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Introduction

In this paper we describe our discovery that the sporadic simple groups HS and
M,, are contained in the simple Chevalley group E.(5).

The work of [9] produces a short list of the possibilities for a sporadic simple
subgroup of an exceptional group of Lie type. Apart from possible embeddings of
M,, and HS in groups of type E, in characteristic 5, all of the embeddings of [9] are
already known to occur. Thus our paper completes the classification of sporadic
simple subgroups of exceptional groups of Lie type.

We give two proofs of the embedding HS < E,(5). The first of these proofs is
entirely computer free, while the second proof makes some use of machine
calculations. As a step in our hand proof of HS < E,(5) we establish the embedding
M,, < E.(5): of course, since M,, is a subgroup of HS, this result also follows as a
consequence of our computer proof of HS < E,(5).

We were led to conjecture the inclusion HS < E.(5) for the following reasons
(similar arguments are presented in [9]). The double cover 2.HS has a faithful 56-
dimensional character, whose values are compatible with the character values of
groups of type E, acting on their natural 56-dimensional module. Now HS and 2.HS
contain a subgroup 52:20, an elementary abelian group of order 25 extended by a
cyclic group of order 20 acting faithfully on the 5%. Since 20 is not the order of an
element in the Weyl group W(E,) = 2 x S4(2), it can be shown that 52:20 does not
embed in groups of type E,(K), where K is a field of characteristic prime to 5. Thus
HS embeds in E,(g) only if 5| ¢. On the other hand, all local subgroups of 2. HS embed
in 2.E.(5), where our conjecture HS < E,(5).

Throughout, G denotes the double cover 2.E,(5), G denotes the simple group
E.(5), and V denotes the natural 56-dimensional module for G over GF(5). Most of
our notation follows that of the atlas [4]. The two sections of our paper are
completely independent.

1. A computer-free construction of the Higman—Sims group as a subgroup of E.(5)

In this section we will prove the following theorem.

THEOREM 1.1.  E.(5) contains subgroups isomorphic to M,, and the Higman—Sims
group.

We start with some of the properties of M,, we will need in the proof of the
theorem.
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LEMMA 1.2. Let M = M,, act faithfully on Q = {1,2,...,22}, let weQ and let D
be the stabilizer of a hexad A in Q.

(a) M, acts transitively on Q\{w} and M, = L,(4).

(b) D ~ 2*.Alt(6), D acts transitively on Q\H and any subgroup of shape 2* Alt(6)
in M is conjugate to D.

(c) Let E< M, with E ~ 2*Alt(5). Then E has orbits of lengths 1, 5 and 16 or of
lengths 1, 1 and 20 on Q. In the first case E stabilizes a hexad, and in the second case
Ny (E) ~ 2*Sym(5).

(d) Let A < B< M with A = Alt(6) and B = Alt(7). Then A is not contained in a
conjugate of D.

(e) Let A < D such that A = Alt(5) and such that O,(D) is a natural SL,(4)-module
for A. Then A has orbits of lengths 1 and 5 on # and orbits of lengths 1 and 15 or of
lengths 6 and 10 on Q\ .

(f) Let A < D such that A = Alt(5) and such that O4(D) is a natural Q,”(2)-module
for A. Then A acts transitively on S and has orbits of lengths 1, 5 and 10 on Q\# .

(g) If A < D with A = Alt(6), then A has orbits of lengths 1 and 15 or of lengths 6
and 10 on Q\ .

(h) If A < M, with A = Alt(6), then A has orbits of lengths 1, 6 and 15 on Q.

(1) M has no subgroup of index 56.

Proof. The maximal subgroups of M,, and their orbits on Q are listed in
[3, Table 10.3, p. 285]. We use this table without further reference. In particular, (a)
and (b) hold. From the definition of a Steiner system, the set Q\{w} together with the
set of hexads containing w form a projective plane of order 4. In particular both the
two-point stabilizer and the stabilizer of an incident point hexad pair have shape
2'SL,(4) = 2* Alt(5) where the 2* is a natural SL,(4)-module. Let E* be the
normalizer of a pair of points. Then E* =~ 2*Sym(5) and (c) holds.

To prove (h), let f be an element of order 5 in 4. Then fhas exactly one fixed point
n on Q\{w}. Clearly 4 does not fix # and |*| divides | 4| and is congruent to 1 modulo
5. Thus |#| = 6. As facts fixed-point freely on the remaining 15 points and A has no
orbit of length 5, (h) holds.

(g): By (h) we may assume that 4 has no fixed points on Q. Then by the same
argument as in the proof of (h), 4 has orbits of length 6 and 10 on Q\ 7.

For (e) and (f) we note that if 4 fixes a point # outside #, then the action of 4
on Q\(A U {w}) is isomorphic to the action of 4 on O,(D)*. Since in case (f) there
exists a unique class of subgroups Alt(5) in O,(D) 4, (f) holds. In case (e), we need to
rule out the possibility that the orbits of 4 on Q\# have lengths 5, 5 and 6. In this
case, the elements of order 3 in 4 would have 4 fixed points on Q\J#, but only one
fixed point on O,(D), a contradiction.

(d): Note that B is unique up to conjugation in Aut(M,,) an has an orbit E of
length 7. Hence A4 has orbits of length 1 and 6 on E and so is transitive on Q\Z by
(h). As no two hexads can intersect in a set of size 5, the orbit of length 6 is not a
hexad. Thus (d) holds.

Since M has no maximal subgroup of index dividing 56, (i) holds. O

For the convenience of the reader we recall the definition of the Higman—Sims
group as found [6]. Let (S, %) be the Steiner system of type (3, 6,22). Let ¥ be the
(undirected) graph with vertex set {x} U S U 4, where = is a new symbol. In 4

(a) the vertex = is joined to each point in S;
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(b) each point o€ S is joined to the 21 hexads containing o;
(c) two hexads are joined if and only if they are disjoint.

Then by [6], Aut(%) is transitive on ¥ and Aut(%) has a simple subgroup of index
2 and order 44352000, now called the Higman—Sims group HS. We refer to 4 as the
Higman—Sims graph.

The next two lemmas characterize M,, and HS in terms of certain subgroups.

Lemma 1.3. Let M be a group and L, M, and M, be subgroups of M such that
L=~ L,(4), M, ~2*Sym(5), M, ~2*Alt(6), LN M, =~ LnNM,~2*Alt(5), M,n M, ~
2*Sym(4), LN M, N M, ~2* Alt(4) and M = (L, M, M,y. Then M = M,,.

Proof. PutI'=M/Land o = Lel. Let te M, n M,\L. Since M, n L is normal
in M,, we have M, nL < L. As M, N M, does not normalize L N M,, the element
t does not normalize L and so LNL'= LN M,. Put I'y={o} UL, Then ||| =
1421 =22.

Now |0 = |M,/M,N Ll =6 and o™ = {a} Uo'™:"" < T',. Further, as M, =
{t)y(M,n L), we have

oGMaMy — MO MNL) — MM L) — o U oM NI (M0 L),

Since M, N L acts transitively on a'"\{a} we get o™ =T'|. Hence M, and L
normalize I',. Note that M,={M,NnL, M, NM,> and so M ={M,;,M, L) =
{M,,Ly. Thus M normalizes ', also I’ = I'; and [M/L| = 22. Put B = o¢™:and 4 =
{B™|me M}. We claim that (I', #) is a Steiner system of type (3, 6,22). Since L is
doubly transitive on I'\{a}, M is triply transitive on I'. Hence each set of three
elements in I lies in e elements of 4 where e is a positive integer independent of the
set of three. Counting tuples (H,a,b,c) such that He# and a,b,c are pairwise
different elements of H we get

| #|°6-5-4=22-21-20"-¢.
As |B|=|M/M,| =22-|L|/IM,| =77 we get e = 1 and the claim is established.
Since M < Aut(I', 4 ) =~ Aut(M,,) and |[M| = 22 |L| = |M,,|, we deduce that M =
M,,. O

LemMma 1.4.  Let H be a group, M and D be subgroups of H, and L be a subgroup
of M. Suppose that each of the following holds :
(i) M=~ M,, L= L,(4) and D ~ 2*Sym(6),
(ii) there exists te N, (L) with t*€ L such that DN M ~ 2*Sym(5), and DN M" ~
28 Al(6),
(iii) H={M,D,t).

Then H is isomorphic to HS, C,x HS or Aut(HS).

Proof. Let I' be the graph whose vertices are the right cosets of M in H, and
whose edges are the sets {Mh, Mth} for he H. Put oo = M and f = Mt. Then ff = o’ and
pl=o=ua.

Note that {H,,H,, s> = <M, L{t))and D=<{DNM,DNM"),so<{H, H, z>=H
and I is connected.

Let A’(x) be the set of vertices at distance exactly i from o and put A(a) = A'(a).
Then |A(og)| =22, L = H,;and L acts transitively on A(f)\{o}. Let re D N M\ L and
put y = o = o', Then {f,y} = {a, " and {f, 7} is an edge. Since re D and DN M"*
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is normal in D, r normalizes D N M. Moreover, 1*e L < M and so r' normalizes
D'nM. Thus D'n M < H, N Hz’"t = H,. In particular y is not adjacent to o. Also if
y = o then o = o' and so re M N M* = L, a contradiction. Thus ye A*().

Suppose that H,,# D'N M. As D' M is maximal in M we get H,, = H,= H,,
and A(@) N A(y) = 7 = A(x) = A(y), and since I is connected, I" = {o, 7} U A(a).
Thus L fixes exactly the vertices «, f and y. Hence y =9" and treH,=H,, a
contradiction. We have proved the following statement.

(1) H acts transitively on geodesics of length 2, H, ~ 2*Alt(6), |A*()| = 77,
IA(@@) N AR =6 and H,j, ~2*Alt(5).

By Lemma 1.2(c), H,, acts transitively on A(p)\A(x). Let de A\A().
Then H,,; = Alt(6) and H,;,; = Alt(S). Suppose that ¢ is at distance 2 from o. Then
A¥o) = F; thus T = {o} U A(a) U A*(a) and |T'| = 100. It is now easy to see that T’
is isomorphic to the Higman—Sims graph (see for example [17] for a formal proof).
As |H| =100-|M,,| = |HS|, H= HS.

Hence we may assume from now on that ¢ is not at distance 2 from o. Statement
2 follows.

(2) de A*(@) and H acts transitively on geodesics of length 3.

By Lemma 1.2(h), H, ; has orbits of lengths 1, 6 and 15 on A(J). Further by
statement (2), H,; acts transitively on AZ%(@) N A(d). Since A(S)N A@®) =
AX ) N A(0), we get |[AX(a) N A)| is 7, 16 or 22.

Suppose that [A*®) N A()| = 7. Then |H | =7-|H,, and H,;= Alt(7). Now
H,, ~2*.Al6) and H,,n H,;= H,;= Alt(6). This contradicts Lemma 1.2(d).

Suppose that |A*) N A@)| =22. Then |H,|=22-|H,,|=2"3*5-11 and
|H,/H, = 56, a contradiction to Lemma 1.2(i).

Thus |[A%o) N A(0)] = 16 and |H 5 = 16-]Alt(6)|. Since H,; acts non-trivially on
the six points in A(J)\ A%(2), we conclude that H, ; has a factor group Alt(6) or
Sym(6). This implies that H_; ~ 2*Alt(6) and A(J)\AZ%*») is a hexad in the
Hinvariant Steiner system on A(J). Since H,; has orbits of lengths 1 and 15 on
A*o) N A(6), the group H,,; (= Alt(5)) fixes a unique point in A*() N A(9),
namely y. Note that H,,; =~ H, ; = Alt(6) and that H,; does not fix y. Therefore H,;
fixes no point in A*() N A(6) and by Lemma 1.2(g), H 45 has orbits of lengths 6 and
10 on A*() N A(6). Now parts (e) and (f) of Lemma 1.2 imply that H,, ; has orbits
of lengths 1, 5 and 10 on A%*() N A(J) and acts transitively on A(d)\ A2(a). Let ¢e
AON\AX ). Then H, ; ~ 2* Alt(5). Since H , lies in a unique subgroup 2*. Alt(6) of
H, and since the stabilizer in H, of points at distance 3 from o are 2* Alt(6), we get
that J is the unique point in A*(«) fixed by H,;,. In particular ¢¢ A%(). We have
proved statement 3.

(3) H,;~2*Alt(6), |A*(@)| =77, ee A*(2), H,
acts transitively on geodesics of length 4.

~ 2YAlt(5), H,5 = D,y and H

e

By statement 1 and Lemma 1.2(b), a subgroup 2* Alt(5) of Hj, which has orbits
of lengths 1, 1 and 20 on A(p) has orbits of lengths 1, 5 and 16 on A(y). Note that
A\ A%(a) is an orbit of length 16 for H,;, on A(J), and so H,; has orbits of lengths
1, 1 and 20 on A(e). Since H,, acts transitively on A3(a) N A(e) and since A(y) N A(e)

https://doi.org/10.1112/50024610799007395 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610799007395

HS < E,(5) 99

= A*) N A(e), we get that |A%(er) N A(e)] is 21 or 22. Suppose that |A%(e) N A(e)]
=22, then |H,| = 22-|H,,| = 22-[2* Alt(5)| and thus |H,/H,| = 21, a contradiction.
Thus |A®(a) N A(e)|l = 21 and A(e)\A*(%) = {n} for some n. Thus H,, = H,,, = Ly4).
Thus |[A*()| = 22 and ¢ is the unique point in A*() fixed by H,,, and so ¢ A*(a).
Hence we have statement 4.

@4 H,,=L®), A =22, neN(»), H,,=H, and H is transitive on

oe —

geodesics of length 5.

Since H,, is transitive on A'(@) N A(y) and A(9) N A7) = A'(@) N A(y) we
conclude that A*(a) N A(7) = A(y) and H,, = H, = M,,. Thus we have statement 5.

(5) Hyy=H,, AN°(0) =1}, T' =) <5 A'(e) and [T = 200.

Let ¢ be the map that sends a vertex u in I' to the unique point at distance 5 from
1. Then ¢ is obviously a bijection and (p#)? = (u?)? for all g in T and g in Aut(T'). In
particular {o, §, «?, 7} is the set of fixed points of H,;on T, so ¢ is adjacent to & and
therefore ¢ is a graph automorphism of T'. Put I’y = {{u, 4} | ue T} and let { u, u#} be
adjacent to {4, A} if u is adjacent to 4 or 2. Then |['j| = 100, M has orbits of lengths
1, 22 and 77 on I'jy and H acts transitively on I',. Therefore as above I'; is the
Higman—Sims graph and Aut(I'y)) = Aut(HS). Let N be the kernel of the action of
Aut(T') on I',. We claim that N = {1,¢}. Indeed, let ne N. Then o"e{a,a?} and
replacing n by n¢ if necessary we may assume that o = o. Since ¢ is not adjacent to
a, we have " = f5, so n fixes the neighbors of all its fixed points and since T is
connected, we conclude that n = 1. Thus N ={1,¢} and Aut(I') = C, x Aut(HS).
Further, |[H| = 200-|M| = 2-|HS| and so H = Aut(HS) or C, x HS and the lemma is
proved. O

Lemma 1.5. (a) G has a subgroup T of order 3 with N (T)~ (SU45)o
SU,(5))-Sym(3).

(b) Put U=NT), U, =V, T and U, = C,(T). Then V = U, ® U,, moreover,
U, and U, are irreducible as U modules, U, = Wy ® 5 W; and GF(25) ® ¢y U, =
/\* W, where W, is the natural i-dimensional GF(25)-module for SU(5), for i = 3,6.

() N(U)="U.

Proof. Itis clear from the extended Dynkin diagram of type E, that 2.E,(K) has
a subgroup H =~ SL,(K)oSL4(K). Moreover, the central involution of the Weyl
group induces a graph automorphism on both of the factors and so an application of
Lang’s theorem yields a subgroup (SU4(5) o SU,(5)).Sym(3) in E.(5) (see [S, entry 29,
p. 34]). Using the embedding of K'**%2.F,(K) in E4(K), the Steinberg relations and
weight theory it is easy to check that the 56-dimensional KE,(K)-module is as an H-
module the direct sum of X, ® X;, X} ® X and /\*X; where X, is a natural module
for SL,(K), i =3, 6. As H is a maximal connected closed subgroup of 2.E,(K) and is
of index 2 in its normalizer, all the statements of the lemma are now readily verified.

O

LEMMA 1.6. There exists an involution f in U\U’ such that Cg(f)~
L,(5).22 x Sym(5) x {f». Moreover, for any such f,

Calf) ~ (Cyx Ly(5)).2
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and Cy(f) acts transitively on the elementary abelian subgroups of order 16 contained in
the normal subgroup L,(5) in Cy(f).

Proof. Tt is easy to verify that Aut(U(5)) has three classes of involutions that do
not induce a diagonal automorphism on Ug(5). The derived groups of the respective
centralizers in Uy(5) are PSpy(5), D4(5) and 2D,(5), and the first two of these three
classes of involutions lie in the same coset of Inn(U,(5)).

Since Q;(5) (~ 2.2D4(5)) acts absolutely irreducibly on the exterior cube of its
natural module, we conclude that the centralizer of Qg(5) acts as scalars on the 20-
dimensional module. Hence, any involution of U\ U’ that centralizes a 2D,(5) would
also centralize the U (5), a contradiction, as it induces a graph automorphism
thereon. It follows that U\ U’ contains no involution centralizing a >D,(5) in Uy(5)
and so contains an involution centralizing a D,(5) in Ug(5).

Let f/ be any such involution. Note that the normalizer of D,(5) in Uy (5) is
PSO;(5) extended by an involution which multiplies the quadratic form associated
to PSO,(5) by a fourth root of unity. So C,(,G(';)(f') ~ L,(5).2% and the two classes of
elementary abelian subgroups of order 16 in Cu,i( f) are fused in Cu, il .
Moreover, Aut(U,(5)) has exactly one class of involutions outside Inn(U,(5)) and the
corresponding centralizers are Sym(5). Therefore C,.(f) ~ L,(5).22 x Sym(5).

It remains to determine C(f). Note that G has three classes of involutions whose
centralizers have shapes 2.(L,(5) x Dy(5)).2, (C,x Ey(5)).2 and (C, x Lg(5)).2 [7].
Under the actions of the derived groups of these centralizers  decomposes into direct
sums of irreducible modules of dimensions 24 and 32; 1, 1, 27, and 27; and 28 and
28, respectively. On the other hand, from the action on the 20- and 36-spaces, we
know that V is the direct sum of irreducible modules of dimensions 18, 18, 10 and 10
for C,(f). It follows that C(f) ~ (C, x Ly(5)).2, and the lemma is proved. O

From now on let 7, U be as in Lemma 1.5 and let f be a preimage in G of the
involution f of Lemma 1.6. Note that /2 is the central involution of G. Put N =
C,(f), F=<{f) and R= NyF). Then R= C4f) and so by Lemma 1.6, R ~
C,02-Ly(5).2. Let R’ be a group with R’ = SLg(5) so that R’ has R’ as a quotient
group. For X in R’, let X be the inverse image of X in R'. As Z(N’) =1, it is easy to
see that the natural 8-dimensional module for R’ is, as a module for N ’, the tensor
product of a 4-dimensional module for SL,(5) and a 2-dimensional module for
SL,(5). Let H = NGLS(F))(]\AV) >~ GL,(5) ® GL,(5). If ae GL,(5), and be GL,(5), then
det(a ® b) = det(a)*- det(bh)* is a square. Therefore all elements of H have determinant
+ 1. So HSLy(5) # GL(5). Now, the Frattini argument implies that SL.(5) does
not act transitively on the orbit of N’ under GL(5). Hence, R’ has two classes of sub-
groups isomorphic to L,(5) x L,(5). Since R = NR’, R fixes these classes. Moreover,
as the element inverting f can be chosen to invert a Cartan subgroup of R, R does
not induce an outer diagonal automorphism on R’.

The character tables of L,(4) and its covers (see [8, p. 56]) show that there is a
group of shape 4.L,(4) which has a faithful irreducible character y of degree 8. Hence
R contains a subgroup L of shape 2.L,(4). We plan to extend L to a subgroup M,,
and then to a subgroup HS of G. Let S be a Sylow 2-subgroup of L, let B = N,(S)
and let 4, and A, be the two elementary abelian groups of order 2° in S. Note that
Lis perfect and that AAz is the central product of a cyclic group of order 4 with an
extra-special group of order 2°. Moreover, a natural 8-dimensional module for R’ is
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as an AAf—module the direct sum of two isomorphic irreducible modules of dimension
4. Thus CR/(AAi) =~ GL,(5). Note that 4, is conjugate under GLy(5) to a subgroup of
the normal L,(5) in N. Thus replacing L by a conjugate under GL(5) we may assume
that A, is contained in the normal L,(5) in N. It follows that N(4,) < N and has
shape 2% Sym(6) x Sym(5). Let B, be the projection of 4, onto the L,(5) in N. Put
L, = N,(A,). Our goal is to show that both L, can be extended to a subgroup 2°> Sym(6)
in U. Inside 2° Sym(6) we will choose appropriate subgroups 2% Sym(5) and 2° Alt(6)
which will allow us to apply Lemma 1.3 and Lemma 1.4 to find M,, and HS in G.

Lemma 1.7. In R’, the subgroup A, is conjugate to B, but not to A,.

Proof. Put C, = Oz(C,%/(AAi)). Then C,; = SL,(5). Suppose that [S,C,] = 1. Then
C, < Ci(d,) and C,=C,. Since L= (L, L,>, the group L normalizes C,, a
contradiction. Hence [S, C,] # 1 and similarly [S, C,] # 1. As B/ A, = Alt(4), we have
B = 0*B) 4,. Since Out(C)) is a 2-group and A, centralizes C, we conclude that S
induces inner automorphisms on C,. Hence S normalizes a unique subgroup Q; in C,.
Denote this Qg by O, and note that S induces inner automorphisms on Q1
In particular [Az, 0.1< 70, Z(R'). Thus 0, induces inner automorphisms on A
Put R, = QIA, (where we really mean Q, and not Q,). Then R, and R, are both the
central product of an extra-special group of order 27 with a cyclic group of order 4.
Put X = C, (A ). It follows that R, = XA , that S normalizes X and that X contains
a Q, invariant under S. Thus 0,<X, R,= QZA =0, B, and B = C,(0)).

Note that Nz (R,)/R, = Spy(2). Also A and B, are both non- degenerate 4-spaces
in the 6-dimensional symplectic space R /Z(Rz) (Where the symplectic form is given
by the commutator map). Hence by Witt’s theorem, 4, and B, are conjugate under
Nz(R,), proving the first statement of the lemma.

Since C,Q/(AAI.) acts transitively on the Q; in C ﬁ,(AAl.) and since Nz(A4,) N Nz(0,)
induces the full automorphism group of Q, on Q,, we conclude that 4, and B, are
conjugate in R’ if and only if they are conjugate under ¥ = Cp(Q,). Note that Y is
isomorphic to the subgroup of index 2 in GL,(5). Since B normalizes Y and [4,, B] =
A,, A, and hence also B, are contained in Y’. Put S, = 4, B,. Since 4, and B,
normalize each other we conclude that S, is a Sylow 2-subgroup of Y/Z(Y) and that
A, and B, are the two maximal elementary abelian subgroups of S,. It follows that
A, and B, are not conjugate in Y’. Moreover, Out(Y’) = D,, Out(Y’) acts on
{AY', Byt and Out(Y") fixes 47 and By . As the group of outer automorphisms of ¥’
induced by Y is Out(Y’)’, 4, and B, are not conjugate in Y. Hence 4, and B, are not
conjugate in R” and lemma is established. O

LEMMA 1.8. N,(A4,) acts transitively on Ly4) in R containing A, and on
subgroups 2* Alt(5) in N(A,) which can be extended to an Ly(4) in R’

Proof. Recall that N.(A4,) ~2*Sym(6)x Sym(5) and, as [S,C]# 1 in the
notation of Lemma 1.7, any 2* Alt(5) in N;(4,), which can be extended to an L,(4) in
R’, projects non-trivially on the Sym(5). Hence N (4,) acts transitively on such
subgroups. Note that L, is such a subgroup and that

def

L} = Np(L,) ~ 2 Sym(5).
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Put W= N, (L,) N N(A,). As A, and A, are the only maximal elementary abelian
subgroups of S= A, 4,, we have N,«(4,) = N,«(S). Since S/4, is the Sylow 2-
subgroup of L,/A4,, we have W ~ 2*Sym(4). We claim that W is contained in a
2% Alt(6) x Sym(5) subgroup of N(A4,). For this let i be an involution in W\ L,. Then
it is enough to show that [A;, i] is not elementary abelian. Let C, be the projection of
A, onto the normal Sym(5) in N. Then [E’z, i] is elementary abelian, while [6’2, i] is not,
so also [A;, i] is not elementary abelian, and the claim is proved.

It is now easy to see that W n L, is contained in exactly two subgroups 2* Alt(5)
of Nz(A4,) and these two subgroups are interchanged by W. Since any L,(4) in R’
containing L, is generated by L, and a 2* Alt(5) in N;(4,) containing Wn L, the
lemma is proved. O

LEMMA 1.9. Put L, = Ny(L). Then|L,/LF| =2 and A, and A, are conjugate in L.

Proof. Since Out(R'/Z(R")) = D, since R’ has four orbits on 43""*) and since
PGL,(5) acts transitively on those four orbits, the normalizer of any such orbit in
Out(R’) is a group of order 2 that is not contained in the center of Out(R"). It follows
that R fixes two of these orbits and interchanges the remaining two. Moreover, by
Lemma 1.8, Ly(5) has four orbits on (4,, L)*"""> and, by Lemma 1.7, each orbit of
subgroups L,(4) in R’ leads to two orbits of R" on (4, L)*"**_ 1t follows that R’ has
exactly two classes of subgroups L,(4). Suppose that R interchanges those two classes.
Then R could not normalize any of the orbits of R” on 43" a contradiction. Hence
|L,/LF| = 2. Suppose that 4, and A4, are not conjugate in L,. Then they are also not
conjugate in R. By Lemma 1.7, we conclude that 4, and B, are not conjugate in R,
and this contradicts Lemma 1.6. Hence 4, and A4, must be conjugate in L,. O

LEmMA 1.10. Put X =N, A,. Then X<U and X~ 6.(2*.3*.Sym(6) x
Uy(5))-Sym(3).

Proof. Let X, = N,(A4,). By the action of A4, on the natural 6-dimensional
GF(25)-module W for SU(5) we see that, modulo the normal SU,(5) in U, X, is a full
monomial subgroup of Uy(5).Sym(3). It follows that X, ~ 6.(2*.3*.Sym(6) x
U,(5)).Sym(3). Moreover, X, has two orbits X, and X, on the hyperplanes
in A, which do not contain Z(G). Choose notation so that |X,|=6 and
|X,] = 10. Recall that V= U, ® U, where U, and U, are defined and described in
Lemma 1.5.

Let H,, H,, H, be three different elements of X,. Then it is easy to check that
HNH,% H;. As W= (—BHezl(CW(H)), this implies that H, acts fixed-point freely
on U, Since U, is a direct sum of copies of W as an A,-module, we get
®He21 Cy(H)=U,.

Also C,(H) is either 6-dimensional, if HeX,, or 20/10 = 2-dimensional, if HeX,.
Thus N,(A,) normalizes X, and so also U,. Since U is maximal in G, we conclude that
X < U. Hence X = X|,. O

LEMMA 1.11. There exist te Ny(L) and D < U such that e L, A, = 4,, L, < D,
D ~ 2°Sym(6), t normalizes N (B) and t does not normalize N, (B).

Proof. LetY = X/A,. Then Y ~ 3.(3*Sym(6) x U,(5))Sym(3). Let K be the image
of L, in Y. Then K = Alt(5) and we are looking for subgroups Sym(6) of Y containing

https://doi.org/10.1112/50024610799007395 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610799007395

HS < E,(5) 103

K. Let Y, be the normal subgroup 3.3*Sym(6) of Y, let ¥, be the normal subgroup
SU,(5) of Y and let K, be the projection of K onto Y,. Then Y acts transitively on
subgroups 3 - Alt(6) (the triple cover of Alt(6)) and transitively on subgroups Alt(5)
in Y,. Moreover, the normalizer of an Alt(5) in U,(5).Sym(3) is a C, x Sym(5) and the
normalizer of an Alt(6) is Aut(Alt(6)). It follows that K, can be embedded into exactly
two subgroups 3-Alt(6) of ¥, and f interchanges these two 3-Alt(6). Furthermore,
Y has one orbit on subgroups 3 Alt(6) in ¥; and one orbit on subgroups Alt(5) in Y,
for which A4, is a natural SL,(4)-module. (Note here that 3- Alt(6) exists in Y, since
3* Alt(6) has nine classes of Alt(6) while 3'** Alt(6) has only three classes.) Now
Y/ Y, ~ 3**}(C, x Sym(6)). The normalizer of the image of Kin Y/Y, is a C, x Sym(5)
and the normalizer of the image of a 3- Alt(6) of ¥, in Y/ Y, is a Sym(6). It follows that
K, can be embedded into exactly two subgroups 3-Alt(6) of Y, and f interchanges
these two 3-Alt(6). Let D, be any of the two subgroups 3-Alt(6) in ¥, with K, < D,.
Then there exists precisely one subgroup 4 in D, D, such that K< A4, A= A4’
and A/Z(A) = Alt(6). Similarly there exists precisely one subgroup A in D) D, such
that K< A, A= A" and /éf/Z(/f) ~ Alt(6). We claim that exactly one of A4 and 4
is an Alt(6), while the other is the triple cover. Indeed, let x,y, be elements of
order 3 in D, such that {x, x,,y,y,> Z(Y) is a Sylow 3-subgroup of AZ(Y). Then
X%y, v, v,> Z(Y) is a Sylow 3-subgroup of AZ(Y). Note that

[xl x2,y1y2] = [xp)ﬁ] [xzoyz]a [xlfxzfa)ﬁyz] = [x1»y1]f[x2»y2]~ (1)

Since [x,, y,] and [x,, y,] are both contained in Z(Y) and unequal to 1 and since f
inverts Z(Y'), we see that exactly one of the two expressions in (1) is equal to 1. This
proves our claim.

Choose notation so that 4 =~ Alt(6). From what we have proved so far it follows
that 4 and A4’ are the only two Alt(6) subgroups in ¥ which contain K. It is easy to
see that N(K)/Z(Y) = C, x Sym(5). Furthermore, there exists a subgroup of index
2 in N,(K) which normalizes 4. Since f does not normalize A4, this subgroup is,
modulo the center of Y, isomorphic to Sym(5). Put £ = A(N,(K) N Ny(A4)) and let D
be the inverse image of Ein X. Then E/Z(Y) =~ Sym(6) and ﬁ/T =~ 25 Sym(6). (Recall
that T is the cyclic group of order 3 with U = N (T).)

By Lemma 1.9, there exists te N,(L) with 4% = 4,. Choose ¢ so that ¢ normalizes
B. Then ¢*€ BF and since ¢ inverts F, we have € B. In particular *€ L. Note that 4,
and A, are the only elementary abelian groups of order 2° in B. Put J=
N B)N N, (A4,). As te N, (B)\J, we conclude that J is of index 2 in N (B). For Q c
N (B) let O* be the image of Q in N (B)/B. Since J < X, it is easily verified that J*
is an elementary abelian group of order 9 extended by an elementary abelian group
of order 8. Pick a in N;(B)\BT and b in N;(B) with [a, B] < A4, and such that a* and
b* are involutions. Since U,(5) contains no Sym(6), b induces an outer automorphism
on Y,. The same is true for fand so b and f both invert O,(J*). Note that a centralizes
T and inverts O,(J*)/T. As A, is in the SU(5) subgroup of U but 4, is not, the
element ¢ is not in U. Since T < 0,4(J), we conclude that O,(J)* = T*T*" = O,(J*).
It follows that <{a*, 1*) acts as a Dy on O,(J*). Since <{a*, t*} is a dihedral group, we
conclude that {a*, t*)> = D,. Let x* = [a*, t*].

We claim that x*7™ = p*T*. Indeed, x* inverts O,(J*) and |Cy_+(0,4(J)*)/
0,(J*) =2. Hence x* lies in the same coset of O,(J*) as f* or as b*.
Since N;(A4,) ~ 2*.Sym(6) x Sym(5), N,(B)* = C, x C,. Furthermore, f and ¢ are in
Ny(B) and so N, (B)* is a Sylow 2-subgroup of N (B)*. Since f¢ R’ we conclude that
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SEENL(B)Y O,(J*) = x*> 0,(J*). Hence x*O,(J*) = b*0,(J*). Moreover, a*
centralizes b* and x* and hence b*T* = C,.,, (,(a*) = x*T*. R

In particular, we can choose b so that b* = x* = [a*, t*]. Put D = D’(b). Then
D ~ 2*Sym(6). In addition, N,(B) = B{a, b) and so ¢ normalizes N,(B). On the other
hand, N,(B) = B{a) and so N, (B)' = B{ab) # N,(B). O

Proof of Theorem 1.1.  We are now able to construct HS and M,, in G. For this
choose L, t and D as in Lemma 1.11 and put M, = N,(L,). By Lemma 1.10, N,.(B)
is contained in D, but not in D’. Since N,«(B)/0,(D) = Sym(4), we conclude that
N,«(B) is contained in M,. Note that L} = L, and so L, < D". Put M, = D". Then
M, ~ 2*Sym(5) and M, ~ 2* Alt(6). Moreover,

M,nL=L,, M,nL=0L, M,nM,=N,(B).

Put M = (L, M,,M,». Then by Lemma 1.3, M =~ M,,, Now DNM =M, D'N M =
M,and Dn D' = N,(B). Let H= (D, L,t). Then by Lemma 1.4, H =~ HS, C, x HS or
Aut(HS). Thus in any case H’ =~ HS and Theorem 1.1 is proved. The dedicated
reader might check that actually A itself is already the Higman—Sims group. O

2. A computational proof that HS is a subgroup of E.(5)

In this section we give a computer-dependent proof that HS < E.(5). Our strategy
is to use a machine calculation to prove that HS acts (absolutely) irreducibly on a 133-
dimensional, 5-modular, Lie algebra with a non-zero Killing form. We then apply the
extensive theory of modular Lie algebras to deduce that the Lie algebra is simple, that
it is a classical modular Lie algebra of type E, over GF(5), and hence HS < E.(5).

COMPUTATION 2.1. We construct an explicit 133-dimensional (absolutely)
irreducible matrix representation of HS over GF(5).

Method. Although it seems natural to construct the 133-dimensional rep-
resentation as a constituent of a tensor product of smaller representations of HS, all
useful tensor products are too large for our implementation of MeatAxe [10]. For
example, the 133-dimensional, 5-modular representations of HS arise as constituents
in the tensor product of a 21-dimensional representation with a 55-dimensional
representation and also in the symmetric cube of the 21-dimensional representation;
however these representations have degrees 1155 and 1771. In order to avoid such
large computations, we shall locate a 133-dimensional representation as a constituent
of the symmetric square of a 28-dimensional representation of the double cover of
HS; this latter representation can be found in a previously known representation of
the Harada—Norton group. A 28-dimensional representation of 2.HS is also
constructed in [16].

We start with the 133-dimensional matrix representation of HN over GF(5) that
is constructed in [13]. We locate matrices, x,; and y,, that represent HN elements of
classes 404 and 12C. (Since these classes have small centralizers, we can simply use
a random search to locate such elements.) Let x = x3°. In the group HN, every
dihedral subgroup generated by the 24-element x and a conjugate of the 2B-element
% has a central involution. By collecting such involutions together with the matrix
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X,, it is an easy matter to generate enough matrices to represent the centralizer of x
in HN. (We just keep adding involutions until we have a group that contains an
element of order 11.)

The group C,,,(x) has structure 2.HS.2. We use MeatAxe [10] to decompose
the restriction of our 133-dimensional HN-module into its irreducible constituents of
degrees 1, 21, 28, 28 and 55, under the group 2.HS = (C,,(x))". Another application
of MeatAxe to the symmetric square of either of the irreducible 28-dimensional
2.HS-modules yields an (absolutely) irreducible matrix representation of HS of
degree 133. OJ

Let E denote the 133-dimensional HS-module afforded by the matrix repre-
sentation of Computation 2.1. In our calculations with £ we shall use a fixed basis
€1,€,,...,¢,33 Of E; moreover for technical reasons, we use a basis on which a
particular subgroup

P ~ 21.2% < 21.(2 x Sym(4)) < 2*.Sym(6) < HS

acts monomially. There are two conjugacy classes of subgroups in 2 xS, with
structure 2°; thus there are two possibilities for a subgroup of HS with the indicated
structure. We choose the possibility for P that fixes a vector in our 133-dimensional
representation of HS; the corresponding subgroup of HS contains 39 elements of H.S-
class 24, eight elements of class 2B, two elements of class 44, 54 elements of class 4B,
and 24 elements of class 4C.

We let e¥, e, ..., e¥,, denote the dual basis of the dual module E* (this module is
isomorphic to E, but for computational purposes it is convenient to distinguish £ and
E*).

COMPUTATION 2.2.  We compute an HS-invariant product, o: A*E—— E.

Method. We need to find a list of components g, ; , of an invariant rank 3 tensor
such that the map e, A e;— ), a, ; , e, extends to an HS-invariant multilinear map. By
duality, such a map is HS-invariant if and only if the dual map o*: E* —— A?E*, for
which e, *— )", .a,, ,e* Ae* is HS-invariant. Thus, we begin by computing the
essentially unique possibility for o*.

The module A2E* has degree 8778. It is too large to decompose directly with our
implementation of MeatAxe. In order to locate all copies of E* in A2E* we use the
condensation techniques described in [12]. Let 7 denote the idempotent (), p)/|P|
of the group algebra GF(5) HS. The condensation programs of [12] compute matrix
representations of the Hecke algebra nGF(5) HS7 on the condensed modules E*n
and A’E*rn which we find have degrees 1 and 50. (It is in the computation of these
matrix representations of the Hecke algebra that our programs require the group P
to act monomially on F and E*.) A standard MeatAxe calculation locates the single
copy of E*rx in the #GF(5) HSn-module A?E*7x. Thus, there is a single copy of E* in
the HS-module A’E*.

The embedding of Hecke algebra modules that we have calculated gives the
image, IT*e A2E*, of an element 7*, in the 1-dimensional space of fixed points of P
on E* under an HS-module homomorphism o*. Now, if A€ HS, we have (n*h) o* =
(n*o*) h = IT*h. Moreover, since E* is irreducible, this formula completely determines
the effect of o* on a spanning set of £*. We thus obtain the effect of o* on our chosen
basis of £* and the components of an HS-invariant tensor a, ; ,. O
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For each ee E we write oe for the matrix that represents the action of right
multiplication by e on our HS-invariant algebra. After completing Computation 2.2,
we ran a simple precautionary program to verify HS-invariance of our tensor. For
each basis vector ¢, and for each of generator /s of HS, we checked that the matrices
(oe)" and o(e") agree.

COMPUTATION 2.3.  The HS-invariant product o: N> E—— E of Computation 2.2 is
a Lie product on E. Moreover, the Killing form on (E, o) is non-singular.

Method. A straightforward computation shows that for each basis vector e, we

have (0€) (0e)—(0e,) (0¢) —(ol(e) (0e,))) = 0.

Hence the Jacobi identity holds for any triple of basis vectors of the form e,, e,
e;. Therefore right multiplication by e, is a derivation of (£,0). Now, applying the
action of HS, we deduce that o(e}) is a derivation of (E, o) for any choice of 1€ HS.
Therefore, since HS is irreducible on E, we deduce that o is a Lie product on E.

A random search quickly produces e € E with Tr((oe) (oe)) # 0. It follows that the
Killing form on F is not identically zero; hence, irreducibility of £ as an HS-module
shows that the Killing form is non-singular. O

We complete the proof that HS < E.(5) by applying standard results to show that
the automorphism group of (£, o) can only be Aut(£,(5)). The following lemma from
[11] shows that (F, o) is a simple Lie algebra.

LEMMA 2.4. Suppose that (X,0) is a finite-dimensional (non-associative) algebra
and that A < Aut(X, o) acts irreducibly on X. Then one of the following holds :

(a) the algebra (X, o) is simple;

(b) the A-module X is induced from a module of a proper subgroup of A,

(c) the product o is identically zero.

Proof. Let I be a minimal non-zero ideal of (X, 0), and let # = {I“|ae A}. We say
that a subset of .# is independent if it consists of independent (vector) subspaces of
X. Let ¢ ={1,,1,,...,1} be a maximal independent subset of .#. Let Y = @!_ I,;
then Y is an ideal of (X, o).

Let I° be any A-image of /. Maximality of # shows that /* N Y is a non-zero ideal;
hence, since 7* is a minimal ideal, we have /* < Y. Thus Y contains a non-zero A-
submodule of X, and, since X is irreducible, we have X = Y.

We now suppose that neither (a) nor (b) holds; thus / # X and hence Stab, /
is a proper subgroup of A. Moreover, since X is not induced, there is an ae 4
with /%¢ ¢. Then, [“0l, <IN 1, ={0}, for each [ e #. Thus [“oX =1[0Y =
Y. 101, ={0}. The A-invariance of o now gives I, 0 X = {0} for each [, € ¢, and
thus XoX = ) I,0 X = {0}. O

Let (E, o) be the Lie algebra obtained from (E, o) by extending the scalars to the
algebraic closure of GF(5). Since FE is absolutely irreducible as an HS-module and it
is not induced (since HS has no subgroup of index 133), Lemma 2.4 shows that the
Lie algebra (E, o) is simple. Moreover, by Computation 2.3, the simple Lie algebra
(E,0) has a non-singular Killing form.

A theorem of Block [1, Corollary 3.1] shows that over an algebraically closed field
of characteristic p > 3, any perfect Lie algebra with a quotient trace form is a direct
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sum of classical simple Lie algebras of types A4, ..., E;. Our algebra (F, o) meets the
conditions of Block’s theorem it is perfect, that is, equal to its derived algebra, since
it is simple, and the non-singular Killing form gives it a quotient trace form. Hence
(E, o) must be the classical simple Lie algebra of type E. (since no other classical
simple Lie algebra has dimension 133). Therefore, the HS-invariant algebra (E, o) is
a GF(5)-form of E.. By [14, Theorem IV.6.1] there is just one GF(5)-form of E,; thus
(E, o) is the classical simple Lie algebra of type E, over GF(5). It now follows from
[15] that Aut(FE, o) has structure E,(5).2 and we obtain HS < E.(5).
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