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Abstract. This paper deals with families of conformal iterated function systems (CIFS).
The space of all CIFS, with common seed space X and alphabet /, is successively endowed
with the topology of pointwise convergence and a new, weaker topology called A-topology.
It is proved that the pressure and the Hausdorff dimension of the limit set are continuous
with respect to the topology of pointwise convergence when [ is finite, and are lower semi-
continuous, though generally not continuous, when [ is infinite. It is then shown that these
two functions are, in any case, continuous in the A-topology. The concepts of analytic,
regularly analytic and plane-analytic families of CIFS are also introduced. It is established
that if a family of CIFS is regularly analytic, then the Hausdorff dimension function
is real-analytic; if a family is plane-analytic, then the Hausdorff dimension function
is continuous and subharmonic, though not necessarily real-analytic. These results are
then applied to finite parabolic CIFS. Counter-examples highlighting breakdowns of real-
analyticity in the Hausdorff dimension among analytic, but not regularly analytic, families
are further provided. Such families often exhibit a phenomenon known as phase transition.
Sufficient conditions preventing the occurrence of such transitions are supplemented.

1. Introduction

The last 15 years have been a period of extensive study of single infinite conformal iterated
function systems (CIFS). Recently, interest in families of such systems has emerged
(see [1] and [2] for example). The aim of this paper is to provide a good background
for further research in this direction.
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In §2 we collect the definitions, concepts, and most of the known results concerning
single iterated function systems which will be needed in what follows. In §3 we define
and collect some general properties of what we call A-topologies. In §4 we topologize
(in fact, metricize) the space CIFS(X, I) of all conformal iterated function systems sharing
the same seed space X and the same finite alphabet /. The topological pressure and the
Hausdorff dimension functions prove to be continuous with respect to the above-mentioned
topology.

Section 5 is devoted to systems with a countably infinite alphabet /. We endow the space
CIFS(X, I') with two topologies: the topology of pointwise convergence, which arises from
a natural metric, and an appropriate weaker A-topology. Not only does a A-converging
sequence converge pointwise, but it also satisfies a condition on the difference of the
logarithms of the norms of the derivatives of its underlying maps. This condition
essentially requires that the maximum distortion of the space created by a sequence of
CIFS be comparable to the maximum distortion generated by its limit. We first prove that
the pressure and the Hausdorff dimension functions are lower semi-continuous, though not
generally continuous, with respect to the topology of pointwise convergence. A class of
examples underlining the possible lack of continuity in these two functions is thereafter
constructed. Then we demonstrate that both functions are continuous with respect to the
A-topology. The section ends with a complete characterization of the behavior of sequences
and their limits in the A-topology.

In §6 we define the concepts of analytic, regularly analytic and plane-analytic families
of iterated function systems. We note that every plane-analytic family is analytic, and
every analytic family on a finite alphabet I is regularly analytic. Regular analyticity forms,
to our knowledge, the most general sufficient condition preserving the real-analyticity
of the Hausdorff dimension function. If a family is plane-analytic, then the Hausdorff
dimension function proves to be continuous and subharmonic. This result is similar to the
one discovered by Ransford [11] for analytic families of hyperbolic rational maps, and our
proof is inspired by his work. Like Ransford’s, our argument relies on the existence of a
Bowen—Ruelle-type formula (Theorem 2.3) and on the variational principle for the pressure
function. Our result also extends the one obtained by Baribeau and Roy [2] for plane-
analytic families of CIFS consisting of similarities, in which case a completely different
proof was used. These results are then applied in §7 to finite parabolic CIFS.

Finally, counter-examples showing the possible failure of real-analyticity in analytic,
but not regularly analytic, families are provided in §8. Such families often display what
we call phase transitions. We give sufficient conditions to prohibit these from appearing.

2. Preliminaries from iterated function systems

Let us first describe the setting of CIFS introduced in [S5]. Let / be a countable (finite or
infinite) index set (so-called alphabet) with at least two elements, andlet ® = {¢; : X — X
| i € I} be a collection of injective contractions from a compact metric space (X, dx)
(sometimes called the seed space) into (X, dx) for which there exists 0 < s < 1 such
that dx (¢ (x), ¢i(y)) < sdx(x,y) foreveryi € I and for every x,y € X. Any such
collection @ is called an iterated function system (IFS). We define the limit set Jg of
this system as the image of the coding space /°° under a coding map m¢ as follows.
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(Note that we will drop the subscript ® when a single IFS is considered.) Let /" denote the
space of words of length n with letters in 7, let I* =,y I" be the space of finite words,
and let 1°° be the space of one-sided infinite words (sequences) of letters in /. For every
w € I* U I%°, we write || for the length of w, that is, the unique n € N U {oco} such that
wel" Foroel",neNletd, = ¢y 0puw, 0 - 0¢Py,. fw e I"UI* andn € N does
not exceed the length of w, we denote by w|, the word wjw; . .. w,. Since, given w € I°°,
the diameters of the compact sets ¢, (X), n € N, converge to zero and since these sets
form a decreasing family, the set

(e.¢]

() S, (X)

n=1
is a singleton, and we denote its element by 7w (w). This defines the coding map 7 :
I*® — X. Clearly, 7 is a continuous function when /°° is equipped with the topology
generated by the cylinders [i], = {w € I*° | w, = i},i € I, n € N. The main object of
our interest will be the limit set

J=a1®) =] [)$unX).

wel>® n=1

Observe that J satisfies the natural invariance equality, J = | J;; ¢i(J). Note that if I is
finite, then J is compact, and this property usually fails when [ is infinite.

AnIFS ® = {¢; : X — X | i € I} is said to satisfy the Open Set Condition (OSC) if
there exists a non-empty open set U C X (in the topology of X) such that ¢; (U) C U for
everyi € I and ¢;(U) N¢;(U) = @ for every pairi, j € I,i # j. (We do not exclude the
possibility that ¢; (U) N¢; (U) # ¥.)

An IFS & satisfying the OSC is called conformal if X C R? for some d € N and the
following conditions are satisfied:

(a) U = Intpa(X);

(b) there exists an open connected set V, with X C V C R, such that all maps ¢;,
i € I, extend to C'*¢ conformal diffeomorphisms of V into V;

(c) there exist y,/ > 0 such that for every x € X there is an open cone Con(x, y,[) C
Int(X) with vertex x, central angle of Lebesgue measure y, and altitude /;

(d) there are two constants L > 1 and « > 0 such that

;)| — 1.l < LIGH ™ 1y — x11
foralli e I and all x, y € X.

Remark 2.1. Tt has been proved in [10, Proposition 4.2.1] that if d > 2, then condition (d)
is automatically always satisfied with @ = 1. It is also automatically satisfied if d = 1 and
the set / is finite.

The following useful fact was also proved in [10, Lemma 4.2.2].

LEMMA 2.2. For all finite words w and all x, y € X we have that

llog |, ()] — log |, ()| < L(1 — )"y — x||*.

As an immediate consequence of this lemma we get the following.

https://doi.org/10.1017/50143385705000313 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000313

1964 M. Roy and M. Urbariski

Bounded Distortion Property (BDP). There exists K > 1 such that

o, (M| < K¢, (x)]
forevery w € I* and every x, y € V, where |¢,, (x)| denotes the norm of the derivative.

As demonstrated in [5], infinite CIFS, unlike finite ones, may not possess a conformal
measure. There are even continued fraction systems which do not admit a conformal
measure (see [6, Example 6.5]). Thus, the infinite systems naturally break into two
main classes: irregular and regular systems. This dichotomy can be determined from the
existence of a conformal measure or, equivalently, the existence of a zero of the topological
pressure function. Recall that the topological pressure P(t) = Pg(f), t > 0, is defined as
follows. For every n € N, set

PO =" llg,lI"
welm

Then
L e e L pm
P(t) = lim —logP" (r) = inf —logP" (¢).
n—oo n neN n

Recall also that the shift map o : I* U I — [* U I* is defined for each w € I* U I*® as

o () ) = (@)

If the function ¢ = ¢ : I®° — R is given by the formula

¢ (w) = log|g,, (m (o (@),

then P(z) = P(¢¢), where P(¢¢) is the classical topological pressure of the function #¢
when [ is finite (so the space I™° is compact), and is understood in the sense of [4] and
[10] when I is infinite. The finiteness parameter, 6 = 6g, of the system is defined by
inf{r > 0 | PD(r) < 0o} = 0. In [5], it was shown that the topological pressure function
P(-) is non-increasing on [0, 00), (strictly) decreasing, continuous and convex on [6, 00),
and P(d) < 0. Of course, P(0) = oo if and only if 7 is infinite.

The following characterization of the Hausdorff dimension 7 = hg of the limit set
J = Jo was proved in [5, Theorem 3.15]. For every F C I, we write ®|f for the
subsystem {¢; }icr of .

THEOREM 2.3.
he = sup{he|, | F C I is finite} = inf{t > 0: P(¢) < 0}.
If P(t) =0, thent = ho.

The system & is called regular provided there is some ¢ > 0 such that P(r) = 0.
It follows from the strict decrease of P on [0, co) that such a ¢ is unique. Also, the system
is regular if and only if there is a #-conformal measure. A Borel probability measure m is
said to be 7r-conformal provided m(J) = 1 and for every Borel set A C X and everyi € I,

m(@i(A)) = /A 11" dm,
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and

m(¢i(X)N¢;(X)) =0

for every pair i, j € I, i # j. There are natural subclasses of regular systems.
Still, following [5], a system & is said to be strongly regular if 0 < P(f) < oo for some
t > 0. As an immediate application of Theorem 2.3 we get the following.

THEOREM 2.4. A system  is strongly regular if and only if h > 6.

Also, asystem ® = {¢;};c; was called hereditarily regular or cofinitely regular provided
every non-empty cofinite subsystem ® = {¢;};c; (i.e. I’ is a cofinite subset of I) is
regular. A finite system is clearly cofinitely regular, and it was shown in [5] that an infinite
system is cofinitely regular exactly when the pressure is infinite at the finiteness parameter.

THEOREM 2.5. An infinite system ® is cofinitely regular if and only if P(0) = oo &
PD@) =00 < {r>0|P@) <oo}=(0,00) & {t>0]|PD() < o0} = (8, 00).

Note that every cofinitely regular system is strongly regular, and every strongly regular
system is regular. Finally, we define a new class of systems. These are regular systems at
the threshold between strongly regular and irregular systems.

Definition 2.6. A system @ is named critically regular if P(0) = 0.

Remark 2.7. Notice that the above described framework has some connections with the
context of countable alphabet symbolic dynamics (see [8, 10, 13, 14]).

3. Preliminaries from topology

Fix an arbitrary set Y amongst whose elements there is no empty set and suppose that a

function A : YN — ¥ U {@} is given with the following properties.

(@ If A({xs}52,) € Y, then for every increasing sequence {ng}2,, A({xu};2,) =
(ERE)

(b) Consider a sequence {x,}0°, € Y N If there exists x € Y such that for
every increasing sequence {ng};-, there exists a subsequence {nkj}fl’.il such that
k({xnkj }?‘;l) = x, then A({x,};2 ) = x.

() IfxeY,thenA({x};2 ) =x.

A sequence {)c,l};'lo:1 e YN i called A-converging if )»({x,,};’ozl) € Y, and then
A({xn}52 ) is called the A-limit of the sequence {x,};° ;. Otherwise, this sequence is said
to be A-diverging. A set F' C Y is declared to be closed if the A-limit of every A-converging
sequence of points from F belongs to F. Clearly, ¥ and Y are closed sets. We shall next
prove the following (actually straightforward) facts.

LEMMA 3.1. If {Fi}ier is an arbitrary family of closed subsets of Y, then (\,cy F; is a
closed subset of Y. If F and E are closed subsets of Y, then F U E is also a closed subset
of Y.

Proof. Suppose that {x,}°°, is a A-converging sequence of points from (). F;.
Then {x,};2, is a A-converging sequence of points from each F;. Since each set F;
is closed, A({x,}>2,) € F; forallt € T. Consequently, A({x,};2,) € (7 Fr, and
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the first part of our lemma is proven. In order to prove the second part, suppose that
{yn},2, is a A-converging sequence of points from F U E. Then at least one of the
sets F or E contains infinitely many y,. Without loss of generality, we may assume
that F has this property. This means that there is an increasing sequence {ny}7>; such
that y,, € F for every k € N. Since F is closed, it follows from property (a) that
A({yn Zil) = A({ynk},fil) € F C F U E. The second part of the lemma is thus proved. O

It follows from this lemma that the family of complements of closed subsets of ¥ forms
a topology on Y, which will be called the A-topology on Y.

LEMMA 3.2. Consider an arbitrary sequence {x,}7> | € YN, If A({xn}2 ) €Y, then the
sequence {x,},° | converges with respect to the A-topology on Y and its limit with respect
to this topology is L({xn};2 |). Conversely, if the sequence {x,}° | converges with respect
to the L-topology to some point x € Y, then A({x,}7> ) = x.

Proof. Take a sequence {x,}7°, € YN, Suppose that x := A({x,}72 ;) € Y but that the
sequence {x,}°, does not converge to x with respect to the A-topology. This means that
there is an open set U C Y containing x and an increasing sequence {ny}2, such that
Xp, ¢ Uforallk € N. So, x,, € Y\ U forall k € N. Since Y \ U is closed, using
property (a), we deduce that x = A({xp,}g2;) € Y \ U. This contradicts the fact that
x € U and establishes the first part of our lemma. In order to prove the second part,
suppose that the sequence {x, } >, converges with respect to the A-topology to some point
x € Y. Seeking a contradiction once again, assume first that A({x,,};2,) = @ for every
increasing sequence {ng};- ;. Then, in view of property (c), x, = x for finitely many n
only. Denote the largest of these n by ¢ — 1 (it is allowed to have ¢ — 1 = 0). Then, the
sequence {x,,}fjiq does not contain x and A({x,, }7>,) = @ for every increasing sequence
{ni}gZ; with ny > g. Consequently, the set {x,};2, is trivially closed, as it admits no
A-converging sequence. Therefore, ¥ \ {x,},2, is open and contains x. This contradicts
the assumption that x is the limit of {x,},2, with respect to the A-topology. So, we may
assume that {x,}>° , contains a A-converging subsequence {x,,};~ . It then follows from
the first part of this lemma that A({x,,};2 ;) = x. Since every subsequence of {x,}°
converges to x with respect to the A-topology, we may conclude that every subsequence of

the sequence {x,}7° ; contains a subsequence A-converging to the point x. It thus follows
from property (b) that A({x,}7> ;) = x. This completes the proof. O

LEMMA 3.3. Let Y and Z be topological spaces, Y being endowed with a \-topology.
Let f : Y — Z be an arbitrary function. Then the following two conditions are equivalent:
(i) f:Y — Zis continuous;

(i) if a sequence {x,}° | € YN is A-converging, then lim,_, oo f(x,) = FOxn}y2 ).

Proof. The implication (i) = (ii) follows immediately from Lemma 3.2. So, suppose that
(ii) is true and, in order to prove (i), consider an arbitrary closed set F' C Z. Let {x,};2
be an arbitrary A-converging sequence of points from f~!(F). Then f A({xn}y2 ) =
lim, f(x,) € F since F C Z is closed and each point f(x,) is in F.
Hence, A({x,}72 ) € f ~1(F) and therefore, according to the definition of the A-topology,
f~U(F) is closed. This proves that f : ¥ — Z is continuous. O
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4. Continuity in finite iterated function systems

Given a set X C R? and a countable (finite or infinite) set /, denote by CIFS(X, I)
the family of all conformal iterated function systems with seed set X and alphabet I.
Suppose throughout this section that / is finite and define the metric p on CIFS(X, I)
by the formula below. Given ® = {¢;}ic; and ¥ = {1 };¢y, set

(@, W) =[|®— V| + || — ¥ = Z(||¢i — il + llg; — ¥ilD.
iel
Our goal in this section is to show that, given ¢+ > 0, the pressure function P(¢) :
CIFS(X,I) —» R, ® +— Pg(t), is continuous and that so is the Hausdorff dimension
function 2 : CIFS(X, I) — [0, 00), ® — he. We start with the following intermediate
result.

LEMMA 4.1. The coding map = : CIFS(X,I) — C(I*, X), ® — me, is continuous,
where C(I*°, X) is the space of continuous maps from [ to X endowed with the
supremum norm. Moreover, for all ®, ¥ € CIFS(X, I),

1 1
Iy — 7ol Smin{ ; }II‘P—fbll
L= @] 1 — [

1 1
< min , p(P, W).
{1— & 1— II‘IJ’II}

Proof. We shall show by induction that for every x € X, everyn € N, every w € I" and
all , ¥ € CIFS(X, 1),

n—1

Vo (x) = o (x)| < ¥ — @ Z 1911V 4.1
/=0

J

Indeed, this is obvious when n = 1. So, suppose that (4.1) is true for some n € N. Take an
arbitrary x € X and w € I"*!. By our inductive assumption we have that

Vo (X) = ()| = [V, (You (X)) = b (Voo (X)) + o (Vow (X)) = o, (Pow(x))]
S = @ + ligg, | - [Vow(x) = ¢ow(x)]
S =@ + 19 [Yoo(x) = dowx)]

n—1
< =@ + (1] - W — @ Y @)
j=0

n
=W — @) 1| .
j=0

Since for every T € I, my (1) = limy— 00 Y|, (x) and 7o (1) = lim,— o0 P7, (x), letting
n — oo in (4.1), we obtain

74 (0) — o ()] < [ — @) > @IV =

1
I =@ < ———p(¥, P),
pr Y

L — o

The proof is complete. a
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We are now in a position to study the pressure function.
LEMMA 4.2. Foreveryt > 0, the function ® — P(tL¢), ® € CIFS(X, 1), is continuous.

Proof. Fix ® € CIFS(X, I), y € (0, inf |®’|), and § > 0 so small that inf |¥’| > y for all
U e B(®, ). Then for every i € I and every x € X, we have that

llog | (x)| — log |/ ()| < ¥y W/ (x) — ¢/ ()| < y W — @[ <y~ p(W, D).
Thus, using Lemmas 4.1 and 2.2, we obtain for every w € I that
|t log |¥7,,, (mw (o w))| — tlog |¢,, (Te(ow))]
= |t||log |¥,,, (e (0 w))| — log |¢), (To(cw))]|
< |t|(Jlog |, (Ty (o w))| — log|¢,, (Ty(cw))|| + |log|d,, (Tw(ow))|
—log|¢,, (e (cw))])
<ty oW, @) + LA -9 rw(ow) — mo(cw)|*)
<y oW, @) + LA — )71 (1 — | @']) " p(¥, ©)%).

Therefore [|t¢w — ol < [t|(y ~'p(¥, @) + L(1 — s)~1(1 — |&'])"*p(¥, ®)¥) and,
consequently, the function ® > t¢¢p € C(I°°) is continuous. Since the pressure function
P : C(I®) — R is Lipschitz continuous (with Lipschitz constant 1), the proof is
complete. O

We shall next investigate the Hausdorff dimension function.

THEOREM 4.3. The Hausdorff dimension function h : CIFS(X, I) — (0, 00), ® > hg,
is continuous.

Proof. Fix ® € CIFS(X, I) and ¢ > 0. It follows from Lemma 4.2 that there exists § > 0
such that if W € B(®, §), then

max{[P((ho — £)¢w) — P((ho — &)¢a)|, IP((he + &)¢w) — P((he + £)¢o)|}
< I min{P((ho — &)¢o), —P((ho + €)o)}.
Therefore
P((ho — &)¢w) > P((ho — €)o) — 3P((ho — £)ia) = 3P((ho — £){e) > 0
and
P((ho + &)¢w) < P((ho + £)te) + A [—P((ho + £)¢a)] = $P((he + £)¢s) < O.

It follows from the first inequality that iy > he — €, and from the second inequality that
hy < he +¢.So |hy — he| < &, and we are done. O

5. Continuity in infinite iterated function systems

Throughout the entire section the alphabet I is assumed to be countably infinite.
Whenever convenient, we assume that / = N. We endow CIFS(X, I) with two topologies.
First, given &, ¥ € CIFS(X, I), set

poo (P, W) = ZZ_i min(1, ¢ — ¥ill + ll6; — ¥;l}.
i=1
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It is easy to verify that this formula defines a metric on the space CIFS(X, /) and that a
sequence {®"}™° | converges to ® with respect to this metric if and only if for every i € I,

lim max{[l¢] — il + 11(#])" — ¢} = 0.
n—oo
This implies in particular that for every i € I,
lim |61 = gl and  lim [[(&})'ll = lI4]ll.
n—oo n—oo

The topology induced by the metric ps, on CIFS(X, 1) is called the pointwise convergence
topology. It is now important to make the following observation.

LEMMA 5.1. A sequence {®"}7° | converges to ® pointwise if and only if for every
w e I*,

Jim max{llg;, — o ll, 1(@5)" — 6,1} = 0.

Proof. The “if” part is trivial. Since I* = |J;2, I¥, we will prove the ‘only if* part by
induction on k. When k = 1, we have w € I, and the result is immediate. So, let £ > 1
and w € I¥, and suppose that for every t € 1571,

lim max{[|¢} — ¢c . @2) = @11} = 0.
Then, on the one hand, for every x € X,
92 () — ¢ ()| = |87, (D4, (X)) — Py (P (X))

=195, (g0 () — ¢4, (Pow ()| + 185, (o0 (X)) — o, (Pow ()]
< 1@u) Il 1650 = Powll + 165, — do |-

Thus,
Ids — ¢l < 1@L) | - 165, — Powll + b5, — bu |I-
Both terms on the right-hand side tend to 0 since lim,— oo |92, — dowl = 0 by our
inductive hypothesis, and lim,—, oo [|(¢y, Y = ||¢;)] [ and lim,— oo lI¢0,, — P, | = O by

the basis step. On the other hand, for every x € X,

(@) () — G, ()] = (@) (B2, ()) - (@2,)' (X)) = B (Bow(X)) - Bl (1))
< 1@, (D5(X)) - (93,) (X) = @), (D1, (X)) - ($5,) ()]
180, (D50 (X)) - (B54,) () = Bp, (95, (X)) - dpy (X))
180, (D50 (X)) - By () = bpy (Boer (X)) - Py (X)]
< @5, = &0, - 1@5) 1| + 190, 11 - 1(95,) — bl
+ 1), (@ (1) = Bl (G| - 194l
Thus,

@) — L < I@) — &, 11~ 1) |+ 1, - 1@L0) — ol
+ 5D 8, (95,0) = By G0 (|- 165
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The first term on the right-hand side tends to 0 since lim,— o [[(¢7,)" — (;S;)] | =0,
and limy,— o0 [[(@2,)'Il = l¢L,, || by our inductive hypothesis (in fact, lim,— o || (¢2,)" —
¢. .l = 0). The second term also tends to 0 due to this latter reason. Finally, the third
term tends to 0 since lim,— o ¢}, — ¢swl = O by our inductive hypothesis and ¢;, is
uniformly continuous on X. a

We now describe the properties of the pressure and Hausdorff dimension functions in
the topology of pointwise convergence.

THEOREM 5.2. The Hausdorff dimension function h : CIFS(X,I) — (0, c0) is lower
semi-continuous when CIFS(X, I) is equipped with the pointwise convergence topology.

Proof. Fix ® € CIFS(X, I) and a sequence {®"}>° | converging to @ in the pointwise
convergence topology. Take ¢ > 0. It follows from Theorem 2.3 that there exists a finite
set ' C I such that hg|, > he — &. Since the sequence {CID”|F}Z°=1 converges to ®|r with
respect to the metric p introduced in §4, it follows from Theorem 4.3 that

liminfhgn > liminfhen|, = ho|p > ho —&.
n—o0 n—0o0

Since & was chosen arbitrarily, we conclude that lim inf,,_, oo hgpr > he. O

Based on Theorem 2.1.5 and on Lemma 4.2, the argument used in Theorem 5.2 gives
the following.

LEMMA 5.3. For everyt > 0, the function ® +— Pg (1), € CIFS(X, I), is lower semi-
continuous with respect to the pointwise convergence topology on CIFS(X, I).

It is not difficult to see that the pressure and Hausdorff dimension functions are not
upper semi-continuous (and thus not continuous) in the topology of pointwise convergence.
Furthermore, the finiteness parameter function 6 is generally neither upper nor lower semi-
continuous.

Example. Let X be the unit square in the complex plane with vertices 0, 1,1 + i,1i.
Let X9 C X be the square determined by the vertices 0, 1/2,1/2 + i/2,i/2, and let
X1 C X be the square whose vertices are 1/2 +i/2,1+i/2,1+41i,1/2 4 i. One can
easily find maps ¢, : X — Xo, n € N, such that

on(z) =27z 1 q,

and & = {qbn};'lo:l is a member of CIFS(X, N) (one can even require that ¢, (X) N
¢m(X) = B if n # m). Notice that O = 0, which means that ® is absolutely regular
in the sense of [6]. So & is cofinitely regular. A short calculation further shows that
he = (log(l—i—\/g)/log 2)—1 < 1. Itis also easy to build an irregular system W = {1,,}>° |
consisting of maps ¥, : X — X1, n € N, of the form

Y (2) = rpz + by
for which hy = 08¢ = 1. Now, for every n € N construct the system

" = {¢i}i_; UV}l
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Since ®, ¥ € CIFS(X, N) and Xo N X1 = {1/2 4 i/2}, all the systems ®", n € N, satisfy
the OSC and, consequently, belong to CIFS(X, N). Obviously, the sequence {®"}°°,
converges pointwise to ®. However, it is clear that Op» = 6g, which shows that the
function 6 is not upper semi-continuous. It is also easy to see that ®” is irregular for each
n € N large enough. Moreover, since the system W is irregular, all its cofinite subsystems
are irregular and share the same finiteness parameter. Hence

hyie,. = 0wz, =0 =1

Therefore
hon =z hyypee =1,

Jj=n+1
and thus limsup,_,, hen > 1 > he, which establishes that the Hausdorff dimension
function is not upper semi-continuous. Finally, this example shows that the pressure
function E — Pg(¢) is not upper semi-continuous at ® (take any 0 < ¢t < 6y). O

It is also interesting to observe from this example that there are sequences of irregular
CIFS that converge in the pointwise topology to cofinitely regular CIFS. We will show
later (see Lemma 5.5) that this cannot happen in the A-topology we will soon introduce.
Another example follows.

Example. In the same setting as before, for every n € N form the system
vt = Wi}?:l U{o; ;?in-i-l'

Since @, ¥ € CIFS(X, N) and Xo N X1 = {1/2+ i/2}, all the systems V", n € N, satisfy
the OSC and, consequently, belong to CIFS(X, N). Of course, the sequence {lIl"}Zoz1
converges pointwise to W. However, 6y, = 6 = 0 and ¥, is absolutely regular, and
thereby cofinitely regular, for all n € N. This shows that the function 6 is not lower
semi-continuous.

It is also worth noticing from this example that there are sequences of cofinitely regular
CIFS that converge pointwise to irregular CIFS. We will show later (see Lemma 5.5) that
this is impossible in the A-topology. In fact, it is possible to construct similar examples
showing that every class of system can converge to any class in the pointwise topology.

We now turn our attention to the more delicate problem of identifying a topology with
respect to which the pressure and Hausdorff dimension functions are continuous. The first
example above shows that these functions generally fail to be upper semi-continuous in the
topology of pointwise convergence. In order to remedy this flaw, we introduce a weaker,
but rich enough, topology on the space CIFS(X, I) as follows. Given a sequence {®"}7° |
in CIFS(X, I) and ® € CIFS(X, I), we say that )»({CID"};X;I) = & provided that {CID”}Z":1
converges to @ in the topology of pointwise convergence and that there exist C > 0,
M € N and a finite set F C I such that

llog lI471l — log I (¢)lll < C (.1

foralli € I\ F and all n > M. Notice that due to pointwise convergence the set F' can
always be chosen to be empty and that @ (if it exists) is unique. If a sequence {®"}77

in CIFS(X, I) does not admit any ® € CIFS(X, I) for which the above conditions are
fulfilled, we declare that A({®"}°° |) = .
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We shall now check that the function A thus defined satisfies the conditions (a)—(c)
specified at the beginning of §3, and therefore induces a A-topology. Conditions (a) and
(c) are obviously fulfilled. In order to verify condition (b), take a sequence {®"}>° | in
CIFS(X, I) and ® € CIFS(X, I) such that A({®"}7° ) # ®. If the sequence {®"}> |
does not converge to @ pointwise, then there exists an increasing sequence {n};>; such
that for every subsequence {nj j}?o=17 the sequence {CD"kf}?‘;l does not converge to @
pointwise and, in particular, LD }‘1?02 ) # ®. We may therefore assume that {®"}>°
converges pointwise to ®, and that there exist a sequence {i¢}7>, in / and an increasing
sequence {nk},‘?‘;1 such that |log ||¢fk || — log ||(¢l.'zk)’||| > k. It is now clear that one cannot
choose from the sequence {®"}7° | any subsequence whose A-value is ®. So, condition
(b) has been checked. Hence the function A induces the A-topology on CIFS(X, I) with
respect to which a set G C CIFS(X, I) is closed if and only if the A-limit of every
A-converging sequence in G belongs to G. From now on, unless otherwise specified,
we consider CIFS(X, I) as the space topologized by the function A.

Before considering the pressure and Hausdorff dimension functions, let us have a look

at the finiteness parameter function 6.

LEMMA 5.4. The function 6 : CIFS(X, I) — [0, 00), ® +— 6O, is locally constant, and
thereby continuous, when CIFS (X, I) is endowed with the A-topology.

Proof. We will equivalently prove that if {®"}>° | is a A-converging sequence, then the
sequence {fgn}7° | is eventually constant. To do this, let ® = A({®"}7° ). It follows from
condition (5.1) that there exist C > 0 and M € N such that

e _N@I
=gl T
foralli € I, alln > M and ¢t > 0. This readily implies that forevery t > Oand alln > M,
bel,z (t) < oo if and only if bel)(t) < 0o. But this means that Opn = 0¢ foralln > M. O

The proof of Lemma 5.4 also gives the following.

LEMMA 5.5. If A\({®"}72 ) = ® € CIFS(X, I), then the following two conditions are
equivalent:

(i)  the system ® is cofinitely regular;

(ii)  the systems ®" are cofinitely regular for all n € N large enough.

In particular, this shows that the set of all cofinitely regular systems is open and closed
in CIFS(X, I) when this space is endowed with the A-topology. However, this set is neither
closed nor open in the pointwise convergence topology, as Examples 4 and 6 from §8 show.

We shall now concentrate on the pressure function. Here is an intermediate result.

THEOREM 5.6. Let k € N. For every t > 0, the function P®(t) : CIFS(X,I) —
(—00, 0], ¢ > Pg)(t), is continuous when CIFS(X, I) is endowed with the A-topology.

Proof. Fix ® € CIFS(X,I) and a sequence {CID,I}Z":1 in CIFS(X,I) such that
A({@")°2 ) = ®. Recall that for every 1 > 0, P4’ (1) < oo if and only if PG, (1) < oo
for all n € N large enough. Thus, for every t > 0, Pg) (t) < oo if and only if
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P (1) < oo forall n € N large enough, since (Ky'PY ()% < PP (1) < Y (1)*

for any W € CIFS(X, I), where Ky is any constant of bounded distortion for the CIFS W.
The result follows immediately from this observation for those t € {t' > 0 | P(qi)(t’ ) = oo}.
So, fixt € {t' >0 | Pg)(t’) < oo}. Let & > 0. It follows from condition (5.1) that there
exist C > 0 and M € N such that

—cr - ||(¢f’/)’||t e
llo; 11"
foralli € I and all n > M. Since Pg;) () < o0, there exists a finite set G C I* such that
£
D el < e TR,
welN\G

where K = K¢ is a constant of bounded distortion for the CIFS ®. Moreover, as { D" Zo=1

converges pointwise to ®, Lemma 5.1 ensures that lim, .« |(¢7) — ¢, || = O for every
o € I*. Hence lim, oo [|(#")|| = ¢, || for every w € I*, and thus there is N € N such
that for everyn > N,
e
P CHTED B AR ESS
weG weG

On the one hand, it follows that for every n > max{N, M},

PG = D 1@ I =Y 1@ 1 + > @b’

welk weG wel*\G

k
= Dol@ i+ Yo T

weG welkh\G j=1

k
<ol + Yo [ s,0

weCG wel\G j=1

k
< DM@+ Y T K 160, @i

weCG welf\G j=1
=D @I+ K D gLl
weG welk\G
N (AU S TN |
weG welk\G
gt € kCt gkt —kCt gr—kt €
<Z||¢w||+§+e S

weG

= gl +e <PY @) +e

weG
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On the other hand, for every n > max{N, M}
PG = D 1@ I > Y @)1

welk weG
&
DI A
weG
&
DI A D A (e
welk welk\G
& &
> Pg)(t) _ e*kCthkI_ _Z

2 2
> PP (1) —e.

Consequently, for every n > max{N, M}
PE(0) — PP ()] <e.

Since & was chosen arbitrarily, we have thus shown that lim,,_, o ng,z (1) = Pg) (1).

According to Lemma 3.3, the function p® (1) is thereafter continuous for each t > 0. O
We will now reach our ultimate objective: the continuity of the pressure function.

THEOREM 5.7. For every t > 0, the function P(t) : CIFS(X,I) — (—o0,00], ®
Po (1), is continuous when CIFS (X, I) is endowed with the A-topology.

Proof. Fix ® € CIFS(X,I) and a sequence {®,}7°, in CIFS(X,I) such that
L({®")22) = ®. Recall that for every 1 > 0, P (1) < oo if and only if P4 (1) < oo for
every k € N and all n € N large enough. Thus, for every t > 0, Po(#) < oo if and only
if P (t) < oo for all n € N large enough, and the statement holds immediately for every
te{t' >0: Pg)(t’) = 00}. So, fixt € {t >0 | Pg)(t’) < oo}. Lemma 5.3 asserts that
liminf, o Pon(t) > P (t). Let ¢ > 0. Choose k € N such that

1 (k) &
X logPy (1) < Po(t) + 3
Using Theorem 5.6, pick N € N such that

1 1 &
(k) (k)
X log Py (1) — X logPg ()| < 3

for every n > N. It follows that for every n > N,

1 &
P(D” (t) = % lOg Pqpn (t)

1 k &

“logP® (1) + =
<k0g q>()+2
< Pop(t) + .

Since ¢ was chosen arbitrarily, we have thus shown that limsup,_, ., Por () < Po(t).
Consequently,
limsupPen (t) < Pg(f) < liminfPen (¢),
n—od

n—od
that is, lim,,—, o Pon (f) = Pg (). According to Lemma 3.3, the function P(¢) is thereafter
continuous. O
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We thereby have a complete classification of the behavior of sequences in CIFS(X, I)
and of their limits.

LEMMA 5.8. If A ({®"}72 ) = ® € CIFS(X, I), then the following hold:

(i)  if ® is cofinitely regular, then the systems ®" are cofinitely regular for all n € N
large enough;

(ii)  if the systems ®" are cofinitely regular for all n € N large enough, then ® is
cofinitely regular;

(iii) if © is strongly regular, though not cofinitely regular, then the systems ®" are strongly
regular, though not cofinitely regular, for all n € N large enough;

(iv) if the systems ®" are strongly regular, though not cofinitely regular, for alln € N
large enough, then ® is either strongly regular, though not cofinitely regular, or
critically regular (see Example 5, §8);

v) if © is critically regular, then the systems ®" are strongly regular, though not
cofinitely regular, or critically regular or irregular, or any combination of these, for
alln € N large enough (see Example 5, §8);

(vi) ifthe systems ®" are critically regular for alln € N large enough, then @ is critically
regular;

(vii) if @ is irregular, then the systems ®" are irregular for all n € N large enough;

(viii) if the systems ®" are irregular for all n € N large enough, then ® is either critically
regular (see Example 5, §8) or irregular.

This classification can also be expressed in the following form.

LEMMA 5.9. In the space CIFS(X, I) endowed with the A-topology:

(i)  the set of cofinitely regular systems is both open and closed;

(i)  the set of strongly regular, though not cofinitely regular systems, is open but generally
not closed;

(iii) the set of critically regular systems is closed but usually not open;

(iv) the set of irregular systems is open but generally not closed;

(v)  the set of critically regular or strongly regular, though not cofinitely regular, systems
is closed but usually not open;

(vi) the set of critically regular or irregular systems is closed but generally not open.

Finally, we look at the Hausdorff dimension.

THEOREM 5.10. The Hausdorff dimension function h : CIFS(X, I) — (0, 00), ® > hg,
is continuous when CIFS(X, I) is endowed with the A-topology. Moreover, it is locally
constant on the open set of irregular systems.

Proof. The latter part of the statement simply follows from Lemma 5.4 and Theorem 5.7.
Thus, the case where @ is irregular is settled and only the regular case needs to be
addressed. In this case, follow the proof of Theorem 4.3 with P(t¢¢) replaced by Pg (). O

6. Real-analyticity, continuity and subharmonicity in analytic families
Let A C C%, g € N, be an open analytic submanifold of C?. Let {®*};c be a family
of CIFS from CIFS(X, I), where X is contained in V, an open connected subset of Ce,
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d € N, and I is a countable alphabet, either finite or infinite. Fix 1o € A and for every
w € I, consider the function

(¢5,) (T2 (0(@)))
@o2) (7 (0 (@)

where ) 1= mg. : I® — X is the coding map induced by the CIFS ®*. A family
{®*}ren is said to be analytic if
(a) foreveryx € X andeveryi € I, the function A — ¢i)‘ (x), A € A, is analytic.

An analytic family {®”},¢4 is called regularly analytic if in addition the following two
conditions are satisfied:
(b) @™ is strongly regular;
(c) there exists n € (0, 1) such that |x,(A) — 1| < n forevery w € I®® and all A € A.
Making a synthesis of arguments from the proof of [15, Theorem 6.3] and from appropriate
parts of [16], we obtain the following result.

A kp(A) =

THEOREM 6.1. If {®*};cn is a regularly analytic family of CIFS from CIFS(X, I), then
the function A = hj := hgs, A € A, is real-analytic.

We omit the proof since it repeats, essentially word for word, various fragments from
[15] and [16]. When [ is finite, every analytic family of CIFS from CIFS(X, I) is regularly
analytic, and therefore as an immediate consequence of Theorem 6.1, we get the following
corollary.

COROLLARY 6.2. If I is finite and {®*}yen is an analytic family of CIFS from
CIFS(X, I), then the function . +— hy, . € A, is real-analytic.

Note further the following very useful immediate consequence of the Mean Value
Inequality.

Observation. If {®*}; ¢ is an analytic family of CIFS from CIFS(X, I) and if there is an
open neighbourhood U of A¢ contained in A such that

sup{|| DykoM)| : 0 € I*®, A € U} < o0,

where D; k(L) : C4 — C9 denotes the differential of the function A — «,, (1) evaluated
at the point A, then there is » > 0 such that condition (c) of the definition of regular
analyticity is satisfied whenever A € B(Ag, r). Notice also that due to Cauchy’s formula
for the derivative of a holomorphic function, the above condition can be replaced by

sup{llko(M)| : @ € I, L € U} < 0.

A family {®*};cx is called plane-analytic if it is analytic and both A and V are open
connected subsets of the complex plane C.

Our next result is analogous to the one developed by Ransford [11] for analytic families
of hyperbolic rational maps. Like Ransford’s proof, our argument relies on the existence
of a Bowen—Ruelle-type formula (Theorem 2.3) and on the variational principle for the
pressure function. Our result also extends the one obtained by Baribeau and Roy [2] for
plane-analytic families of CIFS consisting of similarities.

https://doi.org/10.1017/50143385705000313 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000313

Regularity properties of Hausdorff dimension 1977

THEOREM 6.3. If {®*};cn is a plane-analytic family of CIFS from CIFS(X, I), then the
reciprocal 1/ hy, of the Hausdorff dimension function is the infimum of a family of positive
harmonic functions of \. In particular, it is continuous and superharmonic with respect to
the variable A.

Proof. Suppose first that each ®* is regular. For every A € A, put £, := {4, the function
associated to the CIFS ®* defined in §2. According to [13] and [4], each CIFS &* satisfies
for each ¢-potential —¢¢;, t > 0, the variational principle

P(h, 1) :=P(=15)) = sup {hu(d) -t &Hlw) du(w)},
weM@.) 1%

where M (1) is the family of all o-invariant Borel probability measures on /°° such that

t f 0o Sx(w) dpu(w) < 00, and hy (o) is the measure-theoretic entropy of o with respect

to u. Let u be a o-invariant Borel probability measure on /°°. Then we have for every

AEA,

/,oo @) du(w) = /100 —log |(¢2,)(m.(0 (@)))| d ()

= Z /['] —log |(¢1) (2. (0 (@)))| d ()

iel VU

=y f P @1 (@) d(o o) (w)

iel
=y / —log |(¢}) (m.())| d ().
iel /1%
Now, fix i € [ temporarily. Since (A,z) — ¢i)‘ (z) is an analytic function of two
complex variables, the function

0i
0z
is also analytic. Moreover, because 0 < |(¢f)’ (z)] < 1 for every (A, z), this function
is locally bounded (in modulus) away from O and 1. Since {A — m)(®)}per> is a
family of analytic functions, this implies that {A > (qb?‘)’(nk (w))}were is a family of
analytic functions, locally uniformly bounded away from O and 1. Consequently, {A
—log |(¢f)’(m (w)|}wer= is a family of positive harmonic functions, locally uniformly
bounded away from 0 and co. Applying Fubini’s theorem, we deduce that

(r2) > — (A, 2) = () (2)

A /,m —log (¢} (:.(@)] dju ()

is a positive harmonic function. Using Harnack’s theorem (see, for instance,
[12, Theorem 1.3.9]), we conclude that the function A > f 00 S (@) dp(w) is either
identically co or an everywhere finite, positive, harmonic function. In particular, this
means that either © € M(A) for every A € A, or u & M(A) for every A € A. So, the
function A > M (X), A € A, is constant. Fixing any A9 € A, we have thus shown that

P(A,1) = sup {hu(ﬁ) - t/zoo O (@) du(w)},

HEM (X0)

https://doi.org/10.1017/50143385705000313 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385705000313

1978 M. Roy and M. Urbariski

and that the function A +— f 00 $1(w) dju(w) is finite, positive and harmonic for every
® € M(Ao). Applying Theorem 2.3, we get

0=P(, hy)= sup {hu(a)—hx/mﬁ(w)du(w)}-

HeM (Ao)
Hence .
o= sup D
weMGg) Jroo G.(@) d ()
So
1 _ e e b@du@)
hy. neM(uo) hu(o)

Thus, 1/ is the infimum of a family of positive harmonic functions. This concludes the
proof in the case in which each ®* is regular.

In general, using Theorem 2.3, we see that for A € A the fact that ) = hgr =
sup{hqrp | F C 1 is finite} holds. So 1/hy = inf{l1/hg g | F C I is finite}. Since every
finite CIFS is regular, we deduce that each of the functions A +— 1/hg | is the infimum
of a family of positive harmonic functions. Therefore 1/4 is an infimum of infimums,
i.e. an infimum, of positive harmonic functions. It follows from Harnack’s inequality
(see, for example, [12, Theorem 1.3.1]) that 1/4 is continuous. It is then easy to see
that 1/ A is superharmonic. O

COROLLARY 6.4. The functions h and log h are continuous and subharmonic. Moreover,
h satisfies the functional inequality

hAh > 2|Vh|?
whenever h is C2.

Proof. Since h and log h are decreasing convex functions of the superharmonic function
1/h, an application of Jensen’s inequality shows that these functions are subharmonic.
The last part of the corollary follows from the expansion of the inequality A(1/k) < 0. O

However, h is generally not harmonic. Indeed, consider a plane-analytic family
{®"}.ca of CIFS consisting of two similitudes ¢} and ¢5 with (¢})'(z) = (¢3)'(z) = €*
for every z € C, where A C {A € C | Re(A) < 0}. Then i, = h(L) = —log2/Re(A)
and (Ah)(L) = —210g2/(Re(A))3. Now, observe that (Ah)(X) > 0 for every L € A.
Thus, & is nowhere harmonic. Note also that hAh = 2|Vh|?, so the functional inequality
in the corollary is sharp.

Remark 6.5. Notice that the topic of real analyticity explored in this section has some
connections with the phenomenon of real analyticity appearing in the context of countable
alphabet symbolic dynamics (see [4, 10, 14]).

7. Parabolic iterated function systems

In this section we follow the definitions, terminology, and notation from [7] and [9].
Assume [ is finite. Given a finite set I, C [/, a (finite) set 2 C 90X C R? with
the same cardinality as /,, and a function p defined on I, whose co-domain G4 is
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the set (0,00) if d = 1, N if d = 2 and the singleton {1} if d > 3, we consider
PIFS(X, I; I, 2, p), the space of all parabolic CIFS whose parabolic indexes are formed
by I,, parabolic fixed points by 2, and the valency function on I, is given by the
function p. The space PIFS(X, I; I,, 2, p) is endowed with the same metric structure p
as defined at the beginning of §4. Recall from [7] that to each parabolic IFS & is associated
a hyperbolic IFS ®* with the alphabet /. Improving substantially the calculations from
[9, §§2 and 3], one can establish the following fact.

LEMMA 7.1. Assume I is finite. Given two finite sets I, C I and Q@ C 0X C R with the
same cardinality, and a function p : I, — Gy, the function * : PIFS(X, I; I, 2, p) —
CIFS(X, L) is continuous if CIFS(X, 1,) is equipped with the A-topology.

Since he*x = he, combining this lemma with Theorem 5.10, we obtain the following
result.

THEOREM 7.2. If I is finite, then the Hausdorff dimension function h : PIFS(X, I; I,
2, p) = (0, o) is continuous.

Improving even more the calculations from [9, §§2 and 3], one can prove the following.

LEMMA 7.3. If I is finite and {®*}scn is an analytic family of parabolic IFSs from
PIFS(X, I; I, 2, p), then {(®M)*)en isa regularly analytic family.

Combining this lemma and Theorem 6.1, we obtain the following.

THEOREM 7.4. If I is finite and {®*},cn is an analytic family of parabolic IFSs
Sfrom PIFS(X, I; I, 2, p), then the Hausdorff dimension function A +— hgi, A € A, is
real-analytic.

8. Phase transitions and breakdown of real-analyticity
This section concentrates on a number of examples highlighting the lack of real-analyticity
in the Hausdorff dimension function in analytic, but not regularly analytic, families of IFSs.
This phenomenon in the context of countable alphabet symbolic dynamics was discovered
and explored in [14]. We will look for appropriate examples among plane-analytic families
{CDA}AE,\, where all the maps ¢ix, A € A, are of the form

¢ (2) = ci(Wz 4+ bi(h),

with b; (A) and ¢; () depending holomorphically on A. Although the essence of this section
lies in counter-examples, we start with several positive results. Fix Ao € A. For each
A e A, let

i) and g (A) =sup i)
¢i(Ao) ier|ci(Mo)
The following theorem is an immediate consequence of Theorem 6.1 and the observation
that follows Corollary 6.2.

p(A) =inf
iel

THEOREM 8.1. Assume that ®0 is strongly regular and that for some R > 0,

sup g(A) < oo.
A€B(Lo,R)
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Then there exists a neighbourhood Aoy C A of ko on which the Hausdorff dimension
function h : Ag — (0, 00) is real-analytic.

Before continuing, note that in order to simplify notation, we will write 8, instead of
Og, hy rather than h 4., and so on. Now, notice that

(PP (1) < PV (1) < (g)'PL) (). 3.1)

Thus, if ¢(1) < oo, then P{!’(1) < oo implies that P{"’() < oo, and 6 < 6;,,. Similarly,
if p(A) > 0, then P(Al)(t) < oo implies that Pf\t)(t) < 00, and 6, > 6, in this case.
In particular, if both conditions are simultaneously satisfied, then Pgl)(t) = oo if and only

if PRL) (t) = oo for every t > 0, and 0, = 6y,. If this turns out to be the case for every
A € A, then the function 6 is constant on A. This is the case in Example 5 given later.
Although these conditions are sufficient for the constancy of 6, they are not necessary, as
the first four examples will show.

PROPOSITION 8.2. Assume that the function 0 is constant. Suppose also that ®*0 is
irregular for some Ao € A. If g(A) < (P(AL) ©))~1/¢ for some ) € A, then O s irregular.

This follows immediately from the last inequality in (8.1). In particular, if the above
condition holds on an open neighbourhood A of Ao, then ®* is irregular on that
neighbourhood, and 2 = 6 on Ag. This is the case in Example 5 with Ag € Ag = B(0, 1).

PROPOSITION 8.3. Assume that 6 is continuous and that ®0 is strongly regular for some
Xo € A. Then there is a neighbourhood Ao of Lo on which every ®* is strongly regular.

Proof. Indeed, as Pi:)) (05,) > 1, there is a finite set /' C I such that ZieF |ci (A0)|9*0 > 1.

It follows from the continuity of the ¢; that there exists § > 0 so that Pgl)(ex)
Y ier lei()]% > 1 forevery A € B(ho, §) C A. ]

v

This explains the absence of ‘phase transitions’ from strongly regular systems to non-
strongly regular systems when 6 is continuous. As in the irregular case, we can be a little
more specific when 6 is constant.

PROPOSITION 8.4. Suppose that 6 is constant. If ® is strongly regular and for some
) the condition that p(A) > (P{.)(0))™"/° holds, then ®* is strongly regular. If ®* is
cofinitely regular and p(L) > 0 for some A, then ®* is cofinitely regular.

This proposition is a straightforward consequence of the first inequality in (8.1).
We now describe precisely what we mean by ‘phase transition’.

Definition 8.5. We say that a family {®*};c undergoes a phase transition at Ao € A if in
every neighbourhood of A there is a parameter A at which ®” is of a different type to ®*0.

More precisely, given that ®0 is of type Ty, we say that a family {®*}; A experiences
a phase transition at A from a type Ty system to type T systems (T" # Tp) if there is a
continuous path y : [0, 1] — A originating from A9 = y(0) such that ®*® is of type T
forevery t > 0.
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It is now time to give some concrete examples of this phenomenon. All of the following
examples involve similarities. Recall that a CIFS @ consisting of similarities is regular if
and only if P(l)(t) = 1 for some ¢ > 0. Furthermore, if such a ¢ exists, then it is equal to
the Hausdorff dimension % of the limit set J of ®. Indeed, for such a CIFS, the fact that
P(t) = log PD (1) for every t > 0 holds.

Example 1. Phase transitions from irregular to cofinitely regular systems, breakdown of the
real-analyticity of the Hausdorff dimension function. LetI = {(n, k) € NxN | k < 2"2_1}
and * = {¢}, : C — C | (n,k) € I}, where ¢}, (2) = cuk(M)z + buk(1), with
cnk(A) = a2 = 4n) and the b,  to be specified later. Then
1
PV () = 3 > exp(n®(1 — 1) log2 + n*?tlog A| — nt log2).
neN

One deduces from this that 6, = 1 for every A (8 = 1). Moreover, P(Al)(é?) < 1/2
whenever |A| < 1, the equality prevailing if and only if || = 1. Hence ®* is irregular
and hy, = 6 = 1 for every |A| < 1. However, P&l)(é?) = oo when |A| > 1. Thus, ®* is
cofinitely regular and h; > 6 = 1 for every |A| > 1. We are therefore in the presence
of phase transitions from irregular to cofinitely regular systems at every point of the unit
circle C(0, 1). This is accompanied by a breakdown of the real-analyticity of the Hausdorff
dimension function on C(0, 1), as this function is constant (equal to 1 on B(0, 1)\{0}) but
non-constant on every neighbourhood of any point of C(0, 1). Nonetheless, observe that
the Hausdorff dimension function is continuous as it follows from Corollary 6.4 or can be
checked by a direct calculation. Note that it is possible to find analytic functions (in fact,
even constant functions) b, x such that the OSC is satisfied for every [A| < V2 through
U = B(0, 1). Indeed, the sum of the Jacobians of the q),);’ 18 P(Al) (2), and it turns out that

P{"(2) < 1 whenever [A| < /2.

Example 2. Simultaneous phase transitions from critically regular to irregular and
cofinitely regular systems; breakdown of the real-analyticity of the Hausdorff dimension
function. To witness such phase transitions and breakdown, substitute the restriction
k < 2" for k < 27~ in the previous example. One then deduces that Pgl)(t) is simply
twice what it was earlier. Hence & = 1, and ®* is cofinitely regular when |A| > 1, as
before. This time, however, Pf\l)(é?) < 1 for every |A| < 1, with equality precisely when
|A| = 1. This means that ®* is critically regular when || = 1, and irregular when |A| < 1.

Example 3. Phase transitions from strongly regular, though not cofinitely regular, systems
to cofinitely regular systems. To observe such transitions, simply replace the restriction
k < 27=lin Example 1 by k£ < 27°+1 Then Pgl)(t) is just 4 times what it was originally.
Sof6 =1.Now, 1 < P(Al)(é?) < 2forevery § < |A| < 1 and some § > 0. This implies that
®* is strongly regular in the annulus § < |A| < 1.

Example 4. Phase transitions from cofinitely regular to strongly regular, but not cofinitely
regular, systems. Replace the ¢, x in Example 1 with ¢, x(A) = 212" Then

1
P ) = 3 > " exp(n*(1 — 1) log2 + nt log | ]).
neN
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As earlier, 8 = 1. Moreover, Pg\“(@) = oo for each |A| > 1, and thereby d* is cofinitely
regular in this region. However, ®* is strongly regular, though not cofinitely regular, when
2/3 < Al < 1, for PV(6) = |11/ 21 — [A])).

Example 5. Simultaneous phase transitions from critically regular to irregular and strongly

regular, though not cofinitely regular, systems. Set I = N and choose a sequence of
positive real numbers {c,},en so that Y-, e, = 1 and ), .y, = oo for every
0 <t < 1. Let ® = {q)ﬁ : C - C | n € N} consist of the similarities

#*(2) = cn(M)z + by (1), where ¢, (1) = Ac, and the b, will be specified later. Then
PP =" .

neN

As in all the examples given so far, 8 = 1. Furthermore, Pg\“(@) = |A|. This shows that
®* is critically regular when |A| = 1, irregular when |A| < 1 and strongly regular, but
not cofinitely regular, when |A| > 1. The phase transitions that take place on C(0, 1) are,
for similar reasons to as before, accompanied by a breakdown in the real-analyticity of /4.
Note that it is possible to find analytic functions (in fact, even constant functions) b,, such

that the OSC is satisfied for [A| < 1/,/Y ey €2
We now present an example where the function 6 is not constant.

Example 6. Replace the expression for the functions {c, x} in Example 1 by c, k(L) =
Adn =G4 gndler A = {1 € C | Re()) > 1/2). Then

PV(1) =2 exp(n®(1 — tRe(1) log2 + 1n*/*t log |A| — nt log2).
neN

In this case, 6, = 1/Re(A). Moreover, Pi”(@k) = oo for every |A| > 1. This means
that ®* is cofinitely regular whenever |A| > 1. However, Pg\l)(é‘k) < oo forevery |A| < 1.
Observe further that PRI) 6)) =2 ,en 27/Re(t) on ANC(0, 1) and is hence a continuous
increasing function of Re(A) there, with 2/3 < PRI)(Q;\) < 2 and equality when A = 1.
It is also easy to see that the two complex conjugate parameters Ac, Ac € A N C(0, 1)
such that Pf\l)(éh) = 1 are determined by the relation Re(Ac) = In2/In3. (Henceforth,
we assume that A¢ has a positive imaginary part.) The CIFS ®*c and ®*c are critically
regular, and there are phase transitions at A and A. to cofinitely regular systems as A
leaves B(0, 1), to irregular systems as A moves away from these points along C (0, 1) in the
direction of 1/2 + i (£+/3/2), respectively, and to strongly regular, though not cofinitely
regular, systems as A moves along C(0, 1) in the direction of 1. There are also phase
transitions at every point of the arc (Ac, ) from strongly regular, but not cofinitely regular,
to cofinitely regular systems, and transitions at every point of the arcs (1/2 + i v/3/2, Ac)
and (1/2 — i +/3/2, x¢) from irregular to cofinitely regular systems as A quits B(0, 1).
The restriction Re(A) > 1/2 ensures that P(Al)(2) < 1 on A, and consequently that constant
functions by, x can be found so that @ satisfies the OSC with U = B(0, 1).
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