N(0,1) and u; ~ N(0, 1). To assess how assumptions with respect
toy;1—ui,i =1,..., N, affect the power of the tests, we have conducted four dif-
ferent kinds of experiments: in one set the initial observations are drawn from sta-
tionary distributions, i.e., (y;,1 — ui)|lui ~ N(0,1/(1 — p?)), whereas in the other
three sets the initial observations are nonstationary. The three nonstationary cases
considered are (1) yj,1 — ui = 0, (2) (yi,1 — )i ~ N(0,2/(1 = p?)), and (3)
(yij1 =2 i ~ N(0, p?/(1 = p?)). Note that in all situations E(yir—yii—1)=
0 as is the case under the null hypothesis. In both case (1) and case (2) the vari-
ance of y; 1 — p; is different from the variance under stationarity, whereas in case
(3) nonstationarity is due to the fact that E[u;(y;1 — ;)] # 0. Case (1) corre-
sponds to small S. We have also considered experiments with aﬁ =0, aﬁ = 100,

and &;; ~ ( 22(1) = 1)/+/2. Note that the size and the power of test statistics that
only exploit data in differences are not affected by changes in 03. Finally, in
the simulation experiments we have varied the dimensions of the panel data sets
also: (N, T) = (100, 10), (100, 6), or (500, 6). All simulation results are based
on 5,000 replications, and the (nominal) level of the tests is either 2.5% or 5%.

Tables 1 and 2 report the simulation results on the empirical size and power of
the panel unit root tests that were mentioned previously. Table 1 reports results
on power against stationary alternatives, whereas Table 2 reports results on power
against nonstationary alternatives. In the tables “W” denotes the Wald version of
a test, “LM” stands for the LM version of a test, and “SA” indicates that the test
has been size adjusted. When the (nominal) level of a test is 2.5% this is indicated
by “; otherwise the level of a test is 5%. Inspection of the results in Tables 1 and
2 leads to the following conclusions with respect to the GMM-based unit root
tests:

1. In most cases considered the GMM-based tests have correct size. However
nonnormality of the errors affects the size of the tests.

2. The power of the test based on the System estimator is greater than or equal
to the power of the test based on the Arbov estimator. However, in many
cases the power of both tests is roughly the same and equal to the power of
the FDMLE.

3. When the variance of the y; | — y; is larger than the value implied by co-
variance stationarity, the power of the test based on the System estimator
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TABLE 1. Size and power against stationary alternatives

T N test size, S =—1 size, $=49 p=095 p=09 p=038
Acl=lando} =0
6 100 ARBOV2-LM“ 0.035 0.030 0.155 0355 0.846
ARBOV2-LM 0.058 0.056 0.228 0470  0.906
SYS2-LM“ 0.029 0.030 0.143 0370  0.881
SYS2-LM 0.050 0.054 0215 0477  0.930
B.o?=lando} =1
10 100 ARBOV2-LM“ 0.030 0.029 0261  0.663  0.987
ARBOV2-LM 0.059 0.054 0370  0.756  0.993
SYS2-LM? 0.024 0.028 0209 0592  0.981
SYS2-LM 0.049 0.047 0306 0.700  0.989
6 100 ARBOV2-LM“ 0.035 0.030 0.145 0339  0.844
ARBOV2-LM 0.058 0.056 0217 0459  0.901
SYS2-LM“ 0.029 0.030 0.139 0341  0.856
SYS2-LM 0.050 0.054 0209 0453 0916
FDML-W 0.056 0.056 0.200 0466 0.925
FEML-W-SA 0.049 0.049 0.118  0.162 0319
LSDV-LM-SA 0.050 0.050 0.153 0327 0812
6 500 ARBOV2-LM¢ 0.029 0.029 0.446 0939  1.000
ARBOV2-LM 0.055 0.053 0.553  0.968  1.000
SYS2-LM? 0.027 0.028 0.446  0.958  1.000
SYS2-LM 0.050 0.052 0.567 0979  1.000
C.o?=1lando} =100
6 100 ARBOV2-LM“ 0.035 0.030 0.085 0.161 0.376
ARBOV2-LM 0.058 0.056 0.138  0.236  0.459
SYS2-LM“ 0.029 0.030 0.077  0.147 0351
SYS2-LM 0.050 0.054 0.127 0215 0435
D. (yi,1 = )i ~ (1) = D/2(1 = p?) and o = 1
6 100 ARBOV2-LM“ 0.052 0.047 0.163 0311  0.619
ARBOV2-LM 0.100 0.091 0.256  0.420  0.732
SYS2-LM? 0.036 0.039 0.141 0328 0.743
SYS2-LM 0.070 0.075 0.228  0.447 0831

is greater than the power of the tests based on the Arbov estimator and the
FDMLE.

4. The power of the GMM-based tests decreases with an increase of the value
of 0'%.

5. In the cases considered the GMM-based tests have greater power than either
the test that is based on the LSDV estimator or the test that is based on the
FEMLE.
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TABLE 2. Size and power against nonstationary alternatives

T N test size, §=—1 size,S§=49 p=095 p=09 p=0.8
A yii=pi, 02 =1,andol =1
6 100 ARBOV2-LM?% 0.035 0.030 0.308 0.799 0.999
ARBOV2-LM 0.058 0.056 0.416 0.872 0.999
SYS2-LM“ 0.029 0.030 0.281 0.759 0.998
SYS2-LM 0.050 0.054 0.378 0.842 0.999
FDML-W 0.056 0.056 0.457 0914 1.000
FEML-W-SA 0.049 0.049 0.138 0.182 0.290
LSDV-LM-SA 0.050 0.050 0.308 0.732 0.994
B. (yi,1 —u)lpi ~ N(©0.2/(1=p?), 0> =1, and o = 1
6 100 ARBOV2-LM?¢ 0.035 0.030 0.096 0.138 0.359
ARBOV2-LM 0.058 0.056 0.157 0.217 0.473
SYS2-LM“ 0.029 0.030 0.089 0.189 0.609
SYS2-LM 0.050 0.054 0.151 0.278 0.721
FDML-W 0.056 0.056 0.068 0.116 0.351
FEML-W-SA 0.049 0.049 0.098 0.170 0.396
LSDV-LM-SA 0.050 0.050 0.060 0.101 0.378
C. (i, —2u)lui ~ N(©,p>/(1=p?)), 0> =1, and 5] =1
6 100 ARBOV2-LM“ 0.035 0.030 0.138 0.351 0.799
ARBOV2-LM 0.058 0.056 0.216 0.459 0.870
SYS2-LM“ 0.029 0.030 0.133 0.355 0.826
SYS2-LM 0.050 0.054 0.205 0.461 0.893
FDML-W 0.056 0.056 0.205 0.474 0.927
FEML-W-SA 0.049 0.049 0.118 0.166 0.325
LSDV-LM-SA 0.050 0.050 0.143 0.335 0.811

5. CONCLUDING REMARKS

In this paper we considered GMM-based estimation and inference for the panel
AR(1) model when the data are persistent and the time dimension of the panel is
fixed. We derived local asymptotic approximations to the finite-sample distribu-
tions of the AB, Arbov, and System estimators, respectively, under a variety of
distributional assumptions about the initial observations. Among other things we
found that the nature of the weak instruments problem of the AB estimator de-
pends on the distributional properties of the initial observations. Moreover, when
p =1—A/N and when either the data are covariance stationary or both § and N
grow large with S/N? — ¢* > 0 and d > 1, then both the Arbov and the two-
step “optimal” System estimator have nonnormal local asymptotic distributions,
and the estimators of the optimal weight matrices for the Arbov estimator and the
System estimator and their asymptotic standard errors are no longer consistent.
We also argued that in these cases one should use LM tests and not Wald tests.
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Two LM-type panel unit root tests that we proposed were found to have good size
and power properties.

NOTES

1. We assume identical distributions across the individuals for convenience.

2. Note that E(g; ; y; ;) =0forall z and all s <t and E(e; s&; 5) = O for all # # s implies E(e; ;#;) =
Oforallf > —S+2butnot E(g; _g417;) =0.

3. In Section 3.2 we discuss a range of alternative local asymptotic distributions based on S/N d_
c*>0and p=1—-2AN"8 with 0 <d < g < I so that Var(y; 1) = O(N9); cf. Lemma A4 in the
Appendix. The value of d determines the order of magnitude of Var(y; 1) in terms of N. One can
expect that if S or Var(y; 1) is small relative to N, then a local asymptotics based on S/N d 5 c*
with d close to zero gives a better approximation to the distributions of the AB and Arbov estimators
compared to local asymptotics based on the CS model, which implies that Var(y; 1) is large relative
toN.

4. Note that E(dmap s, /dplp = 1) = E(Yi s&i,—1) =0 when s < ¢ —2 and that E(dm grpop, s,/
dplp=1)=E(y;—18i5) = o2 whens <t—1.This implies that E(dmap .1 /dp) and E(dm arpop 5,1/
dp) are left-discontinuous at p = 1.

5. When p =1 and S — oo, the y; ; are no longer tight random variables. However, the re-
sults in (15) and (16) can still be shown to be correct upon scaling both the numerator and the
denominator in pag —p = (thzl Vil A“’i,3)/(z,N=1 Vi 1€i,2) and the denominator in p,pey — p =
N eisei2)/(EN vinei2) by V5.

6. E(1/X355) >~(8)~5 E(X{W £77W Xg/(X; W Xg)?) for any W.

7. Conditional on Xg, these LM test statistics have a standard normal asymptotic distribution. As
the latter distribution does not depend on Xg, it follows that the unconditional asymptotic distribution
of these LM test statistics is also equal to the standard normal distribution.

8. Bond, Nauges, and Windmeijer (2005) have also compared various panel unit root tests by
calculating their asymptotic local power and by conducting simulation experiments. The only GMM-
based test they consider is a Wald test based on the “optimal” System estimator. As expected this test
has poor size and power properties. They also find that the Breitung—Meyer test and the test based on
the FDMLE have very similar size and power properties.

9. Note that the FEMLE is different from the LSDV estimator.
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APPENDIX: Proofs of the Results

LEMMA A.1. Let {yj ;} be a stationary process and let u; ; = y; ; — ;. Then

2 2

o 20
E(uj;—1Au;;) = 11 E[(A”i,t)z] =

s

I+p

(1—pHr+6p* 4

45 _
R (Y
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(1—p)2[k(1—p>) +6p] 4 6L=p) 4, o4
(14+p)2(1+p?) 1+p

E[(Au; )" =

(A=p)le=p?)+6p%1 4 3 4
(1+p)2(1+p?) (I+p)" "~

Elu; ;-1 (Aui,z)3] =— and
(x(l—p2)+6p2)04 1y

2 27 _
Bl e = )« P2

Proof of Lemma A.1. Note that u; ; = pu; ;1 +¢&;; and Au;; = (p— Du; ;1 +
&j,t. Moreover {u; ;} is a stationary process. Then verification of the first two claims is
straightforward. The other claims are proved as follows:

60 p2
E(u?,z) = E(P4“?,t—1 +6P2”i2,t—18i2,t +g?’f) - ’04E(u?”) * (1-p%) et
o 6042 (1—p>)+6p? o4

4\ _
<:>E(ui,l)—1 A—p)(1—p%H (- 2)2(1+p2)

E[(Au; ) 1=El(p— D', +6(p—D2uf, el +4)]
_ U=pPlk(=p?) +60°] 4 6(1=p) 4

4
o +ko',

(1+p)2(1+p?) I+p

Eluj —1(Aui )1 =El(p— 1*uf ,_ +3(p— Duf,_ &7 ,]

1- 1—p?)+6p2 3
_A=p)le=pT)+6p7] 4 4 and

+p20+p0 7 “a+p)’

k=p)+6p%) 4 1 4
(1+p)2(1+p?) 1—p2°

E[ul[ 1(Ault) ]—E[(P_l) Mlt 1+ull 1 ll‘]
|

LEMMA A.2. Let {yj ;} be a stationary process. Then

2 2

o
. E(yipAyip)= ,

o
E(yi1Ayi2) =—
(yl,l y:,z) 1+p > l+p

202[02 +02(1 - p?)]
I+p=p)
2020 40, (1—p)’]

Var[(e; 3+ (1 — p)ui) Ayiol = T, ,

Var(y;,1Ae;i3) =

k(1 =p?) +6p>)c* ot
A+p2(+p5) " U+p)(1=p)
02[203(1 +p)—0?]

(14p)?

Var(yi,1 Ayip) =

s
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p2(e(1 —p2)+6p2)g4 ot
(I+p)2(1+p?) (1+p)(1=p)

U = 1=6p(14p) 202/ (14 p)
a”,

Var(yi2Ayin) =

(1+p)?
20 2, 2 2
oo +o,(1—-p7)]
Cov(yi1Agiz, yi1Ayi))=———F " = and
(yz,l i,35 Vi, 1 }’1,2) (l—p)(1+p)
20%65(1—p)
Covl(eiz+ (1= p)ui)Ayi2, yipAyial = i,

Proof of Lemma A.2. Noting that y; ; = u; ; + u;, application of Lemma A.1 yields

2
o
E(yi,1Ayi2) =E[(ui1 + ui)Auip] = ———,
I+p
2 o’
E(yi2Ayip) =Elyi,1 Ayia+ (Au;2)"]1= )
I+p

Var(yi1 Aei3) = E[(vi1 Aei3)*) = E[((ui1 + i) Aei3)?]

_ 20* +26262_202[02+0,3(1—p2)]
1—p2  —H (1+p)(1=p)

Var[(e7,3+ (1= p) i) Ayi ol = E[((ei 3+ (1 = p) i) Aui )]
20707 +0,(1-p)*]
- I+p

>

2
o
Var(y; 1Ayi2)=E |:(u,‘,1 Aujo+uiAuio+ 7)2
I+p

204 20‘265

J’_
(I+p)?  1+p

=E [(”i,l Aui)* —

ol

T2

_ (x( —pH)+6p%)a* ot
A+ +pY) (I4p)(1=p)
02[203(1 +p)—0o?]
(1+p)? '

2
o
Var(yi2Ayi,2) =E [(ui,l Auip+(Aui2)* + i Auip = I+p ?

= E[(u,1 Aui2)* + (Auip)* + (i Aui 2)?
4

o
m +2ui,l (Aui,2)3

J’_
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2

o
— = (ui1Aui»)—
1+,D( i1 1,2) 1+P

202

(Auin)*

_ (1=p*)+6p%) ot
A2 +pY)

ot (=p)l(=pH+6p7] ,

J’_

1-p? (1+p)2(14p?)

6(1 — 20262 4

( p)04+w4+ T— 5
I+p I+p  (+p)

_2(1=p)x(1=pH)+6p*] 4
(I +p)2(14p?)

__ 6 al 20t 4ot
(+p” T+, (402

Pk —p2)+6p2)g4

(421 +p?)

0_4

MRS

k(14p)? =1=6p(14p)+2(0;/6*)(1+p)
J’_
(1+p)?

o,

Cov(yi,1A¢&i3,yi1Ayi2) = Cov(ui i Aei3,ui1 Au; 2)
+Cov(uiAei s, piAu;2)
=E(} | AeiyAui ) + o E(Azi3Aui2)

2 2 20,2
= —E(uj, &) —0,E(e2)

oo 4o, (1—p?)] J
= n
-pl+p = °

25%0,(1—p) -

Cov[(ei 3+ (1= p) i) Ayin, yip Aviol = E[(1 = p) (i Aui )] = 1+

A.L Proof of Theorem 1. When T =3, pap = p+(N"'IN | y; 1 Ae; 3)/(N7!
N Vi1 AYi2), and Parboy = p+ (NTVEN (e 3+ (1= p)u) Ayi2)/(NTVEN | vis
Ayi2).

Let us define X| = N_Ivazlyilesm, Xy = N_IZ,N:lyi,lA)’i,z, X3 = N~L/2

I3+ (= p)) Ayip,and Xy = NTVEN | i Ayio.
Let the CS model hold. Then using the results in Lemma A.2 we obtain as N — oo for

the parameter sequence p = 1 — /N~ that X; i N(O,a4//1), X i) N(—02/2,a4/(21)),
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X35 N©,0%), and X4 5 N(62/2,6%/(22)). Tt is also easily verified that limy_s oo
Cov(X1, X2) = —c*/(24) and limy _, oo Cov(X3, X4) = 0. It follows that

4 X X a? 0\ o* /2 -1
,DAB%p-i-}?, where{;{z} N[—zﬂ 1) 3 (21 1 , and

2

X X a> (0 1 0
N0 - £>~—3, Where{ﬁ}NN —< >,04( ) . ]
(PArbov —P) X, X4 5 \1 0 %
LEMMA A.3. Let {y; ;} be a stationary process, let u;; = y; ; — i, letl, p, and q

be positive integers, and let kg = ’E(e:{t)/aq‘ < 00. Then assuming that the sum of the
powers of €; i, Ui s, Ui, and Au; ¢ is less than or equal to 8, we have

(i) limyp1 (1= p)PE(u;?) < o0,
(ii) Timyp1 (1= p)P ‘E(u2p+l)’ <0,
(iii) lim,p1 E[(Au; )P] =xpo?,
(iv) Timyp1 (1 = p)? |Elu? (Aug )71 < o0,
) hmpTl(l—p)p‘E 2p+l(Auit)q]‘ < o0,
(vi) lim,q1(1=p)P ‘E 1k“ p(Au, l)q]‘ < 00, and
(vii) lim, 41 (1= p)? ‘E zk” (Au )q]‘ < 00.

Proof of Lemma A.3. Note that {u; ,} is a stationary process, u; ; = pu; ;1 +¢; ;, and
Auj = (p—1Du; ;1 +¢&i ;. Moreover, E(Mft) =E[(puj -1 +¢i,)’1=E[XL_o B(p.k)

X(pui,t—1)”_k8,l-‘,,], where B(p,k) = [k!(p —k)!17 ' p!.
We prove (i) and (ii) together. The proof proceeds by induction:
First consider p = 0: E(u?t) =1 and E(uilt) =0, and hence lim 1 E(u?t) < 0o and

lim, 11 ’E(u}t)’ < 00.
Now let p > 0 and suppose that lim 4 (1 —p)qE(ul.zj) < oo and lim, 1 ((1 — p)?
x [BGu; 4]
(zzﬁolpk)—‘ - 1/(2p) and limp1 (1 — p2PH1)=1(1 = p) = 1/@2p +1). Tt follows
that lim,p (1= p)PEGu; ) = limyp (1= p27) "' (1 = p)? BQp, 2E@w; 7 HE(E?,) =
o2(2p)~'B(2p,2) x hmpT](l — p)PTVEW;?™?) < co. It also follows that lim,qy
2 2p—1
(l—p)p‘E(M a )) < lim,q (1= p2P =1 (1 = p)PBQp + 1, 2)]15(” P )‘E(ai,w

lim,p1 (1= p2P =11 = p)PBQ2p + 1, 3)E(u2p 2 ‘E(gl.’t)‘ =d2Qp+ D)7 I'B2p+
2p—1

) < 0o for ¢ < p—1. Note that lim,q1(1 — p?P)~1(1 = p) = lim,q

1,2) x lim,q (1 — p)P~ I‘E(u )‘ + Islad@p + DTIBQRp + 1,3) x limyp

(1-p)P'B;? ™) < co.
The proofs of (iii)—(vii) are now straightforward:

(iii) limyp1 E[(Au; )P1=1im,p1 E[((p — Du; 1—1 +e;,1)P1=El(e; )P 1= Kpo P,
>iv) hmpTl(l —p)P ‘E[ p(Aul t)q] ’ = 11mpT1(1 -p)F ‘E[ i,s i t] ’ < 00,
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. 2p+1 . 2p+1
W) Timyp1 (1= p)? [E [ Ay ) || =timy 1 (1= p)? [E [0 (BG@. (o - )

g-1, g
XU —18; +€i,z)]

< 00,

s 2 . 2
Vi) timy g1 (1= p)? [E[ef i (Aug || = tim 1.1 = p)? [E[el jaii?ed || < oo,

and finally
ORI 2p+1 . 2p+1
vii) timyp1 (1 = )P [E[el 2 Aui )] | = timpp (1 = )P [E[el
-1
x (B(q, D(p = Dug—ref; + el ]| < oo 0

A.2. Proofs of Lemma 1 and Theorem 2

Proof of Lemma 1. Part (i): The proof of the first two results is similar to the proof of
the first part of Theorem 1:

For p=1—JN7" limy_,o0B(y;,1Ay;—1) = limy_, 00 p' E(y;1Ay; 0) = — 30
and limy_, 00 N ™! Var(y; 1 Avi ) = limy_ 00 N7VE[(yi,1 Agi1)?] = limy_00(N 7!
x El(yi,1A6;,3)]) =limy 0020 N T'E(Y? ) = limy 500 202N 1B ) = 0% /4.

2

Note that Var(y; 1Ay;—1) = E[(u; 1 Au; 1 + piAuj—1 + %pt—3)2], uj; =
pujs—1+ei s and Au; ;=(p—1)u; ;1 +e&; ;. Thenitis easily seen that for p = 1—iN~!
limy 00 N™1Var(y; 1 Ayi 1) = limy_ 00 N7 E[uj ) Aujy—1)?] = limy_ 0o N7
E{[(p — Duj | + uitei—117} = limy 00 N7'Blwi181,-1)?] = 0*/(20); that if
s<t—1landp=1—AN""limy_ 00 N"1Cov(yi 1 Ayi s, yi,1 Ayi—1) =limy_ o N1
E(u? | AujsAui1) = limy o0 NTUE@F  Auj s Aujg11) = limy o0 N7UE{F
[(p — Dus—1 + &ll(p — D(pus_1 + &)1} = 0;  limy_,00 N7'Cov(yj,1Avi,
YiaAyii—1) = 1imN%oN—1E(yl.2,1Ag,-JAu,-,,_l) = —¢%/(22); and finally that
limy 00 N1 Cov(yi 1 Avi 1, ¥i 1 Ayir) = limy 500 NT'E(GE A g Aui 1) = 04/(22).

Thus for p =1 —AN"! 1imN_>OON—1E(z{’AD,~Au;Z{)=1imN_>OOazN—1E(y§1)
x H=0c%/Q\)H, limy 500 NT'E(Z] Ayi —1 Ay, 1 Z]) = 1imN_>ooa2N—1E(yi%1)1
=0%/(21)1, and limy_, 0o NTVE(Z! Ay; 1 AV} Z]) = —limy_, 0 02N TIE(y? ) C =
—04/(21)C, and hence ’

NSz A ], [ X 0 < 4> H -
- ~N R

N_IZINZI Zi]/Ay,',_l }?61 —%0‘21
Note that £s56 11 =E(X51X§,) = —c*/(24)C’ #0.

Consider now the scaled sums N_I/ZZlNzl ZI-D/AU,- and N_1/2ZlN:1 ZiD’Ayi,_l.
For p =1 —AN~! we obtain limN_moN]/zE(ZiD’Ayi’_l) = limN_)ooNl/zE(ZiD’
x Auj —1) = limy_y 00 NVZE{ZP'[(p — Du; —5 +&;—11} = 0. In addition, limy_, o
E(ZP' Av; Av!ZP) = limy_, 00 0 E(ZP'HZP), 1imN%OE(zl.D’Ay,-,_lAy;’_lziD) =
limy 000 2E(ZP'ZP), and limy_, oo B(ZP' Ay; 1 AV} ZP) = —limy_, oo 0 2E(ZP”
X CZiD). Hence for p = 1—iN—1
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N_l/zlezl ZI-D/AUZ' 4 }252
%
N=125N  ZD' Ay 4 X62

—diag(Cr_3,Cr—4,...,Cy) I

(0) 4<diag(HT—3,HT—4,»-«,H1) —diag(CT—3,CT—4,..-,C1)/>

Note that 256 20 = E(X52X62) =—0 dlag(CT 3, Cr_4, ..., C1) #0.

Next consider the off-diagonal blocks 255 125 266 125 256 12, and 256 21. Because
limy_, 0o E(Z! Av; A0l ZP) _th_maZE(z{’Hle) =limy_ 000 2 HE(y; 1 ZP) =
limy 0002 HE(yi1[d1Ayin dapAyin ... dr_3p’ “*Ayio]) = limy_eo—1o*
x Hldd, ... dp_3],we have Zss 15 = E(Xs51X%,) = limy_, 000 2N~ V2E(Z!'HZP)
= 0. Similarly, 66,12 = E(X¢1X}) = limy_0002N"V2E(Z!'ZP) = 0, E56.12 =
E(XSIX/GZ) = _limN%wo-zN_l/zE(ZiI/C/ZiD) =0, and 256,21 = E(XSZ}?%]) =
—limy_, 000 ?2N~V2EZP'C' 2]y =0

Finally, it is easily seen that if 7 = 3, then )~(5 = )~(51 = 02)?1/«/1 and 5(6 = )}61 =
o2X »/~/%, where X| and X are defined in Theorem 1.

Part (ii): The proof of the first two results is similar to the proof of the last part of
Theorem 1 and the proof of part (i) of that theorem:

Stationarity implies that for p =1 — AN~! limpy 500 E(yi ¢ Ayir) =limy 500 E(yi 2
x Ayip) = 0%/2 and limy_ 00 N7 Var(yi  Ayie) = limy 00 N~ Var(yi 2 Ayi0) =
04/(2/1). Moreover, if s < 7, then for p =1 —IN~! limy 00 N_lE(yi’s Ayi syit Ayit)
= limy_y 00 NVEQ; s Auj guj  Auj ) = limy o0 N E(u; gy Auj guj -y Aujy) =
limy 5 00 N_IE(ui,s—l Aujgujs—1 A1"1',s+1) =limy_5 00 N_IE{”is_l [(p—Dug_1+ &5l
X[(p=D(pus—1+&5)1} =0

Thus for p = 1 — AN~ limy_,00 E(ZE 00/ ZE) = limy 00 0 E(ZF 1) = 041,
limy 500 NTUE(ZE yi 1y 1 2F) = 0%/@2)1, and limy_, oo NTV2B(ZF i 0]
X ZiL) =0, and hence

NTEELZPe ][R 0 241 0
= | ~N ’(ﬂ)( 0 ]>
NNz X381 Jo2
Note that E()}71)~(é1) = 0. Because limN_moN_l/zE(ZD’An-ylf Z-L) =0, we also
have E(X 52X 1) = 0. We conclude that E(X7X ) = 0. Furthermore it is easily verified
that X7 ~ N(0, £77) with £77 = limy_ oo K”E(Z”’v ol ZIHK! = g4k T K1
Finally, it is easily seen that if 7 = 3, then X7=X7 = 02X3 and Xg = Xg) =0 X4

where X3 and X4 are defined in Theorem 1.
Part (iii): Because limy_,oo N ™ Var(yl 1) < 00, limN_moN_lVar(yi’lAyi 1) < 00,

and limN_moVar([Ay,’jt]z) < 00, it is easily seen that for p = 1 — AN, 221_1
q.m. . _ _
(zl'zH) "S5 limy 0o NTIB(Z]'2]) = (6% /22) 1, N 3/225V:1(z{’z{)) e im0
m.
N7V2E(ZI'ZzP) = 0, and NTVEN (2P ZP) T5 limy 0o E(ZP'ZP) = 21, The
results are obtained by noting that convergence in quadratic mean implies convergence in
probability.
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Part (iv): Because limN%ooVar([Ay,",F) < 0o Vt, it is easily seen that for p =
1—AN"UNTUSN (27 5 Yimy L 0o BE(Z1'Z1T) = 621 and hence plimy ;o
INTTEY 2]z =01

To establish the second claim of part (iv), note that v; = y; — p1y;, —1 =v; +(p — p1)
x yi,—1 and AD; = Ay; — p1Ay; 1 = Avj +(p—p) Ay 1.

Lemma A.3 implies that limy 00 B(Au; )¥ < 00, limy ;00 N7VE[u?  (Au; 1)0] <

oo,limN_mN—ZE[u;fS(Aui,,)4] < 00, limy_eo
x (Au; )31 < oo, and 1imN%oN-1E[ul.2’S(Au,~,l)2] < o0 Vs,t. It follows from the
first result, our model assumptions, and the Cauchy—Schwarz inequality that limy_; o
Var([o; s Ayi (2) < 0o Vs,t and hence N~'SN (ZI'[Av] o)1 [Av] 01217y 5
limy_, 00 KTE(Z! 00} 2! YK = 64K KV, Similarly it follows that N2
x SN Vv zh S th%oN—1E<ZL’y,-,_1y;,_1Z,~L) = ot/@nl.
NT2EN (ZP Ay Ay, ZP) TS 0.and NT2SN (zEy Ayl zP) TS o

Lemma A.3 and our model assumptlons also imply that limy _, oo )E[vi ki s (Au;, ,)2]
oo and limy_5oo N~ IE[w? zk” (Au;, ,)4] < 00 Vk,s,t. It follows from these results, our
model assumptions, and the Cauchy—Schwarz inequality that N ™ —3/2 ZlN: 1(Z iL’ v; yi’_1 ZiL)
0NN (zhiay, _ zPY S 0, NN (zE v Zi a0/ zP) 570, and
NN (ZP Ay 1 a0izP) 0.

We conclude from the preceding results that N ™! lezl Zl-”’[ﬂ); z')”i]/[ﬂ); 6;]21.” 4
ot KK +6%/20)K2diag(Om—(r—2), IT—2). [

Proof of Theorem 2. The proof relies on results in (the proof of) Lemma 1.

Part (i): Recall that Z/ = KABZAP' where Z48 = [z! ZP] and rank(K4B) = m.
Therefore psp; is equal to a GMM estimator that exploits E(ZZAB’ Av;) =0 and uses the
weight matrix (N! ZlN:] Z;“B’HZ;-“B)_I. Consider the local-to-nonidentification limit-
ing behavior of this weight matrix. Because limy_, oo N~2Var( yi%l) < 00, limpy 50 N1
Var(y; 1Ay; ) < 0o, and limN_moVar([Ayi,[]z) < 00, it is easily seen that for p =1 —
INTY e2NT2YN (ZHZD "B 5511 and 02N T2 SN (2! HZP) 5 0. More-
overg2N~! ZlN:l (ZiD’HZiD) iy 255,22 Therefore plimy_, oo cIN"2 21N=1 (Zi]’HZiI)
=Z55,11. Plimy 00 02N IN  (ZP'HZP) = £55 22, and plimy 00 02N 732 5N |
(Zi]’HZiD) = i55’12 = 0. Furthermore Ss5 is PD. It follows from the preceding results
and (the proof of) Lemma 1 that psp| — p 4 )?é) is_sl )?5/)?/6 515_51 X¢. Assuming that pag
exploits E(Z?B’Avl-) =0, we also obtain psg — p 4 X4 Wi Xs1/Xg, Wi1Xer.

Finally we show that p4p is asymptotically biased downward when T > 3:

Note that pap1 = p + {zT‘l Vo ZeZiZ) 7 25 T S 2
x(Z21)~" 2{t1). Because £, 5[5, 12,(2/20-12’0,1 =X, Ay Lzl
(ZMB HZAB VN 208 Aoy and 3]G 202207 251 1) = (S

A, _ VZABY N, (ZAB’HZAB =L SN ZAB Ay, _y, it follows from part (i) of the proof
of Lemma 1 that both the numerator and denomlnator of psp1 — p converge in distribution.
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We first show thatlimN_moE[i’_u_lZ;(Z{Z,)_IZ;EI] <Ofort=2,...,T —1.Note
that limy 00 BIS. ), Zi(Z{Z) 7 Z{51] = limy 0o BIZN | [37 —1.0-12) (2 20) 7!
x 2i, 1, 1} = imy S5 00 R B (2 Z0) 7 20 0) X B(Sj —1,0-1F00)])-

Now, B(¥;, —1,1—1%1,1) = ((T—r)/(T—r+1))E[(y” 1= (/T -3l ym)(,t
/T =T, o0 = /T =1+ D) xE[= {207 phe + (/T =515

im0 ot 8,~,s] = —o2(1/(T =1+ 1) (1/(T —1)) [ZZ=,+12[ T Pkl 1 ol

lows that limy 5 00 E(¥;,—1,1—1%i,1) = limpp B3, —1,1—18i,0) = —%a . We also have

limy— 00 BEY 27, (Z{Z0) ™ 2i,) = Eltr(f—1)] =1~ 1> 0.
We conclude that limy _, o0 X, ' B(7_; ,_ lzt(z’zt)—l Z/51) < 0.
To complete the proof of the asymptotlc biasedness of psp;, we write the numerator

of pup1 = p» e T 5 IEN T 10212, V(21 Z0) T EN 24,%i,0)), as the sum of two
terms:

(5§ qymra (-
()
== T—t+1

T—1—t T—1 T—1-s
( 3 p"ai,+T— > ¥ p"gisﬂ} (A1)

k=0 s=t+1 k=0

T—1 N
1
+ ¥ Z(ZZ) 2 - Y 2 2z T ey
{t |:y_1,t_1 r( tZt) 1€t ,»=1Z"l( tZt) Zit T—t+1

T 1T
- kZO Pt T X X reg - (A.2)

s=t+1 k=0

The first term, (A.1), converges in probability to th%ooZ, - E[y 1 t—lZf (z; Zt)_1
x Z;%;]. Because the numerator of pap;— p, Zt 2 y- lt 1Zt(Z Zi)~ IZta,,converges in

distribution to a random variable with mean limy_; o Z[ ) E[ - 1Z¢(Z’Z;) Lz e,
the second term, (A.2), converges in distribution to a random variable with mean zero. For
convenience we will assume that the ¢; ;’s are symmetrically distributed around zero. Do-
ing so does not entail a loss of generality because imposing this assumption does not affect
the asymptotic distribution of p4 1. Noting that the second term does not involve higher
powers of ¢; ; (higher than one) and using that the ¢; ;’s are symmetrically distributed
around zero, it follows that the second term is symmetrically distributed around zero and
also asymptotically uncorrelated with the denominator of psg; — p, ZtT:_21 [y l,z—lzf
x (Z] Z,)_IZ; Y—1,—11- We conclude that the expectation of the second term divided by
the denominator converges to zero as N — 0o. The ratio of the first term and the denomi-
nator converges to a negative constant divided by a positive random variable and gives rise
to the negative bias of pap.

Part (ii): It follows in a straightforward manner from the results (in the proof of)

Lemma 1 that plimy_y o (Parbon — £) = 0 and /N (Barbop — p) 4 XéWfﬁ/f(éWf(g..
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A.3. Proof of Theorem 3.
Part (i) Wy sys1 = (NT'IN ZAZ5)~! where Z7 = diag(z/,Z!") and

H C
A_|:C/ IT—2:|.

Let My = N~'SN (zl'HZ]), My = My, = N7ISN (z'cz!T), and My, =
N1 ZlN: I(Zil I Zl-l I ). From parts (i) and (iv) of the proofs of Theorem 2 and Lemma 1
we have plimy 00 N ™' M| = 0 2Zs5.11 = (62/(24))H and plimy_, 00 M2y = 1.
Moreover, because limy_, o E(y; 1 Ay 1) = —02/2 and limy 5 o N_lVar(y,"l Ayi) =
a*/(22), we have plimy_, oo N ™12 M5 = plimy_, oo N ™12 M}, =0.

M11 M12 - _ Ml] M12

le M22 - le M22

N— M12M2_21M21/N)‘ M2 =M mppms M? = —M My M, and M7 =
1

M5+ M My M MMyt .

The first claim follows now straightforwardly by Slutsky’s theorem. The proof of the
second claim is very similar.

Part (ii): Note that Z8'[Av; 071 = (2! Av) (Z!'[Av; 911

From part (iv) of Lemma 1 we have N~ lZN Z”’[Av/ A’] [AU’ N]Z”%o""WArbm)2
Lemma A.3, our model assumptions, and the Cauchy Schwarz inequality imply that
limNﬁooN_lE[(Avm)zuin] < oo and th%oN—ZE[(Ao,‘?‘Y)“u;‘J] < 00 Vs,t and

hence N"23N_(Z! Av; Ao} Z]) B limpy 00 NTVE(Z) Ao Ao Z]). Tn part (i) of the
proof of Lemma 1 we showed that limy_soo N _]E(ZI’AU AU’Z[) = limpy_y o0 02
lE(ZI "H ZI )= ( )H It then follows along the lines of part (iv) of the proof of
Lemma 1 that plimy_s oo N ZZN 1(ZI’AD Av! ZI) =( A)H
Similar arguments show that plimy_soo N™ 3/22£V=](KIIZ[I/DiAD;ZiI) =0 and
plimy 0o N72XN (KT 21Ty Avjz])=plimy 00 NT2EN (37 KT ZIT1A0])
(02/22)K " Eldiag(?, ...l 1Y1Ae]] = (04/22)K'' D. Note that K'!z!!"3;
= Z!I"[Av] 571 Tt follows that N=3/25N | (ZI'[Av] 5/1A0] 21) % —(a*/20)KK ! ID.
Noting that Wil ¢, = (1/(22)H, Wg)l,sz = (Wi ) = —(1/Q))KK! D, and
ngz,sz = W;rboz)Z’ we conclude that dlag(N L 5, N"V2p, )ZN I(ZS/[AI)/ A’]
x [Au’ /123 )diag(N V17—, N™1/21, )4 o Weyso-

Note that Wy sys1 = [ ],Where MY = N—Ly,y

Part (iii): From part (i) of Lemma 1 we have N~ lle:] Z{’Avi g )251,N_1
<IN 2V Ay 1S X, NTUV2EN 2P A0 S Rsp, and NTV2EN 2D Ay, S
Xe2, with X5 = (X4, X5,)' ~ N(0, £s5) and X = (X5, Xg,) ~ N(jig. Ze6)-

From part (ii) of Lemma 1 we have N_I/ZZZNZI ZiL’v,' i) )~(71 ~ N(O, i77’22) and
NTUEN ZE i1 S R~ N0 %/2), (0% /@)

Recall that Z”’[Av’ 1)/]/ = K”Z”/nl Let KS = diag(I7_p, K'1). It follows that
Z5' A} o1 —((z”Au) (Z”’[Av’ o)) =KSZ5Av) ol

Consider now K WN sysi1K S'=N— 12?’ KSZS’AZSKS’ and KSW ! KS =

N,SYS1b
N_IZlNleSZiS’Z;SKS/. From part (i) we obtain plimy_soo N Zl_l(Zi[’HZi) =
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o s plimy 0o N70 250 A =0 =0"2%77, an

( 2 (21 H pl N lle_](KIIZlII/Z’IIKII/ ZKIIKII/ 22 d

plimNﬁooN‘3/2ZfV:1(ZiI/CZi”K”/) = 0. We also have plimy_sooN 2
2

x 3N (zl'zh = (g1

We conclude from the preceding results that plimy_soo(psysy — p) = 0 and
~ d 5 a—-1c ,ora—1o

VNBsysk —p) = X427 X7/X, 25, Xg, fork = 1, 1b.

It immediately follows from part (ii) and the preceding results that plimy_s o0 (Psy §2 —

. d o = o e, - s

p) = 0 and W(f)sysz -p) = X[ WsysaX10/X] WsysaX11 with Xjo =
(Xg1 Xg-z X’71)/ and X;1 =00 Xél)/.

Part (iv): From the results mentioned in part (iii) we conclude that pgys — p ﬁ>
(Xlﬁl Wi1X51 +Xél W31X51)/X/12WX]2 with X1, = (X/61 0 Xé])/. |

LEMMA A4, Let g, d, ¢*, and ). be constants such that0 < g <1,0<d <g, 0 <c* <
00, and 0 < 1 < 0o. Furthermore, let p =1—JAN~8. Thenlimy_, S/Nd—>c* N$—d(1—

p2U+8)y = G(4, ¢*) < oo, where G(4,c*) =2A(S+1) if d = 0; §(A,c*) =2Ac* if 0 <
d<grandq(A,c*)=q(L,c*)ifd=g.

Proof of Lemma A.4. Note that (1 — p20+9) /(1 = p) = (1 +p!+5) ZEZOpk and
recall that lim;, o (1 4+x/p)P = exp(x) and g(4,c) = 1 —exp(—24c). There are three
cases: d =0,0<d < g,andd = g.

First assume that d = 0. Then § = ¢* is fixed, and ]imN%oo,S/Nd%c* (Ng_d

(1= p? ) = limy 00, 5= 2(1 = p?1H9) /(1 = p) = limy 5 00, 5=+ (A1 + p'T5)
2o PK)=24(S+1).

Next assume that 0 < d < g. Then we have 1imN—>oo,S/Nd—>c* S_lz.]f:opk =1,
because 1 > limy o ¢ na_yen ST E_op" = limy oo g niyer p5 = 1. Tt follows
that limy oo ¢ iy er N84 =p2 4D =limy |, ¢ ya e ONT(1 = p21+9))
x (1=p)) =limy_, o ¢/na_y e A1+ p ) STIEE_ ok = 25",

Finally assume that d = g. Then we have limy_, S/Nd—s¢* N8—4(1 —pz(H’S)) =
limy s o0, 5/N5—sex (1= p21+9)) = 1 —exp(=22¢*) = g (2, ¢*) < oo =

A.4. Proof of Theorem 4. Note that lim, 11 Var(y; —g — #;) = 0. Then we obtain for
the parameter sequence p = 1 — ANTE that limy_, S/Nd—s¢* N_dVar(y,-,l —uj) =
My o0, 5/nd—ser 02N = p2IED) /(1= p?) = limy_, o gy e 0T NS4 —
xp20+9y/(22) = 624(4,¢*)/(22) by Lemma A.4. It follows that My oo /N o+
N=IVar(y; 1 Ayin) = limy o0 s/nd_yer N70Var(yi162) = 02(624(4,¢*)/(24) +
Hd = O}O'ES), Furthermore, if 0 < d < g, we have limy_, §/Nd—s ¢ [Ng_d
x EQi1Ayi)] = —limy o ¢ /nd e ANTVar(yi — i) = —024(2,c*)/2.
Finally, if d = 0, we obtain that limy_, o ¢/nd_+ N6 TE(3i,10Yi.2) = A(ouy — 7).
Note that when d =0, 07 = 02§ (4. c*)/(24) + o 2.

When T =3, pag = p+ (N yi1863)/ (N vi1Ayi2) and parpoy = p +
(S i3+ =P Ayi )/ (S yi2 Ay 2)-
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Define X1 =NCVDUFD TN |y 1 Ag; 3, X3=N"1V2EN | (6341 = pui) Ayi 2),
and X4 =N"! ZlNzl yi.2Ay; 2. Moreover, let X = N ~1/2(1+d) lezl Vi, 1Ayi2if Agg <0
and Xo = N~1H8=d SN 3, Ay 5 if Agy > 0.

Recall that ¢(4,c¢) = 0 if ¢ = 0. Then using results similar to those in Lemma A.2
we obtain as N, S — oo with S/N = ¢ >0, S/N&¢ — ¢t >0, and S/Nd —c* >0,
where 0 < ¢ < 1 and 0 < d < g, for the parameter sequence p = 1 — AN "8 that X i
N(0,202(024(h,c*)/(22) + 1{d = 0}02)), X3 > N(0,0%), and X4 5 N(o2(1 —
q(2,¢T)/2),0%q(4,c)/(22)). In addition, we obtain that

xziN(z(g”y—ayz),02(02@(A,c*)/(21)+035)) if Aqg=0 and d=0,
Xy 4 N(=024(2,c*)/2,0%G(0,¢*)/(22))  if Agg=0 and d>0,

X, % N, 02(624(2, c*)/(22) + 1{d = 0jo24)) if Agq <0,

X2% iouy—02) ifAgg>0 and d=0,and

X2 —624(0,c*)/2 ifAgg>0 and d>0,
and we obtain that limy_, . ¢/ni_.e Cov(X1, X2) = —02(c2§(1,c*)/(2A) +
1d = 0)02g) if Agg < 0, limy_, o s nases COV(X[.X2) = 0 if Agg > 0, and

limNeoo,S/Nd—w* Cov(X3,X4) =0.
Parts (i) and (ii) of Theorem 4 follow now straightforwardly from the preceding
results. u

A.5. Proof of Theorem 7. When T =3 and p =1, pap = p+ (XN vi.14¢3)/(Z,
vi.1€i2) and Parpor = p + (EN_ &1 38i2)/ (SN vi2ei2).

Let us define X; = N—1/2(1+d) 2,]-\,:1)’1',1A3i,3, Xy, = N—1/2(1+d) ZlN:l Vi 1€i,25
X3 = N—l/ZZlNzl €32, and Xy = N_1/2(1+a7) lezl vi,2¢6i2- Let O'Ifr =o0%(c*o? +
1{d = 0}(c2 g +02)). Then it is easily seen that as N, S — oo with §/N¢ — ¢* > 0 and
S/N‘i — ¢ >0 whered > 0and d = max(d, 1), one obtains that X 4 N(0,20%), X» 4

N(O, a;‘,), X3 —d> N(O, 04), and X4 —d> N(l{d < 1}o2, ca4). In addition, one obtains that
limpy oo 5/5d s CoV(X 1, X2) = =0y, and limy o ¢ yd_ .+ Cov(X3,Xy) = 0.
Parts (i) and (ii) of Theorem 7 now follow straightforwardly from the preceding results. l

LEMMA A.S. Let p = 1. Furthermore, let N — 0o, § — oo simultaneously with
S/Nd — ¢* >0, whered > 0. Letu; ; = y; ; — pu;, let I, p, and q be positive integers, and

let kg = ‘E(gzt)/aq’ < 00. Then assuming that the sum of the powers of &; i, u; g, Uj,

and Au; ; is less than or equal to 8, we have

(i) th—>oo,S/Nd—>6N dpE(M,-f) < 00,
o —d 2p+1
(ii) limy _, o0 5/nd—¢ N p‘E(”i,t

(iii) limy_, o s/nd s EI(Au; )P1=1pa P,

2
E[ui”;(Aui’t)q]‘ <0,

)‘<oo,

) i —d
() limy o0 s/nd—se N7
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. — 2p+1
) limy_, 0 5/nd e N dp‘E v (A“it)q]’ <00,
(vi) Timy_o0.5/nd e N ™ p‘E[sl L P(Au,;)q]) < o0, and

e e 2
(vii) th—>oo,S/Nd—>EN p‘E[si’k l.f: (Auijt)q]‘ < 00.

Proof of Lemma A.5. Note that u; ; = u; 1 +¢; = Xj__g ek and Aujy = e; 4.
Note also that u; _g = 0.

When d = 0 the proofs for (i)—(vii) are trivial because in this case the moments can be
written as sums of a finite number of bounded terms.

Therefore from now on we assume that d > 0.

Let limp_ 5o be short for lim,_ . §/Nd— ¢

We prove (i) and (ii) together.
First consider p = 0: E(u?t) =1 and E(ui1 ;) = 0 and hence limN%ooE(u?t) < oo and
lmpy s o ‘E(u}[)‘ < co. Now let p > 0: limy_y o0 N"PE@u;?) = limy_, 0[N~

2p+1

x thcl,kz,..‘,k,,=—S+IE(Hm 161, ) =c*Pa?P < oo and limy s 00 N 7P ‘E(u r )’ =

. —d % 2p+1
limy 00 N™P Xk k= s+1( (o) ey, ‘E &k, D—C Plrs|a=P™" < oo

The proofs of (iii) — (vii) are now straightforward.
(iii) th—)ooE[(Auz t)p] =El(¢;, )P1= Kpa'p
iv) lim N~ |E[u; p(Au 4] = lim N—dp E[sz q] < 00,
(iv) N—oo it N—o0 is
(v) lim N4 |B[u 21’+ (Au; )9]| = lim N—dPE[4 217+1 q <o,
N— o0 it N—00

(vi) limy—s o N~ d”’E[al wier? (Aug ,)'I]’_th%oN d”’E[al kuffalq,]’ < 00, and

finally

(viD) limy_50o N7 dp‘E[&‘ (AM t)q]‘ =limy 00N~ dpE[S 2f;+1 H ] <oo.

A.6. Proofs of Lemma 3 and Theorem 8. 1In these proofs (p)limy_s o is short for
(p)thHOO S/Nd~>c* Note that when p =1, v; ; = ¢; ¢, Ayir = ¢y, Ayl = e , and

11 T—l
Z; dlag(a g ). n
Proof of Lemma 3.
Part (i): The proof of the first two results is similar to the proof of the first part of
Theorem 7. As N, § — oo with §/N¢ — ¢* > 0 and S/N? — ¢ > 0 where d > 0 and
d = max(d, 1), we obtain that

NEIDA+D SN ZIAy T 4 [Rsy 0 H -C
U SN 10 7 s NNKO)’Ujr<_C ! ﬂ "
N i1 2 Ayi— Xe1
N‘l/zif\’:lziD/Avi ] 4 [ X5
d ~
N=125N  ZD' Ay 4 X62

N (0) 4 [ diag(Hr 3, Hr—4,..., H)) —diag(Cr_3,Cr—4,...,C1)
0/’ —diag(Cr_3,Cr_4,...,C1) 1
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Note that ﬁ56,11 = E(f(51f(’61) = —O‘IjrC/ # 0 and i56,22 = E(}A(SQJA(/GZ) = —g*
X diag(CT__o,, CT_4, . Cl)/ # 0.

Next consider the off-diagonal blocks ﬁ55’12, ﬁ“’lz, i56’12, and 256,21- We have
255,12 = E()?Slf(gz) = limN_>oo0'2N(_1/2)dE(ZiI/HZiD) = 0. Similarly, 266,12 =
E(X61Xpy) =limy_ 00 0 2N TY2DE(ZI'ZP) =0, S5 10 = B(X51 X§,) = —limy 00
azN(_l/z)dE(ZiI’C’ZiD) =0, and 5621 = E(X52Xf)) = —limy_,o0[c>N(1/24
xE@zP'c'zh =

Fmally, itis easﬂy seen that if 7 = 3, then X5 = X51 = auer and X6 = X61 = anz,

where X 1 and X > are defined in Theorem 7.
Part (ii): The proof of the first two results is similar to the proof of the last part of

Theorem 7. As N, § — oo with S/Nd — ¢* > 0and S/Nd — ¢ > 0 where d > 0 and
d = max(d, 1), we obtain that

N=VZEN  zLh, X7 0 I 0

i) ~N ,0

NEID+D N ZLry, Xg 1{d < 1}o 2 0 ¢l
Note that E(X71X/81) = 0. Because limy_y o0 N _I/ZJE(Z-D’AD,-y; Z-L) =0, we also
have E(X 52X81) = 0. We conclude that E(X7X ) = 0. Furthermore it is easily verified
that X7 ~ N (0, £77) with £77 = limy_, o0 K”E(Z”’v oz = g4 T,

Flnally, itis easlly seen that if 7 = 3, then X7 = X71 = ang and Xg = X81 =0 X4,
where X 3 and X4 are defined in Theorem 7.

Part (iii): Note that v; (p1) = y; — p1yi,—1 = v; +(p — p1)yi,—1 and AD; (p1) = Ay; —
P1AY, —1=Avi +(p—Pp1)Ay; —1.

Lemma A.5 implies that limy _ o E(Au,-,t)8 <00, limy_s o0 N_dE[uizjs(Aui,t)6] < 00,
limy 5 00 N2E[u} (Auj )" < o0, limy 00 BI(Auj)*] < 00, limy ;o0 |Eluj
X (Au,-,t)3] < 00, and limNﬁooN_dE[uiz’S(Aui,,)z] < oo Vs,t. It follows from the
first result, our model assumptions, and the Cauchy—Schwarz inequality that
limpy —; o0 Var([v; Ayi,,]Z) < oo Vs,t and hence N_IZ{VZI(ZI.”’[AU; v;]/[Avl’. vl’.]Zl.”)
i limy_, o0 KTE(ZI 00/ ZI YK = g4k K!T. Similarly it follows that
N~ SN (zhry Lyl zEy B dimy oo NTIEEZE yi 21y Z8) = cotl,
N72SN (ZP Ay Ay ZP) S 0and NT2EN (zF v 6y zPh TS o,

Lemma A.5 and our model assumptions also imply that limy_ |E[u,~ kUis
X (Aui,,)z] < oo and limy_y oo N dE[vl k” (Au;, )4 < oo Vk,s, . It follows from
these results, our model assumptions, and the Cauchy—Schwarz inequality that N ™ 3/2 ZiN: I
(Zboiy] _ zby 50N TSN (zFuiay_zP) 5 0N TREN (zbyi -y
x A} ZP) 570, and NT32 SN (ZP Ay; 1 A0 ZP) 5 0.

We conclude from the preceding results that diag(N_l/zlm_(T_z), N_l/zglr_z) X
z,_l (2111807 Gy, G 1Rv; (305, (GDIZET) diag(N =121y, 7—), N~V 217 )
4 gtk + co*K2diag(Op—(7—2). IT—2); N3N, (Zi’”[AAv;(ﬁlb) o/ (G1p)]

o~y 5 d .
X (80} (51p) 5, Gip)1Z1T) 5 o KT KT+ co K2 diag(Op—(r-2), I7-2).
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Note that Z3'[Av; 971 = (2" KoY (ZI!'[Av; 571 .
Lemma A.S, our model assumptions, and the Cauchy—Schwarz inequality imply that
limN%OON_dE[(Av,-’S)zuiz’t] < o0 and limNﬁmN_ZdE[(Avi’s)‘Luit] < 00 Vs,t, and

hence N~(+d) ZiNzl(ZiI’AviAvle{) 3 limy_, 00 N"9E(Z!’ Av; Av]Z!). From part
(i) we have that limy_, o N"/E(Z!' Av; Av]Z]) = 1imN_,ooa2N—dE(z{/Hz{) =
& H. It follows that plimy 0o N~ SN (71" Ap; Av; zly=04.H.

Slmllar arguments show that plimy_, 5 N( 1/2)(2+d) ZN (K”Z”/vl Av Z ) =0,
plimy_, o NC1/2G+) 3N (ZZ.D’Ayl-j_lAuiZ{):O,andpllmN_)oo (N( 1/2)@+d+d)
EN (KuZn/ _1Av] ZI)) :pthﬁooN(—l/z)(zﬁLdde’) vazl(yiz,lK”Zf”lAv,f)=
CUZK”E[dlag(ei,...,eiT YiAel1=co* K1 D. Note that K11 !5, = ZI1'[ Av; /1.
It follows that N ~1/DU+d+d sV (ZI[ Ky (51) 5751 Ao (51)21) S —ca*KK D
and NCVACHO SN (ZI o] (51y) 5 i Av; (Pr) 2 5 —ca* KK D.

Weconcludethatdiag(N(_l/z)(Hd)IT_g N‘l/zl —(1-2),N" 1/2dIT 2)21_1 (ZZS’
x [Av; (B1) 0 L] [Av; (51) (Pl)]ZS)dlag(N( VDD 1y, N7V21,_(722),
N2, ), Wgygo and that diag(N<—1/2>U+d)1 2, NTV2 Ly _(r 9y, NT1/2
Ir—o)IN | Z¥ [Av; (plb) (/)11;)] [Av (P1p) 0L (P1p)1 25 diag(N 120+ o N—1/2
Iy—(r-2), N~ ]/21T—2) —0 Wsyszb’ where WSYS2 and WSYSZb are PD matrices. W

Proof of Theorem 8. The proof relies on results in (the proof of) Lemma 3.

Part (i): Recall that Z] = KABZAB' where ZAB = [z] ZP] and rank(K4B) = m.
Therefore psp; is equal to a GMM estimator that exploits E(ZZAB’ Av;) =0 and uses the
weight matrix (N1 zzN:I Z?B’HZlAB)_l. Consider the diagonal path limiting behavior
of this weight matrix. Since limy _ oo N~2dVar( yi2 1) <ocobyLemmaA.5, limy_, o N—d
Var(y; 1 Ay; ;) < 00, and limpy_; 5o Var([Ay; ,]2) < 00, it is easily seen that c2N—1+d)
b (z”HZ’) B $55.01 and o2NCU2CHO SN (717D 5 0. Moreover,
aZAN_1 ZzNzl (ZiD’HZl.D) 3 255,22. Therefore p}imN_mo[azN_(H'd) ZzN:I (Zi’/HZiI)
—255,11>PlimN—>oofsz_l YN (ZP'HZP) =555 55, and plimy _, oo 02N (Z1/2)CF)
21_] (ZiI’HZiD) = X55,12 = 0. Furthermore Xs5 is PD. It follows from the preceding
results and the proof of Lemma 3 that psp; — p 4 )A("S 25_51 )?5/)?’625_51 X¢. Assuming that
pag exploits E(ZAB' Av;) = 0, it also follows that pap — p 4 X, WX 13/X],W X4 with
X13= (X, 1{d = 0}X%,) and X 14 = (Xf; 1{d = 0}X[,)".

Part (ii): It follows in a straightforward manner from the results in the proof of Lemma 3

. . 7~ d 5o oo
that plimy - 00 (PArboo — p) = 0 and N(l/z)d(pArbm) —-p)= X/gWX7/XéWX8~

Part (iii): From part (i) of Lemma 3 we have N2 A+d) zzN=1 Z{’Avi ﬁ> )?51,

— d & _ d 3 —
NEUDUTD SN 7 Ay S Xe1, NTV2EN 2P Ao S Xsp, and N71/2EN |

d & S PO . 5 YRS
ZP'Ay; 1 5 Xep, with X5 = (X5, XL,) ~ N(0,Zs5) and X¢ = (X5, X)) ~
N (g, Z66)-

https://doi.org/10.1017/50266466608090531 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466608090531

GMM ESTIMATION IN DYNAMIC PANEL DATA MODELS 1389

From part (iii) of Lemma 3 we have N—1/2 ZlN:] Zl.L’v,' —d> }271 ~ N (O, 277’22) and
NCUDA+D SNzl & %o~ N(1{d < 1)o?,coD).

Recall that Z3'[Ao! o] = (Z!" Av;) (Z!V'[Av; 51)Y = KSZ5'[Av] v]1, where
ZHav) o1 = K11z 0; and KS = diag(I7—p, K'1).

Consider now K Wy SYSIKS = 1ZN KSZS’AZSKS’andK Wy SYSle
N1 ZN KSZS’ZSKS/ It is easily verified that plimy_; oo N ™1+ ZN (Z[’HZ )=
(o} ) )H, plimy_y oo NTVEN (KT ZH' ZIT K1y = 2K H K11 = 2277, and
plimy _y oo N(-1/2@+d) ZN ((zl'ezH K117y = 0. We also have plimN_mo[N_(H'd)
xS 1(2“2’)1 = (%/02)1

We conclude from the preceding results that plimy_,c0(Psysy — ) = 0 and

1/~ d 5 8-1% 5 a—1s
N2 (Goy g — p) > X371 X7/X5 35 Xg, fork =1, 1b.
It immediately follows from part (iii) of Lemma 3 and the preceding results that

plimy 0 (Psysyk — p) = 0 for k = 2, 2b, and +N(psys2(p1) — p) 4
X11WSYS2X10/X11WSYS2X11 Wlth XIO—(X51 X52 1{d < I}X/l)/ and Xll—(o XS),
and ZY(I/Z)d(PSYSZ(Plb) - p) 4 X1 Wsysop X100/ X} WeysapX11 with Xpg =
(X5, X3)" )
Part (iv): From the results mentioned in part (iii) we conclude that N (1/2)(d—d)
~ d 3 5 5 5 . S A A A
(Psys —pA) _i X/]6WX15/X/16WX16 with X5 = (Xgl 1{d = O}X%)/ and X =
(I{d = 1} X, Xg)', and that if d < 1 plimy_, o0 (Dsys — p) =0. |

A.7. Proof of Theorem 9.
Part (i): Recall that Zi” dlag(ZD ZL) and that ZS dlag(ZAB ZL) where ZAB

[Zl.I ZI.D]. Also recall that K”Zi”’ v; = Zl.”’[Avi vl.] and from the proof of Theorem
3 that KSZZS/[ADI{ ulf]/ = Zis’[Avl’- vlf]/ when K5 = diag(I7_p, K'1). Similarly, we
~ / / ~
have K17 Z["y; _y = Z[V[Ay] _y {1 and KSZ3'[Ay] _y v 1 = Z)'[Ay]
’
i1l

Note that when p=1, v; ; =¢; 1, Ay; 1 =¢;;, Ayl? = sl{, and Zl-” =diag(8i2,...,8iT_l).

Recall the distributional results from parts (i) and (ii) of the proof of Lemma 3 and in
particular that X7 L Xg.

Note that Wy arpor2(D) = (NTIIN, zIT00[ZI1)™1 and Wy syso(1) =
(N_12£\/=12i5/[Au; /] [Av] D;]Zlfg)_l. Consider now KIIWIG,]ArbUUZ(I)KII/ and
KSW; SYSZ(I)KS/. Recall that 0* K /! K 11" = £ Then it is easy to verify that

Loplimy oo s/nd e N"UTDEN | 21 Av Avj 2] = ol H,

2. plimy o g/Ndsex N™ IZN K”Z”’v v] Z”K”’ $77, and

1/2 2 d)yN II II I _

3. pth—>oo,S/Nd—>c*N( /)( + )Zl: K"z v AvlZ] =0.

We conclude from the preceding results that pth—)oo,S/Nd—>c* (Parbov2,r —1) =0,
and N(l/z)d(ﬁA,bgvz,R -1 LA X’é fl7_71 )2’7/)?% 27_71 Xg. Furthermore, we can conclude

. ~ 7~ d 13
that plimy _, o /nd_c+ (Psys2,r —1) = 0 and N2 (Goygr g —1) 5 X5 X/
£ ol
X421 Xy,
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Note that SE(Barbon2,p) = INT'EL () _ ZH KMY(E )T W arpova (D
(K™~ x5 (KT Z[!y; 172 and that SE(Psysa,r) = INT'ZY ((Ay]
Vi _I)ZSKS’)(KS/)—1 Wi sy 52 (1K) S (KSZY (A _y v )R,

It follows from the preceding results that [SE(ﬁArbgvz,R)]_z/Nd 4 }A(éﬁ%] Xg

~ ~ d 51 a1t «1/25r a1
and hence (Darbov2,k = V/SE(Barpon2.r) = (Xg277 Xg)™1/2 X577 X7, Because
X7 L Rg, (R4S Xg)~1/2X4 251 X71Xg ~ N(0, 1), and therefore (pArbsz r—=1/
SE(DArbov2,R) —> N (0, 1). Similarly we obtain that [SE (psy sz, r)]™ /Nd - XS 277 Xg
~ ~ d
and (psys2, g —1)/SE(psys2,r) = N(O,1).

Part (ii): We first consider the weight matrix and some other fourth-order moments.
Note that p = 1—AN~1/2, Letu; ;= yi ¢ —pi Vt. Thenlimg 500, seq E[(Aui,t)s] <00,
limS,Nﬁoo,Seq E[(Aui,t)z] = 02, and provided s # 7, limS,N—)oo,seq E(Au; sAu; ) =0.
It follows from these results, our model assumptions, and the Cauchy—Schwarz inequality
that limg y_c0,seq E(Z! 00/ Z!T) = 6*1 and limg y_;00,seq Var([v; s Ay; ;1?) < 00
Vs, 1. Consequently we obtain that N~ ZzN:I Zl-”’v,-v;Zi” T8 647 as (S, N = 00)seq
and hence plimg, y_; 00 seq N1 ZzN=1 Z{I’uiu;Z{I = ¢*I. Similar arguments show that
plimS,N—mo,seq Nt le:] Z,'”/A)’i Ay{Z,-” = 0'4], plimS,N—>oo,seq[N_3/2 ZlNzl (Z,'I/
X (Ayi = Ay —D)(Ayi = Ayi, 1) Z))1 = plims, Ny 00,50 N2 S Z[! Ao A0 Z] =

4 . - .

(57)H, and plims, N 0,5eq N7/ Sy Z] (Ayi = Ayi —) Ay[Z] T = plims, v 00,5eq
NTAEN (Zl'Av; ol ZIT)y =0

Next we consider second moments. By Lemma A.2 we have that limg v 00,seq
E(u; Au;j ;) = 02/2 Vt, and Lemma A.3 yields limg, y s oo, seq N_lE(uizt(Au,-,t)z) =0
Vt. It follows that N_IZN_I Z”’yij_l 3 (62/2)1 as (S,N — 00)seq and hence
plimg N 00,50 N IZN ZII/yl,—l = Xg = (¢2/2). Similarly, we obtain that
plims, N co,5eq N~ Sy Z{' Ayi -1 = —(0?/2)1,

The precedmg results imply that both plims,N_mo,M][SE(ﬁAr;,m)sz)]_z/N =
XgXg/o* = (1/2)*m and plimg N 00,5 [SE (Bsys2,)]7>/N = Xy Xg/o*.

_ d 3 4 —_ d g

Because N=/4 3N | 7' Av; S X5~ N(0, (3 H) and N=V2 5N 7117, 5 X7 ~

. ~ —~ d
N(070'4I) as (S, N = 00)seq, we also obtain that (Parpov2,R — P)/SE(DArbov2,R) =

IYE R 5, o . . d 5, =, - o, o
072X Xg) V2 X[ X7 and (Bsys2,r — p)/SE(Psysa,r) = 0 2 (XgXg)~/2X[ X7 as
(S,N—>oo)£eq‘ . . o

Note that X7 L Xg. Therefore 0 ~2(X§Xg)~!/2X{ X7|Xg ~ N(0, 1). We conclude that

~ ~ d ~ ~
(Parbov2,R = D/SEParbov2,R) = N(—=(4/2)/m, 1) and (psys2, g —1)/SE(Psys2,r)
4 N(=(2/2)m, ).

Part (iii): We first consider the weight matrix and some other fourth-order moments.
Note that p = 1 —AN"Y2 and d > 0. Let ui; = yiy — ui Vt. Then

th—>oo,S/Nd—>c* E[(Aui,t)g] < 00, limN—>oo,S/Nd—>c* E[(Aui,,)z] =02, and pro-
vided s # t, limy_, §/Nd—s ¢+ E(Au;j sAu; ) = 0. It follows from these results,
our model assumptions, and the Cauchy-Schwarz inequality that limy_, ¢ JNd s o

B(z!vi0}z]1) = o*1 and limy_, o ¢ yi_ o+ Var([v; s Ayi 1) < oo Vs, 1. Conse-

. _ m. .
quently we obtain that N ]Z{\/:l(Zill’vix U;Zi[[)q—> Pl and hence plimy _, o g/nd_, ¢+
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_llezl Z{I’vivl’»Zl.” = ¢*1. Similar arguments show that Plimy oo g/ Nd—s e+ Nl
SN ZH Ay Ay ZIT = 641

Because limg, N5 00,5eg N lE(sl §edd Y(Alh )%7) < 0o Vk,s,tr and VI, > 0 by
Lemma A.3, we have a fortiori th%OO,S/Nd%C*N Var([y,’]Ayl,,] ) < oo and
limN%oo,S/Nd%c* N_IVar([yi’lAv,-,,]z) < oo Vit when d > 0. Moreover, when
d =0, we have limN_mo’S/Nd_)C*Var([y,-’lAyi’,]z) < 0o and limN—>oo,S/Nd—>c*
Var([yi,lAz),-’t]z) < oo Vr. It follows that plimy_, o g/nd_cs N_(H'i)ZlN:lZiI’
x (Ay;— Ay, —)(Ayi—Ay; 1) Zl =plimy_, o s/ya_s o NTUTDEN | 71 Av;Avjz]
= (02G(2,c")/2) +1{d = 0)o2)0?H and plimy_, . ¢ ya s [NTUT1/2D

x 3L 2@y = AyinAyizl! = PlMy o0, 5/Nd -t N~ 5Nz
x (Avj)v!z!) = 0, where d = min(d, 1/2) and g(4,c*)/(22) = limy_ o0 /nd_y e
N1 = p20+9)) /(1 = p2) (cf. §(4,c*)/(22) in the proof of Theorem 4). Note that
g, c®/2A) =S+ 1 if d =0; g(1,c*)/(2A) = c* if 0 <d < 1/2; q(4,c*)/
(20) = q(A,c*)/(22) ifd = 1/2; and G(1,c*)/(22) = 1/(2A) if d > 1/2.

Next we consider second moments. When 0 < d < 1/2, we have lim,,_, 00,8/ Nd— c*
E((1 —p)ul.z’l) = limN—>oo,S/Nd—>c* 21— pz(H‘S))/Z =0 by part (ii) of Lemma A 4.
When d = 0, we obtain th—>oo,S/Nd—>c* E((1 —p)uiz,l) = 0 also. Finally, when d >
1/2, we have limy, oo ¢ /na_y o B(CL=p)u? ) =Timy o ¢/n1/2 0 5 nd s [0 2(1—
P 2] = 62q(2,0)/2.

Recall that if ¢ = 0, then g(4,c) = 0. Then it is easily verified that for d > 0
im0 s/Nd—s o B Aui ) = 0% + limy_ oo ¢/ndy o B@i 1 Auis) = o2
+ th—)oo,S/Nl/z—)c,S/Nd—)c*E((p - l)uiz,l) = ¢2 — azq(/l,c)/2. Moreover,
because limg N c0,seq N_IE(uizt(Au,-,t)z) = 0 by Lemma A.3, we have a
fortiori limy_, o s/yd_y e+ NT'E@7, (Auj)?) = 0 when d > 0. It follows that

- q.m. .

NTUSN Lz 5T 621 = q(2,0)/2n and  hence  plimy oo /v s
N=USN zHy 1 = X3 = 02(1 = q(4,c)/2). Similarly, we obtain that
plimy oo g /ni_yr N"UFWAD SN ZIAy; =0 whend > 0.

Finally, note that N ~1/2(1+d) ZZN:I ZiI/Avi LA Xs1~ N, (021, c*)/(22) + 1{d =
0lo2g) o2H) and N=V25N 72110, & X0 ~ N(0,0%1) as N, S 0o with §/N1/2 >
c¢>0and S/N? = ¢* > 0, where d > 0. o

The preceding results implythatplimN%oo,s/Nd%C*[SE(ﬁArbgvz,R)]_z/N:XéXg/

4= (1=q0)/2)%m and plimN%oo’S/Nd_)C*[SE(ﬁSYSz,R)]_Z/N = X{Xg/o%.
Moreover, as N, S — oo with S/Nl/2 — ¢ >0 and S/Nd — ¢* > 0, where d > 0,
~ ~ d 2O O — o1 ~
(PArbov2,R — p)/SE(pArb(mZ R) > o72(X{Xg)TV/2X{X7 and (Psysar — p)/
SE(psysa, R)—> o2 (X§Xs8)~ 1/2X8X7

Note that X7 L Xg Therefore 0_2(X Xg)_l/zX’ X7|X8 ~ N(0,1). We conclude that
(Parbov2, R — D/SEDArbov2,R) 4 N(=A(1 = q(%,¢)/2)y/m,1) and (Dsysa,.r — 1)/

~ d
SE(Psys2,r) = N(=4(1—q(4,¢)/2)/m,1). u
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