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Introduction

In this paper we describe our discovery that the sporadic simple groups HS and

M
##

are contained in the simple Chevalley group E
(
(5).

The work of [9] produces a short list of the possibilities for a sporadic simple

subgroup of an exceptional group of Lie type. Apart from possible embeddings of

M
##

and HS in groups of type E
(
in characteristic 5, all of the embeddings of [9] are

already known to occur. Thus our paper completes the classification of sporadic

simple subgroups of exceptional groups of Lie type.

We give two proofs of the embedding HS!E
(
(5). The first of these proofs is

entirely computer free, while the second proof makes some use of machine

calculations. As a step in our hand proof of HS!E
(
(5) we establish the embedding

M
##

!E
(
(5) : of course, since M

##
is a subgroup of HS, this result also follows as a

consequence of our computer proof of HS!E
(
(5).

We were led to conjecture the inclusion HS!E
(
(5) for the following reasons

(similar arguments are presented in [9]). The double cover 2.HS has a faithful 56-

dimensional character, whose values are compatible with the character values of

groups of type E
(
acting on their natural 56-dimensional module. Now HS and 2.HS

contain a subgroup 5# :20, an elementary abelian group of order 25 extended by a

cyclic group of order 20 acting faithfully on the 5#. Since 20 is not the order of an

element in the Weyl group W(E
(
)¯ 2¬S

'
(2), it can be shown that 5# :20 does not

embed in groups of type E
(
(K ), where K is a field of characteristic prime to 5. Thus

HS embeds in E
(
(q) only if 5 r q. On the other hand, all local subgroups of 2.HS embed

in 2.E
(
(5), where our conjecture HS!E

(
(5).

Throughout, G denotes the double cover 2.E
(
(5), Ga denotes the simple group

E
(
(5), and V denotes the natural 56-dimensional module for G over GF(5). Most of

our notation follows that of the atlas [4]. The two sections of our paper are

completely independent.

1. A computer-free construction of the Higman–Sims group as a subgroup of E
(
(5)

In this section we will prove the following theorem.

T 1.1. E
(
(5) contains subgroups isomorphic to M

##
and the Higman–Sims

group.

We start with some of the properties of M
##

we will need in the proof of the

theorem.
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L 1.2. Let M¯M
##

act faithfully on Ω¯²1, 2,…, 22´, let ω `Ω and let D

be the stabilizer of a hexad ( in Ω.

(a) Mω acts transiti�ely on Ωc²ω´ and Mω FL
$
(4).

(b) DC 2%.Alt(6), D acts transiti�ely on Ωc( and any subgroup of shape 2%Alt(6)

in M is conjugate to D.

(c) Let E%Mω with EC 2%Alt(5). Then E has orbits of lengths 1, 5 and 16 or of

lengths 1, 1 and 20 on Ω. In the first case E stabilizes a hexad, and in the second case

N
M
(E )C 2%Sym(5).

(d) Let A%B%M with AFAlt(6) and BFAlt(7). Then A is not contained in a

conjugate of D.

(e) Let A%D such that AFAlt(5) and such that O
#
(D) is a natural SL

#
(4)-module

for A. Then A has orbits of lengths 1 and 5 on ( and orbits of lengths 1 and 15 or of

lengths 6 and 10 on Ωc(.

(f) Let A%D such that AFAlt(5) and such that O
#
(D) is a natural Ω

%

−(2)-module

for A. Then A acts transiti�ely on ( and has orbits of lengths 1, 5 and 10 on Ωc(.

(g) If A%D with AFAlt(6), then A has orbits of lengths 1 and 15 or of lengths 6

and 10 on Ωc(.

(h) If A%Mω with AFAlt(6), then A has orbits of lengths 1, 6 and 15 on Ω.

(i) M has no subgroup of index 56.

Proof. The maximal subgroups of M
##

and their orbits on Ω are listed in

[3, Table 10.3, p. 285]. We use this table without further reference. In particular, (a)

and (b) hold. From the definition of a Steiner system, the set Ωc²ω´ together with the

set of hexads containing ω form a projective plane of order 4. In particular both the

two-point stabilizer and the stabilizer of an incident point hexad pair have shape

2%SL
#
(4)¯ 2%Alt(5) where the 2% is a natural SL

#
(4)-module. Let E* be the

normalizer of a pair of points. Then E*F 2%Sym(5) and (c) holds.

To prove (h), let f be an element of order 5 in A. Then f has exactly one fixed point

η on Ωc²ω´. Clearly A does not fix η and rηAr divides rAr and is congruent to 1 modulo

5. Thus rηAr¯ 6. As f acts fixed-point freely on the remaining 15 points and A has no

orbit of length 5, (h) holds.

(g) : By (h) we may assume that A has no fixed points on Ω. Then by the same

argument as in the proof of (h), A has orbits of length 6 and 10 on Ωc(.

For (e) and (f) we note that if A fixes a point η outside (, then the action of A

on Ωc((e²ω´) is isomorphic to the action of A on O
#
(D)g. Since in case (f) there

exists a unique class of subgroups Alt(5) in O
#
(D)A, (f) holds. In case (e), we need to

rule out the possibility that the orbits of A on Ωc( have lengths 5, 5 and 6. In this

case, the elements of order 3 in A would have 4 fixed points on Ωc(, but only one

fixed point on O
#
(D), a contradiction.

(d) : Note that B is unique up to conjugation in Aut(M
##

) an has an orbit Ξ of

length 7. Hence A has orbits of length 1 and 6 on Ξ and so is transitive on ΩcΞ by

(h). As no two hexads can intersect in a set of size 5, the orbit of length 6 is not a

hexad. Thus (d) holds.

Since M has no maximal subgroup of index dividing 56, (i) holds. *

For the convenience of the reader we recall the definition of the Higman–Sims

group as found [6]. Let (S," ) be the Steiner system of type (3, 6, 22). Let ' be the

(undirected) graph with vertex set ²n´eSe", where n is a new symbol. In '
(a) the vertex n is joined to each point in S ;
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(b) each point α `S is joined to the 21 hexads containing α ;

(c) two hexads are joined if and only if they are disjoint.

Then by [6], Aut(') is transitive on ' and Aut(') has a simple subgroup of index

2 and order 44352000, now called the Higman–Sims group HS. We refer to ' as the

Higman–Sims graph.

The next two lemmas characterize M
##

and HS in terms of certain subgroups.

L 1.3. Let M be a group and L,M
"

and M
#

be subgroups of M such that

LFL
$
(4), M

"
C 2%Sym(5), M

#
C 2%Alt(6), LfM

"
FLfM

#
C 2%Alt(5), M

"
fM

#
C

2%Sym(4), LfM
"
fM

#
C 2%Alt(4) and M¯©L,M

"
,M

#
ª. Then MFM

##
.

Proof. Put Γ¯M}L and α¯L `Γ. Let t `M
"
fM

#
cL. Since M

"
fL is normal

in M
"
, we have M

"
fL%Lt. As M

"
fM

#
does not normalize LfM

#
, the element

t does not normalize L and so LfLt ¯LfM
"
. Put Γ

!
¯²α´eαtL. Then rΓ

!
r¯

1­21¯ 22.

Now rαM
#r¯ rM

#
}M

#
fLr¯ 6 and αM

# ¯²α´eαt(M
#
fL) ZΓ

!
. Further, as M

"
¯

©tª (M
"
fL), we have

αM
#
M

" ¯αM
#
©tª(M

"
fL) ¯αM

#
(M

"
fL) ¯αeαt(M

#
fL)(M

"
fL).

Since M
"
fL acts transitively on αtLc²α´ we get αM

#
M

" ¯Γ
!
. Hence M

"
and L

normalize Γ
!
. Note that M

#
¯©M

#
fL,M

#
fM

"
ª and so M¯©M

"
,M

#
,Lª¯

©M
"
,Lª. Thus M normalizes Γ

!
, also Γ¯Γ

!
and rM}Lr¯ 22. Put B¯αM

# and "¯
²Bm rm `M ´. We claim that (Γ," ) is a Steiner system of type (3, 6, 22). Since L is

doubly transitive on Γc²α´, M is triply transitive on Γ. Hence each set of three

elements in Γ lies in e elements of " where e is a positive integer independent of the

set of three. Counting tuples (H, a, b, c) such that H `" and a, b, c are pairwise

different elements of H we get

r" r[6[5[4¯ 22[21[20[e.

As r" r¯ rM}M
#
r¯ 22[rLr}rM

#
r¯ 77 we get e¯ 1 and the claim is established.

Since M%Aut(Γ," )FAut(M
##

) and rM r¯ 22[rLr¯ rM
##

r, we deduce that MF
M

##
. *

L 1.4. Let H be a group, M and D be subgroups of H, and L be a subgroup

of M. Suppose that each of the following holds:

(i) MFM
##

, LFL
$
(4) and DC 2%Sym(6) ;

(ii) there exists t `N
H
(L) with t# `L such that DfMC 2%Sym(5), and DfM t C

2%Alt(6) ;

(iii) H¯©M,D, tª.

Then H is isomorphic to HS, C
#
¬HS or Aut(HS ).

Proof. Let Γ be the graph whose vertices are the right cosets of M in H, and

whose edges are the sets ²Mh,Mth´ for h `H. Put α¯M and β¯Mt. Then β¯αt and

β t ¯αt
# ¯α.

Note that ©Hα,H²α,β´ª¯©M,L©tªª and D¯©DfM,DfM tª, so ©Hα,H²α,β´ª¯H

and Γ is connected.

Let ^i(α) be the set of vertices at distance exactly i from α and put ^(α)¯^"(α).

Then r^(α)r¯ 22, L¯Hαβ and L acts transitively on ^(β)c²α´. Let r `DfMcL and

put γ¯αr
t ¯αtrt. Then ²β, γ´¯ ²α, β´rt and ²β, γ´ is an edge. Since r `D and DfM t
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is normal in D, r normalizes DfM t. Moreover, t# `L%M and so rt normalizes

DtfM. Thus DtfM%HαfHα
r
t ¯Hαγ. In particular γ is not adjacent to α. Also if

γ¯α then αtr ¯αt and so r `MfM t ¯L, a contradiction. Thus γ `^#(α).

Suppose that Hαγ 1DtfM. As DtfM is maximal in M we get Hαγ ¯Hα ¯Hγ,

and ^(α)f^(γ)¯ βHα ¯^(α)¯^(γ), and since Γ is connected, Γ¯²α, γ´e^(α).

Thus L fixes exactly the vertices α, β and γ. Hence γ¯ γt and t `Hγ ¯Hα, a

contradiction. We have proved the following statement.

(1) H acts transitively on geodesics of length 2, Hαγ C 2%Alt(6), r^#(α)r¯ 77,

r^(α)f^(γ)r¯ 6 and Hαβγ C 2%Alt(5).

By Lemma 1.2(c), Hαβγ acts transitively on ^(γ)c^(α). Let δ `^(γ)c^(α).

Then Hαγδ FAlt(6) and Hαβγδ FAlt(5). Suppose that δ is at distance 2 from α. Then

^$(α)¯W ; thus Γ¯²α´e^(a)e^#(α) and rΓr¯ 100. It is now easy to see that Γ

is isomorphic to the Higman–Sims graph (see for example [17] for a formal proof).

As rH r¯ 100[rM
##

r¯ rHS r, HFHS.

Hence we may assume from now on that δ is not at distance 2 from α. Statement

2 follows.

(2) δ `^$(α) and H acts transitively on geodesics of length 3.

By Lemma 1.2(h), Hαγδ has orbits of lengths 1, 6 and 15 on ^(δ). Further by

statement (2), Hαδ acts transitively on ^#(α)f^(δ). Since ^(β)f^(δ)Z
^#(α)f^(δ), we get r^#(α)f^(δ)r is 7, 16 or 22.

Suppose that r^#(α)f^(δ)r¯ 7. Then rHαδr¯ 7[rHαγδr and Hαδ FAlt(7). Now

Hαγ C 2%.Alt(6) and HαγfHαδ ¯Hαγδ FAlt(6). This contradicts Lemma 1.2(d).

Suppose that r^#(α)f^(δ)r¯ 22. Then rHαδr¯ 22[rHαγδr¯ 2%[3#[5[11 and

rHα}Hαδr¯ 56, a contradiction to Lemma 1.2(i).

Thus r^#(α)f^(δ)r¯ 16 and rHαδr¯ 16[rAlt(6)r. Since Hαδ acts non-trivially on

the six points in ^(δ)c^#(α), we conclude that Hαδ has a factor group Alt(6) or

Sym(6). This implies that Hαδ C 2%Alt(6) and ^(δ)c^#(α) is a hexad in the

Hδ-invariant Steiner system on ^(δ). Since Hαγδ has orbits of lengths 1 and 15 on

^#(α)f^(δ), the group Hαβγδ (FAlt(5)) fixes a unique point in ^#(α)f^(δ),

namely γ. Note that Hαβδ FHαγδ FAlt(6) and that Hαβδ does not fix γ. Therefore Hαβδ

fixes no point in ^#(α)f^(δ) and by Lemma 1.2(g), Hαβδ has orbits of lengths 6 and

10 on ^#(α)f^(δ). Now parts (e) and (f) of Lemma 1.2 imply that Hαβγδ has orbits

of lengths 1, 5 and 10 on ^#(α)f^(δ) and acts transitively on ^(δ)c^#(a). Let ε `
^(δ)c^#(α). Then Hαδε C 2%Alt(5). Since Hαδε lies in a unique subgroup 2%.Alt(6) of

Hα and since the stabilizer in Hα of points at distance 3 from α are 2%Alt(6), we get

that δ is the unique point in ^$(α) fixed by Hαδε. In particular ε a^$(α). We have

proved statement 3.

(3) Hαδ C 2%Alt(6), r^$(α)r¯ 77, ε `^%(α), Hαδε C 2%Alt(5), Hαβγδε FD
"!

and H

acts transitively on geodesics of length 4.

By statement 1 and Lemma 1.2(b), a subgroup 2%Alt(5) of Hβγ which has orbits

of lengths 1, 1 and 20 on ^(β) has orbits of lengths 1, 5 and 16 on ^(γ). Note that

^(δ)c^#(α) is an orbit of length 16 for Hαδε on ^(δ), and so Hαδε has orbits of lengths

1, 1 and 20 on ^(ε). Since Hαε acts transitively on ^$(α)f^(ε) and since ^(γ)f^(ε)
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Z^$(α)f^(ε), we get that r^$(α)f^(ε)r is 21 or 22. Suppose that r^$(α)f^(ε)r
¯ 22, then rHαεr¯ 22[rHαδεr¯ 22[r2%Alt(5)r and thus rHα}Hαεr¯ 21, a contradiction.

Thus r^$(α)f^(ε)r¯ 21 and ^(ε)c^$(α)¯²η´ for some η. Thus Hαε ¯Hαεη FL
$
(4).

Thus r^%(α)r¯ 22 and ε is the unique point in ^%(α) fixed by Hαεη and so η a^%(α).

Hence we have statement 4.

(4) Hαε FL
$
(4), r^%(α)r¯ 22, η `^&(α), Hαεη ¯Hαε and H is transitive on

geodesics of length 5.

Since Hαη is transitive on ^%(α)f^(η) and ^(δ)f^(η)Z^%(α)f^(η) we

conclude that ^%(α)f^(η)¯^(η) and Hαη ¯Hα FM
##

. Thus we have statement 5.

(5) Hαη ¯Hα, ^&(α)¯²η´, Γ¯3
!
%i%&

^i(α) and rΓr¯ 200.

Let φ be the map that sends a vertex µ in Γ to the unique point at distance 5 from

µ. Then φ is obviously a bijection and (µφ)g¯ (µg)φ for all µ in Γ and g in Aut(Γ). In

particular ²α, β,αφ, βφ´ is the set of fixed points of Hαβ on Γ, so βφ is adjacent to αφ and

therefore φ is a graph automorphism of Γ. Put Γ
!
¯²²µ,µφ´ rµ `Γ´ and let ²µ,µφ´ be

adjacent to ²λ, λφ´ if µ is adjacent to λ or λφ. Then rΓ
!
r¯ 100, M has orbits of lengths

1, 22 and 77 on Γ
!

and H acts transitively on Γ
!
. Therefore as above Γ

!
is the

Higman–Sims graph and Aut(Γ
!
)FAut(HS ). Let N be the kernel of the action of

Aut(Γ) on Γ
!
. We claim that N¯²1,φ´. Indeed, let n `N. Then αn ` ²α,αφ´ and

replacing n by nφ if necessary we may assume that αn ¯α. Since βφ is not adjacent to

α, we have βn ¯ β, so n fixes the neighbors of all its fixed points and since Γ is

connected, we conclude that n¯ 1. Thus N¯²1,φ´ and Aut(Γ)FC
#
¬Aut(HS ).

Further, rH r¯ 200[rM r¯ 2[rHS r and so HFAut(HS ) or C
#
¬HS and the lemma is

proved. *

L 1.5. (a) G has a subgroup T of order 3 with N
G
(T )C (SU

'
(5)a

SU
$
(5)).Sym(3).

(b) Put U¯N
G
(T ), U

"
¯ [V,T ] and U

#
¯C

V
(T ). Then V¯U

"
GU

#
, moreo�er,

U
"
and U

#
are irreducible as U modules, U

"
FW

'
C

GF(#&)
W

$
and GF(25)C

GF(&)
U

#
F

i$W
'
, where W

i
is the natural i-dimensional GF(25)-module for SU

i
(5), for i¯ 3, 6.

(c) N
G
(U

"
)¯U.

Proof. It is clear from the extended Dynkin diagram of type E
(
that 2.E

(
(K ) has

a subgroup HFSL
$
(K ) aSL

'
(K ). Moreover, the central involution of the Weyl

group induces a graph automorphism on both of the factors and so an application of

Lang’s theorem yields a subgroup (SU
'
(5)aSU

$
(5)).Sym(3) in E

(
(5) (see [5, entry 29,

p. 34]). Using the embedding of K "+&'2.E
(
(K ) in E

)
(K ), the Steinberg relations and

weight theory it is easy to check that the 56-dimensional KE
(
(K )-module is as an H-

module the direct sum of X
$
CX

'
, X$

$
CX$

'
and i$X

'
where X

i
is a natural module

for SL
i
(K ), i¯ 3, 6. As H is a maximal connected closed subgroup of 2.E

(
(K ) and is

of index 2 in its normalizer, all the statements of the lemma are now readily verified.

*

L 1.6. There exists an in�olution f a in Ua cUa « such that C
U
a ( f a)C

L
%
(5).2#¬Sym(5)¬© f aª. Moreo�er, for any such f a,

C
G
a ( f a)C (C

#
¬L

)
(5)).2
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and C
U
a ( f a) acts transiti�ely on the elementary abelian subgroups of order 16 contained in

the normal subgroup L
%
(5) in C

U
a ( f ).

Proof. It is easy to verify that Aut(U
'
(5)) has three classes of involutions that do

not induce a diagonal automorphism on U
'
(5). The derived groups of the respective

centralizers in U
'
(5) are PSp

'
(5), D

$
(5) and #D

$
(5), and the first two of these three

classes of involutions lie in the same coset of Inn(U
'
(5)).

Since Ω−

'
(5) (C 2.#D

$
(5)) acts absolutely irreducibly on the exterior cube of its

natural module, we conclude that the centralizer of Ω−

'
(5) acts as scalars on the 20-

dimensional module. Hence, any involution of Ua cUa « that centralizes a #D
$
(5) would

also centralize the U
'
(5), a contradiction, as it induces a graph automorphism

thereon. It follows that Ua cUa « contains no involution centralizing a #D
$
(5) in U

'
(5)

and so contains an involution centralizing a D
$
(5) in U

'
(5).

Let f a be any such involution. Note that the normalizer of D
$
(5) in U

'
(5) is

PSO−

'
(5) extended by an involution which multiplies the quadratic form associated

to PSO−

'
(5) by a fourth root of unity. So C

U
'
(&)

( f a)CL
%
(5).2# and the two classes of

elementary abelian subgroups of order 16 in C
U

'
(&)

( f a)« are fused in C
U

'
(&)

( f a).
Moreover, Aut(U

$
(5)) has exactly one class of involutions outside Inn(U

$
(5)) and the

corresponding centralizers are Sym(5). Therefore C
U
a «( f a)CL

%
(5).2#¬Sym(5).

It remains to determine C
G
a ( f a). Note that Ga has three classes of involutions whose

centralizers have shapes 2.(L
#
(5)¬D

'
(5)).2, (C

#
¬E

'
(5)).2 and (C

#
¬L

)
(5)).2 [7].

Under the actions of the derived groups of these centralizers V decomposes into direct

sums of irreducible modules of dimensions 24 and 32; 1, 1, 27, and 27; and 28 and

28, respectively. On the other hand, from the action on the 20- and 36-spaces, we

know that V is the direct sum of irreducible modules of dimensions 18, 18, 10 and 10

for C
U
( f )«. It follows that C

G
a ( f a)C (C

#
¬L

)
(5)).2, and the lemma is proved. *

From now on let T,U be as in Lemma 1.5 and let f be a preimage in G of the

involution f a of Lemma 1.6. Note that f # is the central involution of G. Put N¯
C

U
( f ), F¯© fª and R¯N

G
(F ). Then Ra ¯C

G
a ( f a) and so by Lemma 1.6, RC

C
%
a 2[L

)
(5).2. Let R# « be a group with R# «FSL

)
(5) so that R# « has R« as a quotient

group. For X in R«, let X# be the inverse image of X in R# «. As Z(Na «)¯ 1, it is easy to

see that the natural 8-dimensional module for R# « is, as a module for N# «, the tensor

product of a 4-dimensional module for SL
%
(5) and a 2-dimensional module for

SL
#
(5). Let H¯N

GL
)
(&)

(N# «)FGL
%
(5)CGL

#
(5). If a `GL

%
(5), and b `GL

#
(5), then

det(aC b)¯det(a)#[det(b)% is a square. Therefore all elements of H have determinant

³1. So HSL
)
(5)1GL

)
(5). Now, the Frattini argument implies that SL

)
(5) does

not act transitively on the orbit of N# « under GL
)
(5). Hence, Ra « has two classes of sub-

groups isomorphic to L
%
(5)¬L

#
(5). Since R¯NR«, R fixes these classes. Moreover,

as the element inverting f can be chosen to invert a Cartan subgroup of R«, R does

not induce an outer diagonal automorphism on R«.
The character tables of L

$
(4) and its covers (see [8, p. 56]) show that there is a

group of shape 4.L
$
(4) which has a faithful irreducible character χ of degree 8. Hence

R contains a subgroup L of shape 2.L
$
(4). We plan to extend L to a subgroup M

##

and then to a subgroup HS of G. Let S be a Sylow 2-subgroup of L, let B¯N
L
(S )

and let A
"
and A

#
be the two elementary abelian groups of order 2& in S. Note that

L# is perfect and that A#
i
is the central product of a cyclic group of order 4 with an

extra-special group of order 2&. Moreover, a natural 8-dimensional module for R# « is
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as an A#
i
-module the direct sum of two isomorphic irreducible modules of dimension

4. Thus C
R
# «(A#

i
)FGL

#
(5). Note that A

"
is conjugate under GL

)
(5) to a subgroup of

the normal L
%
(5) in N. Thus replacing L by a conjugate under GL

)
(5) we may assume

that Aa
"

is contained in the normal L
%
(5) in Na . It follows that N

R
a «(Aa

"
)%N and has

shape 2%Sym(6)¬Sym(5). Let B-
#

be the projection of A
#

onto the L
%
(5) in N. Put

L
i
¯N

L
(A

i
). Our goal is to show that both L

i
can be extended to a subgroup 2&Sym(6)

in U. Inside 2&Sym(6) we will choose appropriate subgroups 2&Sym(5) and 2&Alt(6)

which will allow us to apply Lemma 1.3 and Lemma 1.4 to find M
##

and HS in Ga .

L 1.7. In R«, the subgroup A
#

is conjugate to B
#

but not to A
"
.

Proof. Put C
i
¯O#(C

R
# «(A#

i
)). Then C

i
FSL

#
(5). Suppose that [S,C

"
]¯ 1. Then

C
"
%C

R
# «(A#

#
) and C

"
¯C

#
. Since L¯©L

"
,L

#
ª, the group L normalizes C

"
, a

contradiction. Hence [S,C
"
]1 1 and similarly [S,C

#
]1 1. As B}A

i
FAlt(4), we have

B¯O#(B)A
i
. Since Out(C

i
) is a 2-group and A

i
centralizes C

i
we conclude that S

induces inner automorphisms on C
i
. Hence S normalizes a unique subgroup Q

)
in C

i
.

Denote this Q
)

by Q
i

and note that S induces inner automorphisms on Q
"
.

In particular [A#
#
,Q

"
]%Z(Q

"
)[Z(R# «). Thus Q

"
induces inner automorphisms on A#

#
.

Put R
i
¯Q

"
A#

i
(where we really mean Q

"
and not Q

i
). Then R

"
and R

#
are both the

central product of an extra-special group of order 2( with a cyclic group of order 4.

Put X¯C
R
#

(A#
#
). It follows that R

#
¯XA#

#
, that S normalizes X and that X contains

a Q
)

invariant under S. Thus Q
#
%X, R

#
¯Q

#
A#

#
¯Q

#
B
#

and B#
#
¯C

R
#

(Q
"
).

Note that N
R
# «(R

#
)}R

#
FSp

'
(2). Also Aa

#
and Ba

#
are both non-degenerate 4-spaces

in the 6-dimensional symplectic space R
#
}Z(R

#
) (where the symplectic form is given

by the commutator map). Hence by Witt’s theorem, A
#
and B

#
are conjugate under

N
R
# «(R

#
), proving the first statement of the lemma.

Since C
R
# «(A#

i
) acts transitively on the Q

)
in C

R
# «(A#

i
) and since N

R
# «(A

"
)fN

R
# «(Q

"
)

induces the full automorphism group of Q
"

on Q
"
, we conclude that A

"
and B

#
are

conjugate in R« if and only if they are conjugate under Y¯C
R
# «(Q

"
). Note that Y is

isomorphic to the subgroup of index 2 in GL
%
(5). Since B normalizes Y and [A

"
,B]¯

A
"
, A

"
and hence also B

#
are contained in Y «. Put S

!
¯A

"
B
#
. Since A

"
and B

#

normalize each other we conclude that S
!
is a Sylow 2-subgroup of Y}Z(Y ) and that

A
"

and B
#

are the two maximal elementary abelian subgroups of S
!
. It follows that

A
"

and B
#

are not conjugate in Y «. Moreover, Out(Y «)FD
)
, Out(Y «) acts on

²AY «

"
,BY «

#
´ and Out(Y «)« fixes AY «

"
and BY «

#
. As the group of outer automorphisms of Y «

induced by Y is Out(Y «)«, A
"
and B

#
are not conjugate in Y. Hence A

"
and B

#
are not

conjugate in R« and lemma is established. *

L 1.8. N
R
a «(Aa

"
) acts transiti�ely on L

$
(4) in Ra « containing Aa

"
and on

subgroups 2%Alt(5) in N
R
a «(Aa

"
) which can be extended to an L

$
(4) in Ra «.

Proof. Recall that N
R
a «(Aa

"
)C 2%Sym(6)¬Sym(5) and, as [S,C

i
]1 1 in the

notation of Lemma 1.7, any 2%Alt(5) in N
R
a «(Aa

"
), which can be extended to an L

$
(4) in

Ra «, projects non-trivially on the Sym(5). Hence N
R
a «(Aa

"
) acts transitively on such

subgroups. Note that La
"

is such a subgroup and that

L$

"
¯
def

N
R
a «(La

"
)C 2%Sym(5).
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Put Wa ¯N
R
a «(La

"
)fN

R
a «(Aa

#
). As Aa

"
and Aa

#
are the only maximal elementary abelian

subgroups of Sa ¯Aa
"
Aa

#
, we have N

L$

"

(A
#
)¯N

L$

"

(S ). Since S}A
"

is the Sylow 2-

subgroup of L
"
}A

"
, we have Wa C 2%Sym(4). We claim that W is contained in a

2%Alt(6)¬Sym(5) subgroup of N
R
a «(Aa

"
). For this let i be an involution in Wa cLa

"
. Then

it is enough to show that [A#
#
, i] is not elementary abelian. Let C

#
be the projection of

A
#
onto the normal Sym(5) in Na . Then [B#

#
, i] is elementary abelian, while [C#

#
, i] is not,

so also [A#
#
, i] is not elementary abelian, and the claim is proved.

It is now easy to see that Wa fLa
"
is contained in exactly two subgroups 2%Alt(5)

of N
R
a «(Aa

#
) and these two subgroups are interchanged by W. Since any L

$
(4) in Ra «

containing La
"

is generated by La
"

and a 2%Alt(5) in N
R
a «(Aa

#
) containing Wa fLa

"
the

lemma is proved. *

L 1.9. Put L
!
¯N

R
(L). Then rL

!
}LF r¯ 2 and A

"
and A

#
are conjugate in L

!
.

Proof. Since Out(R«}Z(R«))FD
)
, since R« has four orbits on AAut(R«)

"
and since

PGL
)
(5) acts transitively on those four orbits, the normalizer of any such orbit in

Out(R«) is a group of order 2 that is not contained in the center of Out(R«). It follows

that R fixes two of these orbits and interchanges the remaining two. Moreover, by

Lemma 1.8, L
)
(5) has four orbits on (A

"
,L)Aut(R«) and, by Lemma 1.7, each orbit of

subgroups L
$
(4) in Ra « leads to two orbits of R« on (A

"
,L)Aut(R«). It follows that Ra « has

exactly two classes of subgroups L
$
(4). Suppose that R interchanges those two classes.

Then R could not normalize any of the orbits of R« on AAut(R«)
"

, a contradiction. Hence

rL
!
}LF r¯ 2. Suppose that A

"
and A

#
are not conjugate in L

!
. Then they are also not

conjugate in R. By Lemma 1.7, we conclude that A
"
and B

#
are not conjugate in R,

and this contradicts Lemma 1.6. Hence A
"

and A
#

must be conjugate in L
!
. *

L 1.10. Put X¯N
G
(A

"
). Then X%U and XC 6.(2%.3%.Sym(6)¬

U
$
(5)).Sym(3).

Proof. Let X
!
¯N

U
(A

"
). By the action of A

"
on the natural 6-dimensional

GF(25)-module W for SU
'
(5) we see that, modulo the normal SU

$
(5) in U, X

!
is a full

monomial subgroup of U
'
(5).Sym(3). It follows that X

!
C 6.(2%.3%.Sym(6)¬

U
$
(5)).Sym(3). Moreover, X

!
has two orbits Σ

"
and Σ

#
on the hyperplanes

in A
"

which do not contain Z(G). Choose notation so that rΣ
"
r¯ 6 and

rΣ
#
r¯ 10. Recall that VFU

"
GU

#
where U

"
and U

#
are defined and described in

Lemma 1.5.

Let H
"
,H

#
,H

$
be three different elements of Σ

"
. Then it is easy to check that

H
"
fH

#
;H

$
. As W¯G

H`Σ
"

(C
W
(H )), this implies that H

"
acts fixed-point freely

on U
#
. Since U

"
is a direct sum of copies of W as an A

"
-module, we get

G
H`Σ

"

C
V
(H )¯U

"
.

Also C
V
(H ) is either 6-dimensional, if H `Σ

"
, or 20}10¯ 2-dimensional, if H `Σ

#
.

Thus N
G
(A

"
) normalizes Σ

"
and so also U

"
. Since U is maximal in G, we conclude that

X%U. Hence X¯X
!
. *

L 1.11. There exist t `N
R
(L) and D%U such that t# `L, At

"
¯A

#
, L

"
%D,

DC 2&Sym(6), t normalizes N
D
(B) and t does not normalize N

D«(B).

Proof. Let Y¯X}A
"
. Then YC 3.(3%Sym(6)¬U

$
(5))Sym(3). Let K be the image

of L
"
in Y. Then KFAlt(5) and we are looking for subgroups Sym(6) of Y containing
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K. Let Y
"

be the normal subgroup 3.3%Sym(6) of Y, let Y
#

be the normal subgroup

SU
$
(5) of Y and let K

i
be the projection of K onto Y

i
. Then Y acts transitively on

subgroups 3[Alt(6) (the triple cover of Alt(6)) and transitively on subgroups Alt(5)

in Y
#
. Moreover, the normalizer of an Alt(5) in U

$
(5).Sym(3) is a C

#
¬Sym(5) and the

normalizer of an Alt(6) is Aut(Alt(6)). It follows that K
#
can be embedded into exactly

two subgroups 3[Alt(6) of Y
#

and f interchanges these two 3[Alt(6). Furthermore,

Y has one orbit on subgroups 3[Alt(6) in Y
"
and one orbit on subgroups Alt(5) in Y

"

for which Aa
"
is a natural SL

#
(4)-module. (Note here that 3[Alt(6) exists in Y

"
, since

3%Alt(6) has nine classes of Alt(6) while 3"+%Alt(6) has only three classes.) Now

Y}Y
#
C 3%+"(C

#
¬Sym(6)). The normalizer of the image of K in Y}Y

#
is a C

#
¬Sym(5)

and the normalizer of the image of a 3[Alt(6) of Y
"
in Y}Y

#
is a Sym(6). It follows that

K
"

can be embedded into exactly two subgroups 3[Alt(6) of Y
"

and f interchanges

these two 3[Alt(6). Let D
i
be any of the two subgroups 3[Alt(6) in Y

i
with K

i
%D

i
.

Then there exists precisely one subgroup A in D
"
D

#
such that K%A, A¯A«

and A}Z(A)FAlt(6). Similarly there exists precisely one subgroup A# in Df

"
D

#
such

that K%A# , A# ¯A# « and A#}Z(A# )FAlt(6). We claim that exactly one of A and A#
is an Alt(6), while the other is the triple cover. Indeed, let x

i
, y

i
be elements of

order 3 in D
i
such that ©x

"
x
#
, y

"
y
#
ªZ(Y ) is a Sylow 3-subgroup of AZ(Y ). Then

©x
"

fx
#

f, y
"
y
#
ªZ(Y ) is a Sylow 3-subgroup of A#Z(Y ). Note that

[x
"
x
#
, y

"
y
#
]¯ [x

"
, y

"
] [x

#
, y

#
], [x

"

fx
#

f, y
"
y
#
]¯ [x

"
, y

"
]f [x

#
, y

#
]. (1)

Since [x
"
, y

"
] and [x

#
, y

#
] are both contained in Z(Y ) and unequal to 1 and since f

inverts Z(Y ), we see that exactly one of the two expressions in (1) is equal to 1. This

proves our claim.

Choose notation so that AFAlt(6). From what we have proved so far it follows

that A and Af are the only two Alt(6) subgroups in Y which contain K. It is easy to

see that N
Y
(K )}Z(Y )FC

#
¬Sym(5). Furthermore, there exists a subgroup of index

2 in N
Y
(K ) which normalizes A. Since f does not normalize A, this subgroup is,

modulo the center of Y, isomorphic to Sym(5). Put E¯A(N
Y
(K )fN

Y
(A)) and let D#

be the inverse image of E in X. Then E}Z(Y )FSym(6) and D# }TF 2&Sym(6). (Recall

that T is the cyclic group of order 3 with U¯N
G
(T ).)

By Lemma 1.9, there exists t `N
R
(L) with At

"
¯A

#
. Choose t so that t normalizes

B. Then t# `BF and since t inverts F, we have t# `B. In particular t# `L. Note that A
"

and A
#

are the only elementary abelian groups of order 2& in B. Put J¯
N

G
(B)fN

G
(A

"
). As t `N

G
(B)cJ, we conclude that J is of index 2 in N

G
(B). For QZ

N
G
(B) let Q* be the image of Q in N

G
(B)}B. Since J%X, it is easily verified that J*

is an elementary abelian group of order 9 extended by an elementary abelian group

of order 8. Pick a in N
D
# «(B)cBT and b in N

D
# (B) with [a,B]%A

"
and such that a* and

b* are involutions. Since U
$
(5) contains no Sym(6), b induces an outer automorphism

on Y
#
. The same is true for f and so b and f both invert O

$
(J*). Note that a centralizes

T and inverts O
$
(J*)}T. As A

"
is in the SU

'
(5) subgroup of U but A

#
is not, the

element t is not in U. Since T%O
$
(J ), we conclude that O

$
(J )*¯T*T*t ¯O

$
(J*).

It follows that ©a*, t*ª acts as a D
)
on O

$
(J*). Since ©a*, t*ª is a dihedral group, we

conclude that ©a*, t*ªFD
)
. Let x*¯ [a*, t*].

We claim that x*T*¯ b*T*. Indeed, x* inverts O
$
(J*) and rC

NG(B)*
(O

$
(J )*)}

O
$
(J*)r¯ 2. Hence x* lies in the same coset of O

$
(J*) as f * or as b*.

Since N
R
a «(A

"
)C 2%.Sym(6)¬Sym(5), N

R«(B)*FC
#
¬C

#
. Furthermore, f and t are in

N
R
(B) and so N

R
(B)* is a Sylow 2-subgroup of N

G
(B)*. Since f aR« we conclude that
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f * aN
G
(B)*«O

$
(J*)¯©x*ªO

$
(J*). Hence x*O

$
(J*)¯ b*O

$
(J*). Moreover, a*

centralizes b* and x* and hence b*T*¯C
x*O

$
(J*)

(a*)¯x*T*.

In particular, we can choose b so that b*¯x*¯ [a*, t*]. Put D¯D# «©bª. Then

Da C 2%Sym(6). In addition, N
D
(B)¯B©a, bª and so t normalizes N

D
(B). On the other

hand, N
D«(B)¯B©aª and so N

D«(B)t ¯B©abª1N
D«(B). *

Proof of Theorem 1.1. We are now able to construct HS and M
##

in Ga . For this

choose L, t and D as in Lemma 1.11 and put M
"
¯N

D
(L

"
). By Lemma 1.10, N

D« t(B)

is contained in D, but not in D«. Since N
D«t(B)}O

#
(D)FSym(4), we conclude that

N
D« t(B) is contained in M

"
. Note that Lt

"
¯L

#
and so L

#
%D«t. Put M

#
¯D«t. Then

Ma
"
C 2%Sym(5) and Ma

#
C 2%Alt(6). Moreover,

M
"
fL¯L

"
, M

#
fL¯L

#
, M

"
fM

#
¯N

D«t(B).

Put M¯©L,M
"
,M

#
ª. Then by Lemma 1.3, Ma FM

##
. Now DfM¯M

"
, DtfM¯

M
#
and DfDt ¯N

D
(B). Let H¯©D,L, tª. Then by Lemma 1.4, Ha FHS,C

#
¬HS or

Aut(HS ). Thus in any case Ha «FHS and Theorem 1.1 is proved. The dedicated

reader might check that actually Ha itself is already the Higman–Sims group. *

2. A computational proof that HS is a subgroup of E
(
(5)

In this section we give a computer-dependent proof that HS!E
(
(5). Our strategy

is to use a machine calculation to prove that HS acts (absolutely) irreducibly on a 133-

dimensional, 5-modular, Lie algebra with a non-zero Killing form. We then apply the

extensive theory of modular Lie algebras to deduce that the Lie algebra is simple, that

it is a classical modular Lie algebra of type E
(

over GF(5), and hence HS!E
(
(5).

C 2.1. We construct an explicit 133-dimensional (absolutely)

irreducible matrix representation of HS o�er GF(5).

Method. Although it seems natural to construct the 133-dimensional rep-

resentation as a constituent of a tensor product of smaller representations of HS, all

useful tensor products are too large for our implementation of MeatAxe [10]. For

example, the 133-dimensional, 5-modular representations of HS arise as constituents

in the tensor product of a 21-dimensional representation with a 55-dimensional

representation and also in the symmetric cube of the 21-dimensional representation;

however these representations have degrees 1155 and 1771. In order to avoid such

large computations, we shall locate a 133-dimensional representation as a constituent

of the symmetric square of a 28-dimensional representation of the double cover of

HS ; this latter representation can be found in a previously known representation of

the Harada–Norton group. A 28-dimensional representation of 2.HS is also

constructed in [16].

We start with the 133-dimensional matrix representation of HN over GF(5) that

is constructed in [13]. We locate matrices, x
"

and y
"
, that represent HN elements of

classes 40A and 12C. (Since these classes have small centralizers, we can simply use

a random search to locate such elements.) Let x¯x#!

"
. In the group HN, every

dihedral subgroup generated by the 2A-element x and a conjugate of the 2B-element

y'

"
has a central involution. By collecting such involutions together with the matrix
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x
"
, it is an easy matter to generate enough matrices to represent the centralizer of x

in HN. (We just keep adding involutions until we have a group that contains an

element of order 11.)

The group C
HN

(x) has structure 2.HS.2. We use MeatAxe [10] to decompose

the restriction of our 133-dimensional HN-module into its irreducible constituents of

degrees 1, 21, 28, 28 and 55, under the group 2.HS¯ (C
HN

(x))«. Another application

of MeatAxe to the symmetric square of either of the irreducible 28-dimensional

2.HS-modules yields an (absolutely) irreducible matrix representation of HS of

degree 133. *

Let E denote the 133-dimensional HS-module afforded by the matrix repre-

sentation of Computation 2.1. In our calculations with E we shall use a fixed basis

e
"
, e

#
,… , e

"$$
of E ; moreover for technical reasons, we use a basis on which a

particular subgroup

PC 2%.2$! 2%.(2¬Sym(4))! 2%.Sym(6)!HS

acts monomially. There are two conjugacy classes of subgroups in 2¬S
%

with

structure 2$ ; thus there are two possibilities for a subgroup of HS with the indicated

structure. We choose the possibility for P that fixes a vector in our 133-dimensional

representation of HS ; the corresponding subgroup of HS contains 39 elements of HS-

class 2A, eight elements of class 2B, two elements of class 4A, 54 elements of class 4B,

and 24 elements of class 4C.

We let e$
"
, e$

#
,…, e$

"$$
denote the dual basis of the dual module E* (this module is

isomorphic to E, but for computational purposes it is convenient to distinguish E and

E*).

C 2.2. We compute an HS-in�ariant product, a :Λ#EMNE.

Method. We need to find a list of components a
i,j,k

of an invariant rank 3 tensor

such that the map e
i
ge

j
*3

k
a
i,j,k

e
k
extends to an HS-invariant multilinear map. By

duality, such a map is HS-invariant if and only if the dual map a*:E*MNΛ#E*, for

which e
k
**3

i,j
a
i,j,k

e
i
*ge

j
* is HS-invariant. Thus, we begin by computing the

essentially unique possibility for a*.

The module Λ#E* has degree 8778. It is too large to decompose directly with our

implementation of MeatAxe. In order to locate all copies of E* in Λ#E* we use the

condensation techniques described in [12]. Let π denote the idempotent (3
p`P

p)}rPr
of the group algebra GF(5)HS. The condensation programs of [12] compute matrix

representations of the Hecke algebra πGF(5)HSπ on the condensed modules E*π

and Λ#E*π which we find have degrees 1 and 50. (It is in the computation of these

matrix representations of the Hecke algebra that our programs require the group P

to act monomially on E and E*.) A standard MeatAxe calculation locates the single

copy of E*π in the πGF(5)HSπ-module Λ#E*π. Thus, there is a single copy of E* in

the HS-module Λ#E*.

The embedding of Hecke algebra modules that we have calculated gives the

image, Π* `Λ#E*, of an element π*, in the 1-dimensional space of fixed points of P

on E*, under an HS-module homomorphism a*. Now, if h `HS, we have (π*h) a*¯
(π*a*) h¯Π*h. Moreover, since E* is irreducible, this formula completely determines

the effect of a* on a spanning set of E*. We thus obtain the effect of a* on our chosen

basis of E* and the components of an HS-invariant tensor a
i,j,k

. *
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For each e `E we write ae for the matrix that represents the action of right

multiplication by e on our HS-invariant algebra. After completing Computation 2.2,

we ran a simple precautionary program to verify HS-invariance of our tensor. For

each basis vector e
i
and for each of generator h of HS, we checked that the matrices

(ae
i
)h and a(eh

i
) agree.

C 2.3. The HS-in�ariant product a :Λ#EMNE of Computation 2.2 is

a Lie product on E. Moreo�er, the Killing form on (E,a) is non-singular.

Method. A straightforward computation shows that for each basis vector e
i
we

have
(ae

i
) (ae

"
)®(ae

"
) (ae

i
)®(a((e

i
) (ae

"
)))¯ 0.

Hence the Jacobi identity holds for any triple of basis vectors of the form e
"
, e

i
,

e
j
. Therefore right multiplication by e

"
is a derivation of (E, a). Now, applying the

action of HS, we deduce that a(eh
"
) is a derivation of (E, a) for any choice of h `HS.

Therefore, since HS is irreducible on E, we deduce that a is a Lie product on E.

A random search quickly produces e `E with Tr((ae) (ae))1 0. It follows that the

Killing form on E is not identically zero; hence, irreducibility of E as an HS-module

shows that the Killing form is non-singular. *

We complete the proof that HS!E
(
(5) by applying standard results to show that

the automorphism group of (E, a) can only be Aut(E
(
(5)). The following lemma from

[11] shows that (E, a) is a simple Lie algebra.

L 2.4. Suppose that (X, a) is a finite-dimensional (non-associati�e) algebra

and that A%Aut(X,a) acts irreducibly on X. Then one of the following holds:

(a) the algebra (X, a) is simple;

(b) the A-module X is induced from a module of a proper subgroup of A;

(c) the product a is identically zero.

Proof. Let I be a minimal non-zero ideal of (X,a), and let )¯²Ia r a `A´. We say

that a subset of ) is independent if it consists of independent (vector) subspaces of

X. Let *¯²I
"
, I

#
,… , I

l
´ be a maximal independent subset of ). Let Y¯Gl

k="
I
k
;

then Y is an ideal of (X,a).

Let Ia be any A-image of I. Maximality of * shows that IafY is a non-zero ideal ;

hence, since Ia is a minimal ideal, we have IaZY. Thus Y contains a non-zero A-

submodule of X, and, since X is irreducible, we have X¯Y.

We now suppose that neither (a) nor (b) holds; thus I1X and hence Stab
A
I

is a proper subgroup of A. Moreover, since X is not induced, there is an a `A

with Ia a*. Then, Iaa I
k
Z IafI

k
¯²0´, for each I

k
`*. Thus IaaX¯ IaaY¯

3 Iaa I
k
¯²0´. The A-invariance of a now gives I

k
aX¯²0´ for each I

k
`*, and

thus XaX¯3 I
k
aX¯²0´. *

Let (Ea , a) be the Lie algebra obtained from (E, a) by extending the scalars to the

algebraic closure of GF(5). Since E is absolutely irreducible as an HS-module and it

is not induced (since HS has no subgroup of index 133), Lemma 2.4 shows that the

Lie algebra (Ea , a) is simple. Moreover, by Computation 2.3, the simple Lie algebra

(Ea , a) has a non-singular Killing form.

A theorem of Block [1, Corollary 3.1] shows that over an algebraically closed field

of characteristic p" 3, any perfect Lie algebra with a quotient trace form is a direct
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sum of classical simple Lie algebras of types A
"
,… ,E

)
. Our algebra (Ea , a) meets the

conditions of Block’s theorem; it is perfect, that is, equal to its derived algebra, since

it is simple, and the non-singular Killing form gives it a quotient trace form. Hence

(Ea , a) must be the classical simple Lie algebra of type E
(

(since no other classical

simple Lie algebra has dimension 133). Therefore, the HS-invariant algebra (E, a) is

a GF(5)-form of E
(
. By [14, Theorem IV.6.1] there is just one GF(5)-form of E

(
; thus

(E, a) is the classical simple Lie algebra of type E
(
over GF(5). It now follows from

[15] that Aut(E, a) has structure E
(
(5).2 and we obtain HS!E

(
(5).
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